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Nonparametric regression on hidden ®-mixing variables:
identifiability and consistency of a pseudo-likelihood
based estimation procedure

Thierry Dumont *and Sylvain Le Corff '
August 10, 2015

Abstract

This paper outlines a new nonparametric estimation procedure for unobserved ®-
mixing processes. It is assumed that the only information on the stationary hidden
states (Xg)k>o0 is given by the process (Yi)r>0, where Y is a noisy observation of
f«(Xk). The paper introduces a maximum pseudo-likelihood procedure to estimate
the function f, and the distribution v, , of (Xo, ..., Xs—1) using blocks of observations
of length b. The identifiability of the model is studied in the particular cases b = 1
and b = 2 and the consistency of the estimators of f. and of v} . as the number of
observations grows to infinity is established.

1 Introduction

The model considered in this paper consists of a bivariate stochastic process {(X, Y%) }x>0
where only the sequence (Y})r>o is observed. These observations are given by

Yi = fi(Xk) + e, (1)

where f, is a function defined on a space X and taking values in Rf. The measurement
noise (€x)r>o is an independent and identically distributed (i.i.d.) sequence of Gaussian
random vectors of RY. This paper proposes a new method to estimate the function f, and
the distribution of the hidden states using only the observations (Yj)g>0. Nonparametric
estimation with latent random variables is a challenging task and most of the existing
results in this context use additional assumptions on the sequence (X} )x>0. For instance, in
errors-in-variables models, the random variables (X} )r>0 are observed through a sequence
(Zk)k>o0, 1.e. Z = X +n, and Yy = fo (X)) + €k, where the variables (n)r>0 are i.i.d
with known distribution. Many solutions have been proposed to solve this problem, see
[12] and [15] for a ratio of deconvolution kernel estimators, [17] for B-splines estimators and
[5] for a procedure based on the minimization of a penalized contrast. In the case where
the hidden state is a Markov chain, [20, 19] considered the following observation model
Y = X + €, where the random variables {ex}i>0 are i.i.d. with known distribution. [20]
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(resp. [19]) proposed an estimator of the transition density (resp. the stationary density
and the transition density) of the Markov chain (Xj)r>o based on the minimization of a
penalized Lo contrast.

Recently, [10] used the model (1) for indoor simultaneous localization and mapping
based on WiF1i signals. In this framework, the process (Xj)r>o is the position of a mobile
device evolving in a building and it is assumed to be a Markov chain with transition density
depending only on the distance between two consecutive states. Y denotes the signal
strengths measured by the device at time step k. Only (Y3)x>o0 is observed and inference on
the hidden positions (X )x>0 (localization) requires an efficient estimation of f, (mapping).

In this paper, the random process (Xj)r>o is assumed to be ®-mixing and stationary
which encompasses the i.i.d. case and the hidden Markov model setting of [10]. We propose
a new approach to estimate the function f, and the distribution v , of the hidden states
(Xo,-..,Xp—1) for a given b using only the observations (Y%)r>0. The identifiability of the
model is studied and we show that for some particular cases, f, may be recovered up to
an isometric transformation of X. The observations are decomposed into non-overlapping
blocks (Yip, ..., Y(kt1)p—1) to define a pseudo likelihood function. The estimator (f,,7,)
of (fx,p+) is defined as a maximizer of a penalized version of the pseudo-likelihood of the
observations (Yp,...,Y,s—1) over a class of functions F and a class of densities Dj on xb.
These estimators of f, and v, may then be used to define an estimator p,, of the density
of the distribution of (Yp,...,Ys—1). It is proved in Section 3 that the Hellinger distance
between p,, and the true distribution of a block of observations vanishes as the number of
observations grows to infinity. This result is established using few assumptions on the model:
the penalization function needs only to be lower bounded by a power of the supremum norm
and no topological restrictions are made on X. Under compacity assumptions on F and D,
the consistency of ( fn, Up) is derived although the rate of convergence of ( fn, Up) remains
an open problem and seems to be very challenging.

In Section 4, we discuss the identifiability issues raised by the model (1). When b = 1,
the identifiability is studied in the particular case where X is a subset of R for some m > 0,
feisacCl diffeomorphism and F is a subset of continuously differentiable functions on X.
We establish that if X, has a distribution with probability density v and if f € Fis such
that f(Xo) and f,(Xo) have the same distribution then f = f, 0 ¢ and v = |Jy| - 1., 0 ¢
where ¢ : X — X is a bijective function (|J4| denotes the determinant of the Jacobian
matrix of ¢). This result only requires regularity assumptions on the unknown function f;
and not on the candidate function f , which in particular is not assumed to be one-to-one.
This implies that the inference task may be performed within a larger class of functions. A
similar result is obtained when b = 2 to establish that the model is identifiable up to an
isometric transformation of X in the context of [10].

The consistency and identifiability results are applied in Section 5 when F is assumed to
be a Sobolev class of functions. In this setting, the supremum norm in F may be controlled
by the penalty term to ensure that p,, is consistent. Moreover, this framework satisfies the
compacity assumption needed in Section 3 to derive the consistency of ( fn, Un). Section 6
provides numerical experiments to illustrate our estimation approach and the identifiability
results of Section 4. Proofs and technical results are postponed to Section 7 and to the
appendices.



2 Model and definitions

Let (2,&,P) be a probability space and (X, X) be a general state-space endowed with a
measure p. Let (Xj)r>0 be a stationary process defined on  and taking values in X. This
process is only partially observed through the sequence (Y3)g>o which takes values in RY,
¢ > 1. In the sequel, for any 0 < k < &/, the sequence (z,...,z}) is written x4 . The
observations (Yj)r>o are given by (1) where f, : X — R’ is a measurable function and the
random variables (ex)x>0 are i.i.d. with density ¢ with respect to the Lebesgue measure A
of RY, given, for any z1., € R, by:

‘
def ¢ 1
p(z1:0) = (2m) /2 P 75 Z ZJQ . (2)

j=1

In this paper, € is assumed to be distributed according to a standard normal distribution.
Note that this setting is enough to deal with a known and nonsingular covariance matrix
Y. In this case, (Yi)r>0 may be replaced by (E_l/zYk)kZO and the modified noise X ~1/2¢,
is then a standard normal random vector.

This paper proposes a method to estimate the target function f, € F, where F is a set of
functions from X to R, and the distribution of the hidden states using only the observations
(Y%)k>0. This problem could be interpreted as a deconvolution problem where it is usual to
assume that the noise distribution is known, see for instance [3, 16, 18]. Here, the density ¢
is assumed to be known to simplify the proof of identifiability (Section 4). This proof only
needs the characteristic function of €y to be known and non zero. Note that the Gaussian
assumption is only used to establish the consistency result (Theorem 3.1) which relies on an
entropy control written for this particular choice of density function. A few authors have
studied the deconvolution problem with unknown noise distribution. In [4], the estimation
of the density of X in the model Y = X + € is performed without knowing the distribution
e and under mild assumptions on the smoothness of the underlying densities. However, [4]
only considered real valued random variables and the estimation based on Fourier transform
and bandwidth selection is hardly relevant in our model. The main difference between the
model studied in this paper and classical convolution models is that the random vector
f+(X1) does not necessarily have a density with respect to the Lebesgue measure on R*. As
discussed in Section 5 (Corollary 5.2), under some assumptions on f,, if the state-space X
is a subset of R™ with m < ¢, f,(X}) lies in a sub-manifold of dimension m in R which
has a null Lebesgue measure and then classical deconvolution tools do not apply here.

Let b be a positive integer. For any sequence (xy)x>0, define xy def (Thby -+ s Tt 1)b—1)
and for any function f: X — R’ define f : X* — R by

def
X = (SC(), cee 7Ib—1) — f(X) = (f(l’o), sy f(mb—l)) :
The distribution of Xg is assumed to have a density v, , with respect to the measure p®®
on Xb which lies in a set of probability densities D,. For all f € F and v € Dy, let py, be
defined, for all y € RY, by

b—1

pra(y) € / v(x) T] ok — £ (o) (dx) - 3)

k=0



Note that py, ., , is the probability density of Yo defined in (1): for all y € R

b—1
o) s () = / e () T oo — fulan))u® () . (4)
k=0

The function yg.np—1 — ZZ;S Inpys, (yr) is referred to as the pseudo log-likelihood of the
observations up to time nb— 1. This paper introduces an estimation procedure based on the
method of M-estimation presented in [26] and [25]. Consider a function I : F — R™ which
characterizes the complexity of functions in F and let §,, and \,, be some positive numbers.
Define the following d,-Maximum Pseudo-Likelihood Estimator (6,-MPLE) of (f., v +):

(ﬁl,ﬁn> L argmax®n {Zlnpfy (Yy) )\nI(f)} , (5)

fEF, vED,

where argmax® is one of the pairs (f’,7') such that
fEF, vEDy

fEF, veED,

Zlnpf/ - MI(f) > sup {z_:lnpf’,,(Yk)—)\nI(f)}—én

The consistency of the estimators is established using a control for empirical processes
associated with mixing sequences. The ®-mixing coefficient between two o-fields U,V C £
is defined in [7] by

def P (U N V) ‘
oUV)  sup |yl
( ) UGZ/{,\E')GV, P(U) ( )
P(U)>0

The stationary process (Xj)r>0 can be extended to a two-sided process (Xj)rez which is
said to be ®-mixing when lim;_,, ®X = 0 where, for all i > 1,

X P (0(Xp: k<0),0(Xp; k>1)), (6)

o (Xk ; k € C) being the o-field generated by (Xi)rec for any C' C Z. As in [24], the
required concentration inequality for the empirical process is established under the following
assumption on the ®-mixing coefficients of (Xj)r>o0-

H1 The stationary process (X)g>o satisfies ® o S22 ()12 < 0o where @ is given
by (6).
Remark 2.1. - If (Xg)k>o is i.i.d., then ®X =0 for all i > 1 and H1 is satisfied.

- Assume (Xj)r>0 is a stationary Markov chain with transition kernel @ and stationary
distribution 7 such that there exist € > 0 and a probability measure ¥ on X satisfying, for
allz € X and all A € X,

Q(z, 4) > ed(A) .

Then, by [22, Theorem 16.2.4], for all z € X and all A € X,

Q" (, A) = m(A)| < (1 —e)"



Therefore, for all n,k > 0 and A, B € X such that 7(A4) > 0,
|P(Xgin € B| Xk € A) —P(Xpqn € B)| = |P(Xpyn € Bl X € A) — 7 (B)] ,
oll)
< — Q" (x,B) — n(B))w(dx)| ,
5| [ (@@ B) = =(B) m(a)
<(1-g)".

The ®-mixing coefficients associated with (X} )r>0 decrease geometrically and H1 is sat-
isfied.

3 (General convergence results

Denote by p,, the estimator of p, (defined in (4)), given by

Pn = pf D 0 (7)

~

where (f,,,7y,) is defined in (5). The first step to prove the consistency of the estimators is
to establish the convergence of p, to px. The only assumption required on the penalization
procedure is that the function I is lower bounded by a power of the supremum norm.

H2 There exist C' > 0 and v > 0 such that for all f € F,
[flle < CI(f)", (8)
with, for any f € F, ||f|loo L max ess sup| f;(x)].
1<G<E gex

Here, ess sup denotes the essential supremum with respect to the measure p on X. Note
that if H2 holds, since I : F — R, for all f € F, ||f]lcc < CI(f)Y < co. This is the only
restrictive assumption on the penalty I(f) which may be chosen arbitrarily as long as H2
holds.

H3 There exist 0 < v_ < v; < oo such that, for all v € Dy, v <v <w,.

The convergence of p,, to py is established using the Hellinger metric defined, for any prob-
ability densities p; and ps on R, by

def [1 1/2 1/2 2 M2
h(p1,p2) = [2/ (p1 (y) — Py (y)) dy} : (9)
Theorem 3.1 provides a rate of convergence of p,, to p, and a bound for the complexity
I(f,,) of the estimator f,.

Theorem 3.1. Assume HI1-3 hold for some v such that blv < 1. Assume also that X\, and
0n satisfy

Aot — 0, /\,,erl/2 — +o0 and §,, = O <>\"> . (10)
n—4o00 n—+00 n
Then,
~ )\77, N
B0 =02 () and 1(7)=05(0). ()



Condition (10) implies that the rate of convergence of the Hellinger distance between p,,
and the true density p, is slower than n=/%. The proof of the consistency of p, relies on
the control of the empirical process:

sup [ 5 Wl(prs +p.)/(20] AP~ P.)

where P, is the law of Y and IP,, is the empirical distribution of the observations {Yk}z;(}7
given for any measurable set A of R¥ by

n—1
of 1
P, (A) & - > 1a(Ye) .
k=0

A weaker condition on )\, could be obtained with a sharper deviation inequality on the
empirical process. For instance, [25, Theorem 10.6] estimates the density of a random
variable Y using i.i.d. samples and the penalized loglikelihood p — [logp dP, — A, I(p),
where I(p) = fR(p(m)(y))zdy penalizes the m-th derivative of p. The proof of [25, equation
(10.34)] establishes that

JIn[(p+p.)/@2p)ld ([Pn —P,) Op(n—2m/2m+1))

sup =
pEAL(Py) 1+ I(p) + I(p*)

)

where ot
An(p) & Lo hlp,pe) <0 D (14 I(p) + 1(p,)] )

to obtain n~™/(m+1) as rate of convergence for h(p,,p.). [13] also use a localization
technique to derive the minimal penalty which ensures the convergence of the estimate
of the number of components in a general mixture model. In our case, Proposition 3.2
establishes a deviation result on the empirical process on the whole class of functions
{pfuv; f€F, veDy}. We consider a general setting where F, D; and the complexity
function I(f) are all non specified. Theorem 3.1 is established under the relatively mild as-
sumptions H1-3. Hence, the rate n~/% corresponds to the "worst case” rate. However, even
in a less general context such as in Section 5, controlling a localized version of the empirical
process in order to improve the rate of convergence of p,, remains a difficult problem.

The proof of Theorem 3.1 relies on a basic inequality which provides a simultaneous
control of the Hellinger risk h?(p,, p,) and of I(f,). Define for any density function p on
Rbé’

9p défllnp—i_p* ) (12)
2 2p,

By (5) and (7), following the proof of [25, Lemma 10.5]:

B2 (P, ps) + A I(f,) < 16 /gﬁnd(]P’n —P,) +4Xn HI(f) + O (13)

Therefore, a control of [ gz, d(P, —P,) in the right hand side of (13) provides upper bounds
for both h2(p,,,p+) and I(f,)). This control is given in Proposition 3.2.



Proposition 3.2. Assume H1-3 hold. There exists a positive constant ¢ such that, for any
n > 0, there exist A and N such that for any n > N and any x > 0,

., AP, — P, A 2e*
P sup ng”" ( 5 )‘ch’x(\/i_‘_x)_‘_]gle

feEF, veDy 1\/I(f) n \/ﬁ _e—az ’

where v < blv + 1 and o 2727 (y — v) log(2) = 272+ [(b0 — 1)v + 1] log(2).

Proposition 3.2 is proven in Section. 7.1.

Proof of Theorem 3.1. Since v~ > bf, n > 0 in Proposition 3.2 can be chosen such that
v = blv + n = 1. For this choice of 1, Proposition 3.2 implies that

fgﬁnd(Pn -P) _ O]P(n_l/Z) .

=

LV I(f,)
Combined with (13), this yields

B2 (B, pe) + AN Y I(f,) < (1 V I(f,))O0p(n~Y2) + dXon " I(f,) + 6, - (14)
Then, (14) directly implies that
4 I(F) < (LVI(F)Op(n2A7Y) + AI(f,) + Spns

which, together with (10), gives

~

I(f,) = Op(1) .
Combining this result with (14) again leads to

12 (B, pa) + Op(Aun ™) < Op(n™"2) + dNgn ™ I(f.) + 8, .
This concludes the proof of Theorem 3.1. O

Theorem 3.1 shows that h?(p,, p.) vanishes as n goes to infinity. However, this does not
imply the convergence of (f,,, V) to (f«, ). The convergence of the estimators (f,,,7,) is
addressed in the case where the set D, may be written as

Dy ={v,; a€ A}, (15)

where A is a parameter set not necessarily of finite dimension. The §,-MPLE is then given
by:

n—1
(fr @) < argmaxds {Z npy., (Yi) - AnI(f)} :

fEF, ac A =0

H4 a) A is endowed with a distance d 4 such that A is compact with respect to the
topology defined by d 4,

b) F is endowed with a metric dr such that Fa, def {f eF; I(f) < M} is compact

for all M > 0 with respect to the topology defined by dr,

¢) The function (f,a) — h%(pf..,,ps) is continuous with respect to the topology on
F x A induced by the product distance d on F x A.



Corollary 3.3 establishes the convergence of (fn,an) to the set £, defined as:

def
&= {(f,0) € F X A5 pro, =P, } - (16)
Define for all (f,a) € F x A,

d((f,a),(‘:*) = inf d((f’a)v(f/’a/)) .
(f,a’)€EL
Corollary 3.3. Assume HI1-J hold for some v such that vbl < 1. Assume also that \,, and
0n satisfy
An
Aot — 0, An Y% — 400 and 8, =0 () .
n

n—-+oo n—-+oo
Then,
A ((Fsin) £2) = 0p(1) -

Corollary 3.3 is a direct consequence of Theorem 3.1 and of the properties of d 4 and dr
and its proof is therefore omitted. The few assumptions on the model allow only to establish
the convergence of the estimators (f,,,a,) to the set &, in Corollary 3.3.

4 Identifiability when X is a subset of R™

The aim of this section is to characterize the set &, given by (16) when b = 1 and when
b = 2 (the characterization of £, when b > 2 follows the same lines) with some additional
assumptions on the model, on F and on Dy. In the sequel, v}, , must satisfy 0 < v_ <y, <
vy for some constants v_ and vy. It is assumed that X is a subset of R for some m > 1

o
and that u is the Lebesgue measure. For any subset A of R™, A stands for the interior of
A and A for the closure of A. Consider the following assumptions on the state-space X.

H5 a) X is non empty, compact and X = X|
b) X is arcwise and simply connected.

The compactness implies that X is closed and that continuous functions on X are
bounded. By the last assumption of Hb5a), the interior of X is not empty and any ele-
ment in X is the limit of elements of the interior of X. Finally, X is arcwise and simply
connected to ensure topological properties used in the proofs of the identifiability results
below.

A function f : U — f(U) C R defined on an open subset U of R™ is a C!-diffeomorphism
if its differential function x +— D, f is continuous and if, for all « in U, rank(D,f) =m. A
function f : X — f(X) is said to be C! (resp. a C!-diffeomorphism) if f is the restriction
to X of a C* function (resp. a C!-diffeomorphism) defined on an open neighborhood of X in
R™.

H6 f, is a Cl-diffeomorphism from X to f,(X).

H6 might be seen as a restrictive assumption. Nevertheless, when ¢ > 2m + 1, by Whit-
ney’s embedding theorem ([27]) every continuous function from X to R’ can be approximated
by a smooth embedding. In the case b = 1, Proposition 4.1 discusses the identifiability when

F is a subset of C!. For all differential function ¢ : X — X, let J, be the determinant of the

Jacobian matrix of ¢: Jy(x) 4 Qet (D).



Proposition 4.1 (b=1). Assume that H3-6 hold. Let f € C' and let v € Dy. Then,
Pty = Pfoan., if and only if fi and f have the same image in RY, ¢ = f-' o f is bijective
and, for p almost every x € X,

v(x) = [Jo(x)[1,4(d(2)) -

The proof of Proposition 4.1 is given in Section 7.2.

Remark 4.2. Proposition 4.1 states that (f,v) is related to (fs,v1,+) through the bijective
state-space transformation ¢. In the particular case where X = [0,1] (m = 1), Propo-
sition 4.1 implies a sharper result. Assume that D1 = {1, = 1} (v1 is the uniform
distribution density and is known). Then, Proposition 4.1 implies the existence of a C! and
bijective function ¢ satisfying f = f. o ¢ and |Jy| = 1. Hence, ¢ 1z —xor ¢p:x—1—=x
which are the two isometric transformations of [0, 1].

This cannot be extended to the case m > 1 where |J4| = 1 does not necessarily imply
that ¢ is isometric but only that ¢ preserves volumes.

Proposition 4.3 establishes the identifiability of the model when b = 2. In this case, v ,
can be written vy 4 (z,2") = vi(z)g.(z,2") where g, is a transition density with (unique)
stationary probability density v,. For any transition density ¢ on X? satisfying

for all z, 2" € X ,0 < q_ < q(z,2") < q, (17)

there exists a stationary density v associated with ¢ satisfying, for allz € X ¢_ < v(z) < g4.
Denote by v, this density.

Proposition 4.3 (b=2). Assume that H5 and H6 hold. Let f € C' and q be a transition
density satisfying (17). Let vo(x,2") = vy(x)q(x,2"). Then, pgu, = Py, v, if and only if fi
and f have the same image in R®, ¢ = f7' o f is bijective and p ® p almost everywhere in
X2,

q(z,2") = [Jo(2')|a.(d(2), (")) - (18)

Proposition 4.3 is proved in Section 7.3.

Corollary 4.4. Assume that the same assumptions as in Proposition 4.3 hold. Assume in
addition that q, and q are of the form.:

g(@,2") = ex(@)pu(lle = 2'|l) . ql@,2") = c(@)p(llx — 2"|]) ,

where p and py are two continuous functions defined on Ry. If in addition py is one-to-one
then, ps o, = Py, v, if and only if fi and f have the same image in RY, ¢ = flofisan
isometry on X and ¢ = q.

5 Application when F is a Sobolev class of functions
In this section, X is a subset of R™, m > 1 and the results of Section 3 and Section 4 are

applied to a specific class of functions F with an example of complexity function I satisfying
H2 and the compacity assumption H4-b). Let p > 1, define

v L = [ 1@l <o}
X



Forany f : X — Rf and any j € {1,--- , ¢}, the j** component of f is denoted by fj. For any

vector a % {a;}I, of non-negative integers, we write | e > i and DOf 1 X — R
for the vector of partial derivatives of order « of f in the sense of distributions. Let s € N
and W#%P be the Sobolev space on X with parameters s and p, i.e.,

Wer (e 1. DOf € 1P a e N and |a] < s} . (19)
W#?P is endowed with the norm || - ||w<.» defined, for any f € W*P, by

1/p

Ifllwer < |30 DL, : (20)

0<]al<s

For any j € {1,---,¢} and f € W?*P, f; belongs to W*P(X,R), the Sobolev space of
real-valued functions with parameters s and p. For all k,q > 0, define C*(X,R?), the set
of functions f : X — R? which, together with all their partial derivatives D“f of orders
|a| < k are continuous on X. For any f € C*(X,R?) define

def
, © sup | D )
£ Nl x ra) onax Zlégl f(z)

In the particular case ¢ = £, write C* def CF(X,R%). The results of Section 3 and Section 4
can be applied to the class F = W#P under the following assumption.

H7 X has a locally Lipschitz boundary.

H7 means that all z on the boundary of X has a neighbourhood whose intersection with the
boundary of X is the graph of a Lipschitz function.

Let k > 0, by [1, Theorem 6.3], if s > m/p + k and if H5-a) and H7 hold, W*?(X,R) is
compactly embedded into (C*(X,R), || - ||Ck(X’R)). Arguing component by component, W*?
is compactly embedded into C*. Moreover, the identity function id : W*P? — C* being linear
and continuous, there exists a positive coefficient x such that, for any f € WP,

[fller < &l Fllwer - (21)
Then, if s > m/p+k, for any f € F = WP,

[flloe < Kllfllwer - (22)
In the following, dcx is the usual distance on C* associated with || - [|cx. If F = W*P? and

if the complexity function is defined by I(f) = || fH%U,, with vb¢ < 1, then H2 holds and
Theorem 3.1 can be applied. Moreover, by [1, Theorem 6.3], the subspace Fps, M > 1 are
quasi-compact in C¥ and H4-b) holds. Let d4 be a metric on the space A introduced in
(15) such that H4-a) holds and that, for u ® p almost every (x,2') € X2, a > v,(z,2') is
continuous. By the dominated convergence theorem, this implies that H4-c) holds. Define

F {f € W?%P; there exists a € A such that (f,a) € £} .

Then, Proposition 5.1 is a direct application of Corollary 3.3.

10



Proposition 5.1 (F = WP s> m/p+k, k> 0). Assume that H1, H3, H5a) and H7

hold. Assume also that 1(f) = Hf||‘1/éfp for some v such that vbl < 1 and that A\, and 6y,

satisfy

Aot — 0, An V%2 — 400 and 6, =0 (An) .
n—-+oo n—-+oo n

Then,
der (fn,]-"*> = op(1) .

Moreover, as shown in Section 7.2, the assumption X = X together with the continuity
of the functions in F provided by (21) imply that for any f in F, f(X) = fi(X) (see the
proof in Section 7.2). Define the Hausdorff distance dy (A, B) between two compact subsets
A and B of Rf as

def . .
dy(A,B) = flla—0b flla—»5 .
(A B) = mo (sup ol Bl sup it [la bl )

Proposition 5.1 implies Corollary 5.2.

Corollary 5.2 (F = WP, s> m/p). Assume that Hl, H3, H5a) and H7 hold. Assume
also that I(f) = ||f\|11,év,, for some v such that vbl < 1 and that X\, and J,, satisfy

n—-+oo

An
Aot — 0, A V2 — 40 and 8, = O () .
n—+4o0o n

Then,
dre (£, (%), £.(%)) = os(1)

Corollary 5.2 establishes the consistency of the estimator fn(X) of the image of f, in R¢.
This result is particularly interesting since f,(X) is a manifold of dimension smaller than ¢
in R?. The proposed estimation procedure allows to approximate such manifolds of possibly
low dimensions and only observed with additive noise in Rf. Moreover, this result holds
under relatively weak assumptions on the manifold. Since the identifiability of f, is not
necessary to have the identifiability of f,(X), f, is not assumed to be bijective to establish
this result. R

Proposition 5.3 below states the consistency of the estimators (fy,,a,) in the case b = 2
and F = W#P. Assume that for any a in A, v, € D5 is of the form

vo(z,2") = vy, (2)qa(z,2") with gq(x,2") = ca(@)pa(||lz — 2]]) ,

where p_ < p, < py. It is also assumed that there exists a unique a, € A such that
Vg« = Vg, and that p,, is one-to-one. Proposition 5.3 is a direct application of Corollary 3.3
and of Proposition 4.3 and is stated without proof.

Proposition 5.3 (F=WSP, s >m/p+k, k>1, b=2). Assume that Hl, H3 and H5

- 7 hold. Assume also that I(f) = ||f||‘1,évp for some v such that 2v¢ < 1 and that A\, and
On satisfy

n—-+4oo n—-+4oo n

Aot — 0, A Y2 — 40 and 8, = O </\n> .

11



Then,
Fe={fc0d; ¢ is an isometry of X} ,

and N
dex (fn,]:*) =op(l) and dyg(Qn,a.)=o0p(1),

6 Numerical experiments

This section provides a practical implementation of the estimation procedure proposed in
Section 2. The algorithm is applied in the cases b = 1 and b = 2 to assess the consis-
tency and identifiability results with simulated data. When b = 2, the hidden chain is
assumed to be a Markov chain with a parametric transition kernel of the form ¢, (z,z") =
C., (z)exp(—||z’ —z||/a4). This particular case is motivated by the recent work of [10] where
the same assumption on the hidden chain is made to perform indoor simultaneous localiza-
tion and mapping based on WiFi signals. The process (Xj)r>o is the position of a mobile
evolving in a building and receiving the signal strengths Y, which satisfy (1) at each time
step k.

In Section 6.1, a generic EM based procedure is introduced to solve the inference problem
detailed in Section 2. In Section 6.2, we intend to apply this algorithm in the Sobolev
setting of Section 5 with a penalization function I(f) based on the Sobolev norm || - ||y2.2.
The assumptions required to obtain the identifiability and consistency results lead to a
penalization term of the form I(f) = || f||¥2> where ¥ > 2b. As explained in Section 6.2,
the M-step of the EM algorithm is intractable in this case while it can be efficiently performed
under weaker assumptions (e.g. when I(f) is based on the L? norm of f”). Therefore, the
proposed procedure weakens this assumption to illustrate the identifiability and consistency
results. In particular, the convergence observed in the simulations of Section 6.2 seems to
indicate that assumption H2 could be weakened.

6.1 Proposed Expectation Maximization algorithm

This section introduces a practical algorithm to compute the estimators defined in (5) when
dp, is set to zero. Tt is assumed that the maximizer in (5) exists which is the case for instance
in the Sobolev framework of Section 5 and if Dy is compact. This proposed Expectation-
Maximization (EM) based procedure iteratively produces a sequence of estimates 7¢, f1,
t > 0, see [8]. Assume that the current parameter estimates are given by ¢ and ft The
estimates 7' and f+! are defined as one of the maximizers of the function Q:

1
L

(V7f) — Q((Va f)> (ﬁt’f?)) dé E’y‘th}‘\t [lnpf,u (Xk7Yk) |Yk} - )\nI(f) )
0

—

ES
Il

where E_, i [] denotes the conditional expectation under the model parameterized by v

and ft and where, for any x = (2g,...,2p-1) € Xt and any y = (Yo, -y Yp—1) € R,

b—1
i (xy) € v(x) [ oty — F(z)) -
1=0

—~,

Note that the intermediate quantity Q((v, f), (7%, f*)) can be written:
Q. £), (7, 1) = Qi) + Q7 (1) |

12



where

n—1

O By 7 [In {v(Xi)} V4] (23)
k=0
n—1 b—1

MNED B [hl {H @ (Yorti — f(kaJri))} ‘Yk] — Al (f) - (24)
k=0 =0

Therefore 7'+ is obtained by maximizing the function v — Q; (v) and ft“ by maximizing
the function f + Q7(f). Lemma 6.1 proves that the penalized pseudo-likelihood increases
at each iteration of this EM based algorithm. Its proof is postponed to Appendix C.

Lemma 6.1. The sequences 7' and ft satisfy

n—1 n—1
Zlnpft+l,i7t+1 (Yi) — )\nI(]/&Jrl) 2 Zlnpft o0 (Yi) — An[(ﬁ)
k=0 k=0

Remark 6.1. Like for all EM or gradient based procedures, there is no guarantee that the
sequence ( 1t ﬁt)tzo converges, when t grows to infinity, towards the target estimate:

n—1
(fiDn) = argmax {Z Inps, (Yi) — AnI(f)} :
e k=0

Lemma 6.1 only ensures that (ft, D')¢>0 converges towards a local maximum of the penalized
pseudo likelihood. This limitation is proper to models with hidden data.

6.2 Experimental results

This section illustrates the convergence of the estimates (5) using the EM procedure of
Section 6.1. The state-space is X = [0, 1] and the unknown function f, is given by

fe + [0,1] — R?
x = (cos(mzx),sin(mx)) .

Therefore, throughout this section m = 1 and £ = 2. As shown in Section 4, the identifia-
bility of f, up to an isometric function of [0, 1] can be obtained:

- In the case b =1 when vy , is assumed to be known.

- In the case b = 2 when Ds is the set of probability densities defined on X? and of the form
v(z,z') = c(z)p(llz — 2'[]).
The performance of the algorithm is assessed with two numerical experiments.

- First, (Xi)r>o0 is assumed to be i.i.d. uniformly distributed on [0, 1] and only f, is esti-
mated using b =1 in (5).

- Then, (Xj)k>0 is assumed to be a Markov chain with density kernel given by

! J—
0 (2,7) = o, (z,2') & O, (z)exp (_J?JJH)

[e3

and a, and f, are estimated using b = 2 in (5).

13



In both cases, we wish to use the Sobolev setting of Section 5 with A, such that A\,
log(n)n'/? and I(f) = ||f||%§2 with 1/v > bf = 2b so that the hypothesis of Propositions
5.1 and 5.3 are fulfilled. However, as discussed in the next section, such a complexity
function I may be intractable for the optimization problem.

6.2.1 Approximations

The computation of the intermediate quantities (23) and (24) requires an approxima-
tion of the conditional expectations Ej, 7 [(Xk, Yi)[Yy]. For each 0 < k < n —1,

the approximation of the distribution of X conditionally on Y, when the parameters

—~,

are (ﬁt, ft) is dealt with Monte Carlo simulations. For each ¢t > 0 and each 0 < k <

n — 1, the Monte Carlo approximation is based on a set of particles =i }j—V:"‘f, where
EZ’j =( ]i’%, . ,52’71;_1), associated with weights {w,tc’j };V:mf such that for any bounded func-
tion h:
Npe 4
Epe 7o [P(Xe, Y00 | Yi] % > wln(E}, Y0)
j=1
Therefore, (23) and (24) are approximated by:
n—1 Npe ) )
QI ~ Y Y W m{u(E)} (25)
k=0 j=1
1 n—1 Npye b—1
t,j t,j 1
QN ~ 5 30 D Wl S Wi — FEDI Al (26)
k=0 j=1 i=0

However, the maximization of (26) when 1/v > 2b may be complex. Relaxing the hypothesis
1/v > 2b by choosing I(f) = || fll}=2 (1/v = 2) allows to compute the maximizer of
(26) as in [6] where the setting is similar except that I(f) = ||f”[|?,. [6] shows that
the optimization problem can be written as an orthogonal projection in a Hilbert space.
Nevertheless, using 1/v > 2b (where 2b = 2 in the first study and 2b = 4 in the second one)
as requested by Propositions 5.1 and 5.3 leads to a much more complicated optimization
problem since it can not be interpreted as an orthogonal projection in a Hilbert space.

Moreover, the maximization of (26) has been widely studied when I(f) = || f|| %22 is replaced

by I(f) =|/f"|32. In this setting, fP*1is then a regression spline (see for instance [6, 14]).
Therefore, the constraints on I(f) required by Propositions 5.1 and 5.3 are relaxed in the
simulations below where I(f) = ||f”||3. and where pre-built optimized routines' are used

to compute fi+1 given ft.

6.2.2 Experiment 1: (Xj)k>o i.i.d.

In this section, b = 1 and v; , = 1is assumed to be known. The estimation of f, is performed
with N,,. = 100. In this case, for each t > 0,0 <k <n—1and 1 <j < Ny,

;tg”jo — 521 ~ v, and w]tc’j x o(Y; — J/&(gltcd)) '

n the following simulations, we use the csaps Matlab function from the Curve Fitting Toolbox to
perform the M-step based on smoothing splines.

14



Figure 1 displays the L? error of the estimation of f, after 100 iterations as a function of
the number of observations. The L? estimation error decreases quickly for small values of n
(lower than 5000) and then goes on decreasing at a lower rate as n increases. It can be seen
that even with a great number of observations, a small bias still remains for both functions
(with a mean a bit lower than 0.05). Indeed, there are always small errors in the estimation
of f, around x =0 and x = 1.
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Figure 1: L? error after 100 iterations over 100 Monte Carlo runs.
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Figure 2 shows the estimates after 100 iterations when n = 25.000. We observe on
this Monte Carlo study that all the runs converge towards the isometric transformation
z +— fo(1 —x). This can be explained by the choice of the starting point of the EM
algorithm. The isometry is used in Figure 1 to compute the L? error. This simulation
illustrates the identifiability results obtained in Section 4.

15

i
[l |

>

_ I I I I I I I I I
1'50 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(a) With no isometry for fi.

_ | | | | | | | | |
1'50 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b) With the isometry =z + 1 — z for f1.

Figure 2: True functions (bold lines) and estimates after 100 iterations (vertical lines) over
100 Monte Carlo runs (n = 25.000).
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6.2.3 Experiment 2: (Xy),>0 Markov chain

In this section, b = 2 and a, and f, are estimated. Define for any a > 0,

la') =v1a(e) - ula)exp (-5

o
vy a(z) oc egt () = / exp (—M) da’ .
[0.1] @

1

D1 is given by vzi+1 where a*t! is computed by maximizing the function

1 n—1 Npme ) ) )
— 1 2 _ _ = tjletd gt
a > log (a+a*(exp(—1/a) — 1)) + . Z Z wi? 1§40 — Skl s
k=0 j=1
where, for all 0 <k <n—1, (52’%, ,ijl);\’:r"f are independently sampled uniformly in [0, 1] x
[0,1] and associated with the importance weights:

wi? o var (608 qa (€6, &6 e (Yo — FHERE) e (Yargr — FH(ELD)) - (27)

The Monte Carlo approximations are computed using N,,. = 200 and 20.000 observations
(i.e. m = 10.000) are sampled. Figure 3 displays the estimation a, as a function of the
number of iterations of the EM algorithm over 50 independent Monte Carlo runs. The
estimates converge to the true value of a, after few iterations (about 25).

4
35H, 4

3ri B
i\

I I I I I I I I I
05 70 80 90 100

Figure 3: Estimation of a, as a function of the number of iterations of the EM algorithm.
The true value is a, = 1. Median (bold line) and upper and lower quartiles (dotted line)
over 50 Monte Carlo runs.

Figure 4 illustrates Corollary 5.2. It displays the estimation of f,([0,1]) after 100 itera-
tions for several Monte Carlo runs. It shows that despite the variability of the estimation,
the image is well estimated with few observations.
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Figure 4: True image f,([0,1]) (red) and estimates after 100 iterations of the algorithm over
100 Monte Carlo runs (grey).

7 Proofs

7.1 Proof of Proposition 3.2
Recall that for any probability density function p on R*, g, is defined in (12) by

def 11 D+ Ps

=g gy,

The proof relies on the application of Proposition A.1 and Proposition A.2 to obtain first a
concentration inequality for the class of functions Gy;, where M > 1, defined as:

Gu ¥ {gp,, i vEDy, fEFandI(f) <M},

where py,, is defined by (3). For any p > 0, denote by L?(P,) the set of functions g : R® — R
such that E[|g(Y0)[’] < +oco. For any x > 0 and any set G of functions from R% to R,
let Ny(%,G, | - lLe(p,)) be the smallest integer N such that there exists a set of functions

{(gF,9Y)}7 | for which:

a) [lg¥ — gFllr@,) < wforallie{l,--- , N}

b) for any g in G, there exists ¢ € {1,--- , N} such that
g <g<g/ .

Ny(k,G, | - [lLrp,)) is the s-number with bracketing of G, and Hpj(k,G,|| - [|Lr(p,)) o

In Ny(s,G, || - lLee,)) is the k-entropy with bracketing of G. For any bounded function
g, define

n—1

5u(g) X n / gd(P, —P.) = 3 g(Ys) — nE[g(Yo)] (25)
k=0
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Application of Proposition A.1 Proposition A.1 is applied to the class of functions

G defined as

G E {g—E[g(Yo)l; g€ Gu} -

- By H2, there exists C' > 0 such that for any ¢ > 0, and any g € Gy,

g (Yo)l < CM"” (1 + [[Y5]]) < OM" (1 + [[£(X0) || + [leil])
SCOMY (14 || filloo + llell)
SOMY (14 Jlel]) -

Define U; & cMmv (1+ ||€i]]). Then, the random variables (U;);>o are i.i.d. and for all

i>0,]9(Y;) —E[g9(Yo)]| < U; +E[Up]. Furthermore,

E[(U; + E[U))**] < k"' with v CM? and ¢ cm?.

- On the other hand, since the random variables (ex)ir>o are iid. and (Xj)r>o is ®-
mixing, (Yx)k>o is also ®@-mixing with mixing coefficients (¢ );>o satisfying, for all i > 1,

Y <X = 6141 Therefore @Y =3, (9Y)"/? < .

By Proposition A.1, there exists a positive constant C' such that for any positive x,

P | sup |Sn(g9)] > E [ sup |Sn(g)|] +C®Y x (Vnz+2) MV| <e ™. (29)

9EGM 9EGM

Application of Proposition A.2 Proposition A.2 is used to control the inner expectation
n (29). Let r > 1. By [21, Lemma 7.26] and since the Hellinger distance is bounded by 1,
there exists a constant ¢ such that for any g =g,,, € Gu.

lgllZ5r@,) <6 -

By Lemma B.1, for any ¢ > 1, any s > bf//q and any 8 > s+ bl(1 — 1/q), there exists a
constant ¢ such that, for all u > 0,

bl/s
(30)

u2r

MU(8+B+bl/q)
%Wﬁﬂmww%ﬂﬁc<)

and
def § §
PO [ HY 2 sy Gar)du < b 00/ [ rrngy,
0 0

Choosing 8 < s+ bl(1 — 1/q) + 2, if s goes to +oo then the last integral is finite, and
(s + B + bl/q)blv/(2s) converges to blv, so that for any n > 0 there exists a positive

constant ¢ such that
QP((S) < cMbtvtn

Finally, by Proposition A.2 for any n > 0, there exists a constant A such that for n large
enough

E%wh%@@SA%wW””

9€Gm

19



Then, by (29), this yields
P [ sup [Sn(g)| > c®Y x (Vnz+1z) MY + A\/HMMU"'"} <e . (31)
9€GMm

Proposition 3.2 is then proved using a peeling argument. By (28) and (31), for any M > 1,
any large enough n and any x > 0, if v = blv + 7,

d(P,, — P,
P Sup|fg()}>C<I)YX(\/E+x)+A
9€GMm M~ n n \/ﬁ

We can write

e MTTe (32)

[ 9p,., (B, —P,)| z x\ 24 -
P| sup = >e®Y x (ot )+ = <Pt ) T,
|j€]—', veDy LVI(f) non vn ' kZ:O ’
where
d(P,, — P, 27A
P d;f sup |fgpf’u ( n )| ZC‘I’YX <\/?+17)+ s
feF; I(f)<1, LV I(f) non Vn
veED,
d(P,, — P v
T, % p sup [ 9p,., d(Bn — P, ZC<I,YX< x+x> 274
FeF; 2k <I(f)<2kt, 1\/I(f)'Y n n \/ﬁ
L veDy
By (32),
27A
P1<P{sup /gd(IP’n—IP’*) > c®Y x (\/E‘Fx)‘k} )
9€G n n \/ﬁ

<P {sup
9€6G1

[oaw. -

A

> (I)Y E \/El' < —T
=¢ x <\/;+ n N ¢
and for all £ > 0,

d(P,, — P, A
T, <P sup WZC(I,YX(\/E+x)+
9EGk+1 27(k+1) 27 n n \/ﬁ

)

_Q(V*v)(kJrl)x/Q?’v

Ugd(Pn*P*” Y T x A
< = > — 4+ <
=" |J]€Sgll£)+1 27(k+1) Z Rt X 227n * 227 - \/ﬁ =
Using (32),
d(P, — P 27 A
IP’{ sup ngf’" (P *)| ZC<I>Y><< x+x>+}
fEF, vED, 1v ](f)'Y n n \/’ﬁ
= (v—v)(k+1) 2y
< e % 4 2672 z/2
k=0
<e T4 z:e—(k'-&-l)ﬂc10g(2)(’7—v)/227
k=0
e -
- 1—eox’
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which concludes the proof of Proposition 3.2.

7.2 Proof of Proposition 4.1

Assume that h(py,.,py, 1, ,) = 0 (the proof of the converse proposition is straightforward).
Let X{, be a random variable on X with distribution v(z)u(dz). Since € is a Gaussian
random variable, h(py,., Py, 1, ,) = 0 implies that f(X{) has the same distribution as f,(Xo).

Proof that f and f, have the same image in R’. Let y € f(X), n>1and B(y,n™!)
be the open Euclidean ball in R? centered at y with radius n=!. As y € f(X) and f is
continuous, there exists a nonempty open subset O of R™ such that f~Y(B(y,n71)) = ONX.,

Since X = X, X is not empty and so is the interior of f~(B(y,n~!)) (which is equal to

o ﬁ?og) Therefore, 1 {f~* (B (y,n™"))} > 0. Then, using that v > v_ and that f(X}) has
the same distribution as f,(Xp),

P{Xoe [ (Blyn ) =B{Xo e /7 (B(y.n "))} zv—pn {7 (B(yn7"))} >0,

Hence, f! (B (ym_l)) is nonempty and for all n > 1, there exists z,, € X such that
lly — fi(zn)|| < n~t. Moreover, for all n > 1, f,(x,) lies in the compact set f,(X). This
implies that y € f,(X). The proof of the converse inclusion follows the same lines.

Proof that ¢ is bijective. Since f(X{) has the same distribution as f.(Xg), Xo has the

same distribution as ¢(X() where ¢ def frlof. By H6 ¢ exists and is C'. We prove that
|J4] > 0 using the following result due to [11, Theorem 2, p.99].

Lemma 7.1. If ¢ : X — X is Lipschitz then, for any integrable function g,

[ o@ o@lutan) = [ 3 gt

zep~({y})
Define A 4 {J; eX; V' e (b Y({a}), |Js(z")| > 0}. Let hy be a bounded measurable

real function on X and define h % 14h;. By Lemma 7.1,

E[h o (X3)] / ha($(a’)) La((a) (@ Yu(da)

v(z')

-/ h1<¢<x'>>m<¢<x'>>| AL

_ v(z')
_/Xh1(x)]1,4(a:) Z e

z'€p~1({z})

Since X has the same distribution as ¢(X}),

X X))V x xXr) = 1\T X V(x/) x
| m@1a@n @) = [ m@)1a@ POl
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Applying Lemma 7.1 with g e 1js,)=0 implies that 14 =1 p-a.s. in X and, p-a.s.,

nam = Y (38)

z'ep({=})

Therefore, for p almost every z € X and for all 2’ € ¢~ ({z}),

V_
Jo ()] > — .
o)l = -

By continuity of J, and using that X =X, |J,(z)| > 0 for all x € X. Therefore, ¢ is locally
invertible and, since X is compact, simply connected and arcwise connected, ¢ is bijective
by [2, Theorem 1.8, p.47]. Then (33) ensures that for p almost every x € X,

v1+(6(2)) =

which concludes the proof of Proposition 4.1.

7.3 Proof of Proposition 4.3 and Corollary 4.4

Proof of Proposition 4.3 The proof of (18) follows the same lines as the proof of Propo-
sition 4.1. Let (X}, X]) be a random variable on X? with probability density v(x)q(z, ")
on X2 h(pf,2,pf,,.) = O implies that h(ps,,pys, ) = 0 and, by Proposition 4.1,
f(X) = fu(X) and ¢ = f_ ' o f is bijective. Moreover, since (g, €1) has a Gaussian distribu-
tion, h(py,.2,py, »2) = 0 implies that (#(X), ¢(X1)) has the same distribution as (Xo, X1)
so that for any x in X and any bounded measurable function f on X,

E [¢(X])|Xo = ¢~ (z)] =E[X1|Xo =] .

Following the proof of Proposition 4.1, this gives (18).

Proof of Corollary 4.4 Assume that

gx(@,2") = cu(z)ps(|lz — 2'|])  and  g(z,2") = c(2)p(||z — 2']]) .
By (18),
c(@)p(|lz — 2'l]) = [Jy(a")|ex(d(2)) px(|p(z) — d()]]) - (34)
o(

Applying (34) with « = 2’ implies |Jy(z)| = p*(oo)) C*fq(;gl)). Therefore,

[Jo(2)| _ cl@)en(@(x”)) _ |Jp(a")]
[Jo(a)] ela)el(o(@)  [Jp(@)]

and then, there exists a constant C such that for all x € X, |J4(x)| = C. As ¢ is bijective
we may write

1K) = p($(X)) = /

u(de) = [ 174(e) lde) = Cplx)
#(X) X
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which leads to C' =1 since 0 < u(X) < co. By (34), for any = and 2’ in X,
pllz = a'l]) = pu(ll¢(z) — d()]]). (35)

Let zo € §O§, yo = ¢(xo) and do,dy > 0 be such that B(xg,do) def {z e R™, |lzg —z|] <
do} C X and ¢(B(xo,do)) C B(yo,dy).

Let d < dy and denote by S(xo,d) the set S(zg,d) o {x e R™ | ||lzo — z|| = d}. As ps
is one-to-one, write F' = p; ! o p. (35) implies that ¢(S(xo,d)) C S(yo, F(d)). Furthermore,
using the compactness and the connectivity of S(zo,d), ¢(S(xo,d)) = S(yo, F(d)) which,
together with the continuity of ¢, guarantees that ¢(B(zo,d)) = B(yo, F(d)). Finally,
because ¢ preserves the volumes, for any d < dy, F(d) = d and for any « € X and any
x' € B(x,dy), ||z — 2'|| = ||¢(x) — ¢(a”)||. The proof is concluded using the connectivity of
X.

A Concentration results for the empirical process of un-
bounded functions

Proposition A.1 provides a concentration inequality on the empirical process over a class of
functions G for which |g(Z;)| can be bounded uniformly in g € G by an independent process
U; with bounded moments. This unusual condition is more general than [24, Theorem 3]
which considered a uniformly bounded class of functions.

Proposition A.1. Let (Z,),>0 be a ®-mizing process taking values in a set Z. Assume
that the ®-mizing coefficients associated with (Zy)n>0 satisfy:

&Y G oo
i=1

Let G be some countable class of real valued measurable functions defined on Z. Assume
that there exists a sequence of independent random variables (U;);>0 such that:

- foranygin G ,
l9(Z:)| < U; as. ; (36)

- there exists some positive numbers v and c such that, for any k > 1:

n—1

> E (U] < knwe" ! (37)
=0

Then, for any positive x,

P [Sn >2® x (2\/n1/a: + ﬁx)] <e™®,

where ) )
Sp=sup Y g(Z;)| —E |sup | > _ g(Z:)
9€9 |20 9€9 |0
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Proof. For any real valued random variable and for any real random variable X, define

Px(A) L (E [exp (AX)]), Following the proof of [24, Theorem 3] together with the dis-
cussion about the dependence structure in [24, Section 2], we have

e (v, (2)) <2 fown [0 207 oo [0 B )]

where V2 & >, UZ. Using (36) and by independence of the (U;);>o,
A 22~ ] 22’ ¢ 2
Z < : :
exp <1/15n (4)> <E [exp [/\ 1 2221 U; exp A 3 ;21 E[U7]

- 5 : 2 9% ¢ 2
< H]E exp | A TUi exp A ?ZE[UJ
i=1 1=1

)

Thus,
% 29 ¢ 2
s, (V/4) < Zln{ [exp(A 4Ui>”+A KEE[UJ
Since for any u > 0, In(u) < u — 1, this yields
IR CI’2 2k 2 9% ¢ 2
vs, (M4 <5 o [N ZE U]+ 3= E[U;
k=1 i=1
Then, by (37),
321 [ ,@2 1" 32
2 2 2
Vs, (M4) < nv [)\ 4] 52 [/\ 4c} + [A 84 .

If 0 < A2®2¢/4 < 1,

s, (A 4) < m/)\2 * ! + nvA? —2
2 )
1= X5 8
i 1
2F

,de

Define v/ % 8nv®? and ¢ 2®./c. Therefore,

V/(A/4)2

Vs, (A/4) < 20—\ (39)
Hence, for all 0 < A < 1/¢,
V' \2
¥s, (A) < AN (40)

By the Bernstein type inequality (40), [21, Lemma 2.3] gives, for any measurable set A C

with P(A4) > 0,
E[Su|A] < /20 In <P(1A)) +cIn (1@(114)> .
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Hence, by [21, Lemma 2.4], for any positive z,

P [Sn >V + x| <e T
O

Proposition A.2 below provides a control on the expectation of the empirical process.
It introduces a [-mixing condition (see [7]) which is weaker than the ®-mixing condition
considered in Proposition A.1. The S-mixing coefficient between two o-fields U,V C £ is
defined in [7] by

BU,V) sup Y P(UNV) = PU)P(V;)]
(t,7)€IxJ

where the supremum is taken over all finite partitions (U;);cr and (V});cs respectively U
and V measurable. The corresponding mixing coefficients (5;);>0 associated with a process
(Xk)k>o0 satisty 8; < ¢, for all ¢ > 1.

Proposition A.2. Let (Z;);>0 be a stationary process taking values in a Polish space Z
and let P, be the distribution of Zy. Assume that the sequence (Z;);>o is B-mizing and that

oo
Zﬁi < 00.
1=1

Let G be a countable class of functions on Z. Assume that there exist v > 1 and § > 0 such

that for any g € G,

1/2r

def r
gllrer @) = E [9(Zo)*"] <5.

Assume also that the bracketing function satisfies

1
/0 \/H[](“» Il - lLere,y, G)du < oo .

§
o) i= [ Hyw [ e, O
0

is finite and there exists a constant A such that for n big enough

Then,

E sup (o)l | < ViAp(H). (41)

9eg

where, for all g € G, Su(9) = 1=y 9(Zi) —nE [9(Zo))-
Proof. This is a direct application of the remark following [9, Theorem 3]. O

B Entropy of the class G,

Lemma B.1. For any q > 1, any s > bl/q and any even integer (B, provided that 5 >
s+ bl(1—1/q), there exists a constant C such that for all u > 0,

be/s

(42)

Mo(s+B+bl/q)
u2r )

Hy(ow || - [lu2re.ys Gar) < C (
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Proof. By [21, Lemma 7.26], for any probability densities p; and py on RY,

9p = 9o |50 e,y < CllvD2 = VP I[T2(moey -
Since ||/p2 — \/pTHiQ(RM) < |lp2 — p1llL1(wee), this yields, for any u > 0,
Hyy(u, || - [|L2r e,y Gar) < Hy (W /O] - eey, Pur) (43)

where Py def {pfv; v €Dy, feFand I(f) < M}. Thus, it remains to bound the entropy
with bracketing of Py associated with || - |[;1(gee) to control the entropy with bracketing of
Gar associated with || - [|r2r(p,). For any ¢ > 1 and s > 0, define the Sobolev space on R":

Wt (R R) < (R 5 R; D*helfaecN’and0<|a|<s} .

For any 8 > 0, let (-)? be the polynomial function on R* given by y ~ (y)? def (1+ ||yH2)B/2
and W#4 (RM ()P ) be the corresponding weighted Sobolev space:

W (RY, (V) € {hRY 5 R; y e (y)Ph(y) € W (R R)} .

Lemma B.2 establishes that, for any M > 1, ¢ > 1, s > bl/q and even integer S, the
normalized classes of functions Py /MV+5+4/4) are in the same bounded subspace of
We4(RY, (y)?). By [23, Corollary 4], for any ¢ > 1, and any s > bf/q, provided that
B> s+ bl(1—1/q), there exists a constant C' such that, for all € > 0,

Hy (6, Il ”Ll(RW),PM/MU(SJFﬁerZ/q)) < Cethls

The proof is concluded by (43). O

Lemma B.2. Assume that H2 holds for some v > 0. Then, for any q > 1, s > bl/q and
any even B > 0, there exists C' > 0 such that for any f € F and any v € Dy,

1y = ) s ) lweage gy < CLVI(F)0) 0

Proof. Let f be a function in F, for any v € Dy,

Iy = &2 Oy aggoezy = 2 1D ()2 (¥) 1 -
jal<s

Applying the general Leibniz rule component by component yields, for any o € N,
L
D () s) = 5 TT ()0 @0 (o1 (1)
o' <aj=1 J
Then, Lemma B.2 requires to control ||Da(1)(<y>ﬁ)Da(2) (py)|lL» for any given a¥) and

a® in N**. For any « in N%, there exists a polynomial function P, with degree lower than
|| such that, for any y € R,

Ds) = [ Pal60 =)o {600 yI [ . a9
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Moreover, since 3 is an even number, for any a € N* such that |a| < 8, D¥((y)?) is a
polynomial function denoted by Ps, with degree lower than S — |a|. In the case where

la| > B, D*({y)?) = 0. Define (v, f) LRV I(f)¥. By H2, there exists a constant C' > 0

such that, for any x € X, ||f(x)|| < CI(f)" < Ck(v, f). Since P, and Py ,a) are both
polynomial functions, there exists a constant C' depending on o), a(?) and g such that, for
any y € R" and any x € X?,

1Pt (9 Pace (E) = 3)| < Tiaews [+ Iy IP x (o, £) + v ]

Define the following subset of R

ef
A € {y e RY; |ly|| < Ok(v, f)} .

[£(x) — ¥l can be lower bounded by 0 when y € Ay and by |y — Cx(v, f) when y € A§.
Therefore, uniformly in x € X?,

exp {~[[£x) — ¥I12/2} < 1, () + Las (v exp { — (Cnw, £) — [l])? /2}

Then, there exists a constant C' > 0, such that for any ¢ > 1,

a® a® o
”D (<y>ﬁ)D (pf,l/)H%q < 1\a(1)\§6 [GH(Uv f)ql | (Il + IQ) )
where,
@
B[yt (1 L " ey
Ay K’(Uaf) ’
@
I d:ef/ (14 [yl @D (14 ¥l " le*Q(CW(U’f)*HyH)2/2)\®b(dy) '
AS K(Uaf)

f

By the change of variables z’ = (k(v, f)) "y in I; and I, there exists a constant C' such
that

a® a® @@ (1o

1D () D (pra)llf, < Cr(w, frleImleiemeet, (46)

Using (46) in (44) with a(® = o/ and a® = o — o for any |a| < s and o/ < a concludes
the proof of Lemma B.2. O
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C

Proof of Lemma 6.1

The proof follows the same lines as the one for the usual EM algorithm. For all0 < k < n—1,
all fe Fandallae A

In [pf,a (Yk)e”"’(f)/"} =1In /pf,a (X7Yk)e_k"l(f)/"ﬂ®2(d><)} 7

Dgv gv (x[Yy)

Po v (X[Yk)

Pra(x,Yy) e~ AnI(f)/n
Do gr (x[Y)

Pra(x,Yg)e A/ ®2
> 2 - (X|Yg)In pe(dx) ,
- /pf @ ( | k) [ pfp,ap (X‘ Y k) ( )

=1In /pf,a (Xa Yk) ei)\nl(f)/n :u®2 (dx)] )

=1In /pfpﬁp (X|Y1€)

u®2(dX)1 7

where the last inequality comes from the concavity of x — logx. Then,

I [pra (V) e O] < [pg, o, (Vi) e T T0]

> Bay o (g (i Vi) = Inpg, oy (%, Y0 Y] = 22 (1)~ 1(7))

The proof is concluded by definition of GP+1 and fP+!.
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