N
N

N

HAL

open science

On the adaptive wavelet estimation of a
multidimensional regression function under a-mixing
dependence: Beyond the boundedness assumption on

the noise

Christophe Chesneau

» To cite this version:

Christophe Chesneau. On the adaptive wavelet estimation of a multidimensional regression func-

tion under a-mixing dependence: Beyond the boundedness assumption on the noise. 2013.

00727150v3

HAL Id: hal-00727150
https://hal.science/hal-00727150v3

Preprint submitted on 23 Mar 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00727150v3
https://hal.archives-ouvertes.fr

On the adaptive wavelet estimation of a multidimensional
regression function under a-mixing dependence:
Beyond the boundedness assumption on the noise

CHRISTOPHE CHESNEAU
LMNO, Université de Caen Basse-Normandie, 14032, France
e-mail: christophe.chesneau@unicaen.fr

March 23, 2013

Abstract

We investigate the estimation of a multidimensional regression function f from n
observations of a a-mixing process (Y, X) with Y = f(X) + £, where X represents the
design and £ the noise. We focus our attention on wavelet methods. In most papers
considering this problem either the proposed wavelet estimator is not adaptive (i.e.,
it depends on the knowledge of the smoothness of f in its construction) or it is sup-
posed that £ is bounded (excluding the Gaussian case). In this study we go far beyond
this classical framework. Under no boundedness assumption on &, we construct adap-
tive term-by-term thresholding wavelet estimators enjoying powerful mean integrated
squared error (MISE) properties. More precisely, we prove that they achieve ”sharp”
rates of convergence under the MISE over a wide class of functions f.

Key words and phrases: Nonparametric regression, a-mixing dependence, Adaptive
estimation, Wavelet methods, Rates of convergence.

AMS 2010 Subject Classifications: 62G08, 62G20.

1 Introduction

The nonparametric multidimensional regression model with uniform design can be described
as follows. Let (Y}, X;)iez be a strictly stationary random process defined on a probability
space (2, A, P), where

Y = f(Xt) + &, (1.1)



f 0, 1}d — R is the unknown regression function, d is a positive integer, X follows the
uniform distribution on [0,1]? and (&;);ez is a strictly stationary centered random process
independent of (X;)iez (the uniform distribution of X; will be discussed in Remark 4.4
below). Given n observations (Y1, X1),..., (Y, X,) drawn from (Y;, X¢)iez, we aim to
estimate f globally on [0,1]%. Applications of this nonparametric estimation problem can
be found in numerous areas as economics, finance and signal processing. See, e.g., White
and Domowitz (1984), Hardle (1990) and Hérdle et al. (1998).

The performance of an estimator f of f can be evaluated by the mean integrated squared
error (MISE) defined by

R(f.f) =B ( [, - f(ﬂ:))2dx) ,

where E denotes the expectation. The smaller R( f , f) is for a large class of f, the better
f is.

Several nonparametric methods for f can be considered. In this study, we focus our
attention on the wavelet methods because of their spatial adaptivity, computational effi-
ciency and asymptotic optimality properties under the MISE. For exhaustive discussions
of wavelets and their applications in nonparametric statistics, see, e.g., Antoniadis (1997),
Vidakovic (1999) and Hérdle et al. (1998). We consider (1.1) under following general setting:

(1) (Y:, Xt)iez is a dependent process following a a-mixing structure,
(ii) Y; is not necessarily bounded (allowing a Gaussian distribution for &),

(the precise definitions and more details are given in Section 2).

In order to clarify the interest of considering (i) and (ii), let us now present a brief review
on the wavelet estimation of f under various dependence structures on the observations.
In the common case where (Y7, X1),...,(Yy, X,,) are i.i.d., various wavelet methods have
been developed. The most famous of them can be found in, e.g., Donoho and Johnstone
(1994, 1995), Donoho et al. (1995), Delyon and Jusitky (1996), Hall and Turlach (1997),
Antoniadis et al. (1997, 2001, 2002), Clyde and George (1999), Zhang and Zheng (1999),
Cai (1999, 2002), Cai and Brown (1998, 1999), Kerkyacharian and Picard (2004), Chesneau
(2007), Pensky and Sapatinas (2007) and Bochkina and Sapatinas (2009). Relaxations of the
independence assumption have been considered in several studies. If we focus our attention
on the a-mixing dependence, which is reasonably weak and particularly interesting for (1.1)
thanks to its applications in dynamic economic systems (see, e.g., White and Domowitz
(1984) and Hérdle (1990)), recent wavelet methods and results can be found in, e.g., Masry
(2000), Patil and Truong (2001), Doosti et al. (2008), Doosti and Niroumand (2009) and
Chesneau (2012). However, in most of these studies, either the proposed wavelet estimator
is not adaptive (i.e., its construction depends on the knowledge of the smoothness of f) or



it is supposed that &; is bounded. In fact, to the best of our knowledge, Chesneau (2012)
is the only work which deals with such an adaptive wavelet regression function estimation
problem under (i) and (ii) (with d = 1). However, the construction of the proposed wavelet
estimator deeply depends on a parameter 8 related to the a-mixing dependence. Since 8 is
unknown a priori, this estimator can be considered as non adaptive.

In this paper we go far beyond this classical framework by providing theoretical con-
tributions to the full adaptive wavelet estimation of f under (i) and (ii). We develop two
adaptive wavelet estimators f5 and fg both using a term-by-term thresholding rule § (as
the hard thresholding rule or the soft thresholding rule, see, e.g., Donoho and Johnstone
(1994, 1995) and Donoho et al. (1995)). We evaluate their performances under the MISE
over a wide class of functions f: the Besov balls.

In a first part, under mild assumptions on (1.1), we show that the rate of convergence
achieved by f5 is exactly the one of the standard term-by-term wavelet thresholding estima-
tor for f in the classical i.i.d. framework. It corresponds to the optimal one in the minimax
sense within a logarithmic term.

In a second part, with less assumptions on (1.1) (only moments of order 2 is required
on &), we show that fg‘ achieves the same rate of convergence to fg up to a logarithmic
term. Thus fg‘ is somewhat less efficient than f5 in terms of MISE but can be used under
very mild assumptions on (1.1). For proving our main theorems, we establish a general
result on the performance of wavelet term-by-term thresholding estimators which may be
of independent interest.

The rest of this work is organized as follows. Section 2 clarifies the assumptions on the
model and introduces some notations. Section 3 describes the considered wavelet basis on
[0,1]¢ and the Besov balls. Section 4 is devoted to our adaptive wavelet estimators and
their MISE properties over Besov balls. The technical proofs are postponed in Section 5.

2 Assumptions
We make the following assumptions on the model (1.1).

Assumptions on the noise

Let us recall that (& )z is a strictly stationary random process independent of (Xi)iez
such that E(&;) = 0.

H1. We suppose that there exist three constants v > 0, ¢ > 0 and w > 0 such that, for
any t € R,

E(ef) < wel’ /2.



H2. We suppose that E(£3) < oo.

Obviously H1 allows a Gaussian distribution on & and H1 implies H2.
Remark 2.1 It follows from H1 that

o for any p > 1, we have E(|£1]P) < oo,

e for any A > 0, we have

P(|€1] > ) < 2we™/0), (2.1)

a-mixing assumption
H3. For any m € Z, we define the m-th strongly mixing coefficient of (Y3, X})tcz by

Qm = Sup |P(AﬂB) _P(A)P(B)’7
(A,B)eF X x Fi)

where f(Y’X) (Y, X)

" o0 is the o-algebra generated by oo (Yo, X21), (Yo, Xo) and F o’ is the o-
algebra generated by (Yo, Xim), (Yit1, Xmt1)s - -
We suppose that there exist two constants v > 0 and 5 > 0 such that, for any integer

m > 1,
ay, < ye_ﬁm.

Further details on the a-mixing dependence can be found in, e.g., Bradley (2007), Doukhan
(1994) and Carrasco and Chen (2002). Applications on (1.1) under a-mixing dependence
can be found in, e.g., White and Domowitz (1984), Hérdle (1990) and Liitkepohl (1992).

Boundedness assumptions

H4. We suppose that there exists a constant K > 0 such that

sup |f(z)] < K.
z€l0,1]4

H5. For any m € {1,...,n}, let g(x, x,,) be the density of (Xo, X;,). We suppose that
there exists a constant L > 0 such that

b S gty (@a) S L (2.2
me{l,...,n} (z,z.)€[0,1]2¢

These boundedness assumptions are standard for (1.1) under a-mixing dependence. See,
e.g., Masry (2000) and Patil and Truong (2001).



3 Preliminaries on wavelets

This section contains some facts about the wavelet tensor-product basis on [0,1]¢ and the
considered function space in terms of wavelet coefficients that will be used in the sequel.

3.1 Wavelet tensor-product basis on [0,1]%

For any p > 1, set

1/p
Ly([0. 1) = { bt 0,1 — |\h||p=</[ dmun%) < o

)

For the purpose of this paper, we use a compactly supported wavelet-tensor product basis
on [0,1]% based on the Daubechies wavelets. Let N be a positive integer, ¢ be ”father”
Daubechies-type wavelet and 1) be a ”mother” Daubechies-type wavelet of the family db2N.
In particular, mention that ¢ and ¢ have compact supports (see Mallat (2009)).

Then, for any = = (x1,...,24) € [0,1]¢ we construct 2¢ functions as follows:
e a scale function ;
®(z) = [ ] o)
u=1
e 2¢ — 1 wavelet functions
d
d(aa) [ ] é(z0) when u € {1,...,d},
U, (z) = oty
II ¢@o) ] é(2v) whenuwe{d+1,...,2¢ -1},
VEAy v Ay
where (Au)yefd1,..24-1) forms the set of all non void subsets of {1,...,d} of cardi-

nality greater or equal to 2.

We set ‘
D; ={0,...,27 —1}%,

for any j > 0 and k = (k1,...,kq) € D;,
@Lk(x) = 2jd/2®(2jx1 — kl, .. .,le’d — k)d)
and, for any v € {1,...,2% — 1},

Wj7k7u(x) = 2jd/2\I/u(2j£L'1 - ]{,‘1, ey ijd - k‘d)



Then there exists an integer 7 such that the collection
B = {CI)T,k, ke D, (\Ilj,k,u)ue{l,...,QdflP j € N — {0, e, T — 1}, ke Dj}

(with appropriated treatments at the boundaries) forms an orthonormal basis of La([0, 1]%).
Let j. be an integer such that j, > 7. A function h € L([0,1]¢) can be expanded into a
wavelet series as

29-1 oo
W)= D oali k@) + D> Y diga¥kul),
keD;, u=1 j=j. keD,
where
Cjk :/ h(z)®; (x)dz, dj ko :/ h(x)W; g u(x)de. (3.1)
[0,1]4 [0,1]d

The idea behind this wavelet representation is to decompose h into a set of wavelet approx-
imation coefficients, i.e., {c;, x; k € Dj, }, and wavelet detail coefficients, i.e., {djx; 7 >
Js, k€ Dj, ue{l,..., 24 — 1}}. For further results and details about this wavelet basis
on [0,1]¢, we refer the reader to Meyer (1992), Cohen et al. (1993) and Mallat (2009).

3.2 Besov balls

Let M >0,s¢€ (0,N), p>1andr > 1. A function h € Ly([0,1]%) belongs to the Besov
balls By ,. (M) if and only if there exists a constant M* > 0 such that the associated wavelet
coefficients (3.1) satisfy

1/p d 1/p T 1/T
00 A 29—1
E : ler P + § : 97 (s+d(1/2—1/p)) § § |kl < M*
keD- j=r u=1 keD;

and with the usual modifications for p = oo or ¢ = .

For a particular choice of parameters s, p and r, these sets contain Sobolev and Hélder
balls as well as function classes of significant spatial inhomogeneity (such as the Bump
Algebra and Bounded Variations balls). Details about Besov balls can be found in, e.g.,
Devore and Popov (1988), Meyer (1992) and Hérdle et al. (1998).



4 Wavelet estimators and results

4.1 Introduction

We consider the model (1.1) and we adopt the notations introduced in Sections 2 and 3.
We expand the unknown regression function f as

241

u=

22 > diku¥ikul@), (4.1)

1 j=j0 k’GDj

F@) =" cipaPipr(z) +

kED]'O

where jo > 7, ¢j = f[o,l}d f(2)®; k(x)dz and d;p, = f[o,l]d f(2)¥; . o(z)dz. In the next
section, we will construct two different wavelet estimators for f according to the two fol-
lowing lists of assumptions:

List 1: H1, H3, H4 and H5,
List 2: H2, H3 and H4.

4.2 Wavelet estimator I and result

Suppose that H1, H3, H4 and H5 hold. We define the hard thresholding estimator f(; by

2491 41
fs(@) = D" CiowPion(@) + DD > 6(djku 5An) V) pu(), (4.2)
keDj, u=1 j=jo k€D

where jo > 7 is an integer satisfying
1 .
§(lnn)2 < 2000 < (Inn)?,
¢k and afjku are the empirical wavelet coefficients estimators of ¢; and d; 1, i.e.,
1 < 1<
Gk =~ > Vi (X)), djgu = - D ViU u(X), (4.3)
i=1 i=1

d: R x (0,00) = R is a term-by-term thresholding rule satisfying: there exists a constant
C > 0 such that, for any (u,v,\) € R? x (0, 00),

10(v, A) = u| < C(min(Juf, A) + |[v = ulLgjy—u/>r/23) (4.4)

L 15
Ji .

7

k is a large enough constant,



and j; is an integer satisfying

1 n ; n
- 971d < ]
2 (Inn)* < ~ (Inn)*

Remark 4.1 The estimators ¢j and djku (4.3) are unbiased. Indeed the independence of
X1 and &, and E(&) = 0 imply that

~

Similarly we prove that E(d; ;) = dj i u-
Remark 4.2 Among the thresholding rules § satisfying (4.4), there are

e the hard thresholding rule defined by 6(v,\) = v1lgy>a}, where 1 denotes the indicator
function,

e the soft thresholding rule defined by 6(v,\) = sign(v) max(|v| — X,0), where sign de-
notes the sign function.

The technical details can be found in (Delyon and Jusitky, 1996, Lemma 1).

The idea behind the term-by-term thresholding rule § in f5 is to only estimate the “large”
wavelet coefficients of f (and to remove the others). The reason is that wavelet coefficients
having small absolute value are considered to encode mostly noise whereas the important
information of f is encoded by the coefficients having large absolute value. This term-by-
term selection gives to f5 an extraordinary local adaptability in handling discontinuities.
For further details on such estimators in various statistical framework, we refer the reader
to, e.g., Donoho and Johnstone (1994, 1995), Donoho et al. (1995), Delyon and Jusitky
(1996), Antoniadis et al. (1997) and Hérdle et al. (1998).

The considered threshold A, (4.5) corresponds to the universal one determined in the
standard Gaussian i.i.d. case (see Donoho and Johnstone (1994, 1995)).

It is important to underline that ﬁ; is adaptive; its construction does not depend on the
smoothness of f.

Theorem 4.1 below explores the performance of f5 under the MISE over Besov balls.

Theorem 4.1 Let us consider the model (1.1) under H1, H3, H4 and H5. Let f5 be
(4.2). Suppose that f € By (M) withr > 1, {p > 2 and s € (0,N)} or {p € [1,2) and
s € (d/p,N)}. Then there exists a constant C > 0 such that

2s/(2s+d)

n



The proof of Theorem 4.1 is based on a general result on the performance of the wavelet
term-by-term thresholding estimators (see Theorem 5.1 below) and some statistical prop-
erties on (4.3) (see Proposition 5.1 below).

The rate of convergence (Inn/n)?%/ (2574 is the near optimal one (in the minimax sense)
for the standard Gaussian i.i.d. case (see, e.g., Hardle et al. (1998) and Tsybakov (2004)).
“Near” is due to the extra logarithmic term (Inn)2s/(2s+d)_ Also, following the terminology
of Hardle et al. (1998), note that this rate of convergence is attained over both the ho-
mogeneous zone of the Besov balls (corresponding to p > 2) and the inhomogeneous zone
(corresponding to p € [1,2)). This shows that the performance of fs is unaffected by the
presence of discontinuities in f.

In view of Theorem 4.1, it is natural to address the following question: is it possible to
construct an adaptive wavelet estimator reaching the two following objectives:

e relax some assumptions on the model,

e attain a suitable rate of convergence, i.e., as close as possible to the optimal one
n—28/(2s+d)

An answer is provided in the next section.

4.3 Wavelet estimator II and result

Suppose that H2, H3 and H4 hold (only moments of order 2 are required on &; and we
have no a priori assumption on (2.2)). We define the hard thresholding estimator f§ by

291 g1
Z Cjo kq)JO: Z Z Z 5 jku? ) jku( ) (46)
kED u=1 j=jo k€D;

where jo =T, é;‘ i and d;'f iy are the wavelet coefficients estimators of ¢;j and d; ,, defined
by

n

5 1
Cik = ZA i,k dj e = n ZBi,j,k,u’ (4.7)

i=1
where

Ak =Yi®,1(X;)1 =YV 0 (X)1

B‘ ] n
{'Y(I)Jk(X )|<1nn bk w {'Y\Ij]k“(X )‘ 1}{;}’

k is a large enough constant,



d:R x (0,00) = R is a term-by-term thresholding rule satisfying (4.4) and j; is an integer
such that

1 n n
Z 2]1d
2 (Inn)? < (Inn)?

The role of the thresholding selection in (4.7) is to remove the large |Y;|. This allows
us to replace H1 by the less restrictive assumption H2. Such an observations thresholding
technique has already used in various contexts of wavelet regression function estimation in
Delyon and Jusitky (1996), Chesneau and Fadili (2012), Chesneau (2012) and Chesneau
and Shirazi (2013).

Again, let us mention that f; is adaptive.

Theorem 4.2 below investigates the performance of fg under the MISE over Besov balls.

Theorem 4.2 Let us consider the regression model (1.1) under H2, H3 and H4. Let fg‘
be (4.6). Suppose that f € By (M) withr > 1, {p >2 and s € (0,N)} or {p € [1,2) and
s € (d/p,N)}. Then there exists a constant C > 0 such that

) )2 25/ @5t
rif <o ()

The proof of Theorem 4.2 is based on a general result on the performance of the wavelet
term-by-term thresholding estimators (see Theorem 5.1 below) and some statistical prop-
erties on (4.7) (see Proposition 5.2 below).

Theorem 4.1 improves (Chesneau, 2012, Theorem 1) in terms of rates of convergence
and provides an extension to the multidimensional setting.

Remark 4.3 Obviously the assumptions H1 and H2 includes the bounded noise. If € is
bounded, the only interest of Theorem 4.2, and a fortiori f5, is to relax HS5.

Remark 4.4 Our work can be extended to any compactly supported regression function f
and any random design X1 having a known density g bounded from below over the support
of f (including X1(Q) = R?). In this case, it suffices to adapt the considered wavelet basis
to the support of f and to replace Y; by Yi/g(X;) in the definitions of fs5 and fé* (more
precisely, in (4.3) and (4.7)) to be able to prove Theorems 4.1 and 4.2. Some technical
ingredients can be found in (Chesneau et al., 2013, Proof of Proposition 2).

When g is unknown a posszble appmach following the idea of Patil and Truong (2001)
is to consider fg = f§ (or f5) to estimate fg, then estimate the unknown density g by
a term-by-term wavelet thresholding estimator g (as the one in Hdrdle et al. (1998)) and
finally consider fT = E/g This estimator is particularly appropriated if we work with (1.1)
in an autoregressive framework (see, e.g., Delouille et al. (2001) and Doosti et al. (2010)).
However, we do not claim it to be near optimal in the minimaz sense.

10



Conclusion and discussion

This paper provides some theoretical contributions to the adaptive wavelet estimation of a
multidimensional regression function from the a-mixing sequence (Y, X;)icz defined by
(1.1). Two different wavelet term-by-term thresholding estimators f5 and fg‘ are con-
structed. Under very mild assumptions on (1.1) (including unbounded Y; (and &) and
no a priori knowledge on the distribution of &), we determine their rates of convergence
under the MISE over Besov balls B, ,.(M). To be more specific, for any r > 1, {p > 2 and
s€(0,N)}or {pel,2) and s € (d/p, N)}, we prove that

Result Assumptions Estimator | Rate of convergence
Theorem 4.1 | H1, H3, H4, H5 | f5 (4.2) (Inno/n)2>/ @5+
Theorem 4.2 H2, H3, H4 f5 (4.6) ((In n)z/n)QS/(25+d)

Since n~2%/(2574) is the optimal rate of convergence (in the minimax sense) in the stan-
dard i.1.d. framework, these results show the good performances of f5 and f;.
Let us now discuss several aspects of our study.

e Some useful assumptions in Theorem 4.1 are relaxed in Theorem 4.2 and the rate

of convergence attained by fg‘ is close to the one of ﬁ; (up to the logarithmic term
(ln n)2s/(2s+d) )

e Stricto sensu f5 is more efficient to f;. Moreover the construction of f; is more

complicated to the one of f5 due to the presence of the thresholding in (4.7). This
could be an obstacle from a practical point of view.

Possible perspectives of this work are to
e determine the optimal lower bound for (1.1) under the a-mixing dependence,
e consider a random design X; with unknown density or/and unbounded,
e relax the exponential decay assumption of «,, in H3,

e improve the rates of convergence by perhaps using a group thresholding rule (see, e.g.,
Cai (1999, 2002)).

All these aspects needs further investigations that we leave for a future work.

5 Proofs

In the following, the quantity C denotes a generic constant that does not depend on j, k
and n. Its value may change from one term to another.

11



5.1 A general result

Theorem 5.1 below is derived from (Kerkyacharian and Picard, 2000, Theorem 3.1) and
(Delyon and Jusitky, 1996, Theorem 1). The main contributions of this result is to provide
more flexibility on the choices of jy and j; (which will be crucial in our dependent framework)
and to clarified the minimal assumptions on the wavelet coefficients estimators to ensure
a “suitable” rate of convergence for the corresponding wavelet term-by-term thresholding
estimator (see (a) and (b) in Theorem 5.1). This result may be of independent interest.

Theorem 5.1 Let us consider a (general) nonparametric model where an unknown function
f € La([0,1]%) needs to be estimated from n observations of a random process defined on
a probability space (2, A, P). Using its wavelet series expansion (4.1), we define the hard
thresholding estimator fg by

2¢_1 41
= D Goa®ion(@) + 3 Y D 0(djk i) Yka(@),
kED u= 1]—]0k€D

where jo > T s an integer such that

1 ,

52”(111 n)? < 2904 < 97d(In )",
with v > 0, é;o’k and djku are wavelet coefficients estimators of cj, . and dj ., respectively,
K is a large enough constant, X\, is a threshold, § : R x (0,00) — R is a term-by-term
thresholding satisfying (4.4) and ji is an integer such that

L1 g 1
2X2(lnn)e — ~ X2(lnn)e’
with 0 > 0.
It is understood that

lim (In n)max(%g)/\%(l—u) -0
n—oo

for any v € (0,1).

We suppose that v, é}ik, de

ks 50 An and 0 satisfy the following inequalities:

(a) there exists a constant C > 0 such that, for any k € D;,

E((&, 5 — cjok)?) < OAL.
(b) there exists a constant C' > 0 such that, for any j € {jo,...,j1}, k € Dj and u €
{1,...,29 -1},
K A8
P (|45 — dihal = 5n) <O,

12



where o, is such that
E((d3 g, — djru)!) < @

Furthermore we suppose that f € By (M) withr > 1, {p > 2 and s € (0, N)} or {p € [1,2)
and s € (d/p, N)}. Then there exists a constant C' > 0 such that

R(fS.f) < € (22)>/ 9

Proof of Theorem 5.1. The orthonormality of the considered wavelet basis yields

R(fg, f) = Ry + Ry + R3, (5'1)
where
241 71 .
R S B R X3 S B0~ d?)
keDj, u=1 j=jo k€D;
and
291 o

Ry=Y) > > dipu

u=1 j=j1+1 keD;

Bound for Ry: By (a) we have
Ry < 02004)2 < O(lnn)¥A2 < € (A2)*/ G5+ (5.2)

Bound for Ry: The feature of the term-by-term thresholding ¢ (i.e., (4.4)) yields

Ry < C(R21 + Ra2), (5.3)
where
291 71
Roq = Z Z Z (min(‘dj,k,u‘ﬂ@)\n)f
u=1 j=jo k€D,
and

291 71

Ro o = Z Z Z E <‘d;ku — djku

u=1 j=jo k€D;

2
1 - ) .
1165 4 =ikl 2R2n /2}

Bound for Ra1: Let jo an integer satisfying

1/ 1\ V@s+d) i 1\ V/(2s+d)
5 T% < -~ )\7727’ .

13



First of all, let us consider the case p > 2. Since f € B, (M) C B3 . (M), we have

291 3o 241 41
R2,1 = Z Z Z (min(|dj,k,u‘aKAn))2 + Z Z Z (min(|dj,k,u|7/{>\n))2
u=1 j=jo k€D, u=1 j=jo+1keD;
291 jg 291 51
< DD N Y D di
u=1 j=jo keD; u=1 j=jo+1 keD;
< AN it 3T 9% | < <Ai232d + 2—2925> < 0 (A2)/r

J=7 Jj=ja+1

Let us now explore the case p € [1,2). The facts that f € B, (M) with s > d/p and
(2s+d)(2—p)/2+ (s+d(1/2 —1/p))p = 2s lead to

241 jg 291 51
Roy = > 3 > (min(|djgul, sd)®+ Y Y > (min(|dj gl £An))* 7
u=1 j=jo k€D; u=1 j=ja+1keD;
241 jg 241 41
< DD D RAED D D ikl (sAa)*T
u=1 j=jo k€Dj u=1 j=ja+1keD;

S )\2 ZQQCI )\2 (2—p)/2 Z 9= j(s+d(1/2—1/p))p
Jj=j2+1

< C (Ai2pd+ ()\%)(2—p)/22—j2(8+d(1/2—1/p))p> < C()\%)%/(?s—i—d)‘
Therefore, for any r > 1, {p > 2 and s € (0, N)} or {p € [1,2) and s € (d/p, N)}, we have
Ryp < C (22)%/C5t) (5.4)
Bound for Ry 2: It follows from the Cauchy-Schwarz inequality and (b) that

291 ji
RQ,Q < C Z Z Z \/ ]ku ]ku) )P (‘dzk,u —def,u‘ > H/\n/Q)

u= 1] jo k€D;

1 2s/(2s+d)
< 4 Jd < oNlond < oM~ < ON2 < O (N : .
< C’/\njz;Q CAE2 CAnAQ(lnn)g <ON2 < C (M) (5.5)
Putting (5.3), (5.4) and (5.5) together, for any » > 1, {p > 2 and s € (0, N)} or {p € [1,2)
and s € (d/p, N)}, we obtain

Ry < € (A2)%/®H (5.6)
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Bound for R3: In the case p > 2, we have f € B, (M) C B5 (M) which implies that

2s/d 2s/(2s+d)

R3<C > 279 <0279 < C(A(lnn)?) ™" < C (A}) :

Jj=j+1

On the other hand, when p € [1,2), we have f € B, (M) C B;?gg(l/zfl/p)(M). Observing
that s > d/p leads to (s +d(1/2—1/p))/d > s/(2s + d), we have

Ry < C Z 9-2i(s+d(1/2-1/p)) < Crp=2i1(s+d(1/2-1/p))
j=j1+1
C ()\2 (ln n)g)2(5+d(1/2—1/17))/d <O ()\2)25/(2s+d) ‘

IN

Hence, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > d/p}, we have
Ry < € (A2)™/F9) (5.7)

Combining (5.1), (5.2), (5.6) and (5.7), we arrive at, for r > 1, {p > 2 and s > 0} or
{r € [1,2) and s > d/p},
R(fs, /) < C (32)/ 0.

The proof of Theorem 5.1 is completed.

5.2 Proof of Theorem 4.1

The proof of Theorem 4.1 is a consequence of Theorem 5.1 above and Proposition 5.1 below.
To be more specific, Proposition 5.1 shows that (a) and (b) of Theorem 5.1 are satisfied
under the following configuration:

o V=2,

° 6;07k = Cjy,x and iju = Aj,k’u from (4.3),
 \n=+/Inn/n,

e k is a large enough constant,

e 0=23.

15



Proposition 5.1 Suppose that H1, H3, H4 and H5 hold. Let ¢;j and ch,k,u be defined by

(4.3), and
—el
n

(i) there exists a constant C > 0 such that, for any j satisfying (1/2)(Inn)? < 294 < n and
ke Dj,

Then

. 1
E((Gjk —cjp)) <C— (SO

(ii) there emists a constant C > 0 such that, for any j satisfying 2/ < n, k € D; and
we{l,...,29 -1},

E((djgu—djgu)') <Cn  (=w@n).

(iii) for k > 0 large enough, there exists a constant C > 0 such that, for any j satisfying
(1/2)(Inn)? < 294 < n/(Inn)*, k € D; and u € {1,...,2% — 1},

R K 1

Proof of Proposition 5.1. The technical ingredients in our proof are suitable covari-
ance decompositions, a covariance inequality for a-mixing processes (see Lemma 5.3 in
Appendix) and a Bernstein-type exponential inequality for a-mixing processes (see Lemma
5.4 in Appendix).

(i) Since E(Y1®;1(X1)) = ¢jk, we have

n

. 1

C.]’k - ijk = E : 1: Ui:jzk7
1=

where

Uijk = Yi®jku(Xi) — E(Y1®;(X1)).

Considering the event A; = {]YZ| > KV lnn}, where x, denotes a constant which will

be chosen later, we can split U; ;1 as
Uiuj’k = %7j7k + WiijC’

where
Vigk = Yi®;p(Xi)1a, — E (Y191 (X1)14,)

16



and
Wik = Yi®;x(Xi)1ae — E (Y1®;(X1)14c) .

It follows from these decompositions and the inequality (z +y)? < 2(z% +y?), (z,y) €
R2?, that

2
) 1 -
E((¢x — ¢jn)?) = —E (Z Uz‘,j,k>
=1
1 n n 2
- e (z ot 3 wi,j,k
= =1

IA

(En: Vz]k) +E (En: Wi, k) = %(5 +T), (58)
=1

=1

where

S=V <Z néjvk(xi)ui) ., T=V (Z Yicbm(Xi)ug) .

=1 =1

Bound for S: Let us now introduce a result which will be useful in the rest of study.

Lemma 5.1 Let p > 1. Consider (1.1). Suppose that E(|£1|P) < oo and H4 holds.
Then

e there ewists a constant C' > 0 such that, for any j > 7 and k € D;,
E (|19 (X1)[P) < C2740/271),

e there exists a constant C' > 0 such that, for any j > 7, k € D; and u €

{1,...,29 -1},
E (Y100 (X1)) < C274@/271),

Using the inequality (327, a;)* < m>™ a2, a = (ay,...,a,) € R™, Lemma 5.1
with p = 4 (thanks to H1 implying E(|£1|P) < oo for p > 1) and 27¢ < n, we arrive at

2
S < (ZY(I)M 1AZ> <n’E (V19;4(X1))*14,)
< 02\ B ((0®(X1)) P(A) < Cr229/2\/P(A)
< o2 /P(A).

17



Now, using H4, H1 (implying (2.1)) and taking . large enough, we obtain

:mgﬂzmwman)gPQ@pz%Vm@

< eI/ g t/6rh) < o L
n

P(A1)

IN

Hence
S < C’n‘r’/2L =Cn (5.9)
= nd3/2 : .
Bound for T': Observe that
T<Ti+1, (5.10)
where
T = nV (qu)j,k(Xl)lAfj)
and )
T = Z Z Coy (qu)j,k(Xv)lAg, Yﬂ(ﬁj,k(Xz)lA;) .
v=2 ¢=1

Bound for Ty: Lemma 5.1 with p = 2 yields
Ty <nE ((Y19;4(X1))" Lag ) < 0B (11254(X1))) < Cn. (5.11)

Bound for Ty: The stationarity of (Y;, X¢)iez and 27¢ < n imply that

T, = |> (n—m)Coy (YoP;r(Xo)lug, Vin®;k(Xm)Lag,)

n ‘
m=1

n
< n Z ‘Cov (}/O(I)j,k‘(XO)lAga Ym(I)],k(Xm)]-A%L)} = n(T2,1 + T2,2)a (512)

m=1

where
lnn/p]-1
Toa= > |Cov (YoRjr(X0)Lag, Vin®;jx(Xom)lag,)

m=1

)

n

T2,2 = Z |Cov (YE)(I)j,k(XO)]-Agvqu)jyk(Xm)lAfn)‘
m=[Inn/p]

and [Inn/f] is the integer part of Inn/S (where (3 is the one in H3).
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Bound for Ty 1: First of all, for any m € {1,...,n}, let hey; x,.v;.,x,,) be the density
of (Yo, Xo, Ym, Xin) and hy, x,) the density of (Yo, Xo). We set

Om (Y, T, Y, To) = Ny, X0, Vi, Xom) (U5 T Yses Tx) — vy x0) (U5 ) vy, x0) (U5 T,
(y, %, ys, 22) € R x [0,1] x R x [0,1]%, (5.13)

For any () € [0,1]2, since the density of Xg is 1 over [0,1]¢ and using H5, we
have

/ / yaw y*,x*)\dydy*

0o 2
= / / "o, Xo Y, Xom) (Y T Y T dydlys + </ h(Yo,Xo)(y7$)dy>
= 9(Xo.Xm) (@, Tx) T 1< L+ 1. (5.14)

By a standard covariance equality, the definition of (5.13), (5.14) and Lemma 5.1 with
p =1, we obtain

|Cov (Yo@j 1 (X0)1ag, Yo ®j i (Xom) L ac, ) |
Ko ln Kx ln
= '/ / / / i (Us Ty Ysos Ta) (YPj 1 (2) Y Pk (24)) dydadysda,
kxvInn J]0,114 J —k.v/Inn J[0,1]4
Kox ln K ln
<[ [/ / 119180 (31 2. 1 )yl | |54() B ()
[0,1]¢ J]0,1)4 kevVIinn J—r.V/Inn
K2 lnn /[ . / ( | [ uta y*,xmdydy*) B4 (2)] [ () i,
0,1 01

< Clnn(/ | ]k(:v)]dx> < C'lnn2794,
0,1

Therefore, since 27¢ > (1/2)(Inn)?,
Ty, < C(lnn)?279% < C. (5.15)

A

IN

Bound for T 5: By the Davydov inequality (see Lemma 5.3 in Appendix with p =
q =4), Lemma 5.1 with p = 4, 27¢ < n and H3, we have

|Con (Yo 4(X0)Lag, Vi@ 4 (Xpn)1ae )| < C«ﬁam\/E (6@ 4(X0))" 1.45)

IN

C\/@\/E ((%‘I)j,k(Xo))4)
< OJam2¥? < CePmi2 /.

A
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The previous inequality implies that
n
Tha<Cyn Y e Pm2<Cyne ™2 < (5.16)
m=[lnn/p]
Combining (5.12), (5.15) and (5.16), we arrive at
T < n(TgJ + T2’2) < Chn. (517)
Putting (5.10), (5.11) and (5.17) together, we have
T<Ti +Ty<Cn. (5.18)
Finally, (5.8), (5.9) and (5.18) lead to

2

E((&x — ¢jn)?) < -

1 1
(S+T)<C5n<C-.

n n
This ends the proof of (i).

ii) Using E(Y1V; 1. .(X1)) = d; 1., the inequality (> a)t <m3S at a=(a1,...,am) €
J:K, VELD) =1

=1 "1

R™, the Holder inequality, Lemma 5.1 with p = 4 and 2% < n, we obtain

n 4
E((djhu — djru)!) = %E (Z(Yi‘l’j,k,u(Xi))E(Yl‘l’j,k,u(Xl))>
=1

1 .
< CFnZLE ((Yl‘I’j,k,u(X1))4) < 21 < Cn.
The proof of (ii) is completed.

Remark 5.1 This bound can be improved using more sophisticated moment inequal-
ities for a-mizing processes (as (Yang, 2007, Theorem 2.2)). However, the obtained
bound in (ii) is enough for the rest of our study.

(iii) Since E(Y1Y; . (X1)) = dj ku, we have

1 n
dj7k7u - djvkvu = E Z Pi7j7k7u?
i=1

where
Pijra = YiVk (X)) — B(Y1V 1 (X1)).
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Considering again the event A; = {|Yz| > Ky lnn}, where k., denotes a constant
which will be chosen later, we can split P j ., as

Pi:j:kzu = Qi:jzkzu + R’[:7j7k’u7

where

Qijku = YiVjku(Xi)la, — E (Y1) u(X1)14;)
and

Rijku=Yi%hu(Xi)lae — E (Y1050 (X1)1ae) .
Therefore

5 K
POdedmngM)§h+b, (5.19)

where

1
th(
n |«

n
Y Qi
=1

K
> — .
22)

Bound for I : The Markov inequality, the Cauchy-Schwarz inequality and Lemma 5.1
with p = 2 yield

1
2”%), bzP(
1 n |2

n
SRmm
=1

n
Z Qi jku
=1

4
I < E
b= KNy, ( —

C\/ﬁ\/E <(Y1\I’j,k,u(X1))2> P(A;) < CyVny/P(A).

) < CVRE(|Qujkul) < CVRE (Y1951 (X1)[ 14,)

IN

Now, using H4, H1 (implying (2.1)) and taking . large enough, we obtain

Iﬂmﬂzmvmn—K)gPO&pz%Mm@

< duern/7) g < o L
- n

P(A)

IN

Hence

1 1
I1 < C\/ﬁrll/Q < C—

nd’

(5.20)

Bound for Io: We will bound I» via the Bernstein inequality for a-mixing process
described in Lemma 5.4 (see Appendix).
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We have E(Ry ;) = 0 and, since |Y1[14e < wvInn and [W;p ()] < C214? <
Cyn/(Inn)?,

|Ri,j,k,u| < C\/m sup |\Ilj7k,u(x)’ < Cmﬂg - Cm

z€[0,1]4 (Inn)

Using arguments similar to the proofs of the bounds for T} and 75, in (i), for any
I < Clnn, since 2/¢ > (Inn)?, we have

l l
\Y (Z Ri,j,k,u> =V (Z mfj,k,u(xi)lAg> < C(l+Plnn279%) < Ol
=1 =1

Hence l
D,, = A% R; < Cm.
m= gmex (; Jku> < Cm
Lemma 5.4 applied with the o-mixing random variables Ri ;i u,---» Bnjrus A =
KA /4, A\ = /Inn/n, m = [ulnn] with u > 0 chosen later, M = C'y/n/(lnn)? and
H3 gives

K2\2n M
I, < C e n —ne M
2 = (eXp< Dm/m+m\an> e >

< cfe c k2lnn N n/(lnn)?’nefﬁulnn
<o [ —

B P 1+ ky/Inn/nulnny/n/(Inn)3 Inn/n

< 0 (oM i)

Therefore, taking u = y/k (for instance) and k large enough, we have
1
I <C=. (5.21)
It follows from (5.19), (5.20) and (5.21) that
. K 1
P (!dj,k,u —djkul > §>\n> <L+IL< Cﬁ‘

This completes the proof of (iii).

This ends the proof of Proposition 5.1.
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5.3 Proof of Theorem 4.2

The proof of Theorem 4.2 is a consequence of Theorem 5.1 above and Proposition 5.2 below.
To be more specific, Proposition 5.2 shows that (a) and (b) of Theorem 5.1 can be applied
under the following configuration:

o v=0,

° é;mk = 6;07,6 and iju = d;ku from (4.7),
e )\, =Inn/\/n,

e k is a large enough constant,

e 0=0.

Proposition 5.2 Suppose that H2, H3 and H4 hold. Let é;k and cz;kku be defined by
(4.7), and

Then

(i) there exists a constant C' > 0 such that, for any j satisfying 294 <n and k € D;,

(Inn)?

E((& —¢r)?) <C -

(=CoX).

(ii) there exists a constant C > 0 such that, for any j such that 21 < n, k € D; and
we{l,...,29 -1},

A

E((d;,k,u - dj,k,u)4) < C (: wn> .

(iii) for k > 0 large enough, there exists a constant C > 0 such that, for any j satisfying
204 <n/(Inn)*, k€ Dj andu € {1,...,2¢ — 1},

A 1
P (0 il = S0) CL (20N m).

Proof of Proposition 5.2. Again the technical tools in our proof are suitable covari-
ance decompositions, a covariance inequality for a-mixing processes (see Lemma 5.3 in
Appendix) and a Bernstein-type exponential inequality for a-mixing processes (see Lemma

5.4 in Appendix).
The following result will be useful in the sequel.
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Lemma 5.2 Let ¢}, and CZ;,M be defined by (4.7). Suppose that H2 and H4 hold. Then

e there ewists a constant C' > 0 such that, for any j > 7 and k € D;,

n

D (Aijk — E(A1 ;1))

=1

Inn

+Cﬁ’

|é;',k; - Cj,k’ < E

e there exists a constant C > 0 such that, for anyj > 7, k€ Dj andu € {1,...,2
e 1 |« Inn
’djyk,u - d]7k7u| S E Z;(Bl,j,k,u - E(B17]7k7u)) + Cﬁ'
1=

(i) Lemma 5.2 and the inequality (22 + y?) < 2(z? + 32), (z,y) € R?, yield

Ak 1 = Inn)?
E((&r—¢n)) < C (TLQV (Z Az’,j,k) + ( n) )
i=1
1
< Cﬁ (S+T +n(lnn)?),
where )
S=nV(Axe),  T=>Y Cov(Apjk Arjk)]-
v=2 (=1
Bound for S: It follows from Lemma 5.1 with p = 2 that
S < nE ((Ajx)?) < nE ((Y1q>j,k(xl))2) < On.
Bound for T': The stationarity of (Y, X;):ez implies that
T = Z (n - m)Cov (AO,j,k‘v Am,j,k) <n Z ‘Cov (AO,j,ka Am,j,k)|
m=1 m=1
= n(T1 + TQ),
where
[lnn/Bl—1 n
Ty = Z |Couv (A0, ks Amjk)| s Ty = Z |Couv (A0,jks Am k)|
m=1 m=[Inn/p]

and [Inn/g] is the integer part of Inn/B (where § is the one in H3).
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Bound for Ty: The covariance inequality: C,,(U,V) < E(U?), where U and V are
identically distributed random variables admitting moments of order 2, and Lemma
5.1 with p = 2 lead to

[nn/s]—
T, <C Z ((Aojx)?) < ClnnE ((Yo®,4(Xo))?) < Clnn. (5.25)

Bound for Ty: By the Davydov inequality (see Lemma 5.3 in Appendix with p = ¢ =
4), the Hélder inequality, (Ag;x)? < n(Yo®;x(Xo))?, Lemma 5.1 with p = 2 and H3,
we have

1Cov (Avjks Amjr)l < Cy/amy/E((Aojr)*)
< C\/Oém\/’ﬁ\/E((%‘I’j,k(Xo))Q) < Ce P2 /.

Owing to the previous inequality, we arrive at

T,<Cyn Y e PmP2<Cyne ™2 =c. (5.26)
m=tnn/p]

Combining (5.24), (5.25) and (5.26), we obtain

T <n(Ty +T>) < Cnlnn. (5.27)
Finally, putting (5.22), (5.23) and (5.27) together, we have
1 Inn)?
B((& ) — ¢i0)”) < C— (S + T+ n(lnn)?) < c! “:) .

This ends the proof of (i).
(ii) Using |d; .| < C (since f € Lo([0,1]9)) and |B; jx.u| < v/7/Inn, we have

T% f f
|dj,k,u_dj,k,u‘§| ku’+|djku’< 2|B,JkUH'C<+C CTn'
1

Moreover, proceeding as in the proof of (i) but with ¥, ., instead of ®;;, we obtain

S Inn
B0}, — ) < 0
Therefore
. A n N 9 n  (Inn)?
E(d} g0 — djjeu)?) < CFWE(( ik — diku)”) < C mn? o = C.

This finishes the proof of (ii).
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(iii) For any j > 7, k € D; and u € {1,...,2¢ — 1}, set
Wi:j7k7u = Bi’j’kau - E(Bl’jak)u)‘

Lemma 5.2 and A, = Inn/+/n imply that, for x large enough,

I i 1| K Inn
i Odj’k’“ = il 2 §>‘”) s P (n ZWi,j,k,u > §An - C\/ﬁ>
i=1
- n i,9,ku| = 4 n |- .

i=1
We will bound this probability term via the Bernstein inequality for a-mixing process
(see Lemma 5.4 in Appendix)

We have E(W j 1) = 0 and, since |B; j ;.| < v/n/Inn,

n
(Wi gl < 21\F-
nn
Similar arguments to the proofs of the bounds of S and 7" in (i) with 1 <[ < Clnn
lead to l l
A% (Z Wi,j,m) =V (Z Bi,jyk,u> <CU+1?7) <2
i=1 i=1
Hence .
Dy, = A% Wi, < Cm?.
m= gmex (; ;ku) < Cm
Lemma 5.4 applied with the a-mixing random variables Wi jk v, ., Whjkus A =

KA\n/4, Ap = Inn/y/n, m = [ulnn] with u > 0 chosen later, M = Cy/n/Ilnn and H3

gives
1 K
Pl - > —A
K2\2n

Z m7j7k7u
=1
M
< — o —Bm
= ¢ (eXp < Comim =+ man> e >

k?(Inn)? vn/lnn

< — —Bulnn

- C(exp( Culnn—l—ﬁ(lnn/ﬁ)ulnn(ﬁ/lnn)) * lnn/\/ﬁne
k2(Inn)? 9

< o —Bulnn

- C(exp( Culnn(1+ﬁ))+ne )

< C (nfC/{?/u(lJrn) + n27,3u> )
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Therefore, taking u = y/k (for instance) and k large enough, we have

n
3 (i ;W”“ > Z)\n> < C%. (5.29)
It follows from (5.28) and (5.29) that
P (|dju — di, _fn>gc%.
This completes the proof of (iii).
This ends the proof of Proposition 5.2.
O

5.4 Proof of the auxiliary results

Proof of Lemma 5.1. Owing to E(|£1[P) < oo, H4, the inequality |z 4 y|P < 2P~1(|z|P +
ly|P), (z,y) € R%, p > 1, the independence between X; and & and the change of variables
y = 2/x — k, we obtain

E(V1®;,(X1)[") < CE((K? +[&[P)[®)x(X1)[P)
= C(K? +E(I&P)E (|2;x(X1)F) < C/Ol]d|q)j,k($)|pd$

d
— cy@ﬂ</'\awx—mwm> < ¢27d(p/2=1)
[0,1]

The proof of the other point is similar; it is enough to replace ®; ;. by ¥; ;.. This ends the
proof of Lemma 5.1.

O

Proof of Lemma 5.2. Since E (Y19, 1(X1)) = ¢, we have

Cjk = (Aljk) + E (H(I)jk(Xl {‘Yl(bj k(X1)[> 1\!{;}> .

Therefore

n

> (Aijk — E(A1;8))

|k — il < |2
i=1

+E <|Y1 ]k(Xl |1{‘Y @, 1 (X1) >lnn})

27



Let us now bound the last term. The Markov inequality and Lemma 5.1 with p = 2 yield

Inn

<|Y1 k(X1) |1{\qu> (X0)|> 2 Nk

that ends the proof of the first point. The proof of the second point is identical; it is enough
to replace ®; 1 by ¥, ,. Lemma 5.2 is proved.

) < B e <

Inn

O

Appendix

In this section we give some preliminary lemmas which have been used in the proofs of our
main results.

Lemma 5.3 (Davydov (1970)) Let (A¢)iez be a stationary a-mizing process with mixing
coefficient a,,, m > 0, and h and k be two measurable functions. Let p > 0 and ¢ > 0
satisfying 1/p +1/q < 1, such that E(|h(Ao)[P) and E(|k(Ao)|?) exist. Then there exists a
constant C' > 0 such that

|Cou(h(A), k(Am))| < Caly VP~ (B(|h(Ao)[P)"/P (B(|k(A0)|7)"/.

Lemma 5.4 (Liebscher (2001)) Let (Ay)iez be a stationary process with the m-th strongly
mixing coefficient au,, m > 0, n be a positive integer, h : R — C be a measurable function
and, for any t € Z, Uy = h(A:). We assume that E(U;) = 0 and there ezists a constant
M > 0 satisfying |U1| < M. Then, for any m € {1,...,[n/2]} and A > 0, we have

1 n
p (
n =1

An M
> <4 - 32—naoyy,,
- ) - exp< 16(Dm/m+)\Mm/3)> + P

where

l
D, = a VvV U; | .
¥ ()
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