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Abstract

The Bogoliubov-Dirac-Fock (BDF) model allows to describe relativistic elec-
trons interacting with the Dirac sea. It can be seen as a mean-field approximation
of Quantum Electro-dynamics (QED) where photons are neglected.

This paper treats the case of an electron together with the Dirac sea in the
absence of any external field. Such a system is described by its one-body density
matrix, an infinite rank, self-adjoint operator which is a compact pertubation of
the negative spectral projector of the free Dirac operator.

The parameters of the model are the coupling constant o > 0 and the ultraviolet
cut-off A > 0: we consider the subspace of squared integrable functions made of
the functions whose Fourier transform vanishes outside the ball B(0, A). We prove
the existence of minimizers of the BDF-energy under the charge constraint of one
electron and no external field provided that «, A~ and alog(A) are sufficiently
small. The interpretation is the following: in this regime the electron creates a
polarization in the Dirac vacuum which allows it to bind.

We then study the non-relativistic limit of such a system in which the speed of
light tends to infinity (or equivalently a tends to zero) with alog(A) fixed: after
rescaling the electronic solution tends to the Choquard-Pekar ground state.
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1 Introduction

The relativistic quantum theory of electrons is based on the free Dirac operator
D° = —ihca - V 4+ mc?B. Here 8 and ay, are the C* x C* matrices:

L Idz 0 _ 0 Tj
o= w) =0 7)
(01 (0 —i (10
T=\10) 27\ o) 7 \o 1)

The free Dirac operator D° acts on 4-spinors, that is on $ = L? (R3, C4) which
is the Hilbert space of one relativistic electron. It is self-adjoint with domain
H'(R? C*) and form domain H'/?(R3, C*). Moreover (D°)? = m?c* — h2c2A.
We write:

P2 =1— P = X( o 0)(D"). 1)
It is well known that its spectrum is o(D°) = (—oco0, —mc?] U [mc?, +00) leading
to difficulties in relativistic quantum mechanics. This operator was introduced by
Dirac to describe the energy of a free particle with spin % (e.g. an electron). To
explain why electrons with negative energies are not observed, Dirac postulated
that all the negative energy states are already occupied by virtual electrons, the
so-called Dirac sea. By the Pauli principle, a real electron cannot have a negative
energy.

We study an approximation of no-photon Quantum Electrodynamics (QED)
allowing to describe the behavior of relativistic electrons in an external field in-
teracting with the virtual electrons of the Dirac sea via the electrostatic potential
in a mean-field type theory. This so-called Bogoliubov-Dirac-Fock (BDF) model
was introduced by Chaix and Iracane [3] and then studied by Bach et al. in [1],
by Hainzl et al. in [7, 8, 10, 9] and by Lewin et al. in [5]. In particular in those
last papers, the authors are interested in the existence of ground states for this
variational model.

Let us sketch how the BDF model is derived from full QED. We use relativistic
units i = ¢ = 1 and set the bare particle mass equal to 1 and « = €?/(47). When
photons are neglected, the (formal) Hamiltonian H? of QED acts on the Fock space
F of 9 [17]:

e — / U (2) DOV (2)dx — / o(x)p(z)dz + gﬂ %dwdy. (2)

Here ¥(x) is the second-quantized field operator, ¢ is the external field and p(z)
is the density operator:

pla) = > {0 (@)o U(@)s — U(a)o ¥ (2)o ). ®)



In the presence of an external density v, the corresponding external field is
¢ = av * i‘ This Hamiltonian is not bounded from below and it is not possible
to solve the corresponding minimization problems.

The BDF variational model is obtained from this Hamiltonian by making several
approximations.

The first one consists in restricting the energy to special states in F, the so-
called Bogoliubov-Dirac-Fock (BDF) states. They are states Qp which are fully
described by their one-body density matrix P:

P(x,y)o,r = (Qp[¥7 ()0 ¥ (y)-|Qp) . (4)

For instance the vacuum state o (no electron and no positron) in F is a BDF
state with one-body density matrix P°.

One must consider them as an infinite Slater determinant fi; A fa A --- where
(fi)i>1 is an orthonormal basis of the range Ran(P) of P. We will write P instead
of Qp for a BDF state: the QED energy can be written in terms of P.

In [10], Hainzl et al. study the corresponding minimization problem of HC in the
space 9% of functions in L*([—L/2, L/2)®, C*) (with periodic boundary conditions)
whose Fourier transform vanishes outside the ball B(0, A); the constant A > 0 is the
so-called ultraviolet cut-off. This space has finite dimension and the corresponding
Hamiltonian HY is continuous.

It is then shown that, for each L > 0 and 0 < o < 4/, there exists a minimizer
Pr =~ + % among BDF states (with energy Er(0)) and that in the thermody-
namic limit . — 400, I'z, tends in some sense to a self-adjoint, translation-invariant
operator I'g of $Ha:

Ha:={f €9, supp f C B(0,A)}. ()
Moreover I'g satisfies the following self-consistent equations:
ry — _sign(DO)
6
DO :DO_aFO(x7y). ( )
lz -yl

The operator P2 =Ty + % is the orthogonal projection X (—oc,0) (D°) and we write
Py =1 — P2 The operator D° has been previously introduced in [14] but in
another context.

We will now take P° as reference state. For a one-body density matrix P, the
formal difference between the QED energies £Qpp (P — %) and SgED (PO — %) gives
the following function of Q := P — P2:

tor(Q) = T D(PLQPY + PLQPY)} ~ o [ bla)pala)de + 5 [Dipa. pa) ~ Ex(Q],
in W) dxdy, Ex[Q] := ff 7|C|2x(13_7yy)||2 dxdy.

Dlpa,pa) = H 7%(;) ol

The function Egpyp is the BDF energy we will deal with in this paper. Throughout
this paper we write P2QPY = Q¢ where ¢,¢’ € {+/—}. For an operator Q with

integral kernel Q(z,y), we define Rg by its integral kernel: Rg(z,y) := %

There holds: ||Q||f, = Ex[Q] = Tr(R5HQ). We write C the Hilbert space of
densities with finite Coulomb energy:

/ C(k)?
C:={CeS'(RY), [[¢]l¢ = 4n |C|$€|i| dk < +o0}. (7)

The squared norm |[C||2 coincides with  [[ ¢*(z)¢(y) ‘i‘idg‘ whenever this last
R3XxR3

integral converges.



A justification to study the BDF energy — stated in [10] — is the following.
In the presence of an external charge density v such that D(v,v) < +oo and
that 7 continuous is in B(0,A), one can consider the corresponding minimization
problem of H? in $%. There also exists a minimizer with energy Fr(¢) and in the
thermodynamic limit:

LEI}FIOO(EL(CM — Er(0)) = QienéAgEDF(Q)’
where Q= {Q € &2(Hr), —P2 <Q <PL,QTT,Q™ " € G1(Ha)}.

We recall that for each 1 < p < 400, 6,($4) is the subspace of compact
operators A € B($Ha) with Tr|A|P < +o00. The case p = 1 gives trace-class operators
and p = 2 gives Hilbert-Schmidt operators. We recall @) is Hilbert-Schmidt if and
only if its integral kernel is in L2 (HA X HA).

Instead of minimizing over all states in Qa, we may minimize over sector charge
oar(g), g€ R:

Au(q) ={Q €, Tr(Q+Q™7) =g} (8)
The number ¢ is interpreted as the number of electrons (if ¢ € N*) or the number

of positrons (if ¢ € Z\N). In the presence of an external field v, the energy function
is then defined as

Etpr(q) = inf{gEDF(Q)v Qe QA(Q)}- 9)

In [9], Hainzl et al. have shown that for any qo € R, the problem Efpr(qo) admits
a minimizer as soon as there hold binding inequalities:

Y ¢ € R\{0,1}, Efpr(q) < Ebpr(qo — q) + Egpr(q). (10)

A more difficult task is to check these inequalities hold for some go. In [9], by this
method it is proved that for any v € L' (R?’7 R4+)NC and any integer M such that
0 < M < [v+1, the problem Egpr(M) admits a minimizer (a so-called ground
state) close to the limit o — 0 with A = Ao > 0 kept fized.

In this paper we show there exists a minimizer for E%DF(I)7 provided a, A™*
and alog(A) are sufficiently small. It is remarkable that the system of one electron
in the Dirac sea can bind in the absence of any external field: this answers an
open question stated in [10] (page 19). The presence of the electron induces the
polarization of the Dirac sea: it is locally repelled in the neighbourhood of the par-
ticle. This fact is illustrated by the inequality Fipp(1) < m(a) where m(a) is the
infimum of the BDF energy among configurations where the Dirac sea, represented
by P2, is not polarized:

m(a) = _inf_ Ehor(16)(6]) = inf o(ID)).

We are then interested in the non-relativistic limit o — 0 with alog(A) kept
fixed to a small value (it may not be 0). The wave function 1 of the real electron
has a specific behaviour. There exists ¢(a, A) > 0 with ¢ = O(a"?log(A)™!) such
that up to translation and up to scaling by ¢ > 0, the upper spinor of the wave
function 1 tends to a minimizer of the Choquard-Pekar energy Ecp [12]:

Bopim it {eon()i= [ 1VoPds = Do)} <0. ()

peH (R?):[|9]] 2=1

More precisely the Choquard-Pekar energy Ecp of ¥(z) 1= ¢*/?i(cz) tends to Ecp.
The link with a model of polaron is natural: the Dirac sea is a polarizable system
and like a lattice of ions reacts to the presence of an electron. The smallness of
alog(A) corresponds to a small charge renormalisation. As explained in [6], the
physical coupling constant apnys is different from its "bare" value o. More precisely
in the reduced BDF model, where the exchange term is neglected, a minimizer of



Ebpr with v > 0 radial (interpreted for instance as [ v = Z protons) and D(v,v)
small enough has radial density p- [5], the potential induced by v at infinity is not

aZ‘Tl‘ as it should be but rather (v — p-) * ﬁ(:c) o aphysZﬁ where
z|—+oo

Y - and BY(0) = % log(A)+0(1).  (12)

1
1+ aB}(0)
The quantity Ba(0)° is the value at k& = 0 of the function defined in Notation
2.3 below and Z3 is the charge renormalization constant. If we assume the charge
renormalization in the full model to be a perturbation of (12), fixing 0 < alog(A) =
Lo < 1 corresponds to considering 0 < 1 — Z3 < 1.

In this paper we have chosen the model of [10] with P2 as reference state instead
of that of [7, 8] with P° as reference state, but all the results proved here are also
true in this last model with the same proofs.

The paper is organized as follows: in the next section we properly state the
variational problem E3pp(1) and state the main theorems. Subsections 3.1 and 3.2
are devoted to introduce the Banach spaces and the inequalities used throughout
the paper. Theorem 2 gives an upper bound of EgDF(l) which is the BDF energy
of a test function I'. This test function is defined by adapting the fixed point
scheme in [7]: the method is explained in Subsection 3.3 and the needed estimates
in Appendices B.2 and B.3. Then Proposition 1 states that the binding inequalities
at level 1 are true for £3pr, as a consequence there exists a minimizer for Egpp(1).
Theorem 3 gives a lower bound of Ejpr(1) by computing the BDF energy of a
minimizer. The two theorems and the proposition are proved in Section 4. At last
we look at the nonrelativistic limit in Theorem 4. Appendix A is devoted to prove
estimates linked to the use of the operator D°.

2 Description of the model and main results

We start with some definitions and notations. Our convention for the Fourier
transform . is:

~

Vf € 5y N LR, CY), Flp) = W /f(x)e*”'f]dx.
In Fourier space D° takes the following form
D(p) = o opgr (19 + 90 (P8, wn = - (13)
where go, g1 : [0,A) — R4 are real and smooth functions satisfying

z < g1(z) < zgo(z). (14)

It is possible to improve estimations of [14] in the regime L := alog(A) = O(1):
we get estimates of the derivatives of go, g1 by using their self-consistent equation
(¢f Appendix A). We write m(c) for the bottom of o (|D|):

m(a) := go(0) = min(c(|D°])). (15)

We introduce the following notations concerning the Dirac operator:
Notation 2.1. We write E (p) := v/g0(p)% + g91(p)2 = |D°(p)| and

E(p) = +/1+[p? = [D°(p)|.

We write go (respectively g1) for both functions
g« :x €[0,A] = g«(z) € R and g, : p € B(0,A) = g.(|p|) € R". The (go)’s are
in C> while g1 € C*(B(0,A)) (¢f Appendix A).

At last we write

g1:p € B(0,A) = gi(|p)wp € R?

g:pe B(0,A) - (Zjiﬁ%) € R



Notation 2.2. C1 > 1 denotes a constant satisfying g1(r) < Ci|r| and |go|ec < Ch.
Notation 2.3. A recurrent function of this problem is

_ 1 E(p) E(q) — g(p) - g(q)
ORI By ey T

k E
[p=1+35|,lg=l—5|<A

If we replace E (-) by E(-) we get the function BY of [7, 5]. We define the function
ba (k) by the formula
ba(k) := TrosUs. (17)
In Appendix A it is shown that Ba (k) = O(log(A)) and that for L < 1 there holds
Ba(0) = 2 log(A) + O(Llog(A) + 1).
We consider then the P°-trace (P is defined in the introduction):

Tro(Q) = Tr(P2QPY) + Tr(PLQPY), PY :=1—P°. (18)

As shown in[7] we know the operators @™~ = PLQP2 and QT = PLQPY are
trace-class when Q € G2($4) is a difference of two orthogonal projectors of the
form Q = P — PY. In this case:

2 2 -
RPF =@ =" -Q .
We introduce the set of PY-trace class operators:

0
TT0) = {Q € ®2h0): Q7T QT € &1(90) ).
0
The variational set Qa (¢f introduction) is a convex set of GT’ ($Ha) and its ex-
tremal points are that of the form Q = P —"PY where P is an orthogonal projector.
The density of an operator Q € Qx is pg(z) = Traa (Q(x, x)). It is mathemati-
cally well defined since @ is locally trace-class (thanks to the cut-off). The Fourier
transform of pg is:

7o k) = W / Tros (Ou + &, u — £))du, (19)

k k
[utgLlu—35<A

In the absence of external field, the energy functional defined on Q, is

(%

5 (D(pespQ) = 1QII%x) -

EBpr(Q) = Tro(D°Q) +

The trace part is the kinetic energy while the two others are respectively the direct
term and the exchange term. Moreover the following inequalities hold [1, 7, 10]

Tro(D'Q) = Tr(ID°|(QFF — Q77)) = Tr(|ID"|1Q%), (20a)

Q. y)I” m 2
I ooy s 5 Te(ID°1Q%). (20b)

Inequality (20b) is due to Kato’s inequality(37b). We assume that a < 2: in this
case E8prp is bounded from below [7].

We study the variational problem E%DF(l). To ensure the existence of a mini-
mizer for E3pp(1), it suffices to prove the following binding inequalities [9].

Proposition 1. There exist three constants ag, Lo, Ao > 0 such that
if0<a<a),0< L < Loand A > Ay, then:

Vg eR\{0,1}: ESpr(1) < ESpr(l — q) + E3pr(q). (21)

This Proposition comes as a corollary of the following Theorem.



Theorem 2. There exist three constants o, Lo, Ao > 0 such that
if a < o, L < Lo, A > Ao then:

(aba (0)*m(e)
2g1(0)?

where Ecp is the Choquard-Pekar energy (see (11)).

Eppr(l) < m(a) + Ecp +o((aba(0)*) <m(a),  (22)

Remark 2.4. For sufficiently small alog(A) we have g1(0) > & > 0. More generally
all the results we need about gp and g; are proved in Appendix A.

Notation 2.5. Throughout this paper we work in the regime
a1, A>1, alog(A) =L <eq, (23)

so whenever we write o(-) and O(+) without specifying the limit it is understood that
it holds in the regime (23). Moreover, K denotes a constant which is independent
of a and A. The inequality a < b means that a < Kb where a and b are positive
real numbers.

To understand what happens in Theorem 2 let us see what should be a mini-
mizer of Ejpp(1). We have the following lemma (proved in Section 4.3, see Lemma
4.10)

Lemma 2.6. A minimizer Q for E§pr(1) can be decomposed as Q = v + |1) (¢
where ~, 1) satisfy the self-consistent equations:

0 _ .— PO STt Q)
{ Y+PL =X(o0,0(Dg), Dg:=D +0‘(pQ*| | \wfy\)’ (24)

[) (0] = Xj0,u(Pa)-

The number 0 < 1 < m(a) can be chosen such that Doy = .

Thanks to Proposition 1 of [9], there only remains to prove xo,,j(Pg) has rank
1: as v+ P2 is a compact perturbation of P2, its essential spectrum is the same
and necessarily 0 < p < m(a) and x|, (Do) is the projection onto an eigenspace
of Dg. It suffices to prove ||v|ls, = o(1) to get:

Tr(Xjo,u1(DP2)) = Tro(x[0,.(Pe)) = Tro(y") — Tro(y) = 1.

The strategy for Theorem 2 is to take a test function I' which satisfies an
equation similar to (24). To this end let us first take ¢} the unique positive radial
minimizer of the Choquard-Pekar energy (c¢f Introduction) and consider ¢1 :=

P, 4 . . . .
7@‘?1 where Py, is the projector onto 5. We consider the spinor: 1); =
[[Psy ) #1112 A

P —1._ aby(0)m(a) -
< 0 . FOI’ )\ = W we write

Ua = AT 2P (ATH(), N = Noci= [oa) (s and ny o= [a> = pv. (25)

It is possible to adapt the fixed point method of 7] to define v as the solution to
7= X(-o00 (D +((py + 1) %] - |7 = Ry + N))) =P, (26)

provided « and alog(A) are small enough. In fact this paper [7] treats the case of
D° but in Appendix B it is shown that replacing it by D° is harmless (¢f Lemmas
3.6 and 3.8).

We chose the test function I' defined by the formulae

10 = w1~ |
AN = T T ..

Fi=v+N,7=~v+P°, (27)

We then compute compute ESpp(I) using that an electron does not see its own
field (that is here D(|9|?, [v|*) — Ex[|v)(¥|] = 0).



Lemma 2.7. Let I be as above (26), (27). Then the following estimate holds:

b ba(0
2)\ A
More precisely, writing I = ||pr||2 — ||on+||2 and J = Ex[T] — ||pn-||2 we have

Tro(D°N') = m(a) + g1<o: /|v¢1|2d:c+o(/\*2)7

272
_ 2
T‘I‘o(D’y) = _a(bA(0)2>\bA(0) )D(nhm) Yo (abg\(o)) ,
a o _ 2 N
51 Z—WD(HMM)—kO( b&(o))7

_ abp (0)
aJ fo(AT).

Lemma 2.7 is proved in Section 4.1. Theorem 2 is an obvious corollary.

At this point we know there exists a minimizer v/ = ~ + |[¢) ()| for ESpp(1)
and it satisfies Eq. (24). The computation of its energy in terms of ¢ gives a lower
bound of ESpr(1) of the same form as the right hand side of (28).

Theorem 3. There exist three constants a1, L1, A1 > 0 such that for a < aq,
L < Li, A> Ay, there holds

ab m(a
Egpr(1) = m(e) + %()O)Q()ECP + 0 ((aba(0))?) . (29)
Theorem 4. Writing C? := #@mm) in the regime (23) we have:

lim 1nf C3(E%pr(1) —m(a)) = limsup C3(E%pp(1) —m(a)) = Ecp.  (30)

a,A=1—=0 a,A=1—0

Assume Q is a minimizer for EXpp(1): as in (24) we can write: Q = v+ |¥) ().
In the limit « — 0 where alog(A) = L' is kept fixed and for L' small enough the
following holds:

Up to translation, the upper spinor ¢ € H'(R3, C?) of ¢(z) := ¢*/*¢(cx) tends
to a minimizer of the Choquar-Pekar energy Ecp. N
Remark 2.8. This paper uses heavily estimates and proofs of [7]. For convenience

Lemma B.3 is not fully proved: it is an adaptation of 7], the whole proof is in the
thesis [16] of the author.

3 Preliminary results

3.1 Banach spaces

In this paper several Banach spaces are used.

As usual ||-||c» and ||-||gs for p € [1,4+00) and s € Ry are the usual norms of
L? and Sobolev functions. Moreover ||-||s, is the norm of the space of Schatten-
class operators G, () and ||-||s is the usual norm of bounded linear operators in
B($4). The norms ||-||c and ||-||ex are defined in the introduction.
A large part of the paper is devoted to estimate Sobolev norms of test functions @
and among them the norm

1Qll&in = Tx(ID°]|QI%) (81

is linked to the kinetic energy of Q.
In [7] Haingl et al. introduce the following norms for (Q,p) € G2(Ha) x C N L:

QI jEp—q p+q>|@(p, 9)|*dpda,

B (k (32)
lolle = [ 28 PO g < i + i



Strictly speaking, the authors use E(-) instead of E (-). However thanks to (14)
and (15) these norms are equivalent:

1 ~
3K >0, Vp € B(0,A), =E(p) < E(p) < KE(p).
Moreover we write for an operator R(z,y):
E(p-a)? 2
IR|I% == [[ 220 [R(p,q) *dpda. (33)
As in [7], we will estimate the above norm of Rg(z,y) = ?x(z ;")

Unfortunately this is not sufficient and intermediate norms between ||||kin and
[I'||e (respectively ||-|lc and [|-||¢) are necessary:

iz, = [ Ew-a Ep+q>|@<p, 9)|* dpda,
QI = [f B +q) Q. ) dpda, (34)

E( k)?
||p||¢1 / |k|2( |dk'

The numbers 0 and 1 refer to the exponent of E (p — ¢) and E (k).
We also introduce:

1QI% = [[ max {E (1), E(p— ), E(p— ) E (p+4q) }|Q(p,q)*dpdg.  (35)
For any operator () € G2 we have:

\/%IIQIIEX < 1Qlkin <11Qle <|Qle- (36)

For some function f : R?® — [1,4-00), we write:

QU = [ 16~ DF 4+ 0 @) Fdvda. oIz, = [ T 1500

3.2 Some inequalities

Let us recall Hardy’s and Kato’s inequalities we will use throughout this paper.
For ¢ € L*(R?), the following inequalities hold:

|9()[*

|=[?

o)
B

eade <4V, 6), (37a)

< 5(VI6. 4), (37b)

Another recurrent inequality is Kato-Seiler-Simon’s inequality (K.-S.-S.) [15]:
for any f,g € B(R*, C*) (Borelian functions), we have:

3
P

1f(@)g(iV)lle, < (2m)

We use the following Sobolev inequalities in this paper (¢f [2|] Theorem 1.38
p.29): for suitable f (f € H'(R?) for instance)

1llze SNV AUz, Wllze S VP I llzs S V2] (39)

An immediate result of (38) (p = 6) and (39) (p = 3) is the following Lemma.

Lemma 3.1. Let p € C and @, := p* | -|~*. For any ¢t > 1/2 there exists K; > 0
such that

1flzellgllzr, 2 < p < oo. (38)

O —
oo D~ lles < Kellpllc:
Moreover we have:

1 1 1
lloo D1 2]le6 < (log(A)Elplle,  leplVI~ 25 < llollce



Remark 3.2. The notation ¢, is used throughout the paper.
Let us consider R = Rg with @ € Q. The Lemma 8 of [7] states that:

IRellr < [1Qlle- (40)

The following Lemma generalizes this result:

Lemma 3.3. Let ¢ > 0. Then we have:

IIV17*Relles < 11Qlfex. (41a)
ﬂ — q |R(p,q)l*dpda < [[ B(p—a)' E(p+)|Q(p.a)*dpda,  (41b)
ﬂ L p’ dpdq < [[Ew-a) E@+q)|Qp, )l dpdg. (41c)

Proof: Ineq. (41c) is a consequence of (40) for E (¢) ™' < % Ineq. (41b) can

be proved by adapting the proof of Lemma 8.[7| (see Lemma B.1). This gives:

ﬂ - q |R(p, q)dpdg <8 [[ E (20)" E (20) w(t, v)|Q(¢ + v, £ — v)[*ded,
where w(f,v) is a weight lesser than

71-2)72 jf dud(’{E(u - ’0)2 E (2(')1+1 |g _ U|2|€' . u|2}71

Ineq. (41a) is proved as follows: up to a constant the operator |V|™" acts in Direct
space as a convolution by ﬁ (¢f [13], p.130).

The operator RZ)%RQ is nonnegative and by Cauchy-Schwartz inequality:

Tr{RZ)ﬁRQ} ffj |Q(z, y)| drdydz |Q(z, x)|

ot lz =yl ly—2* |z -2

2
< { [ e 5=t =)

RS)S

< jj 7|C|2:c _’iﬂ dzdy.

O

Lemma 3.4. There exist 0 < ¢ < 1 and Ko > 0 such that, for all (Q, p) € Ex xC,
if a(]|Q|lex + |lplle) < &, then

ID°|(1-ako(|Qllex+lplle)) < ID°+alp,—Rq)| < IDOI(1+aKo(||Q||Ex+|IPII(C)))-
42

Proof: We have
IRQID°| 7 |5 < [|RelD’| s, < 11Qllmx and [l@o D™ |5 < [lplle-

As shown in [7], it suffices to take the square root of

ID°I(1-2aK (1| Qllex+Ipllc)) < 1D +alpp—Ra)I* < [D°1* (14K (|Qllex+Iplle))*.

O
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3.3 The fixed point method

In [7] the authors prove the existence of a global minimizer of £5pp under some
assumptions on a, A, ||v||c. The authors show there exists a solution to the self-
consistent equation that should satisfy a minimizer Qo of Efpp (when P is taken
as reference state). This equation is:

Qo+ P? = X(—co,0)(D° + a(pao —v) * 1) — Ray)-

To this end a fixed-point scheme based on this equation is used: let us adapt this
proof to our problem.
As shown in [7] we can use the Cauchy’s expansion to write (at least formally)

Q = X(—00.0) (D’ + a(pq = RQ)) = X(~00,0)(D°) = > " Qs (43a)
k=1
[ 1 L \*k
Qr=—5- /700 dﬁm((RQ —¢Q)m) : (43b)

We also expand (R — ¢)*, Qi := Z?:o Qj,j—k: the function @Q; ;—x(+,-) is polyno-
mial of degree j in Rg and polynomial of degree (j —k) in ¢g. Thanks to Lemmas
3.1 and 3.3 we know that each integral converges at least in Gg($4). If we take

the density of each Qj, we also obtain a (formal) expansion of p[Q]:

“+o0 +oco k
plQI=> afp =" a"pj; . (44)
k=1 k=1 ;=0

In [7] it is proved that provided a(||Q||e +||p@||¢) is small enough, those sums
converge in Q for @ and in € for p[Q]. In fact the authors show:

Proposition 5. For any k € N* and any 0 < j < k, the function
Ox¢€ — 9x¢
(@) = (Qik-ilQ; 0l pik—;1Q,p))

is a continuous polynomial operator (with estimates of the norm precised in Lem-
mas B.2 and B.3 in Appendix B.2).

k.j*

We prove a similar result in the cited Lemmas.
It is necessary to precise the particular form of poi[p]. A direct computation
in Fourier space gives the following formula [7].

Lemma 3.5. For p € C we have:
po.1(p; k) = —Ba(k)p(k) € C.

If p is in € (respectively €;) then so is po,1[p].

The last statement follows from the fact that |Ba (k)| < log(A), proved in Appendix
A.

Let us describe a fixed-point scheme adapted to our problem in the spirit of
[7]. Given the projector N that corresponds to the "real" electrons and n = py its
density, we try to define the dressed vacuum @ surrounding it. We seek a solution
to

Q+PL = X(—o00) (D’ + apin — R(@Q+ N))). (45)

For convenience we write p’ = pl == p+n, Q' = Q + N, v = ¢g/; Eq. (45)

can be rewritten:

Fo(@'0) = X(—o0.0) (D +a(0lg —R0)) ~X(—o0.0)(D)+N = N+>_ a*Qu(@', p').

k=1
(46)
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Taking the density p of both sides and using Lemma 3.5 we get por = F,(Q', p)
with:
— 1

B®) = T (k) + ap10(Q's k) + Y- o' (@ p'sk)). (4T)

£>2
We must precise the domain of the function

F:=Fg x F,. (48)
Following [7] we first consider the Banach space X = Q x € with the norm

1@, p)l|x = 2C5"%2v2|Iplle + CrV2IIQ)l2),

where Cr > 0 is defined in [7] and C} > 1 is defined in Notation 2.2.
Lemma 3.6. There exist Ra,e1,e2 > 0 such that if vVLa < e, al|(N,n)||lx < e2
then Bx (0, Ry) is F-invariant. The number Rj is O(y/log(A)). Moreover in this
ball F' is Lipschitz with constant 1o = O(v La). In other words the fixed point
theorem can be applied to F' on Bx (0, Ra).

This lemma and the next one are proved in Appendix B.2.

Remark 3.7. As explained and proved in Appendix B.2, by adapting the estimates
of [7] we realize that another choice of norms for F' is possible and so another
choice of Banach space on which applying the Banach fixed point theorem. Indeed
let us take a radial function f : R® — [1,400): as long as there exists a constant
C(f) > 1 such that

VI —a) < CUHWflp—p)+Vflpr—a), (49)

we can apply the fixed point theorem with the norms

1Qls, = [ 1o= 0 F (0 +0)1Q(p. )P, 1o, = [ %dk.

Here we are interested in the case f(p—q) = E (p— ¢) and f(p—q) = 1.

Let Xy C 62($Ha) x C be the Banach space with norm

||(Q)7 p)||xf = K(f)(||Ql|lq +lpl| &1 ), for some K(f) > 0 depending on f (Appendix
B.2).

Lemma 3.8. There exist Rj,e1,e5 > 0 such that if L < &7, al[(N,n)||lx, < &b
then Bx, (0, R}) is F-invariant. The number R} is O(y/log(A)). Moreover in this

ball F is Lipschitz with constant vy = O(V'La).

4 Proofs

We will use the following Lemma, proved in Appendix B (Subsection B.3).

Lemma 4.1. Let 9,7, p, defined in (25) and (26). Then the following estimates
hold:

7lle <a I7lle < La, e, < avia, (50)
[lovlle < LVLa, |lpylle < LVLa.

Moreover:
VD [Wallz2 + l[v¥allL2 < avLa and H [|DO|77]H62 < La. (51)

12



4.1 Proof of Lemma 2.7
We recall N and n are defined in (25).

Notation 4.2. For convenience we write

RN kv S k) [ S
(1 —m)PallL2 1= |[m a2,
So we have N’ = |, ){(¢x|. Moreover we write
7 := aba(0). (52)

Remark 4.3. Here A™! and 7 are of the same order La. A direct calculation shows
that [|[P2|D%wx||2 = O(N™1) and |[|D°|ia]|2 = O(1). We will often use

lmallze < lveallze + [[P2Pallz S (o(r) + A7), (53)

1. Estimation of J
Lemma 4.1 gives ||[7||3x < [[V||% = O(?). By Cauchy-Schwarz inequality and
Ineq. (37a): for any G = |f){g| with f,g € H"

Te(G"Ry)| < min(|y]lex/|Gllex, 2l le, [ [V f[ 21191 2)-
Now thanks to Ineq. (37b) and Lemma 4.1:
e[z < lmalZe (D°lwsn , w)
(Do o) < 2llénllzs (1| [D°9] llo, + D Teall s ) = O((Ze)?).

Similarly we have:

ID([¥a 2, 7 l)| < llmnl22 IV, wha) <

and : [Te(RIN)| < 2/lylle, [[Veallr2 [allpe S 7AT

Thus J = O(7% + A72) = O((La)?).
2. Estimation of 1
According to the self-consistent equation satisfied by p,, we write

Pv; k) = —ba(k)A(k) + (1 = ba(k)pro(y; k) + (1 = ba(k)) D a'Pe(y;k)  (54)
=2

where we recall that by (p) = %&L). We write p¢ := pe(v) and 3 := 1% afpe
for short. There holds:

D(pr:py) = 47T/k % (bzx(ki)zlﬁ(/’f)l2 + (1= ba(k))*|apro(k)[* + (1 — I)A(k))zlij2

+29% (ba (k) (1 = ba(R))A(R) (aB1o(k) +22) + (1= ba(k))*apro(R)3 ) )

By Cauchy-Schwarz inequality it suffices to study [ "?Eﬁéﬁdk for p € {n,p1,0,>_}
We recall ||ba||r < L < 27" for sufficiently small L.
Lemma 4.4. Let ¢ € {1,2}, then there holds:

47T/bA(p)i |7?TZ§|1;)| dp = bA(o)iM + o (L'A7h). (55)

Moreover:
allpro@lle < VEalhlls < (La) ™2, -
IXlle <o

13



Before proving this Lemma, we show the estimation of I. First there holds:

ba(0)? L
ol = 2 D)+ o ().

— 00

Then |03 (2) = by (@) + [ra (@) - 2863 (@) (moa)(@). By
Cauchy-Schwarz and Kato inequalities the two last terms are O(L(Lc)?). In fact:
sl lle S [Imallza(Vimgn, 73) S (La)*

Hrealioal|lz < 2limgallZ2lIVealle2 llvallze < (La)?,
50 [D(pr, [ma|* = 2R%{3 (7a)}) | € LV La(La)®?.

Then D(py,nx) = —4r [ ba(k)[Ax (k) 5z + O{(ellprolle + I lle)l[nalle }-
In the same way:

D(py, |9a1") = =ba(0) D(nx, n) + 0 (%)

—>00

Since —————— =1+ O((7 + A™H?), we finally obtain:
TwalZ,
2
Iz_wp(nhm)+ o <£> (57)
A A—00 A

Proof of Lemma 4.4. We use Proposition 9 (Appendix A). In the regime (23)
and for € = %, in a neighbourhood B(0,7.) of 0 independent of «, A we have:

[Ba(lkD) — BA(O)]

-1 12y ., '
] (A" + [K[77) = 2(k[).  (58)

Vke B(0,r.)\{0},

Then 2 2 k2 2
N ba(3)?|nr(k
[ RO 1[G RO
k |k A e k|
For A > r-% and k € B(0,\**): |Ba(k/)\) — BA(0)] < EL(z(A\7/4) + KA™'). As
fi:teRT = 1L+t and fo = fT have bounded derivatives (by 1 and 2 respectively),
for k with Ba(p) # Ba(0),

|ba(k) = ba(0)] < a|Ba(k) = Ba(0)l,  |ba(k)* — ba(0)*] < 2a|Ba(k) — Ba(0)],

SO
— 2 —-1/4 -1 — 2
/ fi(aBA(k) — fu(aBa(o)T2EITdR o 2T + KA / [ (k) [k
|[k|<A3/4 |k3|2 ) A |k|
2 )\71 4 +A71
< a2 ER el

As fi(t), f2(t) < t* then
z|ﬁ(k)|2 —3/2 i TN —3/2 14 2 iy—3/2
ba(k) ——dk S ATVELY [ na(B)[Pdk < ALY [ [ = O(LIAT7)
|k|>N3/4 |k|

and

k)P, i D(ni,ny) iy—1
/kbA(k:) w0 S o (17,

=~ 2

There holds [, o®(1 — bA(k))2%dk < o?||p1ol|2. Then estimates of
[lp1,0llc and ||>]||c are proved in Appendix B.3. o
3. Estimation of Tro(D°N’)

We emphasize that ¥x has no lower part as a spinor.
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There holds
(Dmox, mpa) = —(ID°|P2un, Poaha) + (DOyen, yiha) + 2R(D°Pyy , y4a)

= —(ID°[n, Pr) + O{||’Y¢A||L2(H ID°ypal] 2 + ] |DO|7’9¢AHL2)}
= —(ID°|¢x , ¥a) + o((La)?).

Then we have:

(D%, ma) = (D, y¥a) — (ID°PYen, )

= (ID%[¥x, PEYPRYa) + (ID°[n, PRAPLeia) — (D°[PLeh , o)
= —(ID°[PLyx, ¥a) + OUID Uall 2 [IlIE, + 1D Uall 2 lvIlslP29allL2)
= —(ID°[PSn, ¥a) + o((La)?).

Hence (D%¢y , ¢r) = fﬁ;ﬁ% +{(ID°[P2 s, ) + o((La)?).

L
Notation 4.5. We write (g.v, 9) for (g.(—iV)y, ) for € {0, 1}.
As ¢g4(0) = 0 and [|g§ || < @ and the (g1)a,a’s are uniformly continuous in a

neighbourhood of 0 (¢f Proposition 6 in Appendix A)

(D%, 9x) ={gox , ) (1 + (PLabr , r)) + o((Lar)?)

= Tmunll2,
=g0(0) + (L, ) + o((La)?)
=90(0) + £ 2 (V91 , ) + o((Le)?).

Furthermore

(D[P, ) = (D% — g0)von , ¥a) = oy (91%x ) + 0(A 7).
Finally
Tro(D°N') = (D¢x, 6a)

’ 2 59
= 90(0) + D[V 21, 1) + o((La)?). 59

4. Estimation of Tro(D7)
Notation 4.6. Let us write B =R/, — ¢, = R(y+ N) — (py +n) |- |".
Remark 4.7. Let us recall Lemma 1.[7]: if P,II are two projectors such that:
P —1II € G5 then

Q €67 < Q€ &Y and then Trp(Q) = Trn(Q).
We apply this Lemma for P = P° and I := x(_w0,0)(D° + aB): formally

Tro((D” + aB)y) = Tr(ID°|y*) + a'Tro(B) (60a)

Tro((D” + aB)y) = =Tr(|D’ + aBly?) = =Tr(|D"|7*) + o(Tr(|D’|*)).  (60b)
So we would like to show that
Tr(ID°ly?) = —§Tro(By) + o((Le)?),
= —%(D(py + 1, py) — Te(Ryy)) + o((Lea)?), (61)

&
2
&
2

= 2D (py +n,py) + o((La)?).

0
We have to prove that By in GT’ and Tr{(|DO +aB|— |DO|)’y2} = O(a(La)z).
Supposing those facts are true we get Tr(|D°y*) = —2Tro(Bv) + O(ar?). We
use (41c):
IR Ale: < IRO)ID’) e 1ID°*Hlles + IRIN)|les Mles < (7 + A7)

First let us prove that Tr(|D° 4+ aB|y?) = Tr(|D°|y?) + O(a(La)?).
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Thanks to Lemma 3.4, there holds:

D% + aB| > |D°|(1 — aK(|[ylkin + [lpy]lc + [[[VI*29x]]2)),

D’ + aB| < |D°|(1+ aK(|[llkin + [lpslle + IV 29xll2))-
Then we multiply by v* = « on the left and by « on the right: this does not change
the inequalities. To conclude it suffices to take the trace.

0 /\
Let us prove Tro(¢,v) = D(py +nx, py). Infact if Q € (‘5?7 and if [ Tr(Q(p,p))dp
exists then this last integral is equal to Tro(Q), because P? = i (¢V), in Fourier

space we have Tr: (P2 (p)Q(p, p)PY(p)) = Trct (P2 (0)Q(p, )P0 (p) = 0. Here,
the trace Tro(¢,7) is formally equal to

@m) 2 ([ @ )(Te(G(p,q))) dpdg
Ipl,lal<A

=em=r ] @b (k) (Tr(F(u + k/2,u — k/2)))* dudk

ut 5 l<A
T Py (k)py (k)
= [ G wm 0y dk = am [ PEEE k= Do),
k k
As shown in the estimation of I, there holds

2
D(py, py +nx) = MD(TLIJH) +0(§)7

> . (62)

Remark 4.8. The calculation above is correct if 7(p, q) € C°(B(0,A)?):

so we get

>~

2_
Tr(|D°?) = awD(m,m) +o (

[ R Bt S btk < 8l Rl + Il )

\u:i:2\<A

We conclude by continuity of @ € (‘5 ~ = pg € C shown in [9], that of
Qe (‘51 — Tro(¢,Q) and the density of C°(B(0,A)?) in .F (&) (f_)A))
Let us prove ¢.,Q € (‘5 . We have:

(P5Q)7 = (PUIL, PRIIDY 72 D°12QF ™ + (&4 ID°71%) 7 ID°V2Q 7 € &1($a)

€62(H4) €62(H) EB(HA) €G1(H)

(63)
and so [Tro (¢, Q)| < (A2 + Viog{A) g le|Q|g , with

1Qlls, , =10 lles +11Q** lley +11Q ¥ e +11Q* lles- (64)

To see P° [}, PY]|D°|~'/? is Hilbert-Schmidt, it suffices to prove the kernel of
its Fourier transform is in L?(B(0,A)?): this is easy with the help of Lemma A.3.

To conclude this section there remains to deal with R:,fy, we recall this operator is
trace-class (¢f Lemma 3.3):

Ry = ()P D)
N — ——
€G5(Hn) €62(HA)

and

O“/Amﬂm)z).

(65)

Te{R,7} = O(|Rvllss INlles +1By D2 e, 1D *4]]6,) = O(
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Remark 4.9. As A — oo there holds (|D°|*¢1, 1) — D(n1,m1) = Ecp + o(1).
In fact 91 = (¢1,0)" where ¢1 = Py, ¢1/||Ps, ¢l||> and ¢} is the minimizer of

1
Choquard-Pekar energy. Py, is the projector onto $a. So we have ¢1 N % @h.
—+00

Writing n’ = |¢}|? there holds by Kato’s inequality (37b)

llimalle = l1w'lle| <1l = wlle < (911, ¥1) + (9164, 60)) 1611132 — lIh12:]
< (Vs o0)|lldal 22 = 16512

— 0.
A— oo

4.2 Proof of Proposition 1

In this part we write E(-) for ESpp(-).

Let us prove now the binding inequalities for 0 < ¢ < 1. According to Lieb’s
principle (Proposition 3.[9]) for each ¢ we can take minimizing sequences for E(q)
of the form

{ Quey = Py — P° + qlun) (], k € N -

with (P — P2) € Qa(0) and P = Py, Putpr = 0.

We write as before v, = P, — P, nj = |1/)k|2,Nk = |¢w)(Yr|. We will forget to
emphasize the dependence in k.

Writing I,(N) = aiﬁ(D(py, n) — Tr(R}‘ny)), E8pr(Q) can be written:
E8pr(Q) = EBpr(7) + ¢(D°, ¥) + ¢, (N) = (1 = 9)€8pr(7) + a€pr (v + N).

Taking the lim inf, we obtain
E(g) = liminf((1 ~ ¢)&8pr(7) + ¢€8pr (v + N)) = (1 - q) liminf Expr (7) + ¢ E(1).

Either z = likminfé’gDF(y) > 0 and E(q) > ¢E(1) or z = 0. What happens
— o0

in the second case ? Up to the extraction of a subsequence we can assume that
lim inf £3pr (7) is a limit. Thanks to (20) it implies Tr(|D°|y?) + D(p~, p) W 0.
—00

As Ppipr = 0, there holds P24y, = vy, in particular
IPLI* = [[]1* = [[PL9] =1 — |lygl|* = 1

and (D%, ) = (ID°[Y", ¥F) — (ID°|y9p, ) where ) = P,
As [||D° Y2322 < Te(ID°|y2)||90)[22 and |[3]|2 = 1: up to extraction we have

Jim (D%, ¥) = Jim (D1, ) > m(a).

The sequence ((D%y , 1))r is bounded, else by Cauchy-Schwarz and Kato’s in-
equality

EQor(r+N) > EQor(r) + (D, ) — 3 (I10+|I2 + I3 + ma(I¥e, )

— +00.
k—+o0o

By Cauchy-Schwartz inequality I,(N) — 0 and
lim inf E3pr(Qk) = E(g) > lim inf E3pp () +¢lim inf I, (N)+¢lim inf (D, 1) > gm(a).
k— o0 k— o0 k— o0 k— o0

It implies E(q) = gm(«), but we can use the method of Section 4.1. to prove that
E(q) < gm(a) for sufficiently small « and L in regard with ¢: we define Q by the
formulae

+PL = X(—x,0) (DO +a(py+qn*|-|7' —RE+ qN))),
+ WW —TD)a) (1 = T)ea .
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If we assume that E(q) = gm(«) once E(1) < m(«) has been proven, we also
obtain E(q) > gE(1). We thus get E(q)+ E(1—q) >qE(1)+(1—-¢)E(1) = E(1).

There remains the case ¢ > 1. However it has been proved in [9] that for each
integer M, Egpr(-) is concave on [M, M + 1]. Besides thanks to (20) there holds

E(q) = q(1 — af)m(a).

So it suffices that 2(1 — aZ)m(a) > E(1) to get E(q) > E(1) for ¢ > 1. For a < 2
it is true and as E(q) > 0 for ¢ # 0 the binding inequalities for ¢ > 1 are proved.

4.3 Proof of Theorems 3 and 4
4.3.1 Notations

Let Q@ =" = v+ N be a minimizer written with the notation of (24). As before
we write n := pn.

We have N = x(o,,,) (Dq) with Dg := D° + a(R), — ¢’,). We have to show that
N = |¥){1|, then we can choose p such that Doy = |Dgl = pp with p < m(a).

We split ¢ in two: ¥ = (i) The wave function ¢ € L*(R?, C?) is the upper

spinor and x € L*(R?, C?) the lower spinor.

. 2. 2g1(0)? _ _(gf0)?
We write C§ := 7((11)/\(3))27”(0‘) and ¢ := abA%O)m(a).
As (R(N) = ty2)¥ = 0, there holds
(DO +alpy = Ry = wp = |DO +alpy — Ry)[e. (67)
We write v} := ¢3,b) := vJ — R}, where % is a prime symbol or no prime.
Moreover we write d := D°. We recall:
(3¢, ¥) = D(py,n) and [(Ryt, ¥)| < ||7][ex]Inlle, (68)

We recall the notation (g« , ¥) := (g« (—iV)y, ¥) with x € {0, 1}.

4.3.2 Strategy of the proof

The proof of Theorem 3 relies on bootsrap arguments enabling us to get appropriate
estimates of || [V|*4||p2 for s = 2,1, 2. The starting point is a priori estimates of
[ 1V} 24]| 2, |[Vab]| 12, Tr(|D°|4?). Tt is possible to use an adaptation of the fixed

point method of [7] to get estimates of

[f B0 Ew+ 0500l dpg ana. [ ZE O g

in terms of the Sobolev norms |[t[|;s+1/2 at least for s =0, 2, 1. Then the second
part of Eq. (24) enables to get estimates of || |[V|**9)|| 2 in terms of || [V[*T'/24|| .2
and the (squared) norms above. It is possible to keep going as explained in the
thesis of the author [16], provided «, L are small enough.
More precisely the steps are the following.

1. We first prove a priori estimates and get ||pg||c, ||@Q||xin are O(1) and then show
that ||v||kin = 0(1). As a consequence Lemma 2.6 holds and we get ||~ ]|c, |[7lq0, (| P°|%; %)
are O(1). This enables us to show that we can apply the fixed point method
(Lemma 3.8, f = 1) and that the minimizer v + N and its density p, + n form a
fixed point (at least in the space associated to ||-||q, and [|-||c).
2. We then prove

1l as2, [Inlle = O(1). (69)
Thus we can apply the fixed-point method (Lemma 3.6) with n = |1|?> and N =
[) (1| and so to construct (v + N;py + pn) as a fixed point in (a ball of) X.
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3. Using the estimates that we deduce from the fixed-point method and Eq. (24)
we then prove that
(V1% ¥) = O((aba(0))*).
4. Following [9], we apply a scaling transform to the minimizer with the scaling
factor ¢ = O(aba(0)) defined in Subsection 4.3.1:
we get ¥(z) := 3/%ip(cx) € HY(C*). The previous results will give
18l a2 = O1), lIxllr = O(La),

where x € H*(R?,C?) is the lower spinor of .
5. At last we compute the energy and show the asymptotic expansion.

4.3.3 A priori estimates

The first step is the following result.
Lemma 4.10. For Q = v + N a minimizer of Efpp(1), then N has rank 1 and
there holds the following a priori estimates:

T(ID°1*) + aD(py, py) + (1Pl ¥) < 1.
The decomposition v + N is the same as in (24), Section 2 with N = [¢)(¢)].

Assuming this result is true we can go further: we know that
F(Q,pq) = (@, pg) where F is the function defined in (46) and (47). Using the
estimates of Appendix B.3 we get that:

+oo
llpslle < Lilnlle + VLal[Qlla + Y_(aK (llpellc +11Qllx)) < L = O().

Jj=2

We then apply Lemma 3.8 (with f = 1): we get that (Q, pg) is in fact the unique
fixed point of F' in a ball of Xp.

Proof of Lemma 4.10: As Q is a minimizer and that Eppr(1) < m(a) then there
holds:

m(a) > Epr(Q) 2 (1 - o) T(D°|Q%) + $D(pa, p), (70)

and [|Q|[kin, vV|lpglle = O(1). As v = X(—o0,0)(DY) — P°, using estimates of
Lemmas B.2 and B.3 we get:

IVlle < alllpelle +11Qllex) < Va.

Thus |Tro ()| < ||7]|&, S @ < 1, as a consequence Tro(y) = 0 and N has rank 1.
Thanks to (68) and Kato’s inequality there holds

(D¢, ) = (Do, ¥)—albyth, ) = (|Dal¥, ¢>+O(a||¢||H1/2(||7||EX+||p’Y||(C)))'
71
We apply Lemma 3.4 on |Dg]|:
(Dol ¥) = (1 = K(al|Qllex + a'/? x &' |polle) (ID°1, ¥), (72)
and:
(D°%, 4) > (1 = KVa){(ID°[, ¥) + O(alllpalle + 1Qllkin) [¢lz1/2).  (73)
By Cauchy-Schwartz inequality and Kato’s inequality:
g]%DF(Q) = ggDF(’Y) + <D01/)7 p) + afR(D(p%n) - TT(R"/N))
> (1= af)Te(ID°Y?) + §D(ps, py) + (1 = Co/a) (D", ¥)
= |9l gr/z (IVlcin + o4 le)-
As E8pr(Q) < m(a) we have

Te(|D°[7*) + aD(py, py) + (D[, ¥) = O(1). (74)
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4.3.4 Estimates around the fixed point method

Let us prove that we can construct (@, pg) as a fixed point in X. We have to show
[In|le, [|N]le = O(1) and as ||N||o < ||’l/1||§{3/2 it suffices to prove (69).
By Sobolev inequality (39):

lInllze = |[¥]17s < || VP02, S (IVRIEE 11015 = O(Va).

Moreover there holds D(n,n) < Z(|V|¢, ¥) < 1 and ||n|le = O(1).

At this point we have: ||n||¢1, [|IN|lg; < 1: we can apply Lemma 3.8 with
f(p—q) = E(p—q) and construct (Q, po) as a fixed point in X1. As shown in
Appendix B.3, there holds ||v||e; + [|py]le, < 1.

Let us now prove that ||| ;3,2 < 1. By (67) we have |d|*y = pdip — adbyp,
therefore:

(dP*e, ) = pldld , &) + af|d]** (Ry = v)|d]~*2(d** ¢, dld[* ).
Then thanks to (41b) and Lemma 4.11 below, writing
" 20, 1d| =2 = [1d]"2,b,]1d] 7> 4 byld| !

we get |||d|"/2b,|d| 72|, < (Iylex + oy lle) + [1V]a: -
We obtain at last ||¢)|| 32 < 1. In particular we can apply Lemma 3.6 and
construct (Q, pg) as a fixed point in X and get ||v]|o, ||p7||¢ < L

Lemma 4.11. Let (79, pj) be in Q x C and bg := pg * ‘ i — Y6, V) = pp * ‘ - Then

there holds: ’ + H|DO|*1 [607 |D°| 4]
B

(D)2 [bo, [2°]2]

\ < (blle + 1o lle)-
B

Proof: The estimation for the term R(vy) comes from (41b) in Lemma 3.3: indeed
we have

o s = s |p—q|
|E(p)* —E(q)°| < K=—F——=———fors= L pent
E@)' T +E(@" 2*

3 1
We write f € Ha and & = |D?| "2 [v{h |DO|§}7 the following holds:

dpdq |E(p) — E(q) |P0 /
P dp < K dq.
/| Fo)lar < K f] 2oL = Fla)?
To deal with last term we use the same method. O

Let us prove (|V|*¢, ) = O((aba (0))?).
We write ¢ = 2(N) = [|g1(=iV)%)|| 2. By Lemma B.5 we have:

lloy|le < La*’? + ax + Lo, (75a)
|[v]|ex < VLaz'? + ax + La. (75b)

Taking ||-||2-norm of dy) = pp — ab,1p, we have (¢f Proposition 6 for ||gg]]ec):

(@9, ) = 2° +m(@)? + O(||96 l|lo®) = 2* + m(a)? + O(az?)
al(byr, Y|+ a?[|byib||2e < K1Laz'/? + KaLax + K3az/? + Ky(Lo®)2? + Kea'a®
12l[]172 < m(a)?.

For the first equality we have used Taylor’s Formula (order 2) and the fact that
g6(0) = 0. As x = O(1) we have o*z® = O(a*z?) and

2® < k1La’z'? 4 ka(La)z + kzaz®/?, (76)
Finally we obtain

2?2 < k(Lo + kY2 (La)'? + ksa® < (La)'/?, (77)
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and there holds z? < K(La)? = O(c™?).
By Lemma B.5 the following estimates hold for the minimizer:

e £ a; | llpylle £ (L +w(N))VLe,
I7lle < L, | |lpylle £ LV La

where we recall:
N 1/2
w) = { [ o= aPlo+ dF o Papa} <1191

4.3.5 Scaling

We have considered so far the problem associated with Ec—1,o,a(BDF energy where
the parameters are: speed of light 1, fine structure constant « and cut-off A). We
link it to the BDF energy in another choice of parameters: speed of light ¢, fine
structure constant ac and cut-off ¢A, with ¢ > 0 defined in Subsection 4.3.1.
As in [9] we write
Hr = Hea

¢ 03/2¢(C('))7

and so Ucp(z) = ¢ 2¢(x/c). There holds a scaling correspondence between
(1,, A) and (c, ca, cA) :

U;

Eecacr(UiQUe) = ¢ B1,a.4(Q).

To distinguish the corresponding objects of (¢, ca, ¢cA) we underline them:

P(x) = Usp(z) = &/ *y(ca), D’ = P UDU, = mc®B + T,
Y(z,y) = UlyUec(z,y) = AEqylex, cy), | m = go(—iV/c),

pr(@) = Epyler),v=py x| |7 | Ta = cgi(=iV/o)a - 7,
R(w,y) = (. y)|lz =y~ T, = c1(=iV/c)o - Y.

There holds |V| < |T,| < C1|V] and

e = vallllex_ f IBIDI21ls < [hllex = vellllex
loslle = Vlloslle ">\ 11D 21le < llpslle = Vo le

We have shown (giv), 9) = O((La)?), so for ¢ := 91 (0 1 has uniformly bounded

abp (0)7
H*' norm with respect to the parameters in the regime (23).

Remark 4.12. Here the constant of scaling ¢ corresponds to A of the test function.

First we we prove the following middle results.

Lemma 4.13. Let Y = Y (¢) := ||gf/217/)||L2 where ¢ is defined as above. Then

we have

IIxllz2 < ¢ " and [|Vx||2e SaY +¢ '

Moreover i = m(a) 4+ O(c™?) and ERpp(1) = E3pr(Y) = m(a) + O(c™?).
Proof: Thanks to (67) we have

mczﬁﬁ +cTat) + acly — R)Yp = uczy. (78)
Considering the upper part ¢ and the lower part x of :
mczf +cTox + acvp — ac(By)1 = uczf (79a)

—mex + Ty + acvy — ac(Ry)2 = uc2x (79b)
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From (79b) we obtain

We take the L2-norm:

Y]] a 1 alVLa  aLa _ 1
< —= — <) < - i S < =,
lIxllze < + \/E(HP'VHC"‘H’YHE )S <+ NRRRVIRY:
In particular we have [|x|[z2 = |[x||z2 = O(c™").

We write Sx = g,(—iV) - x with x either o or a. As T exchanges upper and
lower spinors, by Cauchy-Schwarz inequality the following holds:

(D%, ) = {gow, @) — {gox, X) + 2R(S-¢, X)

m(a)|lellzz +O0(c™)
=m(a) + O(c™?).

It enables us to estimate
w=m(a)+ 0(072) and EgDF(l) = SgDF(fy') =m(a) + 0(072). (80)
From Eq. (79a) we get

(ne® —me*)p

Tox = =+ of(By) — Vgl

C

As 1 = m(a) + O(c™?), the L*-norm of T5x has the following upper bound:
IToxllze € @+ ¢!+ ave(La + LVLa) < a,
writing Y2 = Y (¥)? := (¢g§1, ¥), we get the middle estimates
IIxllmr €« (81a)
lxlla S (@Y +c7h). (81b)

Im
c

¢ has L?-norm lesser than K¢~ '. Then:

Indeed writing p = m(c) +dm, ¢ x

v Ip| Ip|
‘/ go(tp/c)dt?‘ < KoL,
0

90(p/e) = go(0)| = ‘/196'(tp/6)(1—t)dt@’ < Kaltk,
0 C

and |go(p/c) — go(0)| < a|p|*®/c*. In particular

(91X, %) S /(X0 X) =0(c  x (aY +c H)e ') =0(aYe *+c¢7°) (82)

and there also holds the middle estimate: ||Vx|| 2 < ac™h. |
Let us prove that ||UZv|| 32 = O(1). The method is the following: we take the
scalar product of | V|« with each part of the equation [D°|*¢) = D°(u—ab,)rp. Then
we cancel the leading terms in order to get an inequality involving Y2 = (g3, )
of the form:

Y2 < O(c? 4+ Y32 4 Y32c73/4),

As a consequence we get Y2 = O(c™?).
Let us first deal with (|D°%, |V|w).
Thanks to estimate (82) there holds

wlgra- S, (V1) < 11V 2@l | V12 e = OV e ™2 + Y92 /ae ™),
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We recall that [go(p) — m(a)| < min(|lghllz= lpl, 2llgollz=): it is O(min(1, alp|)).
Then we have:
(98¢, [VIY)  =m()*(IVIe, ) + 2m(a)((g90 — m(a)¥, [V[¥) + (g0 — m(a))*s, |V|¢)
=m(a)? +0(aY?),

Thus we have:
(D14, [VIg) = m(@)(IVIy, ¢) + (gi|VIY, ) + O(aY ).
Let us now treat the term (D°(u — ab-)v, |V|¢) and first the term p(D 4, [V]e)).

(90Bv, [VI¥) = (g0¥, [V[¥) = 2{gox, IVIX) = (0¥, [V|¢) + O(aY e +c7?)
=m()(|[V|¢, )+ O(aY? +aYe 2 +¢77),

(908Y, [VI¥) + 2R((So ¢, [VIX))

m(a) |V, ¥) + O(aY? +aY e 24+ ¢ 2 +Ye 32 £ Y32 Jac™?),

WD, V) =m(a)2(V[, ¥) +0(aY2+ Y32 Jac™  + Y 3/% 4 c73).

(D, [V|¥)

‘We write:
|d|"* Ry = [|d]"/?, Ry]1d] ™" |d]v + R |d|" v,

and thanks to Lemma 3.3 we have:
— 2 —
10, BoJldl ™ |, S MlG, S 1l < e
By adapting the proof of Lemma 4.11 we can prove the follwing estimates:

1/2

HHVLW]W 5 ’UV]W BS||P~/||C log(A).

We use Lemmas 3.1 and 3.3 to get estimates of ||by1)||z2. First we deal with the
terms with Sq:

Ry, Sal VW) < [([IVIVZ Ry Jld " dly, SalVIY29)| + (B VY29, SalVIY29)|
S Y llex(X+ [IVY[lL2) S Y (Le.

The operator So exchanges upper and lower spinors, so we get:

1(Sovye, VX = [(IVIvs, Sox)| < [[IVIvve|| o [1Sx]] 2
<ac || [19] s )] 2 + Il Dol o

< ac /I lIpslle % || VIl 2|2 + 1o ]IeY
< L5 2(|[9gllzs +[1191/2¢lls2) € Le™™ + Le™Y,

Similarly the following holds:
[(Sovx, IVIe) = [(IV[Y20yx, V]2 S00)]
< {I11V172, 0] | 2 + 102 V1212 VT2

< (ViogM)llpy eIV 121d1 2 X 2 + oy lle [ IV 12| 1) Y
< (Ly/Tog(A)e™Y2(c73/2 + ¢7'VaY + ac™?Y))Y.

We treat now the terms with go(—iV):

(e [9lgoo)l < Mloslle|l 191726l o[ IVIgogl] 2 < L
(o IVlgox] 5 llpalle]| V1 |2 IV lgox] |2 < e,
(B, [9lg0w)] < el [ 191720 Lol W lg0¥] s < ™2

It is clear that a(Le™2 + ¢ %/2) = O(c™?). At last:
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(D°(n—aby), |VI9) = m(a)([V]Y, ¥) +O(aY? + Y**ac  + Y7 %),

and:
Y21 — Ka) < Koc ® + K1 (L)Y + Ksy/ac 'Y3/2,

As \Jac™' = 0(0*3/4) (because a(log(A))*/* = o(1) in the regime (23)), we deduce
(V2% , ) = O(c™?), equivalently

]l grs/2 = O(1).

We now improve estimate (81a) as written before:

do(p/c) — go(0) = / hitp/e) Lar / (1 = a8 (tp/e L ar
onto/e) =@ = | [ sitepsaa [ (1= u)giCup/erta 'p'

and therefore

Hom(e) — mye|pe < £y 1llem e oy Tg — o). (ay)

lxllen = O(c™) and || [Vx[[2 = O(c™?). (84)

So

4.3.6 Estimation of Eg R (1).
Thanks to Eq. (79b)

So n o
90+#¢ go + u

X = (Ryg)2 —vyx) = © +0x,

9+H

where the remainder Jx is such that ||dx||z2 is lesser than
EKa(|ll[ex|[V1V20] 2 + llolleIIVIY2xll2) = O(ac™?) = o(c™). Thanks to
Proposition 6, as ||g19||.2 = O(c™!), we have the following asymptotic expansion:

Bpr(1) + 249 D(n,n) = (g0, @) — <g§iu50<p7 LS, 0) + 2R(
=m(a

)1 -2, ¢>>+2<W¢ @)+ olc™?)
(@)~ (5850, 9 + (250, ) +o(c™?)
:m(a)""zm(a)(gl‘ﬂ @) +o(c™?)
m(a) + gies (93w, ¥) + o(c ™).

1
go+np

To deal with go we use both results (|[V[>¢, ¢) = O(c™?) and |gf| = O(a) and
treat the ((go + 1)~ ")’s one after the other. For the last line we use the fact that
(IV]*x, x) = O(c™?). Writing in terms of 1

1 @) [ )*

Co (Eppr(1)—m(a)) = CIOEE /C g1 (B) [ (p) jj 7|d zdy+o(1).
(85)
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We recall (¢f Proposition 7, Appendix A) the (gi)a,a’s are uniformly continuous
in a neighbourhood of 0; splitting in Fourier space at level |p| = \/c we get

1 (p/)*[D(p)Pdp = / G102 |p21 (p) [2dp
[p|<Ve Ip|<Ve

s [ ([ i gi(O))dt>2 1) Pap

[p|<ve

+244(0) /‘pm (/ " (dhltp/e) - 51 0)at) I 26 ey

=0
= / 9102’ [%(p))*dp + O (| [V |9 Supl{lgi(q)—gi(o)l})

lp|<Ve lgl<e™ 2
— [ G wlrEerd+ o (.
IpI<ve
Moreover:
3
[ caworiwre <[ Hgers
lp|>+/e 1\p\2\/53 |p| "
< = <c
< (VP 9 s e o 0
Thus
1
W<ng%('/0)£7 Y) — D(n,n) = (|V[*, ¥) — D(n,n) + o(1),
1
By unicity of the asymptotic expansion and by definition of Ecp we thus have

Egpr(1) = m(a) + G5 *Ece + o((aba(0))%). (86)

As a consequence, the Choquard-Pekar energy wave function ¢ (more specif-

ically o) tends to the minimizer. It is known [12] there is but one minimizer in
H'(R? C) up to translation. The fact that we work with spinors is harmless.
By using convexity inequality for gradients [13] (Theorem 7.8 p.177) and Riesz’s
rearrangements inequality (sharp version in [12]), we have that there is but one min-
imizer of the Choquard-Pekar energy in H'(R?, C*) up to translation and overall
rotation in C*. Keeping track of the mass of 1 with the help of some translation
we get that necessarily it tends to a Choquard-Pekar minimizer.
Acknowledgment. The author wishes to thank E. Séré and M. Lewin for useful
discussions and helpful comments, in particular the latter for suggesting the link
with the Choquard-Pekar energy. He is also indebted to the referees and to E.
Goujard for useful comments on the paper. This work was partially supported by
the Grant ANR-10-BLAN 0101 of the French Ministry of Research.

Appendices
A The operator D'

Remark A.1. In this part the scalar product in R? is written (-, ) for d = 3,4.

A.1 The functions gy and ¢;

As established in [10], D° is a solution to the following equation in the Fourier
space

5oy e D01 :
DO = D0 4 17 D9 * BE in B(B(0,A),End(C")) (87)
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and by a bootstrap argument DO € MNm>1H™(B(0,A)). With the notation of 2.1
(Subsection 2) it shows that go,g1 are smooth while g1(p) = g1(p) - wp is a priori
in C*(B(0,A)\{0}) and we have

o 1 go(Ir])
:1 e d?” ) 888,
go(lpD) +4w2/m<A P =7 \/gr (D) + 90712 (55
a {(Wp, wr) gi(lr])
1 = — dr . b
g1(leD) 'p'+47r2/m<A PRV e

Remark A.2. We recall here that C; > 0 is a constant such that gi(r) < Cir and
|go]oe < Ch.

Proposition 6. We have g1 € C*([0, A],R) and g4(0) = 0.

Writing ||d®g1[[ = sup ||[p|d®g1(p)|| the following holds:

0<|p|<A
l190]lec = O(a) 196 ]lec = O(a)
, and 9 .
llg1][ec = O(1) [[dg1]l« = O(1)

Moreover there exists K > 0 such that

90(0) 1 < Kad log & 41
Vq € B(0,A)\B(0,1), l
l91(q) —1] < Kaqlog —+1¢,

]

and we have
L 2L

g0(0) =1+ —+ O(L* + o), ¢1(0)=1+ e + O(a).

In fact it suffices to differentiate (87) to get go(p) and gi(p), we take the norm
to obtain the first part; then we differentiate once more to get the second part.
The third part is a consequence of those parts.

Proposition 6 enables us to prove the following result.

Lemma A.3. Let p,q € B(0,A) and k = p — q. There holds

EOIEW —(B0)80) (o 267 21T
E(p)E(q)(E(p)+ E(q)) ~ E(p)* E(q)°

where we can choose K < 2 for alog(A) sufficiently small.

. : _ 3. _ a2t27(t,a>2
Proof: In fact we can write for a,b,t =b—a € R’: |a||b| — (a,b) = If

Tal[o[+(asb)
(a,b) > _# then A = % < %, by symmetry we also have A < 25;22.

Else —|a||b| < (a,b) < —12% then {|a||b|(allb] + (a,b))} " > 2(a2b?), so:

2 24+b%+]allb
25_22211 bz‘aH‘22

2 2 2
22_222%;\“”“22.

Proposition 7. The function

. «
dgi(p) =id + P /
[r|<A

is in C°(B(0,A), L(R?, C*)) and
|dg1(p) — dg1(q)| < KL[p—q.

In particular the same holds for gj (t) = (dg1 (tw),w).
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Proof of Proposition 6
1. We can define dgi(p) for p # 0. First we have

_a dg [ dgo(@)h  go(g)dgo(q)h + g1(g)dgi(a)h go(q)
dgo(p)h_4w2/|p—QI2<E E )

E (q) E (q)* E (q)
We remark that for p # 0 we have:
dg«(p)h = gi(Ip)){wp , h), x €{0,1},
(dg1(p) - wp , wp) = g1 (Ip])-
Then

dg1 (p)-h = h+%/ ; iqqp (dgl(q) b g0(9)dgo(@)h + 91(9)dgs(g)P gl(q)> ‘

E (q) E (q)? E(q)

So for any w € S? we have

, - o d 1(q) ) 2
i) =1t g [t (a0 ) 5 (59)

+(g{(q)<wq7w>2(1 B %%(g;)) 1 91(9) (w,we)” 90(9)90(9)

E(q) E(q E(g9 E(9

The regularity of g1 (as a function of R™) will come from the continuous ex-
tension to x = 0 of the formula above.

We have
/ o dg 190 90|00 + |91 |00
go(lp))| < —/ = + [90|oo = 90a
| O(l |)| 472 |p_q|2 <E(q) | 0| E(q)2 ( )
, o dg |91]0c | 19000 + |g1]c0
gi(lphl <1+ —/ = + = . 90b
Thus

|g0loc < Kralog(A)]go]ee + K2algi]oo
91100 < 1+ Kszalog(A)(|g0]eo + 191 00)-
So |go]e < @ and |gi|ee < 1+ Kalog(A).

Since go € C*°(B(0,A),R) and radial, necessarily

dgo(0) = 0 and g6(0) = dgo(0)w = 0, Yw € S°.

2. We treat now the second derivative d°D°. We write h, = Ef’(*_)
and J = E (). The coefficient of 8 in d?*D°(p) h? is

«@ dq

d’go(p) b d*ho(q) K2,

B 471'2 q |p_ Q|2
where

5 5 dzgo(p) -h? 2
d<h h = = — = d h d h 1(q)dg1(q)h
o(q) 7 (q) E(q)3 go(@)h [go(q)dgo(q)h + g1(q)dgi(q)h]

- 1%0((;))3 [(dgo(g)h)? + go(q)d*go(a)h? + (dgr(g)h)? + g1 (g)dg1 (q)?]
+3 go((qtz))s [90(q)dgo(q)h + g1(q)dg1(q)h]>.

Furthermore, we have

2 2 dq d2g1(q)h2 2 2
oo = % [ s (PR g T @+ s T )
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Since we have (|p|d*g1(p)h*,wy) = |pld*g} - h* + LE ((wp, h)* —||B]|*), by taking
the scalar product with w, we get

dgq 2 |p|dg
& <O+ &/L Cgills + 5 / .
|p|| gl(p)| >~ 1 472 |p—q|2|q|E(q)|| gl” | |2E 2” 1||
o Ipldg { 1 2 90(q)
— d + |d 204 1q2
471'2 . |p_q|2 E(q)2 (| g0| | gl' ) E(q)2| gO'
3 |dgo| + |dg1] 1 2[dgi| +4C
+ dgo| + |dg1])? + 2(]dg1| + C1 + .
B (0)? (|dgo| + |dga) (Idg] ) E(0)° 10 1l
‘We also have:
2 <o Cudg
o)l <1 {/E 7l
/ Id290| 51d90l(|dgo| + |dg1]) | go() [dgol* + [dg: |*
Ip— ql2 (9) E(q)? E(qg)  E(q)?

(9)* |d° gol go(q) (Idgol + |dg:])?
E(q)2 E(q) +3E(q) E(q)* )}

As < 2max(

we have

_Inl 1 ;)
[p— Q\Z\Q\ [p—allql’ [p—q|? />

/ dglp| <9 / dgq +/ dq
la1<a 1P —al?ladlE(q) ~ la<a 1P = dlldlE (@) Jig<a Ip — dlE (q)

We recall then that the convolution of radial nonnegative functions is radial non-
negative. So the following holds:

l196]loe < Ko
[%g1]|« < C1 + Kalog(A)

3. By Ineq (88a) and for p € R*, 1 < |p| < A we get that:

la|<

/ 1 < / dq_1goloo
2
la? /1y \‘pﬁqw lg|* [p + 4l

4r? |90 —1] / go(q) < dq 1
Ip—qIQ\/ z)? + i lp—q|? lal®
go@f +a(@* = 4 VIt oz

lal<2A v la|<2A N
dr T+ r+ipl—|r—Ip
= 27T|90|oo/ —log |p| — 27T|90|oo/ M
o rlpl = Ipl 0 rlp|
<1+log —.
Ip|

To deal with ¢g; we use Eq. (89). The integral of the integrand in the second line
is O(1): as we multiply by « its contribution is O(«a). For 1 < |p| < A there holds:

/ 91(q) < / dgq <1+ 1log A
|p—q| |E q) lal la|2|p + 4 Ipl”

lal<A lal<2A

For go(0) we have:

7T|g0 ) —1] A , 1+ O(alog 2)
/ \/go +91 ! { V142 }+O(1)
= log(A ( + alog(A) )

Let us prove the estimation of g (0). There holds for any 0 < z < A and w € S%:

(wwe)?dg  g1(q) :2W/Adrr2+r2 [m2+r2 o ’m—kr’ _1} g1(r)
0

I

A|:cw —q?E(q) ldl 222 2rx rE (r)
Az 2 2

e [ [y L] e

0 2r 2r 1—r E (xr)
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We split at two levels: e and e. The integral over (e*,e) is O(1) for log is
integrable on (0,¢). For x € (0,e™") there holds the following expansion:

2
1+r (log(14+7r) —log(l—r))—1= %7"2 + rQo(Ts)’

thus the integration over (0,e™') is O(1). For € (e,A/z) there holds:

1 1 _ 4 -3
(log(14+7r"") —log(1 —r ))—l—ﬁ—i—rﬁqm(r ).

1472

2

we get 2 4+ O (r7?). Thus the integration over (e, A)

T 3r  r—too

Ar Az g1(rz)dr _4r A g1(r)dr
3 /e E (rz)r o = 3 /ez E(r)r +o

If we multiply by !

gives:

At last we get:
) a (A gi(r)dr 1 2alog(A)

O
Proof of Proposition 7 In fact it suffices to use another formulae for d2g1 and
d?go consisting in replacing g1(q)dgi(q) by

(g1(a), dg1(q))-
By the same method as for dgo,dgi, we get that

||d*g1|| < L. (91)

A.2 The function By
We recall that

_ 1 E(p) E (g) — (g(p),8(q))
no-mm | Rprede gz

lp=1—£|,|lg=l+£|<A

This formula holds only for k # 0: our first purpose is to extend it continuously to
0. Thanks to Lemma A.3 we can say that Ba (k) < K log(A).

Notation A.4. Throughout this part, p = £+ g, q=10— %
Proposition 8. Let w be any in S%. For £ € B(0,A) we write:

g (g()(lfl)we ‘W
¢ dg1(0) - w

> and Ef = |g¥|.

Then we have )
1 w
Ba(k) —» — M(M —: BA(0), (93)
k=0 e<a 4E(€)
Moreover

Ba(0) = % log(A) + O(L log(A) + 1).
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Proof: Let us write I = 72|k|?Ba(k), its integrand f(¢) and = = |k|. Let us

consider 0 < € < % and s = % +¢e. We assume x < 1 and split the domain in three:
B={{: [f| <z} A={l: 2" <[{|<A—-3},
C={:[0—E[J[t+5<AN{: || <A-L}C{t:A-L<|f|<A}=C"

Using Lemma A.3 we get the following behaviour independent of o, A in the regime
(23):

lI] < Kz*1% = K& = o (2%), |Ic| < Ko’ log A ~ K:CS. (94)
- z—0 ’ - A-2 z—=0 A

2

There remains to deal with I4: we rewrite f(¢) as follows:

= — lg(p) A g(@)]” (95)

E(p)E(q) (E(p) + E (9))(E (p) E () + g(p) - 8(a))
where |g(p) A g(9)* = X, [Aoi* + 32, 144517,

go(p)  go(q) | | 090  golq) o
A“_‘(gl(p))i (g1(q)): "(6g1)@- (g1(0)): (96a)
| (g)i (g1(9)i | _ | (9g1)i (g1(q))s
A”"<g1<p>>j (g1(a)); “(5@» (g1(9)); (96b)

39+ = g+(p) = 9+(9)-
If we take k along a fized half-line: k = zw we have

1

Lago(k,) = [ dgo(+ (6= 1/2)8) - wdt =3, gh(l)er -
t=0 x

Logi(k,0) = / dg1 (¢ + (t — 1/2)k) - wdt e dg1(¢) - w.
t=0 xr—r

In fact, as A, go, g1 are radial symmetrics so is 74 (k) and for w € S? fized and
p' =L+ 2%, ¢ ={— % there holds

(o I\ T (A ’ ’
Lak = 2w) = Ew)E(d) —(8).8(d) ,
T L E@EW@)(E@Q)+E())
xS <[l <A=F
foll) = %X%A is also symmetric. By Proposition 6 we have
[fo(0)] < KWXWSA,,C/Q. By dominated convergence we get the integral
formula (93).
As there holds by symmetry

25 éﬂ_ n)-wldn = éﬂ_ N2 91(5)2
[ meran=3n [ s fan = 3x (@020 + 2288 ) on

we have

Ba(O) ( / u2((gé>2<u>+<ga>2(u>+2g}£7;2>(ga<u>+g%(u>>

=1L - du
N N (Y R K
2 (9090(u) + 9191 (w))
— u > \5/3 du |,
u=o  (90(w)? +g1(u)?)®
and
! ! u 2
Ba(0) 1 /A 5 (96)° (u) + (91)° (u) + 2—91‘%‘2‘) i /A 2 (gogb(uw) + g1gi (u))?
= — u u — u

: 31\ Ju=o (90(u)? + g1(u)?)3/2 w0 (90(w)? + g1(u)?)>/?

Thanks to Proposition 6, we get the estimate of B (0). ]

Let us look at the variations |k|~!|Ba (k) — Ba(0)].
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Proposition 9. There exists 0 < r. € R", independent of o, A in the regime (23)
such that
for k| < re:

k| "B (k) — Ba(0)] < K(A™" + L?[k| + [k[> + |k[*/*79).
Choosing ¢ := 6™ * there holds:
k|~ [Ba(k) — Ba(0)] < K (A~ + [k['/?).

Proof: For k € B(0, 1) we write |k| = x. We reconsider the domains A, B and C
of the proof of Proposition 8 and write fi the integrand in (92).
Wehave|fo1|<Km3S: o ( 3y and | [, f1] < Klog(+2 w73) = O (%)

z—0

There remains the integration over A. For |[¢| > z° we have = O(x*/37%) so we

can expand the integrand of I4(z) at order 1. Indeed:

Fov w1 [ E@ B0 =g, B0~ E(p) z
BEp) =B {1+ HIO V=B 1t IO +x90(5(g)2)}’

where the OO(~) is independent of ¢ (because E (£) > 1) . The same holds for
T—

E(q)" and (E (p) + E (). Writing h(¢, k) = E (p) E (q) — 8(p) - 8(g) we have:

Ia(@) = - hlk) o 1 /h(&k) (QE(g)_E(p)_E(q)
- L 2E TR AT E ()
<> E(p) -~ E(q) , 52"
Fo oG

By Taylor formula (at order 2):

2E (6) - (E (p) + E ()] < / / dtduK a3 E = Kai 28
tJu
By Proposition 7 and by Taylor formula at order 1 we have:

‘g(p) —2(9) < Lz,

T

— g

Thus [k]~*[Ba(k) = BA(O)| = O (A" + L+ [k|*). o

B The fixed point method: estimations
B.1 Estimation about the R. operator

Let us generalize Lemma 8.|7] that states the inequality: ||Ro||r < ||Q||o. Further
generalisations are detailed in [16].

Lemma B.1. Let f be some function f: B(0,A) - R4 and @ € Q. Then we
have:

[f 10 - 0 ePL iy < [f 10— i + Q) pta. (99)

-~

Proof: The kernel E(p7 q) := Rq(p,q) is equal to:

/Qp La—10) .,
PU=502 lE '

We remark the Fourier multiplier:

Alw,y) = 77 {F0— 0 Ap.a)}
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commutes with R. : A+ Ra. So it suffices to show that:

IS ']Tpi’ dpdq < [ 1p+ a0, o) Pdpda.

To this end we follow the proof in [7], for any 6 € (0, 2):

H'|p+ dpdg 8H ﬁ;dfmuﬂ —Ik

Q¢+ v, = )0 +v,¢ —
|2u||€—u| [0/ — ul?

Qe+ v, £ —v)* |20+ ,
(2#2)2 //// [2u] [0 — u2[0 — uf? |24/|1+9d udvdldl
e || 1201Q + v, £ = v) o (¢)dvd,

V)| dudvdtdl’

IN

where the weight we(¢) is:

o 0 dud(’
) - |2€| jf |2u||2£’|1+9|€ _ u|2|4’ — 7_L|2‘

du 0 dél
< — (|2 —)
= / 2u] 0w — (2 (12u / 2O — up?
1 dx 2

<(z2 ) — =~
T2 [z —ef?/

Then we have:

where e € R? is any vector satisfying |e| = 1. O

B.2 Estimates for the fixed point method
Let No > 0 be in &1($a) and let o be in 6 (JﬁA)
We write ng := pn, and z(No) := ||[VNy||s,. We assume that
Tr(No) < 1 (99)

to simplify. In our problem Ny = |¢) ()| with |[¢]|2 = 1.
In this part f is some function f: R> — [1, +00) satisfying condition (49) and
we consider the Fourier multiplier m:

Q(z,y) € L*(Ha x Ha) = F ' (f(p — 0)Q(p, ).
For Qo € Qyf, po € €5 we write:

1(Qo, po)llx; = Koy (F)([|Qolle; +lpolle, ),

where K (0)(f) > 0 to be precised later.
By Kato’s inequality and Sobolev inequality (39) ||no|lec < z'/? and [|no||z2 < /2.
For the last inequality it suffices to write No := > a;|fi)(fi|], @ > 0 and || fi||z2 = 1.

Then:
Inollze < 3 el VAN < (el Vi)
i

The same method enables us to prove that ||RN0||62 <.

Lemma B.2. Let Ny and o be as above. Then we have:

||Q0y1[p’Yo]||Qf SV IOg(A)Hp’Yo”@p

IQu0lvllle; < [holley

llprolprollle, < vlog(M)llolle,-

[1Qio[NVolllE Sz,
[lp1.o[Nollle < .

Moreover:
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Lemma B.3. Let (Qo,po) be in Xy. There exist constants Ky, Ky > 0 such
that, writing
Gr(Q,p) :=Ka)C(N)IQlle; + llplle,)

we have:
Ko

Ve

Assuming these lemmas hold, we follow [7] to find a ball B(0, Ry) invariant
under the function F' = Fg X F, of the fixed point method ((46) and (47)) and on
which F'is a contraction. Indeed for some K4 > 0, we have:

Ve> 2 [[(Qe, pe)[Qo, poll|x; < —2G1(Qo, po)’. (100)

+oo
1Fa[Qo. pollle, < IINlle; + Ky VIa(||Qolle, +llpolle,) + Kz Y €% (aG(Qo, po))",

=2
+oo
[[Fp[Qos pollle, < [Inlle; + KV La(]|Qolle; +lpolle,) + K2 Zél/z(aGf(Qo,Po))Zv
=2

these upper bounds are finite provided aG;(Qo,po) < 1 where Gy is defined in
Lemma B.3. Moreover:

—+oo
||dF[Q07PO]||L(Xf)§ 2{K(4> vV Lo + OéK(3)(f) 243/2(aGf(Q07p0))2—1}
(=2

where K3)(f) = K1)K@2)C(f)A(f). The supremum of the above upper bound on
Bx, (0, R) is written v = v(f, R).

We take Koy (f) := KqyC(f), Ry = e5+/log(A) for some e5 > 0 and assume
(INllo + lInlle,) < eny/10g(A) (with 0 < e < e).

For any (Qo, po) € Bx,; (0, Ry) the following holds:

I1F(Qo, po)llx; < w(f, Rp)II(Qo, po)llx; + [1F(0,0)]]x,
< v(f, By)esy/10g(A) + Ko)(f)en/log(A).

We have:

too 01
v(f,er\/log(A)) < 2K 4V La + 20K 3)(f) 241/2 <aEfC\/(1;;g(A)>
=2

To apply the Banach fixed point Theorem it suffices to have:

W(f,e5y/Tog(A) < 1 and 2V ’EfﬁogT? + K@Cen _ |
f

For fi(p—q) = E (p — ¢)’ with j € {0, 1,2} and provided a/log(A)e; is small
enough we have:

v(f1,e7v/108(0) < VIa(l + av/log(Mes) = O(VIa).

In the case alog(A) < 1, it suffices to take Z—;‘ small enough to apply the fixed

point Theorem.
Proof of Lemma B.2 Let M(-,-) be the function

1 DO(p) DO
(0:0) € BO.AY = M(p,q) = —————(ZW D@ 4
E@) +E(@)*E@P) E()
We write S(p) := EO(;T’)) for short. A direct computation in Fourier space (and

Cauchy’s formula) gives like in [7]:

{ Qoi(pipa) = 557257290 (0 — M (p, q),

< v ” (101)
Quo(vip,g) =—-3(S()Ry(p,9)S(q) — Ry(p,q)).
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We will use Lemma A.3: it gives an estimation of M(p,q) :

lp - dl
IMp,q)] £ =——=—"
(B (p) + E(a)?
The estimation of [|Qo,1(p+,)|lo; is then easy. In (101), it suffices to use Lemma

B.1 to get estimation of |[Q1,0(70)[le;-
Then, as ||Rn||e, < @, the estimation of ||Q1,0(No)||kin follows from a simple

computation of jj |@1,0 (No)|*.
Then the norm ||p1,0[y0]||e, is dealt with in the same way as in [7]:

1 =~ k k k k
pl’o[’yo;k]:—m / Trc4{R/70(7.L+§,U—§)M(U—§,U+ 5)}

k
\ui§\<A

By Cauchy-Schwartz inequality we have:

1 ~ TP
2 1 k ky|2
< 25,3 /E(Qu) [Bog (u+ 5,u = 5)[du x

/E(zu) |M(u— 5 u+ 5)Pdu.

[p1,0[v0; k]|

By Lemma B.1 [|p1.0[0]lle; < v/log(A)]|volle;-
a
Proof of Lemma B.3 We only sketch the proof of Lemma B.3 in this paper: we
refer the reader to [7, 16] for full details.
The main idea is to use the K.-S.-S. inequality (38) together with the Holder
inequality for G,($a). For instance, let us take the Hilbert-Schmidt norm of
Qo,3[po]: writing hy,y := .F (|Pp,|) We have

1 1 1
h < = h 6.
oy oy low < ryure I i

By Sobolev inequality we get ||hp,||zs < ||pollc and thus there holds:

1 [t 1 1 3 dn
||Q0,3[p0]||62 < %/700 ”(|D0|2+n2)1/4hp0 (|D0|2+n2)1/4HG(,E(n)
< llpolle-

Let us first estimate [|Q¢||o,, £ > 2.

The term Q2 is dealt with the same way as in [7]: we refer to this paper for
details.

The difference between the example above ||Qo,3[po]|le, and [|Q¢[Qo, po]l|e, is

that we have to multiply @g (p, q) by the weight

fp—9E(+q)

before taking the Hilbert-Schmidt norm. Besides this fact the main idea is the
same:

e We consider 4/ f(p — q)E (p+ @@b

o We take its Hilbert-Schmidt norm and get an upper bound of it using K.-S.-S.
and Holder inequalities.

To deal with \/f(p — q) we use condition (49):
VIe=a) <COH Vo —p) + VI —p2) + -+ Ve —a)} (102)

34



and to deal with \/ E (p + ¢q) we use the following trick:

_ 1 < ! .
{E @)+ (E @+ " JBp+q B

(103)

We consider the integral representation of each term of @M,j [Qo, pol; for con-
venience we write Ro := R[Qo] and o := ¢[po].

For instance let us treat the term where the j operators Ry are on the left, we
take the modulus and get the upper bound:

e dn e qnBo@p)l P 1Ro(pispis)|
@myrea 7 | P dpe —em—e—— =
o B(0,A)¢—1 \/E (p)” +n? =1 \/E (pi)” +mn

|Bo(pr — Pry1)l

-1 (104)

k=it A/ E (preg1)” + 02

We write po := p and p, := q.

We multiply (104) by 1/ f(p — q)E (p + ¢) and use tricks (102) and (103). We
then use (103) for the terms involving p; and piy1 (0 <i < j —1) and get:

£ = )2 1R )N E 0 + @)

L SlQlle, (105
[EP)

Moreover we have by the K.-S.-S. inequality:

~ _ . ~ _ llpolle
H(E (pl)2 + 772) 1/4|\/ flp' = q/)<P0(pl - ql)|(E (ql)2 + 772) 1/4‘ ‘Ge < Wy
[E @) +0°) T =)o = dNE(d) +n°) |6
<|IE @) +7*) W =)o — dE (@) +1°) ], -
(106)
By using those K.-S.-S. inequalities under the integral sign fn in (104) (multi-

plied by the weight 1/ f(p — ¢)E (p + q)), we get an upper bound of the form:

+oo d . .
n 0 L j 0—j
— (K C(f)]|Qo o .
/ E(n)(1+1+lij)/2 ( ) || ||Qf|| ||¢f

This upper bound is valid provided (¢4 1)/2 > 1 and £ > 3 ie if £ > 3.
In fact the same method gives:

1Q20[Qollle;, < C(N?IIQoll,,
1Q1.1[Qo, pollle, < C(F)?IIQolle; llpolle;-

Let us now deal with the densities p¢[Qo, po]. First remark: as recalled in [7],
Furry’s Theorem states that for all £ = 2¢; € 2N™* even, we have

po,2¢; = 0.
As in [7], we deal with the other terms by duality: the dual € of €; is:
(k)
¢;={ces®) : /'C( dk < +00}.
PSSR L 50
For any ¢ € ¢} N L? and Q € G2($H2) we have

QC = (QIDP)(ph0) € &1(L*(RY)).
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Above, it is understood that ﬁ is the Fourier multiplier

ﬁ :¢ e L*(R?) — %1{22‘;{; 3(p)} € LA RY).

Then the following holds:

l{pa, O] = ITr(QQ)] = ITH(QQ)| < / 1Q¢(p, p)|dp.

The idea is to get an upper bound depending only on the @}-norm of ¢ and to
conclude by density of €; N L* in €.

The ingredients are the same but we treat pi,1 and po s differently (as in [7]).
We use the same K.-S.-S. inequalities and (102).

For instance, for ¢ > 5:

~ N 1~
Oust - 1 * J |Po(p — p1)| 11 |@o (P — Pr+1)]
1Qo.5¢(p, p)| < (2m)i 3@+ /2 | P =0 =

2)1/4
B(0,A)=1 (E(p)” +n)* V E (p)” +n?

~

lC(pefl —p)| .
& (p)? + 7)1/
We write
Clpes —p)| = YL Dm0 — T =P (et — )

f(pe-1 —p)
and use (102):

Ffpe—1 —p) <CH) " (Vfpr—p) + -+ Vf(pe—1 — pe—2)).

Then it suffices to use 6 times the first inequality of (106) and (£ 4+ 1 — 6) times
the second.
We refer the reader to |7, 16] for the other terms. o

B.3 Estimates of a fixed point

Let (N,n) € X, be given where x means 0,1 or no subscript. Let us assume that
the norms of N and n are O(1) such that we can apply the fixed point Theorem
(¢f Lemmas 3.6 and 3.8). From now on v is Lipschitz constant in Lemma 3.6
that is the one corresponding to F' applied on some ball Bx (0, R). We write:

x =/ Tr(—A|NJ).
We apply the Banach theorem with initial data (0,0) € X, : iterations are
. ! /

written (), P(ey) and (r), p(ey are defined as follows:

Yoy =Y + N, pley = pey +n (107)

With Y(e41) = X(—c0,0) (D’ + oe((pp/(e) = R(vp)) - PY. The fixed point is written:

(V. P5) = (v, p4) + (N, ).
Lemma B.4. Let N,n,v,p, be as above. If |[(N,n)|lx, = O(1) then so is

||(77 p"/)H-X*
Proof: In the regime (23), the Lipschitz constant vo in Lemmas 3.6, 3.8 is o(1).
So:
+oo
1 05) = (0,0)1. <D (Vo) Pyessy) — (Vieys Pyl
=0
+oo

4
< ZVO||(7E1)7P{Y(1)) - (VEO)7P{Y(0))||X*

=0
< IFOOlx, N,
> T—vo e
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We want to be more precise and prove Lemma 4.1. We first have:

Lemma B.5. Let N,n,~v, p,,x(N) =: z be as above. Let us write:

w(N) = \/H lp — al*lp + all N (p, ¢) *dpda.
Then the following estimates hold:

IMle < VLae'? +az + La, | lIpslle < L™ + az + La,
Wle < VLZoz'?+a, llpylle < La™Y? 4+ az + w(N)vVLa + Lo

Proof: The first point is devoted to Lemma B.5 and the second to the end of
Lemma 4.1.
1. We write 7 := .Z*(A(k)/(1 + aBa(k))). There holds: F(0,0) = (N,7); in
particular vy = 0 and py = —n = —F '(ba) * n.

Writing v = 1% (V1) — Y0)) + 71y we have:

IMe <Xl —volle + e —1wlle + volle
<3S VIF(0,0)||x; + [|[Fo(N,m) — N||&.

2

1—-v

The first term on the right hand side is equal to
second term is the ||-||z norm of:

[|[N,7]|x, = O(La). The

+oo
> o’ Q;[N, 7.
j=1

By Lemmas B.2 and B.3 the following inequalities hold: «||Q:1[N,7]||r < vLaz™'/?+
ox and

+oo e
> IQiINTlle < Yo [|Q5IN.Tlle £ o®|(N,m)||lx = O(a”) = O(La).

j=2 j=2

Using the same method for ||-||o, we have a||Q1[N,71]||o < /_Laac’l/2+a||N||Q
and:
Ve < VILaz™?+az+ La < VLar /2 4 az + La,

Ile < VILaz 2 +allN|lo + La S VLaz ™/ +a.

There remains to check that = O(La) to get ||v||p £ Lo and ||v]le < o
For the density we have:

(108)

+oo

llowlle <D lloern = pwlle + lloe) — pomlle + llolle
=2

+oco
4 — — —
<D VHIE0,0)]lx, + |1F,(N,7) = Tle + [In —7|c.
=2

It is clear that ||n —7|lc < ||bal|re<||n|lc < Le~/2. The first term is O(a?). The
last term is the norm of:

+oo
_ 1 ;
-1 ~ Js (N 7
F { T aBr () (ozplyo(N7 k) + ;:2 o’ p;i (N, m; k)) }

We use Lemmas B.2 and B.3 to get:

all(do = ba) x pro(N)lle < aw,

+oo
> (6o —ba) x p(NM)le < (N W)|[3 < @ < LVIa

=2
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Here §p is the usual Dirac’s generalized function.
If we consider the norm ||-||¢, there holds:

o[(80 = ba) * pro(N)[[ 2 < x/ﬁ\/ [[ Ip+allp = al*IN(p, ) *dpdg =: VLaw(N)

where we have used Lemma B.1 with f(p—q) = |p— ¢|*. Provided z = O(La) and
w(N) = O(L) the following estimate hold:

o lles 1o~ lle < LV Lew

For the test function defined by (25) and (26), it is clear that = O(La) and
w(N) = O((La)?/?).
2. The estimate of ||y||s, follows from these estimates. First by computing in
Fourier space it is clear that:

Vpo € C: [|Qo,1[pollls, < [lpolle-
Then:

—+oo
Ills, <> 11Qil,Pilles

Jj=1

+oo
< a([lQoalpille, + 1Q10[1llsx) + D & 11Qs [, P51

Jj=2

< oflphlle + a(l|Bxlls, + [Mlex) + O@®[I(v, P)IIZ) S av/La.

Moreover:
[[1E®) - E(@) PR 0)lPdpda < [[ Ip - al* A, 0)dpda < 7[5 < (La)*.

To conclude this part, there remains to estimate ||v|D°[¢x||p2 and ||yea]|L2.
We have: . )
VD [allz - < [Vllex ]l D7 [9allz2 < avie,

Ivallez < [Wllssl[¥allzz < aviLa.
We can get better upper bounds [16] but we do not need them here. O
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