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ON THE SEMICLASSICAL MAGNETIC LAPLACIAN
AND CONNECTED TOPICS

NICOLAS RAYMOND

ABSTRACT. The aim of this course is to introduce the reader to the general techniques ap-
pearing in the spectral theory of the semiclassical magnetic Laplacian. We explain how we
can construct quasi-eigenpairs and how the investigation of the magnetic Laplacian can be re-
duced to the one of model operators. In particular, the localization estimates of Agmon and
the Born-Oppenheimer approximation are discussed in this course. We also propose to analyze
two recent examples and we finally provide some other perspectives (Birkhoff normal form and
semiclassical waveguides).

1. INTRODUCTION

The aim of this course is to introduce the reader to the techniques appearing in the spectral
theory of the semiclassical magnetic Laplacian. This fascinating subject has been extensively
studied in the last fifteen years by many authors. The study of the magnetic Laplacian is
the occasion to deal with the standard semiclassical and spectral methods. Therefore we will
focus this lecture on the magnetic Laplacian, but we will also propose other applications.
In particular, we will discuss connected perspectives such as the Birkhoff normal form and
waveguides.

1.1. Motivation. Before defining the operator that we analyze in this course, let us mention
the different motivations.

The first motivation arises from the mathematical theory of superconductivity. A model for
this theory (see [91]) is given by the Ginzburg-Landau functional:

2
00 A) = [ |(=iV + noA)f = 2ol + Sl do+ 12 [ 0V x A = 0B da,
Q Q

where: Q0 C R is the place occupied by the superconductor, 1/ is the so-called order parameter
(J¢|? is the density of Cooper pairs), A is a magnetic potential and 3 the applied magnetic
field. The parameter « is characteristic of the sample (the superconductors of type Il are
such that K >> 1) and o corresponds to the intensity of the applied magnetic field. Roughly
speaking, the question is to know what the nature of minimizers is. Are they normal, that is
(,A) = (0,F)withV x F = 8 (and V - F = 0), or not ? We can mention the important
result of Giorgi-Phillips [44] which states that, if the applied magnetic field does not vanish,
then, for o large enough, the normal state is the unique minimizer of G (with the divergence

free condition). When analyzing the local minimality of (0, F'), we are led to compute the
2



SEMICLASSICAL MAGNETIC LAPLACIAN 3

Hessian of G at (0, F') and to analyze the positivity of:
(—iV + koA)? — k2.

For further details, we refer to the book of Fournais and Helffer [39] and also [69, 70]. There-
fore the theory of superconductivity leads to investigate an operator which is in the form
(—ihV + A)?, where h > 0 is small (x is assumed to be large). We will define it more in
details in the next subsection.

The second motivation is to understand at which point there is an analogy between the
electric Laplacian —h?A + V(x) and the magnetic Laplacian (—ihV + A)2. For instance,
it is well-known that we can perform WKB constructions for the electric Laplacian (see the
book of Dimassi and Sjostrand [29, Chapter 3]) and that such constructions do not seem to
be possible in general for the magnetic case (see the course of Helffer [55, Section 6] and
the references therein). In some generic situations, we can prove accurate asymptotic (in the
semiclassical regime: h — () expansions for the eigenvalues of the electric Laplacian and also
provide a very fine (WKB) approximation of the attached eigenfunctions. For the magnetic
situation, such accurate expansions are difficult to obtain. In fact, the more we know about
the expansion of the eigenpairs, the more we can estimate the tunnel effect in the spirit of
the electric tunnel effect of Helffer and Sjostrand (see for instance [51, 52]) when there are
symmetries. Estimating the magnetic tunnel effect is still a widely open question directly
related to the approximation of the eigenfunctions (see [53] for electric tunneling in presence
of magnetic field and [11] in the case with corners).

As we will see in this course we will focus on problems with magnetic fields. Nevertheless,
the generality of the techniques and ideas will lead us to discuss other topics such as the
Birkhoff normal form and the spectrum of waveguides. In fact, the reader can consider this
course as an introduction to general semiclassical and spectral techniques through the example
of the magnetic Laplacian.

1.2. Definition of the Magnetic Laplacian. Let us now define the operators which will be
mainly analyzed in this course. We will assume that (2 is bounded and Lipschitzian and that
A € C>*(Q,RY),

o The magnetic operator. Let us denote A = (A;,--- , Ay). We consider the 1-form':

d
WA — Z Akdx k-
k=1
We introduce the exterior derivative of wjy:

0g = dwp = Z Bjrdxj A dzy.
j<k
In dimension 2, the only coefficient is 312 = 3 = 0,, Ay — 0., A;. In dimension 3, the magnetic
vector is defined as:

B = (b1, B2, B3) = (P23, — i3, Prz) = V x A.

"We refer to [4, Chapter 7] to introduce the k-forms.
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We will discuss in this course the spectral properties of the self-adjoint realizations of the

magnetic operator:
d

Liag =Y (—ihdy + A),
k=1
where h > 0 is a parameter (related to the Planck constant). We notice the fundamental
property, called gauge invariance:

eT(—iV + A)e? = iV + A+ Vo

so that: ' '
e (—iV + A)%e"? = (—iV + A+ Vo).

o The Dirichlet realization. Let us consider the following quadratic form which is defined for
u € C3°(Q2) by:

Qna(u / |(—ihV + A)u|* dx > 0.
The standard Friedrichs procedure (see [88, p. 177]) allows to define a self-adjoint operator
LR whose (closed) quadratic form is:

Qna(u /| (—ihV +A)ul*dx >0, ue Hy(Q)

and such that:
(L',?'Au v) = Qra(u,v), u,veC(Q).
The domain of the Friedrichs extension is defined as:
Dom(ﬁDlr ={u€ Hy(Q): Lrau e L*(Q)}.
When (2 is regular, we have the characterization:
Dom(L}'}) = Hy () N H*(Q).

e The Neumann realization. We consider the other quadratic form defined by:

Qna(u / |(—ihV + A)u?dx, u € C®(Q).
This form admits a Friedrichs extension (a closure) defined by:

Qnalu / |(—ihV + A)u*dx, u € H*(Q).
By the Friedrichs theorem, we can define a self-adjoint operator ENe“ whose domain is given
by:

Dom(£y%) = {u € H'(Q) : Lyau € L*(Q), (—ihV + A)u-v =0, ondN}.
When (2 is regular, this becomes:
Dom(ﬁNeu {ue H(Q):ue H*(Q),(—ihV +A)u-v =0, on 0N} .

The main operators being now defined, let us recall a few elements of spectral theory.
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1.3. Elements of spectral theory.

e Spectrum of an unbounded operator. Let A be an unbounded operator on an Hilbert space
H with domain Dom(A). We recall the following characterizations of its spectrum o (A), its
essential spectrum og(A) and its discrete spectrum og;s(A):

e Spectrum: A € o(A) if and only if (A — Ald) is not invertible from Dom(A) onto H,

e Essential spectrum: A\ € 0e(A) if and only if (A — MId) is not Fredholm® from
Dom(A) into H (see [88, Chapter VI] and [68, Chapter 3]),

e Discrete spectrum: ogis(A) := 0(A) \ Tess(A).

We list now several fundamental properties of essential and discrete spectrum.

Lemma 1.1 (Weyl criterion). We have A\ € oes(A) if and only if there exists a sequence
(un) € Dom(A) such that ||u,||g = 1, (u,) has no subsequence converging in H and (A —
Ald)uy, - 0in H.

From this lemma, one can deduce (see [68, Proposition 2.21 and Proposition 3.11]):

Lemma 1.2. The discrete spectrum is formed by isolated eigenvalues of finite multiplicity.

o The example of the magnetic Laplacian. Since §2 is bounded and Lipschitzian, the form do-
mains H}(Q) and H'(2) are compactly included in L?(£2) (by the Riesz-Fréchet-Kolmogorov
criterion, see [17]) so that the corresponding Friedrichs extensions E}?L; and E,’;‘f;‘ have com-
pact resolvents. Therefore these operators have discrete spectra and we can consider the non

decreasing sequences of their eigenvalues (AP (1)) en+ and (AN®U(h)) e
Remark 1.3. Let us give a basic example of Fredholm operator. We consider P = E,'?Lg when
Q) is bounded and regular. Let us take A an eigenvalue of P (\ € R since P is self-adjoint). As
we said ker(P — \) has finite dimension. Since P is self-adjoint, we can write:
J(P — \) = ker(P — \)*.
This is easy to see that the image of P — A is closed. There exists ¢ > 0 such that (exercise):
(P — Nul| > c||ul|?>, Yu € ker(P — \)*.

Let us now assume that we have (P — \)u, — v € L*(Q), with u,, € ker(P — \)*. We
immediately deduce that (u,),en is @ Cauchy sequence and the conclusion follows. P is a
Fredholm operator.

1.4. The Harmonic Oscillator. Before going further we shall discuss the spectrum of the
harmonic oscillator which we will encounter many times in this lecture. We introduce a useful
notation:

D, = —i0,
and we are interested in the self-adjoint realization on L?(RR) of:

Hharm = Di + :L‘2-

2We recall that an operator is said to be Fredholm if its kernel is finite dimensional, its range is closed and with
finite codimension.
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In terms of the philosophy of the last section, this operator is defined as the Friedrichs extension
associated with the closed quadratic form defined by:

Qnaren (V) = W1 + [l2*, ¢ € BY(R),
where
B'(R) = {¢ € L*(R) : ¢ € L*(R),z¢p € L*(R)}.
The domain of the operator can be characterized (thanks to the difference quotients method,
see [17, Theorem IX. 25]) as:
Dom(Hypam) = {1 € L*(R) : 9" € L*(R), 2*y € L*(R)}.

The self-adjoint operator Hy,m has compact resolvent since B!(R) is compactly included in
L?(R). Its spectrum is a sequence of eigenvalues which tends to +oo. Let us explain how we
can get the spectrum of Hy,,,. We let:

1 d . 1 d
a—ﬁ(%—kx), a —E<—%+x>.
We have:
[a,a"] = aa* —a*a = 1.
We let:
folz) = e 12,

We investigate the spectrum of a*a. We have: afy = 0. We let f,, = (a*)" fo. This is easy
to prove that a*af, = nf, and that af, = nf,_ ;. The (f,) form a Hilbertian basis of L*(R).
These functions are called Hermite’s functions. The eigenvalues of Hy,,, are the numbers
2n 4+ 1,n € N. They are simple and associated with the normalized Hermite’s functions.

Exercise. * We wish to study the 2D harmonic oscillator: —A + |z|2.

(1) Write the operator in terms of radial coordinates.
(2) Explain how the spectral analysis can be reduced to the study of:

_ai _pflap_i_prmQ +p2,

on L*(pdp) with m € Z.

(3) Perform the change of variable ¢ = p?.

(4) For which «is t — t*e~*/? an eigenfunction ?

(5) Conjugate the operator by t~™/2¢*/2. On which space is the new operator £,, acting ?
Describe the new scalar product.

(6) Find eigenvalues of £,, by noticing that Ry [X] is stable by £,,,.

(7) Conclude.

3This exercise is an example of exact WKB expansions. We will recognize Laguerre’s polynomials.
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1.5. The Case with Constant Magnetic Field. Let us now come back to the magnetic Lapla-
cian, in dimension 2. We consider the case with constant magnetic field. By the gauge invari-
ance, the magnetic Laplacian can be written in the form:

WDZ + (hDy, — 1)

We want to determine its spectrum. If we use the Fourier transform with respect to x5, we
observe that it is unitarily equivalent to:

hQDgl + (h£2 - 1’1)2.
If we use the translation x1 = 2; + h&,, we get the unitarily equivalent operator:
WD2 + 3.

The spectrum is essential. The elements of the spectrum are given by (2n+ 1)h, n € N. These
“eigenvalues” have infinite mutliplicity.

Remark 1.4. We observe that the investigation of the Laplacian with constant magnetic field
leads to use transformations in the phase space R*. Indeed the symbol (in terms of the Weyl
quantization) of the magnetic Laplacian is:

&4 (& —n)?
and is transformed into:
&+ i1,
Such transformations are called “symplectic” and corresponds to transformations which pre-
serve the structure of the Hamilton-Jacobi equations (classical mechanics).

1.6. What do we know in general ? We can try to give a panorama of the numerous results
concerning the semiclassical spectral analysis of the magnetic Laplacian. For that purpose, we
divide the exposition into two parts.

1.6.1. Constant magnetic field.

e Dimension 2. In 2D the constant magnetic field case is treated when (2 is a disk (with
Neumann condition) by Bauman, Phillips and Tang in [6] (see also [7, 28] and [8] for the
Dirichlet case). In particular, they prove a two terms expansion in the form:

M (R) = ©gh — %hw + o(h*?),

where O € (0,1) and C; > 0 are universal constants which will be defined later. This result is
generalized to smooth and bounded domains by Helffer and Morame in [58] where it is proved
that:

A () = Ogh — Cykmazh®? + o(h*/?),

where K4, 1S the maximal curvature of the boundary. Let us emphasize that, in these papers,
the authors are only concerned by the first terms of the asymptotic expansion of \; (k). In the
case of smooth domains the complete asymptotic expansion of all the eigenvalues is done by
Fournais and Helffer in [38].
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When the boundary is not smooth, we may mention the papers of Jadallah and Pan [64, 78].
In the semiclassical regime, we refer to the papers of Bonnaillie-Noél, Dauge and Fournais
[9, 13, 12]. For a numerical investigation, the reader may consider the paper [11].

e Dimension 3. In 3D the constant magnetic field case (with intensity 1) is treated by Helffer
and Morame in [60] under generic assumptions on the (smooth) boundary of (2:

M (h) = Ogh + Ah*3 + o(h*3),

where the constant 9y is related to the magnetic curvature of a curve in the boundary along
which the magnetic field is tangent to the boundary. The case of the ball is analyzed in details
by Fournais and Persson in [40]. When the boundary is not smooth, the problem is studied in
the thesis of N. Popoff [81] and a complete expansion of all the eigenvalues is performed in
[82].

1.6.2. Variable magnetic field.

e Dimension 2. For the case with a non vanishing variable magnetic field, we refer to [69, 83]
for the first terms of the lowest eigenvalue. For a complete expansion, we can refer to [85].
For the Dirichlet case, we can refer to [56] and to the paper in preparation by Faure, Raymond
and Vu Ngoc [37].

When the magnetic field vanishes, the first analysis of the lowest eigenvalue is due to Mont-
gomery in [74] soon followed by Helffer and Morame in [57] (see also [79]). The most recent
investigations in this case are the papers [48, 50] and [30]. In particular, in [30], a complete
expansion is proved and solves the conjecture of Helffer [55, Section 5.2].

e Dimension 3. When the magnetic field is variable (with Neumann condition on a smooth
boundary), the first term of A\ (k) is given by Lu and Pan in [70]. The next terms in the
expansion are investigated in [84]. A toy model is also analyzed in [86] where a complete
expansion of the eigenpairs is established. The generalization of [86] to general magnetic
fields and general smooth boundaries is still an open and difficult problem. The case with
Dirichlet boundary condition is partially studied by Helffer and Kordyukov in [49] and by
Raymond and Vii Ngoc (in progress).

1.7. Comments on the philosophy of the proofs related to the magnetic Laplacian. We
can now make some general comments about the results on the semiclassical spectral analysis
of the magnetic Laplacian. It is quite natural that the more we know about the eigenvalues, the
more we learn about the eigenfunctions and conversely. As we have noticed, many results only
concern the lowest eigenvalue A\, (h) and a few terms in its expansion. Therefore, in general,
the corresponding expansion of the eigenfunction is not known. Even the main term of this
expansion is not well understood. To understand the eigenpairs, we will be led to introduce ap-
proximate eigenvalues and eigenfunctions ; we will observe that formal power series give hints
about the structure of the spectrum. In fact, in almost all the papers that we have mentioned,
these power series expansions are used as a fundamental step to guess the behavior of the true
eigenpairs. The most difficult part of the analysis is to prove that such a formal investigation
completely describes the spectrum. We will see that the transition from “a few terms of A;(h)”
to “a complete expansion of A\, (h)” is not only a technical problem, but reflects the deepest
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properties of the magnetic Laplacian. In particular, we will have to establish accurate local-
ization (and micro-localization) properties of the true eigenfunctions (in the spirit of Agmon,
see [1]) as it is the case in [38] where the authors have to combine a very fine analysis using
pseudo-differential calculus (to catch the a priori behavior of the eigenfunctions with respect
to a phase variable) and the Grushin reduction machinery (see [46]). Fortunately, in this course
we will see how we can avoid the introduction of the pseudo-differential calculus. The basic
idea to analyze the spectrum of an operator is to compare it to a simplest one. For that purpose,
we will use many change of variables, functions and gauge to simplify the “principal symbol”
of the magnetic Laplacian: All these changes correspond to unitary conjugations which will
be completely explicit and known as Fourier Integral Operators (see the classical references
[90, 29, 72] and maybe also the initial paper of Egorov [33]). After these reductions (which
can be compared to the Birkhoff normal form, see [92, 21, 93]), we will be reduced to an op-
erator which has the “Born-Oppenheimer form”, a notion coming from the original paper [16]
and generalized by Martinez (see for instance [71, 66]). This “principal part” of the magnetic
Laplacian will allow us to deduce the complete asymptotic expansion of the eigenpairs. Here
this is interesting to underline that the operator which approximates the magnetic Laplacian
(and which can be studied through the Born-Oppenheimer approximation) is nothing but the
beginning of a Birkhoff normal form.

1.8. Organization. In Section 2 we recall the fundamental theorems in spectral theory and
provide examples of applications. In Section 3 we discuss important model operators related
to the magnetic Laplacian and recall formulas of Kato’s theory. In Section 4 we explain how
the magnetic Laplacian can be reduced to the models. In Section 5 we introduce the estimates
of Agmon which describe some localization properties of the eigenfunctions. In Section 6,
we discuss elementary aspects of the Born-Oppenheimer theory in relation with the model
operators. In Section 7, we provide a complete example of application of the philosophy
developed in the previous sections ; in particular we analyze the case when the magnetic field
vanishes in 2D. In Section 8, we describe a example in 3D with a non smooth boundary. In
Section 9, we investigate the magnetic Laplacian in terms of symplectic geometry and present
the Birkhoff normal form procedure. In Section 10, we analyze the Dirichlet spectrum of an
1sosceles triangle whose aperture goes to zero. In Section 11, we investigate the spectrum of
broken waveguides.

o Acknowledgments. The author is grateful to his colleagues and collaborators which have
directly or indirectly influenced the contents and the presentation of this course: V. Bonnaillie-
Noél, M. Dauge, N. Dombrowski, F. Faure, S. Fournais, B. Helffer, D. Krej¢ifik, Y. Lafranche,
F. Nier, T. Ourmieres, M. Persson, N. Popoft and S. Vii Ngoc. He is also grateful to H. Najar
for his invitation to give a lecture in Tunisia.
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2. SPECTRAL THEOREM AND QUASIMODES

This section is devoted to recall basic tools in spectral analysis.

2.1. Min-max principle. We give a standard method to estimate the discrete spectrum and
the bottom of the essential spectrum of a self-adjoint operator A on an Hilbert space H. We
recall first the definition of the Rayleigh quotients of a self-adjoint operator A.

Definition 2.1. The Rayleigh quotients associated with the self-adjoint operator A on H of
domain Dom(A) are defined for all positive natural number j by

: Au,u
Ni(A) = inf sup M
UL,...,ujEDom(A)  u€luy,...,uy ] <ua u>H
independent
Here [u1, ..., u;] denotes the subspace generated by the j independent vectors uy, . . ., u;.

The following statement gives the relation between Rayleigh quotients and eigenvalues.

Theorem 2.2. Let A be a self-adjoint operator of domain Dom(A). We assume that A is semi-
bounded from below. We set v = min oess(A). Then the Rayleigh quotients \; of A form a
non-decreasing sequence and there holds

(1) If \;(A) < v, it is an eigenvalue of A,
(2) If \;(A) > ~, then \; = 7,
(3) The j-th eigenvalue < v of A (if exists) coincides with \;(A).

A consequence of this theorem which is often used is the following:

Proposition 2.3. Suppose that there exists a € R and an n-dimensional space V- C DomA
such that:

(A, ) < ally|”.

Then, we have:
An(A) < a.

Remark 2.4. For the proof we refer to [68, Proposition 6.17 and 13.1] or to [89, Chapter XIII].
Let us give a characterization of the bottom of the essential spectrum (see [80] and also
[39]).

Theorem 2.5. Let V' be real-valued, semi-bounded potential and A € C*(R™) a magnetic
potential. Let P4y be the corresponding self-adjoint, semi-bounded Schrodinger operator.
The, the bottom of the essential spectrum is given by:

inf oess(Pva) = X(Pya),
where:

S(Pya) = sup | inf (Prag. o) |6 € CF(R"\ K)| .

KcRn | ll¢ll=1

Let us notice that generalizations including the presence of a boundary are possible.



SEMICLASSICAL MAGNETIC LAPLACIAN 11

2.2. The Spectral Theorem. We state a theorem which will be one of the fundamental tools
in this course.

Theorem 2.6. Let us assume that (A, Dom(A)) is a self-adjoint operator. Then, if A ¢ o(A),

we have:
1

d(X,0(A))
Remark 2.7. This theorem is known as the spectral theorem and a proof can be found in

[89] and [65, Section VL.5]. An immediate consequence of this theorem is that, for all ¢ €
Dom(A):

1A= <

[¥lld(A, o(A)) < [[(A—= N2l
In particular, if we find ¢» € Dom(A) such that ||¢0]] = 1 and ||[(A — M| < g, we get:
d(N,0(A)) <e.

2.3. Quasimodes for the 1D Electric Laplacian. We illustrate the application of the spec-
tral theorem in the case of the electric Laplacian L,y = —h*A + V(x). We assume that
V € C>®(R,R), that V() — +oo when || — +oc and that it admits a unique and non
degenerate minimum at 0. This example is also the occasion to understand more in details
how we construct quasi-eigenpairs in general. From a heuristic point of view, we guess that
the lowest eigenvalues correspond to functions localized near the minimum of the potential
(intuition coming from the classical mechanics). Therefore we can use a Taylor expansion of
V near 0:
V//(O)

V(z) = ——=2* + O(|z]*).

2
2 : 2 VH(O) 2 .
We can then try to compare —h*A+V (z) with —h“A + — For an homogeneity reason,

we try the rescaling = h'/?y. The electric operator becomes:
Lnyv = —hA, + V(h'/?y).
Let us use the Taylor formula:
V" (0) L, V(0)
V(R'%y) ~ ———hy? W2 Ly
(h2y) ~ ——hy® + ; T

This provides the formal expansion:

Lpy ~h (Ho +) hﬂ'/?Hj) :

Jj=1

where
vl/ (O)
_ 2 2
HO = —8y + Ty .
We look for a quasimode in the form:
wn Y uy(y)h?

320
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and an eigenvalue:
poh Y pgh??

Jj=0
Let us investigate the system of PDE that we get when solving in the formal series:

ﬁh,vu ~ .
o Term of order h. We get the equation:

Houg = poug.
Therefore we can take for (110, 1) a L2-normalized eigenpair of the harmonic oscillator.
o Term of order h®. We solve:

(Ho — po)ur = (1 — Hi)uo.

We want to determine ; and u;. We can verify that Hy — i is a Fredholm operator so that a
necessary and sufficient condition to solve this equation is given by:

((p1 — Hi)ug, ug) = 0.
Lemma 2.8. Let us consider the equation:

2.1) (Ho — po)u = f,

with [ € S(R) such that (f,uy) = 0. The (2.1) admits a unique solution which is orthogonal
to ug and this solution is in the Schwartz class.

Proof. Let us just sketch the proof to enlighten the general idea. We know that we can find
u € Dom(Hj) and that u is determined modulo uo which is in the Schwartz class. Therefore,
we have: y?u € L*(R) and u € H*(R). Let us introduce a smooth cutoff function xg(y) =
X (R7'y). xry*u is in the form domain of Hy as well as in the domain of H; so that we can
write:

(Ho(xry*w), xry*w) = ([Ho, xry*Ju, xry*u) + (Xry*u(pou + f), Xry*u).

The commutator can easily be estimated and, by dominate convergence, we find the existence
of C' > 0 such that for R large enough we have:

Ixry’ul® < C.

The Fatou lemma involves:
y*u € L*(R).
This is then a standard iteration procedure which gives that 8é(yku) € L*(R). The Sobolev
injection (H*(R) < C*~2(R) for s > $) gives the conclusion.
O

This determines a unique value of p; = (Hjug, ug). For this value we can find a unique
uy € S(R) orthogonal to wg.

e [teration. This is easy to see that this procedure can be continued at any order.
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e Application of the spectral theorem. Let us consider the (;, u;) that we have constructed
and let us introduce:

J J
Uin = Zuj(y)hj/2, Han = hzwh]ﬂ-
§=0 =0
We estimate:

(L = pan)Uspll-
By using the Taylor formula and the definition of the y; and u;, we have:

1Ly — ) Usall < CyhU+D/2,

since h(7+D/2||yHD20 41| < CyhUHD/2 due to the fact that u; € S(R). The spectral theo-
rem implies:

d (,uj,h, Udis(zh,v)> < CJh(J“)/?

2.4. Magnetic Example. Let us now give an explicit example of construction of quasimodes
for the magnetic Laplacian in R?. We investigate the operator:

Lya = (hDy+ A))? + (hDy + A5)?,
with domain:

DomLya = {t € L*(R?) : (kD1 + A1)> + (kD1 + A5)%) ¢ € L*(R*)}.

2.4.1. Compact resolvent ? Let us state an easy lemma.

Lemma 2.9. We have:

Qna(¥) = . e CE(RY).

/ B ()| dx
RQ

Proof. We notice that:
[hDy + Ay, hDy + Ag] = —ihf.
We find:

([hDy + Ay, hDy + Aglth, b)) = —ih /2 Bl dx.
By integration by parts, we deduce: )
[([ADy + Av, hDs + Aslh, )| < 2[|(hDy + A9 [[[[(hDy + A2)9[| < Qna(eh).
O
Proposition 2.10. Suppose that A € C>*(R?) and that 3 =V x A > 0and 3(x) — +oc.

|z—-+o0]
Then, Ly, 4 has compact resolvent.

Proof. This is an application of the Riesz-Fréchet-Kolmogorov theorem, see [17, Theorem
IV.25] (the form domain has compact injection in L?(IR?)). O
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2.4.2. Quasimodes. Let us give a simple example inspired by [56]. Let us choose A such that
B =1+a2%+y% Wetake A; = 0 and A, :x+§+y2x. We study:

3 2
Lya = h*D? + <hDy + x4+ % + y2x> :

Let us try the rescaling z = h'/?u, y = h'/?v. We get a new operator:
3 2
] 2 U 2
ﬁh’A:hDu‘i‘h (DU‘FU‘Fh?"—hU u) .

Let us conjugate by the partial Fourier transform with respect to v ; we get the unitarily equiv-
alent operator:

3 2
ch,A:hD3+h<g+u+h%+huD§> .

Let us now use the transvection: u = @ — &, £ = . We have:

We are reduced to the study of:
2

ﬁh,A =hD2 +h <71 + h@ + h(u — é)(Dg + Da)2>

We can expand CV;L A in formal power series:
Lha=hPy+h?P +--- |
where Py = D2 + 42 and P, = 2a(a — €)* + (4 — §)(Dg + Da)*i + (i — €)(Dg + Dy).
Let us look for quasi-eigenpairs in the form

)\Nh>\0+h2>\1+"', 1/1N1/)0+h'¢1+

e Term of order h. We solve the equation:

Po% = /\O@ZJO-

We take Ao = 1 and (7, &) = go(@) fo(€) where g is the first normalized eigenfunction of
the harmonic oscillator. f; is a function to be determined.

e Term of order h?. The second equation of the formal system is:
(Fo — Ao)tr = (A1 — P1)o.
The Fredholm condition gives, for all &:
(M = Pi)bo, go) r2(rg) = 0.

Let us analyze the different terms which appear in this differential equation. There should be
aterm in £3. Its coefficient is:

/ago(a)2 dit = 0.
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For the same parity reason, there is no term in £&. Let us now analyze the term in Dg. Its
coefficient is:

<(Dﬂa + aDﬂ)gOa ago> = 07
for a parity reason. In the same way, there is no term in Dg. The coefficient of § Dy is:

2 /(aDu — Dyti)gogo di = 0.
The compatibility equation is in the form:
(aDF + bE* + ¢) fo = M fo-
It turns out that (exercise):
a—b—2/112g(2]d11—1.
In the same way ¢ can be explicitly found. This leads to a family of choices for (\;, fo): We

can take A\ = ¢+ (2m + 1) and fy = g,,, the corresponding Hermite function.

This construction provides us a family of quasimodes (which are in the Schwartz class). By
the spectral theorem, we infer that, for each m € N, there exists C,,, > 0 such that:

d (h + (2m + 1+ C)hz, Udis(Ph,A)) S th3

Remark 2.11. One could continue the expansion at any order and one could also consider the
other possible values of )y (next eigenvalues of the harmonic oscillator).

Remark 2.12. The fact that the construction can be continued as much as the appearance of the
harmonic oscillator is a clue that our initial scaling is actually the good one. We can also guess
that the lowest eigenfunctions are concentrated near zero at the scale h'/? if the quasimodes
approximate the true eigenfunctions.
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3. MAGNETIC MODEL OPERATORS

As we mentioned in the introduction, the analysis of the magnetic Laplacian leads to the
study of numerous model operators. We saw in the last example that the harmonic oscillator
is such a model.

3.1. De Gennes Operator. The analysis of the 2D magnetic Laplacian with Neumann con-
dition on R% makes the so-called de Gennes operator to appear. We refer to [25] where this
model is studied in details (see also [39]). This operator is defined as follows. For £ € R, we
consider the Neumann realization H(£) in L?(IR ) associated with the operator

2

d
(3.1) - 25+ (=% Dom(H(()) = {u € BRy) : w/(0) = 0}.
The operator H (&) has compact resolvent by standard arguments. By the Cauchy-Lipschitz
theorem, all the eigenvalues are simple.

Notation 3.1. The lowest eigenvalue of H () is denoted p(&) ; the associated L?-normalized
and positive eigenstate is denoted by ue = u(-, §).
We easily get that u, is in the Schwartz class.

Lemma 3.2. The function £ — p(§) is smooth and so is € — u(-, §).

Proof. The family (H (£))¢er is analytic of type (A), see [65, p. 375]. O]

Lemma 3.3. ¢ — (&) admits a unique minimum and it is non degenerate.

Proof. This an easy application of the min-max principle which proves that
glilr_n p(§) = +oo.

Let us now show that:

I =1.
Jm (8

The de Gennes operator is equivalent to the operator —9? + t on (—&, +00) with Neumann
condition at —&. Let us begin with upper bound. An easy and explicit computation gives:

Let us investigate the converse inequality. Let us prove some concentration of u¢ near 0 when
¢ increases (the reader can compare this with the estimates of Agmon of Section 5). We have:

+oo
|- PP e < o)
0
If \(¢) is the lowest Dirichlet eigenvalue, we have:

(&) < A(E)-

By monotonicity of the Dirichlet eigenvalue with respect to the domain, we have, for £ > 0:
A(€) < A(0) = 3.
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It follows that: )
3
ue(OPdt < ———, E>2.
/o N

Let us introduce the test function: x(¢)ug(t) with y supported in (0,+o00) and being 1 for
t > 1. We have:

(=07 +(t=)")x(D)ue (), Xx(Due () 2wy > IX(+E)ue(+E)Tamy = IIxuel 2w = 1+O(E17).
Moreover, we get:
(=07 + (t = )" )x(Due(t), x(Bue(t)) 2wy = (=07 + (t — ) x(V)ue (), X (t)ue(t)) L2.)-
We have:

(=07 + (t = )" )x(Due(t), x(Bue(t)) L2y = n(E)IIxuel|* + X uel|*
which can be controlled by the concentration result. We infer that, for £ large enough:

p(§) >1-Clg™"

From these limits, we deduce the existence of a minimum strictly less than 1.

We now use the Feynman-Hellmann formula which will be established later. We have:

pEO =2 [ (- Qe dr
>0
For £ < 0, we get an increasing function. Moreover, we see that (0) = 1. The minima are
obtained for £ > 0.
We can write that:
W) =2 / (t — €)2uul dt + Eue(0)

>0

This implies:
w(€) = (€2 — p(€))ue(0).

Let &, a critical point for p. We get:

p' (&) = 28 cue, (0)2'

The critical points are all non degenerate. They correspond to local minima.We conclude
that there is only one critical point and that is the minimum. We denote it £, and we have

M(fo) = fg- O
We let:
(3.2) B0 = (&),
2
(3.3) Cy = %T(O)

Exercise. We propose to prove be elementary means that { — u(€) and £ — u(-, &) are
smooth. Letus fix {; € Rand z € C\ o(H(&)).

(1) Prove that, for £ close enough to &1, H () — z is invertible. For that purpose, one could
show that: ¢(H(&;) — z)~! is bounded with a uniform bound with respect to z.
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FIGURE 1. & — ug(§), fork =1,2,3,4

(2) Prove that £ — (H () — z)~ ! is analytic as soon as £ is close to &;.
(3) Establish the resolvent formula:

(H(&) —2)" = (H(§) —2) 7 = (& = H(E) —2) (2t = — &) (H(&) —2) 7.
(4) By using the fact that H (&) has compact resolvent and is self-adjoint, prove that:

1
Pr(€)=— [(H(&) —2)"4d
0 = 5= [ -2 a:
is the projection on the space generated by the eigenfunctions associated with eigen-
values enclosed by the smooth contour I'.
(5) Prove that:

1Pr(€) — Pr(&)|l < C1§ — &,

when £ is close to &;. See [65, 1.8].
(6) Deduce that near each 1, (£;) there exists an element 41, (£) and conversely.
(7) Deduce that £ — () are continuous functions near ;.
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(8) Conclude that, if I" is a coutour small enough around ,,(&;), then, for £ close enough
to &1, it only contains y, (). Finally, prove that the corresponding normalized eigen-
function is analytic with respect to £ and so is the eigenvalue.

3.2. Montgomery Operator. Let us now discuss another important model. This one was
introduced by Montgomery in [74] to study the case of vanishing magnetic fields in 2D (see
also [79] and [60, Section 2.4]). This model was revisited by Helffer in [47] and generalized
by Helffer and Persson in [61].

The Montgomery operator with parameters € R and § > 0 is the self-adjoint realization
on R of:

5 2
(3.4) A@ﬁ:Dﬂ+(m+§ﬁ).

The Montgomery operator has clearly compact resolvent.

Notation 3.4. The lowest eigenvalue of )M, 5 is denoted by v;5(n)

In fact, v; is related to v;. Indeed, we can perform a rescaling ¢t = 57137 so that H, s is
unitarily equivalent to:

It is known (see [47, 61]) that, for all 6 > 0:
(3.5) 1 — vs(n) admits a unique and non-degenerate minimum at a point 7.
We may write:

(3.6) inf v5(n) = 6*2v1(n).
neR

For fixed 0 > 0, the family (M, 5),cr is an analytic family of type (B) so that the eigenpair
(v1(n), u,) has an analytic dependence on 7 (see [65]).

Numerical computations of 7 and v, are performed by V. Bonnaillie-Noél (see [61, Table
1]) and give n9 ~ 0.35 and v4(ng) ~ 0, 57. It is also proved that:

lim v4(n) = +o0.
|n|—+o00

3.3. Popoff Operator. The next model operator that we will encounter has been introduced
more recently by Popoff in [81] in order to study the Neumann Laplacian on an edge in a
constant magnetic field. Let us defined the corner with fixed angle a € (0, 7):

cg::{@,@e;R2zp|gttmq(%)}

The edge of angle « is defined by:
E. =R xC,.
We are interested in the Neumann realization on L*(&,, dsdtdz) of the following operator:

L, =D} + D>+ (D, —t)%



20 NICOLAS RAYMOND

Using the Fourier transform with respect to s, we have the decomposition (into a direct integral,

see [89, p. 281-284]):
®
L, :/ L, dn,

where we have introduced the following Neumann realization on L*(C,,, dtdz):
Loy =D + D7+ (n = 1)*,
where 77 € R is a parameter.

Notation 3.5. For each o € (0,7), we denote by v(«,n) the lowest eigenvalue (which is
simple) of L, and we denote by u,, , the corresponding eigenfunction.

Notation 3.6. v(«) denotes the bottom of the spectrum of L,,.

We have:
= inf :
V(@) = inf v(a.n)
e Properties related to L, and L. Let us gather a few elementary properties:
Lemma 3.7. We have:

(1) The function (0,7) 3 « — v(«) is non increasing.
(2) Foralln € R, the function (0,7) 3 a — v(«,n) is decreasing.
(3) The function (0,7) x R 3 («a,n) — v(a,n) is analytic.

We will admit that (open question):

Assumption 3.8. For all « € (0, 7), n — v(«,n) has a unique critical point denoted by 7y ()
and it is non degenerate.

Under this assumption and using the analytic implicit function theorem, we deduce:
Lemma 3.9. Under Assumption 3.8, the function (0,7) > a +— no(«a) is analytic and so is

(0,7) 3 a — v(a). Moreover the function (0,7) 5 o +— v(«) is decreasing.

3.4. Helffer-Lu-Pan Operator. Let us present a last model operator appearing in 30D in the
case of smooth Neumann boundary (see [70, 59, 10]).

We denote by x = (s, t) the coordinates in R? and by €2 the half-plane:
Q=R2 ={z=(s,t) e R* ¢t >0}.

We introduce the self-adjoint Neumann realization on the half-plane €2 of the Schrodinger
operator Ly with potential Vj:

Log=—-AN+Vy=D2+ D} +V,
where Vj is defined for any 6 € (0, ) by
Vo: x = (5,1) € Q+— (tcosh — ssinf)>.
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We can notice that Vj reaches its minimum 0 all along the line ¢ cos # = ssin #/, which makes
the angle 6 with 9€2. We denote by Dom(L,) the domain of £, and we consider the associated
quadratic form ()y defined by:

Qo(u) = / (IVul® + Vilul?) dx,
Q
whose domain Dom(gp) is:

Dom(Qg) = {u € L*(Q), Vu € L*(Q), /Vou € L*(Q)}.

Let 0,,(f) denote the n-th Rayleigh quotient of L£y. Let us recall some fundamental spectral
properties of £y when 6 € (0, %).

It is proved in [59] that 0es(Lp) = [1,4+00) and that € — 0,,(6) is non decreasing. More-
over, the function (0,%) > 6 +— o1(0) is increasing, and corresponds to a simple eigen-
value < 1 associated with a positive eigenfunction (see [70, Lemma 3.6]). As a consequence

0 — o1(0) is analytic (see [65, Chapter 7]).

o A few numerical simulations. Let us provide a few numerical experiments (coming from
[10]) related to the Helffer-Lu-Pan operator. Below we give the result of numerical simula-
tions giving the first eigenvalues of Ly as a function of #. The next figure describes the first

1

0.95 TP T

0 0.2 0.4 0.6 0.8 1
20/m

FIGURE 2. 0,(0;100,100,100) forn = 1,...,4 (ordinates) versus ¢ = 20/7
(abscissa). Sampling: ¢ = £/100, 1 < k < 99.

eigenmode for different values of 6.
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g1(0) 1.0001656284 0.99987798948 0. 99910390126 0. 99445407220

FIGURE 3. First eigenmode of £, for § = ¥ /2 with 9 = 0.9, 0.85, 0.8 and 0.7.

3.5. Kato Theory: Feynman-Hellmann Formulas. As we can notice, all the operators that
we have introduced depend on parameters and are analytic of type (B) in terms of Kato’s
theory. Moreover, we also observe that the lowest eigenvalues of the previous model operators
are simple, we systematically deduce that they analytically depend on the parameters.

In order to illustrate the Feynman-Hellmann formulas, let us examine a few examples.
e De Gennes operator. Let us prove propositions which are often used in the study of the
magnetic Laplacian.

For p > 0 and £ € R, let us introduce the Neumann realization on R of:
Hye = —p~ 102+ (p?1 — €)%

By scaling, we observe that H ¢ is unitarily equivalent to H¢ and that H, ¢ = H (the corre-
sponding eigenfunction is u; ¢ = ug).

Remark 3.10. The introduction of the scaling parameter p is related to the Virial theorem
(see [94]) which was used by physicists in the theory of superconductivity (see [31] and also
[3, 20]). We also refer to the papers [84] and [85] where it is used many times.

The form domain of H,¢ is B'(R,) and is independent from p and £ so that the family
(Hpe) ;0 .¢cr 1s an analytic family of type (B). The lowest eigenvalue of H,¢ is 1(£) and we
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will denote by u,, ¢ the corresponding normalized eigenfunction:

Upe (1) = pM*ue(p'?7).

Since u, satisfies the Neumann condition, we observe that 8;”8514,,75 also satisfies it. In order
to lighten the notation and when it is not ambiguous we will write H for H, ¢, u for u, ¢ and p

for p1(§).
The main idea is now to take derivatives of:

(3.7 Hu = pu
with respect to p and &. Taking the derivative with respect to p and &, we get the proposition:

Proposition 3.11. We have:

(3.8) (H — 1)deu = 2(p"*7 — &)u+ 1 (&)u

and

(3.9) (H = p)dpu = (=p~202 = &p~H (p"Pr = &) = p7'7(p'P1 = €)°) w.
Moreover, we get:

(3.10) (H — p)(Su) = Xu,

where

X == S0(©) + 508 + (07— €

and

§
S = =30~ pi.

Proof. Taking the derivatives with respect to £ and p of (3.7), we get:
(H — p)0gu = p'(§)u — d¢ Hu
and
(H—p)o,u=—0,H.
We have: 0;H = —2(p"/?*7 — &) and 0,H = p~202 + p~ 27 (p'/%7 — €). O
Taking p = 1 and £ = &, in (3.8), we deduce, with the Fredholm alternative:
Corollary 3.12. We have:
(HE() - M(§0>)U£O = 2<t - 50)“’507
with:
Véo = (a£u§>|5:go :
Moreover, we have:

/ (1 — fo)ugo dr = 0.
7>0



24 NICOLAS RAYMOND

Corollary 3.13. We have, for all p > 0:

/>0(p1/27- — &g, dT =0

and:

/T (=€) (O, ur = =

Corollary 3.14. We have:
(Hey — p(&0))Sou = (83 + (7 — 50)2) Uy,

where:

€0

Sott = = (Dptip,e)|pmr g=gy ~ % Veo-

Moreover, we have:
O
10rug, |2 = [|(T — Eo)ue,|I* = R

The next proposition deals with the second derivative of (3.7) with respect to &.

Proposition 3.15. We have:
(He — p(€))we, = 4(1 = &o)ve, + (1" (§0) — 2)ug,
with
2
wgy = (%ue) g,

Moreover, we have:

/ (7 — &o)vgyug, dT = 2= #o)
>0 4

Proof. Taking the derivative of (3.8) with respect to £ (with p = 1), we get:
(He — p(8))9zue = 244/ (€)Bcug + AT — €)Dgue + (1" (€) — 2)ue.

It remains to take £ = &, and to write the Fredholm alternative.

e Helffer-Lu-Pan operator. The following result is obtained in [10].
Proposition 3.16. Forall 6 € (0,%), we have:
01(0) cosf — 1(0) sinh > 0.
Moreover, we have:
lim o7 (0) = 0.

jus
0—3

o<z
Proof. For v > 0, we introduce the operator (see [86]):
L(0,v) = D? + D? + (t(cos 0 + 7) — ssin)?
and we denote by (6, ) the bottom of its spectrum. Let p > 0 and a € (0, ) satisfy

cosf +~vy=pcosa and sinf = psina.
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We perform the rescaling t = p~'/%f, s = p~'/?5 and obtain that £(6, ) is unitarily equivalent
to:

p(D? + D} + (tcosa — §sina)?) = pL,.
In particular, we observe that 01(6,v) = poy(«) is a simple eigenvalue: there holds

_ S s sin ¢
(3.11) o1(0,7) \/(COSH +7)2 +sin°0 oy (arctan <—COS€ +7)> )

Performing the rescaling f = (cosf + 7)t, we get the operator £(6, ) which is unitarily
equivalent to £(6, ) :

L(0,~) = D*+ (cosf + v)?DF + (t — ssin ).

We observe that the domain of £~(«9, 7) does not depend on v > 0. Denoting by g, the
L*-normalized and positive eigenfunction of £(6,~) associated with o (0, v), we write:

‘é(ea ’7)&9,7 = 01 ((9, V)FELQ,V'
Taking the derivative with respect to -y, multiplying by u - and integrating, we get the Feynman-
Hellmann formula:

0,01(6,7) = 2(cos b + 7)/ | Dyiig -, |*dsdt > 0.
Q

We deduce that, if ,01(0,y) = 0, then D,y = 0 and @y, only depends on s, which is a
contradiction with @y, € L?(£2). Consequently, we have d,01(6,v) > 0 for any v > 0. An
easy computation using formula (3.11) provides:

0,01(0,0) = 01(0) cos @ — o () sin 6.

The function o is analytic and increasing. Thus we deduce:

Vo € (o, g) o 0<dl) < <00,

sin
We get:
0< lign inf o} (0) < limsupoy(0) <0,

which ends the proof. 0
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4. REDUCTION TO LOCAL MODELS

We explain in this section how we can perform a reduction of the magnetic Laplacian to
local models.

4.1. Partition of Unity and Localization Formula. The presentation is inspired by [23]. We
introduce the following partition of unity:

Z XJQ‘,R = 17
J

where the x; g 1s a smooth cutoff function supported in a ball of center x; and radius 2 > 0.
Moreover, we can find such a partition of unity so that:

D IVl < CR™.

J

The following formula is usually called “IMS formula” and allows to localize the electro-
magnetic Laplacian.

Proposition 4.1. Let ) € Dom(gy, 4,1v). We have:
Qnayv(¥) = Z Qnay(Xjrt) —h* Z IV xRN
J J

Proof. The proof is easy and instructive. By a density argument, it is enough to prove this for
Y € Dom(P,a,1). We can write:

Qh,A,V(Xj,RZD) = <Ph,A,VXj,Rwa Xj,Rw-
We let P = hDj, + Ay, and x = X g. It is enough to estimate:
(Py, PX*) = (xP, [P, X|¥) + (xP, Px)
= (XL, [P, X[¥) + (Px, Px) + ([x, P, Px)
= (Pxt, Pxy) = I[P, X9 II” + (x P, [P, x]¢) — ([P, x]v, xP).
Taking the real part, we find:
(Py, Px*) = [|Px|* = I[P, xJo|*.
We have: [P, x] = —ihOyx. It remains to take the sum and the conclusion follows. 0

4.2. Magnetic Example. As we are going to see on an example, this localization formula is
very convenient to prove lower bounds for the spectrum. Let us continue the study of:

z3 2
vy =h*DI + <hDy ot —l—y2x> :
Proposition 4.2. For all n € N*, there exist hg > 0 and C > 0 such that for h € (0, ho):

An(h) > h — ChO/4,
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Proof. We introduce a partition of unity with radius R > 0 denoted by (x; r);. Let us consider
an eigenpair (\, ¢). We have:

Qna(®) = Qualxint) — b Y Vx|
J J

so that:

Qna(¥) > Z Qnalx;rY) — CRT2R?||Y?

and:

MWl? = Qualxiry) — CR7R|[0]1*.
J

It remains to provide a lower bound for Q, o(x; rY’). We choose R = h” with p > 0, to be
chosen. We approximate the magnetic field in each ball by the constant magnetic field /3;:

6 = Bl < Cllx — a4l
In a suitable gauge, we have:
1A — AT < Cllz — =%,
where C' > 0 does not depend on j. Then, we have, for all € € (0,1):
Qna(Xiry) = (1= )Qp ain(X).8Y) — C?e ' RYx;,rv]%.
From the min-max principle, we deduce:
Qralxgrd) = (1= €)Bih — C%'h%) I, mt0|1*.

Optimizing ¢, we take: £ = h?~'/2 and it follows:

Qna(xjrY) = (B;h — CR* 2 ||y m|1%.

We now choose p such that 2p + 1/2 = 2 — 2p. We are led to take: p = % and the conclusion
follows. O
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5. AGMON ESTIMATES

This section is devoted to the Agmon estimates in the semiclassical framework. We refer to
the classical references [1, 2, 54, 51, 52].

5.1. Agmon identity for the electro-magnetic Laplacian.

Proposition 5.1. Let € be a bounded open domain in R™ with Lipschitzian boundary. Let
V e C'(,R), A € C°(Q,R™) and ® a real valued Lipschitzian function on Q. Then, for
u € Dom(Ly,4,v) (with Dirichlet or magnetic Neumann condition), we have:

/ |(—ihV + A)e®u||? dx + / (V = R?|[VO|*e®®) |ul® dx = R(Lhavu, e**u).
Q Q

Proof. We give the proof when @ is smooth. Let us use the Green-Riemann formula:

m m

> ((=ihdk + Ap)*u, €Pu) =Y ((=ihdy + Ap)u, (=ihdy + Ap)e**u),

k=1 k=1
where the boundary term has disappeared thanks to the boundary condition. In order to lighten
the notation, we let P = —ihoy + Ay.

(Pu, Pe**u) = (e® Pu, [P, e®]u) + (e® Pu, Pe®u)
= (e®Pu, [P, e®|u) + (Pe®u, Pe®u) + ([e®, Plu, Pe®u)
= (Pe®u, Pe®u) — ||[P, e®]ull* + (e® Pu, [P, e®]u) — ([P, e®]u, e® Pu).
We deduce:
R ((Pu, Pe*®u)) = (Pe®u, Pe®u) — ||[P, e®u]||>.
This is then enough to conclude.
0

5.2. Example of application. Let us continue to study our favorite example (see Subsection
4.2).

Proposition 5.2. There exist C > 0, hy > 0 such that, for h € (0, hy) and (X, ) an eigenpair
of L satisfying A < h + C h?, we have:

/ 2 el 2 dx < CJ]|2.
RQ

Proof. We consider an eigenpair (A, ) as in the proposition and we use the Agmon identity,
jointly with the “IMS” formula (with balls of size h*/®):

> Qnalxine®®) = WV xgae®P* = 2 [x;n Ve P = Mlxgne®y[|* = 0.
j

This becomes:
> Qnaline®®) = (h+ Ch)|Ixne®||* — B[ x;n VO[> < 0.
J
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We need to give a lower bound for Q, a (x;ne*?):

Qualxine™®) = (B(xj)h — OB [le®x;n ||
This implies:
> ((Bx;) = Dh = CE ) [e®xint||* = WP s Ve y* < 0.
J
We split the sum into two parts: the j such that |x;| > Coh'/® and the j such that |x;| < Coh'/%,
for some Cj > 0 to be chosen. Moreover, we choose ®(x) = h~/%|x|.

Let us consider first j such that |x;| < Cyh'/%. Due to the non-degeneracy of the minimum
of (3, we get the existence of ¢y, ¢ > 0 such that, for all Cy > 0:

B(x;) — 1 > min(coC2h%4, gp).

Then, we choose Cy > 0 such that: ¢CZ — C > 0. Taking h small enough, we find the
inequality:

Sl xavlP<C Y et ndl® < Clll.
|x;j|>Coh!/8 |x;|<Cohl/®
Finally, we deduce:

le®v]l < Cllw.

o Numerical simulations. Let us give a few simulations of the eigenfunctions of £7*,.

1h=4 CompR 1. Sq-Unif-glay. Q12 G100A. m=0 1h=4 CompR 2. Sq-Unif-3lay. Q12 G100A. m=-1

1 1
0.9
0.8

05
o7
- Hos
0 05
0.4
03

05
02
0.1

-1

-1 05 [ 05 1

1/h=4. Comp.R 3. Sq-Unif-3lay. Q12. G100A. m = -2 1/h=4. CompR 4. Sq-Unif-3lay. Q12. G100A. m=-3

1 1 1 1
09 09
08 08
05 05
F o7 o7
P s - qos
0 05 0 05
0.4 0.4
Sjos 03
05 05
02 02
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-1 -1
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FIGURE 4. Eigenmodes
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Another example of application of the estimates of Agmon is the theory of the Born-
Oppenheimer approximation that we sketch in the next section.
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6. BORN-OPPENHEIMER APPROXIMATION

This section presents the main idea behind the Born-Oppenheimer approximation (see [71]).
We do not strive for maximum generality.

6.1. Heuristics and framework. Let us explain the question in which we are interested. We
shall study operators in L?(R x ) (with Q C R?) in the form:

H(h) = B2D? + A(z),

where A(z) = —A; + P(t,2) is a family of semi-bounded self-adjoint operators, with P
polynomial. We will denote by ()}, the corresponding quadratic form.

We want to analyze the low lying eigenvalues of this operator. We will assume that the
lowest eigenvalue v(z) of A(z) (which is simple) admits, as a function of z, a unique and non
degenerate minimum at z.

e Heuristics. We now try to understand the heuristics. We hope that H (%) can be described
by its “Born-oppenheimer” approximation:

HEC(h) = h2D? + v(2),

with is a 1D electric Laplacian. Then, we guess that HB°(h) is well approximated by its
Taylor expansion:

!
h*D? + v(z) + @(z — 2p)2.
Therefore we imagine that the lowest eigenvalues of H (h) satisfy:

V(2 1/2
A (h) =v(z) + h(2n — 1) (%) +o(h).

In the next subsections we explain how to make this heuristics rigorous.

6.2. Recall of Feynman-Hellmann formulas. We have:
A(z)v, = v(2)v,.
This is easy to prove that (the details are left as an exercise):

<A/(ZO)UZO> UZ0> = O,

(Ao vl (re) = Ao

oy (4 () V)

and:
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6.3. Quasimodes. As usual we begin with the construction of suitable quasimodes. Instead
of H(h) we study:

H(h) = hD? + A(zy + hY%u).
In terms of formal power series, we have:

H(h) = A(z) + hY*uA (%) + h (u2A ézo) + Dz) 4.

We look for quasi-eigenpairs in the form:
A Ao+ RN F A+ b~ by + Wby Ry -

o Term of order h°. We must solve:

A(z0)0 = Aotho.
Therefore, we choose A\g = v/(29) and tg(u,t) = v,,(t) fo(u).

o Term of order h*/?. We now meet the following equation:
(A(z0) — Ao)tr = (M — uA'(20)) o

The Feynman-Hellmann formula jointly with the Fredholm alternative implies that: A\; = 0
and that we can take:

i) =) (o) O whloe,

e Term of order h'. The crucial equation is given by:

(A(20) — v(20))2 = Aato — UA’(ZO)% - <U2@ + Di) to.

The Fredholm alternative jointly with the Feynman-Hellmann formula provides:

<D3 + V”(on)u2) Jo = A2 fo.

This is an easy exercise to prove that this construction can be continued at any order.

6.4. Essential spectrum. Let us briefly discuss the properties related to the essential spec-
trum.

Assumption 6.1. Let us assume that lim inf v(z) > v(z) and that for all z:

z—+o00
inf oess(A(2)) > v(20).
We infer (exercise), as a consequence of the theorem of Persson (see Theorem 2.5):

Proposition 6.2. Under Assumption 6.1, we have:
inf inf oess (H(h)) > v(20).

h>0

As a corollary, we get:
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Proposition 6.3. There exists hy > 0,C' > 0,eq > 0 such that, for h € (0, hy), for all
eigenpair (\, 1)) such that A < v(zg) + Coh, we have:

/ezao(|z+|t|)|¢|2 dzdt < O[22

Proof. This is a consequence of Persson’s theorem (see [80]). 0

6.5. Agmon Estimates. We are now led to prove some localization behavior of the eigen-
functions associated with eigenvalues A such that: |\ — v(2g)| < Cyh.

Proposition 6.4. There exist £y, ho, C' > 0 such that for all eigenpair (\, 1) such that |\ —
v(z9)| < Coh, we have:

[ o < ol
and:

Hhaz (egohw%) H2 < Chllul2.

Proof. Let us write an estimate of Agmon:
Que"™ " 0Flyp) — heleh™ okl |2 = Ale”
But we notice that:

Qh(eh*1/2€0\z|w) 2 /h2

This implies the inequality:

/(u(z) —v(z) — Coh — 3h) ’(ehil/%olz‘zo ’2 dx < 0.

We leave the conclusion as an exercise. ]

—1/2 1/2

“ol2lp||2 < (1(20) + Coh)[|e" =012,

0, (ehil/%o‘zW) ‘2 +v(z) ’(eh71/25°|z|w> ’2 dx

6.6. Projection Method. As we have observed, it can be more convenient to study H(h)
instead of H(h). Let us introduce the Feshbach-Grushin projection (see [46]) on v,,:

H0¢ = WJ? Uz0>tvz0 (t)

We want to estimate the projection of the eigenfunctions associated with eigenvalues A such
that: |\ — v(z9)| < Coh. For that purpose, let us introduce the quadratic form:

QMW=i/WWF+P@¢@WPth

This quadratic form is associated with the operator: Id, ® A(zy) whereas Il is the projection
on its first eigenspace.

Proposition 6.5. There exist C, hg > 0 such that, for h € (0, ho), for all eigenpair (X, v)) of
H(h) such that A < v(z) + Coh:

0 < go(¥) — (20l < CRY2 ||,



34 NICOLAS RAYMOND

Moreover, we have:
|9 — Tob| + [|0: (0 — Top) || < ChY4|13p)).

Proof. The proof is rather easy. We write:
O + oI+ [ Pt 20+ W) dadt < (A + Coh) 0]

Using the fact that P is a polynomial and the fact that, for £, n € N:

[l tor? dude < clu
we get the first estimate. For the second one, we notice that:

go() = v(20)[¥]1* = qo(¥ — o)) — v(20)[[ — ot 1%,
due to the fact that ITy1) belongs to the kernel of Id, ® A(zy) — v(zo)ld. We observe then that:

Qo( — Totp) — v(20) || — o[> > //@W — o) + P(t, 20)| (¢ — Tow) | dt du.

Since for each u, we have: (¢ —Ilg1), v,,); = 0, we have the lower bound (min-max principle):

o = Tow) =l ~ a2 [ (z0) = () [0~ Mo
u t
]
Proposition 6.6. There exist C,hg > 0 such that, for h € (0, hg), for all eigenpair (X, 1)) of

H(h) such that A < v(z) + Coh:
0 < qo(utp) — v(zo)|lup|* < ChY?||9
and
0 < go(0u¥)) — v(20) 100> < [y
Moreover, we have:
lutp — ullgp | + [|uds (v — ullog))|| < ChY ||
and
10u (> = Tow) || + [10u(De(¥ — Toth)) || < CAYF[[].
Proof. Using the “IMS” formula, we get:

qn(wp) = AMu||* + 2l|l)|* < (v(20) + Col)[[us||? + hll]*.
Using the estimates of Agmon, we find:
Qo(uty) — v(z0) lu||> < Ch'2|lp .

Let us analyze the estimate with 0,,. We take the derivative with respect to u in the eigenvalue
equation:

(6.1) (hD2 + D} + P(t, 2 + h''?u)) 0,1 = A0yt + [P(t, 20 + h'/*u), 9,]9.
Taking the scalar product with 0,1, we find (exercise):
(6.2) gn(0ut)) < (v(20) + Col)[9]|* + CH2(|||?
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and:

G0(0u1) = v(20)|0.0]* < CR |y ]1%,
where we have used: ||02%|| < Ch~/4||s)|| which is a consequence of (6.2). O

We can now use our approximation results to reduce the investigation to a 1D model oper-
ator.

6.7. Accurate lower bound. For all N > 1, let us consider the L?-normalized eigenpairs
(An(h), Ynn)1<n<n such that (¥, n, ¥m p) = 0 when n # m. We consider the N dimensional
space defined by:

En(h) = span ¥, ;.

1<n<N

It is rather easy to observe that, for ¢ € &y (h):

() < An (D) ||
We are going to prove a lower bound of ¢, on &y (h). We notice that:
)2 [ WO + v+ W)U dude.
We have:
/h|au¢|2 + v(2o + AV20) || du dt

= / h|Dy | 4 v (2o + WY 2u) Y| du dt + / h|Dy | 4 v(zo + WY 2u) || du dt.
‘uh1/2‘§60

|uh1/2|280

With the Taylor formula, we can write:

/ MO |? + v(zo + W) || dudt
[uhl/2|<eq

> / h|0ut|* + v(20) + h%uzhﬂz du dt — C’h3/2/ lul?|¢|? dudt.
|uh1/2|§60

|uh1/2|§€0

The estimates of Agmon give:

/ hou)? 4+ v(zo + W) || du dt
|luhl/2|<eg

/!
> / h|3u1/)|2 + V(zo)|¢|2 + hﬂu2|@/}|2 dudt — C’h3/2||@/)\|2.
|uh1/2|§60 2
Moreover, we have:
/ BB 2w (2o PR 20| dudt > (v(z0)4+m0) / [ dudt = O(h)||>
luhl/2|>e |uhl/2|>e

We observe that:

V' (z
[, O IO RN e = 00
whl/2|>¢q
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It follows that:
I/H (ZO>

)2 [ WO+ el + h Sl o dudt - OB

We can now use the approximation result and we infer (exercise):

MR > ) = [0l + [ 1iouttos? + hEh g dude-+ oo

This becomes:

[ 10000+ 02D 0 s < O () = ) + DI )

By the min-max principle, we deduce:

" 1/2
An(h) > v(z0) + (2N — 1)h (@) + o(h).

6.8. Examples and exercises. Let us now give examples which can be treated as exercises.

e Helffer-Lu-Pan/de Gennes operator. Our first example (which comes from [10] and [85])
is the Neumann realization of the operator acting on L*(R%, dédt):

WD+ Di + (t — £)?,
where R? = {t > 0}.

e Montgomery operator. The second example (which is the core of [30]) is the self-adjoint
realization on L?(d&dt) of:

h2D? + D? + (€ —2)°.

e Popoff operator. Our last example (which comes from [82]) corresponds to the Neumann
realization on L?*(E,, d€dzdt) of:

WD + D} + D2+ (t — €)%,

The next two sections provide detailed examples of the philosophy explained in this course.
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7. FROM THE MAGNETIC LAPLACIAN TO THE ELECTRIC LAPLACIAN: A
REGULAR CASE IN 2D

7.1. Motivation. We consider a vector potential A € C*°(R? R?) and we consider the self-
adjoint operator defined by:

Eh,A = (—th + A)2
In order £, o to have compact resolvent, we will assume that:
(7.1) B(x) i +00.
As in [79, 48], we will investigate the case when (3 cancels along a closed and smooth curve
I in R2. Let us notice that Assumption 7.1 could clearly be relaxed so that one could also
consider a smooth, bounded and simply connected domain of R? with Dirichlet or Neumann
condition on the boundary as far as the magnetic field does not vanish near the boundary. Nev-
ertheless we do not strive for maximum generality the present “generic” case giving enough
information when the magnetic field “nicely” cancels (one could also make it to cancel at an
higher order as in [48]). We let:

I'={y(s),s € R}.
We assume that [3 is non positive inside I' and non negative outside. We introduce the standard
tubular coordinates (s, t) near I':

O(s, 1) = 7(s) + tw(s),

where v(s) denotes the inward pointing normal to I" at y(s). We let:

Bs,t) = B(D(s, 1))

so that:

B(s,0) = 0.

We consider the normal derivative of § on I', i.e. the function § : s — &ﬁ (s,0). We will
assume that:

(7.2) 0 admits a unique, non-degenerate and positive minimum at x.

We let 6g = §(0) and assume without loss of generality that o = (0, 0). Let us state the main
result of this section:

Theorem 7.1. We assume Assumptions 7.1 and 7.2. For all n > 1, there exist a sequence
(07);>0 and ho > 0 such that for h € (0, hg), we have:

An(h) ~ B3N " grni/o
Jj=>0

where:
2/3 2/3 2/3 0”/(770)7/”(770) 12
o =0 vi(m), 07 =0, 05=205"Co+dy (2n—1) — 5 ] >

where we have let:

1
(7.3) o= 55515”(0) >0
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and.:
(7.4) Co = (Lttyy, Uy ) 7,
where:
a3 (T2 3 oae—1/3 72\ ?
L = 2k(0)0, (5 — 770) 7%+ 276, ' k(0) (—770 + 5) ,
and: . k(O)
K(0) = aafﬁ(oao) - T(;o-

7.2. Normal Form. We can write (exercise !) the operator near the cancellation line in the
coordinates (s, t):

Lna=h*(1 —th(s)) " Dy(1 — th(s)) Dy + (1 — th(s)) " P(1 — th(s)) "' P,
where
P = ihd, + A(s,t)
with:

As 1) = /0 (1= k(s B(s. )t

In terms of the quadratic form, we can write:

Qualt) = [ (D + (1= th(s)) 21 Puf) (s, )dsit.
with:
m(s,t) = (1 —tk(s)).
We consider the following operator on L?(dsdt) which is unitarily equivalent to /::h, A (see [63,
Theorem 18.5.9 and below])*:
h%k(s)?
4m?

Ly =m!2 Ly am ™ = P2+ P} —

with P, = m~Y2(=hD, + A(s,t))m~"/? and P, = hD,.

We wish to use a system of coordinates more adapted to the magnetic situation. Let us
perform a Taylor expansion near ¢ = 0. We have:

~ ~ t2
Bls,t) = (s)t + 07 5(s,0)5 + O(F).
This provides:
oy _ 908) 3 1
A(s,t) = 5 t + k()" + O(t"),
with: . K(s)
~ S
i(s) = Z0RA(s,0) — —26(s)
This suggests, as for the model operator, to introduce the new magnetic coordinates in a fixed
neighborhood of (0, 0):
T=0(s)"3, o=s.

“Such a conjugation is standard in the universe of waveguides, see [32].
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We can notice that it is a “scaling” depending on s. The change of coordinates for the deriva-
tives is given by:

1
D, =6(0)*D,., D,=D,+ 55’5‘17DT.

The space L?(dsdt) becomes L?(6(c)~'/3dodr). In the same way as previously, we shall
conjugate L;°Y. We introduce the self-adjoint operator on L*(dodr):

Ly =06"0Lpes's,
We deduce:
Lya = h*5(0)?*D? + P?,
where:
. . 1
P =§Yop1/2 (—hDU + Ao, 1) — h§5’5‘17DT> /218,
with: 3
Alo, 1) = A(o,6(0)"V37).
A straight forward computation provides:

- ; 1
P =m 2 (—hDU + Ao, 1) — hgé’é_l(TDT + DTT)) ml2,

where we make the generator of dilations 7D, + D7 to appear (and which is related to the
virial theorem, see [84, 85] where this theorem is often used). Up to a change of gauge, we
can replace P by:

; 1
o/ <—hDU = mo(0(0)*h* + Ao, 7) = hd'07H (7D, + DTT)) m 2,

e Normal form L(h). Therefore, the operator takes the form “a la Hérmander”:

(7.5) L(h) = Pi(h)* + Py(h)?* — yr (: g((;)l i

where:
Py(h) = m~1/? (—hDU —no(6(0))3R*3 + Ao, 7) — héé’él(TDT + DTT)> 2,
Py(h) = hé(o)/2D,.

Computing a commutator, we can rewrite P;(h):

(7.6) Pi(h) =m™* (—hDg —no(8(a))3n*3 4+ A(o, 1) — héé’é‘l(TDT + D;)) + Oy,

where:
hé's—1

Cp = —him~Y3(Dm %) — i Y2 (DoY),
Notation 7.2. The quadratic form corresponding to £(h) will be denoted by Q.

7.3. Quasimodes. We shall now construct quasimodes using the classical recipe.
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7.3.1. The homogenized operator L. We perform the scaling:
(1.7) r=h'"3% o= h'%.

Notation 7.3. The operator h~*/3 £ will be denoted by L in these new coordinates.

We expand the new operator in powers of h'/¢ in the sense of formal power series:
0o PL(R) ~ Y L0,
320

with

where a = 16,"6”(0) > 0 and:

~

L = 2k(0)5(0)~4/3 (% - no) # 1 276(0)"V3%(0) (—no + %2)2 .

We look for quasi eigenpairs in the form:

A~ BMEN 0,000,

Jj=0
URSE SRl
Jj=0
so that, in the sense of formal power series:
(7.8) L(h)p ~ X,

7.3.2. Solving the formal system. Considering (7.8), we are led to solve an infinite formal
system of PDE’s which we will solve thanks a compatibility condition known as the Fredholm
alternative.

e Term in h°. We solve the equation:

Lotpo = Ootbo.
This provides:
0o = v1(mo)
and

A

Yo(0,7) = go(0)y, (7).
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e Term in h'/5. We solve the equation:
(Lo — Oo)11 = (01 — L1)vo.
Using the Feynman-Hellmann formulas, we have:
(Lo — 60) (1 + D5 go(6) vy (7)) = 1¢b0.

The Fredholm alternative (the r. h. s. is orthogonal to u,, for each ¢) implies:

0 =0
and:

U1+ Dago(0) vy, (7) = 91()uy (7),

where ¢; shall be determined in a next step.

e Term in h?/5. We solve the equation:

(7.9) (Lo — 00)th = (02 — La)hg — La91.

Using the Feynman-Hellmann formulas, this equation rewrites:
w
(Lo — o) (1/12 + Dsg1vp, — D?;Qo#)
v"(10)

2 . .
= (9290 - TD?;go - gaVl(no)UQQO — goL(7, 8%)) Ung -

The Fredholm condition implies that, for all 5:
(H + Co)go = 6290,

where () is defined in (7.4) and where H denotes the effective harmonic oscillator (we recall
(7.3) and that v (19) > 0 by (3.5)):

7
2
- (2770)172 + a6’
If we denote by (1,),>1 the increasing sequence of the eigenvalues of H, we have by scaling:

o= o 1) ()

(7.10) H =

Anyway we choose
92 = tn + CO

and for gy, we take g(,) a corresponding L*-normalized eigenfunction. With theses choices,
we determine a unique function 13- which is solution of (7.9) and satisfying (13", u,,)> = 0 so
that 1)y can be written as:

w N N
Y2 = ¥y — Dsgivy, + D?;QO% + 92(6)uny (7),

where g, has to be determined in a next step.

o Further terms (“Grushin procedure”). We leave the next step to the reader.
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7.4. A rough estimate. Thanks to the “IMS” formula and a partition of unity, we may prove
the following proposition (exercise: use Lemma 2.9).

Proposition 7.4. For all n > 1, there exist hg > 0 and C' > 0 such that, for h € (0, hy):

An(h) > 5(2)/3V1(7]0)h4/3 _ ORA32/15

7.5. Agmon Estimates. Two kinds of Agmon’s estimates can be proved using the stand par-
tition of unity arguments. We leave their proofs to the reader.

Proposition 7.5. Let (A, 1)) be an eigenpair of Ly, . There exist hy > 0, C > 0 and g9 > 0
such that, for h € (0, hg):

(7.11) /6250'“”'"1/3|¢I2d93 < Clly|?
and:
(7.12) QhA(esoﬁ(a:)\h—l/sw) < Ch4/3‘|1/1||2‘

Proposition 7.6. Let (A, 1)) be an eigenpair of L, . There exist hy > 0, C > 0 and g9 > 0
such that, for h € (0, hg):

(7.13) /QQX(t(l’)NS(xNh1/15|w|2 dr < C||w||2
and:
(7.14) Qua (X iy < O3 ]2,

where X is a fixed smooth cutoff function being 1 near 0.

e [ntroduction of cutoff functions. From Propositions 7.5 and 7.6, we are led to introduce a
cutoff function living near x,. We take v > 0 and we let:

Xno () = x (h357¢(2)) x (R s(a))

where Y is a fixed smooth cutoff function supported near 0.

Notation 7.7. We will denote by 1) the function Y, ()¢ (x) in the coordinates (o, 7).

7.6. Refined Estimates. From the normal estimates of Agmon, we deduce the proposition:
Proposition 7.8. For all n > 1, there exist ho > 0 and C > 0 s. t., for h € (0, hy):

A () > 65 v (o) W3 — CRP3,
We provide the proof of this proposition to understand the main idea of the lower bound.

Proof. We consider an eigenpair (\,(h), 1, ) and we use the IMS formula:

QWnn) = (W) [nnl® + OB [l
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We have (cf. (8.2)):
Q(&n,h) >

fr

+ 1205 | Dyt |2 — CR2 |||

Let us deal with the terms involving C}, in the double product produced by the expansion of
the square. We have to estimate:

h |%<m725/571(7D7 + DTT),ILTL,]M Chz/v}n,h> ‘

2

dodt

(—hDU — 03R4 A — %5’5—1(7DT + D,7) + Ch) Urh

We have : § §
|Crtonnll = o(h)[[nnl

and, with the estimates of Agmon (and the fact that 0 is a critical point of 9):

16'6~ (7 Dr + Do)l = o(1) [ -
Moreover, we have in the same way:

B | R(ADn , Crtb )| = o(h2) |
Then, we have the control:

h | R(WD g, Citbu )| = oK)l
where we have used the rough estimate:
IhDothpnll < CR* ||l

We have:
(715 Qas) 2

fr

+ 1260 | Dot | + 0(h*2) [
We now deal with the term involving 7D, + D, 7. With the estimates of Agmon, we have:
h|R( 286 (T Dy + Do), (—hDy — 00" *1%3 + A)ih i) | = o(h*)[|4h 1|
This implies:

2

dodTt

o h ;
(_hDa — o8 BR*3 4 A — 65’5‘1(7137 + DTT)) Un.n

QW) 285" h || Dby +/ 02| (=hDy — oS 0% + A) P |* dodr

+ o(h®) | ¢hn >
With the same kind of arguments, it follows:
(7.16)

Q(wnh> >h2 2/3||D7¢nh||2 / e
+O(R) [t ®

2

dodr

(—hD — o8 PR3 4 13T ) P
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and
2 2
O:7) Qi) 2D nal?+ [ |(1Dn =0 40+ 8° ) | dra
+ O(R™) [ nl|*.
We get:
s . 7'2 . 2
mwmzﬁﬁwa%mw+/%“(JWMwamm+7>%ﬁdmf
+ O(h) [l
Then, we write:
671/3DU _ 571/6DO_571/6 + 2'571/6(571/6)/
and deduce (by estimating the double product involved by i6/¢(5=1/6)"):
2 2
Q) 20| Dt > + / o° (—hé—”ﬁDaa—W —moh*? + %) | dodr

+ o(h*) [

We can apply the functional calculus to the self-adjoint operator 6~/¢D,5~/¢ and the follow-
ing lower bound follows:

Q) 21255 11 (o) + O ||l
O
Exercise. Let 0 be a smooth and bounded (so as its derivatives) and positive function on R.

Find a unitary transform which diagonalizes the self-adjoint realization of § D, on L*(R, do).
Notice that such a transform exists by the spectral theorem.

e Introduction of the space generated by the truncated eigenfunctions. For all N > 1, let us
consider L?-normalized eigenpairs (A, (h), ¥, 1)1<n<n such that (¢, 1, ¥mn) = 0if n # m.
We consider the N dimensional space defined by:

&x(h) = span zﬂmh.

1<n<N

The next two propositions provide control with respect to o and D,. We leave the proof to the
reader and refer to [30] and also to the spirit of the proof of Proposition 7.8.

Proposition 7.9. There exist hg > 0, C' > 0 such that, for h € (0, ho) and for all b € €y (h):
lodb || < ChYC|I4].
Proposition 7.10. There exist hy > 0, C' > 0 such that, for h € (0, ho) and for allp € € 5 (h):
1Dl < ChY0||3)].

With Proposition 7.9, we have a better lower bound for the quadratic form.
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Proposition 7.11. There exists ho > 0 such that for h € (0, hy) and 1 € & (h):
2
Q) >6,° / (L4 2kordy )07/, 670 4 moh®* + - + 5, w(0)7° i dodr
- 2 - -
+ [ B D P dodr + 20 a0+ o)

7.7. Projection Method. We can now prove an approximation result for the eigenfunctions.
Let us recall the rescaled coordinates (see (8.3)):

(7.18) o=h'%s, 1=n

Notation 7.12. £(h) denotes h~*/3£(h) in the coordinates (¢, 7). The corresponding qua-
dratic form will be denoted by ). We will use the notation &y (h) to denote &y (h) after
rescaling.

We introduce the Feshbach-Grushin projection:

H0¢ = <¢7 u770>‘7'u770 (%)

We will need to consider the quadratic form:

) A2
Qo(#) = & / [D:6f? + ‘ (—no + %) 0

2

dodr.

The fundamental approximation result is given in the following proposition.

Proposition 7.13. There exist hy > 0 and C' > 0 such that for h € (0, ho) and ¢ € €y (h):

(7.19) 0 < Qo(¥) — & va(no)|9]|> < ChYS||b)?
and:
(7.20) oty — & < ChY2|4]|

1D+(ot> — )| < CRYP|J]
172 (o) — )| < ORI

This permits to simplify the lower bound (see (7.4)).
Proposition 7.14. There exist hy > 0, C' > 0 such that, for h € (0, ho) and ¢ € €y (h):
2
Q) > /53/3 (\hDTW + (67 Y%ihd,67Y6 — noh?® + %)W) dodr
2 . . .
+ 500w (o) || + Coh™ 11 + o(h®*) [

It remains to diagonalize §~/%i9,6~1/¢:
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Corollary 7.15. There exist hy > 0, C' > 0 such that, for h € (0, hy) and ) € €y (h):

.. . T2 .

Q) = 6" (1D + (-t =l + TSI ) dutr

2 . . .
+ 300 s (m)h P Dud|[* + Coh® ||911° + o(k**) 6]
with ¢ = Fi).
Let us introduce the operator on L?(R?, dudr):
2 2\ °

(7.21) 553/5’)@;/1(770)114/3193 Y <h2D3 + (—hu — o + 5) ) + Coh®/3.

Exercise. Determine the asymptotic expansion of the lowest eigenvalues of this operator
thanks to the Born-Oppenheimer theory and prove Theorem 7.1.
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8. FROM THE MAGNETIC LAPLACIAN TO THE ELECTRIC LAPLACIAN: A NON
REGULAR CASE IN 3D

8.1. Motivation. In this section we investigate the Neumann realization of the magnetic Lapla-
cian L, o = (—ihV + A)? on Q when Q has the shape of a symmetric lens (with edge E, see
Figures 5 and 6) and when the magnetic field is perpendicular to the symmetry plane of the
sample. This model is a non smooth version of the paper of Helffer and Morame [60] where
they apply their analysis to an ellipsoid. This is also somehow a generalization of the work of
V. Bonnaillie-Noél in dimension 3.

g

FIGURE 5. Lens with constant aperture in constant magnetic field.

FIGURE 6. Lens with aperture o.

In this section we will assume that opening angle of the lens is variable.

As usual, one will be led to compare different models operators: in the interior of €2, on the
smooth boundary and on E. To catch the phenomenon due to the presence of the edge, we will
make the following assumption. In particular, this will involve the reduction to a problem near
the non smooth boundary.

Assumption 8.1.

(8.1) iggv(a(x)) < xeia%f\Ea(Q(x)).
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8.2. Normal Form. This is standard that the condition (8.1) leads to localization properties of
the eigenfunctions near the edge £ and more precisely near the points of the edge where E 3
x — v(a(x)) is minimal (that is where « is maximal). We can introduce, near each x, € E, a
local change of variables which transforms a neighborhood of x in €2 in a £4-neighborhood of
(0,0,0) of Ex(x)> denoted by Ey(xy),«,- For the convenience of the reader, let us describe below
the shape of the magnetic Laplacian in the new (local) coordinates (3,7, %). The magnetic
Laplacian £}, is given by the Laplace-Beltrami expression (on L*(|G|"/?d3did3)):

(8.2) G|V, |GGV,

with boundary conditions:

|G|1/2é_1vh7j} ’ _7—(‘§> =0 on aNeuga(xo),ao

and where:
) hD; —t — hZ-(2D; + D:2) + Ri(5,1, 2)
Viw=| hD; | + 0
hD; 0

We refer to [82] where the forms of the Taylor expansions of Ry and G~! are analysed. Let us
just mention that $ is the curvilinear coordinate along £ and

o) (°82)

where § — «(3§) is the variable opening angle along the edge.

Assumption 8.2. o : £ — (0, ) admits a unique and non-degenerate maximum at x, denoted
by ay.

Notation 8.3. In order to shorten the notation we will denote by 7 the number 7(ag) and by
Uy, the function ., ;(q,). See Notation 3.5.

Theorem 8.4. We assume Assumptions 3.8, 8.1 and 8.2. For all n > 1 there exist a sequence
(ftjn) >0 Such that:

A(h) ~ B pynh?

h—0
>0

Moreover, we have:

ton = v(0,M0), pan =0, pon=Co+ (2n— 1)\//17'0_1||D2Un0||2372,7/(0407 o),

where Cy is a constant independent from n.
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8.3. Quasimodes. Before starting the analysis, we use the following scaling:
(8.3) s=hn'Y1s, {=hn'?, z=n'?2

so that we denote by £(h) and 7 (h) the operators h~'£N°™2!(h) and h~'/27No™2!(p) in the
coordinates (3,1, 2). We can write in the sense of formal power series:

L(h) o~ > Lt
Jj=20

and

T(h) ~ S Thi",
720

where the first £; and 7; are given by:

(8.4) Lo= D} + D?+ (t —mn)?,
(8.5) Ly = —=2(t —no)Ds,
(8.6) Ly = D? +2k7, '8°D? + Ly,
where
o (m—t ) P i
D. 2 2

and:

76 - <_-E+ Mo, Dfa Dé)?

7—1 = <D§7 07 0)7

[+

T, = (0,0, k75 15°D;s) + §P + LP,
where kK = —@ > (. We have used the notation
(8.8) P (t,2) = b e (Y%, RY22),
(8.9) I(£,2) = hY20(hY2E 1 /23),
(8.10) L(t,2) = h™YV2L(h~V3, h1/%3).
We will also use an asymptotic expansion of the normal 7.

n o~ n;hi/*,
h—0
Jj>0

with:
(8.11) ng = (0, —7,+1), mn;=(0,0,0), mny=(0,x5*0).

We look for (A(h), < (h)) in the form:

A(h) -~ > nh
Jj=0
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i (h) ot > i,

J=0

which satisfies, in the sense of formal series:
LD ~ AR ()
This provides an infinite system of PDE’s.
e Terms in h°. We solve the equation:
Loto = Ao, Mo Totbo = 0, on IneuCay-

We notice that the boundary condition is exactly the Neumann condition. We are led to choose
Ao = v(ao, o) and (5, ¢, 2) = uy, (1, 2) fo($).

e Terms in h'/*. Collecting the terms of size h'/*, we find the equation:
(Lo — o)1 = (M — L1)vho,  mo - Totho = 0, on OneuCay-

As in the previous step, the boundary condition is just the Neumann condition. We deduce
with the Feynman-Hellmann formulas:

(LO - /\0)(¢1 + Uoc,no (tAa 2)D§f0(§)) - )\1¢07 ny - %¢1 - 07 on aNeugao-

Taking the scalar product of the r.h.s. of the first equation with u,,_,, with respect to (£, 2) we
find: Ay = 0. This leads to choose:

w1<§> tA? 2) = “Va,mo (Ea 2)D§f0(§) + fl(g)ua,no (£> é)?
where f; will be determined in a next step.

e Terms in h'/2. Let us now deal with the terms of order h'/2:

(50 - Ao)?/iz = (>\2 - 52)1/10 — Ly1, mng-Tope = —ng - Topg — na - Tpihy, on aNeu5a0~

We analyze the boundary condition:
[ - .
No - 7—21/10 + USN ’]E]wo = :*IKZT(;1§2D2’¢0 + /€§2D£w0 + Nng - §Pw0 —+ Nno - LP’QDO

I - .
= I€§2Tal(iDg + T()Df)l/)() +mng - §P¢0 + ng - LPvy

I .
= :|:2H§27'0_1D2w0 +ng - §P77/}0 +ng - LP@DO

Then, we use the Feynman-Hellmann formulas to get:
(8.12)

(Lo—X0) (V2 + Voo Ds f1 = Wao D3 fo) = Aatbo —

with boundary condition:

85”(040, o)

5 Do — 2k75 8> Dibg — Lato,

[ - .
ng - 76¢2 = :!:2/€§2T61D21/J0 —MNyg - §PQ/JO —MNyg - LPQ/J(), on 850
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We use the Fredholm condition by taking the scalar product of the r.h.s. of (8.12) with gy,
with respect to (£, 2). Integrating by parts (the boundary terms cancel), this provides the equa-
tion:

Hfo = (A2 — Co) fo,
with:
851/ (a0, m0)

H= 2

D3 + 2675 | Dsttag o |25
and:

- i P o
(8.13)  Co = (2(no — t)T1Uyy, Usyy) — v(10) / §u7270 + / §Pun0Pun0 + /LPumPum.
Therefore for A\, we take:

Ay =Cy+ (2n — 1)\//<JT(;1608%V(040, o)

and for f; the corresponding eigenfunction. With this choice we deduce the existence of ;-
such that:

P2v(ay,
(8.14) (50 - AO)%L = )\2% - M

We can write 15 in the form:

¢2 = %Z}é_ - Ua,noD§f1 + wa,nODng + f2(§)uao,noa

where f> has to be determined in a next step.

Dgl/fo - 2HT(;1§2D§¢07 and <w§_7 ua07710>f,2 =0.

e Further terms. The construction can be continued (exercise).

8.4. Agmon Estimates. Thanks to a standard partition of unity, we can establish the follow-
ing estimate for the eigenvalues.
Proposition 8.5. There exist C and ho > 0 such that, for h € (0, ho) :
An(h) > v(ag)h — ChP/4,
From Proposition 8.5, we infer a localization near .

Proposition 8.6. There exist £g > 0, hg > 0 and C' > 0 such that for all h € (0, hy):

/ezsoh—md(xﬂ)wy?dx < Ol
Qule™ ) ) < Ol

As a consequence, we get:
Proposition 8.7. For all n > 1, there exists ho > 0 such that for h € (0, hy), we have:
An(h) = v(ag, mo)h + O(h*?).
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Proof. We have:
Qh(ﬁ) = <é71vh¢7 viﬂ@L%dsd&ii)-

With the Taylor expansion of G~ and |G| and the estimates of Agmon with respect to £ and
z, we infer:

Qn(®) = Q" (¢) — CR*2[ ||,

where:
X (1) = ||hDgd||” + [|hro7(3) Db + || (hDs + moh'/* — £)3)|.
Moreover, we have:

W (5) 2 WD |P + |RDsG|P + 1| (hDs + moh™’> = D3I 2 wlaw, o).

A rough localization estimate is given by the following proposition.

Proposition 8.8. There exist o > 0, hy > 0 and C > 0 such that for all h € (0, hg):

/ex(x)h1/8|s(><)l|¢|2 dx < C|ly|)?,
Qh(ex(x)hfl/g\s(X)\w) < Ch!WH%

where X is a smooth cutoff function supported in a fixed neighborhood of E.

We use a cutoff function y(x) near x, such that:
xn(%) = xo(h*75(x))xo (A2 7E(x))x0 (h/772(x)).

e Space of the eigenfunctions. For all N > 1, let us consider L?-normalized eigenpairs
(An(h), ¥n.n)1<n<n such that (¢, p, Py, n) = 0 when n # m. We consider the N dimensional
space defined by:

€y(h) = span Ynp,  where  Unp = Xntnh-

1<n<N

Notation 8.9. We will denote by ¢)(= x,¢) the elements of &y (h).

8.5. Refined Estimates. Let us state a proposition providing the localization of the eigen-
functions with respect to D; (the proof is left to the reader as an exercise).

Proposition 8.10. There exist hy > 0 and C' > 0 such that, for h € (0, ho) and 1) € €y (h),
we have:

IDs|| < Ch= 214
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8.6. Projection Method. The result of Proposition 8.10 implies an approximation result for
the eigenfunctions. Let us recall the scaling defined in (8.3):

(8.15) §=h's, f=hn"? z=1n'z

Notation 8.11. We will denote by &y (h) the set of the rescaled elements of &y (h). The
elements of & (h) will be denoted by 1. Moreover we will denote by L, the operator L),
in the rescaled coordinates. The corresponding quadratic form will be denoted by ()},.

Lemma 8.12. There exist hy > 0 and C' > 0 such that, for h € (0, ho) and 1 € &y (h), we
have:

(8.16) [|¢) — Hotl|| + [ Di(4) — M) || + [[D:(¢) — Hodh)|| < CR'E ||
8.17) 13($ — o)) | + [18Di(¢) — M) [| + 18D: (4 — Toed) || < CRYS ([l + (I8¢,

where 11 is the projection on u,,:
HO@ZJ = <7vbv u?70>£,2u770'

This approximation result allows us to catch the behavior of the eigenfunction with respect
to $. In fact, this is the core of the dimension reduction process of the next proposition. Indeed
§2D? is not an elliptic operator, but, once projected on u,,, it becomes elliptic.

Proposition 8.13. There exist hy > 0 and C' > 0 such that, for h € (0, ho) and 1) € &y (h),
we have:

1501 < ChY4|[4b]].
Proof. 1t is equivalent to prove that:

159]] < Cll¥].

The proof of Proposition 8.7 provides the inequality:
1D + ll7om(BY*8) " Dl + || (R Ds + 10 — D)PI* < (v(o) + CR2) ).
From the non-degeneracy of the maximum of «, we deduce the existence of ¢ > 0 such that:
Ior(hY*8) 7 D) ||* = | D= || + ch' || D24
so that we have: ) )
ch'||8D:y|* < CRY219||?
and: R o
18Dz < Cll]l.
It remains to use Lemma 8.12 and especially (8.17). In particular, we have:
13D:(¢ = Ho)|| < CRYS (|91 + (1|34]).
We infer: ) o X )
|5D:Top|| < ClII| + CRYE (1] + (15w )-

Let us write
H0¢ = fh(g)uﬁo(t> 2)
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We have:
[8D:1op|| = [| Dz |8 frll 2(as) = [[Dztin ||| 8 fntin || = [[Dztane ||| 8o
We use again Lemma 8.12 to get:
18D:Tot)|| = | Dzt |13 + ORME ) (] + 1|3])).-
We deduce: R o R R
| Dz 1301 < Cllb|| 4+ 2CRY*7 (9] + ([I34)]])
and the conclusion follows. O

Proposition 8.14. There exists ho > 0 such that for h € (0, hy) and 1) € €y (h), we have:

Qn() Z[1 DI + | DI + |(B* Ds — & + o) II* + B 275 | Dy |*8% + Coh 21|
+ ()[4,

with:

(8.18)  Co = ((2(n0 — 1)1y, Uny) 12(aiaz) + / §Pun0Pun0 dtdz + /LPunoPuno dtdz,

where P, l , L and 7; are homogeneous polynomials defined in (8.7) and (8.8).

Let us introduce the operator:

(8.19) D? + D2 + (W4 D5 — T + 1) + 7?15 || Dsuy, |8% + Coh /2.
After Fourier transform with respect to 3, the operator (8.19) becomes:
(8.20) D} + D% + (WM — £+ m0)? + W75 k|| Dsuy, | DE + Coh'2.

Exercise. Use the Born-Oppenheimer approximation to estimate the lowest eigenvalues of this
last operator and deduce Theorem 8.4.
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9. ANOTHER APPROACH: THE SEMICLASSICAL BIRKHOFF NORMAL FORM

The aim of this section is to enlighten in a geometrical way the phenomenon of Sections 7
and 8: In each case we have reduced the analysis to the “Born-Oppenheimer” framework.

For the background of symplectic geometry that we need, we refer to the classical references
[73] and [4]. For the elements of pseudo-differential calculus that we will need, we refer to
[90, 29, 72].

We study the magnetic Laplacian £, o = (—ihV — A)? on R?. Its symbol is given by
H(q.p) = |p — Alar, @) > = (11 — Ai(q1,@2))* + (p2 — A2(q1, @2))*.

The operator £, 4 is gauge invariant so that its spectrum only depends on 5 = V x A and so
that we can assume that A; = A5(0,0) = 0. We let :

wo =dp N\ dq = dp; Ndq, + dps N dgs.

We consider the zero set of the Hamiltonian function H:

Y ={(g.p) eR*: H(q,p) =0} ={(q,p) €R* : p1 =0, pa=As(q1,)}.

With our choice of gauge, we have: (0,0,0,0) € X. For simplicity, we assume that the
magnetic field is at least 1.

9.1. Symplectic Magnetic Geometry.

Lemma 9.1. ¥ is a symplectic submanifold of R*. In other words, the 2-form wos; IS non
degenerate. In fact, we have:

wois = B(q1, q2)dq1 A dga # 0.
Proof. We have:
dp; = Oy, Ai dgy + Oy, A; dgo
and we infer:
woz = (Og A2 — 0, A1)dq1 A daga.
OJ

Lemma 9.2. There exists a change of coordinates ! defined in a neighborhoodV of (0, 0,0, 0)
which sends V N Y. on 1 = & = 0 and so that (Z+, &) is a parametrization of 3 and:

(iD*wo = wp + O(Zﬁ%)
Proof. The application

T2 (Q17 Q2) = (Q17 g2, 07 A?(Qla q2))
is a parametrization of >.. We have (see Lemma 9.1):

wo (00, 0gotp) = B(q1, q2).-

Let us change the parametrization of >.. We let:

q1 ~
Ty = —/ B(q, ¢2) dg = —As(q1,q2), & = qo.
0
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The inverse change of variables is given by:
41 = f(‘%%éQ)? 42 = 52.
We deduce the new parametrization of X:
@ (572752) = (f(ffzaé)’éaoaA2(f(5z2,£2)7g2>>~
Computations provide:

Uz (&2, &) = 0
U2(f2752) = 85

ne = (=67",0,0,-1)
5,0 = (—0710:45,1,0,0).
We get:
wo(ug, v7) = —1.
Let us complete (us, v9) in a symplectic basis.
The form wy being non degenerate this is clear that the symplectic orthogonal of 77 z %
is 2-dimensional. We can write the equations of this orthogonal:

wo(v, ug) = wo(v,v9) = 0.

We let:
9.1) uy = (0,871, 1,310, 4,)
(9.2) v, = (—1,0,0,0).

The vectors w1 and v; form a basis of the symplectic orthogonal and satisfy:
wo(uy,v1) = —1.
This leads to introduce the following application:
9.3) O (F1,%,60,8) — @(i2, &) + F1un + &or.
The Jacobian admits the form:
[uq, ug + T10z,u1,v1, V2 + :Z‘185~2u1].

This matrix is invertible at (0,0, 0, 0) so that ® defines a local diffeomorphism. The surface >
locally becomes 7, = & = 0. Moreover, on 2; = 0, the Jacobian is a symplectic matrix.

In fact we can describe how the symplectic form transforms itself:
d*wy = wo
+ Tywo(uy, Oz, w1 )dTy A dTo + Tiwo(uy, 052u1)d£1 A déQ + i%wo(abul, 852u1)d502 A de.
We infer:
D*wy = déy A diy + déy A diEy + a(Fy, E2)T1day A dig + b(Fo, &)E1dE, A dEy + O(F2).
We get:

D*wy = déy A diy + (d€; + a(Ey, &)T1dir) A (dEy — b(Es, &)E1dT) + O(F2).



SEMICLASSICAL MAGNETIC LAPLACIAN 57

We introduce the change of variables @@*1:

9.4) T =11, & =&, $2=$2—b($2,§2)?17 52252‘1'@(%752)?1

We have:
VB wy = dEy A dity + déy A diy + O(22).
O

Lemma 9.3. Let us consider wy and w; two 2-forms on R* which are closed and non degen-
erate. Let us assume that wy |z, —o = Wo|z,—o- There exist a neighborhood of (0,0,0,0) and a
change of coordinates 1 such that:

wi‘wl = Wy and wl\aﬁlzo = Id\i:1:0~
Proof. The proof is rather standard but we recall it for completeness (see [73, p. 92]).

e Poincaré’s Lemma. Let us begin to prove that we can find a 1-form ¢ defined in a neigh-
borhood of (0,0, 0, 0) such that:

T:=w —wy=do and op—o=0.

We introduce the family of diffeomorphisms (¢;)o<;<1 defined by:

Gu(E1, 29,1, ) = (tfl,@,gbé)
and we let:

¢0(£17 */227 617 52) = (07 i'27 ’517 52)
We have:

¢o7=0 and @jT=T.

Let us denote by X, the vector field associated with /;:

d
Xt = %(gbt_l) = (t_l.fl,o,o, 0)

Let us compute the Lie derivative of 7 along X;:
d * *
%ﬁbﬁ = ¢, Lx,T.
From the Cartan formula, we have:
Lx, = o(X)dT + d(e(X3)T).

Since 7 is closed on R*, we have d7 = 0. Therefore it follows:
d * *
%@T = d(¢;(X1)T).

We consider the 1-form oy := ¢;¢(X;)7 which vanishes on Z; = 0. We denote o = fol o, dt
and we have:

%qbﬁ =do; and T =do.
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e Conclusion. We use Moser’s argument. We let: w; = wy + t(w; — wp). The 2-form wy is
closed and non degenerate (up to choose a neighborhood of (0, 0, 0, 0) small enough). We look
for 1, such that:

Yywy = wy.

For that purpose, let us determine a vector field X; such that:

d
%wt = Xt(wt)-

By using again the Cartan formula, we get:

d d
0= —¢w =] | —wi + o(Xy)dw + d(e(Xp)wy) ) -

dt dt

This becomes:
wo — wy = d(e(X¢)wr).
We are led to solve:
L(Xt>u}t = —0.
By non degeneracy of wy, this determines X;. Choosing a neighborhood of (0, 0,0,0) small
enough, we infer that ¢/, exists until the time £ = 1 and that it satisfies {;w, = wy (so that
this is a diffeomorphism). Since o(3,—9 = 0, we get v, = Id3,—o. More precisely we get:
O

Proposition 9.4. There exists a symplectic change of coordinates ®~! defined in a neighbor-

hoodV of (0,0, 0,0) which sends VNX onx1 = & = 0and so that (x2, &) is a parametrization
of X.

Proof. We have just to apply Lemma 9.3 to the 2-form defined in Lemma 9.2 by w; = d*wy.
We have & = & o ). 0

9.2. A Reduction of the Magnetic Symbol. Let us now analyze the form taken by the Hamil-
tonian in the normal symplectic coordinates.

Proposition 9.5. We let: H = H o . We have:
H (21, 22) = HE(21) + O (|2 [*),
where:

Hg;ad(z1) = B($2> &)at + &

Proof. We can notice that the differential of A vanishes on X so that the differential of H
vanishes on z; = 0. From the definition of H and X, we have: Dg (g 4,06, = 0. We infer
that:

DC?D(U,J:Q,O,{Q)H(a-TZ@’ 8@@) =0, Dé(o,xg,o,gg)H(awzq)a afzq)> =0,
D?I)(O,xz,07§2)H(a§2(b7 8€2®) = 07 D<21>(07I2707§2)H(ax1®7 ax2®) = 07
D?D(O,IQ,O,fg)H<aml®7 8&(1)) = 07 Dé(o,xg,o,gg)H(aﬁq)a a{zq)) =0.
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. . . . 2 .
Using the explicit expression of Dq>(o,x2,o,52)H :

282 280,45 0 —28
280,A5 2(0:A5)2 0 —20,4,
0 0 2 0
28 —20,Ay 0 2

9.5)

and the fact that, on 3, we have 0, ® = 8551&) =uy and 0, @ = 851@ = v;, we deduce:

D2 VH(0,,®, 0, @) D;(07w2,0,£2)H(axlq>,a&cb)} _ {252 0}

(9.6) 302,042 ; :
D? VH (02, ®,06,®) D3, 00 H (06, P, O, @) 0 2

(U,CL’Q,O,&Q

Let us now analyze the quadratic form Hg;ad.

Lemma 9.6. There exist local symplectic coordinates near (0,0, 0, 0) denoted by (1, Z2, él, ég)
such that:

~

HE (1) = HE™ (21) + O(|21 ),

z2 22

where:

U (21) = Blaa, o) (1 + 7).
Proof. The proof is divided into two main steps.
o An almost symplectic transform. We let:

f=p3"?andg=1nf.
We introduce the change of coordinates (71, 5, &, 52) = C1(x1, 29, &1, &) define by:

I:ll - f‘rl)
S f_lflb
Ty =x2+ %551517

: )
& =& — 3—32951&7

We want to know at which point this transformation is symplectic. Therefore we shall compute
d&y N\ dxqy + déy N\ dio. We have:

dél A dfi’l = (éld(f_1> + f_ldél) A (Z’ldf + ddl‘l)

d
= dfl A d(El + (fldl‘l + Il?ldfl) A 7f
=d& Ndxy +dP Adg,
where P = x,£;. Moreover, we get:
- dg dg
d dis =d - —P d —P
52 N i) (52 axQ > A (1‘2 + 862 )

= d& Ndps +dg AdP + R,
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B dg dg dg Jg
R——Pd(a$2)Adx2 Pd(8£2>/\d§2—d<a2 )Ad(a& )

_ Jg dg

__Pd<dg)_d(8xzp>/\d<8§2p>

_ dg dg
= (a$2p) M <3§2P)

Then, this is clear that R = O(|z1&;]). We infer:

where

déy A diy + déy N diy = d&y A day + déy A day + O(|z161)).

In other words, we have:
Cfu}o = W + O(|I1€1|)

Let us write 43> in these new coordinates. We notice that:

_ v dg ~ K~ e dg ~ & -«
ry = (4 — 8—592%51,52 + —35236151 Z1,
. (s o .t B0 . =
& = f1 (42— %37151752 + sd1é1) &,

. a
Ty = T2 — 96’1517

& =&+ 3“5171517

Using a Taylor formula with respect to z;, we find:

HE (1) = HE™(21) + O(|z]Y),
where:

HE(2)) = B2, &) (27 + &7) -
e How to make Cy become symplectic. We let w; = CYwy. The 2-forms wy and w; coincide
on #; = 0, they are closed and non degenerate. We let 7 = w; — wy. We can use exactly
the same argument as in the proof of Lemma 9.3 and we find o such that 7 = do with a o

vanishing on #; = 0 and satisfying even o = O(|#,£;]). It remains to use Moser’s argument
as in Lemma 9.3 and we deduce the existence of a local diffeomorphism C such that:

C’;wl = W

and (i1, &2, &1, 82) = Co(@1, 82,81, &) = (F1,%2,£1,&) + O(|#:1&1]). The change of coordi-
nates C',C, satisfies:

(0102)*WO = Wy.

In these coordinates, we can write:

HE™M(21) = HE™ (21) + O(12]).
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9.3. The Normal Form. The procedure of last subsection, known as the Birkhoff normal
form, can be continued at any order with respect to |2;]?.

Let us consider the space of the formal power series in 21, 51, h with coefficients smoothly
depending on (22, &) : € = R;, &, (21, &1, h]. We refer to [21, Section 2] for details.

Notation 9.7. The degree of i?él’g hlis a + 3+ 2I. Dy denotes the space of the monomials of
degree N. Oy is the space of formal series with valuation at least N.

Notation 9.8. We denote by (L) the Taylor series of the symbol L with respect to (i1, &, k)
at (0,0, 0).

Notation 9.9. We let:
adA == [Au ']7

where the bracket between two formal series is the formal power series obtained through the
composition of pseudo-differential operators in the Weyl quantization.

Let us fix a symbol L such that o(L) € Os.
Proposition 9.10. There exist formal power series T,k € O3 such that:
e (Hy + o(L)) = Hy + &,
with: [k, Hy] = 0.

Proof. Let N > 1. Assume that we have, for N > 1 and 7y € Os:
et adny (Hy+o0(L)) =Hy+ K3+ -+ + Kny1 + Ryyo + Ongs,

where K; € D; commutes with |2;|? and where Ry,2 € Dy 0.

Let 7/ € Dy,2. A computation provides:
"y (Hy + 0(L)) = Hy + K3 + -+ Ky 11+ Ky o+ Onys,
with:
Knyo = Ry + B(%)ih'ad| 21> = Ryio — B(22)ih tad)s, 27
We can write:
Ryio = Knia + B(%)ih ™ adps, 27",

Since 3 (22) # 0, we deduce the existence of 7/ and Ko such that Ky, o commutes with
|21]%. Note that ih~tad ;2 = {|Z1[%, -}. -

9.4. Localization and Micro-Localization Estimates. We must now justify that the eigen-
functions are micro-localized near Y. to make the formal construction of the previous subsec-
tion less formal.
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9.4.1. Space localization. We begin by proving a space localization.

Proposition 9.11. Let us assume that:
9.7 B(x) > Cy > 0 for |z| > &.

Let us fix 0 < Cy < Cy and o € (0,1/2). There exist C,hg > 0 such that for all eigenpair
(X, v) such that A < Cyh, we have:

/|6x(r)h_a|x¢|2dx < Clly|?,

where X is zero for |x| < gy and 1 for |x| > 2&¢. Moreover, we also have the H' estimate:

/Iex(m)h“lth@bF dz < Chlj4|]*.

9.4.2. Microlocalization of the eigenfunctions near Y. In the following, we will use the Weyl
quantization of a symbol a(z, &) € S(R", R™) defined by the expression:

Opj;(a)u(x) = (2m)” /&Rn /Ew (“y,é) " u(y) dyds.

We refer to [29] and [72] where the basic properties of this quantization are discussed.

We now investigate the microlocalization properties of the eigenfunctions.
Proposition 9.12. Let (\, 1)) be an eigenpair with A < Cyh. Let us consider ¢ € (O, %) Then,

we have: ) e
¥ =Opy, <X0($1,$2)X1 (él i (%25_ 2) )) Y+ O(h™),

where o is a smooth cutoff function supported in a neighborhood of (0,0) of size 4y and x;
a smooth cutoff function being 1 near 0.

Proof. We start by proving that:
L
©8) (5 ) Guaare) = 001),

where Y is zero near 0. By the space localization, we have:
L(xo(z)¥) = Axo(z)¥ + O(h™)[[¥].
Then, we get:
L L o
¥ (735 ) £00@)0) = 2 ( 735 ) (ol@)) + O ]|
We have:

W2 L (xo(2)0) 1P < Q (L(xo(2)¥)) < Cohl|L{xo()P)[1> + O()[[¢]*.
Since § € (0, %), we deduce (9.8). We can also notice that:

o (75 ) v =0
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Using the h-pseudo-differential calculus, with parameter ¢ = ho (with 6 € (0, %)) it can be

shown that: ) 2
b = OpY (XO<x1,x2>x1 (51 (&~ A) )) b+ O(h™).

€

O

9.5. Application to the Spectral Theory. Without going into the details (see [37]), let us
describe the philosophy. The main ingredient is the theorem of Egorov (see [72, Theorems
5.5.5 and 5.5.9]). Associated with the change of coordinates ® defined in Lemma 9.6, there
exists a Fourier integral operator U}, (depending on h) such that the pseudo-differential operator
U 'HU,, admits as principal symbol H o ® which has Taylor expansion Hy + O(|2]?). In
terms of power series at 0, we can write the symbol of U, YHU, as:

H2 +O'(L)7

where (L) € O;. We now use Proposition 9.10. Thanks to a Borel argument, we can find
a bounded operator A whose symbol is 7. By Egorov’s theorem (see [72, Theorem 5.5.5]),
eih_lAUh_ YHUpe ™ '4 is a pseudo-differential operator and its formal power series at 0 is
H, 4 k. We have used the formula (see for instance [21, p. 482]):

eilflAQe—i}flA _ eadih,lAQ‘
In conclusion, the bottom of the spectrum of £, 4 can be described by the one of:
Bz)a P+ (v(Z) |zt + eh®) + -
Remark 9.13. If one has some micro-localization with respect to 2, (thanks to a non degenerate
minimum of the magnetic field for instance), we are reduced to the study of:
|212(1 + co|22]?) + ch® + - --
which reminds the Born-Oppenheimer structure.

The next sections introduce to problems related to the Dirichlet Laplacian on triangles and
waveguides.
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10. A RELATED TOPICS: SEMICLASSICAL TRIANGLES

Let us explain how we can be led to study the so-called “semiclassical triangles”. As we will
see, this topics is closely related to “broken waveguides” or “waveguides with corners” (see
Section 11). In fact, from a heuristic point of view, we are led to investigate such waveguides
when analyzing the spectral behavior of £, defined in Subsection 3.4 when 6 — 0 (see [10]
and [27]). Indeed the potential Vj creates an effective broken waveguide whose corner can be
described by a triangle with Dirichlet conditions (see Section 11).

10.1. A Brief State of the Art. This subject is already dealt with in [41, Theorem 1] where
four-term asymptotics is proved for the lowest eigenvalue, whereas a three-term asymptotics
for the second eigenvalue is provided in [41, Section 2]. We can mention the papers [42, 43]
whose results provide two-term asymptotics for the thin rhombi and also [14] which deals with
a regular case (thin ellipse for instance), see also [15]. We also invite the reader to take a look
to [62].

Let us finally mention the case of the cones studied in [77].

10.2. Main result. Let us define the isosceles triangle in which we are interested:

(10.1) Trig = {(ml,xg) ER_XR:zjtanf < |zo] < (:(:1 + ﬁ) tan&} )
We will use the coordinates
(10.2) z = 21V/2sinb, Y= 29V/2 cos b,
which transform Trig into Tri, /4. The operator becomes:
Dri(h) = 2sin’0 07 — 2 cos?0 0,

with Dirichlet condition on the boundary of Tri. We let h = tan § ; after a division by 2 cos? 6,
we get the new operator:

(10.3) Li(h) = —h*07 — 0.

We state the result for the scaled operator L1;(h).

Theorem 10.1. The eigenvalues of Lvi(h), denoted by At ,,(h), admit the expansions:
- 1
ATrin(h) ~ Zﬁj,nh]/g with Bom = =, Bin =0, and Py, = (47V2) 7 24(n),
h—0 =0 8

the terms of odd rank being zero for 7 < 8. The corresponding eigenvectors have expansions
in powers of h/® with both scales x/h*" and x /.
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10.3. Born-Oppenheimer Approximation. Let us introduce the Dirichlet realization on the
space L*((—mv/2,0)) of:

7]_2

10.4 HeoTi(h) = —h?0* + —————.
(10.4) go.Tri(h) TP

This operator is the Born-Oppenheimer approximation of the operator L1,;(h) on the triangle
Tri.

Theorem 10.2. The eigenvalues of Hgo 1i(h), denoted by \go 1vin(h), admit the expansions:

~ . ~ 1 ~
)\BO,Tri,n<h) hNO Z ﬁj’nhZJ/g, with ﬁo’n = — and ﬁl,n = (471'\/5)72/3214 (n)

3
J=0

10.4. When the triangle becomes a rectangle... We first perform a change of variables to
transform the triangle into a rectangle:

(10.5) u=ux € (-mV2,0), t= e (—1,1).

so that Tri is transformed into
(10.6) Rec = (—7mv/2,0) x (—1,1).
The operator L1,;(h) becomes:
1 2

t 2
——0,) - o7,
u+ 12 t> (u + m/2)2 !

with Dirichlet boundary conditions on ORec. The equation Lr;(h)y, = (1, is transformed
into the equation

10.7)  Lre(h)(u,t; 0y, 8,) = —h? (au -

Lrec(h)n = Buibn  with 9y (u, 1) = Pu(, ).

10.5. Quasimodes and boundary layer. We want to construct quasimodes ([, 1y,) for the
operator Lri(h)(0y, 0,). It will be more convenient to work on the rectangle Rec with the
operator Lrec(h)(u, t; 0y, 0;). We introduce the new scales

(10.8) s=h"?Pu and o=h"lu,

and we look quasimodes (3, ?ﬁh) in the form of series

(10.9) B~ > Bk and i (u,t) ~ > (T(s,t) + (0, t)) WP

J=0 J=0

in order to solve ERec(h)lﬂh = @ﬂ@h in the sense of formal series. As will be seen hereafter, an
Ansatz containing the scale h~2/3u alone (like for the Born-Oppenheimer operator Heo1i(h))
is not sufficient to construct quasimodes for Lge. (h). Expanding the operator in powers of h%/3,
we obtain the formal series:

1

2m2

(10.10)  Lree(h)(h*s,t;h7/%0,,0,) ~ > L5;p¥/®  with leading term Lo = —

>0

0/
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and in powers of h:
1

2t

(10.11)  Lrec(h)(ho, t; k' 0,,0,) ~ Y Na;h?  with leading term N = —92 —
Jj=0

In what follows, in order to finally ensure the Dirichlet conditions on the triangle Tri, we will

require for our Ansatz the boundary conditions, for any j € N:

(10.12) U,(0,t) +;(0,t) =0, —-1<t<1
(10.13) U,(s,£1) =0, s<0 and &,(o,£1)=0, o <O0.
More specifically, we are interested in the ground energy A = % of the Dirichlet problem for

Ly on the interval (—1, 1). Thus we have to solve Dirichlet problems for the operators Ny — %
and Ly — % on the half-strip

(10.14) Hst = R_ x (—1,1),

and look for exponentially decreasing solutions. The situation is similar to that encountered in
thin structure asymptotics with Neumann boundary conditions. The following lemma shares
common features with the Saint-Venant principle, see for example [24, §2].

Lemma 10.3. We denote the first normalized eigenvector of Ly on H}((—1,1)) by cy:

colt) = cos (%t) .

Let F = F(o,t) be a function in L*(Hst) with exponential decay with respect to o and let
G € H*?*((—1,1)) be a function of t with G(41) = 0. Then there exists a unique v € R such
that the problem

(No _ 1) ® =F in Hst, ®(0,£1)=0, &(0,t) =G (t)+vco(t),

admits a (unique) solution in H?(Hst) with exponential decay. There holds

/ / (0,1) oco(t) dodt — / G(t) colt) dt.

The following two lemmas are consequences of the Fredholm alternative.

Lemma 10.4. Let F' = F(s,t) be a function in L*(Hst) with exponential decay with respect
to s. Then, there exist solution(s) V such that:

8

if and only if<F(s, -),co>lt = 0 forall s < 0. In this case, V(s,t) = UL(s,t) + g(s)co(t)
where U satisfies <\Il(s, ), co> . = Oand has also an exponential decay.

1
(L’o — —> U =F in Hst, U(s,£1)=0

Lemma 10.5. Let n > 1. We recall that zx(n) is the n-th zero of the reverse Airy function, and
we denote by

gy = A((47V2) 735 + 24(n))
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the eigenvector of the operator —0°> — (4m+/2)~'s with Dirichlet condition on R_ associated
with the eigenvalue (4m+/2)~?/324(n). Let f = f(s) be a function in L*(R_) with exponential
decay and let ¢ € R. Then there exists a unique 3 € R such that the problem:

(02 = s V2 25 0) ) g = T+ ey i R with (0) =
™

has a solution in H*(R_) with exponential decay.

Now we can start the construction of the terms of our Ansatz (10.9).

e Terms in h°. The equations provided by the constant terms are:
LoV = GoWo(s,t), NoPo = BoPo(s,t)

with boundary conditions (10.12)-(10.13) for 7 = 0, so that we choose 3y = % and Wo(s,t) =
go(s)co(t). The boundary condition (10.12) provides: ®((0,t) = —go(0)co(t) so that, with
Lemma 10.3, we get go(0) = 0 and &, = 0. The function gy(s) will be determined later.

e Terms in h'/3. Collecting the terms of order h'/3, we are led to:
(Lo — Bo)Vy = [1Po — L1V = 51Ty, (Ny — Bo)P1 = 51Dy — NP1 =0

with boundary conditions (10.12)-(10.13) for 7 = 1. Using Lemma 10.4, we find 3; = 0,
\Ifl(s,t) = gl(S)CQ(t), 91(0> = (0 and (I)l =0.

o Terms in h*/?. We get:
(Lo — Bo)Ve = BoWy — L2Wy, (N — [Bo)P2 =0,

where Ly = =0 + Wjﬂ 0? and with boundary conditions (10.12)-(10.13) for j = 2. Lemma

10.4 provides the equation in s variable
<(52\I’0 — LQ\I/()(S, )), C0>t = O, s < 0.

Taking the formula Wy = go(s)co(t) into account this becomes

anls) = (-2 = = ) ).

This equation leads to take (3, = (4m/2)~%/325(n) and for g, the corresponding eigenfunction
Gny- We deduce (Lo — 3y) V2 = 0, then get Wy(s,t) = ga(s)co(t) with g2(0) = 0 and ®, = 0.

o Terms in h%/3. We get:
(Lo — Bo)V3 = B3W + Bo Wy — LoV, (Ny — Fo)P3 =0,

with boundary conditions (10.12)-(10.13) for 5 = 3. The scalar product with ¢y (Lemma 10.4)
and then the scalar product with g, (Lemma 10.5) provide 53 = 0 and g; = 0. We deduce:
‘I’g(S,t) = gg(S)CQ(t), and 93(0) = 0, @3 =0.
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o Terms in h*/?. We get:
(Lo — Bo)Vy = BaWo + oWy — LyVo — LWy,  (Ny — Fo)Ps =0,

Ly = Q 10,05 — 13283,
s 47t
and with boundary conditions (10.12)-(10.13) for j = 4. The scalar product with ¢, provides
an equation for g» and the scalar product with gy determines 3;. By Lemma 10.4 this step
determlnes U, = Uy + ¢o(t)ga(s) with a non-zero ¥ and g4(0) = 0. Since by construction
(93(0,-), o), = O Lemma 10.3 yields a solution ®, with exponential decay. Note that it

also satisfies (®4(a, -), ¢o), = 0 forall o < 0.

where

o Further terms. We leave the obtention of the other terms as an exercise.

10.6. Agmon Estimates. Let us provide the estimates of Agmon which can be proved.

Proposition 10.6. Let I’y > 0. There exist hg > 0, Cy > 0 and ny > 0 such that for h € (0, hg)
and all eigenpair (\,v)) of L1i(h) satisfying |\ — | < Toh*?, we have:

/ e ([ 4+ 120,07 ) dady < Collw.
Tri

Proposition 10.7. Let 'y > 0. There exist hg > 0, Cy > 0 and py > 0 such that for h € (0, hg)
and all eigenpair (A, V) of L14(h) satisfying |\ — £| < Toh*/3, we have:

/ (2 + w2 ([0l + |h O, ) dady < Collull,
Tri

10.7. Projection Method. Let us consider the first N, eigenvalues of Egrec(h) (shortly de-
noted by )\n) In each corresponding eigenspace, we choose a normalized eigenfunction wn SO
that Wm ¢m> = 0 if n # m. We introduce:

&, (h) = span(iy, ..., Uy, ).
Let us define Q%.. the following quadratic form:

R 1 A 1 -
Qhed) = [ (ral0F = G108 ) a7V duc

associated with the operator £3.. = Id, ® (—5507? — £) on L*(Rec, (u + mv/2)dudt). We

on2 8
consider the projection on the eigenspace associated with the eigenvalue 0 of —#@2 — é:
(1015) H()@D u, t <’¢ ,Co>t Co(t)

where we recall that ¢q(t) = cos (515). We can now state a first approximation result:
Proposition 10.8. There exist hy > 0 and C > 0 such that for h € (0, hy) and all ) € €y, (h):
0 < QRec(w) S Ch2/3||772)’|2

and

1(1d = To)db || + |2:(1d — To)eb[| < ChY?|[4)]|.
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Moreover, Iy : €y, (h) — (€ y,(h)) is an isomorphism.

Let us consider an eigenpair (X, ) of Lri(h). We let )(u,t) = (x,y). Then, (\,1))
satisfies:

2t0,0 2t0 1207 - 1 S
—h2 82 B utt + t + t ) . 82 =\
( u+ V2 (ut+ V2?2 (w4 TV2)2 (u+ mv2)? =

The main idea is to determine the (differential) equation satisfied by Hmﬁ. In other words we
will compute and control the commutator between the operator and the projection 11.

Proposition 10.9. Let Iy > 0. There exist hg > 0 and C' > 0 such that for h € (0, ho) and all
eigenpair (A, ¥) of Lti(h) satisfying |\ — 1| < Toh?3, we have:
2

T R S |
H( PO s vy A)How

This is then enough to deduce Theorem 10.1.

\ < Ch|Tod.
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11. ANOTHER RELATED TOPICS: SEMICLASSICAL WAVEGUIDES

We refer to our review [87].

11.1. Discrete Spectrum of Waveguides: The Result of Duclos-Exner. Quantum waveg-
uides refer to meso- or nanoscale wires (or thin sheets) inside electronic devices. They can
be modelled by one-electron Schrodinger operators with potentials having high contrast in
their values. In many situations, such Schrodinger operators can be approximated by a simple
Laplace operator with Dirichlet conditions on the boundary of the wires [32]. The presence of
bound states is an undesirable effect which is nevertheless frequent and useful to predict. The
same Laplace-Dirichlet problems arise for TE modes in electromagnetic waveguides [18].

This is a well-known fact, from the papers [34, 32, 19, 22], that curvature makes discrete
spectrum to appear in waveguides. Moreover the analysis of this spectrum can be accurately
performed in the thin tube limit (in dimension 2 and 3, see [32, Section 5]).

Curvature inducing discrete spectrum, this is then a natural question to ask what happens
in dimension 2 when there is corner (infinite curvature): does discrete spectrum always ex-
ist? This question is investigated with the L-shape waveguide in [35] where the existence of
discrete spectrum is proved. For an arbitrary angle too, this existence is proved in [5] and an
asymptotic study of the ground energy is done when ¢ goes to 5 (where 0 is the semi-opening
of the waveguide). Another question which arises is the estimate of the lowest eigenvalues in
the regime ¢ — 0. This problem is analyzed in [18] through matched asymptotic expansions
and electromagnetic experiments. We also refer to our work [26, 27].

For the case of dimension 3, we can cite the paper [36] which deals with the Dirichlet
Laplacian in a conical layer (see also [76]).

C <

FIGURE 7. Curved guide FIGURE 8. Broken guide

11.2. Broken Waveguides. Let us denote by (1, x2) the Cartesian coordinates of the plane
and by 0 = (0, 0) the origin. The positive Laplace operator is given by —97 — 93. The domains
of interest are the “broken waveguides” which are infinite V-shaped open sets: For any angle
0 e (0, g) we introduce

- 2. —Tr
(11.1) Qp = {(xl,xg) € R :zytanf < || < (xl + sin@) tan@} .



SEMICLASSICAL MAGNETIC LAPLACIAN 71

Note that its width is independent from 6, normalized to 7, and # represents the (half) opening
of the V, see Fig. 9. The limit case where 6 = 7 corresponds to the straight strip (—,0) x R.
The aim of this paper is the investigation of the lowest eigenvalues of the positive Dirichlet
Laplacian Agg in the small angle limit 6 — 0.

FIGURE 9. The broken guide €2y (here 6 = ). Cartesian and polar coordinates.

The operator ABL' is a positive unbounded self-adjoint operator with domain

Dom(Aqh) = {v € Hy(Qg) : A € L*(Q)}.
When 6 € (0, %), the boundary of 2y is not smooth, it is polygonal. The presence of the
non-convex corner with vertex O is the reason for the space Dom(ABier) to be distinct from
H? N H{ (). Nevertheless this domain can be precisely characterized as follows. Let us
introduce polar coordinates (p, @) centered at the origin, with ¢ = 0 coinciding with the upper
part x5 = x1 tan 6 of the boundary of €24. Let x be a smooth radial cutoff function with support
in the region z; tanf < |z3] and xy = 1 in a neighborhood of the origin. We introduce the
explicit singular function

(11.2) ¢zng($17 z3) = x(p) p™¥ sin Z—SD, with w =2(7m —0).
Then there holds, see the classical references [67, 45]:

(11.3) Dom(AQN) = (H? N Hy(Qp)) & [¢ng]

where [ ] denotes the space generated by 5.

When 6 = Z, we simply have Dom(Agr) = H? N Hj ().

We gather in the following statement several important preliminary properties for the spec-
trum of AG". All these results are proved in the literature.

Proposition 11.1. (i) If 0 = 7, ABZ has no discrete spectrum. lIts essential spectrum is the
closed interval [1,+00).

(ii) For any 0 in the open interval (0,7%) the essential spectrum of Agi; coincides with
[1, +00).

(iii) For any 0 € (0, %), the discrete spectrum of Agi; is nonempty and finite. In other words,
Agi; has at least one eigenvalue below 1, but a finite number of them.
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(iv) For any 0 € (0, 5) and any eigenvalue in the discrete spectrum of AD" the associated
eigenvectors 1 are even with respect to the horizontal axis: V(xy, —x5) = w(xl, Ta).

(v) Forany 0 € (0, %), let piguin(0), n = 1,. .., be the n-th Rayleigh quotient ongDzigr. Then,
forany n > 1, the function 0 — picyi,(0) is continuous and increasing.

11.2.1. The half-guide. As a consequence of the parity properties of the eigenvectors of ADZ,
cf. point (iv) of Proposition 11.1, we can reduce the spectral problem to the half-guide

(11.4) Qf ={(z1,22) € Qp: 13 > 0}.

We define the Dirichlet part of the boundary by dp;, 2y = 92 N 982, and the corresponding
variational space (the form domain)

Hu(Q5)={v e HY(Qf): ¢ =0 on 9p; 2 }.
Then the new operator of interest, denoted by A('\;"f, is the Laplacian with mixed Dirichlet-
Neumann conditions on 2. Its domain is:

Dom(AM'X) ={v € Hyy(Q) : A € L*(Q)) and 0¢p =0 on x5 = 0}.

Then the operators Agi; and Ag'r have the same eigenvalues below 1 and the eigenvectors of
[

the latter are the restriction to Q; of the former.

11.2.2. Rescaling of the half-guide. In order to analyze the asymptotics 6 — 0, it is useful
to rescale the integration domain and transfer the dependence on € into the coefficients of the
operator. For this reason, let us perform the following linear change of coordinates:

(11.5) r=21V2sinf, y=1z2v2cos8,

which maps €2, onto Q;L/ 4 Which will serve as reference domain, see Fig. 10. That is why we
set for simplicity

(11.6) Q:=QF . i =i, and Hy, (Q) = {v € H'(Q) : ¢ =0 on 9piQ}.

T4

Neumann Neumann
FIGURE 10. The half-guide Q] for § = Z and the reference domain .

Then, AM'X is unitarily equivalent to the operator defined on €2 by:

(11.7) Deui(0) := —25sin%0 9% — 2 cos*d 8;,
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with Neumann condition on y = 0 and Dirichlet everywhere else on the boundary of 2. We
let h = tan @ ; after a division by 2 cos? 6, we get the new operator:

(11.8) Leii(h) = —h*02 — 82,
with domain:

Dom(Lagui(h)) = {¢ € Hyu(Q) : Leui(h)y € L*(Q) and dy¢p =0 on y = 0}.
11.3. A finite number of eigenvalues. In this subsection, we provide the proof of the follow-
ing proposition (see [26]).
Proposition 11.2. For any 0 € (0, %), the number of eigenvalues of Agi; below 1, denoted by
N(AQ, 1), is finite.

Thus in any case ABL' has a nonzero finite number of eigenvalues under its essential spec-
trum.

Proof. For the proof of Proposition 11.2 we use a similar method as [75, Theorem 2.1].

Instead we introduce the open set (NZ(; isometric to 2, see Figure 11,

0y = {(:f,g) e (—ﬁ,—l—oo) x (0,7): §<itanf+m if &e (—ta%())}

(0,7)

y //,/l

T

FIGURE 11. The reference half-guide Q= (NZW /4-

The part OpirSly of the boundary carrying the Dirichlet condition is the union of its horizontal
parts. Let us now perform the change of variable:

r=2xtanf, y=uy,

so that the new integration domain Q= (NZW /4 1s independent of 6. The bilinear gradient form
b on €y is transformed into the anisotropic form by on the fixed set €2:

(11.9) b, 0') = [ a0 (0,00,01) + (0, 0,0 dody

Q
with associated form domain

(11.10) V= {¢ € H(Q) : 1 = 0 on dp;, <2}

independent of 6.
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The opening ¢ being fixed, we drop the index ¢ in the notation of quadratic forms and write
simply as () the quadratic form associated with by:

Q) = by(th, ) = /Q (2020 0,00 + 0,0 dady.

We recall that the form domain V' is the subspace of v € H'(2) which satisfy the Dirichlet
condition on Jp; 2. We want to prove that

N(Q,1) is finite.
We consider a partition of unity (o, x1) such that
xo(z)? + xa(z)? =1
with yo(z) = 1 forz < 1 and xo(z) = 0 for z > 2. For R > 0 and ¢ € {0, 1}, we introduce:
Xer(r) = xe(R'2).
Thanks to the IMS formula, we can split the quadratic form as:

(11.11) Q) = Qxo,rY) + Qx1r¥) — lIXo.a¥lE — IXLAVIE -

We can write
IX0.R(2)]? + X1 r(@)]? = R Wg(z) with Wg(x) = [xo(R™2)[> + X1 (R 12)]?.
Then

o ml12 + s b3 = / R W() |0 dedy

(11.12) = /~ R™Wr(x) (Ix0,r¢* + [x1,r¢[?) dudy.
)

Let us introduce the subsets of €2:
Oor={(x,y) €eQ:2<2R} and Oyp={(r,y)€Q:2> R}
and the associated form domains
Vo = {(b e HY(Oyg): ¢ =0 on dp, QN8O and on {2R} x (0,7?)}
Vi = Hy(Oy.R).
We define the two quadratic forms )y g and ()1 r by

(11.13)
Qur(0) = / tan? 0]0,6|* + |0,0|* — R *Wg(z)|¢|* dzdy for €V, (=0,1.
Our
As a consequence of (11.11) and (11.12) we find
(11.14) Q) = Qor(xorY) + Qur(x1,rY) VY EV.

Let us prove
Lemma 11.3. We have:
N(Q,1) < N(Qor,1) + N(Q1r,1).
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Proof. We recall the formula for the j-th Rayleigh quotient of ():

Aj = inf sup Q)

scy ver [VIg

im E=j

The idea is now to give a lower bound for A;. Let us introduce:

j‘{v — Vox Vi
LY = (XorY , XLRY)-

As (xo,r, X1,r) 1s @ partition of the unity, 7 is injective. In particular, we notice that 7 : V' —
J (V) is bijective so that we have:

Q)
= inf
s 1
— it sup Qo.r(X0.rY) + Q1 r(X1,RY)
BT weg =) Ix0,Y 1% + [Ix1,8Y 1%
Qo,r(%0) + Q1,r(¥1)

= inf sup .
gCJ( ) (wO w1)€F H¢0||OOR + ”leOI,R

As J(V) C Vy x Vi, we deduce:

(11.15) Aj > inf sup Qo,r(Yo) + Ql’R(Zwl) =V,
EE Vi ogner [Yollo, . + 1416, 4

dim F=

Let Ay r be the self-adjoint operator with domain Dom(A, i) associated with the coercive
bilinear form corresponding to the quadratic form (), z on V. We see that v; in (11.15) is the
j-th Rayleigh quotient of the diagonal self-adjoint operator Ag

Aop 0 with domain Dom(Ag r) x Dom(A; r) .
0 Al,R ’ ’

The Rayleigh quotients of A, i are associated with the quadratic form )y  for ¢ = 0, 1. Thus
v; 1s the j-th element of the ordered set

{M(Qor), B> 1 U{M(Q1,r), k> 1}.
Lemma 11.3 follows. 0

The operator A p is elliptic on a bounded open set, hence has a compact resolvent. There-
fore we get:

Lemma 11.4. For all R > 0, N (Qo g, 1) is finite.

To achieve the proof of Proposition 11.2, it remains to establish the following lemma:

Lemma 11.5. There exists Ry > 0 such that, for R > Ry, /\/(QLR, 1) is finite.
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Proof. For all ¢ € V;, we write:
¢ = Tlop + 1119,
where

(11.16) Myp(z,y) = ®(z)siny  with d(z) = /Tf o(z,y)siny dy
0

is the projection on the first eigenvector of —85 on H} (0, 7), and TT; = Id — TI,. We have, for
alle > 0:

Q1,r(¢) = Q1.r(Ip) + Q1 r(I1,0) — 2/ R*Wg(2)yp 111 ¢ dxdy

O1,r

> Ql,R(H0¢) + Ql,R(H1¢) - 5_1/ R_2WR(1’)‘HO¢‘2 dxdy
O1Lr

(11.17) — 5/ R™2Wg(2)|T1,6|* dody.
O1r
Since the second eigenvalue of —85 on H}(0, ) is 4, we have:

/O 0,116 ddy > AT 6|3,
1,R

Denoting by M the maximum of Wy (which is independent of R), and using (11.13) we
deduce

Qur(Th¢) > (4 — MR™?)|[IL¢|3, , -

Combining this with (11.17) where we take ¢ = 1, and with the definition (11.16) of 11, we
find

Q1r(¢) > qr(®) + (4 —2MR7?)(L¢|5, .,
where

qR(CI)):/ tan? 00,02 + B2 — R>Wi(x)|®[? dx
R
2/ tan® 0|0, ®)* + |®]* — R>M1gor)|®|* dz.
R

We choose R = /M so that (4 — 2M R2) = 2, and then

(11.18) Qur(¢) > qr(®) + 2[5, .,

where now

(11.19) Gr(®) = / tan 00,8 + (1 — Lygam)|®[ da.
R

Let ap denote the 1D operator associated with the quadratic form ¢r. From (11.18)-(11.19),
we deduce that the j-th Rayleigh quotient of A; r admits as lower bound the j-th Rayleigh
quotient of the diagonal operator:
ag O
( 0 2 Id)
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so that we find:

N(Q1.r, 1) < N(qr,1).
Finally, the eigenvalues < 1 of ay can be computed explicitly and this is an elementary exercise
to deduce that NV'(qg, 1) is finite. O

This concludes the proof of Proposition 11.2. 0

11.4. Main result. Let us now state the main results concerning the asymptotic expansion of
the eigenvalues of the broken waveguide.

Theorem 11.6. For all Ny, there exists hy > 0, such that for h € (0, hy) the Ny first eigenval-
ues of Lcui(h) exist. These eigenvalues, denoted by Agyi»(h), admit the expansions:

, 1
Aeuin(h) ~ Z fyj,nhj/B with o, = 3 Yn =0, and v2, = (47?\/5)’2/3@1(71)
h—0 >0
and the term of order h is not zero. The corresponding eigenvectors have expansions in powers
of h'/3 with the scale x/h when x > 0, and both scales x/h*® and x/h when x < 0.

11.5. Born-Oppenheimer Approximation. The Born-Oppenheimer approximation is:

(11.20) Heo,cui(h) = —h*02 + V(x),
where
G h (—7v/2,0)
—— whenx € (—7 ,U),
Vie)={ 4@ +17T\/§)2
3 when x > 0.

-5 -4 -3 -2 -1 0 1 2 3 4 5

FIGURE 12. The Born-Oppenheimer potential V' and its left tangent at z = 0.

11.6. Quasimodes. As usual we shall introduce appropriate quasimodes. As we will see, we
will have to introduce the notion of Dirichlet-to-Neumann operators to analyze the transmis-
sion between the corner and the “guiding part” of the waveguide.
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11.6.1. Preliminaries.

e Ansatz, boundary and transmission conditions. In order to construct quasimodes for L¢,i(h)
of the form (v, v, ), we use the coordinates (u, t) on the left and (u, 7) on the right and look

for quasimodes v, (u, t,7) = t,(, y). Such quasimodes will have the form on the left:

(11.21) ier(u, t) ~ Y W (Wieg i (W™, t) + Breg i (1 1))
3>0
and on the right:
(11.22) Vg, 7) ~ > BP0 i (h u, )
7>0

associated with quasi-eigenvalues:

oo~ .

Jj=0

We will denote s = h~2/3u and 0 = h~'u. Since 1)}, has no jump across the line z = 0, we
find that s and 1ig should satisfy two transmission conditions on the line u = 0:

Ve (0,1) = Pg(0,7)  and (au _ mt/ﬁat) Ve (0,1) = (au _ %/5) rig(0,1),

forall t € (0,1). For the Ansitze (11.21)-(11.22) these conditions write for all j > 0
(11.23) W (0,t) + (I)|ef7j<0, t) = q),;g,j(() t)

t0, to,
(11.24) 0;Pief,;(0,1) 4+ 05 Wief ;—1(0, 1) — W\/%@em 3(0,t) — 7T\/t—‘l’lefg ~3(0,%)
0-
= 0,P,i(0,1 —, 0.t
g]( ) 7r\/§ gJ— 3( )

where we understand that the terms associated with a negative index are 0.

Notation 11.7. We still set s = h~*/3u and 0 = h~'u. Like in the case of the triangle Tri, the
operators L. and £5., written in variables (s, ) and (o, t) expand in powers of h*® and h,
respectlvely Now we have three operator series:

o L& (h) (R8s, t; h=2/30,,0;) ~ > 50 L;h%/3. The operators are the same as for Tri,
but they are defined now on the half-strip Hlef := (—o0,0) x (0, 1).

o LEi(h)(ho,t;h™10y,0p) ~ 3.5 N5 b/ defined on Hlef.

o L (h)(ho,T;h™'0,,0,) ~ > s N"gh defined on Hrig := (0, 00) x (0, 1).
We agree to incorporate the boundary conditions on the horizontal sides of Hlef in the defini-
tion of the operators £;, N}*f, and NTE:

e Neumann-Dirichlet 9,V (s,0) = 0 and ¥(s,1) =0 (s < 0) for £;,

e Neumann-Dirichlet 9,®(c,0) = 0 and ¥(0,1) = 0 (0 < 0) for N},

e Pure Dirichlet ®(0,0) = 0 and ¥(o,1) =0 (o > 0) for ./\/'jrig.
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Note that
1 . 1
(11.25) NGt = =02 — ——0F and NJE = 02— 0P
T

o 27T2 T

e Dirichlet-to-Neumann operators. Here we introduce the Dirichlet-to-Neumann operators
T"& and T'*f which we use to solve the problems in the variables (c,t). We denote by I the
interface {0} x (0, 1) between Hrig and Hlef.

On the right, and with Notation 11.7, we consider the problem:

- 1
( 00~ §) Pig =0 in Hrig and @.g(0,7) = G(t)

where G € H&éQ(I ). Since the first eigenvalue of the transverse part of N(;ig — % 18 positive,
this problem has a unique exponentially decreasing solution ®,,. Its exterior normal derivative
—0,®yig on the line I is well defined in H~'/2(I). We define:

TrigG = an(brig = _8U(I)rig'
We have: _
(TG, G) = Qrig(Prig) > OHGH?{”Q(I)'
00

On the left, we consider the problem:

1
(N(')ef _ g)cb.ef =0 in Hlef and ®¢(0,1) = G(¢)

where G € H&éZ(I).

Forall G € Hééz(l) such that IToG' = 0 (where I, is defined in (10.15)), this problem has a
unique exponentially decreasing solution ®¢. Its exterior normal derivative 0, ®r on the line
I is well defined in H~'/2(I). We define:

TG = 0,Pies = 0y Dies.-
We have:
(TG, G) = Qier(Pier) > 0.
Proposition 11.8. The operator T"€ + T'11, is coercive on Héf(l) with Iy = Id — Ily. In
particular, it is invertible from Hééz(f) onto H=Y/2(I).
This proposition allows to prove the following lemma which is in the same spirit as Lemma

10.3, but now for transmission problems on Hlef U Hrig (we recall that cy(t) = cos(51)):

Lemma 11.9. Let Fief = Fies(0,t) and Fug = Fyg(o,T) be real functions defined on Hlef

and Hrig, respectively, with exponential decay with respect to o. Let G° € Hééz(l ) and
H € H7Y2(I) be data on the interface I = OHlef N OHrig. Then there exists a unique

coefficient ( € R and a unique trace G € Héf(] ) such that the transmission problem
(NEEF— £)Pref = Fier  in Hlef, Diee (0, 1) = G(t) + G (t) + Ceo(t),
(NVG® — D)@ = Fg in Hrig, 0,ig(0,1) = G(1),
OpPies (0,1) — 0, Prig(0,t) = H(t) on I,
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admits a (unique) solution (®ief, Prig) with exponential decay.

Proof. Let (P, (o) be the solution provided by Lemma 10.3 for the data F' = Fies and G = 0.

Let CIDﬂg be the unique exponentially decreasing solution of the problem
ri 1 . .
(Nog - g) @ﬂg = F,; in Hrig, CIDE)ig(O, t) = 0.
Let H° be the jump 9,P%, (0, 1) -0, P (0, ). If we define the new unknowns &, = &g — 7,
and @\, = @ — D)., the problem we want to solve becomes
1 .
(A= 2)@he =0 in Hief,  @(0,1) = GI(1) + (¢ — G)ea(t),
i 1
('/V’(;Ig - g) q):ig =0 in Hrigu (I):ig(()u t) = G(t)u
O P (0, 1) — 0, P60, ) = H(t) — H°(t) on 1.

Using Proposition 11.8 we can set G = (T"& + T"1,)~*(H — H,), which ensures the solv-
ability of the above problem. 0

11.6.2. Construction of quasimodes.

e Terms of order h°. Let us write the “interior” equations:

lef : LoVier0 = Y0 Vlef,0
lef, N et 0 = Y0Pier 0
rig : /\/;@rlgq)rig,o = Y0 Prig,0 -

The boundary conditions are:
Wier 0(0, 1) + Prer,0(0, 1) = Prigo(0, 1),
OpPief 0(0,1) = 0y Prig0(0, 1).
We get:
Yo=2, Wiero = go(s)co(t).
We now apply Lemma 11.9 with Fig = 0, Fig = 0, Go = 0, H = 0 to get
G=0 and (=0.

We deduce: Qs = 0, Pyigp = 0 and, since { = —go(0), go(0) = 0. At this step, we do not
have determined g, yet.

ool =

e Terms of order h'/3. The interior equations read:

lef, : LoWier,1 = Y0 Vier,1 + 71 Vier,0
lef, : N @1 = Y0 Pres1 + 71 Prer 0
rlg : -/\/’(;igq)rig,l = ’YOCI)rig,l + ,qu)rig,o-

Using Lemma 10.4, the first equation implies:

11 =0, WYesi(s,t) = g1(s)co(t).
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The boundary conditions are:
91(0)co(t) + Pier,1(0,1) = Prig 1 (0, 1),

g(/)(O>CO(t) + a0'(I)|ef,1(07 t) = aUcbrig,l(()a t)
The system becomes:

1

lef, : (N(l)ef — §> D =0,
1

rg : (/\f(;'g — §> Pyig1 = 0.

We apply Lemma 11.9 with Fieg = 0, Fyig = 0, Go = 0, H = —g((0)co(2) to get:
G = _96(0)(Tr|g + Tlefﬂl)_ICO.
Since G = Pz 1 and ( = —g;(0), this determines Pief 1, Pyig1 and g1 (0).

e Terms of order h*/3. The interior equations write:

lef, : LoWieso + LoWier2 = Z YV ief o
I+ k=2
lef,, : N Dy = Z Vi Pief k
k=2
- rig 1
rg: NO ®rig,2 - gérigﬂa

with

i ]'
LoWiero = —go(s)co(t) + 7r3\/ESQO(S)atZ(CO)-

Lemma 10.4 and then Lemma 10.5 imply:

1
11.26 — g — ——5q) = .
( ) 90 12 go = Y290

Thus, 7, is one of the eigenvalues of the Airy operator and g, an associated eigenfunction. In
particular, this determines the unknown functions of the previous steps. We are led to take:
Vier2(s, 1) = Tigro + g2(5)co(t), with Tigrp = 0

and to the system:

1
lef , - (M = <) Brerz = 0
€ 0 3 lef,2
; 1
rlg . (./\/glg — g) q),—ig,g = 0.

Using Lemma 11.9, we find
G = —gll (0)(Trig -+ Tlefﬂl)_ICO.
This determines @iz 2, Pief 2 and go(0). The function g, is still unknown at this step.

o Further terms. The next steps are left to the reader.
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11.7. Reduction to Triangles. In this last subsection, we prove Theorem 11.6. For that pur-
pose, we first state Agmon estimates to show that the first eigenfunctions are essentially living
in the triangle Tri so that we can compare the problem in the whole guide with the triangle.

Proposition 11.10. Let (X, 1)) be an eigenpair of Lgui(h) such that |\ — L] < Ch*3. There
exist « > 0, hg > 0 and C > 0 such that for all h € (0, hy), we have:

/ eah_lx(|1/}|2 + |h3x¢|2> drdy < C||].
>0

Proof. The proof is left to the reader, the main ingredients being the IMS formula and the
fact that Hgo gy is @ lower bound of Lg,(h) in the sense of quadratic forms. See also [26,
Proposition 6.1] for a more direct method. UJ

e Proof of Theorem 11.6. Let ¥ be an eigenfunction associated with Agy;,(h) and assume
that the Mi are orthogonal in L?(2), and thus for the bilinear form Begui,, associated with the
operator Lgi(h).

We choose ¢ € (0, %) and introduce a smooth cutoff y"at the scale h!~¢ for positive =
X"(x) = x(zh*™") with x=1ifz<i x=0ifz>1
and we consider the functions x"¢)"". We denote:
€y (h) = span(x" ¥y, ... X" ¥, )-
We have:
QGui,h(@DZ) = )‘Gui,n(h)Hw:HQ
and deduce by the Agmon estimates of Proposition 11.10:
Qauih (X ") = (Aauin(h) + O(h™)) X"V
In the same way, we get the “almost”-orthogonality, for n # m:
Beuin (XU, X ) = O(h™).
We deduce, for all v € &, (h):
Qauin(v) < (Auivy () + O(h%)) [Jv]]*.
We can extend the elements of &y, (h) by zero so that Qguin(v) = Qi_, (v) for v € €, (h)

where Tri., is the triangle with vertices (—7+v/2,0), (h'¢,0) and (R~ h'™ + 7v/2). A
dilation reduces us to:

hl—& - 292 2
1+ —h=0; — 03
( m/i) (=10 = 93)

on the triangle Tri. The lowest eigenvalues of this new operator admits the lower bounds
% + 2a(n)h?/3 — Ch'~* ; in particular, we deduce:

1
Aui, N (R) = gt za(No)h¥3 — Chl==,
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11.8. Numerical simulations. Below we provide numerical simulations of the first eigen-
function (see [26] for more numerical simulations). In particular, we can observe the jump of
the potential which creates a wall for the eigenfunctions in the semiclassical regime.

VD4

0 =0.1482 % /2 0 =0.1032 % /2 6 = 0.0701 % /2
APH(0) = 0.56209 AP (0) = 0.48754 APH(0) = 0.42763
FIGURE 13. Computations for small angles. Plots in the computational do-
main ).

0 =0.0416 x /2 0 =0.0270 % 7 /2 0 =0.0112 % 7/2
APH(0) = 0.37085 APHO) = 0.33845 APHO) = 0.29766

FIGURE 14. Computations for very small angles. Plots in the computational
domain ).
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