N
N

N

Existence of Ground State of an Electron in the BDF

HAL

open science

Approximation.

Jérémy Sok

» To cite this version:

Jérémy Sok. Existence of Ground State of an Electron in the BDF Approximation.. 2012.

00727875v2

HAL Id: hal-00727875
https://hal.science/hal-00727875v2

Preprint submitted on 20 Sep 2012 (v2), last revised 14 May 2014 (v5)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.science/hal-00727875v2
https://hal.archives-ouvertes.fr

Existence of Ground State of an Electron in
the BDF Approximation.

Sok Jérémy
Ceremade, UMR 7534, Université Paris-Dauphine,
Place du Maréchal de Lattre de Tassigny,
75775 Paris Cedex 16, France.

September 20, 2012

Abstract

The Bogoliubov-Dirac-Fock (BDF) model allows to describe relativistic elec-
trons interacting with the Dirac sea. It can be seen as a mean-field approximation
of Quantum Electro-dynamics (QED) where photons are neglected. This paper
treats the case of an electron together with the Dirac sea in absence of any exter-
nal field. Such a system is described by its one-body density matrix, an infinite
rank, self-adjoint operator which is a compact pertubation of the negative spectral
projector of the free Dirac operator. We prove the existence of minimizers of the
BDF-energy under the charge constraint of one electron assuming that the coupling
constant « and the quantity L = alog(A) are small where A > 0 is the ultraviolet
cut-off and chosen very large.

We then study the non-relativistic limit of such a system in which the speed
of light ¢ tends to infinity (or equivalently a tends to zero) with L fixed: after
rescaling the electronic solution tends to the Choquard-Pekar ground state.
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1 Introduction

We study an approximation of no-photon Quantum Electrodynamics (QED) allow-
ing to describe the behavior of relativistic electrons in an external field interacting
with the virtual electrons of the Dirac sea via the electrostatic potential in a mean-
field type theory. Here there will be one "real" electron and no external field.

We use relativistic units # = ¢ = 1 and set the bare particle mass equal to 1
and o = ¢?/(4r). We denote by D° = —iax - V + 8 the free Dirac operator acting
on the Hilbert space $ = L*(R?,C*) and by P’ = x(_w,0)(D") the projector on
its negative spectral subspace. Later on we will use a modified Dirac operator D°
together with the free vacuum P° introduced in [8, 11] instead of D° and P°.

In the BDF model a system is described by a Hartree-Fock state €2 in Fock
space completely characterized by its one-body density matrix P (an orthogonal
projector for pure states) containing both "real" and "virtual" electrons. It is
infinite-rank. To manipulate such a system and in particular to define properly
its density we consider the difference between P and the free vacuum P2, that is
Q = P — PY. Moreover an ultraviolet cut-off A is needed, restricting our study to
the Hilbert space .

Ha = {f €9 :suppf C B(0O,A)}.
Note that 5 ¢ H'(R? C*) is D° and D° invariant. Indeed P° is a translation-
invariant projector on £, satisfying the Euler-Lagrange equation

Pg - X*OO,O(IDOL
0 1
DO = Do (LD, (1)
In Fourier space D° takes the following form
0 p
DO(p) = e - wpgi(Ipl) + 9o(IPNB; wp = ol (2)

where go and g; are real and smooth functions satisfying
z < g1(z) < zgo().

In the regime L := alog(A) = O(1) following [11] we will be able to get further
information on them wvia their self-consistent equation (that we have written in

(55)).



We consider then Qy := {Q € 62(H1) : Q" =Q, 0<Q+P° < 1} where
Gp($Ha) denotes the usual Schatten class of compact operators A on £, such that
Tr(|AJ?) < co. The charge of Q € Q4 is defined by its P°-trace that is by

Trpo(Q) = Te(PLQPY) + Tx(PLQPY), PY :=1—P°;
it is known (cf [5]) that P2 QP° and PIQPY) are trace-class when Q = P — P°
and we introduce the set of P%-trace class operators

P2 (5r) = G2(90) N{Q : QT = PLQPY, Q" 1= PLQP" € &1(a)},

so we will work in
Qn = 0aNG, (ﬁA) 3)
The density of Qp is represented by pp_po(2) = Trea ((P — P°)(z,z)) (which

makes sense as @ is locally trace-class). Its Fourier transform is:
_— 1 R
P =z [ Te@utha-fan @
lut Bl u-E<a

The energy functional is defined on Qa by

£@ = Trm(0'Q) + 2 Dloapa)— [| 122Dy} g5)

2
R3xR3

where

D(f.g) =i [ L2,

coincides with [[ %dmdy for sufficiently smooth functions. Here Q(z,y) de-
notes the kernel of ). The trace part is the kinetic energy while the two others are
respectively the direct term and the exchange term. Moreover there holds [5],[8, 1]

Trpo(D°Q) = (|D°|(Q++ Q7)) = Tx(ID°|Q%), (6a)
s " dady < TT(DIQ?) (6b)

we will assume that a < ;.
We introduce
C:={pe SR’ : D(p,p) < oo},

along with its norm ||p|lc := +/D(p,p). Moreover we introduce the following
notations concerning the Dirac operator:
Notation 1.1. We note E (p) := 1/go(p)2 + g1(p)2 = |D°(p)| and

E(p) = /1+[pP = [D°(p)].

We will designate by go (respectively ¢g1) both functions
g« :x €[0,A] = g«(z) € RY and g, : p € B(0,A) = g.(|p|) € R". The (go)’s are
C*> while g1 € C*(B(0,A)) (¢f Appendix A).

At last we note

g1 :p € B(0,A) = gi(|p)wp € R?

g:p€e B(0,A) — <Zi((1;))> € R

Notation 1.2. Ci > 0 denotes a constant verifying gi(r) < Ci|r| and |go|eo < Ci.



Notation 1.3. A recurrent function of this problem is

BA(kJ) — 7T2|1k|2 / E (p) E (Q) — g(p) ) g(‘]) dl. (7)

k k
lp=1+51.la=t-%|<A

We define a, (k) by

. _aBp(k)
ar(k) = af- (8)

In Appendix A it is shown that Ba (k) = O(log(A)) and that for L < 1 there holds
Ba(0) = 2 log(A) + O(Llog(A) + 1).
Notation 1.4. Throughout this paper we work in the regime

a— 0, A= +oo, alog(A) = L < go,a(log(A)* > e >0 9)

so whenever we write o(-) and O(-) without specifying the limit it is understood
that it holds in the regime (9).

Moreover, K denotes a constant which is independent of o and A. It is understood
that < refers to such a constant.

2 Main results

Here we restrict our study to states Q € Qa such that Trpo(Q) = 1: is there a
minimizer on the surface of charge constraint 1 ? Following [7] it suffices to show
that the energy function

E(q) := inf (E(Q))

QEQATrpo(Q)=q
satisfies binding inequalities at level 1 that is
EQ1) < E(1—q)+ E(q), Vg € R\{0,1}. (10)

We will show that it is the case in the regime (9).
The difficult case of (2) is 0 < ¢ < 1, it will be a corollary of the fact that
E(1) < go(0) := m(a) = min(c(|D|)). The inequality E(q) < |g|m(a) is proven
in [7]. For 0 < g < 1 it is straightforward: it suffices to take trial tests of the form
Q = q|¢) (4| with ¢ € Ran(P}).

Indeed the first step will be to show
Theorem 1. There exist three constants ao, Lo, Ao > 0 such that
for a < ap, L < Lo, A > Ao there holds

(@ar(0))*m(c)

) >
E(1) < E ~(0))%), 11
(1) < m(a) + 247(0)2 cp + o((aa:(0))7) (11)
where Ecp is the Choquard-Pekar energy
Ecp = inf {/ |Vo|*dz — D(|9|?, |¢|2)} < 0.
deH! (R):[9]] 2=1

Remark 2.1. For sufficiently small L there holds g1 (0) > & > 0. More generally all

the results we need about go and g1 are proven in Appendix A.

Remark 2.2. The condition alog(A)® > 1 of (9) is not needed for this theorem.
We consider along with the authors of [7] that such a minimizer @ should satisfy

a self-consistent equation of the form (with Q =~ + [¢)(¢])

_ x,
1+ P = X (Da), Do =D +apar |17 - HEUY )

and [¢) ()| = X[o,u](Dg) where < m(a) can be chosen such that Dgi) = u.



We thus take a trial test of the following form: let us first take ¢} the unique
minimizer of the Choquard-Pekar energy (cf Theorem 1.), then consider

¢1 = Wzﬁ% where Py, is the projector onto 1 and form the spinor
AL

Py = (%1> . For A7 = % we take 1 = A7321 (A71()) to form
N = Ny := [12) (| and ny := |¢5]* = pn. We define T by:
I':= N+~ with

7= X(-o00) (D° + all(py + 1) x| - |7 — At} _ 0 (13a)

' 1-— 1-—
r=y+p°, N = (A= —mya] (13b)

1—[lmall7.
It is not obvious that such a trial test exists: in fact the fixed point method of [5]
can be adapted to prove it. This last paper treats the case of D°, in Appendix A
it is shown that taking D° does not change anything.

Then we calculate the energy of T'.
Decomposing each term of the energy and considering that an electron does not

see its own field (that is here D(|9|?, [¢|*) — [[ dedy = 0) we can write

ED)=T+5(I-J) (14)
with T' = Trpo (DT the kinetic energy and

2
I =D(pr,pr) — D(na,nx),J = [[ %dxdy — D(nx,ny). We prove
Lemma 2.3. There holds

Trpo(D°N') = m(a) + 4@ /|V¢1|2dx+o(x2)7

2X\2m
« _ 2
o1 = —2@ar©@ 0@ pip ny) o (aa;w)) 7
aJ =o (—(m;(o) ,

—a 2 aa
Trpo(Dy) = lex@-a:() )D(m’m)ﬂ)( ;<0>)

such that in fine we get

er) =mi(o) + 0 per 4o (“"‘;“))) .

Lemma 2.3. is proved in section 4.1 and Theorem 1. follows immediatly.
A corollary is then

Proposition 2. For each ¢ # 0, 1 there holds E(1) < E(1 — q) + E(q).

Theorem 1.[7] assures that there exists a minimizer of E(1).

We study such a minimizer taking the form Q = v+ |¢) (| with Dgv = u.
We write vy = py x| - |7 and R, (z,y) = % as ([P x| |7 = 7w(‘z;:p;@()* )Y =0
we have

(D° + a(vy — Ry)) = . (15)
A natural question arises: does it have a form similar to the previous trial test,

in particular does its energy have the same asymptotic expansion at order 1 ?7

Theorem 3. There exist three constants aa, L1, A1 > 0 such that
for a < on, L < Li,A> Ay in the regime a(log(A))® > 1 there holds

(aa(0))*m(a)

BQ) = mle) + 5 o

Ecp + o ((aa(0))?) . (16)



As it can be guessed we will follow the same path as the one for Theorem 1.
We will first prove that
Lemma 2.4. ||¢|| 32 = O(1),

enabling us to apply the fixed-point method with n = |1|? and N = |)(¢| and
by so constructing the minimizer as a fixed point. Using the estimates that we
deduce from the fixed-point method and equation (15) we then prove that
Lemma 2.5. (|[V|?¥, ¢) = O((ac-(0))?).

It implies that a minimizer of F(1) has the same estimates of the trial test con-
cerning the quantities D(n, n),D(p~, py) and [[ %dmdy: they are respectively
O(La), O(L*(La)) and O((La)?).

Following [7], we apply a scaling transform to the minimizer with a scale aa;(0):

we get ¢ = f € H'(C"). The previous results will give

Lemma 2.6. [|¢|| 32 = O(1), ||x|lz: = O(La).

This last lemma enables us to estimate F(1) and to obtain the result of Theorem
3. Thus

Theorem 4. writing C3 := % there holds in the regime (9)
liminf C§(E(1) —m(a)) = limsup C3(E(1) — m(a)) = Ecp. (17)
a,A=1—0 a,A-150

If L = alog(A) < min(Lo, L1) is fixed then limq—0 A~ = 0 so (17) holds with
a— 0.
Remark 2.7. This answers an open question stated in [8].

3 Preliminary results

3.1 The fixed point method

Notation 3.1. For a compact operator @ we will write Rg or R(Q) the operator

whose kernel is % and g the function pg * | - |7 .

In general we take the
notation of [5].

As shown in [5] we can use the Cauchy expansion to write (at least formally)

X(=o0.0) (D’ + a(@ = RQ)) = X(—00,0)(D°) = > _ " Qs (18a)
k=1
1 [tee 1 1 k
Qr=—5- n dﬁm((RQ - ¢Q)m) : (18b)

We also expand (R — )*: Qj := Z?:o Q;,j—k like in [5] (the first number denotes
the number of (R)’s). This equation is about the vacuum without external field: to
consider an electron (represented by N := [¢)(1|) we have to add its field n := |¢|?

together with the operator 1‘\;(:3;‘) in the exchange term and get:

pr=p+n, Q =Q+ N, ¢p =g and so the equation

X(—o0.0)(D° + a9y = RQ)) = X(=00,0) (D) = Fo(Q',p) = Z a"Qr(Q'p). (19)
k=1
There holds po1(p) = —p'(p)Ba(p) so taking the density p of that equation we
obtain pgr = F,(Q', p'), with
Folp) = = (aro(p) + () + Y 0" (p)). (20)
1+ aBa(p) '

k>2



Of course this is not enough: we must precise the domain of the function
F:=Fg x F,. (21)
We will first consider the Banach space X = Q x € defined by the norms

- 2
QU = [ B 0= B 0+ 0) Qo) o ol = [ Z150)

and [|(Q, p)llx = 2C2(2v2||plle + CrV2||Q||o) where Cg is defined in [5] and
lgo(p)] < C1, |g1(p)| < Ci|p|. Like in [5] we can show that we can apply the Banach
fixed point theorem in X N B(0, Ra) where Ra is O(y/log(A)) when vLa < e: in
our regime where alog(A) < Lo the condition on a holds for « sufficiently small.
We will denote by v the Lipschitz constant of F in B(0,Ry) : v = O(v/La).
Indeed we can show that [|dF||x) < VL.
We also introduce the norms

QIR = ff 1 y|' dedy, |QIIF = T(D°1Q"Q),

1QIf% = [[ max(E (p), (E (b — 9))*, E (0 — ) E (p+ 0))|Q(p, 9)|*dpda,

and \/gH'IIs <IHle < |Hle < l-lle-

Remark 3.2. By looking closely at the estimates of [5] we realize that we can take
another choice of norms for F' and so another choice of Banach space on which
applying the Banach fixed point theorem. Indeed let us take a radial function
f:R* = [1,400): as long as there exists a constant C' > 0 such that

A r 1/2
Fo—a) < O —p) + Flo1 — ), a( :O#) 0= o(1),

we can apply the theorem with the norms

2
@l = [f 1o =B+ 0) Qo) Pdpds, ol = [ L1506 P

even if it means changing the weights of the norms and restricting to § < 1. With
f(p)=E([p)",3 <a<1wehave § = O(VLa) e 0 so there will be no problem
a—r

in our regime.

3.2 Some inequalities

Let us recall Hardy’s, Kato’s and Kato-Seiler-Simon’s inequalities we will use
throughout this paper: for ¢ € L*(R%), f,g € B(R*,C*) (Borelian functions)
there hold:

O 4o < a9, o) (222)
[ e < Zwi0. 0, (220)
W @9GV)le, < ) #|fllzslgllzs, 2 < p < oo (220)

In particular (22b) and (22c) give
Lemma 3.3. Let Q € Qa and p € C, then we have (p = px|-|7!)
1 _1
HRQIDOI’QIIWHIDOI 2RQ||B lQlls.

1
||ID°|~ 2H6F [|ID°1~ 2@!\6 (log(A))5 [[plle,
D", IP° 16|, < Killplle, ¢ > 172



Let us consider R = R with @ € Q. [5] introduces the norm ||R||% = [[ b;;((ppf;) |R(p, q)|*dpdq

and the proof of Lemma 8.[5] enables us to say that
Lemma 3.4. Let ¢ > 0.

H|D°|*”2R|D°|*”2H; < [ B+ )10, o) dpda, (23a)
ﬂ — q |R(p,q)l*dpda < [[ B(p—a)' E(p+)|Q(p. @) dpda.  (23b)
H L0 p’  apq < [[Ew-aE®+q)|0(p,9) dpdg. (23¢)

(23a) is stralghtforward for E(p) " E(q)"" < E(p+q) " and (23c) is due to
the fact that E (¢)~' < E(p—q) Following the proof of 8.[5] we have

~ E(pt+q)”
H — q \R(p, q)|*dpdg < 8ﬂE (20)" E (20) h(l, v)|Q(1 + v, — v)[*dpdg,
h(l,v) < E (20)* 2 ([ dudl'(E (u— ) E Q) 1 —u?)l! —u>)"' < 1.
4 Proofs

4.1 Proof of Lemma 2.3.

We apply the Banach theorem with initial data (N,n) € X : we note the iterations

;=2 +N, p;=p; +n (24)
With vj41 = X(—o0,0)(D° + a(go%j —R'(v4))) — P2 (so vo = 0). All the estimates we

need about v etc. are in Appendix B, in particular we will use (68): ||v||r < La
where we recall ||-]|g, < ||-||z and we define

7 := aar(0). (25)

Remark 4.1. Here A~ and 7 are of the same order La but the use of 7 means
we estimate a quantity depending on ~ while the use of A™! means we estimate a
quantity depending on .

A direct calculation shows that ||[P2|D%|¢]| 2 = O(A™!) and
[|ID° 45| 2 = O(1). We will often use

llmallze < llviallze + IP29allze S (7 +A7H). (26)
Notation 4.2. Let us note ¢y := W and N’ = |$x) (]

eLooking at the kernel of H =: [|D°[,] = [|D°|, 7], ||H||s, < ||7]|7 is immediate.

411 J = [[(7(2,9)] + 2Ry (2,y), ®a(2,y)))|x — y|~" dady.

(6) and (68) show that ||y||3 = O(r?). By Cauchy-Schwarz inequality and (22a)
(G = [F)gl)

(v, G)s| < min(||7||5||G||S72”7”62H|V|f||L2||g||L2)'

Now thanks to (22b) and (72): [[ | () Ple—y| [ (4) Pdzdy < ||mon |32 (D i, min)
and (|D°|mx , mha) < ||7T¢>\||L2(||H||5 + 17D [¢all2), so we obtain (7 +A71)%
In the same way

1T lox () 2 |:c—y| Ui (y) Pdady < [lmealZa (V] , 92) < 2D and
finally: [f [t ()22 — gl =[x (9)[Pdady < 4][x 12 (V0x , ) < 4A2.
Thus J = O(1? + A72) = O((La)?).



4.1.2 I =D(py,py)+2D(py, |62]?)-

According to the self-consistent equation satisfied by p-, we write

p~(p) = —ar(p)(p) + (1 — ar(p))pro(p) + (1 — ar(p Z (27)
where we recall that a,(p) = %. Thus

D(py,py) = 47r/p (O‘r(p)glﬁ(p)l2 + (1= ar(p)lapro®)* + (1 — ar(p ‘Z‘
2 (0, )1 - 0 )G (B0l + 32) + (1 - 0 ) ape @ X)) o

Ip|?’

and by Cauchy-Schwarz inequality, we just look at f ""(”‘)2‘ dp with p = n, p1,0, Z
By Proposition 9. in a neighbourhood of 0 independent of o, A in the regime (9),
for e = %, there holds (k| =z < r.):

|Ba(z) — Ba(0)] <A 2V = 2(2). (28)
hen )1 0)] (2?5 (p)|

@B, 1 [ oG e

[ s [

For A > r7* and p € B(0,X**): |Ba(p/A) — Ba(0)] < ‘—;"(z()ﬁl/‘l) + KA™Y). As
fi:teRT = 1—+t and fo = fI have bounded derivatives (by 1 and 2 respectively),
for p with Ba(p) # Ba(0),

o (p) = ar (0)] < a|Ba(p) = Ba(0)],  |ar(p)* — ar(0)*| < 2a|Ba(p) — Ba(0)] so

/ |fi(OéBA(p))_fi(OéBA(O))“nA( p)*dp < 2a A KA / 72 (p)dp
‘p‘g)\3/4 | | 1/4 A 1 |p|
— A7
< a%nmncllwllli«

As fi(t), f2(t) < t* then

/ an(p) L gy < 39021 / I (0 2dp < A2 I3 = O(LIA™2)
|p|>A3/4 p]
and

(]2
Lemma 4.3. /ar(p)l 72 (p)]
P

p|?

iD(n17n1)+ o (Li)\fl).

A A—00

dp = a,(0)

Furthermore f 21— a (p))Q‘pl‘;%)‘dp < o?||p1,0/|3 where

~ 2! 5
pro(p) = e Traa (Ry (14 k/2,1— k/2)M (1 — k/2,1+ k/2))dl
14k /2], [1—k/2| <A
(29)
writing R(y') = >4+, (Ry,,y — Ry, )+ R+, + Rx we propagate by linearity in (29):
thanks to (65b) and 70a) there holds

ollproll? < (2 llallb + LVEaD(na, n1) + O(avEa).
Then ||Y)]]e < o? is immediate with the estimates of [5].
Now [¢x|*(z) = W(W)A(ﬂﬂﬂz +lma(@)[* = 2(ma(x), ¥a(x))). For the

two last terms, we use Cauchy-Schwarz inequality to get thanks to (22b) K M

(¢f 4.1.1 and [(wpa(x), Pa(@))| < [7a (@) [a(2)] etc.)



Then D(py,m2) = —47 [ r (0) [T (p) P2+ D(apr,0,13)+D( Tz 0¥ ma)-
With the same method as for D(p-, py) and Cauchy-Schwarz inequality:

D(ps, |65*) = —ar(0)D(na,ma) + 0 (%).

—00

Since W =14+ 0((1 +X71)?), we finally obtain:
L2

wmm,mw 0 (%) .

A— o0

I=—

4.1.3 Trpo(D°N') = Tr(DN') = (Dy , ¢y)-

We emphasize that ¥ has no lower part as a spinor.

As in a) there holds |[(Dmy , mpn)| < ||7ha]| L2 |DO|7T1/}>\H , and thanks to (72),
L

[D%17vs ||, < K7 +A7") so [(D°miin , mipn)| = o((La)?).
Hence (D¢, ¢») = {Dr.da) +(IDOP2 4y, ¥2) + o (La)?). Indeed

I={lmeall? ,
(D%%x, mpa) = (TD°Px , mha) et
Notation 4.4. We will write (goy, 1) for (2m)™* [ go(p)[¥(p)|*dp etc.

As ¢5(0) = 0 and ||gg||sc < « and the (g7)a,a’s are unlformly continuous in a

neighbourhood of 0 (¢f Proposition 5. in Appendix A)

% (gotx, ) (1+ (P2, ¥a)) + o((La)?)
=g0(0) + (L, ) + o((La)?)
=90(0) + £ 2 (V291 , ) + o((Le)?).

Furthermore (|D°|P24x , 1) = 5((ID°[=g0)¥x, ¥a) = g5y (91 ¥n , ¥a)+o(A7?).
Finally

91(0)

Trpo(D'N') = (D¢x, ¢2) = g0(0) + 2X200(0)

(V%1 91) +o((La)®)  (31)

4.1.4 Trpo(D7y).

Notation 4.5. Let us write B = R/, — ¢, = R(y+ N) — (py +n) x| - | "
Remark 4.6. Let us recall Lemma 1.[5]: if P,II are two projectors such that:
P —1I € G, then

Q €67 < Q€61 and then Trp(Q) = Trn(Q).
Here we will take P = P2 and II := x(_ 0,0y (D° + aB): formally (cf [9])

Trpo ((D° + aB)y) = Tr(|D°|y?) + aTrpo (BY) (32a)

°

Tepo ((D° + aB)y) £ ~Te(|D° + aBly?) - —Tr(IDolvz) o(Tx(|D°]1?))  (32b)
so we would like to show that Tr(|D%y?) = Trpo (By) + o(T?).

Two problems arise: are By, BQx(7) in (‘51 ~ and how can we evaluate
|D° +aB|—|D°| ? We will deal with the last question in Appendix C and prove

Lemma 4.7.
T1r(|DO + aB|72) = Tr(|DO|72) + O(aTQ).

Supposing those facts are true we get Tr(|D%|y?) = —STrpo(By) + O(at?).
We use (23c):

IR Ale: < [IRO)ID’) 2l 11D *3lls, + IR(N)llss [lles < (7 + A7),

10



0
Then let us prove Trpo(.y) = D(py + nx, py). In fact if Q € 671)’ and if
J Te(Q(p, p) dp exists then it is equal to Trpo(Q) for P = f(iV): in Fourier

space Trca (779( )Q(}LP)PR( )) =0.

@02 [ G- (TGP.a) dpdg = @)™ ([ G (TeE(u+ /2,0 k/2)))" dudk
Ipl.lal<A

lut Bl Ju—E|<a
o o (k) (k)"
= [ @ ar = an [ BEEE 4k = Doy, )
k k
Like in the calculation of I there holds

2_q
D(p"/:p"/ + TL)\) = MD(TH,TM) + O(%)v

) (33)
o

SO
2
Tr(|D°]4?) = QMD(THJM (

>~

Remark 4.8. The calculation above is correct if 7(p, q) € C°(B

- [

\ui \<A

Fu+ §,u—§)ldudk < A2 [|plle(A2]F]lzo + []s, )-

0
We conclude by continuity of @ € (‘5?’ — pg € C shown in [7] and of

0
Qe 6?7 — Trpo(¢},Q) and the density of C°(B(0,A)?) in .7-'( (JﬁA))
Indeed, using the notations of [5] and [4]: v°1°2 = P vPL,, there holds(¢f 3.3.):

(#,Q) = (PULel,, PUIDY |~ A)IDO 2 Q +(, D% %) D[ /2Q ™ € &1 ()
(34)
and o [Trpo (#,Q)] < [1p} e A"/ (log(A)) /*[|Q||g | with

1Qlls, o =110 lles + 11" lley +11Q " llex +11Q" TNlea- (35)

BQu(7) € 6, (). We recall: [D°|7/%¢ L € 62(91), [P € B(H1),
|DO|71/2RfY € 62(5'3/\), and thanks to [5] 7++,’y € G1(Hr).
These facts enable us to show: for k > 4, Qx(y) € &1($Ha) since
T = Q. "~ = 0 (by the residuum formula in the formula of the kernel in
Fourier space as shown in[5]).
We can adapt Lemma of [4] and prove in the same way:

Lemma 4.9. For 0 < ¢ < 1/2 there holds with A = |[|p./|lc + ||7']|s

[ID°1/2*+4Qa(7) < K.A% |[ID°1@s(v)

s, <
SKt(A4+aA5+a2(7_ lles lIg +A6)>.

[y

[ID°* Qa()ID°

| ‘ ‘61 dist(0,0(DO%+aB))

where v = ZJ B LalQ, + a*Qy.

Using the same method as in [4] with D(z) := D° + zB(||p|lc + [|7]|s) ™"
(there exists 0 < zo € R* with [D(z)| > 3, —z0 < z < x0) we obtain

Lemma 4.10. Let 0 <t¢ < 1/2, then there exists K; > 0 such that

D1 QE* (D], < Ko
D1 QE* (D), < Ko

11



~ 0 0
Therefore 7, Qa(7), Qa(7), Q2(7) € &~ (94) and s0 Q1 (7) € &, (5a).
Then as in (34): P°(BQw)P° = P°[B, PYID°|~/2 |D°|"2Q)f~ + P° BID°| 7' [D°|Qy
N—_——

€63(H4) €62(9H4) €Gs(HA)  €61(Hr)

0
so BQx(7) € &1 ().
Remark 4.11. As A — +oo there holds (|D°*41, ¥1) — D(n1,n1) = Ecp + o(1).
In fact 1 = (¢1,0)7 where ¢1 = Pad;/||Pagi||r2 and ¢} is the minimizer of

A H!
WL g

Choquard-Pekar energy. Pa is the projector onto $1 and by so ¢ N
—4o00

en writing n° = |¢7|° there holds
Th iting n’ % |? there holds by (22b

linalle = In'lle] < Il = n/lle S (V1 1) + (V165 @DlIen]22 — [[64][22]
< {IVI9, @d|llwnl3e — 1641132 | .= o.

4.2 Proof of Proposition 2.

Let us prove now the binding inequalities for 0 < ¢ < 1. According to Lieb’s
principle ([7]) for each g we can take minimizing sequences for E(q) of the form

Q) = Pioy—P% +alw) Vx|, Quy € Qa, PP = Py, Pythy, = 0, Trpo (Pa—P°) =0,k € N

(36)
and we note as before yx = Py — P2, ng = |¢x|?, N = |¢x) (10r]. We will forget to
emphasize the dependence in k.

Writing I, (N) = afRe (D(p% n)— [ Mdmdy); £(Q) can be written:

lz—yl
E(Q)=EM) + (D", ) +al,(N) = (1-q)E&(y)+¢€(y+ N).
Taking the lim inf, we obtain
E(g) = iminf((1 —q)&(7) +¢€(y + N)) 2 (1 — ¢) liminf £(y) + ¢E(1).

Either z = likminfc‘,’(’y) > 0 and E(q) > ¢E(1) or x = 0. What happens in
c— OO
the second case 7 Up to the extraction of a subsequence we can assume that
liminf £(v) is a limit. Thanks to (6) it implies Tr(|D°v?) + D(p+, p4) 7 0.
— 00
As Pubi = 0 we obtain [[P2IP = [[6]F — [P2%I2 = 1 — [7w|P — 1 and
(D%, ) = (D[t , ¢) + (|D°|yep, ¥) where ¢ = P2y. As D° is bounded
on N and |[¢]]2 =1, lién inf(D%), 1) > m(a), so by Cauchy-Schwartz inequality
—00

I,(N) — 0 and
lim inf £(Qx) = E(g) > lim inf £(7) + ¢lim inf I, (N) + ¢ liminf(D%) , 1) > gm(c).
k—oo k—oo k—oo k—o0

It implies E(q) = gm(«), but we can use the method of Section 4.1. to prove that
E(q) < gm(«) for sufficiently small @ and L in regard with g¢:

|(1 = m)pa) (1 = m)9ha|
L—[lmallZ2 ’

Q+P° = X(—0o,0) <D0+a(4p7+qn*|~|71 - 'Y(x’y‘HqN(x’y)))-&-q

z—y|

If we assume that E(q) = gm(a) once E(1) < m(«) has been proven, we also
obtain E(q) > qE(1). We thus get E(q)+ E(1—q) >qE(1)+(1—-¢)E(1) = E(1).

There remains the case ¢ > 1. However it has been proven in [7] that for each
integer N, E is concave on [N, N + 1]. Thus thanks to (6) there holds

E(q) 2 q(1 — aF)m(a)
and it suffices that E(2) > E(1) to obtain in fine E(q) > E(1) for ¢ > 1. Fora < 2
it is therefore true and as E(q) > 0 for ¢ # 0 we obtain the binding inequalities for
g > 1 and hence for all g.

12



4.3 Proof of Theorem 3.
Notation 4.12.

o Let Q =~ + |[¢) (2| be the minimizer written with the notation of Section 2.
o As before N = [¢) (1], n = |¢]°.

We have 1) (¢| = x (0, (Dgq) with Dg := D° + a(R., — ¢.,).

e 1 is chosen such that Doy = |Dgl|t = p: p < m(a).

2. _ 291(0)? (910
e We note CO = m and ¢ := m
o As (R(N) — ¢jy2)¢ = 0, there holds
(D" + a(R(Y) = ) = ) (37)

We note v, := @, by = vy — Ry,d := D°. We remark:
(039, ) = D(py,m), (B, )| < [IllslIn]le. (38)

e We mean by (go, ¥): (271')73 fp go(p)|$(p)|2dp etc.

Remark 4.13. Throughout this section we will prove estimates more and more
precise of the norms of ¥, n, v, p,.

4.3.1  |[¢]|gsrz = O(1).

First let us prove that we can construct @ as a fixed point with the norm of [5]: it
suffices to prove that ||n||e, ||V]|e = O(1) and as
IINlle < |[¥]]%3/2 we will first prove Lemma 2.4.

Thanks to 38 and (22b) there holds

(D°%, ¥) = (D, ¥)—albyyy, ¥) = (IDgl¢, ¥)+O0(aV/(ID°[¢, ¥)(IIVlls+lpvle))-

Thanks to C.3. and the fact that || N||% — ||n||3 = 0 there holds
by Cauchy-Schwartz inequality and (22b):

£(Q) =&+ (D", ¥) +aR(D(p,n) — (v,N)s)
> (1= Ka)Te(|D°1y?) + §D(py; py) + (1 = C2a)(ID°[¢p, 9) — a/ (DT>, ) (|Wl|F + [lp+lle),

as £(Q) < m(«a) we thus have
Te(ID° 1) + aD(py, p) + (D", ) = O(1). (39)

Thanks to (37) we have
(D¢, D) = 1*|[¢[72 — 20pR(by 0, ¥) + @||bs |72 (40)

Then as

[0y, )] < \/§|||V|1/2¢||L2(||Pw||0 + () fll 2,

by duality
i 1/2
163122 < 4/ SIIVI Dl L2 (llpslle + lvlls)- (41)

Furthermore

a(vyih, ) = aD(py,n) = O(al[VillL2),  o®[(vs1, vy1)| < alallpy[I2)(VIY, ),
Ry, )| < [1vllslInlle = O(1), Ry, Ry S INIE(IVIY, o)
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while there holds thanks to Proposition 5.

(95 — 90(0)*)¥, ¥)| < K|V, ).

Thus ||¢||z1 = O(1) and
(gie, ¥) < a®? (42)

In particular there holds ||¢|| s < ||QZ||L4/3 < ||1Y]lgr and ||n]l2 = O(1).
Moreover there holds D(n,n) < 5(|V|¢, ¥) such that ||n|le = O(1).
Then by (37) we have |d|*s = pdi — adby1p such that

{Jdf*y, ) = pldldy , ¥) + old]* (Ry = v)|d|=*2(d* 4, dld)'*9).
Then thanks to (23b) and C.2., writing

" 20, 1d| =2 = [1d]"/?,b,]1d] %2 4 byld| !

we get ||[d|"/?b,|d|~*/?||s < (||’Y||S+||pﬁ||c)+\/J‘fE (p—a) E (p+ q) |7 (p, ) |2dpdq.
Thanks to Remark 3.2 and the fact that

E (p)
p[?

A@)dp, [[ E(p—a)E(p+a) N dpdg < 1,
we can apply the fixed point method with the choice of norms

Aol = [[ B @—a) E@+a)|@ @ ) dpdg, ete.

and construct this minimizer as a fixed point with these norms. In the same way
as in Appendix B we get that .||y||e < 1: we obtain (|d[>¢, 1) = O(1). Therefore
we can apply the fixed point method with the norm of [5]: ||-||o, ||-||e etc.

4.3.2 ([V|*), ¥) = O((a0:(0))?).

We note = = ((g31), 1))'/*. Thanks to (69), (70a) and B.3 (that gives ||p1.0(N)||c, ||n||r2 <
('/?)3/2 = o/? with (42)), there holds

[loy1le < 3?4 (Loz)B/2 + Lz 4+ oV Laxz® (43a)
[I7]ls < La + VLox + az®. (43b)

Thus going back to (40) we have (cf 5. for [|gg]]eo)
(@, ¥) = 2" +m(a)® + (29090 |V ¥, ¥) = 2 + m(a) + Oaz™)
al(bytr, Y|+ a?[|byib||2e < K1a®?z + KaLax? + Kza?a® + Ky(La)?z* + Kga'z®
pAlIIIe < m(e)?.
As x = 0(a"%), a*z® = O(a®) = O((La)?), therefore
2 < koc 2 + k1™ ?z + ka(La)z® + kso’z. (44)
Finally
z < ké/4071/2 + k}/3a5/6 + k;/z(Loz)l/2 + ksa? < (La)? +a”/°, (45)
and there holds z* < K(La)? = O(c™?) provided that
a”® = O(La) & alog(A)® > K > 0.
Thus the same estimates as for the test function hold for the minimizer:

e < [loylle < LV La,
Ivlle < Le, | |lpylle S LV La

where for ||p4]|c, ||p+||e we use now ||p1,0(N)||2 < ¢ by B.3.
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4.3.3 The spinor 1.

Remark 4.14. We follow now the path of [7] and [3].
We consider the problem associated with Fe—1 ,a. As in [7] we note

HA = Hea

Ve kg,

and so Ueo(z) = ¢ 2¢(z/c).
There holds a scaling correspondence between (1, «, A) and (¢, ca, cA) :

Ec,ca,cA(Uc*QUC) = C2E1YQ)A(Q)'

To distinguish the objects of (¢, ca, cA) we underline them:

P(x) = Us(z) = &/ *y(ca), D° = AU DU, = me*B + T,
y(@,y) = UiUe(z,y) = *y(cx, ey), | m = go(—iV/c),

py(x) = Epy(cx),v=pyx |- |71, T = cgi(~iV/c)e - o7,
B(z,y) = y(z,y)lz — |, D = cgi(~iV/e)o - T

There holds |V| < |D| < C1|V| and

lIlls = velirlls, 1l ID°I72Rl|s < Ilylls = velhlls ete.
llpxlle = Vellp~lle 1D ullss < llpslle = vellpslle ete.

We have shown (gi9), v) = O((La)?), so choosing ¢ := 9 (0 % has finite H'

aar(0)
norm.

Remark 4.15. Here the constant of scaling ¢ corresponds to A of the test function.

Moreover thanks to (37) it satisfies
mc* By + Ty + ac(v — R)p = uc’y.
Considering the upper part ¢ and the lower part x of :
MC2£ +cDx + acvp — ac(RyY)1 = u02£

—me’x + cDg + acvx — ac(Rip)2 = pc’x
From (47b) we obtain

Df n o
me—+ pc - me+ pc

X = (By)2 — vX)-

We take the L2-norm:
[[9]] 1

C

«@ 1 alLvLa oL«
— < g ZvY =

<

o=

||X||L2 s

In particular the lower part x tends to 0 in L?($)) at speed ¢ .
As T exchanges upper and lower spinors, by Cauchy-Schwarz inequality:

(D, 4) = (909, ) — (gox. x) + 2Re((g10 - 779, X))
=m(a)|lel[3 +O(c?)
=m(a)+0(c?).

It enables us to estimate

p=m(a)+0(c?) and E(1) = £(y) = m(a) + O(c?).
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From (47a) we obtain

Dx = M +al(By)r — V.
As pp = m(a) + O(c™?), its L*-norm has the following upper bound:
IDx||2 € @+ av/e(La+ LVLa) < a,
writing Y2 = (g1, ), we get the middle estimates
lIxl[m < @ (492)

||K||H1 < (oeY—i—cil)—i—Loz. (49b)
Indeed writing p = m(c) +dm, ¢ x 57”4,0 has L?-norm lesser than K¢~ '. Then:
‘/ go(tp/c) dt|p|‘ <Ko¢@
[90(p/€) = 90(0)| = o )
‘/ '(tp/c)(1 — t)dt 2 ‘ < KalZl-

In particular

(g1, 0 < /(s )gix, x) = 0™ x (aY +c¢ e™!) = O(aYe * +¢7%) (50)
and there also holds the middle estimate: Hx| |H1 <ct4act

4.3.4  ||U|| 002 = O(1).

As before:
|d|1/2R71/’ = [|d|1/27 R J|d| ™" |d]y + R7|d|1/21/)7

and thanks to (23b)
— 2 jog jad ~ _
a2, B[S, < [ B -9 E 0+ ) [7(p, ) Pdpdg < ¢

Thanks to (50) there holds (with Y2 = (gf1, 9)):

—iV _ _
e Y vlww\<|||V|3/2¢||L2|||V|“2x||w= O(Ye 2 4 Y32 Jac™),

Then:
o) =m@?+ 20 [ ([ 0= w10k
=m(a)? + KaY?,
(9oBY, [V]p) = (2m)~° </ go(p)lplli(p)lzdp—Q/go(p)lpllﬁ(p)lzdp>
= (g0, [V]) + O(aYe? +e7%)
=m(a)(|V[Y, )+ 0(aY? +aYc 2 4+ ¢73),
(D%, [VIY) = (908, |VI) +2Re({g10 - 757 |V|x>)

=m(@){|V|y, ¥) + O(aY? + Y +c* + Ve 2 + Y32 Jac™),
(D%, [V[$)  =m(a)*(| V[, ) + O(aY? + Y2\ Jac™ + Y /2 4 ¢7%).

We write down S = gi1(—iV)o ZZVV\

With the same method as in C.2:

191 elia=72|| | |0w 12, vllal

| [t 2] < el v/Tog ().
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[(Ryt, SIV[Y)]

[(Svye, [VIX)|

[(Svax, (Vi)

(v, [VI9)]

[(Rye, V)

Therefore : Y?(1 — Ko)

As Lo’ = o
A—+oo

((La)®’?), we deduce (|V[*¢, ¢) = O(c

<IVIV2 R Hdlw , SIVIM20)| + [(Ry VY24, S|V[H2y)]
SYlhls(t+ (VIIdy, ¥) ),
N——

from || Ry|V|1/2¢]|
<3C1[{|VIvye, [VIX)]

< 3CV{[IV], w31l "2 [d* 2, [Vx)] + 3Ch | (osld]~/21d] V2|V, [V]x))
< ac™ '\ /log(A)[|py[leY = KL(La)?Y,

< HIVIV vy, IV 20)]

S IVI2,00ld1 " dlx s (927200 + (o ld| 212V 2, 0[5/ 2)]
< Vg @lpslle x [|ldlxll o < Vv LvEa(ac™ +c),

= | LD gy | < v e et

— ‘H (|V|<p)*|(z);y(;|7y)<ﬁ(y)dxdy‘ <Y2hlls ete.

< Koe 2 + K1 (Lo®)Y + Kay/ac 1Y3/2,

~3) and so

1l a2 = O(1).

We now improve (49a) as written before:

go(p/c) — go(0)
lgo(p/c) — go(0)[?

and therefore

- [ ane /o) Bla - / (1 -t tepre 2o
= ’/ go( tp/c)dt/l(l —u)go (up/c)du |p|3

Hom(e) — e, < aeyf ll= bllee oy /Tg — o). 1)

So

Il = O(c™) and || [Vx|[m1 = O(c™). (52)
4.3.5 Estimation of F(1).
Thanks to (47b)

8o LU muex o Sy

go + p go + p go + 1

where the remainder §x has L?-norm lesser than KalLv/La = o(c™'). Thus as

llgrollzz = O(c™

E(1) + 229 D(n,n)

where to deal with go we use (|V|*¢, ¢)

= (909, ©) — (g0

), thanks to 5. we have the following asymptotic expansion:

%@, goi“ )—I-Q%e(go%ucm Se) +o(c™?)
mia)(1 — <(g;i>2so, o)+ 2, @) +o(c?)

m(a) — (5850, <p>+<mg(la)s0 @) +o(c™?)
m(a) + goay(9iv, @) +o(c™?)

m(a) + 3= (g3, )+ o(c™?),

(%

= O(c™®) and |gj| = O(c) and treat the

((go + )™')’s one after the other. For the last line we use the fact that

(IVI*x, x) = 0(c™).
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Writing with :

CRE(M)-mie) = ot [ o (2) 1000 Pao- [ XA o),
63)

We recall (c¢f 6.) the (g7)a,a’s are uniformly continuous in a neighbourhood of 0;
cutting in Fourier space at level |p| = y/c there holds

/‘p‘gﬁczgmp/cf@(p)% - / G102 p 2B (0) 2dp + / (/t:()(g;(tp/c)—g;(o»dt) b3 (p) [2dp

[p|<Ve [p|<ve

o [ (/[ it/ — giconar) P 20 Pap

= / 9’1(0)2lp|2@(p)l2dp+0< Supl/Q{Ig’l(Q)—gi(O)l}llIVIQII2>
Ipl< e al=e

= | @O pPl@)ldp+ o ().

Ip|<ve

Moreover:

o~ 3 o~
/ Eap/ ) Ay < / P2 ) 2dp
|p|>+/c 1\p

Thus
1
W@zg%('/c)ﬁv Y) — D(n,n) = (|V[*, ¥) — D(n,n) + o(1),
1
By unicity of the asymptotic expansion and by definition of Ecp we thus have

E(1) = m(a) + Gy *Ece + o((aa:(0))?). (54)
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Appendices

A The operator D°
A.1 The functions gy and ¢;

As established in [8], DY is solution of the following equation in the Fourier space

a 7)3 1

TR " B(B(0, A), End(C*)) (55)

-y
and by a bootstrap argument DO € Nm>1H™ (B(0,A)). With the notation of 1.1.

it shows that go, g1 are smooth while g1 (p) = g1(p)-wp is a priori C*(B(0,A)\{0})
and there holds

1
go(|p|) 14 « / dr . g0(|7”|) (56&)
|r|<A Ip — 7|

ir? a1 (D2 + go(Ir)?
o) =l + o [ are o] (56)
A2 Ji<n 0 =7 \/o1(]r)2 + go(|r[)2

Remark A.1. We recall here that Cy1 > 0 is a constant such that gi(r) < Cir and
|goleo < Ch.
Let us show first that

Proposition 5. g1 € C'([0,A],R) and g4 (0) = 0.

Moreover writing ||d%g1|[« = sup |||p|d®gi(p)|| we have
0<|p|<A
llgollee = O(a) g0l = O(a)
, and 5 .
ll91[[ec = O(1) ld%g1[[ = O(1)

In fact it suffices to differentiate (55) to get go(p), g1(p) and then taking the
norm to obtain the first part; then we differentiate once more to get the second
part.
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A.1.1 Proof of 5: part 1.
We can define dgi(p) for p # 0. First we have

o= 2 [ 0L <dgN0(‘Z)h _ 90(@)dgo(a)h + g1 (a)dg ()1 g~o(q)> .

E (q) E(q)* E(q)
We remark that for p # 0 we have:
dgi(p)h = g1 (Ip){wp, h)
(dg1(p) - wp , wp) = g1 (Ip])-
Then

P dgq dgi(q)-h  go(g)dgo(@)h + g1(q)dg1(9)h g1(q)
A (P)h = bt / lp—al® < E(q) E(g)® E<q>> ’

so that for any w € S%:

, dg 91(9) o2 o () N2 (] — 91
o) =1 g /\m |xw_—Q|2<( g (7 e ) F @ (-

91(q) (w,wq)” go(Q)Qé(Q))

E(q) E(q) E(q)

The regularity of g1 (as a function of R™) will come from the continuous ex-
tension to x = 0 of the formula above.

We have
190 |90ls0 + 191 ]
b 1pD) < 5 [ 2 + Igoloo 22l (57a)
472 lp — E (q) B (q)Q
, o dgq l9iloc | 1g0loc + 19l
<14 —/ Jiloo | 19000 . 57b
I <1+ 125 [ (E o et (57b)
Thus

[90]oe < Kralog(A)[gh|ec + K2c|gi]oo
[91]00 <14 Ksalog(A)(|g6]es + 191]o0)

and [goloo < @, |g1loo <1+ Kalog(A).
Remark A.2. In particular we get ¢1(0) =1+ O(L) > 0 for L sufficiently small.
Since go € C*°(B(0,A),R) and radial, necessarily

dgo(0) = 0 and g¢(0) = dgo(0)w = 0, Yw € S°.

A.1.2 Proof of 5: part 2.

Let us now calculate d2D°. We note h, = 2= and j = E (-)"': the coefficient of

E()
B in d*D°(p) h? is
2 2
dgo 4%2/|p— dho )h7
where
2 32
d*ho(q) h* = dlelhs dgo(q)h [g0(q)dgo(a)h + g1(q)dg1(q)h]

E(q) E( )3
— 245 [(dgo(9)h)” + go(a)d>go(@)h® + (dgr(@)h)° + g1 () d*gn ()]

+3 248 [g0(q)dgo()h + 91(g)dgr (g)h)*.
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Furthermore, there holds

P = 1% [ 0 (TR oag i + e @ai(on?)

E(q)
and taking the scalar product with w, we get
o) <0+ [ g+ / v, 'ﬁ'qu £l
B gt oD B s
+2((dg |+ o] 2o )

as there holds (|pld%gs (P)1?, wp) = Ipld%g} - A% + B ((wy, Y? — [I1]1?).
Analogously there holds

Chdgq
o) <2 ( [ m”d%”*

/ |d gol 4 old90l(dgo| +1dgrl) | go(g) |dgol® + |dg: |*
Ip - ql2 (@) E(g)? Ele)  E(9)®
0 1Pl o) (4] & 101
E(q)2 E(q)  Eld  E(9)? '

< 2max(

As there holds

lp— Q\Z\Q\ [p— qu\’ [p— Q\Z)

/ dg|p| <9 / dq +/ dq
al<a P —al?lqlE(q) ~ ai<a P —dlldlE (@) Jig<a lp—4dlE(q) ]’

we recall then that the convolution of radial nonnegative functions is radial non-
negative. Hence we obtain

g6l < Ko
lld®g1]l« < C1 + Kalog(A)

A.1.3 Variations of dgj.
Then we can show that for p,q € R* N B(0, A)

-1 _yy dl /A dr
p—I" " —|g—1 —— <8rlp—¢q —— < log(A)|p —¢q| (58
/m<A|| | | | |E(l) | | r——A V14172 @)l | (58)

SO

Proposition 6. The function

is in C°(B(0,A), L(R?, C*)) and
|dg1(p) — dg1(p)| < K'L[p — ql.

In particular the same holds for g1 (¢) = (g1 (tw),w) and K Lt.

In fact it suffices to split B(0,A) in two domains:
We write F =R*N{r:|p—r|<|¢g—7|}, l,=R*n{r:jg—r|<|p—r|}.

In F, N B(0,A) we take spherical coordinates centered in p, in F, N B(0,A)
centered in q. There holds

dp—al g e F
_ _ 2 Py
llp =7~ = lg = 7] 1<<{ o

l[g—r[?

for r € Fy.

Proposition 5. enables us to prove
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Lemma A.3. Let p,q € B(0,A) and k = p — ¢q. There holds

EWE(@—(80):8a) o 26ie? 2
E(p) E(q) (E (p) + E(q)) "TE(pn) ’ E(a)

where we can choose K < 2 for alog(A) sufficiently small.

a?t? —(t,a)?
TallBTH (a6 - 1

(a,b) > —% then A = lallbtl—{at) < %, by symmetry there is also A < 255"

Tall] aZ5?
Else (a,b) < — ‘a‘;b‘, then > 2(a®b*)"" and

In fact we can write for a,b,t = b —a € R®: |a||b] — (a,b) =

1
lallb](la[b]+(a,b))
2 2 2
22_2 > 20 ‘H?b;ﬁ\a\\b\ )
2 2 2
22_2 > Q%W > 9.

Remark A.4. This last estimate assures us that we can apply the fixed point
method with D° instead of with D°. Indeed all the estimates of [5] remains the
same modulo multiplicative constants: here because of A.3 we must add 2; C; also
appear.

A.2 The function B,
We recall that

B = =L / E®)E (o) - (g)g@) 4
2| k| E(p) E(q) (E(p) + E(q)

lp=l—%|,lg=l+%|<A
This formula holds only for k # 0: our first purpose is to extend it continuously to
0. Thanks to A.3. we can say that Ba(k) < K log(A).
Notation A.5. Throughout this part, p =1+ g, q=1— %
Let us write I = 7°|k|*Ba(k), its integrand f(I) and z = [k|. Le 0 <& < £ and

s = % +¢e. We look at x < 1 and split the domain in three:

B={l:|l|] <z} A={l: 2" <|l|<A-3},
C={l:l=%l+E <AN{:|<A=Z}C{l:A=Z<]|l|<A}=C"

With A.3. we obtain the following behaviour independent of a, A in the regime (9)

—z A

A Kz®
243s _ - 3+3c _ 3 2 N
Ig| < Kz =Kz —Igo(:c ), |Ic| < Kz”log <A ) it . (59)

There remains ITa: we rewrite f(l) as

Ne s re@l (60)
E(p)E(q) (E(p) + E(@)E (p) E(9) +g(p) - g(q)

where |g(p) A g(9)* = X, [Aoil? + 32, 14417,

| go®)  golg) | | dg0  go(q) o
Boi ‘(gl(p))z— (g1(q)): "(6g1)@- (1(0)): (61a)
| ()i (g1(9))i | _ | (681)i (g1(q))s
A”f‘(gmm (21(0)); *‘@gl)j (21(0)); (61b)

89x = gx(p) — 9+(9)-
If we take k along a fized ray: k = xw we have

1
Lago(h,) = [ dgn(t+ (¢ = 1/28) it =3 gi(l)er -
t=0 x

1
L5g1(k, 1) :/ dga(l+ (t = 1/2)k) -wdt = dga(l) - w,
t=0 Tr—r
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!
. w 90(|l|)wl w) w w
We write = and B’ = .
2 ( dgl(l) W 1 |gl |

In fact, as A, go, g1 are radial symmetrics so is 14 (k) and for w € S? fized and
p =142 ¢ =1— % there holds

1 Ep)E(q) — (8().8) 4

T iy POVE@E@)+E@)

Ta(k = zwy) =

(1 f( ) LeA is also symmetric. By Proposition 5.:
X Y y
[f( )| < WXMSA,%/Q and by dominated convergence we have

Proposition 7.
1 Y Agl?
Ba(k) — —2/ e heil gy o). (62)
k=0T Ja AE (1)
As there holds by symmetry

4 4
/ (n,w)%dn = ix, / dga ([1n) - wf2dn = 2xldga (O (63)
nesS?2 3 nesS?2 3

we have
L () + e P)R0) + gt ) e ko) + i
Bal0) =57 </: (Go(w)? + g1 (w)2)/2 I /u:o (g0(w? T 91 (w)?)

and

(N e s @, [ o (s0sh(n) + 916 ()
B0 = o ([, v tets gt |, et i)

Finally thanks to Proposition 5. and remark A.2, as |dg1 (u)| = |g7 (u)|:
Proposition 8.
2
Ba(0) = o log(A) + O(Llog(A) + 1).
Let us look at the variations |k|™'|Ba(k) — Ba(0)|. Let fo be the integrand in
Proposition 7.: we have | [, fo| < Kz* = O (#'7*%) and
z—0
| [ fol < Klog(%m) = 190(%) There remains the integration over A.

For |l| > z*: m= O(x*/37%) so we can expand the integrand of I4(x) at order 1.
Indeed:

=ooN—1 -1 E(P)—E(l) _ — P) x
E@) ' =EQ) {HiE(Z) } = {1+ _ +O(E(1)

2)} etc.

where as E (1) > 1 the O(:) is independent of .
Writing h(l, k) = E (p) E (¢) — g(p) - g(q) there holds

L) = — [ AL k)gdl+ € <, >( E@W)—E(p) - Eg)
) A<§E B b ro 2o
2F (1) (E 1)? ))
By Taylor formula (at order 2):

12E (1) — (E (p) + E (¢))| g// dtduKz' /375 = Kg't?/%7¢
tJu

Thanks to Proposition 6. we have by Taylor formula at order 1:

S0 in fine
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Proposition 9. There exists 0 < r. € R", independent of a, A in the regime (9)
such that
for k| < re:

[k~ [Ba(k) — Ba(0)] < K(A™" + L2[k| + [k[** + [K|*°7°).
Choosing € := 6! there holds:

[k[~!|Ba(k) — Ba(0)] < K(A™! + [K]'/?).

B Estimates in the fixed point method

Remark B.1. We note *||Q||3 = [[E (p +q) |Q(p, q)|*dpdq and by the proofs of
Lemmas 8.[5] and 11.[5] there hold

llp10(Q)lle < K+/log(A)"|Qlle and "[|Qoalle < K+/log(A)llpllc. (64)

B.1 Preliminary estimates.

Let us form the test function of Lemma 2.3. or construct the minimizer as a fixed
point: let us decompose I" =~y + |¢)) ()| where we know |[¢]| a2 = O(1) and
(IVI*%, ¢) < (aar(0))*.

Notation B.2. We write as before N = [1)(¢)| and n = |4|>. We also write
the Choquard-Pekar minimizer ¥cp. We take the notation of Section 4.1 for the
iterations of the fixed point method.

e As [|(N,n)||lx = O(1), for L, « sufficiently small, ||(7&,p%)||x = O(1) due to the
fact that ||(y1,71)]|x < (L + a?)||(N,n)||a and the function F is a contraction of
constant v = O(v/ La).

e By (22a) ||R(N)||ls, < IVY||L2 < La. Then by 11.[5]:

Q10N < IR(N)lle, < Lo
e Moreover |Q0/71-(7V) (p,9)? = @m? |ap—g)* |M (p, q)|? in the notation of [5] so

2573 [p—q|

"1Qo1(N)lle < Vl1og(A)l|nlle. We recall: [[Qo,1(p)lle < v/log(A)llplle.

e Now p1,0: there holds

FR)? — 2 2 (L — k/2)[[ (L + k/2)] 2
e 1o dk S/kf(k) dk (lg () dldr)

2
<K [ fwran < [ ide- w200+ k/2>|dz> ,
k BN
and by Young inequality
lloro(N)lle £ A2 [gce ||y1ass (65a)

llpro(N)lle £ X211 4 < A1 I7n (65b)
Remark B.3. In fact, if we know that 14 := A% ?¢(Az) = O(1) in H' then

lloro(N)lle S A% 2|Jpallzs S A2 |Jal

and
lInllze = A72(|pallfa < A7 |¢allm.

24



By remark B.1. we have

lloro(y)lle < allpro(@i(N,n)lle + Y *[lp1,0(Qk(N,n))|le
E>2

< ((Le)®? + LVLa) + /log(A) Y _ o*[|Qxlle < (e(Le) + LVLa + aVLa).

k>2

Writing 0y = (y2 — 71) we also have ||p1,0(67)|lc < /1og(A)*||d7]|le. We note
z = (IVPy, )L
07 = o1 0 (Qh(11,71) — Qr(N,m) = aQu(71,51) + Fpsz @ (Q1 (11, 1) —
Q% (N,n)) and thanks to (23a) for Q1,0, Lemmas 11,13, 15 of [5] for Qo,1,Qr we
get
allp1.0(07)|le < (@°VELaz® + LPax + La®). (66)

Indeed . .
[Qio(v)lle < *lmlle

< Viax + az® + o

N1Qoa(Plle < V1og(M)l[p:lle
< Ly/log(A)z 4+ VLo

B.2  Estimates of |[y||o,[|[7|e. [[7l|F: llo5]le; llp4]le-

We write: v =3, o (Vg1 — )+ and 11 = >, 5, akQﬂc, taking the norm we
obtain a B

Il < D VHIF(N 7) = (N, o)llx + [l = vl 2Ol + [l (67)

k>1

Underlining the terms with the biggest estimates:

Pulle < W xnlle + allpro(N)]le + Y " [|(N,n)||% < VLa+ Lz, and finally

k=2

Depending on taking ||-||z or ||-||o we have

Imlle < a(lQuamllo +11Quo(NMlle) + Y a™[[(N.n)ll% < VLallnlle + o,
k=2

Imlle < a(lQua(mlle +1Quo(N)lle) + D o™ l[(N,n)llx £ VLallnlle + La.
k=2

e Sa, [hle < La. (68)

1/2

Emphasizing the dependance of = = [|[V4)]| 5

(for the proof of Lemma 2.5)

e <Y e —wlle + e = mlle + [Imlle < La+ [lve = yllr + |1l
E>2

Ille < allQuo(N)llF +[|Qoi(n)llr) + o® < az® + (VLaz) + o

vz =mllr < allQuo()llF + 1Qoa(P))lIF) + o < allnlle + VLal[pyle +
< a(*lnlle) + VLa(Lz + VLa) + o < a(VLax + @) + LvLaz + La
< LV Lax + La.
So
I7|F < az® + vV Loz + La. (69)
Analogously

lloslle < W xnlle + a(llpro(@)lle + llpro(y)lle + [lpro(Nlle + Zisollpro(vess = yi)lle) + o
< Lz + a((L?z + av/Laz? + La) + (Lz + VLaz? + avLa) + ||p1,0(N)||c) + (La)3/?
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lIo+lle < allpro(V)lle + (Za)”? + Lz + av/Eas? (70a)
where (La)*? comes from a|p1,0(X)|le < KVLa||>||o, the other terms are
negligible and z = (|V|?4, ¢)1/4.
With the test function we get: ||p4]|e, ||+ ]lc < Lz|| |vce|?||e, it is easier for there
is a simple estimate of p1,0(IN).

B.3 Estimates of ||ySYy||z2, S =id,|DY|.

We write
[17SYallr2 < |[7]l8]1S%allL2. Looking at the expression of Qx(y'p%) (¢f [5]) it is
straightforward that

/ R(p.q)
110 les < IR lley + 15222,

SIIR(N)lle, +7Ihlle < La,
1Qor(P)lle: < llPlle S Ve

So
Ivlls < [Mles < allQro(Y)les + [1Qo,1(P)lss) + o < avLa. (71)
Thus
IVID°[¢all2 < KoV La = o(La). (72)

C The operator |D° + aB| — |D°|
C.1 Tx(|D° + aly?).

We use the following formula: for > 0
+o0 T
73
i [ AR (73)

by applying it to |D°|* and |D° + aB|?. Indeed we can write

|D° + aBJ? = |D°|(1 + aT)|D°| where T = G + aW = O(1) in B($a) thanks to
3.3.

Similarly we write

ID° + aBl* +u = /D2 + u(l 4+ a(Gy + aW,))VID2 + u, Ty = Gy + aW,,.

1 | DO 1 1 du

D’ +aB| == [ D1+ aG+o*W —

| +« | 71_/;l |( + oG + « ) |'D0|2+u1+OéGu+062Wu |DO|2+U\/_
™ NV BV

+/(...)

w

where the last integral is a bounded operator, O(az) as power series in a:

1 1 du
) =2 (P WD’ | = — |D° + aB =W, o
/u( ) /<| W ||D0—|— aB|? | \/|D0|2 VDR Fu ) Vu

_/|D0 (14 oT) ID°| T2 du'
[DOF2 +u 1+ o, |z>0|2+u\/ﬂ

Notation C.1. To simplify we will write

d="D" q=D"4+aB, ¢ =d*+ay, du=+/|D]2+u
g=G, Gy, w=WW,, m=g,v b= B.
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Let q1,q2 S Q:

q413/4
|H Il llgrld]?[|es |[1d] =" *gzld]ls.,

(74)

‘ﬂ (Idlg%‘qlqz) ’ = ’ﬂ (g‘d‘é‘ qlqzldl) ‘ < lgld|"*||5 |

as E(q)°E(p) ' <2C{E(p—q) E (p+4q), lld?qldl|ls, < K|lga||= and
llg1|d|*?[|e, < |lgal|e is immediate.
Then G = bld|™" 4 |d|™'b and T = |d|~'b?|d|~" such that

gld|** = bld|=>* + |d| b, [d]*/*] + [d] =2/ b
T|d|"* = |d| " bbld| >/
We treat the commutator in C.2, for the others Lemma 3.3 gives
[1Bld] =15 < K (165 le + 11 lle).

For a bounded borelian function f, ||f(D%)||s = sup |f(x)|; the function 2 >

z€o(d)
0 — x‘2+u'7s < 1 reaches its maximum at the point z¢o = 5 where f(zo) =
%2 - < u /21 For zo < 1 the norm is f(1) and for zo > E(A) it is

f(E (A)) such that

/I

Similarly the trace Tr{|d|T|d|d;1fud;1q1q2} is equal to the trace of

du K s<1
Klog(A) s=1

a1

T (ldl"*0)dy " (quld] ") (1d] "> q2Id])

and Tr{|d| ‘d‘ ﬁqqu} to the trace of:

(a2 gl (] el ?) (75a)

103 1 1 3 1 L
wr%wu:urwww+urﬂmaﬂ+wfb

1 3 3 1 1 1
|d|~2T|d|1 = |d|”2b|d|2 [d|”2b|d| "1
Thanks to Lemma 3.3.,
1 1
|[d|”2bld|”2 € B($a) and there holds

3 1
Lemma C.2. H |d|~2 [b, |d|z] < (UW'1le +11elle)-

_ 1
ot

The estimation with R(y’) comes from (23b): indeed we have

By — B |<Ke— = 5=

T T etc.
E(p) "+ E(q)

> =

1

27
3 1

Then with f € 4 there holds with ® = |d|~2 [% \d| 2]

o dpdg |E (p) = E(q) 2 15— [ 7 \p
L@mmngﬂE@g — E@+E@/U@M%

and we do the same for the last term.

Let us now deal with Tr(|D° + aB|y?). Using (73) we have the trace of an integral.

We can change the order of summatiom for the integrand (which is the operator
2
a2

tu \/5

2
) is non-negative. Doing so, we then expand the operator 2+u into the six
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operators we have written previously. Estimating the absolute value of the traces
we obtain:

Tr(|D°+aBl®) = Tr(ID° ) +0(a(lly [le 1165 1) I7]E) = Tr(ID° ) +0 (a(La)?)
(76)

where (||v'||a+]|¢}||c) comes from the estimates of the bounded operator ||g|d|"/*||5

etc.

The integration over u gives a constant K while ||y||g < La.

C2 (D°+aBlg, ), 6 € H2.

We want to prove

Lemma C.3. There exists Cy > 0 such that

(D° +aBlo, ¢) > (1 - C2a)(ID°19, 9). (77)
Indeed we go back to (73):
9(¢* +u)"rq — d(d® +u)d=q(d® +u) g —d(d® +u) 'd+q((¢* +u) Tt — (@ +u) g

:abm% + Oégg%b + a2b(d2 + u)flb — ozq(q2 + u)fly(d2 + u)flq
=a(z1 + z2 + axs — x4).

And then we do the same as before. For instance let us treat x4:
writing s = |d|*/?, ro = (d* +u)"/? and ¢, ¢~ according to X(0,00)(D” + aB),
there holds:
(zagt, oF) = (s Mals T srat ru(@® + ) rury tyrd e s s gls T st soT)
(wag™, M) < llsra Nl llra ™ sl |ra yra ™l (dlo T, &)
Then |d|~Yy|d|=%/* = b|d|=%/* + |d|~*b|d|*/* + a|d|~'bb|d|~*/* and we finish as
before.

We do the same for (¢, ¢™") etc.
Then integrating over u we get

(ID° +aBlg, ¢) — (D¢, ¢)| < Ka(|l'lle + 1¢'1le)(ID°6, 6).  (78)
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