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Nonparametric estimation in hidden Markov
models

Thierry Dumont *and Sylvain Le Corff
September 4, 2012

Abstract

This paper outlines a new procedure to perform nonparametric esti-
mation in hidden Markov models. It is assumed that a Markov chain
{Xk}r>0 is observed only through a process {Y%}r>0, where Y}, is a noisy
observation of f,(X%). We propose a maximum likelihood based procedure
to estimate the function f, using a block of observations Yp.2,—1. This
paper shows the identifiability of the model under several assumptions on
the Markov chain and on the function f.. We also provide a proof of the
consistency of the estimator of f, as the number of observations grows
to infinity. This consistency result relies on the Hellinger consistency of
an estimator of the likelihood of the observations. Finally, we provide
numerical experiments to highlight the performance of the estimator.

1 Introduction

A bivariate stochastic process {(Xg,Yx)}r>0 is said to be a hidden Markov
model (HMM) if the state sequence {Xp}r>0 is a Markov chain, if the observa-
tions {Yx }x>0 are independent conditionally on {Xj}r>0 and if the conditional
distribution of Y} given the state sequence depends only on Xj;. These models
can be applied in a large variety of disciplines such as financial econometrics
([19]), biology ([6]) or speech recognition ([15]).

In this paper, the state-space of the Markov chain {Xj}r>o is assumed
to be a compact subset of R™ homeomorphic to a convex subset of R™ with
a Lipschitz boundary. This Markov chain is a random walk with increment
distribution known up to a scaling factor a,. The observations are given, for
any k > 0, by Yy = f.(Xg) + €&, where f, is a function on K taking values in
R? and the measurement noise {ej }r>o is an i.i.d. sequence of i.i.d. Gaussian
on R with known covariance matrix. The aim of this paper is to estimate the
function f, and the parameter a, using only the observations {Y}x>o.
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In regression models such as errors-in-variables models, the variables { X} } >0

are observed through a sequence {Zj},>o given by Zj def x & + 1k, where the

random variables {7y }x>0 are i.i.d. with known distribution. Many solutions
have been proposed to solve this regression problem using an estimation of the
probability density of X (this is the deconvolution problem), see [4], [5] and [14]
for an estimation based on kernel density estimators; see also [7] for an estima-
tion based on the minimization of a penalized contrast. Nevertheless, all these
works rely on the assumption that the process {Xj}r>o is directly observed,
which is not the case in our model.

When { X} }r>0 is @ Markov chain, [17] proposed an estimation of the density
of the invariant probability and of the Markov kernel of {Xj}r>0 when the
chain is observed. The estimation procedure amounts to minimizing a penalized
contrast in order to minimize the empirical Lo-norm of the error. [16] provided
an extension of this work in the HMM framework when the observations are
given by

Vi = Xi + e,

where the random variables {¢j }x>0 are i.i.d. with known distribution. These
works provide estimation procedures of the Markov chain {X}x>o but there
does not exist any result on the nonparametric estimation problem studied in
this paper.

This problem is motivated by an application to localization using radio mea-
surements (see [11]). In this case, at each time step k, a mobile device observes
the power of signals transmitted by ¢ antennas; this measurement is denoted
by Yi. The localization of the device is denoted by X and is assumed to be a
Markov chain on a subset of R2. The problem consists in estimating the local-
izations { X} } >0 only observing the signal powers {Y }x>0. In this application,
fx represents the average propagation model, which means that the variable Y}
follows the normal distribution on R, N'(f.(X%),02I;). An accurate estimation
of the positions {X}r>0, using particle filtering for instance, relies on a good
estimation of f,.

The main result of this paper is the identifiability of the model. We assume
that the Markov chain {Xj}r>o is stationary with known (up to a scaling fac-
tor a,) transition kernel, and that f, is a diffeomorphism on its image (which
necessarily implies that m < £). We assume in addition that f, is smooth in the
sense that it belongs to some Sobolev space W*? (see (5)). Provided that f is
continuously differentiable and is such that (f(Xo), f(X1)) and (f+(Xo), f+(X1))
have the same distribution we show that there exists an isometric transforma-
tion ¢ on the state-space K such that f = f, o ¢. A key step is to show that
(f«)~! o f is necessarily bijective, which is done using algebraic topology and
measure theoretic arguments.

Our estimator f,, is defined as a maximizer of a penalized pairwise likelihood
on the Sobolev space W*P. The parameters s and p of the Sobolev space are
assumed to satisfy s > m/p+ 1 and K is assumed to be compact to allow the
use of classical Sobolev embeddings into the space of continuously differentiable
functions on K. This estimator of f, is associated to an estimator p,, of the



marginal distribution of a pair of observations (see (12)). We prove that the
Hellinger distance between p,, and the true distribution of a pair of observations
under (fs,a,) vanishes as the number of observations grows to infinity. More
precisely, we prove that the rate of convergence of p,,, in Hellinger distance, can
be chosen as close as possible to n~/2. The consistency of (f,,a,) follows as
a consequence together with the identifiability result and continuity properties.
To analyze the asymptotic properties of our estimators, we need, as it is now well
understood, deviation inequalities for the empirical process of the observations.
To that purpose, we use the concentration inequality for additive functionals
of Markov chains proved in [1] and the maximal inequality for dependent pro-
cesses of [10] to have a control on the supremum of a function-indexed empirical
process.

Our results are supported by numerical experiments: in the case where
the scaling parameter a, is known and m = 1, we provide an Expectation-
Maximization based algorithm to compute f,,, see [8]. We show that the esti-
mation procedure can be solved using a differential equation. We provide several
simulations that show the efficiency of our method.

In Section 2 the model, the estimators and the assumptions are presented.
The main results are displayed in Section 3: the identifiability of the model in
Section 3.1 and the consistency of the estimator along with a rate of convergence
in Section 3.2. The algorithm and numerical experiments are displayed in Sec-
tion 4. Section 5 gathers important proofs on the identifiability and consistency
needed to state the main results. Additional technical results are provided in
the appendices and in the supplement paper [12].

2 Model and definitions

Let £ and m be positive integers and K be a subset of R™. The main statistical
problem considered in this paper is the estimation of an unknown target function
f« : K — R when observing a process {Y;}, .y such that for any k > 0, Y}
belongs to R’ and satisfies

v, Fo(Xk) + €r

{€k} ey is assumed to be an i.i.d Gaussian process with common known distri-
bution N(0,0%1;), I; being the identity matrix of size £ and o2 a fixed positive
parameter. Denote by ¢ the probability distribution of €, i.e.

I?

v RZ déf ) 2 —£/2 _HZ
z € , <,0(Z) ( o ) exp —202 R

where || - || is the euclidean norm on R™ (we use the same notation for the
euclidian norm on R*). {Xj},oy is assumed to be a non observed Markov
chain, taking its values in K and independent of {ey}, . In the sequel, all the
density functions are with respect to the Lebesgue measure on K, denoted by



p. For any a € R?%, denote by ¢, the transition density on K defined, for all
z,2' € K, by

anloa) ™ Cuaa () )

where ¢ is a known, positive, continuous and strictly monotone function on R

and where »
Calx) ( /| q(”””‘) dx') 7 )

where da’ is a shorthand notation for u(dz’). In our numerical application in
Section 4.2, the Gaussian kernel q(x) = exp(—2?2/2) is chosen. The Markov
transition kernel associated with ¢, is denoted by @,. Assume the existence of
an unknown parameter a, > 0 such that

H1 {X}}rez is a stationary Markov chain with transition kernel Q,, .

It follows from H1 that {Yj},y is stationary. Assume the following statement
on the set K:

H2 (i) K is a compact subset of R™.
(ii) K is homeomorphic to a convex subset of R™.

(iii) K has a local Lipschitz boundary.

K has a local Lipschitz boundary if, for any x in the boundary 0K of K, there
exists a neighbourhood V of x in K which is the graph of a Lipschitz function.
As an immediate consequence of the compactness of K and of the positivity of
¢, there exists 0 < 0_(a) < 04 (a) < 400 such that, for all z,2’ € K,

o-(a) < qa(z,2") < 04 (a) . (3)

For any a > 0, @, is a v-irreducible and recurrent Markov kernel and then, it
has a unique invariant probability distribution (see [21, Theorem 10.0.1]). By

the symmetry of the kernel (z,z') — ¢ (M), the finite measure on K with

density function z — C,!(z) is Q,-invariant. Therefore, the unique invariant
probability of @), has a density given by

Joq (=2l g
Ve € K, v,(z) def £ ( ) . (4)

fK2 q (Ha:/;a:”\l) dz/dz"

Let p > 1, define

L def {f KB fI = [ @ < oo} |
K

def . . . def
For any m-tuple o = {a;}7, of non-negative integers, we write |a| = > 1" | ;.

For any f : K — Rf and any j € {1,--- ,¢}, the j'" component of f is denoted



by f;. Let s € N, define W*P? be the Sobolev space on K with parameters s
and p, i.e.,

wer € (feLP; D*f €1LP,a € N™ and |a] < s}, (5)

where D f : K — R’ represents here the vector of partial derivatives of order
a, in the sense of distributions, of the components f;, for j € {1,--- ,£}. WP
is equipped with the norm || - ||y s.» defined, for any f € W*P by

1/p

Ifllwes <130 D2, : (6)

0<al<s

For any subset Qy of R™, and any k > 0, let C*(€2y) be the vector space
of all the functions f : 2y — R such that there exists an open neighbourhood
Q of Qp (if Q is open we can take = ) in R™ and a function f : Q — R
such that the restriction f|o, of f on € satisfies flo, = f and f is C¥-regular
on , which means that f and all its partial derivatives D f are continuous on
Q. Define, for any x in Qo, D*f(x) = D*f(x). Let || - ||lcr(q,) be the norm on

C*() defined by || fllcx(ay) o Sup|a <k [D%flloc. We also define CF(Qo, RY)

by C*(90,R") = C*(0)".
Remark 2.1. 1) By H2(iii) and the Stein Theorem [2, Theorem 5.24], there

exists a positive constant C' such that any bounded function f in CH(K)
can be extended by a function f in C'(R™), with || f[lc1@m) < C|\f||cl(;() .
ii) Note that, for any j € {1,---,¢} and f € WP, f; belongs to W*?(K,R),
the Sobolev space of real-valued functions with parameters s and p. Let
k > 0, by [2, Theorem 6.3], assuming that K satisfies H2(i) and H2(iii)
and s > m/p+ k, W*P(K,R) is compactly embedded into the subspace of
bounded functions in (C"’(K), Il - ”ck(f()>' Provided that s > m/p+1, and
arguing component by component, W*P is compactly embedded into the
subspace of bounded functions C'(K,R?). Moreover, the identity function

(o]
id : WP — C'(K,R’) being linear and continuous, there exists a positive
coefficient k such that, for any f € WP,

nal sl fllwes (7)

o <
CHK,RY) —

thus f is a bounded function in C'(K,R*) and, by i), can be extended by
a function in C'(K,R?) shortly denoted by C!, and

[fller < &l fllwer - (8)

H3 s>m/p+1.



For any f € C! and any = € K, the Jacobian of f at z, is defined by

J3(x) € Det [Dy(2)" Dy(x)]

where Dy (z) is the £ xm gradient matrix of f at « defined, for any j € {1,...,¢}
and any ¢ € {1,...,m}, by

def Of;

Dy(x) (z) -

For any sets E and F, f : E — F, denote by Im(f) the image in F of f,
def

Im(f) = f(E).
H4 (i) f. e WoP.
(ii) fyx: K — Im(fs) is a diffeomorphism.
Remark 2.2. i) We say that a function f : K — Im(f) is a diffeomorphism if

there exists an open neighbourhood V' of K in R™ and a diffeomorphism
f:V — Im(f) such that f|y = f.

ii) By H4(ii), for any « in K, the linear application Dy, (z) is injective and
thus, m < £.
We now give the definition of the estimators (fn,an> of (fs,ax) given 2n

observations {Yk}iigl. For practical reasons (see proof of Proposition 3.6), we
assume that a, € [a_,+oo[, for a known a_ > 0. For all integer n > 1, define

(o)

n—1

T o~ def 1

(Fvn) & argmax {n}jlnpf,a<m,yzk+l>—Aiﬂ(f)}, ©)
k=0

fEWSP a>a_

where, for all yo,; in R?,

pralo,yn) < / oo — f(@0))p(yr — f(21))va(20)ga (w0, 21)dzodzy  (10)

and, for some positive v,
def
(f) = IfI - (11)
Remark 2.3. By the dominated convergence theorem, the function

n—1

1
— — 1 o (Yo, Yo
(f,a) n}; npsa(Yor, Yort1)

is continuous on C! x [a_, 00|, thus, by (9), (11) and Remark 2.1, fn exists and
belongs to C!.



Consider the following assumption on v.
H5 v > 2¢.

Note that (f,a) — % ZZ;; Inpy o (Yor, Yog+1) does not represent the likelihood
of the observations {Yk}iigl but what we call the pairwise pseudo-likelihood of
the observations.

By (9), @, could be equal to co so that we shall extend our definitions to
this case. By the dominated convergence theorem, for any xg,z; € K, any
Yo,y1 € R and any measurable function f, g.(zo,21), va(wo) and pf.q(yo,y1)
converge as @ — 00 t0 oo (T0, 1), Voo (To) and pr oo(yo, y1), defined by:

def _ def _
wo(0) = p(K) ™Y, goo(@o, 1) = p(K)7',

Pr ooy, 1) & M(K)’Q/sa(yo - f(zo))dxo/@(yl — f(z1))dzy

Let p,, denote the maximum penalized likelihood estimator (MLE) of the
density on R?¢ of (Yp,Y)), defined by

~ def
Pn = pf Gn " (12)

n?

The convergence properties of this estimator will be analyzed with the Hellinger
metric, defined, for any probability densities p; and pa on R?¢, by

h(pr,p2) [;/(p}ﬂ(y) —pé/Q(y))Qdy] . : (13)

Remark 2.4. The reason we use the Sobolev framework instead of directly con-
sidering the space C! is, first of all, computational. Indeed, as we will see in
Section 4, the Sobolev norm chosen in penalty (11) can be easily manipulated

compared with the C' norm. Moreover, Theorem 3.5 ensures that ||f,|[ws»

stays bounded and thus, by Remark 2.1, that {ﬁl}nzl lies in a compact subset
of Ct. This plays a key role in the proof of Theorem 3.7.

Section 3 provides the main results of the paper. Theorem 3.1 establishes the
identifiability of our model. Then, the Hellinger consistency of the MLE (12)
is shown in Theorem 3.5. This result does not imply, a priori, the consistency

of the estimators (fn,an) defined by (9). However, by Theorem 3.1, whenever
the MLE is consistent, so is (J:";L,En) up to an isometric transformation on the

state space K. The consistency of (ﬁl,an> is given by Theorem 3.7.

3 Main results

3.1 Identifiability

We denote by Z the set of all the isometries of K. For any functions f and h
defined on K we write f Z h and say that f and h are in the same equivalence



class modulo the isometric transformations of K, if and only if there exists an
isometry ¢ on K such that f = h o ¢. In the sequel, for any random variables

X and Y, we write X 2 Y if X and Y have the same distribution.

Theorem 3.1. Assume HI-2 and Hj. Let f : K — R? be C' and 0 < b < oo.
Assume also that h(psp, pf,.a,) = 0 where pry and py, o, are defined by (10).

Then, b = a, and f 3 fx-

Proof. The proof of the intermediate lemmas are postponed to Section 5.1.
Let 0 < b < oo and f € C' such that h(p;,,p;, ,.) = 0. Let {X}}x>0 be a
Markov chain with initial distribution v, and transition kernel @;. Consider also
{€}. }k>0 a sequence of independent N (0,02I;) random variables, independent
from {X}}x>o. Define, for any k > 0, Y; = f(X}) + €. If h(ps4, 04, 4,) =0,

then, for any k > 0, (Yi, Yit1) 2 (Y, Y ;). The density ¢ being known, this
yields
D
(f(X7): [ (Xpy1)) = (fe(Xi), fo(Xir1)) - (14)

(14) and the irreducibility of the Markov chains {X}}x>0 and {X} }x>0 imply
that Im(f) = Im(f,). By H4, f, is a diffeomorphism. Let (f,)~! denotes its
inverse function and define

def _
¢= (f) o f. (15)
Since f, is a diffeomorphism and f € C', ¢ € C'. The purposes of the following
lemmas is to prove that ¢ is bijective on K and that, for any = in K, Jy(z) >0
which is showed in Lemma 3.2.

Lemma 3.2. Assume H2(i) and Hj. For all x € K, Jy(x) > 0, where ¢ is
defined by (15).

Then, we show that ¢ is necessarily a covering map of K (see definition
below) and that, under H2(ii), any covering map of K is a one to one function.
These results are established in Lemma 3.3 and Lemma 3.4.

¢ : K — K is said to be a covering map if and only if (see [18, Chapter 11])

(i) ¢ is continuous.
(ii) ¢ is surjective.

(iii) For every y € K, there exists an open neighbourhood V of y and a family
(O;)ier of disjoint open subsets of K such that ¢=%(V) = Uier Os, with
O; mapped homeomorphically onto V' by ¢, for all ¢ € I.

Lemma 3.3. Assume H2(i) and Hj. Then, the function ¢ defined by (15) is a
covering map.

Lemma 3.4. Assume H2(ii). Then, every covering map ¢ : K — K is a one
to one function.



By Lemma 3.3 and Lemma 3.4, ¢, defined by (15) is bijective, denote by
¢! the inverse function of ¢. By Lemma 3.2, Js > 0 on K and thus ¢! € C!.
By (14), for all x € K and all positive measurable function h on K,

Qa. (z,h) = E[M(Xk)|Xp-1 = 2] = E [ho ¢(X})| Xj_y = ¢~ (2)] ,
=Qu(¢p  (z),hoo).

Moreover,

Then, by continuity, for all (z,z') € K2,

Qa. (z,2") = Qu(¢™ " (2), ¢~ (") Ty (a")] -

This equation directly leads to b < oco. Indeed, if b = oo, the left side of the
equation depends on z (since a, < co) whereas the right side does not. We can
now suppose 0 < b < oco. By (1),

¥ —x ) — N
ca*<x>q<””>—cb<¢1<x>>q(”¢’ () —¢ ”)|J¢1<x'>|. (16)

ay b

Therefore, for all x € K, applying (16) with 2’ = z yields

Gl
Colo (@)

By H2(i-ii), Schauder’s theorem (see [24]) states that there exists zy € K such
that ¢~ (xg) = 9. By (16), there exists a constant C such that, for all z € K

[ Jo=1 ()] (17)

(o2

o (lz=zol
Jw(”f)cq(dw((x)bw?m)'

Plugging this expression and (17) in (16) yields

. (Ilw ;*l‘oll) ‘ (IIm’a: wl) ‘ <||¢‘1(w’) - </>‘1(wo)|)

o (Il (1) o) (B sl g

Applied with =’ = zg, we have, for all z € K,

g (lll’;fOH) —y (II(b‘l(x) —b¢‘1(w‘o)ll)




and then, since ¢ is a one to one function by assumption,

lz — ol _ [0~ (z) — ol

a, b

Considering the supremum of the last inequality for z € K yields b = a,. Then,
(18) gives, for all z, 2’ € K

lo~! (@) =67 (@) = [l2" — =] .
Therefore, ¢ is an isometry and f = f, o ¢ which concludes the proof. O

3.2 Convergence results

Theorem 3.5 states the Hellinger consistency of the MLE p,, and ensures that
the Sobolev norm of the estimator f,, is bounded. Theorem 3.1 and Theorem 3.5
lead to the second main result, Theorem 3.7, which guarantees that (fn,an) is
also consistent. The proof of Theorem 3.5 uses the same classical proof scheme
as in the independent case, see [25, Section 10.2] for an illustration of such a
proof. This proof relies on the control of the empirical process, it requires both
a result on the concentration of the empirical process and a maximal inequality.
Unfortunately, the tools used in the independent case such as the Bernstein
or the Hoeffding inequalities do not hold in our model and similar results in
the dependent case have to be used, see [1]. Denote by P, the distribution
of {Yi}r>0 under the true parameters (fs,a,). For any sequence of random
variables {Z,},>0 and any sequence of positive numbers {a,, },>0, we write
Zn = O[p* (Ozn) if
lim limsup P, {|Z,| > Ta,} =0.

T—400 p—+o0

Theorem 3.5. Assume H1-3, H{(i) and H5. Let (fn,an) be defined by (9)
and I(f) by (11). Then, provided that

A — 0and X2n'? — oo, (19)

n——+oo n—-4o0o

we have R
W?(PnsPfoa,) = Op, (A7) and  I*(f,) = Op, (1) . (20)

Sketch of proof. The proof relies on a basic inequality which controls the Hellinger
risk h?(Dn, Py, o,) and the complexity of the estimator I2(f,) by the empirical
process, see [25]. The control of this empirical process will be done in Proposi-

tion 3.6. We set, for any density function p on R?,

def L, P+ Pfia.

= 21
b 2 2pf*,a* ( )

Let P,, be the empirical distribution based on the observations {Ya, Y%H}Z;év
i.e., for any measurable set A of R?,

n—1
1
P, (A) = - Z 1a(Yok, Yog41) -
k=0

10



By (9) and (12), the basic inequality of [25, Lemma 10.5], states that:
B Buspr.) + NP (F,) <16 [ 05, (B0 — P+ E1(F) . (22

Therefore, a control of the term [ g5, d(P, — P,) in the right hand side of (22)

will provide simultaneously a bound on the growth of h2(p,,, py, 4,) and I 2(]/“;)
The empirical process indexed by W*?P is defined, for any f € W*P and any
a>a_, by

def
Vn(gpf,a) = \/ﬁ/gpfad(]})n _]P*) )

where g, is defined by (21). Proposition 3.6 provides a deviation inequality
for the supremum of the normalized empirical process.

Proposition 3.6. Assume H1-3, H4(i) and H5. There exist some positive
constants K, 3 and T such that, for any x > 0,

|V (9p;..)] 5
P sup o > T +xy < Ke ™. 23
. {feW-W, e I2(f) V1 (23)

Proposition 3.6 is proved in Section 5.2 below. It ensures that

d(P,, — P
sup |fgpf,; ( )l
fEWSP a>a— I (f) V1

=Op,(n7'?).

Plugging this bound into (22) gives
(44 Op, (0PN (F,) < AIP(f) + Op (0™ 1/200%)

By (19), this establishes the second statement of (20). Combining this result
with (22) gives:
1 (Pas pf.a.) < Oz, (n71%) + Op, (A])

which proves the first statement of (20) and concludes the proof of Theorem 3.5.
O

Equations (19) and (20) give a rate of convergence of h?(Ppy,py, a,). This
rate of convergence is slower than n~/2 but can be chosen as close as wanted
to n=1/2, e.g. we can choose \2 =n~/2Inn.

~

On the other hand, I2(f,) = Op, (1) and the Sobolev embedding described
in Remark 2.1 ensures that fn belongs to some compact subset of C! with
probability converging to 1 as n tends to co. Let dei denotes the distance
function on C! associated with the norm || - ||c1. Let also F, be the set of
all the functions f in the same equivalence class as f* modulo the isometric
transformations of K, i.e.

def

FEAL PR R) (24)

11



Theorem 3.7. Assume H1-5. Let (fn,an) be defined by (9) and I(f) by (11).
Then, provided that

A — Oand)\,zlnl/2 — 00,

n—-+oo n—-+oo
we have,
dcl(fn,]:*> — 0 and a, — a4 inP, — probability, (25)
n—+4oo n—-4oo

where F, is defined by (24).

Proof. We prove (25) introducing the Alexandroff compactification [a_, o0] of
[a—,00[ and a distance function on this set such that [a_, o] is compact and
metric. Moreover, for any I > 0, the set Byys.»(0, ), defined as the closure in C;
of {f € W*P; I(f) < I}, is a compact subset of C'. Thus, By =.»(0,1) x [a_, o]
is a compact subset of C! x [a_,00] and (25) will result from Theorem 3.5 and
continuity arguments on the function (f,a) — h%(pf.a,Pf, a.)-

By Theorem 3.5, for any v > 0, there exist € > 0 and I > 0 such that:

limsup P, {hz(ﬁn,pf*,a*) > e)\i} <

n—-+o0o

N2 N2

lim sup P, {I(fn) > 1} <

n—-+oo
Denote by d the distance on C! x [a_,o00] defined, for all ((f,a),(f’,a’)) €
(C* x [a_,oo])2 by
d((f,a),(f';a")) = de,(f. ) + |arctan(a) — arctan(a’)| ,

with arctan(oo) = 5. The distance on [a_,00] defined for any a and a’ in

[a_, 0] by |arctan(a) — arctan(a’)| ensures its compactness. Therefore FE %ef
By s.»(0,1) X [a—, 0] is a compact subset of (C1 X [a_, oo],d). We also set

d((f,a),(Fr ax)) = f,igg__* d((f.a), (f/’ ax)) -
For any 1 > 0, denote by £, the following set

E, = B\ | {(f;0) €€ x[a_ o] d((f,0),(f00) <u}

freFs

E, is a non-empty and closed subset of E which is compact in C; X [a_, 0],
thus E,, is also a compact subset of C; X [a_, 0o]. By the dominated convergence
theorem, the function defined on E, by

(f7 a) = hQ(pﬁaapf*,a*)

is continuous relatively to the topology defined by the distance d on C! x [a_, oc].
The compactness of E,, implies that h2(pf.as Pf, a, ) reaches its minimum on E,.
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Let ¢, be this minimum. By Theorem 3.1 and since, for any f in By (0, I),
h? (Pf,005Pfsa,) > 0, €, > 0. Moreover,

PoAd((fr,an), (Furax)) > 0} < PAI(S,) > T} + Pa {h2 (B, ps..a.) > €2}
+ P {1(F) < LB @ psa) < X2 d ((Frran) - (Froal) >0}

~

However, if I(f,) < I and d ((]?n,’dn) ,(.F*,a*)) > 1, then ﬁb belongs to E,
and h? (PnsDP#,.a.) = €y. Choosing n big enough such that N2 < €n,

PA1(F) <102 Gpsa) A2 d ((Frin)  (Fra) >0} =0,

and, by (26) and (27),

lim sup P, {d ((fn,an) ,(]—'*,a*)) > 77} <~.

n—-+oo

Since v can be chosen arbitrarily small, for any n > 0,

lim sup P, {d61 (ﬁw Fi) + | arctan(a,,) — arctan(ay)| > 77} =0,

n——+0o

and lim, o de, (]/C\n,f*) = 0 in probability. Moreover, the function tan be-
ing continuous on [0, 7[ and since arctan(a,) # 5, lim, o0 [@ — ax| = 0 in
probability.

O

4 Numerical experiments

In this section, we suppose the parameter a, to be known and illustrate the
performance of the estimator f,, defined by (9). For practical considerations,
we choose v = 1 in (11) and p = 2. The theoretical results provided in Section 3
rely on the assumption that v > 2¢. However, choosing v = 1 allows to define
an algorithm easy to implement with good convergence behavior. Using v > 1
would imply more involved numerical procedures to obtain parameter estimates.
Let n be a positive integer, in this section, we denote by f the estimator defined
by (9) that maximizes the function T defined by

T . W2 S5 R
1 ”_11 Your. Y- — )2 2
o= o mpra, (Yor, Yory1) = Mol fllfez -

The HMM framework suggests to use an Expectation-Maximization (EM) type
procedure, see [8]. This algorithm iteratively produces a sequence of estimates

{fp}pzo. Assume the current parameter estimate is given by fp . The estimate

13



fp“‘l is defined as one of the maximizer of the function @ defined by

n—1
g 1
FeQUf e - E Ef, [npya, (Xok, Yo, Xokt1, Yor) [Yor, Yorii]
k=0

= Xl Iz

where Efp [] denotes the expectation under the law of the stationary HMM

parameterized by fp and where
Pt (2.9,2"y) = Vo, (¥)qa, (z, 2" ) (y — f(2))oly — f(2")) -
The differential of f — Q(f, f?) is given, for any f,h € W2, by

drQC, fP)(h) = Sna(F7, £, ) + Sua(fP. f.h) =202 D" (Df, D),

0<al<s
where
Sua (7, f.h) dﬁf Z h(Xak), f(Xok) — You) | Yorokt1]
=0
3 def 1 %
Sn2(fP, fih) = —3 2 B [(h(Xont1), f(Xowsr) = Yars 1) [Vaworsa] -

k=0

fpﬂ is then defined as the function f € W#*?2 such that for any h € W*?2,
drQ(fP,-)(h) = 0. In the sequel, we choose s = 2 and K = [0, 1], therefore, this
implies, for any h € W22([0,1],R),

2

Sn,l(.}?pv fv h) + Sn,Q(fpa fa h) - 2>‘721 Z <f(a)a h(a)>L = 0 . (28)

a=0

This equation can be applied to any function A in Wy def {h € W([0,1],R); h(0) =
h(1) = 0}. Using integration by parts, this ylelds for any component f; and
any z € [0,1],

< 2n\2 o QZ{d)Qk\Zk o1 (€) + ¢2k+1|2k2k+1( )}> fi(z)

2 4 fP.a
_fJ( )(x)+f; )( ) = 2n)\2a2 Z{Y%%k\zk 2k+1( )+Y2k+1¢2k+1|2k:2k+1(33)} )

(29)

14



pres

where ¢2k|2k org1 and ¢2k+1‘2k:2k+1 are the filtering distributions defined by

Sy [ (o oV~ PV = P
2k|2k:2k+1 P a, (Yoks Yoit1)

R N oY O Y L) E R )L
2k+1|2k:2k+1 Pfoa, (Yar, Yor41)

4.1 Numerical approximations

Let N > 1 be an integer. The differential system (29) is solved using a discretiza-
tion of the state space [0,1] by {ﬁ}fio The filtering distributions qsg,:l’;,;:%ﬂ

p7a*

and qﬁgk Jf{\Qk .2k41 are approximated by piecewise constant functions Qi and
gbk , defined by
N-1 ~ N-1 o
f ax ( d;f 1 ot 7{2 and $£ a* d;f 1 n {k ’
i=0 =0

where, for any ¢ € {0,...,N — 1}, g{l (resp. @{2) is the approximation of

Qip’”*(i) (resp. ¢£ a*(%)) obtained with an Euler scheme. The equation
(29) is solved on each interval [+, &L i € {0,- — 1}, which is straight-
forward since the coefficients are constant and the equation is linear. For any
i € {0,...,N—1} and any j € {0,...,¢}, the solution f;; on the interval
[ﬁ‘, %[ belongs to some affine space of dimension 4. Thus, 4N parameters have
to be chosen to uniquely determine the solution ff“ = Z?ZJI 1[%7%[]‘]-’1-. The
C3-regularity conditions for each boundary provides 4(N —1) equations and solv-
ing (28) with h(x) = 1, h(x) = z, h(z) = 2? and h(z) = 2* leads to four other
linear equations which conclude the computation of ff_’ 1. The procedure is
displayed in Algorithm 1. The numerical approximations and the computations
of all the constants are detailed in the supplement paper [12, Section 3]

4.2 Experimental results

The Algorithm 1 is applied with the Gaussian kernel (a, = 1):

1
Ve e R, gq(z) = exp{sz} .
The aim is first to estimate the function (in this case ¢ = 3)

feo + [0,1] — R3
x = (32,30(x — 1/4)(x — 1/2)(z — 3/4),2 cos(5z)) ,

15



Algorithm 1 One iteration of the algorithm

Require: N, fp, Qxs Y0:20—1-
Ensure: fPt!
for i € {0,--- ,N} do
for k€ {0,---,n—1} do
i —f?
Compute p; , and @ ;.
end for
end for
for je{1,---,¢} do
forie€{0,---,N -1} do
Compute f;; by solving (29).

end for N
1 _
Set pr = Zi:o 1[ﬁ71}1[f31
end for

We use 02 = 1 and N = 50 to sample observations from the discretized model.
The estimation is started with the estimate

o1 — R3
z = (z,0,0) .

The Algorithm 1 is run with A2 = |[cIn(n)//n]. Figure 1 displays the estimate
after 1, 2, 3 and 25 iterations with n = 50000 observations along with the true
functions for each coordinate. Figure 1 shows that after few iterations of the
algorithm, the estimate can recover the curvature of the function f,, even with
a flat initial estimate.

16



0.6 0.7 0.8 0.9 1

. L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10 0.1 0.2 0.3 0.4 0.5

(a) f1 and its estimates. (b) f2 and its estimates.

" o1 02 03 04 05 06

(¢) f3 and its estimates.

Figure 1: Estimation of f1, fo and fs after 25 iterations of the algorithm. The
true function (bold line) and the initial estimate (dots) are displayed along
with the estimates after 1 (squares), 2 (diamonds), 3 (crosses) and 25 (stars)
iterations.

Figure 2 gives the evolution of the error as a function of the number of
observations. We consider the La-error and the L,-error respectively defined,

for hl,hz : [0, 1] — R, by
aof (1 & i i
e (30 () =1 ()

() ()

For each number of observations 50 independent Monte Carlo runs are used to
compute the Lo-error after 25 iterations of the algorithm. Figure 2 shows the
median and the lower and upper quartiles over the 50 independent Monte Carlo
runs.

o\ 1/2

def
th — hg”oo = sup
1<i<N

17
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Number of observations x10* Number of observations

(a) La-error for fi (b) Leo-error for fi

0.7, T T T T T T T T T 1.

0.6,

. . . . . .
2 2.5 3 35 4 4.5 50 0.5 1 1.5 2 25 3 3.5
Number of observations x10° Number of observations x10*

(¢) La-error for fo (d) Loo-error for fa

L L L
0 0.5 1 15

2 2.5 3 35 4 45 5 0 05 1 15 2 25 3 35
Number of observations ¢ Number of observations x10*

0 0.5 1 15

(e) La-error for f3 (f) Loo-error for f3

Figure 2: Ly (left) and Ly (right) errors for each coordinate. The median (bold
line), .25 and .75 quantiles (dotted lines) and .05 and .95 quantiles (balls) over
50 independent Monte Carlo runs are represented.

5 Proofs

5.1 Identifiability

Lemma (Lemma 3.2). Assume H2(i) and H4. For allz € K, Jy(x) > 0, where
@ is defined by (15).

Proof. By (15), (14) becomes

(D(X0), (X)) 2 (X0, X1) -

We now give an expression of the density of these two random vectors on K x K.
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Let h be a bounded measurable function of K x K. We have
E [h(¢(Xp), 0(X1))] = /h(¢(xo)7¢($1))Vb(xo)%(wo,xl)dﬂfodxl : (30)

We introduce the set
ALY {z € K; Vo € K s.t. ¢(x) =z, Jy(x) >0} .
Let assume h is of the form

h(l‘o,xl) déf hg(l’o,xl)].A(aio)lA(xl) s (31)

where hy is any bounded measurable function. We have

B (1(6(X0). 60X))] = [ ha(d(zo),6(e1))os(ao)as(an. 1)
X 1a(@(20))1a(¢(x1))dzody
- - r Vb(ﬂfo)Qb(xo,fl) r T
= [ ha(6(ao). o) 2RI o) (o)
X J¢($0)J¢(.’t1)dl’od(£1 .

By [13, Theorem 2, p.99] and the area formula, for almost every z € K, ¢~ 1({z})
is at most countable and we can apply the change of variable zg = ¢(zo),

21 = ¢(x1).

E [h(6(X0), 6(X])] = / (20, 21)1a(z0)14(21)

vp(x0)qy (0, 1)
X g — " —2dzodz .
Jo(xo)Jp (2
v 6(70)Jp(71)

1607 ({z1})

Moreover,
E [h(Xo, Xl)] = /hQ(ZO, Zl)l/a* (Zo)qa* (Zo, Zl)lA(Zo)lA(Zl)dZOdzl .

Therefore, for almost any (zg,21) € K x K,

vp(x0)qy (o, 1) .

Va, (20)4a, (20, 21)1a(20)1a(21) = La(z0)1a(z1) Y To(20) T (21)

z0€¢ ™ ({z0})
1€ ({z1})
By Sard Theorem (see [3]), since ¢ is C1,

p({z e K; Iz € K, ¢(z) = zand Jy(x) =0}) =0,
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Therefore, the function z — 1,4(z) equals 1 almost everywhere in K. Finally,
for almost any (zp,21) € K x K,

y  wldalen) (32)

Va, (20)4a, (20, 21) = Jo(x0)Jp(x1)

zo€p™ ' ({20})
1€ ({=1})

Let us assume that there exists xy € K such that Jg(xg) = 0. There also
exists € K such that Jg(x) > 0 (otherwise p(K) = u(¢(J¢_1({O}))) =0
by Sard Theorem). By the mean value theorem, for all large enough k € N*|
there exists zj, € K such that Jy(zz) = 1. By the inverse function theorem,
there exists Uy neighbourhood of zj, in K such that ¢|y, is a diffeomorphism.
Jg being continuous, there also exits a neighbourhood Vj, such that, for all

x € Vi, [Jg(x) — Jy(wr)| < 5. Therefore, for all z in V,

3 1 1

= > > B

o 2 Je(@) 2 Jolon) = 50 = o
Let Wy, = UpNVy, ¢|w, is a diffeomorphism and p(¢(Wy)) > 0. Therefore, there
exists (2x,0, 26,1) € ¢(Wi) x ¢(Wy,) such that (32) is true. We denote by o
and z 1 the unique elements of Wy, such that 20 = ¢(zk,0) and zx,1 = ¢(zk 1).
Then,

Z vp(z0)qp(wo, 1)

Va, (21,0)4a, (2k,0, 2k,1) = To(t0) Jo (1)

z0€¢ *({z1,0})
z1€¢0  ({z11})
Up(21,0)q(Th,0, Th1) 2k

= .
Jo(@p0)dp(Tr1) — 3Vb(xk,0)%($k,o,:ck’1)

By H2(i), (z0, 1) + ve(20)qc(z0, 1) is bounded for any 0 < ¢ < oco: there exists
0 < C- < CF such that, for any (zg,z1) € K2, 0 < CF < ve(20)qe(z0,21) <
Ct, we have, for any k > 1 large enough,

_2k
CF > va, (2£,0)4a, (21,0, 211) = C,) 3

which is absurd and concludes the proof. O

Lemma (Lemma 3.3). Assume H2(i) and Hj. Then, the function ¢ defined by
(15) is a covering map.

Proof. (i) comes from the continuity of (f,)~! and f and (ii) is true since
Im(f,) = Im(f). For (iii), let z € K and assume the set ¢~1({z}) & {z €
K;¢(x) = 2z} is infinite. By Lemma 3.2, ¢ is of full rank, then,by the inverse
function theorem, for each z € ¢~1({z}) , there exists an open neighborhood
V. of x such that the function ¢ : V, — ¢(V,) is a diffeomorphism and such
that the {V,},c4-1({-}) are pairwise disjoint. By H2(i), there exists n € N
such that (J,c4-1(;.y) Vo can be covered with only n subsets of the form V.,
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z; € ¢ 1({z}), i € {1,...,n}. Therefore, for any x € ¢~1({z}), there exists
i € {1,...n} such that € V,,. If x ¢ {x;},, then & € V, N'V,, which is
absurd since V, and V,, are disjoint. Therefore, ¢~ ({z}) o {z € K;¢(z) =z}
is finite and denoted by {x;}}'_;, n € N*. Let {V;}I_; be disjoint open subsets
of K such that z; € V; and define V % N ,o(Vi), O; = q&I_VI(V) Then, V is
an open neighborhood of z which concludes the proof. O

Lemma (Lemma 3.4). Assume H2(ii). Then, every covering map ¢ : K — K
is a one to one function.

Proof. Assume there exist x; and x5 in K such that x; # xo and ¢(x1) =
o(x2) = y. By H2(ii), K is path-connected and there exists a continuous path
v :[0,1] — K such that v(0) = 21 and (1) = z2. Then ¢ o~ is a continuous
path taking values in K such that ¢po~y(0) = ¢po~(1) = y. If ¥ denotes the path
defined by, for all ¢ € [0,1], ¥(t) = vy, then ¢ oy and 7 are two paths in K with
the same initial and terminal values. By H2(ii), K is simply connected and ¢ o~y
and 7 are path homotopic (see [18, p.151]). The function u : [0,1] — K such
that, for all ¢ € [0, 1], u(t) = z1 is a lift (see [18, p.237]) of ¥ for the covering
map ¢. Moreover, «y is a lift of ¢ o~y for the covering map ¢. By the homotopy
lifting property (see [18, Proposition 11.11, p.238]), since u(0) = v(0) = x1,
then uw and ~ are path homotopic and have the same extremity: x; = x3. This
is absurd. O

5.2 Proof of Proposition 3.6

Proposition 3.6 provides a deviation inequality on the empirical process renor-
malized by I2(f). First of all, for any M > 1 the Sobolev ball of radius M
centred in 0 is denoted by W;;*. Define the following collections of functions on
R2¢:

def

G = {9, FEW, a>a_} and Gy o {9 —E.[9(Yo,1)]; g € Gu}

where E, is the expectation under the distribution P,.

The first step of the proof establishes a deviation inequality on the empirical
process restricted to the Sobolev balls Wy”, sup,cg,, [#n(g)]. The dependency
in M of this inequality allows the determination of a lower bound on v in the
penalty (11) sufficient to establish Proposition 3.6. The second step and con-
clusion of the proof consists in using the peeling device with the decomposition:

wer=wiru (JAweR Ayt
k>0

in order to apply the deviation inequalities on sup,cg,, [Vn(g)| ; to each band
{Wyit, \W,;’}. Proposition 5.1 gives a concentration inequality on the re-
stricted empirical processes.
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Proposition 5.1. Assume H1, H2(i)(iii), H3 and H4(i). There exist some
positive constants K1, Ko, C' and ¢, depending on f, and ay such that, for any
M>1,anyn>1 and any t > C’n_l/Q,

IP’*{ sup [vn(g)| > cE. {sup Vn(g)|:| + Mt} <K, (e’KﬁQ = e’K”) . (33)
9€GMm 9eEGM

The proof of Proposition 5.1 is given in the supplement paper [12, Sec-
tion 2] and relies on the concentration results of [1]. It remains to control
E, [SUPgegM [vn(g)]] for any M > 1.

Proposition 5.2. Assume H1, H2(i)(iii),H3, H4(i) and H5. There exists a
positive constant K depending on v, such that, for any M > 1,

E, {sup Vn(g)@ < KMVt (34)
9€G M

The proof of Proposition 5.2 is given in Appendix B. We now combine
Proposition 5.1 and Proposition 5.2 to obtain a deviation inequality on the
empirical process restricted to the truncated collection of functions G,;. Let
n > OC.v There exist K1, Ko and K3 such that for any M > 1, any n > 1 and any
t> =

P*{sup Ivn(g)lszM”+1+Mt} < K (e e (3p)
g€l

Proposition 3.6 is obtained applying the peeling device as in [25, Lemma 5.14].
Let {zj}ren be some chosen weights such that,

Ze*z’“ < +o0o and, foranyk>1, CV1<a, <2,

k>1
Let k£ > 0, for any positive x, if ¢ def T+ xy, forany n > 1, we have t > C' > %
Since t > x, > 1 and z;, < 25V, we have e Kat? < e Kot and t < 2FV(x 4 1).

Plugging these relations into (35) leads to

2k(v+1) ,
< Kle Kelztan) o (36)

]P’*{ sup ‘/gpmd(Pn —P)| >

fEW;’cp, a>a_
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where K % 2K and K} < K3+ 1. If T % 2v+1 K,
P*{ Ifgpfad(Pn *)|>T+ar}

sup =
fEWSP, a>a_ (f) V1 \/ﬁ
T+x
<P, sup ‘/g AP, =P >
{ FEW?, a>a_ b \/ﬁ
> T+
+ ‘/g i o ) > 2k(v+1) )
z:;) {fEW k+1’ a>a, P \/ﬁ

However, since T' > K4 and x1 > 0, by (36) applied with k£ =0,

T
P, sup ‘/gpfad(}}”n —P,)| > +z < Kje Ker
fEW P a>a_ '
Therefore, by the definition of T and by (36),

d(P, — P,
]P’*{ sup [ 991090 )|>T+x}

B

fEWSsP a>a_ IQ( )\/ 1 - \/ﬁ

/gpf,ad(]P)n - ]P)*)
fEW o1 a>a,

> (gkH)ot] Kj + /207!
> —

< Kje —K2$+ZP {

o0
v+1
< Kje Ko 4 E K{E_KQ(”:/Q +ont) |
k=0

This last equation ensures the existence of some positive constants K and X
such that

d(P, — P,
P*{ . |fgpf< >>T+x}<K6_m.

fEWSP a>a_ (f) v N \/ﬁ

A

For the sake of simplicity, for any f € W*? and x = (xg,21) € K X K, we set,
for any a > 0,

F) E (fzo), f(21) €R and  vo(x) € va(z0)galzo, z1) . (37)

This appendix is devoted to the proof of an intermediate lemma on the
envelope functions of the sets Gy and Gy defined, for any y € R?, by

def = def
Gu(y) = sup g(y) and Gu(y) = sup g(y).
9EG M 9€G M
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Lemma A.1. Assume H2(i), H2(iii), H/(i) and H3. There exists a constant
Cq > 0 such that, for any y € R,

Gu(y) <Cq (14 Mlyl) -

Proof. For any y € R*, any f € W;;” and any a > a_,

. 1 1 1 pﬁa(}’)
ra(y) =gz +gh (1 "t (y)>
11 1 Va(x) exp (—[|F(x) — y|*/20°)
<212+zm<“iﬂ%%xmwm—f%m—yPMH>'

By H2(i), (3), (4) and (37), there exists a constant ¢, > 1 such that

sup Va(x) <c .
x€K? Va* (x)

Therefore,

1
gpf,a(y) = 51

11 exp (=] £(x) — yII*/20°)
“f%mG”Q%m<fw>MWﬂ |

By H3 and H4(i) f, is bounded and there exists a constant ¢ such that

exp (—[[ £ (x) —y[?/20?)
exp (|| f*(x) - y|]?/20?)

Then, there exists a constant ¢ such that

<exp (e(L+ £ - lyl) -

Ipsa(Y) <L+ FEN -yl

and the proof is concluded by (8). O

Lemma A.1 implies that there exists a constant C' > 0 such that, for any
y € R¥, _
Gu(y) <C QA+ Mlyll) - (38)

B

We prove Proposition 5.2 using entropy with bracketing arguments on the class
of functions Gjs. Define the class of function

PMdéf{pf,a: fewyf, a>a} .

Let || -|| be a norm on G, the entropy with bracketing for the norm || -|| is defined
as follows:
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Definition B.1. Let G be some class of functions. For any positive 6, let

Ny(6,G, |Il) be the smallest N such that there exist a set of brackets { [gF, g¥| }ivzl
for which ||g¥ — gF|| <6 for alli € {1,--- N}, and for any g in G, there exist
ie{l,---,N} such that

g <g9<g -

Np(6,G, - ||) is called the d-number with bracketing of G, and Hp(6,G, | - |) =
InNp(6,G, |- ||) is the d-entropy with bracketing of G.

Let Y % {Y4},cz be the observations process defined, for all & € Z, by

Y. def (Yor, Yogt1). A way of measuring the dependency of the process Y is

the determination of its S-mixing coefficients defined, for any n > 1,

Bn sup sup [Py (A[HY) — P, (4)] , (39)
u>0 Aegﬁ_n

where HY o o (Y, k<u)and GY,, e 0(Yg,k>u+n). Let {8,}n>1 be

defined by (39), then, by combining [23, Chapter 9] and the results on the
control of the ergodicity of Markov chains by coupling techniques of [9], it can
be proved that there exist 8 in (0,1) and C > 0 such that, for any n > 1,

Pn < CB™. (40)

Define the mixing rate function 5(-), by () e Bz if t > 1 and B(t) =1
otherwise. For any numerical function g, we denote by Q, the quantile function
of [g(Yo)| and define the norm ||g||2,5 as in [10] by

1/2

1
def _ 2
loles ™ | [ 5 @ [@ywa?]
where 37! denotes the cadlag inverse of the function 8(-). We also denote by
L2 53(P,) the class of numerical functions g such that | g||2,s < co.

Proposition B.2. Assume H2(i), H2(iii) and H3. For anyp’ > 1, s’ > 2{/p/,
any integer r > 1 and any even number b such that b > s’ + 2¢(1 — 1/p’), there

exists a positive constant C' such that:
MS,+b+%f 2¢/s’
Ve>0, M >1, Hy(e,Gum,|l - 2,5)§0<2T> .

€

The proof of Proposition B.2 is given in Appendix C. Proposition B.2 al-

lows to apply [10, Theorem 3] to the class of functions Gp;. Let B be the
function defined on Ry by B(z) ef o B7L(t)dt and, for any € > 0, dp(e) e

sup Qg,, (t)y/B(t). The following lemma is an application of [10, Lemma 2] it
t<e
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allows to bound the || - ||2,s-norm by || - ||,, for all » > 1. For any g in Lo g and
any r > 1,

1
Igll2,6 < |ngr,~(IP’*)\//O u= /B (u)du . (41)

Moreover, by [20, Lemma 7.26], for any natural number r > 1 there exist a
positive constant C' such that for any f in WP and a > 0,

195 1T5. 2.y < Ch(DfasPseas) - (42)

The Hellinger distance being bounded, (42) and (41) state the existence of a
positive number d such that ||g,, . [l2,s < d for all f in W*? and a > a_. Define

for any M > 1, ppy fod VHy(u,Gar, [ - [|2,8)du. Thus, by [10, Theorem 3],
provided that da(e) v 0, there exists a constant C' such that
e—

6M(1/\6n,M))’ (43)

E, [sup IVn(g)I} < Coum (1 + y
9eGm

where €, ps is the unique solution on Ry of the equation:
o
B(z) nd?’

In the sequel, we control the quantities appearing in (43). By Proposition B.2
and the definition of ¢y, for any p’ > 1, s’ > 2¢/p’, r > 1 and any even number
b such that b > s’ 4+ 2€(1 —1/p’), there exists a constant C' depending on p’, s’ r
and b, such that

’ Z/S/ d ’
o < C (Ms +b+§£) /0 u72rf/s du, (44)

with fod uw=2rt/s' du < 0o whenever ' > 2rf. If b is the unique even number such
that " +20(1 —1/p) <b<[s'+20(1—1/p)] + 1 and if &’ tends to infinity in
/s

(44), then (Msl+b+§e> — M? and it follows that,

s'—o00
V>0, 3C >0, VM > 1, oy < CM*H7
By Hb5, there exists a constant C' such that
o <CM" . (45)

Lemma B.3. Assume HJ(i) and H3. There exists C > 0, such that, for any
M >1 and any t € (0,1),

Qa,, (1) < CM <1 +1In'/? (1)) .
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Proof. Set €g = (g, €1), set u > Cg, where C¢ is defined in Lemma A.1,

Po{Gu(Yo) 2 u}p < P {Ca(l+ M|[Yol)) > u}

Cqg—1
< m{vol > 5=
. u/Cq —1
< B {lr ool + el = L
<

P {leol 2 G e}

where || f*(x)| < coo for all x in K2 (f, is bounded by H3 and H4(i)). Using
Cirelson-Ibragimov-Sudakov inequality, see [20, Section 1.2.1], for any = > 0

N

P, {f, (leoll — E(eoll)) > x} T

Hence,

(25572 - cre ~ B(le))’

202

(clu—l _ Cg>2
= exp ( M202 5

where ¢; = - and ¢ & ¢ + E, [||eo]]. Setting 1>t > 0, let u be such that

t =P, {Gn(Yp) > u}, then,

cru—1 _ 2
exp <(1\/[20202)> >t

1 1\ /2
u< — M02+1+M(2021n(t)) ,
C1

which concludes the proof. O

P*{GAI(Y())ZU} < exp| —

implies

By (40), there exists a constant C' > 0 such that,

vz € (0,1), B(z) < Ca <1 +In (i)) . (46)

Lemma B.4. Assume H/(i) and H3. There exists C > 0 such that for any
0<e<l,

Su(e) < OM <el/2 In (1) loco2+ 16>e_2> <CM .
¢ ) te<
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Proof. By Lemma B.3,
Qq,, (t) < CM <1 +In'/? (1)) .

Therefore, by (46)

Qa,, ()/B(t) < CM <1+ln1/2 (1)) t{1+1n C)} ,

Fort >e ! In(t7!) <1 and Qg,, (t)\/B(t) < CM.
For t <e ! In(t~1) > 1, this yields, for t <e™!

)

1
Qc,, (t)/B(t) < CM1n <t> Vi .
The proof is concluded upon noting that the function ¢ — t'/21In (t‘l)
reaches is maximum at e 2. O

Finally, Lemma B.4 ensures that 0y (¢) = 0 for any M > 1, and Proposi-
e—
tion 5.2 results from (43), Lemma B.4, and (45).

C

The aim of this appendix is to prove Proposition B.2. The computation of
Hy(e,Gu, || - [l2,8) is not an easy task as the dependency of ||g|l2,s in g only
appears trough the quantile function Q4. Moreover, the dependency in M of

the entropy Hjj(e,Gnr, | - [|2,8) is not straightforward. The next lemma allows
to control the bracketing entropy of Gas relatively to the || - ||2,3-norm by the
entropy of Py relatively to the || - |1, ge2¢y-norm .

Lemma C.1. For any integer r > 1, there exists a constant C such that:

Hy (6,9, - 2,6) < CHy (2, Par, |- yceon)

Proof. The function In being increasing, if [Py, Pr] is a bracket for Py, then
l9p,,9p,] is a bracket for Gps. Moreover, by [20, Lemma 7.26], there exists a
positive constant C' such that

lgpe — 9P 1Ts, ) < ClIVPo = VPLE g2y -

Moreover it is straightforward that ||\/Py — \/PLH%Q(RM) < 1Po = P, (r2e)-

The proof is concluded using (41). O

[22] provides results on the entropy rates for function classes of Besov or
Sobolev-type. Therefore, to control the entropy rate of Py; we prove that it
is included in some weighted Sobolev Space. Define the polynomial weighting
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function (y)? def (1+ Hy||2)b/2 parametrized by b € R where y € R*. Further-

more, define for p’ > 1, and s’ > 2¢/p’ the weighted Sobolev space
W (R (y)") G p )t e w e (R2R) )

Lemma C.2. Assume H2(i), H2(iii) and HS. For anyp’ > 1, ' > 20/p' and
any even and positive number b, there exists a positive constant C such that

‘bt 20
VfEWSP, Va>a, |psa- W) lwew geegy < C LV [ fllwen)” 5"

Proof. Let f be a function in W#%P, for any a > a_,

b ’ ’
1D 01y = 3 1D (70 ) I,
Applying the general Leibniz rule component by component, for any o € N?¢,

« « o/ Ot*(X/
D% (rpa- ) = X (5) 0% @0 p) . )
o' <a
where () ef H?il (Zj) Thus, Lemma C.2 results from the control of HDO‘(I) (<y>b)D°‘(2) (pf.a)llL,,
for any given o)) and o(? in N?¢. It is straightforward that, for any « in N2¢,
there exists a polynomial function P, whose degree does not exceed || such
that, for any y € R?¢,

Dpya(y) = /

xceK?2

Par) - yyes { - by gax. )

Moreover, since b is an even number, that for any o € R? such that |a| <
b, D*{y)® is a polynomial function denoted by P,, whose degree does not
exceed b — |a|. In the case where |a| > b, D*(y)* = 0. Since P, and P, ,0)
are both polynomial functions, and since (8) ensures that, for any x in K2,
IFG)N < V26| fllwsr < V261V fllws»), there exist a constant C' depending
on o, o and b such that, for any y in R?* and any x in K2,

| Py o) (¥) Pac (F(x) — )|

< O+ D' o < x (V2R (V1 fllwes) + D)

a®]

Define the following subset of R?

{y € R Iyl < V2R AV | fllwes) | -

A,

|| £ (x)—yl| can be lower bounded by 0 when y belongs to A and by |v2(1V || f|lw=») — [ly]l]
when y belongs to A?. Therefore, uniformly in x € K?2,

f X)—Y 2 -1 K s,p)— 2

exp {_|(2>02| < L4, (y) + Lag (y)e™ 2 (VBRI Iwe ol
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Thus, there exists a constant C' > 0, independent from a, such that, for any
T2l
y in R,

(2)

D" (9)) D" (p1.0) )|

Iy o
o) a®
<0V Il - @ Iy (14 )

x |:1Af(Y)+1AC (y)e‘ziz(ﬁ”(”'“ws”’)—'y')z} .
f

Therefore, for any p’ > 1,

(1)

o Ne) / 10
D> ({y)*)D (Pralllf,, < CAVIIfllwer)?* " (I +12)
where,
a®)|
def (b—]aM]) lyll ?
B[ as iy (+ dy |
Af V21V || fllwer)

(2)‘

Ila
def (b—]aM]) lyll ?
B[ asiyly @+
" VIRV [ o)

f
y e,%(muvufnws,p)—nyn)Qdy ,

By applying the change of variable y’ = Y in I; and I, and noting

S S
VER(IV Fllw=.

' VBRI f Ly ,p) )2 ey 2
that e 2z e (11l <e” 2 (=11 , there exists a constant C
such that
(1) (2) 4 ’ (2)_ (1)
ID* ((y)*)D* (PrallL,, < CAVIIfllwer)” (o =la 026 (49)

Using (49) in (47) with o) = o/ and a(?) = a — o/ for any |a| < s’ and o/ < «
concludes the proof. O

Hence Lemma C.2 ensures that, for any p’ > 1, s’ > 2¢/p’ any even integer b,

the renormalized classes of functions Py /M S/+b+§e, M > 1 belong to the same
bounded subspace of W'+’ (R%, (y)?). By [22, Corollary 4], for any p’ > 1, and
any s’ > 2¢/p’, provided that b > s’ +2¢(1 — i), there exists a constant C such
that , ) )

Ve >0, Hy (E,PM/MS TS \|L1(Ru)) < Ce 2 (50)

Lemma C.1 and (50) conclude the proof of Proposition B.2.
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