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Abstract

Markov decision processes (MDPs) provides general frameworks for many control, decision
making, and stochastic optimization problems. In this paper we are interested in a class of
queueing control that can be modeled with a Continuous-Time MDP but that have an exponential
actions state space with classic methods. The Event Based dynamic programming approach deals
with this problem and provides some algorithms (value iteration) to compute the best policy
efficiently. However there is no formal definition of the subclass of MDP models they can tackle.
The first contribution of this paper is to define this class, naming it ‘Action Decomposable MDP”
(D-CTMDP). The second contribution is to give a new MDP Linear Programming formulation for
D-CTMDP using action decomposability that contributes to extend MDPs solution techniques.
Finally we give some examples of application of this framework and give numeric experiments
showing the interest of using the action decomposition properties.

1 Introduction

1.1 Context

Markov decision processes (MDPs) provides general frameworks for many control, decision making, and
stochastic optimization problems. In this paper we characterize and give a Linear Programming (LP)
solution technique for a class of queuing control system that can be modelled with a Continuous-Time
MDP (CTMDP).

If the reader is not familiar with the notion of MDPs we refer him to the books of [Puterman (1994)
or Bertsekad (2005a/b). For the special case of CTMDPs we refer tolGuo and Herndndez-Lerma (2009).

An example of problem we want to tackle is a system composed with a single server, single queue
and n classes of clients as scheme figure [l The objective is to maximize the average gain by setting an
entrance price p;, thus the arrival rate A(p;), for each customer i among k possibilities. We can model
this problem with a CTMDP however with the classic MDP framework it gives an exponential action



space. Indeed in each state we have to set the price of each class of clients independently giving n*
possibilities. To stay polynomial in the number of client classes and be able to solve this problem, there
exists an approach called Event Based Dynamic Programming (DP). In the literature Event Based DP
provides a methodology to deal with these type of problems however there is no formal definition of
the subclass MDP models they can tackle. Defining properly this class is the first contribution of
this paper, we name it “Action Decomposable MDP” or simply “Decomposable MDP” (D-CTMDP).
The second contribution is to give a new MDP Linear Programming formulation for the D-CTMDP
using ‘Action Decomposability”. This mathematical formulation allows to consider new constraints
and contributes to extend MDPs solution techniques.
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Figure 1: An example of D-CTMDP with one queue one server and k prices.

1.2 Literature review

Bellman (1957) first introduces Dynamic Programming (DP) to solve MDPs. [Howard (1960) combines
dynamic programming with Markov chain theory to develop MDPs. [Howard contributes to the solution
of infinite horizon problems by developing the policy iteration method as an alternative to the backward
induction method of Bellman (1957), which is known as value iteration. The policy iteration algorithm
generates a sequence of stationary policies by evaluating and improving the policies until the optimal
policy is obtained. For a good overview of the different classic techniques to solve MDPs we refer again
to the books of [Puterman (1994) or Bertsekas (2005a/b).

Continuous-Time MDPs are a subclass of classic MDPs or Discrete-Time MDP (DTMDP). From
Lippman (1975) we know that we can transform any CTMDP into a DTMDP by a technique called
uniformization. The book of |(Guo and Herndndez-Lerma (2009) is specialized on the CTMDP and got
is particularly accurate for LP models.

The use of linear programming to solve dynamic programming formulations appears later in\d’Epenoux
(1963) and Manne (1960). Manne studies an average reward Markov decision model with an infinite
planning horizon. d’Epenoux provides a LP for the discounted version of the problem in Manne by
linearizing the functional equations of the corresponding DP. For the close relationship between DP
and we refer to Biiyiiktahtakin (2011).

Event-based Dynamic Programming is first formulated in [Koole (1998). [Koole introduces event-
based DP as a systematic approach for deriving monotonicity results of optimal policies for various
queueing and resource sharing models. Citing himself: “ Event-based DP deals with event operators,
which can be seen as building blocks of the value function. Typically it associates an operator with
each basic event in the system, such as an arrival at a queue, a service completion, etc. Event-based
DP focuses on the underlying properties of the value and cost functions, and allows us to study many
models at the same time.” Later [Koole (2000) extends his theory to all kinds of monotonicity results
applied to stochastic scheduling problems that he defined as: A system with multiple customers classes
having different service time distributions and needed to be assigned to one or more servers.



1.3 A Linear Programming formulation for D-CTMDPs

In this paper we want to characterize formally the subclass of MDPs where the Event Based DP
approach can be applied. On this subclass called D-SCTMDPs, we give a new LP formulation in
addition to the known DP approach. We know that a LP formulation is slower to solve than a
DP one, Puterman (1994) mention it and we show it with numerical results in section However
this mathematical programming approach offers some advantages: First LP formulations can help to
characterize the polyhedral structure of discrete optimization problems, see Biiyiiktahtakin (2011).
Secondly there is in the LP literature generic methods directly applicable such as sensitive analysis,
see [Filippi (2011), or approximate linear programming techniques, see [Dos Santos Eleutria (2009).
Finally the dual LP formulation that we are giving is really simple to write and does not need the
uniformization necessary to the DP which is sometimes source of waste of time and errors. Moreover
we have the ability to add extra constraints in the LP which is impossible in the DP. Examples are
given in section 3.3

This paper will be articulated as follows: In section 2] we first define Decomposable CTMDPs.
In section [3] we give a LP formulation for the average reward criterion on D-CTMDPs with infinite
horizon. We formulate constraints that can be only be treated with the LP formulation and give an
application example. In section [4] we use the same approach to study the discounted reward criterion.
Finally in section [6] we show some experimental results comparing the LP and DP approach using or
not the action decomposability.

2 Decomposable Continuous-Time Markov Decision Processes

Let’s first recall the definition of the Continuous-Time MDPs, as inGuo and Herndndez-Lermal (2009).
A CTMDP is a stochastic control problem defined by a 4-tuple

{5, (A(s) € A, s €5), (Asula)), (hs(a))}

with the following components:

e S is a finite set of states;
e A is a finite set of actions, A(s) are the actions available from state s € S;
e )\, .(a) is the transition rate to go from state s to state ¢ with action a € A(s);

e hg(a) is the reward rate while staying in state s with action a € A(s).

The core problem of CTMDPs is to find a policy for the decision maker: a function ¢(s) that
specifies the action a € A(s) that the decision maker will choose when in state s € S. The application
of this policy can be modeled by a Continuous-Time Markov Chain {X#(¢)}. We are interested in two
objective functions, the discounted reward and the average reward criterion.

The expected discounted reward of a policy ¢, with discount factor § €]0, 1], when initial state is
s € S, is defined as

v9(s) = E¥ [ /0 e o (X ()X (0) = s |
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The optimal discounted reward policy is then

v*(s) = max v?(s).

And the long run expected average reward also referred as average reward of a policy ¢ is given by

1 T
g* = max lim T]E@ [/; haw(t) (X@(t))dt:| .

p T—o0

Let now define more formally how the decision-maker chooses his actions. A policy is said stationary
policies when the action choice depends on the current state only. In the type of MDPs we are studying
it is well known that stationary policies are dominant. Therefore in this paper we assume that all
policies considered are stationary. A policy is said randomized if for each state s there is a “discrete”
probability P(als) to select action a € A(s) with >, 4, P(als) = 1. A policy is said deterministic if
for each state s the same action is always selected i.e. Ja € A(s) such that P(a|s) = 1.

Definition 1 (Decomposable Continuous-Time Markov Decision Process , D-CTMDP) A D-
CTMDP is a special class of CTMDP where actions A(s) available from a state s € S can be expressed

as a Cartesian product of ng independent sub-action sets: A(s) = Aj(s) x ... x A, (s). Sub-action
a; € A;(s) increases the transition rate to go from state s to state t by Asi(a;) and the reward rate by
hs(a;). In other words in a state s € S when action a = (ay,...,a,,) € A(s) = A1(s) X ... x A, (s) is

chosen, the system get a reward rate hy(a) = 3 _,.; hs(a;) per unit of time until it evolves to a state t
after an exponentially distributed time with rate As(a) = > Ase(a;).

We can define the two types of policy we are interested in while studying D-CTMDP.

Definition 2 (Decomposed randomized policies) A policy is said decomposed randomized if for
each state s we have a “discrete” probability P*(a,|s) to select sub-action a; € Ay(s) with 37, 4. P'ails) =
1,, Vie{l,...,ns}.

Definition 3 (Decomposed deterministic policies) A policy is said decomposed deterministic if
for each state s the same sub-actions are always selected ¥i = {1,...,ns}, Ja;, € Ai(s) such that
Pi(ai|s) =1.

Figure 2] gives a graphical representation of an example with independent subsets of action A;(s).

Abu(ar) Aby(ar)

Figure 2: Graphical representation of a Decomposable CTMDP.

In practice sometimes rewards are on the execution of an action, we say instant reward. These
rewards can be included in reward rates by an easy transformation (and reciprocally). However to
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be straightforwardly applicable in different contexts, in the following of this paper, we will explicitly
consider them. We define 77 ,(a;) to be the instant reward to go from state s to state ¢ with sub-action

a; € A;(s). The instant reward in the non decomposed model is then 7y (a) = > 7, %rét(a,) This
formula might seems complicated but in fact one doesn’t need to use it because problems are usually

action decomposed in an intrinsic manner.

For notation simplification, in the following without loss of generality, we assume that each state
s € S has ny = n independent sub-actions sets. We note them A; with ¢ € I = {1,...,n}. For
counting purpose we assume also that each sub-actions set A;(s), ¢ € I contains exactly k sub-actions,
i.e. |Ai(s)| =k, Vse S, Viel.

3 Average Reward criterion

3.1 Classic CTMDP

3.1.1 Equations of optimality — DP

To compute the optimal policy of a CTMDP the classic method is to pass by Bellman’s equa-
tions of optimality, see [Puterman (1994). The equations of optimality are defined for Discrete-
Time MDP (DTMDP). Therefore we need to transform the CTMDP into a DTMDP. This process
is called “uniformization”, see [Lippman (1975). In the following, in order to have a compact for-
mulation for the decomposed model, we use a specific uniformization by state with the notations:
Agy =3 e maXgen,s) Ay (a;), Vs,t € Sand Ay =3, oAy, Vs €S,

We have that the optimal average reward g* satisfies with some vector v the Bellman’s equations
of optimality:
Vse S, L tu(s)=T(v(s)). (1)

With the operator T' defined as follows:

Ws€ S, T(o(s) = max {Ai (hs(a) +3 [)\S,t(a) X (v(t) + rs,t(a)> n (As,t . As,t(a)) X U(S)D } .
(2)

To compute the best MDP policy we can now use a DP method, the value iteration algorithm
with equations (Il) and (2)). Value iteration is an iterative procedure that calculates at step n + 1 the
expected utility of each state using the utilities of the neighboring states at step n. It stops when the
utilities calculated on two successive steps are close enough, less than e, i.e. Compute:

Uppa(s) = T(vn(s)) — 22, Vs € S,

until
|Un+l(8) - 'Un(s)| S €, VseS.

There exists another method to compute the best MDP policy that is to use a LP formulation given
next section.



3.1.2 LP formulation

From Manne (1960) we know that it is possible to compute the best MDP average reward policy
through a LP. Indeed as it explained again in detail in [Puterman (1994), chapter 8.8, page 391, we can
construct a LP from equations () and (2).

If the weak accessibility condition holds (see Bertsekas (2005h), Chapter 4.2, page 198), which is
the case of an ergodic chain, then the Bellman’s equations of optimality (Il) have a solution and the
optimal average reward ¢* is independent from the initial state. Moreover the optimal average reward
g* is the solution of the following equations:

¢g* =min g such that Ai +v(s) > T(v(s)), Vses.

Developing the operator T we can linearize the max function (classic LP technique) and obtain the
following LP which has ¢g* for optimal solution:

Primal LP
min g
SEESY {A&t(a) X (v(t) + rs,t(a)) 4 hy(a) + (As,t - As,t(a)) x v(s)} ~ Ay x 0(s)
tes
Vs €S, Va € A(s) = Ai(s) x ... x A,(s)
v(s) eR Vs e S
geR

We can now construct the dual version of this LP that is more convenient.

Dual LP

max ZZ?TS(CL) X ( )+ ZASt X rsi(a )) (3a)

s€S a€A tes
oYY ma) x Agla) =D Y mla) x Au(a) VseS  (3b)

a€A(s) tesS teS acA(t)
Z Z ms(a) =1 (3¢)
SES acA(s)
ms(a) >0 Vs € S,Va € A(s) = Ai(s) x ... x A,(s) (3d)

The dual formulation has for big advantage to allow a direct interpretation. Variable mg(a) is the
average amount of time spent in state s choosing action a. Equation (Bd) states that there is a time 1
to share between all states, it means that we are looking at stationary distribution. Equations (BD) are
flow conservation constraints linking variables 7. Finally equation (Bal) is the objective. It maximizes
the instant rewards r as the average weighted flow between every states s and t with decision a:
ms(a) X Asi(a) X rs4(a), and the reward rates h as the average time spent in state s with decision a:

ms(a) X hg(a).



3.2 Decomposable CTMDP
3.2.1 Equations of optimality — DP

To use the action decomposability we have to rewrite Bellman’s equations of optimality defined equa-
tions (2) with the explicit decomposition. We still use a uniformization by state with the following

notations, let AL, = maxgea,s) Ay (ai), Ny = D e ALy AL = 3 cq AL, and Ay i= 37, o Ay,
Vs, t € S, Vi € I. With some simplification we obtain the operator Vs e S,

T(o(s) = max {AiZ <hz<ai> #3 [aa) x (000)+ 7)) + (A - ) U(S)D }

(a1, -y an) iel tes
(4)

€ A1(s)X...xAn(s)
If now we use that sub-action sets A; are independent, we can reduce the complexity of the operator
T to enjoy the decomposition by rewriting the equations (4l as follows: Vs € S,

7o) = 1 3 (mx { (@) +3 {A;t as) % (0) + i) + (AL, = Xi(@)) x v<s>} })
el (5)

To compute the best D-CTMDP policy we can use the simplified decomposed operator T' for the
value iteration algorithm. It is exactly the same algorithm as defined section B.I.1l however is much
more efficient to compute with the decomposed operator as we’ll see experimentally in the section

To compute the best policy we can also use the decomposed operator 1" to obtain a LP formulation.
This is what we show next section.

3.2.2 LP formulation

Again if the weak accessibility condition holds then the Bellman’s equations (II) have a solution and
the optimal average reward g* is the solution of the following equations:

¢g" =min g such that A£ +u(s) >T(v(s)), VseS.

s

We can reformulate the problem to have:

9" = max {A, x (T(u(5)) = o(s))}
= max {ZI <azréljx { () + {A;t a;) ( (t) + rst(a,)) + (A;t - A;t(ai)) X v(s)] _ Al x v(s)}) }

ngg{z <r£2x{ (as) + 3N (@) x ( >—v(s>+r;t(ai))})}. (6)

We can’t straightforwardly formulate a LP model with these equations. For the classic CTMDP
it was a “max{max{...}} function” that is easy to linearize. Here we have a “max{>_ max{...}}
function” that is not trivial to linearize. To be able to build a LP formulation we then use the next
lemma.



Lemma 1 For any finite sets S, I, A and any data coefficients s, € R : s€ S, i €1, a € A, the

value
v = { )

el

is the solution of the following LP:

minimize ¢

subject to m(s,1) > Ys,ia Vse S, Viel, Yae A
gzzm(S,i) Vs e S
iel
m(s,i) € R Vse S, Viel
geR

Proof: Let g* be an optimal solution of this LP. It is trivial that ¢* > max,cg {Zzgm S, 1) } And
since we are minimizing g without any other constraints on it, we have therefore ¢* = max,cg {ZZE rm(s,1) }

Now for any optimal solution g*, there exists s’ € S such that ) ., m(s',7) = max,eg {Ziel m(s, 1) } =
g*and Vi € I, m(s',i) = maxgea {Vs,q}- Indeed otherwise it would mean that for all s’ € S such that
Soicrm(s’,i) = maxses {>;c;m(s,i)} = g* there exists i’ € I such that m(s',i') > maxsea {750}
and we would have a strictly better solution with m(s’,7) = maxaea {Vs.i7.a}-

Finally it gives us that ¢* = max,cg {Ziel MaXge A {’7571'@}}- O
We can now apply lemma [I] to equation ([6]) to obtain that g* is the solution of the following LP.

Primal LP
min g (7a)
st. m(s,i) > hi(a;) + Z AL (a;) (v(t) —v(s) + rivt(ai)) Vs e S, Viel, Ya; € Ai(s) (7Th)
tes
g > Zm(s,i) Vse S (7c)
icl
m(s,i) € R Vse S, Viel (7d)
'U(S) cR Vs e S (76)
geR (7f)

To construct the dual more easily we rewrite equations (D) as follows:

Vse S, Viel, VYa; € Ai(s),

m(s,i —|—Z)\staZ X v(s Z)\staZ x v(t) > hi(a; —|—Z)\staZ (a;).

tesS tes tesS



Dual LP

max ZZ Z 7t (a;) x (h’ a;) Z)‘st (a;) )) (8a)

s€S el aiEAi tes

st Y m(a) x Y N (a) =)0 D> w(as) x A (as) VscS  (8h)

1€l a;€A;(s) tesS teS i€l a;€A;(t)

Z m(a;) = Vse S, Viel (8¢)
a; €A;(s)
Z e =1 (8d)
seS
mi(a;) >0 Vs €S, Viel, Ya; € Ai(s) (8e)
s >0 Vs e S (8f)

As in the classic LP, an advantage of the dual formulation is that we can interpret easily the
variables. 7, is the average amount of time spent in state s. 7'(a;) is the average amount of time
spent in state s choosing action a; € A;(s) among all sub-actions A;(s). Equations (8b) is the flow
conservation constraints Equations (Bd)-(8d) are the Markov chain stationary distribution constraints.
Finally equation (Ral) is the objective maximizing the instant rewards and reward rates induced by the
average flow.

Note that the decomposed dual LP formulation has |S| x (k x n+ 1) variables and |S| x ((k+ 1) x
n+2) 4 1 constraints. It is much less than the classic dual LP formulation that has |S| x k™ variables
and |S| x k™ 4+ |S| + 1 constraints.

Lemma 2 Solutions of the decomposed LP () are decomposed randomized policies.

Proof: In state s , the “discrete” probability P!(a,|s) to choose action a; out of all actions A;(s) is
equal to P'(a,|s) = & and we have moreover >, o P(a;]s) = 1. O

Corollary 1 Decomposed randomized policies are dominant among randomized policies for Decom-
posed CTMDPs.

Proof: Decomposed randomized policies are the solutions of the decomposed dual for the average

reward criterion which provides the optimal policy. They are therefore dominant over the other policies.
O

Remark 1 We can create a randomized policy from a decomposed randomized policy: The discrete
probability P(a|s) to choose action a = (ay, ..., a,) in state s that is equal to P(a|s) = [[,c; P'(ai|s) =
[Lic; % The classic dual variable are then ms(a) = ms x [[,¢; %

Theorem 1 The decomposed LP () solves the best Decomposable CTMDP average reward policy.
Deterministic policies are optimal solutions. They are the vertices of the polytope defined by equa-

tions (8L)-(81).



Proof: To prove this theorem we are going to study the dual version of the decomposed LP which is
more intuitive. We are going to show that equations (Rh))-(Bf]) define a polytope and that its vertices are
solutions representing deterministic policies: i.e. Vs € S, Vi € I there exists only one action selected
a;j such that 7’(a;) # 0 and Va; € A;(s) \ {a;}, 7(a;) = 0.

First, all variables of the problem are bounded: Vs € S, 0 <7y, <landVs e S, Vi € I, Va; €
Ai(s), 0 < 7(a;) < 1, therefore the space of feasible solutions is a bounded polyhedron, that is a
polytope.

Secondly, we have |S| x n x k + | S| variables, hence a vertex of the feasible polytope should satisfy
at least |S| x n x k + |S| constraints with equality (we say tight). Since we can remove one of the |S)|
flow constraints of equations (8b]) without changing the solution, we already have | S| +|S| x n equality
constraints in our LP. Therefore only |S| x n x (k — 1) constraints still remain to be tight.

Assume now that Vs € S, m, # 0, otherwise if ds € S with 7, = 0 we can reduce our problem
by removing state s without changing the optimal solution. Since Vs € S, m, # 0 it means that

we have at least one variable 7'(a;) is not equal to 0 in each of the |S| X n constraints (8d). Hence
Vs €S, Vi€ I, Ja; € A;(s) such that 7(a;) # 0.

In the end we have to tight |S| x n x (k — 1) constraints (8d) out of |S| x n x k with |S| x n
different not tight. Therefore there exists only one action selected a; such that 7%(a;) # 0 and Va; €
Ai(s)\ {a;}, 7(a;) =0 and a vertex of the solution polygon defines a deterministic policy.

O

3.3 Decomposed LP advantages for D-CTMDPs

First we recall that with the use of action decomposability, our LP for Decomposable CTMDPs allows
to have a complexity polynomial in the number of independent subsets of actions: |S| x (k x n + 1)
variables and |S| x ((k + 1) x n + 2) constraints; Whereas the classic LP size grows exponentially:
|S| x k™ variables and |S| x (k™ + 1) constraints. As we’ll see section [l this has a huge impact on the
computation time.

Secondly even if the LP formulation is slower to solve than a DP one, Puterman (1994) mentions it
and we show it with numerical results in section [l this mathematical programming approach offers some
advantages: First the dual LP formulation is really simple to write and does not need the uniformization
necessary to the DP which can be sometimes source of waste of time and errors. Secondly we have the
ability to add extra constraints in the LP which is impossible in the DP. Examples are given in this
section.

3.3.1 Stationary distribution constraints

It is a classic advantage of MDP LP formulations to be able to constrain the stationary distribution
to force a quality of service ¢ on a subset T C S of states:

Zﬂs > q.

seT
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Nevertheless we have to be aware that such constraint can have for optimal solutions strictly randomized
policies.

3.3.2 Sub-actions combination constraints

In the decomposed model we can loose hand on some action incompatibilities we have on the classic
model. For instance, if in a state s we have the following set of actions A(s) = {a1b1, a1by, asby asby},
that can be decomposed into sub-actions such that A(s) = A;(s) X Ax(s) where Ai(s) = {a1, as}
and As(s) = {b1, bo}. When we want to forbid action asby, it is easy in the classic model where
it is just expressed as a new set of actions A'(s) = {a1b1, a1be, azbi} but it is not possible to use
decomposition anymore. However, there is still some structure relative to the decomposition indeed

A'(s) = Ai(s) x Aa(s) \ {axba}.

To model this “linking” constraint we have no leverage in the decomposed DP formulation, whereas
in the LP formulation we can add new constraints to influence the final composition of an action. What
we want in fact is to have a constraint linking sub-actions from different independent subsets. In a
general way we want to force to have at least m and at most M sub-actions a; selected out of a set K.
In our toy example selecting at most 1 sub action between as and by. Unfortunately as lemma [3] shows
it, this problem is NP-hard for deterministic policies. However it is possible to work on randomized
policies that will constrain in average the selection of action. Lemmalshows the equations that need to
be added to the LP model. Finally if we want to obtain only deterministic policies, as lemma [b] proves
it, considering only ‘disjoint” action combination constraints keep deterministic policies dominant and
the LP formulation will return the best of them.

Lemma 3 Finding a deterministic policies selecting at least m and at most M actions a; in a set K
belonging to different subsets of independent actions A; is NP-hard.

Proof: We can reduce the well known NP-hard problem 3-SAT. Let’s build a D-CTMDP instance
from 3-SAT instance with n variables and m clauses. The system is composed with only one state
s, so mg = 1. Each variable v creates an independent action subset A, containing two sub actions
representing the two possible states (literal) of the variable v and v. We have then A =[], A,. Each
clause C' generates a “at least 1”7 constraint: Zzecl > 1. Finally this D-CTMDP has an deterministic
admissible policies if and only if the 3-SAT instance is satisfiable.

A similar proof be made for the “at most 1”7 constraint with the NP-hard problem 1-IN-3-SAT.
To do so for each literal we put an instant reward to associated action that is worth the number of
clauses the literal is present into. We add for each clause C the constraint Zlecl < 1. Finally this
D-CTMDP has a deterministic admissible policies of average gain m if and only if the 1-IN-3-SAT
instance is satisfiable. O

Lemma 4 The following equation constrains for a state s € S to select in average at least m and at
most M actions a; out of a set K and belonging to different subsets of independent actions A;.

m< Y —W%(Tai) <M. (9)

a; €K

11



Proof: We know that P'(a;|s) = @ is the discrete probability to take in state s action a; out of all
actions A;(s) (see proof of lemma [2). Therefore in state s equation (@) reduces the solution space to
the decomposed randomized policies that select in state s in average at least m and at most M actions
out of set K: m < P(a;|s) < M. O

To return to our toy example, where A'(s) = A;(s) X Aa(s) \ {azba}, we can set that in average we
want to have no more that one sub action ay or by with the equation:

milas) | mi(b2)
s T

<1. (10)

But in fact adding this constraint to the LP totally removes the action asby and the LP still returns
deterministic policies. We are in a special case action combination constraint are “disjoint” as theorize
next lemma.

Lemma 5 If action combination constraints are disjoint, i.e. if each independent sub-action set is
wwvolved in at most one action combination constraint, deterministic policies are dominant and the LP
return the best of them.

3.3.3 Example

A finite number n of the same resource need to be shared into different class of clients. Let say it is
a bumper car rental (or short term bicycle rental) and we have 3 client classes: the children ¢, the
student s and the adult a arriving at rate A.(pF) resp. A (p¥) and A\, (pF), with pF,k = 1...3 the 3
discrete ordered increasing prices to rent a resource at class 7. All rentals are for the same amount of
time following an exponential distribution of mean px~!. The states S of the system are the number of
vehicles rented. For each state we want to define the price to rent one vehicle for each class of client.
We want to maximize the average revenue.

we consider now additional constraints. The manager can’t rent a vehicle to a student at a price
higher that an adult, otherwise the student will pay the adult price! Let say the price p! is lower than
price p? and p3. We can consider this constraint in the LP by adding for each state ¢t € S an action
combination constraint that allow to select at most one price between pl, p? and p?, i.e.

m(p3) N ™ (p3) N T (py)
Tt Tt Tt

<1

Vte S,
From lemma [Bl we know that even with this constraint, deterministic policies are still optimal and are
the solution of the LP.

Now To attract clients the manager want to have enough vehicles rented on the playground so
people can have fun. To model that we constraint the system to be two third of the time with more
than half of the vehicles rented. We can express this constraint in the LP adding the following equation:

Zn: Ty > 2
s=n/2 3

We advise that manager that adding such constraint might lead to return randomized policies as unique
optimum of the LP.
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4 Discounted Reward criterion

We study now the discounted reward criterion, i.e. when future rewards are discounted by factor
f €]0, 11

In this section in order to have a better interpretation of the formulation we use a positive scalar
o, s € S which satisfies ) .o, = 1. Any other positive constant can work but when the sum is
equals to 1 it allows an interpretation as a initial state probability distribution over S.

4.1 Classic CTMDP

4.1.1 Equations of optimality — DP

Again to use Bellman’s equation of optimality that are defined on Discrete-Time MDP, we use an
uniformization by state to transform our CTMDP into a DTMDP. To do so we use the following
notations, let Ay, := Y7 maxgea,(s) Aby(a:), Vs,t € Sand Ay =3, oAy, Vs €.

We have then that the optimal expected discounted reward per state v* satisfies the Bellman’s
equations of optimality:

Vse S, u(s)=T(u(s)). (11)
With
vs€ S T(o(s) = max {m;/\ (hs(a) +3 [)\Svt(a) X (v(t) + r57t(a)> v (Asvt - )\Svt(a)) x v(s)}) }
s tes
(12)

Now to compute the best MDP policy we can use the value iteration algorithm on Bellman’s
equations of optimality (IIl) and operator defined equations (??). The iterative procedure is the same
as it is defined for the average reward criterion on except for the computation of the state utility which
is:

Unt1(8) = T(vn(s)), Vs € S.

We can also find the best MDP policy with a LP formulation given next section.

4.1.2 LP formulation

From d’Epenoux (1963) we know that it is possible to to compute the best MDP discounted reward
policy with a LP. Indeed, as it is well explained in [Puterman (1994) (chapter 6.9 page 223) we can
construct a LP formulation from equations (?7).

If the weak accessibility condition holds, then the Bellman’s equations ([I]) have a solution and
the optimal expected reward per state v* is the vector v with the smallest value > _s s X v(s) which

satisfies:
v(s) > T(v(s)), VseSs. (13)

We can linearize the max function of operator 7" in equations (I3) to formulate the following LP
which has for optimal solution v*:

13



Primal LP

min Zas x v($)

ses

s.t. <6 + Z)\s,t(a)> X v(s) — Z Asi(a) xv )+ Z)\st ) xrsi(a) Vs €S, Vae A(s)

tesS tesS tes
v(s) eR Vse S
Dual LP
maxz Z Ts(a) x < +Z)\st X 1s4(a ))
s€S acA(s) tes
s.t. Z <ﬁ + Z )\57t(a)> X ﬂ-s Z Z )\ts X 7Tt ) = (g Vs e S
a€A(s) tesS teS acA(t
F()>0  Vses, VaeA():Al() X An(s)

We can interpret the dual variables 74(a) as the total discounted joint probability under initial
state distributions a; that the system occupies state s € S and chooses action a € A(s). Some other
interpretations can be retrieved in [Puterman (1994) p.226.

4.2 Decomposable CTMDP

4.2.1 Equations of optimality — DP

To use the action decomposability we have to rewrite Bellman’s equations of optimality defined equa-
tions (?7?) with the explicit decomposition. We still use a uniformization by state with the following
notations, let AL, = maxgea,s) Ay (a:), Aoy := Do ALy, AL = Y7, o AL, and Ay i= 37, o Ay,
Vs € S, Vi € [L..n]. We also define f° = £, Vi € [1..n]

We obtain finally the decomposed operator: Vs € S,

T(u(s)) = max {Z Y <h1<ai>+Z[Az,t<ai>><(v<t>+rz‘,t<ai>)+(Ai,t—xz,t<ai>)xv(s)}ﬂ

(alv E) an)
€ A1(s)X...xAn(s) tesS

(14)

And using that sub-action sets A; are independent, we can reduce the complexity by rewriting the
equations ([I4) as follows Vs € S:

T(v(s)) = ; [rgjf) {ﬁ jAs <hi(ai) + tEZS [Noa(ai) x (t) + 74 4(ai) + (A, — Mg (@) x v(S)}) }] :
(15)
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Finally to compute the best MDP policy we can now use the value iteration algorithm on with the
decomposed operator defined equations ([I3]). It is much more efficient than taking the classic equation

of optimality (IH]).

To compute the best policy we can also use the decomposed operator T to obtain a LP formulation.
This is what we show next section.

4.2.2 LP formulation

Again if the weak accessibility condition holds then Bellman’s equations (1) have a solution and the
optimal expected reward per state v* is the solution of the following equations:

min Z as X v(s)

seS

Such that:
v(s) > T(v(s)), Vse&S

=

0 2 max {T(v(s) - v(s)}
> max {(6 -+ A) x (T(0(5)) = (5)))

> s
> { > [ma, {ri

#3 [ata) x (o) 4 rtolan) + (A = M) x 0(6)] = 4+ 5 x 066 | }

tesS

{2 g, {00+ 00 (o100 +7100) - vt |

i= tesS

Using action decomposability we can construct a new LP. To do so we first state the next lemma.

Lemma 6 For any finite sets S, I, A, any data coefficients o, Vstia, 9sia € R s,t €8, 1 €
I, a € A, the vector v € RIS with the smallest value " g o5 x v(s) satisfying

> s,t,i,a 552‘(1
0—2133{ f&?}{zw )+ }}

tes
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1s the solution of the following LP:

minimize Z as X v(s)

ses
subject to m(s,i) > Z%J,i,a X V(s) 4+ 0.4 Vse S, Viel, Yae A
tes
OZZm(S,i) Vse S
icl
m(s,i) € R Vse S, Viel
v(s) €R Vs e S

Proof: It is clear that we are minimizing ) s, X v(s). Now for any vector v we can see that
Vs € S, Vi € I m(s,i) > maxgeq {ZteS Ystia X V(S) +58,i,a}, and we have Vs € S, ., m(s,i) < 0.
Therefore any vector v solution must satisfy 0 > >, max,eca {Ztes Vstia X V(S) + 55,1',@} , Vs e S

and finally 0 > max,cg {Zie] maXgeA {ZteS Ys,tia X V(8) + 5S,i,a}}

Thus from lemma [ v* is the solution of the following LP.

Primal LP

min Zozs X v(s)

ses

st m(s,d) > hi(a) + >N (a;) (v(t) —u(s) + r;t(ai)) — B x u(s)

Vs €S, Viel, Ya; € Ai(s)
Zm(s,i)SO Vse S <0

m(s,i) € R Vse S, Viel
v(s) eR Vs e S

To construct easily the dual equations (IGd) can be rewritten:

Vse S, Viel, Va;e€ Ais),

<SZ+Z)\StaZ> Z)\”aZ ) > hl(a; —I—Z)\sta,

tesS tesS tesS
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Dual LP

max » Y Y Fia;) X (hi(ai) + ) N (a;) x r;t(ai)> (17a)

s€S =1 a;eA;(s) tes
sty wa;) =7, Vse S, Viel
aiGAi(s)
(17b)
Z Z (51—1—2)\“%) ZZ Z Ay (i) X Ty(a;) = ag Vs e S
i€l a;€A;(s) tesS teS i=1 a;€A;(t)
(17c)
7 (a;) >0 Vs €S, Viel, Ya; € Ai(s) (17d)
s >0 Vs e S (17e)

We can interpret 7, as the total discounted joint probability that the system occupies state s € S
under initial state distributions a,. While 7(a;) represents the total discounted joint probability that
the system occupies state s € S and choose action a; € A;(s) under initial state distributions a.

Note that the decomposable dual LP has |S| x (k x n + 1) variables and |S| x ((k + 1) x n + 2)
constraints. It is much less than the classic dual LP that has |S| x k™ variables and |S| x (k" + 1)
constraints.

Lemma 7 Solutions of the decomposed LP (7)) are decomposed randomized policies.

Proof: In state s, the “discrete” probability p‘(a;|s) to choose sub-action a; out of all sub-action

s (a’l

A;(s) is equal to p'(a|s) = =2 and we have moreover > aica, (@D p'(a;|s) = 1. ]

Corollary 2 Decomposed randomized policies are dominant over randomized policies for Decomposed
CTMDPs.

Proof: Decomposed randomized policies are the solutions of the decomposed dual for the average

discounted criterion which provides the optimal policy. They are therefore dominant over other policies.
OJ

Remark 2 We can create a randomize policy from a decomposed randomized policy: The discrete
probability p(als) to choose action a = (ay,...,a,) in state s is equal to p(als) = [, p'(ails) =
1T, %:“) It allows us to create the classic dual variables 75(a) = 75 x [[1, LACO

s

Theorem 2 The decomposed LP (7)) solves the best Decomposable CTMDP discounted reward policy.
It gives deterministic policies as optimal solutions.

Proof: To prove this theorem we are going to study the dual version of the decomposed LP which
is more intuitive. We are going to show that dual equations define a polyedron and that its vertices
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are solutions representing deterministic policies: i.e. Vs € S, Vi € [1..n] there exists only one action
selected a; such that 7(a;) # 0 and Va; € A;(s) \ {a;}, 7i(a;) = 0.

First, all variables of the problem are bounded: Vs € S, 0 <7y < 1landVs e S, Vi € [1.n], Ya; €
Ai(s), 0 < 7i(a;) < 1, therefore the space of feasible solutions is a bounded polyhedron, that is a

polytope.

Secondly, we have |S| x n X k4 |S| variables, hence a vertex of the feasible polytope should at least
tight |S| x n x k + |S| constraints. We have already |S| + |S| x n equality constraints in our LP. Hence
|S| x n x (k — 1) constraints still remain to be tight.

Now assume that Vs € S, m, # 0, otherwise if ds € S such that 7, = 0 we could reduce our
problem by removing state s without changing the solution. Since Vs € S, 7, # 0 it means that we
have at least one variable 7% (a;) that is not equal to 0 in each of the |S| x n constraints (I7h). Hence
Vs €S, Vi € [l.n], Ja; € Ai(s) / Ti(a;) # 0.

In the end we have to tight |S| x n x (k — 1) constraints (IZd)) out of |S| X n x k with |S| x n
different not tight. Therefore there exists only one action selected a; such that 7 (a;) # 0 and Va; €
A;i(s)\ {a;}, 7(a;) = 0 and a vertex of the solution polygon defines a deterministic policies. O

5 Numerical experimentats

In this section we are considering an instance of decomposable CTMDP. We compare the efficiency
(in term of resolution time) between the linear programming formulation and the dynamic formulation
with both the classic and decomposed model.

5.1 Model

We consider a single server and n different classes of clients. We have a finite queue of size C' for
each client class. Clients arrivals occur according to independent Poisson processes with rate \;(p;) for
client class i € I = {1,...,n} with entrance price p;. When a client of class i enters into the queue we
earn a reward r(p;). Then until he is served we pay a waiting time (holding cost) h;. A client of class
i has processing time exponentially distributed with mean z;*. Figure [ schemes an example of such
system.

At any time the decision maker has to decide which class of clients is served and what is the entrance
of each class of clients. The system state space is S = {(z1, ...,z,) | x; < C, Vi € I} with |S| = C"
states. For each state s € S we have then to decide the class of clients to process: action d € D with
|D| = n. And we have to select the entrance price of each class of clients: action p; € A; with |A;| =k
different prices. In the end the action space for each state is A = (A; x ... x A4,) x D.

5.2 Classic solution techniques
Value Iteration To solve this problem with the value iteration algorithm we write down the Bell-
man’s equations of optimality. To do so we first uniformize the CTMDP into a discrete-time one with

the following notations: let A; = max,,ca, Ai(pi), A = > .c; Ai and A = maxes {j1;}. Moreover let the
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Figure 3: An example of D-CTMDP with 1 server, n class of clients with k prices and with a each one
a queue of capacity C.

operator {a}’ equals a if the boolean expression b is worth true and 0 otherwise. Finally for a state
s = (z1,..., o,) and with ¢; = (z; = 0,...,2; = 1,..., z, = 0) the unitvector of the i" coordinate,
we defined the operator T as follows:

R o) LR (TR C )

""" iel

H{pa x v(s — ea)}* 70 + (A > )+ A - {Md}xd>0> x U(S)} :

iel

Classic Dual LP We can also directly write the dual LP formulation.

n

max ZZWS(CL) X Z (wz X h; + {)\i(p,-) X Ti(pi)}ch)

sES acA i=1

s.t. Zws(a) <{ud}xd>0+2{)\i(pi)}xi<0>

acA

=3 {meme(@) x M(pa) 0 + { ey (@) X rg}™e<C] Vs e S

i€l acA

ZZ ms(a) =1

seS acA

ms(a) >0 Vs e S, Vae A
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5.3 Decomposed solution techniques

Value Iteration To use the value iteration with the decomposed model we define the operator T" as
follows:

T(v(s)) = AT A Z x; X h; +g€aj§ {)\i(pi) X (v(s +e;)+ r(pi)) + (Ai - )\,-(pi)> X v(s)}
1€l z; <C

e L s €a) + (2= ) v<s>}> |

zqg>0

Decomposed LP Using what we show in section B.2.2] we can write the decomposed LP: With

a = (pla-"aprw
" z; <C
max 303w+ 30 o) x (o) x rilpo) )
seS =1 Pi€A;
z; <C xq>0
sty (Z {ﬁ;(pi) X )\i(pi)} + {Md) X ud} )
el PiEA;
i ;>0 rg<C
=3 X {Famrx o} T+ {reead) < vses
il \p;€A;(t)
Z m(p) = 7! Vse S, Viel
Pi€A;
Zﬂ's(d):ﬂ's Vse S, Viel
deD
> e
sesS
7 (pi) >0 Vs e S, Viel, Vp; € Ai(s)
ms(d) >0 Vs e S, Vde D
ms >0 Vs e S
5.4 Results
We create instances with n classes of client with k prices. A client of class i € I with price j € {1,... k}
generates a reward r;(p;) = j X 2, arrives with transition rate \;(p;) = (4 — i) x (10 — r;(p;)), costs
h; = —2% per unit of time and has a processing time rate p; = 20 — 4 x i. Moreover there is always

the possibility to refuse a client, Vi € I, r;(0) = 0 and \;(0) = 0.

Algorithms are tested on a Intel core 2 duo 2.4 Ghz processor with 2 GB of RAM. Heuristics are
written in JAVA and LP solved with Gurobi 4.6. Legend (F-M) has to be read as follows: F stands
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for Formulation with C for Classic or D for Decomposed; M stands for Method with VI-e for Value
Iteration at the given tolerance € or LP for Linear Programming.

We want to compare the computation time of the different algorithms on a same instance. We
are looking specifically at the influence of the capacity of the queue C, table [Il the number of classes
n, table 2 and the number of prices proposed, table 3. We have confronted 6 solution methods: the
value iteration algorithm classic or decomposed for two values of e: 1073 and 1075 and the classic and
decomposed LP.

First for classic formulations as for decomposed ones, as we expected the value iteration computation
time depends on the precision asked: diminishing per 100 € increases in the order of 2 the computation
time. We also clearly see that the computation time of value iteration algorithm is from far much
smaller than the LP formulation. In general roughly a ratio 3 for a precision ¢ = 1072 and 6 for a
precision € = 1073,

Secondly the benefice of the decomposition appears obvious. When the number of states grows,
variations on the queue capacity C' (table [l) or the number of classes n (table [2) influence less the
decomposed formulation. It is even more clear when we increase the number of proposed prices k, indeed
on table [3] we can see that the difference of computation time between the classic and decomposed
formulation increases exponentially with the number of prices.

| (Cnk) [ C-VI-10~? [ D-VI-10~? || C-VI-10° [ D-VI-10® | C-LP | D-LP |

(5,3,4) 0.79 0.09 2.16 0.71 4.94 | 0.27
(10,3,4) 18.02 1.05 34.89 1.70 101.8 | 7.08
(15,3,4) 82.71 4.24 143.2 7.22 4244 | 290

Table 1: Influence of capacity C' on the algorithms computation time (in s.).

| (Cnk) [ C-VI-10~? [ D-VI-10~? || C-VI-10° [ D-VI-10® | C-LP | D-LP |
(10,1,4) 0 0 0 0 0.03 | 0.03
(10,2,4) 0.07 0.01 0.08 0.02 036 | 0.13
(10,34) [ 18.02 1.05 34.89 1.70 101.8 | 7.08
(5,4,4) 87.9 0.89 383 3.56 541.7 [ 3.72

Table 2: Influence of the number of classes n on the algorithms computation time (in s.).

| (Cnk) [ C-VI-10~? [ D-VI-10~? || C-VI-10° [ D-VI-10° || C-LP | D-LP |
(10,3,2) 2.51 0.45 2.67 0.54 71 [ 11
(10,3,3) 6.12 0.55 10.60 0.81 204 | 26
(1034) [ 18.02 1.05 34.89 1.70 101.8 | 7.08
(10,3,5) || 37.56 1.2 80.23 2.03 331 | 97

Table 3: Influence of the number of prices k£ on the algorithms computation time (in s.).
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