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Nonlinear parametric amplification in a tri-port nanoelectromechanical device

E. Collin,∗ T. Moutonet, J.-S. Heron, O. Bourgeois, Yu. M. Bunkov, and H. Godfrin
Institut Néel

CNRS et Université Joseph Fourier,
BP 166, 38042 Grenoble Cedex 9, France

(Dated: June 16, 2011)

We report on measurements performed at low temperatures on a nanoelectromechanical system
(NEMS) under (capacitive) parametric pumping. The excitations and detection schemes are purely
electrical, and enable in the present experiment the straightforward measurement of forces down
to about a femtonewton, for displacements of an Angström, using standard room temperature
electronics. We demonstrate that a small (linear) force applied on the device can be amplified up
to more than a 100 times, while the system is truly moving. We explore the dynamics up to about
50 nm deflections for cantilevers about 200 nm thick by 3 µm long oscillating at a frequency of
7 MHz. We present a generic modeling of nonlinear parametric amplification, and give analytic
theoretical solutions enabling the fit of experimental results. We finally discuss the practical limits
of the technique, with a particular application: the measurement of anelastic damping in the metallic
coating of the device with an exceptional resolution of about 0.5 %.

PACS numbers: 85.85.+j, 05.45.-a, 62.20.D-, 07.05.Dz

I. INTRODUCTION

Condensed matter physicists have always been con-
cerned with the measurement of small forces (arising from
the interactions between constitutive elements of the sys-
tems they study), or small masses (detecting the presence
of these actual constitutive elements). With the amaz-
ing advance in fabrication technologies, micromechani-
cal and nanomechanical probes have become available
extending the detection limits down to extremely weak
forces, and small quantities of matter. Many applica-
tions have emerged, for instance sensitive accelerometers
[1], the detection of a single electron spin [2], a 90 nm
scale resolution Magnetic Resonance Force Microscope
(MRFM) [3], the characterization of nanostructures with
the Atomic Force Microscope (AFM) [4], Electric Force
Microscopy (EFM) [5], the detection of single electronic
charges [6], the precise measurement of the Casimir force
[7] and finally attogram mass sensing [8, 9] with potential
applications in chemical and biological sensing [10, 11].

Ultimately, the force sensitivity of a nanomechanical
probe detected through a linear amplifier will be lim-
ited by the standard quantum limit sought in mechanical
quantum ground state cooling [12]. To date, the world
record on force sensing using a nanomechanical object
is about an attonewton, with a laser readout [13] or a
shot-noise limited microwave interferometer [14], both
operated at cryogenic temperatures; using a crystal of
trapped ions this limit was recently pushed down to the
incredibly low value of about 400 yoctonewton [15].

The operating principle of most of the devices is based
on the measurement of a mechanical resonance mode
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which frequency f0, quality factor Q or oscillation phase
ϕ depends on the physical property one wishes to extract
(force, or additional mass). The force sensitivity of such
a setup which is limited by the detection noise floor ul-
timately relies on the quality factor Q of the mechanical
resonance mode under use, defined as the ratio of the
energy of the motion to the energy lost per oscillation
cycle. Three strategies can be considered to improve the
Q:

• design the geometry of the device and chose the
constituents to minimize the damping (ultimately
clamping losses [16] and thermoelastic damping
[17]) with respect to the energy stored in the reso-
nance mode [18, 19].

• making use of a fast electronic feedback circuit, the
so-called ”Q-Control” scheme [20].

• making use of a parametric drive scheme, as first
proposed for micromechanical devices in Ref. [21].

These choices are not incompatible with each other:
parametric schemes can also be used on already very good

oscillators in order to improve them even further. On the
other hand, it is usually agreed that because of transient
signals, ”Q-Control” reduces the speed at which one can
change the working point of the oscillator [22]. It also
increases the background noise in the device [20].
Parametric drive schemes have thus gained a lot of at-

tention in recent years. While the original Ref. [21] was
dealing with parametric amplification only, the interest of
the physicists has evolved towards parametric oscillation
[23–25], incorporating also electronic feedback schemes
to it [26].
Parametric oscillation is the mechanism underlying the
child’s swing motion [27] and surface wave patterns [28].
Before being implemented in micro and nanomechanical
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devices, it has been applied with great success in classical
electronic circuits [29], superconducting circuits [30] and
optical circuits [31]. In the latter case, the light field pos-
sesses remarkable quantum properties, and the technique
is still one of the most widely used to generate squeezed
coherent states and entangled states of photons [32].

Parametric oscillation (or parametric resonance, au-
toparametric drive) occurs when some parameter of a me-
chanical device with a mode resonance at ω0 = 2πf0, usu-
ally the spring constant k, is modulated at a frequency
around 2ω0/n (n integer), with an amplitude ∆k exceed-
ing a critical value. The system spontaneously oscillates
at ω0, without any additional external force [33, 34]. The
great outcome of this particular drive scheme is that the
resonance line obtained is much narrower than in a stan-
dard (linear) excitation, giving rise to greater effective Q
factors as already stated [23, 26, 35].

If the spring constant modulation amplitude (or ”para-
metric pumping”) is smaller than the critical value,
the mechanical device is in the parametric amplification
regime [33, 34]. As experimentally demonstrated in Ref.
[21], the mechanical response to an external AC force (os-
cillating at ω0) can be either amplified (with a gain > 1),
or squeezed (gain < 1), depending on the phase of the
spring constant modulation with respect to the force. In
this regime, the linewidth of the resonance line can also
be substantially reduced, depending on the strength of
the pumping. Squeezing can be used to reduce the ther-
momechanical noise of the oscillator in one of its quadra-
tures [21].

In practice, experiments are performed with the simple
choice n = 1, with the pump frequency ωp around 2ω0

and the excitation force frequency ω around ω0, both
within the linewidth of the resonance ∆ω. This is called
degenerate parametric drive [34]. In order to modulate
the spring constant k, one needs a nonlinear force or a
nonlinear elastic property that can be tuned with an ex-
ternal drive.

The first realization of parametric amplification (and
squeezing) in a micromechanical device was reported in
Ref. [21]. The device was a 500 µm by 10 µm by a few
micron thick silicon cantilever (resonating at 33 kHz),
and gains up to 25 were reported, for displacements up
to about 30 nm. The excitation was piezoelectric, the
pumping was due to the nonlinear force generated by an
additional capacitive drive, and the readout was optical
(interferometric setup).
Macroscopic mechanical amplification was addressed in
Ref. [36] with a steel cantilever 190 mm × 19 mm ×
0.5 mm resonating at the very low frequency of 11.5 Hz.
Squeezing was reported, and amplification gains of 1.6
were achieved.
Parametric amplification was obtained in a GaAs piezore-
sistive cantilever developed for Atomic Force Microscopy
[37]. The structure was 230 µm long, 23 µm wide and
0.95 µm thick with a resonant frequency of 11.3 kHz. The
cantilever was driven with a piezoelectric PZT actuator
while the parametric effect was realized through in-built

stress which curves the beam and generates a second or-
der nonlinear spring constant. The piezoresistive effect
of the structure was used to measure the deflection. In
this experiment, amplifier gains up to 10 were measured,
and the squeezing was demonstrated. Displacements of
the order of 60 nm were realized without reducing the
gain.
Higher frequencies (around 485 kHz) were obtained in
torsional oscillators, with silicon bars of typically 200 nm
by 200 nm by 1 µm, and paddles of about 2× 2 µm2 by
200 nm [38]. The experimental scheme used a capacitive
drive and pump, with an optical detection. The maxi-
mal reported gain was about 10. Squeezing was demon-
strated.
The Megahertz range (0.9 MHz) was attained with a sil-
icon disk oscillator [39] (20 µm by 250 nm on a 1 µm
SiO2 pillar of about 7 µm diameter). The device was
piezoelectrically driven, optically pumped (through the
generation of thermal gradients) and detected. Both am-
plification and squeezing were realized, with a highest
reported gain of about 33.
The highest parametric oscillator frequency ever achieved
was about 130 MHz in Ref. [40], using a composite
SiC+Al 2 µm long by 100 nm thick and wide beam.
The experiments used the magnetomotive scheme for the
drive and detection, and were performed at 10 K with 8 T
magnetic fields. The parametric pumping was obtained
through the modulation of the tensile stress in the beam,
which was achieved with the magnetomotive distortion
of ”clamping rods” supporting the beam. The maximal
gains reported were about 3.
An efficient parametric amplification scheme was demon-
strated in coupling dispersively a nanomechanical beam
to a Cooper Pair Box (CPB) quantum bit [41]. Both
amplification and squeezing can be achieved, and max-
imal gains around 30 were reported. The particularity
of the technique, which demonstrate very high coupling
between the nanomechanical beam and the Cooper Pair
Box, is that while the effect is purely classical, the quan-
tum bit is truly quantum, and should enable in future
works the quantum steering of the beam.
Finally, the largest gains were attained in Ref. [42], for
a 10 MHz, 8 µm long by 500 nm and 200 nm doped epi-
taxial GaAs beam. The actuation was piezoelectric, to-
gether with the parametric pumping which was obtained
by modulating the longitudinal stress in the beam. The
detection scheme was optical. The best gain reported
was of a 1000, but for displacements of 14 pm. At dis-
placements of a 100 pm, it was already below the value
of 100.

Clearly in most experiments, the devices have ex-
tremely small displacements (as compared to their size),
and often the detection requires very sensitive inter-
ferometric techniques. In this regime, experimental-
ists rely on the linear theory of parametric amplifica-
tion [33, 34, 45]: all high-order terms in the dynamics
equation (like the well-known Duffing force Fnon−lin. =
−k3x

3) are taken to be zero and the only nonlinear term
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is the (first order) parametric modulation itself. Theoret-
ical works based on linear parametric amplification have
also been released for Electric Force Microscopy [43], or
mass sensing [44]. On the other hand, work has been
done on both the theoretical and experimental sides ex-
ploring the nonlinear regime of parametric oscillations
[46–50].
It is of great importance to realize and study the large
deflection amplification range. In the first place, in order
to provide mechanical parametric amplifiers which are
easy to handle, i.e. which move enough to be detected
with simple electric setups: fully micro or nanoelectrome-
chanical systems (MEMS or NEMS). Secondly, in order
to understand the limits on the gain arising from large
deflections. In the linear theory, the gain is infinite at the
threshold between amplification and oscillation. In prac-
tice, actual nonlinear effects will limit the gain [34, 42].
The practical gain limitations where considered only in
Ref. [40], where the importance of the thermal stabil-
ity of the Q factor was addressed. A complete theory
of nonlinear amplification is thus needed both for design
purposes, and for a detailed physical understanding.
In the present article we report on experiments carried

on nanoelectromechanical devices (200 nm thick, 3 µm
long cantilevers) presenting large gains and large dis-
placements. Gains slightly above a 100 have been mea-
sured, and displacements ranging from 0.15 nanometer to
about 50 nm have been explored. The highest gain could
be achieved with a structure moving about a couple of %
of its thickness (peak-to-peak), which is exceptional. The
experiment is performed at helium temperatures with an
extremely simple setup involving three coaxial lines con-
nected to commercial room temperature equipment. The
parametric pumping is obtained via a straightforward ca-
pacitive coupling, and the (linear) ”test force” is realized
with the magnetomotive scheme. The magnetomotive in-
duced voltage enables to detect the displacement of the
structure as well. We give analytic mathematical tools to
descibe the experimental results. Finally, we discuss the
practical limits of parametric amplification, and present
an interesting new application: the characterization of
anelastic properties of the metallic coatings of NEMS
through extremely precise measurements of the Q factor
of the resonance (about ±0.5 % resolution).

II. EXPERIMENTAL SETUP

The experimental setup is depicted in Fig. 1, and has
been presented in Ref. [51]. It consists in a goal-post
shaped NEMS device (two ”feet” of length 3.1 µm plus a
”paddle” of 7 µm, 280 nm wide) fabricated on a thick SOI
substrate. The oxide layer was 1 µm thick for a top silicon
thickness of 150 nm. The structure is patterned by means
of Reactive Ion Etching (SF6 plus O2 plasma) through
an Al sacrificial mask obtained by e-beam lithography.
The beams are released after HF chemical vapor etching.
About 30 nm of aluminum has been deposited on top of

30 ✂m1 ✂mB 1 k
GateNEMSField

Detection
xyz

Voltage drive Current driveV IVG V4.5 K
Clock

l l’g

FIG. 1: (Color online) Schematic drawing of the experimental
setup, with Scanning Electron Microscope (SEM) image of the
sample. Only the chip and the drive resistor are maintained
at cryogenic temperatures (dashed box); three coaxial cables
are required to connect the tri-port device to conventional
room temperature electronics.

the structure to create electrical contacts. This metallic
layer is rather soft, leaving the structure unstressed and
adding only little elasticity.
The mobile part is composed of the two cantilever feet

linked by the paddle. Due to symmetry, in its first res-
onant mode (out-of-plane flexural mode) the device be-
haves as a simple cantilever loaded by half the paddle at
its extremity. This geometry has been extensively stud-
ied in our group, from MEMS to NEMS scales with var-
ious metallic coatings [51–55].
The sample is placed in a helium cryostat, in a small
cell in which cryogenic vacuum is maintained (typically
less than 10−6 mbar). Experiments are performed at
4.5±0.25 K, taking into account self-heating of the struc-
ture (see below).
This tri-port device is a very simple model system for

the study of parametric amplification. The probe force
to be amplified is realized by the magnetomotive scheme,
which is by construction a linear excitation (independent
of the displacement x): the sample is placed in a magnetic
field B (smaller than 1 T in our experiments) parallel to
the cantilever feet, while a current I(t) = I0 cos(ωt) is fed
through it with a cold bias resistor (voltage VI(t) across
1 kΩ). The NEMS metallic layer has been measured to
be 110 Ω at 4.2 K. The resulting force is perpendicular
to the chip surface and writes F (t) = I(t)lB, with l the
length of the paddle.
The detection of the motion is carried out through the
measurement of the induced voltage V (t) appearing at
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the structure’s ends while it moves and cuts the field
lines. This output voltage can be shown to be almost

linear, reducing to the expression V (t) = lBẋ(t), x being
the coordinate of the paddle position [52, 56].
The nonlinear force enabling the parametric pumping is
realized with a gate electrode positioned 100 nm next to
the paddle [51]. The total gate capacitance Ct to ground
can be written:

Ct = C0 +

∫

NEMS

δC,

with C0 the parasitic capacitance due to the leads and
connecting pads, and

∫

NEMS
δC is the NEMS metallic

layer contribution. Since the capacitance falls to zero ex-
tremely quickly with the distance to the gate electrode,
in the latter integral we can keep only the paddle contri-
bution. Parameterizing the NEMS capacitance with the
global position of the paddle in the ~x and ~y directions
(see Fig. 1) leads to:

∫

NEMS

δC = C(x, y).

The potential energy originating from the voltage bias
VG on the gate electrode writes then:

EC =
1

2
C(x, y)V 2

G.

The resulting force (on the mobile part) is thus:

~FC = +
1

2

(

∂C(x, y)

∂x
~x+

∂C(x, y)

∂y
~y

)

V 2
G.

Keeping in mind that the displacements x, y are small (in
practice smaller than half the electrode’s gap, i.e. 50 nm),
we proceed with the following Taylor series expansions:

∂C(x, y)

∂x
=

∂C(0, 0)

∂x
+

∂2C(0, 0)

∂x2
x

+
1

2

∂3C(0, 0)

∂x3
x2 +

∂2C(0, 0)

∂x∂y
y

+
∂3C(0, 0)

∂x2∂y
xy +

1

6

∂4C(0, 0)

∂x4
x3,

∂C(x, y)

∂y
=

∂C(0, 0)

∂y
+

∂2C(0, 0)

∂x∂y
x

+
1

2

∂3C(0, 0)

∂x2∂y
x2 +

∂2C(0, 0)

∂y2
y

+
∂3C(0, 0)

∂x∂y2
xy +

1

6

∂4C(0, 0)

∂x3∂y
x3,

where we kept only orders smaller than 3. The y dis-
placement is at lowest order a x second order [52, 56]; we
estimate y ≈ −3/5x2/l′ (l′ length of feet).

The ~y component of ~FC (denoted F y
C) is an axial force

load acting on the feet of the structure. It influences their
spring constants kfoot, and we have at first order [52, 55]:

kfoot =
k0
2

(

1− σ
F y
C/2 l

′2

E I

)
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FIG. 2: (Color online) Main graph: NEMS response to a
magnetomotive drive (field of 840 mT, no gate voltage). The
dashed line is explained in the text. Note the wide dynamic
range available, with the dashed horizontal representing the
upper x limit on the parametric amplification experiment.
Error bars about ±5 %, size of symbols. Insets: Actual reso-
nance lines obtained at the two extremities of the graph (lines
are Lorentzian fits).

with k0/2 the unaxially-loaded spring constant of each
foot, E the corresponding Young modulus and I its sec-
ond moment of area. σ is a small number that is esti-
mated for our geometry to be about +0.095. The end
mass load due to the paddle is taken into account in this
writing [55].
The ~x component F x

C of the force generates directly a
modulation of the NEMS restoring force. Combining the
axial load F y

C with the latter, we finally obtain the effec-

tive out-of-plane gate contribution:

F eff.
C = +

1

2

∂C(0, 0)

∂x
V 2
G

+
1

2

[

∂2C(0, 0)

∂x2
+

(

σ

2

k0l
′2

EI

)

∂C(0, 0)

∂y

]

xV 2
G

+
1

2

[

1

2

∂3C(0, 0)

∂x3
+

(

σ

2

k0l
′2

EI
− 3

5

1

l′

)

∂2C(0, 0)

∂x∂y

]

x2 V 2
G

+
1

2

[

1

6

∂4C(0, 0)

∂x4
+

(

σ

4

k0l
′2

EI
− 3

5

1

l′

)

∂3C(0, 0)

∂x2∂y

−
(

σ

2

k0l
′2

EI

3

5

1

l′

)

∂2C(0, 0)

∂y2

]

x3 V 2
G. (1)

From the above equation, we immediately realize that
the applied voltage VG allows to:

• drive the NEMS, with the first term,

• tune the resonance frequency, with the second term,

• and adjust the Duffing-like nonlinearity, with the
last terms.
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These NEMS capacitive frequency tuning and nonlinear-
ity tuning have been experimentally demonstrated for the
first time in Ref. [57]. In the present work we use the res-
onance frequency tuning to realize the parametric drive
[21, 38], with a proper choice of gate voltage modulation
VG(t) [51].
The spatial variation of the capacitance C(x, y) occurs
on a typical lengthscale of the order of the electrode’s
gap g. Therefore, the terms in Eq. (1) between paren-
thesis should be compared to this parameter. We obtain
σ
2
k0l

′2

EI g ≈ 0.01 and 3
5

1
l′ g ≈ 0.02, and conclude that the

corresponding factors in Eq. (1) can be safely neglected:
only the x variation of the NEMS capacitance C has to
be considered.

In practice, the clock and the two generators in Fig. 1
(VG and VI) are implemented by a Tektronix AFG3252
dual channel arbitrary waveform generator. The de-
tection is realized with a Stanford SR844 RF lock-in
amplifier, giving access to both the in-phase X and
out-of-phase components Y of a harmonic motion ẋ =
x0 d[cos(ωt + ϕ)]/dt (homodyne detection). The mag-
netic field is obtained with a small superconducting coil
and a Kepco 10 A DC current source.

In Fig. 2 we present the characteristic displacement
amplitude x0 (at resonance) versus magnetomotive force
F0, obtained in a field of 840 mT (no voltage on the
gate). The setup has been carefully calibrated to pro-
duce this curve [51], while preserving a high impedance
environment for the NEMS. To measure the resonance,
the frequency ω of the excitation F = F0 cos(ωt) is swept
around the mode frequency ω0 of the device. The small-
est resonance line together with the biggest are shown in
the insets, Fig. 2.

The full lines are Lorentzian fits demonstrating the ex-
ceptional linearity of the device: the intrinsic Duffing-like
nonlinearity is extremely small. In fact, a cantilever is
inherently less nonlinear than a doubly clamped beam
which elongates under flexure [45, 51].
For small displacements, Fig. 2 enables to character-
ize the sample yielding the mode spring constant k0 =
2.5 N/m, and thus the mode mass m0 = 1.2 10−15 kg.
The quality factor Q is about 5. 103. However, a nonlin-
ear damping is clearly visible for large deflections (slight
curvature at the top end of the x0 versus F0 curve). In
Fig. 3 we present both the corresponding frequency shift
and line broadening experienced by the resonance under
large distortions. For not too large excitation amplitudes
(currents in the metallic layer), the shift and broadening
are solely due to the anelasticity of the soft aluminum
coating, an effect which is present in both NEMS and
MEMS covered with soft metals [55]. The experimen-
tal evidence is that both the metal Young modulus E
(thus the spring constant kfoot, and in turn the frequency
ω0) and the damping coefficient Λ (thus the linewidth
∆ω = 2Λ/m0) depend almost linearly on the amplitude
of the strain in the layer, leading in turn to a linear depen-
dence on x0 (full lines in Fig. 3). For larger deflections,
the currents needed to generate the magnetomotive force
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FIG. 3: (Color online) Top graph: Broadening of the line
for large deflections x0. Error bars about ±5 %. Bottom
graph: Frequency shift occuring in the same conditions. Er-
ror bars about ±100 Hz, about the size of symbols. On both
graphs the full lines represent the linear-in-x anelastic effect
(top graph, slope K = +5. 106 m−1, and bottom graph slope
K′/2 = −1.5 103 m−1). The dashed curves fitting the data
at large deflections arise from a thermal model taking also
into account the Joule heating of the structure. The vertical
dashed line is the upper x limit on the parametric amplifica-
tion experiment.

F0 heat the structure (Joule effect in the 110 Ω layer;
the mechanical heat dissipated per cycle remains negli-
gible). This can be taken into account with a thermal
model of the beams, leading to the dashed lines in Figs.
3 and 2. In a separate publication we show that the ther-
mal effects can be accurately described for temperatures
ranging from 1.5 K to 30 K, with drive currents up to
50 µA [58].
For the present experiment, we keep the displacements

x below 50 nm. The heating of the structure is always
negligible (even with the parametric drive on), and the
dynamics equation describing the motion (with no gate
voltage) is:

m0ẍ+ 2Λ(x)ẋ+ 2kfoot(x)x = F (t). (2)

At first order, we will consider that kfoot(x) and Λ(x)
are linear functions of the amplitude x0 of the motion
[52, 55]:

2kfoot(x0) = k0 (1 +K ′x0) , (3)

Λ(x0) = Λ0 (1 +Kx0) . (4)

For magnetic fields B smaller than 1 T and voltages VG

on the gate smaller than 8 V, no anomalies on the dy-
namic properties of the NEMS could be detected.
In Fig. 4 we present the frequency tuning of our device.

A DC voltage VG is applied on the gate electrode, lead-
ing to the expected quadratic dependence (black line). In
these measurements, we keep the displacement x smaller
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FIG. 4: (Color online) Demonstration of the frequency tuning
ability of the device, with a DC voltage applied on the gate.
The displacement x has been kept small enough to be in the
linear regime. We obtain −∂2C/∂x2 ≈ 0.0027 F/m2.

than 7 nm, in order to ensure that the nonlinear terms
in Eq. (1) remain negligible. From the fit, we obtain the
spring constant tuning factor −∂2C/∂x2 ≈ 0.0027 F/m2

[51]. The tunability is of the order of 200 kHz per 10 V
and positive, which is in agreement with the literature for
out-of-plane motion [57]. Note that this value is about
a factor of 4 larger than the one reported in the preced-
ing reference, since our electrode gap is 4 times smaller
(100 nm).
With a nonzero voltage bias and larger deflections x, the
device becomes nonlinear [51]. A careful study of the
dynamics enables to extract all the relevant terms ap-
pearing in Eq. (1) [58].

III. THEORETICAL MODELING

We consider a single degree of freedom mechanical
structure that is driven into harmonic motion close to
one of its resonance modes. For our purpose, it shall
be a cantilevered beam in its out-of-plane flexure. Geo-
metrical nonlinearities have been discussed in great de-
tails in Ref. [54]. Materials nonlinearities (anelasticity)
in aluminum coated devices have been studied in Ref.
[55]. From these works, we write down the most generic
dynamics equation describing our devices, without any
voltage on the gate electrode:

m0

(

1 +m1 x+m2 x
2
)

ẍ +

(Γ0 + Γ1 x) ẋ
2 +

2Λ(x0)
(

1 + l1 x+ l2 x
2
)

ẋ +

2kfoot(x0)
(

1 + k1 x+ k2 x
2
)

x

= F0 cos(ωt+ φ). (5)

The above equation contains both inertia nonlinear terms
(m1,m2) and a nonlinear restoring force (with k1, k2).

For our oscillators, the anelasticity appears both in the
spring constant kfoot(x0) and the damping term Λ(x0),
with x0 the amplitude of the motion at frequency ω. The
l1, l2 and Γ0,Γ1 factors are also a consequence of geo-
metrical nonlinearities, but could of course incorporate
peculiar damping terms in the most general formalism
[54]. Eq. (2) appears to be the limit of Eq. (5) when
geometrical nonlinearities are negligible. For the sake
of completeness, we keep all the nonlinear terms in the
present modeling. The aim is to establish theoretical an-
alytic solutions which are as generic as possible, and us-
able for a broad range of micro/nano mechanical devices.
These solutions are then illustrated with our experiments
in the two following sections, for the linear and nonlinear

regimes respectively.
Take Eq. (1) with a gate modulation VG = Vdc +

V0 cos(ω
′t + φ′). Since the force involves V 2

G, one could
in principle chose ω′ = ω for the degenerate parametric
drive. However, the capacitive coupling will also impose a
current IC = −V0(ω

′C0) sin(ω
′t+φ′) through the NEMS,

which will add up to the standard drive current I. As a
result, this choice will spoil the magnetomotive test force
F to be amplified. Similarly, with a piezoelectric drive,
a gate voltage VG at frequency ω will necessarily induce
a parasitic motion of the oscillator.
We thus have to chose ω′ = 2ω, obtaining:

V 2
G = V 2

dc+
V 2
0

2
+2VdcV0 cos(2ωt+φ′)+

V 2
0

2
cos(4ωt+2φ′).

The capacitive force that has to be added to Eq. (5)
writes then:

F eff.
C = Fdc + Fac [cos(2ωt+ φ′) + α cos(4ωt+ 2φ′)]

− k′0x−∆k0x [cos(2ωt+ φ′) + α cos(4ωt+ 2φ′)]

− k′1x
2 −∆k1x

2 [cos(2ωt+ φ′) + α cos(4ωt+ 2φ′)]

− k′2x
3 −∆k2x

3 [cos(2ωt+ φ′) + α cos(4ωt+ 2φ′)] . (6)

We have defined, from Eq. (1):

Fdc = +
1

2

∂C(0, 0)

∂x

(

V 2
dc +

V 2
0

2

)

,

Fac = +
1

2

∂C(0, 0)

∂x
(2VdcV0) ,

k′0 = −1

2

∂2C(0, 0)

∂x2

(

V 2
dc +

V 2
0

2

)

,

∆k0 = −1

2

∂2C(0, 0)

∂x2
(2VdcV0) ,

k′1 = −1

4

∂3C(0, 0)

∂x3

(

V 2
dc +

V 2
0

2

)

,

∆k1 = −1

4

∂3C(0, 0)

∂x3
(2VdcV0) ,

k′2 = − 1

12

∂4C(0, 0)

∂x4

(

V 2
dc +

V 2
0

2

)

,

∆k2 = − 1

12

∂4C(0, 0)

∂x4
(2VdcV0) .
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We introduced α = V0/(4Vdc) which quantifies the ”con-
tamination” of the parametric pumping by 4ω harmonics.
In our experiment, α < 1.
Combining Eq. (5) and Eq. (6) brings finally:

m0

(

1 +m1 x+m2 x
2
)

ẍ+ (Γ0 + Γ1 x) ẋ
2

+2Λ(x0)
(

1 + l1 x+ l2 x
2
)

ẋ

+(2kfoot(x0) + k′0)
(

1 + k̃1 x+ k̃2 x
2
)

x

+∆k0x [cos(2ωt+ φ′) + α cos(4ωt+ 2φ′)]

+∆k1x
2 [cos(2ωt+ φ′) + α cos(4ωt+ 2φ′)]

+∆k2x
3 [cos(2ωt+ φ′) + α cos(4ωt+ 2φ′)]

= Fdc + F0 cos(ωt+ φ)

+Fac [cos(2ωt+ φ′) + α cos(4ωt+ 2φ′)] . (7)

The only non-explicit time dependence is in x(t). We

used the notations k̃1 = (2kfoot k1+k′1)/(2kfoot+k′0) and

k̃2 = (2kfoot k2+k′2)/(2kfoot+k′0). We introduce both the
phase of the excitation force φ and of the pump φ′, with
respect to the motion x(t) taken as our phase reference.
∆k0 is the usual (linear) parametric modulation term.
As is clearly seen on Eq. (7), capacitive parametric

pumping generates unavoidably a very rich nonlinear dy-

namics equation: the pumping itself is nonlinear (with
∆k1,∆k2, Fac, and α). Fdc is a static deflecting force.
Note nonetheless that the modeling can be adapted to
other types of parametric excitations, by equating to zero
the unnecessary parameters.

In order to resolve Eq. (7), we apply the method de-
scribed in Ref. [54]. The calculation is based on an idea
first introduced by Landau & Lifshitz [59]. In order for
the experiment to be meaningful, Fdc (static deflection
force), Fac (second harmonic excitation) and α (4th order
contamination) have to remain small. Mathematically,
we will consider that Fdc and Fac are of the same order
as x2

0 terms, and we will reduce the calculation to the
α = 0 case.

We take for the solution:

x(t) =

+∞
∑

n=0

acn(ω) cos(nωt) +

+∞
∑

n=1

asn(ω) sin(nωt)

and seek only the static term n = 0, plus the first har-
monic n = 1. The calculation requires also ac2, a

s
2 to be

retained. We have x0 =
√

(ac1)
2 + (as1)

2 by definition.
The obtained amplitudes write:

ac0 =
Fdc

2kfoot + k′0
+ β0 x

2
0,

ac1(ω) =
F0

m0

[

(ω2
r − ω2) cos(φ) + (∆ω ω) sin(φ)−∆+ cos(φ− φ′)−∆− cos(φ+ φ′) + δ+ sin(φ− φ′)− δ− sin(φ+ φ′)

(ω2
r − ω2)

2
+ (∆ω ω)

2 −
[

∆2
+ +∆2

− + δ2+ + δ2− + 2 (∆+∆− − δ+δ−) cos(2φ′) + 2 (∆+δ− + δ+∆−) sin(2φ′)
]

]

,

as1(ω) =
F0

m0

[

(∆ω ω) cos(φ) + (ω2 − ω2
r) sin(φ)−∆+ sin(φ− φ′)−∆− sin(φ+ φ′)− δ+ cos(φ− φ′) + δ− cos(φ+ φ′)

(ω2
r − ω2)

2
+ (∆ω ω)

2 −
[

∆2
+ +∆2

− + δ2+ + δ2− + 2 (∆+∆− − δ+δ−) cos(2φ′) + 2 (∆+δ− + δ+∆−) sin(2φ′)
]

]

.

If the phase reference is turned to match φ, the pump-
ing terms write cos(2φ ± φ′), sin(2φ ± φ′) while the
sin(φ) disappears and the cos(φ) becomes 1. The co-
sine and sine appearing in the denominator change to
cos(2φ′− 4φ), sin(2φ′− 4φ) respectively. In these expres-
sions, the resonance position ωr, the linewidth ∆ω and
the pumping terms ∆+,∆−, δ+, δ− are themselves func-

tions of the amplitudes ac1, a
s
1:

ω2
r = ω2

0 + 2ω0 δω + 2β1ω0 x
2
0 + 2ω0β

′

1 a
c
1a

s
1, i.e.

ωr ≈ ω0 + δω + β1 x
2
0 + β′

1 a
c
1a

s
1,

∆ω = ∆ω0 + δ(∆ω) + β2 x
2
0 + β′

2 a
c
1a

s
1,

∆+ = ∆0
+ + Γ+ x2

0,

∆− = Γ− x2
0,

δ+ = δ0+ + γ+ x2
0,

δ− = γ− x2
0,

with the usual definitions ω0 =
√

(2kfoot + k′0)/m0, and
∆ω0 = 2Λ/m0 (expressed in Rad/s). The above is valid
for any Q = ω0/∆ω.

The nonlinear parameters are given in the Appendix A
as a function of the terms appearing in Eq. (7). Note that
kfoot and Λ shall not depend on the (vanishingly small,
tens of pm in our experiments) static deflection induced
by Fdc and the nonlinear coefficient β0. Note also that
mathematically the spurious forces Fdc, Fac combined to
the nonlinear first order terms m1, k̃1, and to the pump-
ing coefficients ∆k0,∆k1 induce a resonance shift δω.
The peculiar pumping term δ0+ appears from a similar
combination. The static force Fdc with l1 induce an ad-
ditional damping term δ(∆ω) as well. In practice, these
terms appear to be completely negligible for our devices
(see Appendix A).
In the high Q limit, the writing of the nonlinear parame-
ters simplify considerably (see Appendix A), and in par-
ticular δ+, δ− ≈ 0. When all the pumping terms are
taken to be zero in Eq. (7), the above expressions reduce
to the result given in Ref. [54]. The standard paramet-
ric amplification theory [34, 45] considers all nonlinear
terms to be zero, with only the pumping term ∆k0 6= 0.
In this particular case ac0 = 0, the terms δω, δ(∆ω) = 0,
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FIG. 5: (Color online) Reference line for the phase depen-
dence of the gain (parametric pumping h = 0). The field was
840 mT and the current 110 nA, thus the force 660 fN. The
maximal displacement is 1.4 nm (rms values). The black lines
are Lorentzian fits, giving access to the resonance frequency
7.090 MHz and linewidth 1490 Hz.

the nonlinear coefficients β1, β
′
1, β2, β

′
2 = 0 and the only

pumping factor that remains is ∆0
+ = ∆k0/(2m0), as it

should.

In the experimental following sections, we will be con-
cerned with ac1, a

s
1 in the simple case φ = 0, and φ′ =

±π/2. The expressions reduce then to:

ac1(ω) =
F0

m0
×

[

(ω2
r − ω2)− (±1) (δ+ + δ−)

(ω2
r − ω2)

2
+ (∆ω ω)

2 − (∆+ −∆−)
2 − (δ+ + δ−)

2

]

, (8)

as1(ω) =
F0

m0
×

[

(∆ω ω) + (±1) (∆+ −∆−)

(ω2
r − ω2)

2
+ (∆ω ω)

2 − (∆+ −∆−)
2 − (δ+ + δ−)

2

]

. (9)

The sign ± corresponds to the sign of φ′ = ±π/2: it is +
for amplification and − for squeezing. These expressions
are valid even in the nonlinear case, for any Q.

We will use a generalized nonlinear definition of the
pumping factor h:

h(x0) = (±1)

(

∆+ −∆−

∆ω ω

)

. (10)

This number is |h| < 1 in the parametric amplification
regime under study, positive for amplifying and negative
for squeezing.

In the next section, we will also be interested in the
φ, φ′ angular dependence at resonance ω = ωr of the
amplitude x0 =

√

(ac1)
2 + (as1)

2, in the limit of small
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FIG. 6: (Color online) Phase dependence of the parametric
gain with respect to φ − φ′/2, obtained from the height of
the resonance peak at ω = ωr. The reference line is shown in
Fig. 5. The lines obtained at the maximum and minimum are
shown in Figs. 7 and 9 respectively. The dark (green, CH1)
squares are obtained when tuning the phase of the force φ.
The light (orange, CH2) dots are recalculated when adjusting
the parametric modulation angle φ′. The black line is the fit
explained in the text, with a pumping factor of |h| = 0.875.

displacements. We obtain:

x0(ωr) =
F0

m0
×

[

(∆ω ωr −∆+)
2
sin2

(

π

4
+

2φ− φ′

2

)

+(∆ω ωr +∆+)
2
cos2

(

π

4
+

2φ− φ′

2

)

+δ2+ − 4δ+ ∆ω ωr cos

(

π

4
+

2φ− φ′

2

)

sin

(

π

4
+

2φ− φ′

2

)]1/2

/
[

(∆ω ωr)
2 −

(

∆2
+ + δ2+

)

]

, (11)

valid in the linear regime (Γ±, γ± and all β terms taken
to zero), for any Q.
Equations Eqs. (8 - 11) will be used and commented

in Sections IV,V; practical limits on parametric amplifi-
cation will be discussed and illustrated in Section VI on
their basis.

IV. LINEAR PARAMETRIC AMPLIFICATION

In Fig. 6 we present the phase dependence of the para-
metric gain measured for the device shown in Fig. 1. The
reference line, obtained when the pumping is turned off,
is shown in Fig. 5. Two particular positions are marked:
the gain maximum (denoted line 2, shown in Fig. 7), and
the gain minimum (squeezing, line 3 presented in Fig. 9).
What is drawn is the amplitude of the detected voltage,
proportional to the velocity ẋ(t).
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FIG. 7: (Color online) Same settings as Fig. 5 (reference line)
with the pump on (|h| = 0.875). The phase is set to be on
the maximum of the gain amplification, Fig. 6. Black lines
are Lorentzian fits explained in the text, demonstrating the
assymetry between the two quadratures. The fit linewidth
∆fpump is of 725 Hz, for a gain of 8.

In our devices, Q >> 1 and the δ+, δ− terms introduced
in Section III can be safely neglected. Taking Eqs. (8)
and (9), and injecting the definition of h, Eq. (10), we
obtain:

ac1(ω) =
F0

m0

[

(ω2
r − ω2)

(ω2
r − ω2)

2
+ (∆ω ω)

2
(1− h2)

]

, (12)

as1(ω) =
F0

m0

√

1 + h

1− h
×

[

(∆ω ω)
√
1− h2

(ω2
r − ω2)

2
+ (∆ω ω)

2
(1− h2)

]

, (13)

written here for the linear regime (nonlinear terms of
Section III taken to zero). The functions in brackets are
still Lorentzian expressions, with a linewidth decreased
to ∆ω

√
1− h2 for both amplification and squeezing. Also,

the parametric pumping has introduced an assymetry be-
tween the heights of the X and Y components with the
factor

√

(1 + h)/(1− h): for amplification, one of the
quadratures becomes large as h → 1 while for squeez-
ing, when h → −1 it tends to 1/2 of its nominal value
[21, 34, 45]. These fits are illustrated in Fig. 7 (amplifica-
tion) and Fig. 9 (squeezing) on two measured resonance
lines.
The phase dependence Eq. (11) can be recast:

x0(ωr) =
F0

m0 ∆ω ωr
×

√

√

√

√

sin2
(

π
4 + 2φ−φ′

2

)

(1 + |h|)2
+

cos2
(

π
4 + 2φ−φ′

2

)

(1− |h|)2
, (14)

which contains the well-known gain function drawn on
the data, Fig. 6 (i.e. the part under the square root)
[21, 34, 45].
In Fig. 8 we show the parametric gain as a function of

the pumping factor h in amplifying conditions. In Fig.
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FIG. 8: (Color online) Parametric gain in amplification con-
ditions as a function of the pumping h. The graph has been
obtained in various magnetic fields, current drives and volt-
age biases conditions. All data taken with displacements kept
below 15 nm (rms). Note the log. scale. We plot both the
height of the X component normalized to the unpumped re-
sult, and the ratio between the height of the Y to the X
component. Lines are fits explained in the text. Inset: com-
parison between the h factor obtained from the fit linewidth,
and the calculated one from the biases Vdc, V0. The maximal
gain attained is 105.

10 we present the same data obtained in squeezing con-
ditions. For both graphs, the gain is obtained from the
height of the X component at resonance ω = ωr. From
Eq. (13) we immediately realize that it writes 1/(1− h)
[21, 34, 45]; this simple fit is shown on both Figs. 8
and 10 (on Xnorm. data). Moreover, the ratio between
the heights of the two quadratures (maximum at reso-
nance for X, and twice the half-height at ωr ±∆ω/2 for

Y ) is
√

(1− |h|)/(1 + |h|) when taking for the numerator
the largest of the two depending on amplifying/squeezing
(see Eqs. (12) and (13) above). This fit is shown in Figs.
8 and 10 as well (on Y/X and X/Y data, respectively).

In all experiments, the pumping h is realized by tun-
ing the DC voltage Vdc and the AC amplitude V0 on
the gate electrode. However, it can be measured in situ

from the fit ∆ωpump of the resonance linewidth, knowing

the ”unpumped” value ∆ω: |h| =
√

1− (∆ωpump/∆ω)
2
.

This is precisely how the graphs presented in this section
have been realized. We calculate the imposed pumping

h from Section III, keeping only the lowest order terms
(see Appendix A): h = 1

2Q(−∂2C/∂x2)(VdcV0)/k0, with

2kfoot + k′0 ≈ k0. The coupling term −∂2C/∂x2 is ob-
tained from the frequency tuning graph, Fig. 4. The re-
sulting comparison between imposed pumping and mea-
sured pumping is given in the inset of Fig. 8, prov-
ing excellent agreement. The voltages never exceeded
|Vdc| < 0.6 V and V0 < 0.7 Vrms.

In these experiments, we demonstrate a very good
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FIG. 9: (Color online) Same settings as Fig. 5 (reference line)
with the pump on (|h| = 0.875). The phase is set to be on
the minimum of the gain amplification, Fig. 6. Black lines
are Lorentzian fits explained in the text, demonstrating the
assymetry between the two quadratures. The fit linewidth
∆fpump is of 710 Hz, for a squeezing of 0.53.

agreement with theory. Forces down to about 6.5 fNrms

have been successfully amplified and detected with the
present setup sensitivity: displacements down to about
0.15 nmrms in a bandwidth of 0.8 Hz around 7 MHz,
with a (room temperature) amplifier noise floor of about

4 nVrms/
√
Hz. We show both squeezing and amplifica-

tion. We report on a maximal gain of 105, for a cor-
responding displacement of 1.7 nmrms, which is about
2.6 % of the thickness of the moving beam, peak-to-
peak. This linear gain is higher than in most experiments
[21, 35, 37–41], and is definitively the highest reported for
a beam moving by such a substantial fraction [42]. How-
ever, for too large deflections, the gain falls down and
eventually the device jumps to parametric oscillations.
This will be discussed in the two following sections.

V. NONLINEAR PARAMETRIC

AMPLIFICATION

When the deflection x0 becomes large, the device en-
ters the nonlinear regime. In order for the Taylor ex-
pansion of Eq. (1) to remain meaningful, we keep the
displacement x0 < 50 nm. In this section, we consider
that the working point of the device remains always be-

low the threshold to parametric oscillation. Eqs. (12)
and (13) are still valid, but with a nonlinear pumping
factor h, Eq. (10), and a nonlinear frequency ωr and
width ∆ω (Section III). Three sources of nonlinearities
have to be taken into account: a constitutive geometrical
nonlinearity giving rise to the β terms, the nonlinear ca-
pacitive coupling used for the parametric pumping which
generates the Γ±, γ± and β′ terms, and finally a materi-
als nonlinearity that we chose to describe experimentally
with the two parameters K and K ′, Eqs. (3) and (4).
These last equations are not rigorously derived from a
microscopic theory, but they reproduce what is seen ex-
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FIG. 10: (Color online) Parametric gain in squeezing condi-
tions as a function of the pumping |h|. The graph has been
obtained in various magnetic fields, current drives and voltage
biases conditions. All data taken with displacements kept be-
low 15 nm (rms). We plot both the height of theX component
normalized to the unpumped result, and the ratio between the
height of the X to the Y component. Lines are fits explained
in the text. The strongest squeezing is 0.53.

perimentally in Section II, Fig. 3 [55].
It is instructive to first look at the characteristic dis-

placement x0 versus force F0 curve, for various pumping
amplitudes, Fig. 11. From Eq. (13) one easily obtains
at first order and on resonance ω = ωr:

x0(ωr) =
1

(1− h0)

F0

m0 ∆ω00 ω00

1

1 +
(K+K′

2 )
(1−h0)2

F0

m0 ∆ω00 ω00
+ ...

with ∆ω00 = 2Λ0/m0, ω00 =
√

k0/m0 and h0 =
∆0

+/(∆ω00 ω00) the parameters obtained for x0 → 0, ne-
glecting the small terms δω, δ(∆ω) and k′0/k0 (see Ap-
pendix A). This expression is represented as lines on Fig.
11, for the different h0 pumpings shown.
The key result is that the (purely material-dependent)

nonlinear factor
(

K + K′

2

)

affecting the top end of the

curve in Fig. 2 is now amplified by a factor 1/(1− h0)
2,

the gain squared. Similarly, the next order which in-
cludes geometrical and parametric nonlinearities is am-
plified by 1/(1 − h0)

3. In practice, high-gain amplifica-
tion is thus very sensitive to nonlinear parameters; on
the other hand, squeezing reduces significantly the non-
linear behavior (Fig. 11, 12), and can be proposed for
this purpose.
Fitting the above expression and extracting the force

nonlinear coefficient of the denominator, we obtain Fig.
12. The qualitative agreement is fairly good, with the
proper power dependence. However, this modeling is too
crude for a quantitative agreement: the original Taylor
series involves x and not F , and higher order terms in the
force expansion (the +... above) shall not be disregarded.
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FIG. 11: (Color online) Displacement x0 versus force F0

curves, obtained for different parametric pumpings h0 (see
Fig.) in a field of 840 mT. The dashed line is the non-pumping
h0 = 0 reference, Fig. 2, while the lines are fits explained in
the text.

In particular, as h0 → 1 (and the gain increases) the
first-order expansion is clearly getting worse (with the
amplification of all other nonlinear terms), and the last
point fit in Fig. 12 is of a particularly bad quality.
In order to obtain a quantitative understanding, we

have to consider the corollary h(x0) function, Eq. (10).
From Section III we obtain, on resonance:

h(x0) =
h0

[

1 +
(

Γ+−Γ−

∆0
+

)

x2
0

]

1 +
(

K + K′

2

)

x0 +
(

K K′

2 + β1

ω00
+ β2

∆ω00

)

x2
0

. (15)

The pumping is now nonlinear, i.e. it depends on the
displacement x0. Note that the β′ terms introduced in
Section III disappear since on resonance the product ac1a

s
1

is always zero.
In Fig. 13 we show the measured pumping factor ob-

tained from the fit of the linewidth, as a function of the
measured displacement obtained from the peakheight.
As can be seen, the major nonlinear effect is an almost
linear reduction of the pumping strength with x0. The
lines in Fig. 13 are fits based on Eq. (15) were we impose

K + K′

2 ≈ +5. 106 m−1 (from Fig. 3, Eqs. (3) and (4),
Section II). The only remaining nonlinear parameter (at
second order) is a single quadratic term that we adjust
simultaneously on all data.
In the Appendix A, we give all the nonlinear terms

and discuss their relative importance. In practice, for our
devices ∆0

+ ≈ ∆k0/(2m0) and Γ+ − Γ− ≈ ∆k2/(4m0).
β1/ω00 and β2/∆ω00 can be safely neglected, ensuring
that the resonance lines remain Lorentzian-looking. The
quadratic nonlinear term appearing in Fig. 13 reduces
then to (Γ+ − Γ−)/∆

0
+ ≈ (∂4C/∂x4)/(12 ∂2C/∂x2). We

obtain −5. 1013 ±3. 1013 m−2 which is in good agreement
with the estimated values for the capacitance coefficients
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FIG. 12: (Color online) Nonlinear parameter fit on Fig. 11 for
different pumping amplitudes h0. The line is a guide showing
an y = c x2 dependence. Inset: fit error for each curve ad-
justed on the data of Fig. 11. The dashed line illustrates
an increase tendency as one approaches h0 → 1; the last
(masked) point is particularly erroneous, demonstrating the
growing importance of higher-order nonlinear coefficients.

introduced in Eq. (1) [58].
In these experiments, we explored the nonlinear regime

of parametric amplification. The data are fit with the
nonlinear theory of Section III providing a good under-
standing of the phenomena. In particular, we show that
the amplification increases the nonlinear behavior of the
devices, and we propose the squeezing as a means to re-

duce nonlinear properties of parametrically pumped oscil-
lators. In the amplification regime, we demonstrate the
importance of the nonlinearity in the pumping scheme
itself.

VI. PRACTICAL APPLICATIONS

Parametric amplification is usually thought as a linear
technique increasing the force sensitivity, or leading to
a better frequency resolution through a narrower reso-
nance line. It can be also thought as a technique used in
the nonlinear regime of soft materials in order to probe
anelastic properties.
Neglecting the (second order) nonlinear β and Γ±

terms, and injecting Eq. (10) in Eq. (13) we obtain,
for ω = ωr:

F0 ω00

x0 k0
+∆ω00 h0 = ∆ω(x0), (16)

which contains only materials nonlinearities. ω00, ∆ω00

and h0 are the zero-displacement values of the frequency,
linewidth and pumping factor, respectively. The recalcu-
lated linewidth is shown in Fig. 14 together with direct
measurements. The plot has been obtained with various
pumpings h0 ≥ 0.75. The inset shows the corresponding
resonance position.
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FIG. 13: (Color online) Nonlinear pumping factor h obtained
from the fit linewidth ∆fpump as a function of the displace-
ment x0. the x0 → 0 values h0 are displayed on the graph.
The lines are fits based on Eq. (15) enabling the estimation
of the pumping second order nonlinear term (see text).

The increase on the linewidth resolution is impressive,
reaching a value of about ±0.5 %. On the other hand,
the improvement of the resonance position precision is
less marked. This result is perfectly normal: with i.e. a
pumping factor of h0 = 0.98, the gain which increases
the recalculated linewidth resolution is about 50, while
the line narrowing factor increasing the position preci-
sion is only of 5. Within the original error bars, position
and linewidth seem to be almost linear with respect to
x0, Eqs. (3) and (4) and full lines in Figs. 14 and 3.
However, with our improved sensitivity we clearly distin-
guish a threshold effect: below about 12 nm, the param-
eters seem to be constant, while only above they seem
to increase linearly. We attribute this effect to the plas-
tic limit of the aluminum coating of our device, which
remains perfectly elastic below the limit and starts to
show a strain-dependent behavior above. We estimate
from Ref. [55], Eq. (27) that the plastic limit occurs at
σPl. ≈ 90 MPa, which is of the right order of magnitude.

For large deflections, the recalculated linewidths in Fig.
14 are systematically above the standard measurement.
This effect can be understood from the nonlinear pump-
ing parameters Γ± that have been neglected here, but
which do play a role at large displacements (see Fig. 13):
the pumping factor decreases, which decreases the gain
and thus the displacement x0 at a fixed excitation force
F0. The resulting calculated linewidth in Eq. (16) is then
slightly overestimated. Taking into account the nonlin-
ear term (Γ+ − Γ−)/∆

0
+ adjusted on Fig. 13, we obtain

the dashed line in Fig. 14, in good agreement with the
data.

As we increase the pumping strength h0 and/or the
displacement x0, the device will eventually jump into
the parametric oscillation regime. The highest value h0
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FIG. 14: (Color online) Recalculated linewidth ∆f = 2π∆ω
(red dots, various pumpings h0 ≥ 0.75) from Eq. (16) com-
pared to direct measurements (blue squares, no pumping).
Note the log. scale. The original resolution was typically
±5 % while the parametrically pumped result goes down to
about ±0.5 %. Inset: position of the resonance line. Dots
(red) are the parametric pumping experiment (dispersion typ.
±25 Hz), while squares (blue) are direct measurements lim-
ited by the natural linewidth of the resonance (resolution of
about 1/10th of ∆f , ±100 Hz). The full lines are the empiri-
cal fits presented in Section II, Fig. 3. The dashed line takes
into account the nonlinear pumping coefficient (Γ+−Γ−)/∆

0
+

(see text).

reachable for a given x0 (i.e. a given driving force F0)
is what will finally limit the gain, and thus the qual-
ity of the parametric amplification scheme. In the lin-
ear theory, the gain diverges at h0 → 1. In practice,
nonlinearities will trigger self-sustained oscillations be-
fore this limit, at a finite gain [34]. In Ref. [40], the
thermal stability of the Q factor (i.e. linewidth ∆ω)
has been addressed. Clearly, all nonlinear effects have
to be considered (anelasticity, geometrical terms, non-
linear pumping) for a comprehensive understanding of
the actual threshold effect. Moreover, an additional ex-
perimental limitation has to be taken into account: as
we approach h(F0, VdcV0) → 1, the stability of the ex-
perimentalist’s pumping ”knob” VdcV0 becomes critical.
Noise δVdc, δV0 on the gate voltages can push the system
into parametric self-sustained motion, without any way
back.
Let us define 1 − h = ǫ with 0 < ǫ(F0, VdcV0) < 1

a small (finite) number quantifying the distance to the
actual threshold. Rewriting Eq. (15) and injecting Eq.
(13), we obtain at second order in x0:

ǫ = (1− h0) + h0

(

K +
K ′

2

)

F0

m0∆ω00ω00 ǫ

−h0

(

K ′2

4
+

KK ′

2
+K2 − β1

ω00
− β2

∆ω00
+

Γ+ − Γ−

∆0
+

)

×
(

F0

m0∆ω00ω00 ǫ

)2

. (17)
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ω00 and ∆ω00 are the linear characteristics of the de-
vice (obtained at x0 → 0), while h0 is the corresponding
pumping factor. It can be seen as the imposed pumping
(fixed via VdcV0), while h is the truly obtained pump-
ing. Note that rigorously speaking the expansion above
is insufficient when ǫ becomes vanishingly small: higher-
orders have necessarily to be taken into account. Keeping
this point in mind, Eq. (17) can be recast in the form of
a third order polynom:

ǫ3 − (1− h0) ǫ
2 − h0aF0 ǫ+ h0bF

2
0 = 0,

with a and b two numbers englobing all the nonlinearities:
a = (K + K ′/2)/(m0∆ω00ω00), b = [K ′2/4 + KK ′/2 +
K2−β1/ω00−β2/∆ω00+(Γ+−Γ−)/∆

0
+]/(m0∆ω00ω00)

2.
Note that in the most general formalism thermal effects
can be incorporated in these factors. Three roots exist,
but only one has to be considered:

ǫ =
1− h0

3
+

1

3× 21/3

[

22/3 B
(

A+
√
−4B3 +A2

)1/3

+
(

A+
√

−4B3 +A2
)1/3

]

, (18)

with:

A(F0, h0) = 2(1− h0)
3 + 9h0a(1− h0)F0 − 27h0b F

2
0 ,

B(F0, h0) = (1− h0)
2 + 3h0aF0.

In the (h0, F0) parameter plane, the device remains in the
parametric amplification regime until ǫ becomes complex-

valued.
In Fig. 15 we plot the measured ǫ at the threshold as a

function of the force F0 for various h0. We obtain it from
the fit linewidth ∆ω just before self-sustained oscillations
occur, either by keeping a given pumping h0 and ramping
the test force F0, or by doing the reverse experiment. We
know that the device switched to parametric oscillations
from the lineshape of the resonance: the measured peak
is not Lorentzian-looking anymore, and Eqs. (12) and
(13) cannot be used to fit the data. In the inset, Fig. 15
we compare the imposed pumping h0 and the obtained
pumping h(F0, h0) at the threshold.
The dashed lines in Fig. 15 correspond to Eq. (18) ad-

justed numerically on the data, with an additional noise
contribution ǫn arising from the finite stability of the
gate voltages δVdc, δV0. We fit an average value δV/V of
about 10−3 which is reasonable regarding our experimen-
tal setup. Note that in practice, this finite value ensures
that we do not use Eq. (17) outside of its applicability
range. This parameter is also an ultimate limit for our
implementation of the parametric amplification scheme.
While the agreement between fit and data is fairly good,
the obtained parameters a and b are rather badly defined;
they only lie within the same order of magnitude as the
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FIG. 15: (Color online) Measured threshold ǫ = 1 − h as
a function of the force F0 for different pumping settings h0.
Inset: comparison between the obtained maximal pumping
h and the imposed pumping h0. The black line in the main
graph is an y = c′ x2/3 dependence [34], while the dashed lines
arise from Eq. (18) fit on the data (see text). Noise on the
gate voltages leads to ǫn, main graph.

ones calculated from the parameters K, K ′, Γ± reported
in the previous Section. As a comparison, we show the
power law y = c′ x2/3 derived for a single damping non-
linearity [34], fit on the measurements. The agreement is
again fairly good, which seems to indicate that the x2/3

is a robust property obtained for any type of nonlineari-
ties. However, we do not know how to link our nonlinear
coefficients to the extracted fit parameter c′.

VII. CONCLUSIONS

In the present paper we report on experiments per-
formed at low temperatures on nanoelectromechanical
(NEMS) devices. The oscillators are 7 MHz cantilevered
silicon structures of about 150 nm thickness and 3 µm
length, actuated and detected through the magnetomo-
tive scheme. A thin (30 nm) aluminum layer has been
deposited to create electrical contacts. We implement
parametric amplification through a gate electrode capac-
itively coupled to the NEMS. A full modeling of the me-
chanical setup is presented, valid from the linear to the
highly nonlinear range.
In the linear regime, both amplifying (gain > 1) and
squeezing (gain < 1) have been demonstrated, as a func-
tion of the phase of the oscillating signals applied to the
device. Gains up to about a 100 are obtained, for a struc-
ture which is truly moving: we explore the resonance from
a tenth to about ten nanometer deflections (rms). At
the gain maximum, forces of about a femtonewton are
detected, for a structure moving about 2.6 % of its thick-
ness (peak-to-peak). Data are fit to theory, enabling an
in situ measurement of the pumping strength.
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Experiments are presented in the nonlinear regime, show-
ing the reduction of the pumping strength for large dis-
placements, up to about 50 nm. We demonstrate that
the nonlinear behavior is renormalized by the gain. We
demonstrate the importance of the nonlinearity of the
parametric pumping itself. Results are fit to theory, and
we propose squeezing as a means to reduce the nonlinear
behavior of NEMS. Nonlinear parametric amplification
is used to study the anelasticity of the soft metallic coat-
ing, enabling the detection of the fine structure of the Q
factor: in our experiments we resolve the plastic limit of
the aluminum film.
Finally, we studied the threshold between parametric am-
plification and oscillations. Our results are analyzed in-
cluding all the nonlinear ingredients entering the model-
ing: geometrical nonlinearities, parametric pumping non-
linearities, materials nonlinearities. Moreover, we intro-
duce an unavoidable practical limit: the experimental-
ist’s biases imprecision. We believe that our results con-
stitute an important step in the understanding of the
nonlinear behavior of parametrically amplified mechani-
cal motion, and should help in particular designing better
devices.
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APPENDIX A: DEFINING THE NONLINEAR

COEFFICIENTS FROM THE DYNAMICS

EQUATION

In Section III we exposed the nonlinear equation de-
scribing parametric amplification at large deflections, Eq.
(7). We assume that the 4th order pumping ”contami-
nation” is negligible (α = 0) and that the spurious forces
Fdc and Fac are small enough to guarantee the integrity
of the parametric amplification scheme (mathematically,
same order as x2

0 terms). Using the same method as the
one presented in Ref. [54], we derive from a Mathematica
code the nonlinear coefficients appearing in the harmonic
response:

β0 = −1
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(
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)2 (

m1 − Γ0

m0

)

]

− ∆k1

m0
ω2
0

[

k̃1 −
(

ω
ω0

)2 (

4m1 − 5 Γ0

m0

)

]

(4ωΛ/m0)2 + (4ω2 − ω2
0)

2 + 2 Fdc

2kfoot+k′

0

[

l1(4ωΛ/m0)2 − (4ω2 − ω2
0)ω

2
0

(

2k̃1 − 4m1

(

ω
ω0

)2
)]









,

γ− =

(

ωΛ

m0

)

∆k1

m0
ω2
0

(

k̃1 +
1
2 l1(4ω

2 − ω2
0)/ω

2
0 −

(

ω
ω0

)2 [

m1 +
Γ0

m0

]

)

(4ωΛ/m0)2 + (4ω2 − ω2
0)

2 + 2 Fdc

2kfoot+k′

0

[

l1(4ωΛ/m0)2 − (4ω2 − ω2
0)ω

2
0

(

2k̃1 − 4m1

(

ω
ω0

)2
)] .

The above is the most generic result, valid for any quality
factor Q. We recover the expressions of Ref. [54] when
the parametric pumping is turned off, as we should.
kfoot and Λ are x0-dependent due to anelastic effects

occurring in the materials. However, to a very good ac-
curacy we can neglect in the above formulas the kfoot
variation, and consequently its repercussion in ω0 and
k̃1, k̃2. Even though the frequency tuning is quite strong,
we always have k′0/(2kfoot) << 1, which brings finally
here 2kfoot + k′0 ≈ k0. In the high-Q limit, these formu-
las can be further simplified, and in particular δ0+, γ+, γ−
can be safely neglected. The explicit ω-dependence ap-
pearing above disappears as well.
Moreover, we find experimentally that the Duffing-like

nonlinear behavior of our devices is negligible (Fig. 2 in-

sets), which means that k̃1, k̃2,m1,m2, l1, l2,Γ0,Γ1 terms
can be disregarded; it leads to negligible β0, β1, β2. The
β′
1, β

′
2 terms are irrelevant on resonance ω = ωr since then

ac1a
s
1 = 0. They can be neglected strictly if in addition

to the weak intrinsic nonlinear behavior the normalized
nonlinear pumping term ∆k2/(2k0) is sufficiently small.
From the estimation of the capacitive expansion, Eq. (1)

[58], it is the case for our devices.
Similarly, the additional frequency shift and width

terms δω, δ(∆ω) can be safely ignored. We finally ob-
tain at lowest order:

∆0
+ =

∆k0
2m0

,

Γ+ =
3

8

∆k2
m0

,

Γ− =
1

8

∆k2
m0

,

with the pumping factors ∆ki (i = 0, 2) defined in Section
III.
In practice for our nanomechanical systems, the only

nonlinear effects that will affect in a relevant way the dy-
namics described here are the material-dependent terms,
Eqs. (3), (4) and the nonlinear pumping terms Γ+,Γ−.
As a result, our fit lineshapes always look Lorentzian;
however in the most generic case, Duffing-like effects
(combined in the β1 term) have to be taken into account,
and distort the resonance lines.
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Lett. 85, 3232 (2004).
[23] M. Zalalutdinov, A. Zehnder, A. Olkhovets, S. Turner,

L. Sekaric, B. Ilic, D. Czaplewski, J.M. Parpia, and H.G.
Craighead, Appl. Phys. Lett. 79 (5), 695 (2001).

[24] Kimberly L. Turner, Scott A. Miller, Peter G. Hartwell,
Noel C. MacDonald, Steven H. Strogatz and Scott G.
Adams, Nature 396, 149 (1998).

[25] Min-Feng Yu and Gregory J. Wagner, Nanotech. 3, 325
(2003); Min-Feng Yu, Gregory J. Wagner, Rodney S.
Ruoff, and Mark J. Dyer, Phys. Rev. B 66, 073406 (2002).

[26] M. Moreno-Moreno, A. Raman, J. Gomez-Herrero, R.
Reifenberger, Appl. Phys. Lett. 88, 193108 (2006).

[27] S. M. Curry, Am. J. Phys. 44, p 924 (1976); J.A. Burns,
Am. J. Phys. 38, 920 (1970).

[28] M. Faraday, Philos. Trans. R. Soc. London 121, 319
(1831).

[29] D.P. Howson, and R.B. Smith, Parametric Amplifiers
(McGraw-Hill, New York, 1970).

[30] R. Movshovich, B. Yurke, P.G. Kaminsky, A.D. Smith,
A.H. Silver, R.W. Simon, M.V. Schneider, Phys. Rev.
Lett. 65, 1419 (1990).

[31] Gian-Luca Oppo, Massimo Brambilla and Luigi A. Lu-
giato, Phys. Rev. A 49, 2028 (1994).

[32] L.A. Wu, H.J. Kimble, J.L. Hall, and H. Wu, Phys. Rev.
Lett. 57, 2520 (1986).

[33] A.H. Nayfeh and D.T. Mook, Nonlinear Oscillations (Wi-
ley, New York, 1979).

[34] Heinz Georg Schuster Ed., Reviews of Nonlinear Dynam-
ics and Complexity, Vol. 1, Chapter I by R. Lifshitz and
M. C. Cross, Wiley-VCH (2008).

[35] I. Mahboob and H. Yamaguchi, Appl. Phys. Lett. 92,
253109 (2008).

[36] Jeffrey F. Rhoads, Nicholas J. Miller, Steven W. Shaw,
Brian F. Feeny, Proceedings of the ASME 2007 Inter-
national Design Engineering Technical Conferences &
Computers and Information in Engineering Conference,
35426 (2007).
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