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Nonparametric regression on hidden ®-mixing variables:
identifiability and consistency of a pseudo-likelihood
based estimation procedure

Thierry Dumont *and Sylvain Le Corff '
February 10, 2014

Abstract

This paper outlines a new nonparametric estimation procedure for unobserved ®-
mixing processes. It is assumed that the only information on the stationary hidden
states (Xx)r>o0 is given by the process (Yi)r>0, where Y} is a noisy observation of
f«(X&%). The paper introduces a maximum pseudo-likelihood procedure to estimate
the function f, and the distribution v, of (Xo,..., Xp—1) using blocks of observations
of length b. The identifiability of the model is studied in the particular cases b = 1
and b = 2 and the consistency of the estimators of f. and of v, as the number of
observations grows to infinity is established.

1 Introduction

The model considered in this paper is made of a bivariate stochastic process {(X, Y%) } k>0
where only a sample of the observation sequence {Y}r>o is available. These observations
are given by

Yi = fu(Xk) + €,

where f, is a function defined on a space X and taking values in Rf. The measurement
noise (ex)r>o is an independent and identically distributed (i.i.d.) sequence of Gaussian
random vectors of RY. This paper proposes a new method to estimate the function f, and
the distribution of the hidden states using only the observations (Y3)r>o. Note that the
setting introduced here encompasses the case of hidden Markov models in which the state
sequence (Xj)r>o0 is a Markov chain, the observations (Y})r>o are independent conditionally
on (Xj)k>0 and where the conditional distribution of Y}, given the state sequence depends
only on Xj. These hidden models can be applied in a large variety of disciplines such as
financial econometrics [15], biology [3] or speech recognition [11].

It is clear that the model considered in this paper is not identifiable with no additional
assumptions and that the statistical inference of f, may not be possible. For instance, if
X = o(X) where o : X — X is a bijective function, then Y; = f*oa_l(f(k)—l—ek. Therefore,
there exist a function f and a process ()~( &)k>0 on X fully characterizing the distribution
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of the observation process (Yj)r>0 and it is not possible to define a consistent estimator
of f, using the observations (Yj)r>o only. It is then natural to study the identifiability
with some assumptions on the model, which is done in Proposition 4.1 and Proposition 4.3
below. To our best knowledge, these are the first results about the identifiability of the
nonparametric regression models on hidden variables studied in this paper. It is assumed
that the state-space X is a compact subset of R™ and that f, is a C! diffeomorphism. The C*
regularity hypothesis on the target function f, allows to perform the estimation procedure
in a Sobolev setting such as in classical regression frameworks. The invertibility of f, is
a somehow strong assumption. Nevertheless, in the case ¢ > 2m + 1, this assumption is
satisfied for a dense class of functions in C'. Proposition 4.1 establishes that if X, has a
distribution with probability density v and if f : X — R’ is such that f(f(o) and f,(Xo)
have the same distribution then: (a) f = f, o ¢ with ¢ : X — X a bijective function
and (b) v is obtained by a transformation of the distribution density of Xg involving ¢.
When m = 1 and Xg is uniformly distributed on X, ¢ is an isometric transformation of
X and the model is almost identifiable. Proposition 4.3 states a similar result on f, and
on the distribution of (Xo, X1) when (f(Xo), f(X1)) and (f.(Xo), f.(X1)) have the same
distribution. As a striking consequence, Corollary 4.4 shows that if the density of the
distribution of X; conditionally on Xo = z is of the form ¢.(z,2") = c.(z)p.(||lz — 2'|),
then ¢, and the full distribution of (X, X7) are identifiable. In addition f = f, o ¢ with
¢ : X — X an isometric function.

This paper also proposes a new method to estimate the function f, and the distribution
vy of the hidden states (X, ..., Xp—1) for a fixed parameter b using only the observations
(Yi)k>0- Note that this nonparametric estimation problem differs from classical regression
settings since the variables (Xj)k>0 are not observed. In errors-in-variables models, the
random variables (Xy)r>o are i.i.d. and observed through a sequence (Zy)g>o0, t.e. Z =
Xi+n, and Yy, = fo(Xk) +€x, where the variables (1) >0 are i.i.d with known distribution.
Many solutions have been proposed to solve this problem, see [9] and [10] for a ratio of
deconvolution kernel estimators, [12] for B-splines estimators and [4] for a procedure based
on the minimization of a penalized contrast. In the case where the hidden state is a Markov
chain, [14] and [13] considered the following observation model Y, = X + €, where the
random variables {ey}r>0 are i.i.d. with known distribution. [14] (resp. [13]) proposed an
estimate of the transition density (resp. the stationary density and the transition density) of
the Markov chain (X} )r>0 based on the minimization of a penalized Lo contrast. However,
there does not exist any result on the nonparametric estimation problem studied in this
paper with unobserved states (Xy)x>o0-

As mentioned in the discussion on the identifiability of the model, it is assumed that f,
is a C! diffeomorphism. It is therefore rational to introduce a likelihood based procedure
which penalizes the complexity of the estimated function f. The observations are decom-
posed into non-overlapping blocks (Yxs, ..., Y(x11)p—1) and the pseudo-loglikelihood of the
observations (Yo, ..., Yup—1) considered in this paper is given by the sum of the loglikeli-
hood of (Yp, ..., Ykt1)p—1) for k € {0,...,n —1}. The estimator (f.,7n) of (fasVbs) 18
defined as a maximizer of the penalized version of the pseudo-likelihood of the observations
(Yo, ...,Y,5—1). This estimator of f, can be used to define an estimator p,, of the density of
the distribution of (Yp,...,Y,—1). Theorem 3.1 states that the Hellinger distance between
Drn and the true distribution of a block of observations vanishes as the number of observa-
tions grows to infinity. More precisely, this Hellinger distance converges at a rate which can
be chosen as close as possible to n~'/4. To establish this result, the penalization function



needs only to be lower bounded by a power of the supremum norm. The rate obtained in
Theorem 3.1 is slower than the rate of convergence given in [20, Theorem 10.6] which uses
a penalty term directly based on the regularity of the density (and not on the regularity of
f as it is considered in this paper). We believe that the rate of convergence of Theorem 3.1
could be improved for particular choices of function space and complexity function used
in the penalized pseudo-likelihood. The consistency of (f,,,7,) follows as a consequence
together with some continuity properties, see Corollary 3.3. The rate of convergence of fn
to f. remains an open problem and seems to be very challenging.

It is also proven that the results presented in this paper hold in the special case where
the function f, belongs to a Sobolev space provided that the order s of the Sobolev space
and the order p of the associated L, space satisfy s > m/p+ 1 to allow the use of classical
embedding into the space of continuously differentiable functions on X. Proposition 5.1
establishes the consistency of the estimator of f, when the penalization function is based
on the Sobolev norm.

The proof of the convergence of the Hellinger distance between p,, and the true distribu-
tion of a block of observations relies on a concentration inequality for the empirical process
of the observations. This result is obtained by an extension of the concentration inequality
for ®-mixing processes given in [19, Theorem 3|. The inequality of [19, Theorem 3] holds
for empirical processes based on uniformly bounded functions which is not the case in the
model presented here but a similar control can be proven under the assumptions of this
paper. Then, the control of the expectation of the supremum of the empirical process is
given by a direct application of the maximal inequality for dependent processes of [7].

The theoretical results given in the paper are supported by numerical experiments: in
the case where m = 1, an Expectation-Maximization (see [6]) based algorithm is outlined

to compute 7, and f,,.

The model and the estimators are presented in Section 2. The consistency results are
displayed in Section 3. The identifiability in the cases b = 1 and b = 2 is addressed in
Section 4. The application to a Sobolev class of function is detailed in Section 5 and the
algorithm and numerical experiments are displayed in Section 6. Section 7 gathers important
proofs on the identifiability and consistency needed to state the main results.

2 Model and definitions

Let (2,&,P) be a probability space and (X, X’) be a general state space equipped with a
measure p. Let (Xi)r>0 be a stationary process defined on  and taking values in X. This
process is only partially observed through the sequence (Y3)x>o which takes values in R¢,
¢>1. For any k > 1 the sequence (1, ..., xx) is denoted by x1.;. The observations (Y)x>0
are given by

v, & Jo(Xk) + e, (1)

where f, : X — R is a measurable function and (ex)k>0 are i.i.d. with density ¢ with
respect to the Lebesgue measure A of RY, given, for any y;., € R, by:

4
def ¢ 1
plye) = 2m)Pew | 53 07 | - (2)
j=1



The covariance matrix of the observation noise is assumed to be the identity matrix. This
does not imply any loss of generality since with a nonsingular covariance matrix Y, the
observation Y}, can just be replaced by X71Y.

One of the objective of this paper is the estimation of the target function f, € F where
F is a set of functions from X to R’. The results presented in Section 3 and Section 4 are
applied in Section 5 when F is a Sobolev space.

Let b be a positive integer. For any sequence (xj)x>0, define xy def (Thby -+ s Tkt 1)b—1)
and for any function f: X — R’ define f : X* — R by

x = (20, 2p-1) = £(x) S (f(wo), .., flwp1)) -

The distribution of Xg is assumed to have a density v, with respect to the measure u®°
on X? which is assumed to lie in a set of probability densities D,. For all f € F and v € Dy,
let ps,, be defined, for all y € RY, by

b—1

pro(y) / v(x) [T o — Fo)u® (dx) - 3)

k=0

Note that p, def Pf.w.. 15 the probability density of Yo defined in (1). The function

n—1

Yo:(n+1)b—1 Z Inps. (yi)
k=0

is referred to as the pseudo log-likelihood of the observations up to time nb — 1.

The estimation procedure introduced in this paper is based on the M-estimation pre-
sented in [21] and [20]. Consider a function I : 7 — R™ which characterizes the complexity
of functions in F and let p, and A\, be some positive numbers. Define the following p,,-
Maximum Pseudo-Likelihood Estimator (p,-MPLE) of (fs, v )

n—1
(Fur7n) ' argmaxe” {Z Inpr (Yi) — Anl(f)} : (4)
k=0

feF, veD?

where argmax? is one of the couples (f’,’) such that
fEF, veD?

n—1 n—1
> nppr (Yi) = AI(f)) > sup {Zlnpf,u (Ye) —/\nl(f)} ~ pn -
k=0 =0

fEF, veD?

The consistency of the estimators is established using a control for empirical processes
associated with mixing sequences. The ®-mixing coefficient between two o-fields U,V C £
is defined in [5] by

def P (U N V) ‘
dU,V)E su — L _P(V)].
Uv) = sw "oy )
P(U)>0

The process (Xx)r>o0 is said to be ®-mixing when lim;_, ®X = 0 where, for all i > 1,

X G (0 (X5 k<0),0(Xp: k>0)) (5)



o (X ; k € C) being the o-field generated by (Xi)rec for any C' C Z. As in [19], the
required concentration inequality for the empirical process is established under the following
assumption on the ®-mixing coefficients of (Xj)x>o-

H1 The stationary process (X )r>o satisfies

=N (@)1 <00, (6)

i=1
where ®X is given by (5).

Remark 2.1. Assume that (X)x>0 is a Markov chain with transition kernel ) and stationary

distribution 7 and that there exist € > 0 and a measure ¥ on X such that, for all z € X and

all Aeé&,
Q(z, A) =z ed(A) .

Then, by [17, Theorem 16.2.4], there exists p € (0,1) such that, for all z € X and all A € £,
Q" (x, A) —v(A)| < p"
Therefore, for all n,i > 0 and A, B € £ such that 7w(A) > 0,

P (X4 € BlX, € A) —P(Xpyi € B)|
S“P( ’VL"F%EB‘XTLGA)_W( )|+|P n-HEB‘X EA)—TI'(B)|,
1

[ @3 =) wtan)| +| [ (@ B) - x(B) wian)

— m(4)

<29

The ®-mixing coefficients associated with (X)g>0 decrease geometrically and Assumption
HI1 is satisfied.

3 General convergence results

Denote by p,, the estimator of p, defined by

—~ def
Pn = P54 - (7)

The first step to prove the consistency of the estimators is to establish the convergence of
Dn to p, using a suitable metric. This is done in Theorem 3.1 where the only assumption
related to the penalization procedure is that the complexity function I is lower bounded by
a power of the supremum norm. Consider the following assumptions.

H2 There exist C' > 0 and v > 0 such that for all f € F,
[fllee <CI(f)", (8)

where, for any f € F, Hf||oo = maéiz Sup\f]( ).

H3 There exist 0 < v_ < vy < 400 such that, for all v € Dy v_ <v <wy.



The convergence of D, to ps is established using the Hellinger metric defined, for any
probability densities p; and py on R, by

Mmmg@ﬂ;/Qﬂ%w@”@ﬂ%QUZ. )

Theorem 3.1 provides a rate of convergence of p,, to p, and a bound for the complexity I (]/”\n)
of the estimator f,. For any sequence of real random variables (Z,,),>0 and any sequence
of positive numbers (@, )n>0, we write Z, = Op(a,) if

lim limsup P(|Z,] > Ta,) =0.

T—+00 n—+o0o

and Z,, = op(aw,) if for all T > 0,

lim P(|Z,] >Ta,)=0.
n—-+oo
Theorem 3.1. Assume H1-3 hold for some v such that blv < 1. Assume also that A\, and
Pn satisfy

1

A
Ao — 0, Ann71/2 — 400 and p, = Op (n> . (10)
n—+4o00 n—-+o00 n

Then,
W) =0 (32) and 1(7,) = 0:00) (1)

Condition 10 implies that the rate of convergence of the Hellinger distance between p,
and the true density p, is slower than n~1/4. This rate is slower than the rate of convergence
given in [20, Theorem 10.6]. [20, Theorem 10.6] performs a localization of the empirical
process concentration which allows to use a penalty term that depends on the regularity
of the density. The rate of convergence may then depend on the regularity of the true
density p, such that more regularity implies a faster rate of convergence. The concentration
result on the empirical process obtained in Proposition 3.2 is established globally on the
class of functions {pf,,,; feF, ve Db} and no localization is performed. Then, the rate
n~1/* corresponds to the "worse case” rate. Such a localization of the empirical process
concentration is a difficult problem in our setting since the regularity targets the class
of functions F rather than the class of densities {ps.; f € F, v € D’} such as in [20].
Measuring the concentration of the empirical process when f is close to f, remains an open
problem even for particular cases. We believe that the rate of convergence of Theorem 3.1
could be improved for particular choices of F and complexity function I if the Hellinger
distance h(py,., p«) could be controlled by a distance between f and f,.

The proof of Theorem 3.1 relies on a basic inequality which provides a simultaneous
control of the Hellinger risk h%(p,,, p,) and of the complexity of the estimator I(f,). Define
for any density function p on Y%,

def 1 p-l-p*

*



Let P,, be the empirical distribution based on the observations {Yk}z;é, i.e., for any mea-
surable set A of R¥,

n—1
of 1
Ba(4) %~ 3 1a(Ya) -
k=0
By (4) and (7), the basic inequality of [20, Lemma 10.5], states that:
B Buspa) + D 1(E) <16 [ g5, By =B + A0 (L) Fpa . (13)

Therefore, a control of [ gz, d(P, — P,) in the right hand side of (13) will simultaneously

provide a bound on the growth of h?(p,, ps) and of T (fn) This control is given in Proposi-
tion 3.2.

Proposition 3.2. Assume H1-3 hold. There exists a positive constant ¢ such that, for any
n > 0, there exist A and N such that for any n > N and any x > 0,

d(P, — P, o
ngf,u ( >‘ZC‘I>(\/E+x>+A]§267
s en, VI Ry R e

P sup

where
o def log(2) (v —v) _ log(2)((bl —1)v + 1)

def
y=bv+n and 527 92(6E0Tn)

Proposition 3.2 is proved in Section. 7.1.

Proof of Theorem 3.1. Since v~ > bf, n > 0 in Proposition 3.2 can be chosen such that
v = blv + n = 1. For this choice of 1, Proposition 3.2 implies that

J 95, 4P — P*)

— =0 n_% .
1V I(F,) P)
Combined with (13), this yields
W2 (B pe) + 4 I (f,) < (LV I(,))Op(n™ %) + AN M I(f,) + py - (14)

Then, (14) directly implies that

41(f,) < AV I(F))0e(nEATY) +AI(f2) + pany "

which, together with (10), gives

~

I(f,) = Op(1) .
Combining this result with (14) again leads to

B2 (D, pe) + Op(Ann™Y) < Op(n™7) + 4Xun " I(f2) + pn -

This concludes the proof of Theorem 3.1. O



Theorem 3.1 shows that h2(D,,p.) vanishes as n — +oo. However, this does not im-
ply the convergence of (f,,7,) to (f«,vs«). The convergence of the estimators (f,,,7,,) is
addressed in the case where the set D, may be written as

Dy ={v,; a€ A}, (15)

where A is a parameter set not necessarily of finite dimension. The p,-MPLE is then given
by:

~

n—1
(Fo@n) = argmax?» {Z npyu, (Yi) - AnI(f)} :

feF, acA k—0

Assume that A is equipped with a distance d4 such that A is compact with respect to

the topology defined by d4. Assume also that F is equipped with a metric dz such that
Fum def {f eF; I(f) < M} is compact for all M > 0 with respect to the topology defined by
dx. Let d be the product distance on F x A. Assume that the function (f,a) — h?(pf.u.,, D)
is continuous with respect to the topology on F x A induced by d. Corollary 3.3 establishes

the convergence of (f,,,ay,) to the set & defined as:

def
&= {(f,a) € F X A; M(pf e Pfva,) =0} - (16)
Corollary 3.3. Assume H1-3 hold for some v such that vbl < 1. Assume also that \,, and
Pn Satisfy
An
Aot — 0, )\nrfl/Q — 400 and p, = 0O (n> .

n—-+o0o n—-+o0o
Then,
d ((fn,an), 5*) = 0p(1) .
Corollary 3.3 is a direct consequence of Theorem 3.1 and of the properties of d4 and

dr and is therefore omitted. The few assumptions on the model allow only to establish the
convergence of the estimators (f,,,a,) to the set & in Corollary 3.3.

4 Identifiability when X is a subset of R

The aim of this section is to characterize the set &, given by (16) when b = 1 and when
b = 2 (the characterization of £, when b > 2 follows the same lines) with some additional
assumptions on the model, on F and on Dy. In the sequel, v, must satisfy 0 < v_ < v, < vy
for some constants v_ and v,.

It is assumed that X is a subset of R™ for some m > 1 and that p is the Lebesgue

measure . For any subset A of R™, A stands for the interior of A and A for the closure of
A. Consider the following assumptions on the state-space X.

H4 a) X is non empty, compact and X = X|
b) X is arcwise and simply connected.
The compactness implies that X is closed and that continuous functions on X are

bounded. By the last assumption of H4a), the interior of X is not empty and any ele-
ment in X is the limit of elements of the interior of X. Finally, X is arcwise and simply



connected to ensure topological properties used in the proofs of the identifiability results
below. A function f is said to be C! (resp. a C!-diffeomorphism) if f is the restriction to X
of a C! function (resp. a C! diffeomorphism) defined on an open neighborhood of X in R™.

H5 f, is a Cl-diffeomorphism from X to f,(X).

H5 assumes that f, needs to be invertible. Nevertheless, this restrictive assumption is
satisfied for almost every functions when ¢ > 2m+1. Indeed, Whitney’s embedding theorem
([22]) states that any continuous function from X to R’ can be approximated by a smooth
embedding.

In the case b = 1, Proposition 4.1 discusses the identifiability when F is a subset of C'.
For any ¢ : X = X let J4 be the determinant of the Jacobian matrix of ¢.

Proposition 4.1 (b=1). Assume that H/ and H5 hold. Let f € C* and let v be a probability
density with respect to p such that 0 < v_ <v <wy. Then, h(pt.,pf, v,) =0 if and only if
f« and f have the same image in RY, ¢ = f='o f is bijective and, for u almost every r € X,

v(z) = |Jg(2)|va(e(2))

The proof of Proposition 4.1 is given in Section 7.2. When F C C!, Proposition 4.1 and
H3 implies that the set &, defined in (16) is given by

(f,a) € E, < There exists a bijective function ¢ € C*(X, X) such that
f=fiogand v, =|Jy| - v 0 ¢ p almost everywhere in X

Remark 4.2. Proposition 4.1 states that the candidates ( f, ) to characterize the distribution
of Yy are necessarily related to (fx,v4) through a state-space transformation denoted by ¢.
In the particular case where X = [0,1] (m = 1) and v, = 1, Proposition 4.1 implies a sharper
result. Assuming that v = v,, Proposition 4.1 implies the existence of a C' and bijective
function ¢ satisfying f = f, o ¢ and |Jy| = 1. Therefore, ¢ : x — z or ¢ : £ — 1 — = which
are the two possible isometric transformations of [0, 1].

When v, is unknown and continuous we can define the uniform random variable on [0, 1]:
Xy = F(X;) where F is the C' and strictly increasing cumulative distribution function of
Xo. The observation Yy can be written Yy = f, (Xo) + ¢ where f, = f, o F~! satisfies the
same hypothesis as f,. Thus, if the true density function v, is continuous, the function f* =
fx o F~1 can be identified up to an isometric transformation of [0, 1] from the distribution
of Yy only. This cannot be extended to the case m > 1 where |J4| =1 does not necessarily
imply that ¢ is isometric but only that ¢ preserves the volumes.

Proposition 4.3 discuss the identifiability when b = 2. In this case, vz, can be writ-
ten vo . (z,2') = vi(x)ge(x, ') where ¢, is a transition density with stationary probability
density v,. For any transition density ¢ on X? satisfying

for all z, 2" € X ,0 < q_ < q(z,2") < qp, (17)

there exists a stationary density v associated with ¢ satisfying, for allz € X ¢— < v(z) < g4.
Denote by v, this density.

Proposition 4.3 (b=2). Assume that Hj and H5 hold. Let f € C' and q be a transition
density satisfying (17). Let va(x,2") = vy(x)q(x,2"). Then, h(pf.u,, 0y, v, ,) = 0 if and only



if fo and f have the same image in RY, ¢ = f 1o f is bijective and p® pu almost everywhere
in X2,
q(x,2") = [Jo(2')|q.(d(x), (")) - (18)

Proposition 4.3 is proved in Section 7.3.

Corollary 4.4. Consider the same assumptions as in Proposition /.53. Assume in addition
that qx and q are of the form:

(x,2") = ex(@)pu(lle = 2'|l) . ql2,2") = c(@)p(llx —2"|]) ,

where p and py are two continuous functions defined on Ry. Assume in addition that py is
one-to-one. Then, h(pf ,, Py, v, .) = 0 if and only if f. and f have the same image in R¢,
¢ = flof is an isometry on X and q¢ = q,.

The proof of Corollary 4.4 is given in Section 7.3. When F C C! and for any a in A,
Vg € Dy is of the form

Va(2,2") = vg,(%)qa (2, 2) with ga(z,2") = ca(@)pa(llz —2'|])
where p_ < p, < p4, Corollary 4.4 implies that the set &£, defined in (16) is given by
(f,a) €& & f = fr o with ¢ an isometry and ¢, = ¢y

Finally, if the only isometry of X is the identity function, and if there exists a unique a4 in
A such that q,, = g«, then & = {(f,ax)} and the model is fully identifiable.

5 Application when F is a Sobolev class of functions

In this section, X is a subset of R™, m > 1 and the results of Section 3 and Section 4 are
applied to a specific class of functions F with an example of complexity function I satisfying
H2. Let p > 1, define

I dzef{f:xwf; 115, = [ f(x)ll”u(dw)<00} |
X

For any f:X — R and any j € {1,---,/}, the j' component of f is denoted by f;. For

any vector a % {a;}™, of non-negative integers, we write || %< S asand DO i X — Rf
for the vector of partial derivatives of order a of f in the sense of distributions. Let s € N
and W#*P be the Sobolev space on X with parameters s and p, i.e.,

Ws’pdéf{fELp; Df e’ a e N" and |o| < s} . (19)
W#?P is equipped with the norm || - [|y=.» defined, for any f € WP, by

1/p

Ifllwer <130 DL, : (20)

0<]al<s

The results of Section 3 and Section 4 can be applied to the class F = W*P under the
following assumption.

10



H6 X has a locally Lipschitz boundary.

HG6 means that all z on the boundary of X has a neighbourhood whose intersection with the
boundary of X is the graph of a Lipshitz function. For any j € {1,--- ¢} and f € W*P,
f;j belongs to W*P(X,R), the Sobolev space of real-valued functions with parameters s and
p. Let k > 0, by [1, Theorem 6.3], if s > m/p + k and if H4a) and H6 holds, W*?(X,R)
is compactly embedded into (Ck(X, R),| - ||Ck> Arguing component by component, W*? is

compactly embedded into C* &ef ok (X, R¥). Moreover, the identity function id : WP — C*
being linear and continuous, there exists a positive coefficient s such that, for any f € WP,

[fller < &llfllwer - (21)
Then, if s > m/p+k, for any f € F = W*P,
1flloe < &llfllwer - (22)

If the complexity function is defined by I(f) = ||f ||%,[/,vp with vbl < 1, then H2 holds and
Theorem 3.1 can be applied. Moreover, by [1, Theorem 6.3], the subspace Fps, M > 1 are
quasi-compact in C*. Let d4 be a metric on the space A introduced in (15) such that A
is compact and that, for 4 ® pu almost every (z,2') € X2, a +— v,(z,2') is continuous. By
applications of the dominated convergence theorem, this implies the continuity of (f,a) —
h(pf,u,,px). Define

F {f € W*P; Ja € A such that (f,a) € &} .

Then, Proposition 5.1 is a direct application of Corollary 3.3.

Proposition 5.1 (F = WP s> m/p+k, k>0). Assume that H1, H3, Hja) and HG

hold. Assume also that I(f) = ||f||%vp for some v such that vbl < 1 and that A\, and p,
satisfy

n—-+o0o n—-+o0o n

Aot — 0, )\nnfl/z — 400 and pnzO(A"> .

Then,
der (fn,]—'*) = op(1) .

Moreover, as shown in Section 7.2 the assumption X = X, together with the continuity
of the functions in F provided by (21) imply that for any f in F,, f(X) = fi(X). Define
the Hausdorff distance dy; (A, B) between two compact subsets A and B of R’ as

def . .
dy(A,B) = flla—0 f —-b
sl B) = m (sup inf [Ja — s sup in fla bl

Proposition 5.1 implies Corollary 5.2.

Corollary 5.2 (F = W*P s >m/p). Assume that Hl, H3, Hja) and H6 hold. Assume
also that I(f) = ||f\|11/évp for some v such that vbl < 1 and that A\,, and p, satisfy

Aot — 0, Aon Y% — 400 and pn:O()\n> .
n

n—-+oo n—+00
Then,
dre (F,(%), £.(%)) = op(1)

11



Corollary 5.2 establishes the consistency of the estimator fn(X) of the image of f, in R¢.
This result is particularly interesting since f,(X) is a manifold of dimension m < ¢ in R,
Thus, the proposed estimation procedure allows to approximate such manifolds, possibly
of low dimensions, that are only observed with additive noise in Rf. Moreover, this result
holds under relatively low regularity assumptions on the manifold.

Proposition 5.3 below states the consistency of the estimators (ﬁ,an) in the case b =2
and F = W#%P. Assume that for any a in A, v, € D5 is of the form

va(z,2) = vg, (2)qa(z, 2') With qa(2,2") = ca(@)pa(|lz = 2[]) ,

where p_ < p, < p+. It is also assumed that there exists a unique a, € A such that v, = v,,
and that p,, is one-to-one. Proposition 5.3 is a direct application of Corollary 3.3 and of
Proposition 4.3 and is stated without proof.

Proposition 5.3 (F = WP s>m/p+k, k>1, b=2). Assume that Hl and H3-6
hold. Assume also that I(f) = ||f||11,‘£§,, for some v such that 2vl < 1 and that A\, and p,
satisfy

An
An~ bt — 0, Aon~ Y2 — 400 and pn=0 <> .
n—-+o0o n—-+o0o n

Then,
Fe={fxo¢; ¢ is an isometry of X} ,

and N
dex (fn,]:*) =op(l) and dyg(Qn,a.)=o0p(1),

6 Numerical experiments

6.1 Proposed Expectation Maximization algorithm
This section introduces a practical algorithm to compute the estimators defined in (4) in the

cases b =1 and b = 2. Tt is assumed that there exists a, > 0 such that for all z,2’ € [0, 1],

Vio(2,2") = Vo, (T)qa, (z,2') ,
where

(£

/ J—
qa, (T, x/) o Ca, (x)exp (_M) .

The unique stationary density associated with q,, is given, for all = € [0,1], by

/ —
exp (—M> dz’ . (23)
]

*

v (0) x Cp ) = [

0,1
For practical considerations, we choose F = W2 and I(f) = ||f||%/é.v2

We introduce an Expectation-Maximization (EM) based procedure which iteratively
produces a sequence of estimates a?, fP, p > 0, see [6]. Assume the current parameter

12



estimates are given by a? and fp. The estimates a?T! and fpﬂ are defined as one of the
maximizer of the function Q:

n—1
~p ef
(a, f) = Q(a, f), @, f7)) < E Ezv 7o I pya (Xok2kr1, Yorioks1) | Yori2kt1]
k=0

1/v
— MallFINS

where E_, o [[] denotes the conditional expectation under the model parameterized by a?

and f” and where
Pra(z,2',y,9) = va(2)ga(@,2")p(y — f(2))e(y — f(2)) -
The intermediate quantity Q((a, f), (a?, fp)) can be written:

Q((a, f). @, 7)) = Q1(a) + Q(f) .

where
n—1
Qpa) = ) Eup 5 [In{va(Xok)qa(Xok, Xont1)} Yok 1]
k=0
n—1
1/v
Q(f) = Ez 7o o {p(Yar — f(Xor))o(Yars1 — f(Xor+1))} [Yorizes1] — )\anHVéS,Q -
k=0

Therefore @**! is obtained by maximizing the function a — Q}(a) and #P+1 by maximizing
the function f Qg(f).

Remark 6.1. In the case b = 1, the functions Qllj and Qi are given by:

n—1
Q;(a) = Eap,fp [ln {va(Xi)} |Yk] )
k=0
n—1
Q) = D Euy s [ {o(Yi — FOXD} |Ye] = AallFIY e -
k=0

Lemma 6.2 proves that the penalized pseudo-likelihood increases at each iteration of this
EM based algorithm.

Lemma 6.2. The sequences aP and fp satisfy

n—1 n—1
Z lnppr-H,ap-%-l (Yk) - /\nl(fp+1) 2 Z lnpfmap (Yk) - /\7LI(fp) .
k=0 k=0

Proof. The proof follows the same lines as the one for the usual EM algorithm. For all

13



0<k<n-—1l,all fe Fandallae A

In [pf’a (Yy) e_A"'I(f)/"} =1In /pf’a (x,Yy) e_)‘"l(f)/"u®2(dx)} ,

pfp aP (X|Yk)
=In /p o (X, Yy e*)‘"l(f)/”’ium dx)| ,
I fs ( ) p‘)’('\piip (X|Yk) ( )

Pra (x,Yg)e A l()/n ®2
=1 N Y d
n /pfp,ap (X| k) ppr - (X|Yk) H ( X) ’

Do (x,Yy) e M INm]
2 [Py (x]Yx) In L2 () |
[rro e

where the last inequality comes from the concavity of z — logx. Then,

In [Pf,a (Yy)e i)/ "} —In [p;p = (Yy) efxnufp)/n]

~

A’”
> Ez 7 [hﬂpf,a (Xk, Yi) —Inpg, 5, (kaYk)‘Yk} - (I(f) —I( p)) :
The proof is concluded by definition of aP*! and fP+1. O

6.2 Numerical approximations

The approximations are presented in the case b = 2, the case b = 1 follows the same lines
(see Remark 6.1).

Computation of gP*!

By definition of v, and q,, the new estimate is set as a minimizer of the function

n—1

1
a > log (a+ a*(exp(—1/a) — 1)) + — E Ezv 7o [ X2k — Xokt1 || Yarions1] -
k=0

In the following, the expectation in the right hand side of the last equation is estimated
using a standard Monte Carlo algorithm (with an importance sampling mechanism) based
on N, simulations. For all 0 < k < n — 1, (X, X5, ,)~ are independently sampled
uniformly in [0, 1] x [0, 1] and associated with the importance weights:

Wi 0 Var (Xop ) dar (Xaps Xapr1) o (Yar — fP (X))o (Yarr1 — fP(Xbpq)) - (24)

Then, @P*! is obtained as a minimizer of the function

L
=

n a

WiicHX%k - X§k+1” .
0i=1

1

a s log (a+ a*(exp(—1/a) — 1)) + —

=~
I
-
Il

14



Computation of fP+!

fp“ is obtained by maximizing the function f — Q%( f) which is equivalent to minimize
the function:

n—1

1 1
Frr g S By o [I¥ak = SO + [Vaksr — F(Xaksn) B[R] + Ml f 22 - (25)
Each expectation in (25) is approximated using Monte Carlo simulations. For all & €
{0,...,n—1}, Ny random variables (X2k7 X§k+1) N1 are sampled uniformly in [0, 1] x [0, 1]
and associated with the random weights (wk)j,vzl given by (24). Then, Ny couples of states
fp-&-l is

- Ny
(X%k, X§k+1)i:1 are drawn from the point mass distribution ;% w}va(XékvXSk+1)'

then obtained by minimizing the function:

n—1 Ny

1 i 1/v

)3 S (IWar = PRI + ¥awes — SR )IP) + Al AL
k: i=1

For practical considerations, the new estimate fP*' is computed using cubic smoothing
splines which are designed to minimize

n—1 Ny
1 i
TZZ (112 = FERBIZ + Va1 = F(Rgpe)2) + Anll 71 -
k;: =1
Proposition 5.3 relies on the assumption that I(f) = ||f H%/évp with 2vf < 1. However,
choosing I(f) = | f"||?. allows to define an algorithm easy to implement with a good

convergence behavior and where the minimization procedure can be directly implemented
using Matlab or R built-in routines.

6.3 Experimental results

The proposed EM based algorithm is applied with a, = 1 and (in this case £ = 2 and
m=1):
fe + [0,1] — R?
x = (cos(mzx),sin(mx)) .

The algorithm is run to estimate f,, f«([0,1]) and a, with initial estimates given by a° = 4
and

RQ
(2,0) .

o -
T —
Case b=1

In this section, according to Remark 4.2, v, = 1 is assumed to be known. The estimation
is performed with Ny = 100 and the penalization constant A is chosen such that A o
log(n)n'/? in order to satisfy the assumption of Section 5. Figure 1 displays the Lo error
of the estimation of f, after 100 iterations of the algorithm as a function of the number of
observations. The Lo estimation error decreases quickly for small values of n (lower than

15



5000) and then goes on decreasing at a lower rate as n increases. It can be seen that even
with a great number of observations, a small bias still remains for both functions (with a
mean a bit lower than 0.05). Indeed, there is always small errors in the estimation of fy
around x =0 and =z = 1.

04r
0351
03

0251

02f g 4
i
|
1
0151 : —_ B
1 H
1 % .
1 = +

005} i 1 } ‘ E’ . g §

Lz error

50 100 500 1000 5000 10000 25000 50000 100000
Number of observations
(a) f1
E T T T T T T T T
08 - = + -
05 | -
I
|
i T
o4 | ! i
- i }
= ! I
& : |
w 03 ] .
- ]

Bl D ‘ |
1
1
|
-

I
01 i i i : 4
1 | — = + A
=l i T ! 2 - |
T = = B = = =
o+ = ]
1 1 L I 1 1 ! L 1
50 100 500 1000 5000 10000 25000 50000 100000
Number of observations
(b) fa.

Figure 1: Ly error after 100 iterations over 100 Monte Carlo runs.

Figure 2 shows the estimates after 100 iterations when n = 25.000. It can be seen that
the second component of f, is estimated with accuracy while the first component of f, is
recovered up to the isometry z — 1 — z (the isometry is used in Figure 1 to compute the
Ly error). This simulation illustrates the identifiability results obtained in Section 4.
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|

0.5

0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1
(a) With no isometry for fi.
1.5
1 i
[Thredd]
0.5 B
ok
-0.51 B
.
-15 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b) With the isometry z — 1 — x for fi.

Figure 2: True functions (bold line) and estimates after 100 iterations (vertical lines) over
100 Monte Carlo runs (n = 25.000).

Case b =2

In this section, a, and f, are estimated. The Monte Carlo approximations are computed
using N, = Ny = 200 and 20.000 observations (i.e. n = 10.000) are sampled.

Figure 3 displays the estimation a, as a function of the number of iterations of the
algorithm over 50 independent Monte Carlo runs. The estimates converge to the true value
of a, after a few number of iterations (about 25).
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20\
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Number of iterations

runs.

100
Figure 3: Estimation of a, as a function of the number of iterations. The true value is

ay = 1. Median (bold line) and upper and lower quartiles (dotted line) over 50 Monte Carlo

Figure 4 illustrates Corollary 5.2. It displays the estimation of f,([0,1]) after 100 itera-
tions for several Monte Carlo runs. It shows that despite the variability of the estimation,
the image is well estimated with few observations.
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Figure 4: True image f,([0,1]) (red) and estimations after 100 iterations of the algorithm
over 100 Monte Carlo runs (grey).

7 Proofs

7.1 Proof of Proposition 3.2

The proof relies on the application of Proposition A.1 and Proposition A.2 to obtain first a
concentration inequality for the class of functions Gy;, where M > 1, defined as:

Gv © {gp,, i vEDy, fEFandI(f) <M},

where py,, is defined by (3) and g,,, by (12). For any p > 0, denote by L,(P,) the set of
functions g : R — R such that E, [|g|"] < +oc. For any x > 0 and any set G of functions
from R* to R, let N(x,G,|| - ||, (,)) be the smallest integer N such that there exists a set

of functions {(glL s ) }i\’:l for which:

a) llgt’ — gfll, @, < wforallie{l, - N}

b) for any g in G, there exists ¢ € {1,--- , N} such that
9 <9<

N(6,G, Il p.)) is the x-number with bracketing of G, and H (%, G, |||, e, )) ' N(k,G,|-

I, (e,)) is the k-entropy with bracketing of G. For any g, define

Sn(g) déf n/gd(Pn - P*) . (26)
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Application of Proposition A.1 Proposition A.1 is applied to the class of functions

G defined as

- def

Ou = {g—E.lgli g Gu} .
Since (ex)g>o is i.i.d. and (Xg)k>o is P-mixing, (Yi)r>o is also ®-mixing with mixing
coefficients (¢ );>o satisfying, for all i > 1,

¢ < OF = i1y -

Therefore ®Y = Zi>1(¢zy)1/2 < 0o0. By H2, there exists C' > 0 such that for any i > 0,
and any g € Gy, B
g (Yi)| < OM” (1 +[Yi])) < OM (1 + |[£.(X3) | + [leil])
S OM? (14 [[fulloo + lleall)
< COM" (1+ [lell) -
Define U; % CMY (1 + ||e;]|). Then (U)o is ii.d., g (Y;) < U; + E [Ug] and there exist
positive constants v and ¢ such that

E [(U; +E[Uo))?*] < kv,

where v = CM?¥ and ¢ = CM?". Then, by Proposition A.1, there exists a positive constant
¢ such that for any positive z,

| s 15,02 5 | sw [5,)]| + @Y (Vim+ ) ar| e )

9EGM 9EGM

Application of Proposition A.2 Proposition A.2 is used to control the inner expectation
in (27). Let r > 1. By [16, Lemma 7.26] and since the Hellinger distance is bounded by 1,
there exists a constant ¢ such that for any g = g,,, , € G-

IglIZr 2.y < CR*(pru,ps) <6

By Lemma B.1, for any p’ > 1, and any s’ > b¢/p’, provided that d > s + bl(1 — i),
there exists a constant C' such that, for all u > 0,

’ be/s’
A [U(S +d+28)
- (28)

u27‘

H(u, | - Ly, p,), Gm) < C (

For any p’ > 1, and any s’ > bl/p’, provided that d > s’ +bl(1 — ;), there exists a constant
C such that

)
def
o(5) / HY2(u, || [l oy, o)l

5
< CM(S/-i-d-ﬁ-b@/p/)g?/ / u—rb(/s/du )
0

Choosing d < s’ +b4(1— %) +2,if ' = +oo then u — u~"%/5" and the last integral is finite,

and (s’ + d + bl/p') % tends to blv, so that for any n > 0 there exists a positive constant
C such that

90(6) < C«Mva+77 .
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Finally, by Proposition A.2 for any n > 0, there exists a constant A such that for n large
enough

E [ sup |sn<g>|} < AR

9EGM
Then, by (27), this yields

P [ sup [Sn(g)| > c®Y (Vnz +z) MY + A\/EMM“"’"} <e ™. (29)
9EGM

Proposition 3.2 is then proved using a peeling argument. By (26) and (29), for any
M >1,any n > N and any = > 0, if v = blv + 7,

‘fgd(Pn_P*>‘ Y \/? x A
Plsup L2 =2 1> Sro) =
o P ()

We can write

ngf d(P, — P*)’ Y <\/; I) (27 Vv1)A =
P sup Y > cd —+— |+ —F| <P+ Ty ,
lfef, veD, LV I(f) non NG kZ:O
where
e d IP)n - P* 27 V 1 A
N S S
FEF (51, LVI(f) non NG
veDy
e d(P, — P 27 v 1)A
T, <P sup LS 9o 4C ol > Y (\/E+x)+( )
FEF; 2k <I(f)<2k T, LVI(f) non NG
L veDy
By (30),
27V 1)A
PlglP{sup /gd(IPn—[P’*) Zc@Y( x_’_x)_i_()} :
9€G1 n n \/ﬁ
T Jex A
S]P) sup /gdpn_]P* >C(I)Y<\/>+)+:|v
|:g€gl ( ) n n \/ﬁ
<e™

and for all £ > 0,

)

x (27Vv1)A
TsF l P 27(k+1) el )

J’_ - 7
9EG,k+1 27\/’77,

d(P,, — P, A
Splsup Ug()‘ZCQ,Y< x + x>+]7

g€gzk+1 27(k+1) 22"/77/ 22’\/’” \/ﬁ

o dEs2l ¢ g

672(770)(k+1)m/22w
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Using (30),

dP, — P v
P| sup L 90, d( ol >c<I>Y< x+x>+(2\/1)A}
fEF, vED, IV I(f) n o n vn
e

k=0

<e T4 Z e~ (k+1)zlog(2)(y—v)/2*

k=0

—Qax

<6*I+67
- 1—e oz’

which concludes the proof of Proposition 3.2.

7.2 Proof of Proposition 4.1

Assume that h(pys.,pr, v, ) = 0 (the proof of the converse proposition is straightforward).
Let X{) be a random variable on X with distribution v(z)u(dz). Since € is a Gaussian
random variable, h(py,,, py, »,) = 0 implies that f(X{) has the same distribution as f,(Xo).

Proof that f and f, have the same image in Rf. Let y € f(X) and n > 1. Using
v > v_, the continuity of f and X = X, f(X{)) has the same distribution as f,(Xo) implies
that,
P{Xoe f (B(yn"))} =P{Xse /" (B(yn"))},
v p{f 7 (Byn )} >0,

as f~1(B(y,n™1)) is a nonempty open subset of X. Therefore f; ! (B (y, n‘l)) is nonempty
and for all n > 1, there exists x,, € X such that ||y — fi(z,)]| <n~!. Foralln > 1, f.(x,) is
in the compact set f,(X) which implies that y € f,(X). The proof of the converse inclusion
follows the same lines.

Proof that ¢ is bijective. Since f(X() has the same distribution as f.(Xo), Xo has the

same distribution as ¢(X()) where ¢ def [ Yo f. To prove that |J,| > 0, we use the following
result due to [8, Theorem 2, p.99].

Lemma 7.1. If ¢ : X — X is Lipschitz then, for any integrable function g,

/X 9(2) | T ()] p(de) = / S g@u(dy).

Loy}

Define A 4 {z e X; Vo' € ¢71({z}), |Js(a’)] > 0}. Let hy be a bounded measurable
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real function on X and define h % 14h;. By Lemma 7.1,

E[ho 6(Xy)] = / P (")) La (D))o (o u(da |
v(z')

- /sgh1(¢(x/))]lA(¢(x/)) | o ()]

v(z')
e Y 2 ).
/ B TR

[To(2')|p(da’) ,

As Xy has the same distribution as ¢(X}),

x T )V (T xXr) = x X M x
[ m@ta@u @) = [ m@ta PN

Applying Lemma 7.1 with g def 1)s,/=0 implies that 14 =1 p-a.s. in X and, p-a.s.,

nw = S A8 (31)

z'€p~ 1 ({z})

Therefore, for p almost every x € X and for all 2’ € ¢~ 1({z}),

V_
Ji(2)] > — .
o) 2 -

o
By continuity of Jy and using that X =X, |Jy(z)| > 0 for all € X. Therefore, ¢ is locally
invertible and, since X is compact, simply connected and arcwise connected, ¢ is bijective
by [2, Theorem 1.8, p.47]. Then (31) ensures that for p almost every z € X,

which concludes the proof of Proposition 4.1.

7.3 Proof of Proposition 4.3 and Corollary 4.4

Proof of Proposition 4.3 The proof of (18) follows the same lines as the proof of Propo-
sition 4.1. Let (X}, X]) be a random variable on X? with probability density v(x)q(z, ")
on X2. h(pf.u2,py, v2) = 0 implies that h(py.,py, »,) = 0 and, by Proposition 4.1, f(X) =
f+(X) and ¢ = f; ! o f is bijective. Moreover, since (e, ¢;) has a Gaussian distribution,
h(pg.u2,py5, ,02) = 0 implies that (¢(Xg),¢(X7)) has the same distribution as (Xo, X1) so
that for any x in X and any bounded measurable function f on X,

E [¢(X1)|Xo =07 (2)] =E[X1|Xo =] .

Following the proof of Proposition 4.1, this gives (18).
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Proof of Corollary 4.4 Assume now that
qu(@,2") = ex(@)pu(llx — 2|]) ,
q(x,2") = c(x)p(|lz — 2'|]) -
We may assume, using an eventual modification of ¢, and ¢ that p(0) = p,(0) = 1. By (18),
c(@)p(llz = 2'[]) = [Jo () lex(d(x)) pulb(z) = S()I]) - (32)
Applying (32) with = 2’ implies |Jy(x)| = c(x)/ci(¢(x)). Therefore,

[Jo@)| _ pulllo(z) = o)) _ pullloe’) = @) _ [Jo(2)]
| Jo (")) p([lz = a'[]) o[z = =[]) [T ()]

and then, for all z € X, |J,(z)| = 1.
Now (32) implies that for any z and 2’ in X,

pllz = 2'|]) = pu(ll¢(z) — ¢(")]])- (33)

Let zo € §o§, yo = ¢(xo) and do,d > 0 be such that B(zg,dp) ef {r e R™, |lzg — 2| <
do} C X and (b(B((E(], do)) C B(y(], d6)

Let d < dg and denote by S(xg,d) the set S(zg,d) Lef {zx e R™ | ||zg — z|| = d}. As p,
is one-to-one, write F' = p;! o p. (33) implies that ¢(S(xo,d)) C S(yo, F(d)). Furthermore,
using the compactness and the connectivity of S(zg,d), #(S(zo,d)) = S(yo, F(d)) which,
together with the continuity of ¢, guarantees that ¢(B(zg,d)) = B(yo, F(d)). Finally,
because ¢ preserves the volumes, for any d < dy, F(d) = d and for any 2 € X and any
2’ € B(z,dy), ||z — 2'|| = ||¢(x) — &(2")||- The proof is concluded using the connectivity of
X.

A Concentration results for the empirical process of un-
bounded functions

Proposition A.1 provides a concentration inequality on the empirical process over a class
of functions G for which |g(Z;)| can be bounded uniformly in ¢ € G by an independent
process U; with bounded moments. This unusual condition is more general than the settings
considered in [19, Theorem 3] which considers a uniformly bounded class of functions.

Proposition A.1. Let (Z,),>0 be a ®-mizing process taking values in a set Z. Assume
that the ®-mizing coefficients associated with (Zy,)n>0 satisfy:

B G < oo
=1

Let G be some countable class of real valued measurable functions defined on Z. Assume
that there exists a sequence of independent random variables (U;);>0 such that:

- forany g in G ,
l9(Zi)] < Ui a.s.; (34)
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- there exists some positive numbers v and ¢ such that, for any k > 1:
n—1

Z E [U*] < klnwct. (35)
i=0

Then, for any positive x,

P[S, >2® (2y/nvx + Vex)| <e™®

where
n—1

—E 9(Zi)

n—1
Su=sup|>_ 9(%)

9€9 |0

sup
9€9 |0

Proof. For any real valued random variable and for any real random variable X, define

Yx(A) EC M (E [exp (AX)]), Following the proof of [19, Theorem 3| together with the dis-
cussion about the dependence structure in [19, Section 2], we have

o (v, (3)) <2 oo 02| oo [0 2]

where V2 % S, UZ. Using (34) and by independence of the (U;);>o,
exp [ ¥g A exp /\2 ZUQ exp /\2(};2 i:E[U?]
n 4 8 Z:1 1
n @ % @2 n
E 22 2 2= ElU2
};[1 {exp [/\ 1 Ul” exp | A 3 ; [U7]

/\

)

IN

Thus,
0 En{e o ()42 S

Since for any u > 0, In(u) < u — 1, this yields

n

s, (A/4) < Z ! [A’A’QT ZE (U] + A2 2§n:]E[U2}
i=1 Z

Then, by (35),
321 [ ,@2 1" 32
< 297 L 2 P° 2271
¥s, (A/4) < nv [)\ : ] 5 E [)\ 1 c} [A 3 u}

If 0 < \2®2¢/4 < 1,

2 1 2
1/’5 (>\/4) < TLV)\Z? )\2%2 + TLV/\Q? )
b2 1
2
S nri T — )\2220



Define v/ % 8nv®? and ¢ & 2®./c. Therefore,

V'(A/4)?

Vs, (A/4) < 20— cVa) (37)
Hence, for all 0 < A < 1/¢/,
V' \2
05,0 < s (39)

By the Bernstein type inequality (38), [16, Lemma 2.3] gives, for any measurable set A with

P(A) > 0,
Ea[Sn] < /20 In (P(lA)) +c'In (Hp(lA)) .

Hence, by [16, Lemma 2.4], for any positive z,
P [Sn > Vo' + c'x} <e T,

O

Proposition A.2 below provides a control on the expectation of the empirical process.
It introduces a [-mixing condition (see [5]) which is weaker than the ®-mixing condition
considered in Proposition A.1. The p-mixing coefficient between two o-fields U,V C £ is
defined in [5] by

def 1
BU V)= Ssup Y [P(U;NV;) = PUIP(V;)]
(g elxJ
where the supremum is taken over all finite partitions (U;);cr and (Vj),es respectively U

and V measurable. The corresponding mixing coefficients (5;);>0 associated with a process
(Xk)kzo satisfy B < b; for all 4 > 1.

Proposition A.2. Let (Z;);>0 be a stationary process taking values in a Polish space Z.
Denote by P, the distribution of Zy and by E, the expectation under P,. Assume that (Z;)i>0
is B-mizing with B coefficients (8;)i>0 satisfying

o0
Zﬂi<oo.
i=1

Let G be a countable class of functions on Z. Assume that there exist v > 1 and o > 0 such
that for any g € G,

def r11/2r
9l|Ls, ) = B [677] <6.

Assume also that the bracketing function satisfies

1
| A e 90du < oo
0

Then,

5
0) := Hu, || ||, e,y,G)d
o0 = [ H e )
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is finite and there exists a constant A such that for n big enough

E [sup |Sn<g)|] < ViAp(s) (39)

g9cg

where, for all g € G, S,(g) = Z;:Ol 9(Z;) —nE, [9(Zp)].
Proof. This is a direct application of the remark following [7, Theorem 3]. O

B Entropy of the class G,

Lemma B.1. For any p’ > 1, and any s’ > bl/p’, provided that d > s’ + bl(1 — 1%), there
exists a constant C' such that

o (40)

7
MU(S/erJr%) bl/s
" .

Vu >0, H(u, |||, @,), Gm) < C<

Proof. By [16, Lemma 7.26], for any densities of probability p, and p; on RY,

l19p — gleiZ,,,(n»*) < CllVp2 - \/p1|\n%2(Rbf) :

Since ||\/pz — «/p1||ﬂ%2(sz) < |lp2 — p1|L, (ret), this yields, for any u > 0,

u2'r

H(u, || ||Ly.p,), Gm) < H <Oa Ik ||L1(Rb€)777M> ) (41)

where Py, % {pfuv; v €Dy, feFand I(f) < M}. Thus, it remains to bound the entropy
with bracketing of the class of functions Py associated with |||, ge¢) to control the entropy
with bracketing of the class of functions Gys associated with the || - [|,, ()

By [18] the entropy of Py is bounded by proving that it is included in some weighted

Sobolev Space. Define the polynomial weighting function (y)? < (1+[lylI?) 2 parametrized
by d € R where y € R*. Furthermore, define for p’ > 1, and s’ > bf/p’ the weighted Sobolev

space

W (W ) ) g ) e w T (Y R)

Lemma B.2 ensures that, for any p’ > 1, s’ > bl/p’ any even integer d, the renormalized

/ bl
classes of functions PM/MU(S +d+?)7 M > 1 belong to the same bounded subspace of
WP (R (y)4). By [18, Corollary 4], for any p’ > 1, and any s’ > bf/p’, provided that

d>s +bl(1— ﬁ), there exists a constant C such that
Ve > 0, H (e [, Par/MY ) < bl

The proof is concluded by (41). O

Lemma B.2. Assume that H2 holds for some v > 0. Then, for any p’ > 1, s’ > bl/p’ and
any even and positive number d, there exists a positive constant C such that for any f € F
and any v € Dy,
! d L{
1psa - () llwer o oy < Crilv, )T

where k(v, f) v I(f).
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Proof. Let f be a function in F, for any v € D?,

”hW : <y>dH€Vs’,p’(]RbIZ,R) = Z ||Da (pﬁ” : <y>d) Hi 7 °
Applying the general Leibniz rule component by component, for any a € N,

D% (g ) = X ()07 (@90 (0r.) (12)

a’'<a
here () %< 1% (%4). Then, L B.2 requires to control D" ({y)?)D>"”
where (a,) = Hj:1 (a,‘). en, Lemma B.2 requires to control || ({y)") (pf’,,)||Lp,
for any given o® and a(? in N¥. For any o in N, there exists a polynomial function P,
with degree lower than |o| such that, for any y € R,

Dprly) = [

[ ot =y e {51660~ ¥IP a0 (43)

Moreover, since d is an even number, for any o € N such that |a| < d, DY(y)? is a

polynomial function denoted by Py, with degree lower than d — |a|. In the case where
la| > d, D(y)? = 0.

By H2, there exists constant C' > 0 such that, for any x € Xb, ||f(x)|| < CI(f)* <
Ck(v, f). Since P, and P, ,u) are both polynomial functions, there exist a constant C
depending on a™, a(® and d such that, for any y € R? and any x € X?,

Zla®™ a®
| Paa () Pocor (£0) = ¥)| < Lqemnjea [CO+ Iy I)* 1 s (o, 1) + Iy D]
Define the following subset of R

def
A = {y eRY; |yl < kv, )} -

lf(x) — y|| can be lower bounded by 0 when y belongs to Ay and by |k(v, f) — |ly||| when
y belongs to A§. Therefore, uniformly in x € X,

1 oy
exp { =) Y1} < 14, 3) + L (e 20

Thus, there exists a constant C' > 0 which dies not depend on a, such that,
for any p’ > 1,

(1)

o a® / e
1D ((y)")D (Pru)llL,, <1a(1>§d[05(vvf)p (L + D) |,

where,

et delat) Iyl V.,
B[ as iy (1+) Xeb(dy) |

Af K’(Uﬂf)
o lyll \*1
def (d—]aD)) y — B (s(v, )= llyl)* @b
L= 1 p 1 A®%(dy) .
) /AC< + Iyl ( +K(ny)) = (dy)

f
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By the change of variables y' = (k(v, f)) "'y in I; and Iy, there exists a constant C' such
that

a® a® / "(1a® ]~ la®
1D (DD (), < Cr(w, )P Il dee, (44)
Using (44) in (42) with (V) = o/ and a(? = a — o for any |a| < s’ and o’ < « concludes
the proof of Lemma B.2. O
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