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On L' compactness in transport theory

Mustapha Mokhtar-Kharroubi

Département de Mathématiques. Université de Franche-Comté.

16 Route de Gray, 25030 Besangon. France.
E-Mail: mokhtar@math.univ-fcomte.fr

Abstract

We give a systematic and nearly optimal treatment of the compact-
ness in connection with the L' spectral theory of neutron transport
equations on both n-dimensional torus and spatial domains with finite
volume and nonincoming boundary conditions. Some L' ”averaging
lemmas” are also given.

1 Introduction

A main feature of spectra of transport operators in nuclear reactor theory
relies on the compactness (or weak compactness in L') of some power of
K(XA—T)™' where T denotes the advection operator

dp
T = —p—t —
p= v o(x,v)e

with suitable boundary conditions and K is the collision operator which de-
scribes the interactions of neutrons with the host medium. Indeed, according
to Gohberg-Schmulyan’s theorem [13], (7" + K) N {Re X > s(T")} (the so-
called asymptotic spectrum of T') consists of at most isolated eigenvalues with
finite algebraic multiplicities where s(7") is the spectral bound of T'

s(T) =sup{ReX; A e a(T)}.

On the other hand, the time asymptotic behavior (t — oo) of the co-
semigroup {V(t); t > 0} generated by 7" + K, which governs the Cauchy
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problem

dp Oy - -
5 TV, To@v)e+Ke=0, ¢(0)=p,

depends heavily on the spectrum of {V (¢); t > 0} outside the disc
{vi|v] <Dt}
(see [14]). Of course,

et{a(T+K)ﬂ{Re/\>s(T)}} C O,(et(TJrK)) N {V, ’V| > es(T)t} ) (1)

However, this inclusion is a priori strict because of the lack, in general, of
a spectral mapping theorem. Thus a direct spectral analysis of e!T+5) ig
necessary. To this end, we expand V/(¢) into a Dyson-Philips expansion

V()= Uj(t)

where .

Uo(t) = etT, Uj+1<t) = U()(S)KU](t - S)dS (] Z O)

S—

A basic result is that (1) is an equality if some remainder term R,,(t) is
compact (or weakly compact in L') where

o0

Rm(t) = Z Uj (t)

j=m

(see [14] [17] [18] [19][11] and [7] Chap 2 for more details). In such a case,
o(e'™HN N {w; v > ™'} (the so-called asymptotic spectrum of V(t))
consists of, at most, isolated eigenvalues with finite algebraic multiplicities.
Thus, the asymptotic spectral theory of the transport operator T relies on
the compactness of some power of K(A — T)~! while the asymptotic spec-
tral theory of the corresponding semigroup relies on the compactness of some
remainder term R,,(t). These are the two basic compactness problems in neu-
tron transport theory. Of course, there exists a great deal of works on this
topic since the fifties already covering all the usual models (see [7] Chap 4 and
references therein). In a recent work [9] the author gave necessary and suffi-
cient compactness results for tranport equations in LP spaces (1 < p < o0) in
terms of properties of the velocity measure. This provides us with an optimal
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spectral theory for neutron tranport equations for both periodic boundary
conditions and classical nonincoming boundary conditions. The mathemat-
ical analysis relies on ” Fourier integral” type arguments. This approach, of
course, does not cover the (physical) L' spaces. The present paper deals
with the L' theory. We obtain nearly optimal theorems by using new math-
ematical tools. Indeed, some relevant operators are shown to be convolution
operators with suitable Radon measures. The Fourier analysis of such mea-
sures enables us to derive smoothing properties of their convolution iterates
from which various weak compactness results are obtained. In Section 2 and
Section 3, we deal with transport equations with model collision operators
on the n-dimensional torus. A thorough analysis of the different aspects of
(weak) compactness is given with detailled proofs. In Section 4 and Section
5, we treat transport equations on domains  with finite volume (not nec-
essarilly bounded) and nonincoming boundary conditions; the treatment is
quite similar (with some modifications) and the proofs are only sketched. In
Section 6 we give much more precise results (similar to that of the L? theory
[9]) in one dimension and show that these results are no longer true in n
dimensions with n > 3. In Section 7 we show how the above compactness
results provide a complete foundation of the L! spectral theory of neutron
transport equations for general collision operators. Although they have not
a direct connection with the main purpose of this paper, we give in the last
section some L' "averaging lemmas” which improve or complement some
known results.

2 Model stationary equations on the torus

Let © be the n-dimensional torus (n > 1) we identify with [0, 27]". We iden-
tify L*(Q2) with the locally integrable [2w]"-periodic functions on R™. Simi-
larly, C'(2) denotes the continuous [27]"-periodic functions on R™. Let du be
a positive finite Radon measure on R™ with support V. Let {U(t); t € R} be
the co-group of isometries

Ut):p e L' Qx V) — oz —tv,v) € LY(Q x V)

where (2 x V' is endowed with the product measure dz ® dyu. The infinitesimal
generator of {U(t); t € R} is given by
Iy

T:gDED(T)%—U.% cL'(QxV)



with

D@U:{¢eﬂmxvmv%§eﬂmxvﬁ

where the directional derivative v.g—i is taken in the sense of periodic distri-
bution. The resolvent of T', for A > 0, is given by

A=T)t:pel'(QxV)— / e Moz — tv,v)dt.
0
We are concerned with the smoothing properties of M (X — T)~! where

M:peL{Qx V) = 3():= /gp(.,v) du(v) € LY(Q) (2)

is the so called (velocity) averaging operator. More precisely, we are looking
for necessary and (or) sufficient conditions on the measure dp such that
some power of M(\ — T)™! is weakly compact or compact. We start with
the following result which was first pointed out in ([2] Prop 3 and example
1) for the whole space.

Proposition 1 (i) The operator
M\-T)": LYQAx V) — LYQ)

15 not weakly compact.
(i) If the hyperplanes through the origin have zero dp-measure then M (\—
T)*1 maps weakly compact sets into compact sets.

Proof:

The proof is the same as that given in [2]. However, for the reader’s
convenience, we resume it here.

(i) Let {f;}; C LY (2 x V) be a normalized sequence converging in the
weak star topology of measures to the Dirac mass d(oz) = d,—0 ® d,—y Where



v € V. Then, for a ¢ € C(Q),
W=7 00 = [ o [ante) [ s -
- /0 T e My / du(v) Qitv@/}(wtv)fj(yav)dy
_ /0 et [ autv) /Q Py + 10) £y, )dy
- | TNt [y ) )y
_ /Q y { /O o tv)dt} £y, v)dydu(v)

and

(MO=T) ) = [T e oyt as j— o

ie. M(A—T)"!f; converges to the Radon measure
Y eC() — / e~ M (t7)dt
0

supported on the line Rv and consequently M (A — T)~1f is not weakly
compact if n > 1. If n = 1 and if 0 € V then the choice ¥ = 0 shows that
M(X—T)'f; converges to the Dirac measure $6,—o. Of course, if n = 1 and
if 0 ¢ V it is easy to see that M (A — T)~! is a compact operator.

(i) Let = C LY(Q2 x V) be relatively weakly compact. We have to prove
that if g = M(A\—T)"'f, f € E, then

/ lg(x + h) — g(z)|de — 0 uniformly in f €= (3)
Q

as h — 0. We write g = g; + go where

91= MO\ =T)"(fX(f5ay) and g2 = MA—=T) " (fX(r<ay)-
We note that
2| M|

/ lg1(z +h) — gi(z)| dz < 2|[g1] < — |f(z,v)| dedu(v)
Q@ {>a}



and
drap{f > oy < 1 <

so that, by the equi-integrability of =,
/ |f(z,v)| dxdu(v) — 0 uniformly in f € =
{r>a}
as a — oo. Thus, for € > 0,
/ lg1(z + h) — g1(x)| dz < e uniformly in f € =
Q

for a large enough. We fix this «. Then {fx{f<a}; fe E} is a bounded
subset of L*(Q x V) and consequently {gs; f € =} is relatively compact in
L3(2) (see [9] Thm 9) and consequently relatively compact in L'(Q) so that

/ |g2(z + h) — g2(x)| dv — 0 uniformly in f € =
Q

as h — 0. This proves (3). O
Before giving our compactness results we derive a necessary condition.

Proposition 2 We assume that du is invariant under the symmetry about
the origin v — —v. If some power of M(A—T)~! is weakly compact then the
hyperplanes through the origin have zero du-measure.

Proof:

Since the square of a weakly compact operator in L' is compact [1], we
may assume that some power of M (X —T)~! is compact. Then some power
of M(A —T)"'M is also compact. On the other hand, since M(\ — T)"*M
maps also LP(Q x V) into LP(2) for all p € [1,00] then, by interpolation,
some power of

M\ —=T)'M: L*(Qx V) — L*(Q)

is compact too. We may assume, without loss of generality that

(MO —T)""M]*" : L3 x V) — LX(Q)



is compact for some integer m. On the other hand, M (A—T)"'M is selfadjoint
for A\ real. Indeed,

(M()\—T)flMgo’Qﬂ) = )‘ T) 1M<P;M¢)
- / [ dwduto) [ tip) o — o)l

— /Vdu(v)/o e t/ﬂdm(Mgp)(m—tv)dtW

= [ [" e [ aytato) a0 )
/ e [ o) | )T+
/ o [ o) | ante) BT = )

/ / dydu(v) (M)(y) / e MATG)(y — to)dt
— (M. (A~ T) M) = (o, M(A— T)~ M),

Hence the compactness of [M(XA—T)"*M]*" implies the compactness of

[M(\ — T)_lj\f]zm_1 by the fact that the square of a selfadjoint operator
O is compact if and only if O is. It follows, by induction, that M (A —T)"*M
is compact. We use now Vladimirov’s argument [15] as in [6] to prove that
(A —=T)"'M is compact. It follows that M (XA — T*)~! is compact and this
implies that the hyperplanes through the origin have zero du-measure ([7]
Remark 3.1, p. 35). O

From now on we assume that
The hyperplanes through the origin have zero du-measure. (4)

If we except the dimension one (see Section 6), Assumption (4) alone does
not seem to be sufficient to derive compactness results (see however [8] for
Dunford-Pettis results). However, some slightly stronger condition will be.
To this end, we recall the following:

Lemma 1 ([7] lemma 3.1, p. 82) All the hyperplanes through the origin have
zero dp-measure if and only if sup,cgn-1 du{v; Jv.e] <e} — 0 ase — 0.

A key point in our subsequent analysis is that M (A—T)"'M is a convolu-
tion operator with a suitable Radon measure d3 whose Fourier properties turn
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out to play a crucial role. The fact to interpret various operators (related
to tranport equations) as convolution with suitable measures was introduced
by the author in ([7] Chap 4) but was not fully exploited.

Lemma 2 There exists a Radon measure d3 on R"™ such that

M=) Mg = [ (o)~ y)dily) = d5 Moo

n

Moreover, the Fourier transform of df is given by

B0 - [ erap) - [ 2 e ) )

Proof:
We point out that the above convolution does not take place on the torus
but on R"™. Moreover,
dB* My € L'(Q).
We note that

MW\-T)"'Myp = /000 e_)‘tdt/n(Mgo)(x —tv) du(v)

_ / " ey / (M) 2) dpy(2)

where dyu, is the image of du under the dilation v — tv. Hence

MO=T) 1My = [(Me)a - 2) db() = dB x My (6)

where -
wz/e%ww
0

denotes the measure
Y eC()) — / e M(dp,, V).
0

Morevoer, the k' Fourier coefficient of the L!'(2)-function M (A — T)~" My

is equal to
/e‘ik'””da:/ e_”\tdt/ (Mp)(z — tv) du(v)
(9] 0 mn
— / e/\tdt/ efztk.vMSOk d,U,(U) — (/ M(U) )MSOk
0 n R

n A+ ik

— dB(k) My,



where mk is the k' Fourier coefficient of the L!(Q)-function My and C/iB(k)
is the continuous Fourier transform of df on R" evaluated at k € Z". [

Remark 1 Assumption (4) that hyperplanes have zero du-measure implies

Jin /\dj:fz)v — 0 as |(| — oo (see, for instance, [7] Chap 3), i.e. JB(C) — 0 as

I¢| — oo. In particular

dB(k) — 0 as |k| — oo (k€ Z"). (7)

We are going to show that a slightly stronger assumption than (7) is the key
of the problem.

Theorem 1 We assume there exists s > 1 such that

> |Bw)

kezn

T < oo (8)

Let m be the least integer such that (8) is satisfied with s = 2m. Then
M\ —T)" ™" is weakly compact and [M (X —T)""™"? is compact.

Proof:
According to Lemma 2

(MO =T)""M]* ¢ = df+[M(dB * My)]

|dulldB * (dB * M)
= ||dup|| (dB * dB) * M.

We show by induction that
(MO =)' M]" ¢ = lldu]| ™" dv = My

where dv = df x df * - - - x d3 ( m times). Hence the k" Fourier coefficient
of [M(A\—T)"*M]™ ¢ is equal to

el dw (k) Moy, = g™ |dBR)|” My

On the other hand, according to (8), { [C/Z,B’(k:)} m}k € [>(Z™) and consequently

{[@(k)}m Mgok}k € 1*(Z™) since {My,}, € co(Z™). Then Parseval identity
yields
[M\=T)""M]|" ¢ € L*().
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This shows that [M (A — T)"*M]™ maps continuously L}(Q x V') into L?()
and consequently

[MA=T)""M]"™: L'"(Q x V) — LY(Q)

is weakly compact since the injection of L2(Q2) in L'(Q) is weakly compact
by the Dunford-Pettis criterion of weak compactness. We note that M? =
l|dp|| M and consequently [M (X —T)~1]"*" is weakly compact in L'(€ x
V), i.e. maps bounded sets into weakly compact ones and consequently
[M(XA—T)"™"* is compact since, by Prop 1, M(A — T)~! maps weakly
compact sets into compact sets. []

Remark 2 Is (8) true for all du satisfying (4) ¢ If not, is it possible to
characterize those measures satisfying (8) ¢ A sufficient condition is provided
by the following:

Proposition 3 We suppose there exist 0 < v <1 and § > 1 such that

> { sup d,u{|ve| < |;|7H6<oo. (9)

kezn ecSn—1
Then (8) is satisfied for even integer s = 2m > max {(5, ﬁ} . In particular,
if there exist o > 0 and ¢ > 0 such that

sup du{v; |v.e| <e} < e (10)

eeSn—1
then (9) is satisfied.

Proof:
We note that

aB(k)| <

M“’”' /Wﬂm e.of?

where e = % € S" 1. Thus
ol < [ =T
le.v|<e \/)\2 + ‘k‘2 |€.U|2 le.w|>e \/)\2 + |k7|2 ’6.’U|2
[dpll

\/ A+ K| e2

10

1
< Xd,u{|v.e| <e}l+



Choose ¢ = # Then, for k # 0,
el lldpll _ ldpe]

S prer - Me BT

o { [Em] } e *(Z") if 2(1 — v)m > n, i.e. for all m > ==
k

A4 k|2e2 2(1—)"

Moreover, according to (9),

1
{ sup du {|U.€| < W}} cP™(Z™)if 2m > §
k

ecSn—1

whence {C/ZB(k)}k € 1*™(Z") if 2m > max {5 = } O

) 1—ry

Remark 3 Condition (10) in Prop 3 is obviously satisfied by Lebesgue mea-
sures on bounded open sets or on spheres.

3 On model evolution equations on the torus

We deal now with the co-group {V'(t);t € R } generated by T+ M where M
is the velocity averaging operator (2). We recall that this perturbed group is
given by a Dyson-Philips expansion

V(t) =) Ut) (11)

where

Let R, (t) = >°72,, Uj(t) (m > 1) be the remainder terms of the Dyson-
Philips expansion (11). We are concerned in this section with conditions on
the velocity measure dy under which some remainder term R,,(t) is weakly
compact. We observe that U; = [UM)’«U (j > 1) where * is the convolution

operator which associates to strongly continuous (operator valued) mappings
fr9:10,00[ = L(LY(Q x V))
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the strongly continuous mapping
t

fxg:tel0,00[— / f(t—s)g(s)ds € L(L'(2 x V))
0

and [UM) = (UM) % ---% (UM) (j times). We note that: f,g — f*g
is associative. We recall (see [7] Chap 2, Thm 2.6, p. 16) that R,,(t) is
weakly compact for all ¢ > 0 if and only if U,,(t) is. According to the convex
compactness property of the strong operator topology ([12] or [8]), the weak
compactness of [UM]™ (t) for all ¢ > 0 implies the weak compactness of

¢
Un(t) = / [UM]™ (s)U(t — s)ds.
0
Thus, we may deal with
[UM|" = [UM] % [UM]---«[UM] (m times).
On the other hand, since M? = ||du|| M, one sees that

[UM]™ (t) U [MUM] - - % [MUM]

ldp )™
where the term [MUM] appears m — 1 times. By appealing againg to the
convex compactness property of the strong operator topology, we may deal
with the weak compactness of [MU M }mfl . The basic strategy in this section
relies on the fact that [MUM]™ " is a convolution operator with a suitable
Radon measure whose Fourier properties will play a key role.

Lemma 3 Let m € N (m > 1). There exists a Radon measure df™ on R"
such that
[MUM]™ o = df™ x M. (12)

Proof:
Arguing as in the proof of Lemma 2,

MUWOMy = [ Mol — to)dutv) = [ Mol — duly) = du, + Mg

where dyu, is the image of du under the dilation v — tv. Note again that the
convolution above takes place on R". Observe that the mapping ¢ > 0 —
du, € M(Q) is strongly continuous, i.e.

£ 0 (dyipp) = / o — to)dp(v)

12



is continuous. We have

t
[MUM]? (t)p = / MU (t — s)MMU (s)Mpds
0
t
= /dut_s*M(MU(s)Mgo)ds
0
t
— il [ dpo (i, Mo
0

t
= dul / (g, # dp) * Meds
0

t
— Jdul { [ G dus>ds] My,
0

= ||du| d3*(t) * My
where the integral
t
A7) = [ (< dp s
0
is taken in the strong sense, i.e.
t
(@50 0) = [ o dus s,
0
One sees, by induction, that
[MUM]™ () = [|du||™ " dB™ () * M
where d™(t) is defined inductively by
t
43"(0) = [ (< d5™(5)ds (m>2)
0

which ends the proof. [

(13)

Before stating the main result of this section we recall ([9] Lemma 2) that
the affine (i.e. translated) hyperplanes have zero dy-measure if and only if

sup dp@dp{(v,0") eV xV; |(v—2")e <e} —-0ase— 0.

ecSn—1

(14)

We are going to show that a slightly stronger condition than (14) is the key

of the problem.
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Theorem 2 We assume there exist 0 < 7 < 1 and d > 1 such that
1 P
Z [ sup du@du{(v,v’) eVxXxV;|(v=—2)el < —T}] <oo (15)
kezp Le€S" &

where Z = Z™ — {0} . Let m be the least even integer such that

m>max{5,r”7>}.

Then the remainder terms R;(t) are weakly compact for all t > 0 and j >
m+ 1. In particular, (15) is satisfied if there exist ¢ > 0 and o > 0 such that

sup dp @ dp{(v,0") € V xV; [(v—1").e] <e} <ce® (16)

ecSn—1

Proof:

It suffices to prove there exists an integer j > 1 such that [MUM) ™" (¢)
is weakly compact for all £ > 0. Set 7 — 1 = m. We look for an even integer
m, i.e. m = 2p. In such a case, [MUM]™ = [[MUMﬂp where

[MUM)? : ¢ € LNQ X V) — ||dpu|| dB2(t) * My € L'(Q)
and

t
d52<t) = / dp’s * dlutfsds’
0

A simple calculation shows that the continuous Fourier transform of d3*(t)
evaluated at k € Z™ is equal to

TR0 = | T )T (k)ds

where E/Z is the continuous Fourier transform of du,. Thus

B = [ | [emsano)] | e tn w]a
[ [ [ fesan] o

t
/ e—isv.ke—i(t_s)vl-kds] dlu(’l})du('l}/)
0

6—7Ltv ko e—itv.k
/ | dp(w)du(v').




Introducing the polar coordinates k = |k| e, e € S"!, we decompose the last
integral as

// —ztv ko —ztvk // —ztv .k e—itv.k
(v—').e|<e Z v _'U v—v').e|>¢ Z % —'IJ) k

where € > 0 is arbitrary. Thus

5P| < | /|<> anoye) + g [ [ anyints

where

e’? — e'

pP—q

¢y = tsup (17)

p#£q

Let 0 <7< 1ande=|k| . Hence ‘W(l{)‘ is majorized by

1
c; sup du@du{(v,v’) eVxV;|(v—1).e <W}<18)

ecSn—1
2 || dul|”
|k|177'

cray + by

where b, = 2“!71—“,”72. Note that {a;}, and {b;}, do not depend on t. Clearly,

{bk}, € 19(Z") for all ¢ > a7y On the other hand, according to (15),

{ar}, € 1°(Z") and consequently

{ay + by} € I"(Z™) ¥r > max {5, 0 “ - } . (19)

According to (12)
[IMUM)*: o € LNQ x V) — ||du|® dB*(t) « My € L*(Q)

where

A3 (1) — / CAB(t — 5) % dB(s)ds

0
whence

oW - | 45T SR B (k)ds

15



and

—

FOw| < [ 4= spm)|aeEe|

t
/ (cr—sax + by)(csap + by)ds
0

<t (ag + by)?

IN

where ¢? ;= max {1, ¢} . It follows, by induction, that
467 () (k)| < 2p, 1) s + by

where ¢(p,t) is a constant (in k) depending only on t and p. According to
(19)
{(ax +bp)P} € 17(Z") ¥r > max {5, (1?—7)} .

By choosing an integer p > 7, we have % < 2 and therefore
{(ak + bk)p} S ZQ(Zn)

Hence, for m = 2p > max{é, #}, {W)(l{;)} € [%(Z™). On the other

hand
[MUM]™ o =dp™ « My

shows that the k' Fourier coefficient W)(k)mk of the L(§)-function
[MUM]™ ¢ is majorized by

B OR)| 1Ml 15 € P(27)

so that, by Parseval identity, [MUM]™ p € L*(Q). Hence, for m = 2p >
max {5, #} , [IMUM]™ maps continuously L}(Q x V') into L%(f2) so that

[MUM]™ : L*(Q x V) — L*(Q)

is weakly compact. Finally, [MU J\I]j_1 is weakly compact for j — 1 >

max {5, #} and so is R;(t). On the other hand, since

Ri-l—l(t) = /0 U(t — S)MRZ(S)dS (’L Z 1)

16



([7] Lemma 2.2, p.15) then, by the convex compactness property of the strong
operator topology ([12] or [8]), it follows that R;(t) is weakly compact for all
i>j .0

Remark 4 We point out that the weak compactness of some remainder term
R.(t) for all t > 0 implies the compactness of Ry, 12(t) (see [8]). Condition
(16) in Thm 2 is obviously satisfied by Lebesque measures on bounded open
sets or on spheres.

4 Model stationary equations with nonincom-
ing boundary conditions

Let Q C R"™ be an open set with finite Lebesque measure (not necessarily
bounded) and du be a finite and positive Radon measure on R" with sup-
port V. We denote by {U(t);t > 0} the classical advection cy-semigroup with
nonincoming boundary conditions

Ut):p e L' Qx V) — oz —tv,v)x(t < 7(x,v)) € LY x V)

where 7(x,v) =inf{s > 0, z — sv ¢ Q} . Let T be its generator. We do not
need its description. We note however that if 0€) is "smooth” then

dp
Tgp——v.%, v € D(T)

where 5
D(T) = {(p c L' xV); v.a—i, or_ = O}
I'_:={(x,v) €92 x V; v.n(z) <0}

and n(z) is the unit outward normal at = € 0 (see, for instance, [16]). Let
7(z,v)
A=T)1:pel'(QAxV)— / e Mo(x —tv,v)dt (A > 0)
0
be the resolvent of 7" and let
M:pe L"QAxV)— ()= /gp(.,v) du(v) € LY(Q) (20)
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be the (velocity) averaging operator. As in Section 2, we are concerned with
the weak compactness of some power of M (XA —T)~! and, similarly, we deal
first with the powers of M (XA — T)~"'M. The arguments are quite similar so
we do not enter into all the details. We start with the following observation:

Proposition 4 We assume that du is invariant under the symmetry about
the origin v — —v. If some power of M(\—T)™! is weakly compact then the
hyperplanes through the origin have zero du-measure.

Proof:
We proceed exactly as in the proof of Prop 2. The main point is to show
that M(\ — T)~'M is selfadjoint for X real. To this end, we note that

(M()‘ - T)_IMSOa 77Z)) = ((/\ - T)_1M907 Md))
= (. M(A=T")"'My)

where T™ is the adjoint of T" and

7(z,—v)
AN—=T") o= / e Mp(z + tv, v)dt.
0
On the other hand
7(x,—v)
MO-T) M = [daw) [ e Mg+ o)

0

7(z,v)
= /d,u(v) / e MMo(x — tv)dt
0

= MO\ -T)"My

because du is unvariant by the symmetry v — —v. [J
Thus it is natural to assume (4) for the sequel. We note that

U(t)p < RUx(t)Ep; ¢ € LL(Qx V) (21)

where
Uso(t)p = p(x — tv,v); @ € LY(R"x V)

is the advection cp-semigroup in the whole space,
E:LMQxV)— LYR"x V)
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is the trivial extension (by zero) to R™ x V and
R:LYR"xV)— L'(QxV)
is the restriction operator. It follows that
A=T)"'¢ <R\ —Tw) 'Ep; peLL(QxV)
where

AN=Tx) e LlMR"xV) — / e Mo(x — tv,v)dt € LY(R" x V).
0

Since £ and R commute with the averaging operator M, it follows that
M\ —=T) "M < RM(\—Ty) *MEp.
It is easy to see, by induction, that
[MOA=T)"M]" o < R[M\—Tx) 'M]" Ep; @eLi(QxV). (22)
Hence, by a domination argument, it suffices to prove that
R[M\—Ty)"M]" : LY(R" x V) — L'(Q)

is weakly compact. To this end, it suffices to show that [M (X — T ) *M]|™
maps continuously L'(R" x V') into L?(R"). Indeed, in such a case,

RIM\—Twx) 'M]™ : L"(R" x V) — L*(Q)
is continuous and
R[M\—Ty)"M]" : L"(R" x V) — L'(Q)

is weakly compact because the injection of L*(2) into L'(Q) is weakly com-
pact since the Lebesque measure of ) is finite. On the other hand, for
e LYR"xV)

M\-=T)"'Myp = /n dp(v) /000 e M(Mp)(x — tv)dt
= /Ooo e~ Mdt /n(Mgo)(x — tv)dp(v)
= [Cevar [ o)) i)
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where dyu, is the image of du under the dilation v — tv. Hence

M(A—T) Mg = / M)z —2) dB(z) = df+ Mg (23)

where

dp = / e Mdy,dt.
0

Moreover, the Fourier transform of the L! function M (A —T)"'My is equal

to
Y —iCVT T _ dp(v) —
/0 € dt/ne Me(C) du(v) —/Rn —A+z‘c.v'M90(O'
Hence e
4BLc) = /Rn A+iCv

It follows that
(MO = T) " M]™ o = ™ o + Mg

where dv = df8 * - - - df (m times) and

(0) = {/R;lf—(?v]m

Before stating the main result of this section, we recall again that Assumption
(4) that hyperplanes have zero du-measure implies

dp(v)
/I%n)\+ig.v—>0as I¢] — oo.

We are going to show that a slightly stronger condition is the key of the
problem.

Theorem 3 We assume that 2 has a finite Lebesque measure and there

exists an integer m such that
d
/ ¢ / ﬂ
pn A+iCv

Then [M(X —T)~*M]™ is weakly compact in L' gQ x V') and consequently so
is [M(A = T)"Y"™*" . Moreover [M(X —T)"Y"** is compact.

2m

< 00. (24)
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Proof:

It remains only to note that Condition (24) means that [3;()] € L*(R")
and consequently, by Parseval identity, dv is an L?(R")-function. It follows
that [M(A — T)"*M]™ ¢ € L*(R") and this shows that [M(\ — T)"*M]™ and
[M(XA—T)"™"" are weakly compact in L*(Q x V). The fact that M(\ —
T)~! maps weakly compact sets into compact sets ([2] Prop 3) implies that
[M(XA—=T)"1™"* is compact. O

We give now a practical condition on dyu which ensures (24).

Theorem 4 We suppose there exist ¢ > 0 and o > 0 such that

sup dp{v; |ve| <e} < e
eeSn—1

then (24) is satisfied for all m > "(aﬂ).

Proof:
We note that

4B(¢)| =

/Rn)\—l—sz

where e = % Hence, for every ¢ > 0,

/R" Jm r<| \evF

— 1 d
B| < Jdufleat <2+ 12
< (5 + ldpll) (e + )
=~ ¥ H T
A ICle
The choice € = ml%l leads to ‘35’(( < M and to
— 2 (5 )
)dﬁ@) <A

[Clesr

Hence it suffices that Qm—a >n,ie m> ”(;‘il). O
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5 Model evolution equations with nonincom-
ing boundary conditions

We deal now with the co-group {V'(¢);t € R } generated by T'+ M where M
is the velocity averaging operator (2). As in Section 3, we look for conditions
on dy under which

[MUM]™ = [MUM] % ---x [MUM] (m times)

is weakly compact. According to (21)
U(t)e < RUn(t)Ep; € LL(Qx V)

so that, for ¢ € L} (Q x V),

MU@t)Mp < MRUL(t) EMy = RMUy(t)MEy
from which it follows easily that

[MUM]™ < R[MU,M|™ Ep.
Thus, by a domination argument, it suffices to show that
R[MUM™ : L*(R" x V) — LY(Q)

is weakly compact. To this end, it suffices that [M U, M]™ maps continuously

LY(R™ x V) into L?*(R™). Indeed, the injection of L?(f2) into L*(§) is weakly
compact because (2 has a finite Lebesgue measure. On the other hand,

MU (t)Mp = / (M) (z — to)dpu(v)

- / (M) (@ — y)duy(y)
= dp,x Mo, p€ L'(R"x V)

where dy, is the image of du under the dilation v — tv. On the other hand,
the operator [MUs(.)M]? (t) acts as

t
@ — dp = M(dp, + M) = [[dpl| / dpg * dpy_g x Mepds
0
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1.e.

(MU ()M ¢ = |[dul| d5%(t) * M
where .
d3*(t) = / dpug * dpy_ds.
0
By induction,
[MUso(YM]™ @ = ||dul|™ " dB™(t) * M
where d3™(t) is defined inductively by

t
AP0 = [ du, vt s)ds, (G2 2).
0
By choosing an even integer m = 2p (p € N),
[MU(YM]™ @ = ||du]| ™~ dB*(t) x M

and consequently, the L' Fourier transform of [M UL (.)M]* ¢ is equal to

> (a52(1)(Q)) Mp(Q).

As for the torus, a slightly stronger condition than (14) turns out to be the
key of the problem:

Theorem 5 We assume there exist0 < 7 < 1 and m > ="= an even integer

(1-7)
such that

/ dC{ sup du@d,u{(v,v')EVXV; |(v—v').e|<é}}m<oo
gzt Leesn q -
25

Then the remainder terms R;(t) are weakly compact for all t > 0 and j >
m + 1. In particular, if there exist ¢ > 0 and o > 0 such that

sup dp @ dp{(v,0") € VxV; [(v—1").e] <e} < ce®

ecSn—1

then R;(t) are weakly compact for allt > 0 and j > @ + 1.
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Proof: As in Section 3,

—

woe = [ T OT(O)ds

- [ [ )

is majorized by

and |4 (1)(¢)

1 2 ||dpl|?
¢, sup du@d,u{(v,v/)EVXV; (v —").e| < T}+ | ﬁﬂ
ecSn—1 |C| |<|
= ¢a(C) +b(C)

ep_e | and b(¢) := 2‘![11—’1”72. It follows that

where ¢; = tsup,,

—

td?\(sxodﬁ%t ~5)(Q)ds

\c@(é)] =

- [l

< / (csa(Q) + b)) (cr-s(C) + b(O))ds
< al2)(a(Q) +6(¢))
where ¢;(2) is a constant in (. It follows, by induction, that
457 00| < alp(a) + b))

where ¢;(p) is a constant in ¢. Thus the modulus of the Fourier transform of
(MU (.)M]? ¢ is majorized by

c(p) [ldp| P | M ()| (al€) + b(C))?
< cilp) ldul™ ™ [ Mol (a(C) + b(Q))P.

Hence, knowing that m = 2p, [MU.(.)M]™ ¢ belongs to L*(R™) provided
that

Hdﬁ t—s)(g)(ds

/IC (@) + O < o0
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and therefore provided that

/Iczl ale)"dl +/ b(()™d¢ < oc.

I¢1>1

Since b(¢) = ﬂﬁ—"_‘f, this is possible if

(26)

-T

/ a(¢)™d¢ < oo with m > z
¢1>1 1

which amounts to our assumption (25). Hence [M U, (.)M]™ is weakly com-
pact and so is R,,41(t). By the convex compactness property of the strong
operator topology, it follows that R;(t) is weakly compact for all j > m + 1.
If sup.cgn-1 du {v; |v.e|] < e} < ce® then

L 2|ldul
a(C) +0(C) < e +
[GHANT
The choice a7 =1 — 7 (i.e. 7= —15) leads to a(¢) + b(¢) < C% and (25)

¢+
amounts to m > % O

As for the torus, the weak compactness of some remainder term R, (¢)
for all ¢ > 0 implies the compactness of R, 2(t) (see [8]).

6 Complementary results

In the present section, we show the optimality, in some sense, of the preceed-
ing results. We restrict ourselves to nonincoming boundary conditions.

Theorem 6 Letn > 3 and Q2 C R™ be a convexr open set. Then:
(1)
A=T+M)'—A=-T)"
18 not weakly compact.
(ii) For allt >0, V(t) — U(t) is not weakly compact.

Proof:
(i) It is easy to see that

A=T+M) ' —(AN=-T)"= i(/\—T)‘l [MA—T) '™ (27)

m=1
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so that
A=T+M)'>A\-T)"'MO\N-T)"

in the lattice sense. Hence the weak compactness of (A—T+ M) 1 —(A-T)"!
would imply that (A —T) M (X —T)"! is also weakly compact. Let us show
that the latter is not weakly compact if n > 3. It is easy to see that

A=T)"MA-T)""f

7(z,v) T(z,0")
= / Atdzﬁ/ du(v )/ e M f(x —tv—sv',0)ds
= / du(v / / e Me M f(x — tv — v, v )dsdt
= / du(v / / AT f (1 — tv — sv’, 0 dsdt

where f has been extended by zero outside (2 thanks to the convexity of (2.
Let {f;}; C LY (2 x V') be a normalized sequence converging in the weak star
topology of measures to the Dirac mass (g5 = d,—0 ® d,—y Where v € V. Let

1 € Co(2 x V') the space of continuous functions on Q x V' tending to zero
at the boundary 0f). Then

/Q (=T MOA=T)

is equal to

/V du(v) /Q (e, v)da /V (') /0 h /0 T MM (o o — ol o )dsdt

/du /du / / N ‘“dsdt/@bwtwsv v) f;(y, v")dy
_ /Q Ay [ / du(v / / By + to + sv', v)dsdt

which tends to

/du(v)/ / e Me M (ty + 57, v)dsdt.
v o Jo
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where 1 has been extended by zero outside Q. Thus (A —T) " 'M(A—T)7'f;
converges, in the weak start topology, to the finite Radon measure dg on
QxV:

e C(IxV)— /Vdu(v) /Ooo /000 e Me M (ty + v, v)dsdt

We claim that df is not a function. Suppose the contrary, i.e. there exists

f e LYQ x V) such that Vi) € Co(Q x V)

/ du(v)/ / e Me MY (ty + sv,v)dsdt = f(z,v)(x,v)dzdu(v).
1% o Jo axv
On the other hand, since for du-almost all v € V,

flv) i — flzv) € LY(Q)

then, for du-almost all v € V, the measure on {2
Y e C() — /00 /Oo e Me M (ty + sv)dsdt (28)
o Jo
is equal to the L' function f(.,v), i.e. is a density measure
bec®) — /Q f () (@) de.

This is impossible since the measure (28) is supported on the bidimensional
linear space spanned by v and v. This shows that (A — T)"'M(A — T)~!
not weakly compact.

(ii) The Dyson-Philips expansion V (t) — U(t) = >_72, U;(t) shows that
V(t) — U(t) > Ui(t) in the lattice sense so that the weak compactness of
V(t) — U(t) for some t > 0 would imply that U (t) is also weakly compact.
Let us show that U, (t) is not weakly compact. Note that

(t)f:/OtU(t—s)MU(s)fds

is equal to

/ds/fa:— (t—s)v—sv',0") x

x{s<7(x—(t—s)v,v")}x{t —s<7(x,v)}du)

/0ds/f(x—(t—s)v—sv',v')x{(s,t);x—(t—s)v—sv'EQ}d,u(v’)
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where z € Q. Let ¢ € Co(Q x V). Let {f;}, C L'(Q2 x V) be a normalized
sequence converging in the weak star topology of measures to the Dirac mass
8(05) = 0z—0 ® 0y where U € V. Then (Uy(t) f;, %) is equal to

/ dxdp(v xv/ds/f]m— (t —s)v—sv',v") x
QxV

x{(s,t);x— (t—s)v—sv' € Q }du(v)

(
= /du(v)/du(v’)/o ds/ﬂw(:r:,v)fj(w— (t = s)v — sv', ') X

x{(s,t);x —(t—s)v—sv' € Q }dx
= [ [aute) [[as [t s+ sttt =
X{(s,t);y+ (t—s)v+sv' €Q }dy
= [ heduto) [ ) [ oty = sy s x
)

QxV
Y{(s,t);y+ (t — s)v+sv' € Q }ds

and therefore {U(t)f;} converges in the weak star topology of measures on
QxV to

e C(QxV) — /du(v)/o Y((t—s)v+sv,0)x {(s,t);y + (t — s)v + sv' € Q }ds.

Let us show that it is not a function: Suppose there exists f € L'(Q x V)
such that

t
/du(v) / V((t = s)v+ 50, 0)x {(s5,8);y + (t = s)v+ 50" € Q }ds
0
— [ F@ ), v)dedu(v).
QxV
Then, for dy-almost all v € V,
t
/ Y((t—s)v+sv,0)x {(s,t);y + (t —s)v+sv' € Q }ds = / f(z,0)(x,v)de
0 Q
and consequently, for du-almost all v € V, the Radon measure on §2

eYels) _>/0 D((t =)o+ s0)x {(5, )5+ (t— s)o + 50’ € Q }ds (29)
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is an L! function, namely f(.,v), and this is not possible since the support
of (29) is contained in the bidimensional linear space spanned by v and 7. [J

Remark 5 It is not difficult to show that (A\—T+ M)~ —(A=T)"" is weakly
compact if and only if (\ —T)*M(\ —T)~' is. Thus, Thm 6 shows that
we cannot hope to avoid the hypothesis that some “iterate” of M(\—T)~*
weakly compact. Similarly, V (t) — U(t) is weakly compact if and only if U (t)
is and Thm 6 shows that we cannot avoid to appeal to remainder terms R;(t)
with j > 2. This justifies, a posteriori, Vidav’s assumptions [13] [14] but only
for the L' theory. The situation is completely different in LP (1 < p < o0)
9]. As in Prop 1, we can show that if the hyperplanes have zero du-measure
then (A —T + M)~ — (A = T)~' maps weakly compact sets into compact
ones. The same result holds for V (t) — U(t) if the affine hyperplanes have
zero du-measure [8].

The case n = 1 is quite surprising. Indeed, we have:

Theorem 7 Letn =1 and Q) = |—a,a|. Let du be a positive Radon measure
on R with support V.

(i) M(\ —T)~ is an integral operator but is not weakly compact.

(ii) If du {0} = 0 then (A —T)"'M is a compact (integral) operator and
consequently (A —T + M)™' — (A =T)~! is compact.

(iii) We assume that dp is such that du{[v —e,v+¢|} — 0 ase — 0
uniformly in v € V. Then V (t) — U(t) is weakly compact for all t > 0.

Proof:
(i) The fact that M (X — T)~! is not weakly compact has been noted in

Prop 1. It is also easy to see that it is an integral operator.
(ii) We note that

f \v\ylMgp( Ydy if v >0
e MR M(p( )dy if v < 0.

|>~ @|,_.

Op = (\=T)'Myp=

Let {hy}, be a sequence of continuous functions with compact supports such
that, for each k, hj vanishes in some neighborhood of v = 0 and hy — 1 in
LY (V') (note that du is finite and du {0} = 0). We "approximate” O by

z  —plz=ul .
e (v) f_ae At Mo(y)dy if v >0

[v]

lz—y|
hi(v) [le” ! Mop(y)dy if v < 0.

[v]

Op: ¢ —

29



It is not difficult to prove that Oy is a compact operator in L*(2 x V). On
the other hand,

10— Ol = / T [ oL [ a0

—1_|hf(v)/ e_Alz""'yMw(y)dy’
v

an(o) [ a2 [ ] )y
/ ante) [ a2 [ g )y

an(w) [~ s = [ i bl )y
/ du(v) / '“hk ) / A ol (y)dy
[ a1 - e |/ Mgl (y

+§/ dpe(v) |1 — hy(v)] Ml@l (y)dy

—00 —a

IN
\

I
+\

Hence

2 |Mll gz 01y |

10 = O] <

1= hill 1y = 0as k — oo

which shows that O is compact.

(iii) We recall that V' (t) — U(t) is weakly compact for all t > 0 if and only
if Up(t) is weakly compact for all ¢ > 0 [7] Chap 2, Thm 2.6. Let us show
that Uy (t) is weakly compact. We note that Uy (t)y is equal to

/0 ds/go(x —(t—s)v—s0,0)x{(s,t);x — (t — s)v — sv' € Q}du(v)
= /d,u(v’)/o ol — (t—s)v— s, 0)x {(s,t);2 — (t — s)v — sv' € Q} ds.

On the other hand, x {(s,t);z — (t — s)v — sv’ € Q} = 1 amounts to

r—tv+s(v—1") €]—a,a]
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/ olx — (t—s)v— s, 0" )x {(s,8);2 — (t — s)v — sv' € Q} ds

xr— tv Aa
f(l‘ tv)V a)SO )\v v’| Zf U <
- r—tv)Aa

f((m—tv%w—a)w(y V) i V' >

and

v ) (z—tv")Aa ) dy
Ui(t)p = / dp() /( o)

—o0 z—tv)V(—a) ‘U - UI'
) (z—tv)Aa d
s [Cae) [ g
v (z—tv")V(—a) |U -V |
= 01g0 + OQQO.

Let us show that both O; and Oy are weakly compact. We restrict ourselves
for instance to O since the same argument holds for O,. Note that O, is an
integral operator

+a
Orp = / / oy, 0 E(o, !, y)dydpa(0)
V J—-a

with kernel

Ew, v x,y) =x{v' <v}x{y+t' <z <y+tv}|v— v'|71 (30)

90—>//+a (y,v") Ee(v, v, 2, y)dydpu(v')

Let

with kernel
E.(v,v",2,y) = E(v,v,z,y)x {|[v — | > ¢}.

One sees that Of is weakly compact since E.(., ., .,.) is bounded and [—a, a] X
V' has a finite measure. It suffices to show that O] — O; as ¢ — 0 in the
norm operator topology. We note that ||O;p — O§g0|| is equal to

Laney [ e [ [ loton o) Bt m o =) < 2 dudute!

= [t [ lotvlay [ o=l < chauto) [ B i
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On the other hand, (30) shows that

+a 1 y+tv
/ E(, v z,y)dx < |v—'|” / de =t
- y

a +tv!

whence

+a
10— O3l < ¢ /V du(v') / oy, o) dy /V (o — /| < £} du(v)

< tsupdu{f —e,v +el} ol
v’'eV
and
|01 — OF|| < tsupdu{[v —e,v' +¢e]} - 0ase— 0.
v'eV

Remark 6 (i) Note that the assumption sup, .y du{[v' —e,v" +¢]} — 0 as
e — 0 1is satisfied by the Lebesque measure on R.

(ii) If V is bounded then sup, .y dp{[v' —e, v +¢]} — 0 ase — 0 is
equivalent to the assumption that dp is diffuse, i.e. du{v'} = 0 for all
v eV

(111) The (weak) compactness of (A\—T) 'K in one dimension has already
been proved in [6] for general collision operator K.

(iv) The case n = 2 is a limiting case between the two different situations
described in Thm 6 and Thm 7. However we conjecture the plausible result:

Conjecture 1 Thm 6 is still true for n = 2.

Remark 7 Thm 6 (ii) solves in the positive (for n > 3) a conjecture by the
author [7] Chap 4. This conjecture turned out to be false in LP (1 < p < o0)

(see [9]).

7 Applications to spectral theory

In this section, we show how the above compactness results provide a sound
foundation to the L! spectral theory. We restrict ourselves to nonincoming

boundary conditions but the same results hold on the torus. Let Q C R"
be an arbitrary open set with finite Lebesgue measure and dyu be a positive
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(not necessarily finite) Radon measure on R" with support V. Let K be a
collision operator

K:peLl'(QxV)— / k(x,v,0")o(z,v")du(') € LY(Q x V)
1%
with the natural assumption

/]k ) du(v) € L=(Q x V).

Let {VX(t);t > 0} the co-semigroup generated by 7'+ K. Following B. Lods
5], we suppose that K is reqular in L' in the sense that the family of operators
(indexed by = € Q)

veLV) > [ ko )e@)du(v) € L'(Y)
1%
is collectively weakly compact. This amounts to

{lk(z,.,v")|; (z,0") € Q x V} is relatively weakly compact (31)
in L'(V). This assumption can be checked by the well-known Dunford-Pettis
criterion (see [1]). We note that the positive collision operator

K|: e LMQxV) — /V k(2 v,0")| o(z,v)du(v') € LH(Q x V)

is also regular. On the other hand,
(KO =) o < [IK| (A =D)7]" [l

and
U B¢l < U0 |l
where {U K } denotes the terms of the Dyson-Philips expansion of VX (¢) and

{UJ‘-Kl} those of the semigroup V/%/(t) generated by T +|K|. Thus, as far as

the weak compactness is concerned, by using domination arguments, there is
no loss of generality to assume that the collision operator K is positive. On
the other hand, if k;(z,v,v") = k(z,v,v")X{yev,joj<iy and

KZSO = / kl(xa v, Ul)@(xv U,)d,u(’U/)
|4
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then
Ko — Kigl| < / /kumm3W@wnwwv
Qx{veV;v|>i} JV

< s [ o)) el
(z0)eQxV J{veV;|v|>i}

and, by (31),

|Kp — Kipl| < sup / k(z,v,v")dp(v) — 0 as i — oo.
(z,0")eQxV J{veV;|v|>i}

Thus, we may replace K by some truncation K; since [K(A —T)7!|"™ and
UjK (t) depends continuously on K in the norm operator topology . This
means that we may suppose without loss of generality that V' is bounded and
consequently that du is finite. A basic property of a positive regular collision
operator is that it can be approximated in the norm operator topology by
collision operators dominated by collision operators of the form

P LQX V) = f(0) [ olatdu(e) (32)
1%
where f € L'(V) [5]. Thus we may assume that K has the form (32). By
approximation again we may suppose that f € L*(V) N L*>(V) and finally,
by a domination argument, we may even assume that f is a constant c. In
such a case, the collision operator K is nothing but the velocity averaging
operator
M:pel'(QxV)— c/ o(x,v")du(v').
v

Hence, the following compactness results are simple consequences of Thm 3,
Thm 4 and Thm 5.

Theorem 8 Let Q) C R" (n > 2) be an arbitrary open set with finite Lebesgue
measure. Let du be a positive (not necessarily finite) Radon measure on R"
and K be a regular collision operator in the sense (31).

(i) We assume that for all ¢ > 0 there exist ¢ > 0 and a > 0 such that

sup dup{v;|v| <e, |Jvel <e} < e (33)
eeSn—1

Then some power of K(A —T)™! is weakly compact.
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(ii) We assume that for all ¢ > 0 there exist ¢ > 0 and o > 0 such that

sup dp @ dp{(v,0); o] < e[| < e, |(v—1v')e| <} < e (34)

ecSn—1

Then some remainder term of the Dyson-Philips expansion is weakly compact.

Remark 8 In general, the advection semigroup U (t) contains an absorption
term, i.e., has the form:

U(t)p = e Joolrmmmlds (g — gy, V)X (t<r (20}

where o(.,.) € L*®(2 x V) (or at least bounded below) is the collision fre-
quency. Mathematically speaking, this does not add any difficulty since, by
domination arguments, we may assume that o(.,.) is a constant. Thus Thm
8 above remains true.

Remark 9 For n = 1, we have more precise results since Thm 7 remains
true for reqular collision operators.

We are ready to summarize the spectral results:

Theorem 9 Let Q) C R™ be an arbitrary open set with finite Lebesgue mea-
sure. Let dp be a positive (not necessarily finite) Radon measure on R"™ and
K be a regular collision operator in the sense (31).

(i) Let n > 2. If (33) is satisfied then o(T + K) N {ReX > s(T)} con-
sists of at most isolated eigenvalues with finite algebraic multiplicities where
s(T) is the spectral bound of T. If (34) is satisfied then {U(t);t > 0} and
{V(t);t > 0} have the same essential type and consequently, in the region
{v;lv] > 5D} o(V(t)) consists of at most isolated eigenvalues with finite
algebraic multiplicities.

(ii) Let n = 1. If du{0} = 0 then o(T + K) N {ReX > s(T)} con-
sists of at most isolated eigenvalues with finite algebraic multiplicities. If
supy ey dp{[v' —e,v' + €]} — 0 as e — 0 then o(V(t)) N {v;|v] > e}
consists of at most isolated eigenvalues with finite algebraic multiplicities.

Remark 10 Apart from the one dimensional case where, thanks to Thm 7,
we can appeal to the stability of the essential spectrum by weakly compact
perturbation [4], the analysis of o(T + K) N {ReX < s(T)} and o(V(t)) N
{v;|v] < esD'} forn > 2 relies on different tools [10].
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8 On L! ”averaging lemmas”

We know that in all dimensions M (A — T)~! is never (weakly) compact [2]
Example 1 or Prop 1 (i) above. It may be of interest to look for practical
bounded subsets of L' (2 x V') which are mapped by M (A—T)"! into (weakly)
compact sets. We will restrict ourselves to nonincoming boundary conditions.

Theorem 10 Let n =1 and Q = |—a,a[. Let du be a positive Radon mea-
sure on R such that du{0} = 0. If = C L'(Q x V) is a bounded subset such
that

/ﬁmm[ﬂﬂ%waQOwseo (35)

uniformly in o € Z, then {M(\—T) Yp; ¢ € Z} is relatively compact in
LY(9).

Proof:
A simple calculation shows that

A=T)"tp= e i oy, v)dy if v >0
L[N oy, v)dy if v < 0
so that
_ o0 1 z
M = /o d’“‘(”)m/ ‘ (y, v)dy
0
+/ WO I/ yu)dy = Op.

Let O, the truncated operator

_\xm € 1 [% _y\le=ul
90—>/ dp(v !vl/ M oy, v )dy+/ du(v)m/ e o(y, v)dy.

A simple calculation shows that O, is a compact operator on L'(Q x V). On
the other hand

¢ 1 x _y]z—yl
0@—@¢=/“m<> oy

— [l
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and

v)|dy

10p = Ocp|l < / V) |/
: / m/ U ]’@(y’“)‘dy
:/ |U|/ [/ eAlidZ] o (y,v)| dy
= 3 [ o) [ owlay

Hence, by (35), [|[O¢ — O.¢|| — 0 as ¢ — 0 uniformly in ¢ € =. This shows
that

{Op; ¢ € E} = {Op + (Op = Ocp); v € Z} Ve >0
is relatively compact in L'(Q). O
Remark 11 This result improves [2] Lemma 8, where it is assumed that

du{[—¢,e]} < &7 and that = is a bounded subset of LP [du(v); L'(dz)] for
some p > 1.

Remark 12 [t is clear that the same arguments used in_the proof of Thm 7
(ii) show also that (A — T)™ M is compact in L* where T = v. a“; and

Oy

— 1. 1 _

D(T) = {@EL V-5 €L, or, —0}

so that, by duality, we obtain an averaging lemma in L>®(2 x V) :
Theorem 11 Let n =1 and Q = |—a,a[. Let du be a positive Radon mea-
sure on R such that du{0} = 0. Then M(A —T)™' : L®(Q x V) — L®(Q)

18 compact.

Remark 13 This result complements Lemma 7 in [2] where a stronger (Hélder)
reqularity for velocity averages is obtained under the stronger assumption that
du{[—¢,e]} <ce .

We extend now Thm 10 to arbitrary dimensions under a stronger assump-
tion.
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Theorem 12 Let Q) C R™ (n > 2) be a bounded and convexr open subset and
V = R" endowed with the Lebesgue measure. Let

M:pe LNQ x R"; dr @ dv) — o(x,v)dv € L'(€Q).
Rn

Let = C LY(Q x R™) be a bounded subset. We assume that = is "equicon-
tinuous with respect to velocities” in the sense

/ [o(y, v+ 2) — oy, v)| dydv — 0 (36)
QX R}

as z — 0 uniformly in ¢ € 2. Then {M(\ —T) tp;p € Z} is relatively
compact in L*(Q).

Proof:
We note that

A=T)"p= / e Mo(x —tv,v)dt, (z € Q)
0

where ¢ has been extended by zero to R} with respect to the space variable.
Moreover,

MA-=T) o = / dv/ e Mp(x — tv,v)dt
n 0

and a simple change of variable yield

_ L dt T —
v=MMN=-T) 19@:/ e /\tt—n/ o(y, ty)dy.
0 n

It suffices to show that [ |¢(z + z) — ¢(z)|dz — 0 uniformly in ¢ € E as
z — 0. We note that

[t a—vwiae < [TeE [y [ ot T2 - o, 2 o

t

= / e”dt/ dy/‘s@(y,er;)—w(y,v)‘dv
0 n

= /e‘”dt/ dy/‘so(y,v+§)—¢(y,v)‘dv
0 n
+/ e”dt/ dy/‘w(y,wr;) —w(y,v)‘dv
el + [ et [ ay [ Jetvo+ ) = oty o

IN
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On the other hand, by assumption, there exists o > 0 such that

zZ
l/dy/ﬁwv+p—w@w)wés

uniformly in ¢ € = if {%‘ < «. This is true for all t > ¢ if |z| < e and
consequently

/ 6z + 2) — (x)] do < 2 ||oll s + Ale

and the proof is complete. [

Remark 14 A result in the same spirit and with a different proof appeared
recently [3] under a weaker assumption : The set = is assumed to satisfy
only some "equitntegrability” with respect to velocities. However, the proof is
quite involved. On the other hand, arguing as in the proof of Thm 12, we can
deriwe a weak compactness result when = is only ”equiintegrable” with respect
to velocities. Indeed:

Definition 1 A bounded subset of L*(R" X R";dzx ® dv) is said to be "equi-
integrable” with respect to velocities if for each € > 0 there exists a > 0 such
that for each measurable familly (A,)yern of measurable subsets of R" satis-
fying |A,| < o we have [ dy fAy lo(y,v)|dv < € uniformly in ¢ € = where
|A,| is the Lebesque measure of A,.

Theorem 13 Let Q2 C R™ (n > 2) be a bounded and convex open subset and
V = R" endowed with the Lebesgue measure. Let = C L'(Q x R™) be bounded
and "equiintegrable” with respect to velocities. Then {M(\ —T) 1p; p € Z}
is relatively weakly compact in L*(§2).

Proof:
We start as in the proof of Thm 12. We have

_ L dt x—y
szO—T)%Z/)e”;/‘ﬂ% —)dy.
0 mn
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It remains to prove that [, [¢)(x)]dz — 0 as |A] — 0 uniformly in ¢ € =.
We note that

Jwwle < [T
= / ’\tdt/ndy/ )| dv
- / ”dt/ndy/ o)) dv

+/ “dt/ndy/ v)| dv

< el + [ Var / dy / o)l dv.
On the other hand

=

;y) dr

dy

n

1
=LAyl =A< A (2

and the ”equiintegrability” with respect to velocities show that

/dy/ v)|dv < e

uniformly in ¢ € = and in t > ¢ if |A] is small enough. It follows that

Jo@lds < el + 37 < e+ A
A

uniformly in ¢ € = if |A| is small enough and the proof is complete. [J
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