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Abstract

This paper is the result of investigations suggested by recent publications and com-
pletes D.Huet [33] and [34]. The topics, which are dealt with, concern some spaces of
functions, and properties of solutions of linear and nonlinear, stationary and evoluton
differential equations namely: existence, spectral properties, resonances, singular per-
turbations, boundary layers, inertal manifolds. The aim of this document, and of [33]
and [34], is to be a useful reference for (youngs) researchers in mathematics and applied
sciences.

AMS Subject Classification: 3502; 4602; 4702.

Key Words and Phrases: Spaces of functions; Evolution equations and systems;
Elliptic equations; Schrodinger operator; Spectral theory; Singular perturbations; In-
ternal and boundary layers; Inertial manifolds.

INTRODUCTION
The article is divided into several sections as follows
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The development of each entry includes indications on history, definitions, an overview of
main results, examples and applications, but is, of course, non exhaustive. Complements
will be found in the references.

1 Birman-Schwinger operator

Definition 1. Consider the Schrédinger operator
H, = H, +V(2), H, = (~A)’ (1)

acting on L?(R?), 21 > d, where z — V(z) is a real-valued continuous function defined on
R? which is non-negative, and tends to zero sufficiently fast as |z| — oo, 7 is a small negative
coupling constant. The operator H, is self adjoint and its spectrum is o, = [0, +00). The
Birman-Schwinger operator associated to (1) is the operator

Xy(A) = V3ER\(H,)V?,

where Ry (H,) is the resolvent of H, in (—o00,0). For each A € (—00,0), Xy (A) is self adjoint
and compact (cf. J. Arazy, L. Zelenko [2]).

Application

In [2] , the authors consider the decomposition Xy (A\) = ®(A) +T'(\), where ®()\) is a finite
rank operator and 7'(A) an Hilbert-Schmidt operator whose norm is uniformly bounded
with respect to A € (—4,0) for some § > 0. An asymptotic expansion of the bottom
virtual eigenvalue \,(y) of H,, as v < 0 tends to zero, is deduced from this decomposi-
tion: if d is odd, it is of power type, while, when d is even , it involves the log function.
Asymptotic estimates are obtained, as v 1 0, for the non-bottom virtual eigenvalues of H.,,
{X(7).k € Z4;0 < k| < m}, where m = — 4L if d is odd and m = | — £ if d is even. If
d is odd, ®(—t?') is a meromorphic operator function, and the leading terms of the asymp-
totic estimates of Ak(7) are of power type. An algorithm, based on the Puiseux-Newton
diagram (cf. H. Baumgértel [1]), is proposed for an evaluation of the leading coefficients
of these estimates. If d is even, two-sided estimates are obtained for eigenvalues with an
exponential rate of decay; the rest of the eigenvalues have a power rate of decay. Estimates
of Lieb-Thirring type are obtained for groups of eigenvalues which have the same rate of
decay, when d is odd or even.

2 BMO spaces
BMO and related spaces

Definitions

Let sup be the supremum over all cubes I C R™ with edges parallel to the coordinate axes,
I

Q(I ) be the sidelength of I and f; the mean value of f over I. The square form of John-
Nirenberg’s BMO = BMO(R™) space (cf. F. John, L. Nirenberg [36]) is the space of localy
integrable complex-valued functions f defined on R™, such that

1
2

1 ll5ar0 = (sgp&u))-" [ 15~ f1|2dx) < 0.



The space of functions of bounded mean oscillation, modulo constants, equipped with the
above norm, is a Banach space.

Real hardy space H'(R")
A function f € HY(R") if and only if

F=Y ¢y (2)

where ¢; € R, )" |¢j| < oo, each function «; is supported on a ball Bj, has integral zero,

1
and sup |aj( )| < —| | Functions « that satisfy the above properties are called 1-atom (cf.
r€B; J
E.M. Stein, [53]).With the norm

£l = inf > e (3)

for all decompositions of f of the form (2), H'(R") is a Banach space. For definitions and
properties of Hardy-spaces HP(R™), see C. Fefferman and E.M. Stein [27].
The definitions of the following spaces are recalled in J. Xiao [58].

Q. spaces

For o € (—o00,00) , Qn(R™) is the Banach space of all measurable complex-valued functions
on R™, modulo constants, such that

z) — 2 3
Islle. s (nye [ [HO S0 gy < o

1JI1

(cf. M. Essen, S. Janson, L. Peng, J. Xiao [23]).

2
Space L,,a € (0,1)

i)
The homogeneous Sobolev space L, (R™) is the space of complex-valued functions f such

that
OE 3
Hf”L (/ / |x— ‘n+2a dxdy) < 0

Space L3524, @ € (0,1).

It is the space of measurable complex-valued functions f on R™ such that

l

||f||a2,n_%—sgp( 2o / @) - fi] 2dx> <o

Space Q;}T,oz € (0,1),T € (0,00)
A temperated distribution f on R™ belongs to this space provided

1
r? 2
Iflloz, = sup ( I/ IetAf(y)Qt‘adydt> <o
@ z€R™,re(0,T) 0 ly—z|<r

where e!2(z,y) is the heat kernel.



Relations between these spaces

1-In [27], it is proved that the dual of H'(R") is BMO (theorem 2).

2-For a € R, f € §'(R™), modulo polynomials, (—A)~% f = F~1 (|§\_af(§)) =I5 (cf. R.
Strichartz [54]). In [58], when « € (0,1), it is proved that

1) Qo = (=A) % Lan—2a,

2)L, = (-A) 5 L%

3) Q;;go = V(Qa)n

and sharp estimates for the norms of the embeddings Q, — BMO, and Li — Lniﬁ7 are
obtained .

We point out that 3) means that f € Q7L  if and only if there are f; € Q, such that

f= Z?:1 8jfj'

BMO nonlinearity

(cf. S-S. Byun and L. Wang [10]) Let a(&,z) be a real valued function on R™ x R™. For
y € R™ and p > 0, B,(y) denotes the open ball of radius p centered at y. Set

N 1
0O = 5 /B a(€, 2)dz (4)

p(y)

and define the function 3(a, B,(,)) by
la(§,2) —ap,, (€]
Bla, B x) = sup PL)
R

Definition 2. Small BMO condition The vector field a = a(&, x) satisfies the (6, R)-
BMO condition if

(5)

1
sup  sup 7/ |Bla, Byl (z)dx < 62 (6)
|Bp(y)| B

0<p<R yeR” o(y)

Definition 3. Reifenberg domain A bounded open set €2 in R"™ is (§, R)-Reifenberg
flat if, for every x, € 99 and every r € (0, R], there exists a coordinate system {y1,...yn },
(which can depend on r and z,) so that x, is the origin in this coordinate system and that

B, (0)N {yn > 6r} € B,(0)NQ C B (0)N {yn > —0r} (7)
(c£.[9])

Applications

i)Let © be a bounded, open subset of R”, f € LP(Q;R"),2 < p < 00, a = a(&,z) : R"xR" —
R™ is a vector field measurable in x for almost every &, and continuous in £ for each z. In
[10], the authors consider the non linear boundary value problem

div a(Vu,z) =divf, in @ u =0 on 99. (8)
The following conditions are imposed on a(§, x)
[a(€, 2) — a(n, 2)]-(€ —n) = col& —nl? (9)
for all £,7 € R™ and almost every x € ().
la(§, 2)| < cr(1+[€]) (10)



for all £ € R™ and almost € R", and
[Vea(é, )| < ca V€ €R", and almost every x € R" (11)

for some positive constants c,,cq,ca. Then it is proved that there exists § > 0 such that,
if a satifies the (0, R)- BMO condition and © is (J, R)-Reifenberg flat, the weak solution
u € HY(Q) to (8) belongs to W1P(Q) with the estimate

IVullpr@ < C(IfllLr@) +1) (12)

where C' is independent of u and f.

ii)In [9], S-S Byun extends the previous results to Orlicz spaces.. He recalls the following
definitions:

Definition 4. A positive function ¢ defined on [0, 00) is called a Young function if it
is increasing, convex and satisfies

5(0) =0, (o) = lim o(t) = o, lim 2 —o,  1im 2 _

t—00 t—0 ¢ t—oo

(13)
Definition 5. We say that the Young function ¢ € Ay U Vs if it satisfies the following

conditions
B(28) < KO(L),VE >0, 2t00(t) < d(tot), ¥t > 0 (14)

for some numbers k,t, > 1.

Definition 6. Let ¢ € Ay U V3 be a Young function. The Orlicz space L?(Q) is the
linear space of all measurable functions v :  — R satisfying

[ olluhds < o (15)
Q

Equipped with the norm
lollzsqoy = inf 3> 0+ [ oo < 1) (16)

L?() is a Banach space.
The following result is proved in [9]: let ¢ € Ay U V5 be a Young function. There exists
a small § > 0 and a positive constant C' such that, if the nonlinearity a satisfies (9), (10),

(11), (6), if Q satisfies (7), and if | f|> € L?(£2), then the unique weak solution u € H}(Q)
to (8) satifies |Vu|? € L?(€), with the estimate

[ ovalas < o+ [ olfP)do) a7)
Q Q
Remark 1. If p > 2 and ¢(t) = t% the inequality (17) is only (12)

3 Bounded variation (functions of)

The notion of functions of bounded variation is closely related to the notion of measure
and the following usual definitions are useful.



Measures-Definitions
Let © be an open subset of R, and C.(2,C) [resp. C.(€2,R)] be the space of continuous
functions ¢ : Q — C [resp. R] with compact support in €.

i) A measure p on € is a linear functional

1 ¢ €Ce(Q,C) — p(p)(or{u, p)) € C (18)

that is continuous, in the following sense: for all K compact in €2, there exists a constant
C'k such that

(e, o) < Ckllelloo (19)

for all ¢ € C.(2, C) whose support is contained in K. We write u € M(Q). In [51], L.Schwartz
introduces a topology on C.(€2,C) and p is continuous on this topological space .

ii) p is said bounded on Q if, in(19), the constant is independent of K. The space of
bounded measures on € is denoted by M () .

iii) The conjugate i of u is given by

(1, 0) = (1, @) (20)
iv) w is called real, if (i, p) € R,Vp € C.(,R)

v) p is called positive if (u, ) > 0,V € C.(Q,R), >0
Absolute value of a measure

If u is a complex or real measure, its absolute value, denoted by |u|, is the map

Y € C(Q,R), 0 >0 = (Jul,v) = sup {1{ms )|} (21)
PEC(,0),|p|<v

Total variation of a positive bounded measure

Let 41 be a positive, bounded measure on ). Its total variation, denoted by |u|q or fQ 14
is

lu| = sup () (22)
PEC.(QUR),0<p<1

Space BV (I,R) or BV ()

Let I = (a,b) be an interval in R. The following definitions are well known. A function
f:x eI — Ris of bounded variation

i) if it can be expressed in the form ¢ — 1, where ¢, 1 are nondecreasing bounded functions

ii) if the interval (a,b) is divided up by points
Aa=2o <21 < ... <Tp_1<Tp=2>

then, there exists a constant C' > 0, independent of the mode of division, such that

S Flvn) — )] < © (23)
v=0



and the upper bound of the sum (23) is called the total variation of f on I and is denoted
by V(£I)
For these definitions, see E.C. Titchmarsh [56] p. 355 and F.Riesz and B. Sz-Nagy [48] p.10

iii) If f € L}, (R), f defines a distribution 7' = Ty € D'(R). In order the derivative of T

loc
to be a measure, it is necessary and sufficient that f is of bounded variation on every finite

interval, see L. Schwartz [51] p.53.
Space BV (Q,R) or BV (Q)
Definitions

The following definitions are equivalent (cf. H. Brezis [8], p. 153):
A function f € W (Q), is of bounded variation

i) if all first derivatives of f, in the distributional sense i.e. in D’(€), are bounded measures.

ii) there exists a constant C' such that

0
|| Fgdal < CIAIL¥@) V6 € CX@), i=Toun 29
Q i
iii) there exists a constant C' such that
TS = Fllerw) < Clhl (25)

for all open set w CC Q and all h € R™ with |h| < dist(w, (Q). Moreover, in (24) and(25) we
can take C' = ||V f|[11(q). Here 7, f(z) = f(x+h), and V f is the distributional gradient of f.

iv) a function f € L'(Q) is of bounded variation if its first distributional derivatives are
bounded measures. Then, the gradient Vf is a bounded, vector-valued measure whose
absolute value |V f| is the map

P € C(QR), ¢ >0 = (|Vf],9) = sup RUNZA2IL (26)
PECQ.LM), T |ps[2 <y

0
where (Vf,¢) = 37 87{-(‘0"’ [V f| is a bounded positive measure. The total variation of
V7 is ’
[wi=1¥lo = s (vfl.y) en)
Q PEC(Q,R),0<y<1

(cf. F. and G. Demengel [21], p.303)

The general case

Let Q be an open subset of R with a smooth boundary. A function f € L} (©Q,R")
has a bounded variation i.e.f € BV (Q,R"), if Vf, in the distributional sense, is a vector-
valued Radon measure of finite total mass. Let |flgv = [, |Vf| be a BV-semi-norm.
In J. Davila [20], the following property of |f|py is proved: there exists a positive constant
K, which depends on d, such that, for every family of non negative radial mollifiers p. €
L} .((0,00), R, ) satisfying

loc

/ pe(r)r®=tdr =1 and lim pe(r)rildr =0 Vo > 0,
0

e—0 5



we have

pim [ DI, 1 ydwdy = Kiflpy, vf e BY@©,R9).
€20 /o2 |z -y
Application

In [10], B. Merlet shows, by means of the above property of |f|zv, that, if u € BV (Q, S1),
there exists a lifting ¢ € BV(,R) of u (i.e. u(z) = ™) Vo € Q) such that |p|py <
2|’U,|Bv.

4 Discrete energy

Let wy = (21,...,on), N > 2 be a set of N points on the unit-sphere S? = {z € R?,|z| = 1}.

Discrete energy of wy

Different discrete energies are associared with wy. Let a € R, -2 < a < 2.

Definition 7. The Coulomb [resp. logarithmic] energy associated with wy is

[resp.

N
Hi(wn)=—Y_ log |z; — x| ]
Definition 8. More generally, the a-energy associated with wy is

N N
Yoo > |ri—xi|* ifa#0

E(a,wn) = < izl j=it1
Hr(wn) ifa=0

Remark 2.
HC(OJN) = E(—l,wN)

Remark 3. E(a,wy) is the energy of the N points z1,...,2x, on the surface of the
sphere, interacting through a potential V = r® (cf E. A. Rakhmanov, E.B. Saff, Y.M. Zhou

[47])-

The article [47] is devoted to extremal energy for wy:

inf Ela,wy) ifa<0

N) = wNES?
€(a; N) sup F(a,wy) ifa<0
WwNES?

Bounds for £(a, N),—2 < a < 2 and explicit formula for N points on S? that yields good
estimates for £(a, N) are obtained. The authors point out important applications of the
determination of £(a, N) to geometry, chemistry, physics, and cristallography, and give
references for the history of related researchs.



A more general discrete energy-like function on the unit sphere

In [12], A.F. Cheviakov, M.J. Ward, R. Straube introduce the following definition

Definition 9. The discrete energy-like function associated with wy is

H(wn) = Heo(wn) + HL((-L)N — *Z Z log(2 + |z; — ;)
=1 j=141
Application

In [12], H(wy) is related to the mean first passage time (MFPT) v(x) for a Brownian
particle in the unit ball © in R that contains N small locally circular absorbing windows

N
99, on its boundary 90 = 52. Set 9Q, = |J 99,. The function v(z) is solution to the

j=1
Dirichlet-Neumann problem :
1
Av = —p Q
v
v=0 on 00, 8—20 on 00\ 09, (28)
n

where D is a diffusivity coefficient. The authors obtain three-term asymptotic expansions

for v(x), for the average MFPT & = 9] Q| Jo v(z)dz, and for the principal eigenvalue A of
the Laplacian associated with the boundary conditions (28), when the area |0€2 | ~ 71'€2CL§,
e, »x;€8%ase—0,j=1,..,N and |z; — x;| = O(1),i # j. For instance, when the
windows have common radius € < 1, they obtain:

2] 2 9N

3.4 ,
46DN[1+ € log (€)+;(*?+2(N 2)log2 + )+N’H(xl,...,x]\;)+@(e log €)].

™

U=

and
A
Dv
Next, v is minimized and the corresponding A is maximized at the configuration wy that
minimizies H(wy). The optimum arrangements {1, ...,zy} that minimize H(wy) are nu-

merically computed by different methods.

5 Equal- area condition

Equal-area type conditions appear, as sufficient or necessary conditions, in the formation
of layers (internal or superficial) in stationary solutions to various singularly perturbed
reaction-diffusion systems. In the recent works A.S. do Nascimento [43], J. Crema, A.S. do
Nascimento [18] and R.J. de Moura, A.S. do Nascimento [11], the authors prove the necessity
of suitable equal-area condition for the formation of internal or (and) superficial transition
layers in this type of problems.

Example 1. A simple particular case of problems studied in [43] is the elliptic boundary
value problem
0 29
au_ 0 on 0N (29)
on
where  is a smooth domain in RV, N > 1, f : R — R is such that there exist a, 3, > 3,with

fla) = f(B) =0.

{ ediv(h(z)Vu) + f(u) =0 z € Q



Let I' C © be a smooth (N-1) dimensional compact manifold without boundary. It is
proved that, if (29) has a family {u.} of solutions which develop an internal transition
layer with interface I' connecting the states « to 3, then, necessarily, the simple equal-area

condition 5
/ f(s)ds=0
«

is satisfied.
Example 2. In [18], the following stationary system is considered:

ediv(h(z)Vu) + f(z,u,v) =0 = €Q

div(k(z)Vv) + g(z,u,v) =0 x € (30)
ov
6—n—0 (or v.=0) on 05

where Q is a smooth domain in RN, N > 1, v,k,g are sufficiently smooth R"-valued func-
tions, and kVv = (k1 Vv, ..k, Vuy,).

Let U be an open connected set in 2, I' C U be an (N-1)-dimensional compact connected
orientable manifold whose boundary OI' is such that T N 9 is an (N-2)-dimensional sub-
manifold of 9€2. A definition of a family of internal transition layer solutions {(u.,v¢)},0 <
€ < €} to (30) in U with interface I', depending on two functions «, 8 € C°(U), a(z) < B(x)
on I' is given. For such a family, there exists u, [resp.v,] such that u. — u, [resp.ve — Vv,
on compact sets of U \ T [resp. in U]. It is proved that, if a family of internal transition layer
solutions to (30) exists, then f(z,u,(z),vo(x)) =0 on U\ T and necessarily the equal-area
condition

B(x)
/(/ f(@,5,vo(x)) ds) dS = 0
T Ja(z)

is satisfied. Several concrete applications of these results are presented in the paper.

Example 3. In [11], Q is a bounded domain in RY, N > 1 with C? boundary 952,
S is a C? (N-1)-dimensional surface with a boundary ¥ which is assumed to be a C?
(N-2)-dimensional compact surface without boundary with ¥ = SN 9, and S intersects
09 transversally The authors define a family of solutions {u.},0 < € < €, to the elliptic
boundary value problem:

ediv(a(x)Vve) + f(z,v) =0, € Q

v,
on

ea(x) =g(z,ve), x €00

which develops internal and superficial transition layers, depending on some smooth
functions a, 8, a(z) < f(z),z € ), with interfaces S and 3 respectively.

Here a € C1(Q),a > 0,f: QxR — Rand g: Q2 x R — R are of class C' and 7 is the

exterior normal vector field on 9€. It is proved that the equal-area conditions:

B(x) B(y)
/ f(z,t)dt =0 Vx € S and / g(y,t)dt =0 YyeX
a(x) a(y)

are necessary for the existence of such solutions.

10



6 Inertial manifolds
Let (E,d) be a metric space and S(t) a continuous semigroup on E.

Definition 10. A set M C E is an inertial manifold for S(t) if
i) M is a finite-dimensional Lipschitz manifold in F
ii)M is of class C*
iii)M is positively invariant under the flow i.e. S(¢)M C M,Vt >0
iv)M is exponentially attracting i.e. there exists a constant ¢, such that, for ecery u, € E,
there exists a constant ¢1(u,) > 0 such that

distp(S(t)ue, M) < cre” % ¥t >0

where distg is the Hausdorff semi-distance (see section 1.8 in D.Huet [34]) c¢f A. Bonfoh, M.
Grasselli, A. Miranville [6] p.164.

Definition 11. (see R. Temam [55]) Let B C E, and U an open subset of E such that
B C U; B is said absorbing for S(¢) in U if, for any bounded set B, in U, there exists
t1(B,) such that S(t)B, C B, for all t > ;. In particular, if B is bounded, S(t)B C B, for
t>1(B)

Remark 4. Similar definitions were given in [55] and M.Luskin, G.R. Sell [38], in the
case of Hilbert spaces. In [55] the smoothness of M and the continuity of the semi-group
S(t) are not parts of the definition of an inertial manifold.

In a Hilbert space H, an inertial manifold M for a semi-group S(t) is usually viewed as
the graph of a suitable smooth function ® : PH — QH, where P is an orthogonal projection
on H with finite-dimensional range, and Q = I — P.

Usually, the semigroup S(t) is associated with an evolution equation of the form

up+Au+ Ru=0 (31)

with the initial condition u(0) = u,, where A is a linear operator and R a nonlinear one.
When an inertial manifold M exists for problem (31), the restriction of (31) to M reduces
to a finite dimensional ordinary differential equation, which is an exact copy of the initial
system.

Construction of an inertial manifold
An Hilbert space case

(cf.[55]). In a Hilbert space H whose norm is denoted by |.|, consider problem (31) where A is
an unbounded linear operator in H, strictly positive (i.e. 3¢ > 0 such that (Au,u) > c||u||%
for all u in the domain D(A) of A), and self-adjoint. It is assumed that A~! is compact.
Thanks to assumptions on A , it is possible to define its powers A® defined on D(A?), for
all s € R. When 0 < s < 1 see also D. Huet [32],T. Kato [37], M. Schechter [19]. For r > 0,
we denote by B, the ball, in D(A?®), with center 0 of radius 7, i.e.

Bsr ={v e D(A%);||v]|s = [A%0| <7} (32)

It is assumed that R satisfies the following properties:

11



Hy: 3o € R such that R is Lipschitz on the bounded sets of D(A®) with values in D(A*~2)
and
[A*72 R(u) — A R(v)] < Cxe| A% (u — )],

(33)
|A%| < K |A%| < K Yu,v € D(A%)

Hy: Ifu, € D(A®) problem (31) has a unique solution u € C(R*; D(A%))NL2((0,T); D(A**2)),

0 and the map S(t) : u, — u(t) is continuous from D(A®) into itself, V¢ > 0.

Hs: The semi-group S(t) possesses an absorbing set B, C D(A%) such that
1-S(t)B, € B,, Yt>O
2-The w-limit set of B,
w(B,) = N US(t)B, 34
()= 1, 050 (39
is the maximal attractor for S(¢) in D(A®)
3-p > 0 is chosen such that B, is included in the ball B, s of D(A%) (cf (32)).

The prepared equation

The prepared equation is equivalent to the original one for ¢ large. Let 6 : RT — [0,1] be a

O fuIlCthIl SLl(h (hat
1 I(D () < S <

0 fors>2
and
sup [0(s)| < 2 (35)
s>0

The aim of the prepared equation is to avoid the difficulties related to the behavior of the
nonlinear term R(u) for large values of |[A%(u)|. Let 6,(s) = 9(5), r >0 and
r
R, (u) = 0,.(|A%(uw)|)R(u) Yu € D(A%) (36)
The prepared equation associated to (31) is of the form
uy + Au+ R,u =0 (37)

Let S,(t) be the semi-group associated with (37). The following is assumed
Hy: The ball B, , is absorbing for S, (¢)
Thanks to the assumptions on R, R, is a bounded operator, and a Lipschitz mapping from
D(A®) into D(A®~2). In particular
[Rp(u1) = Rp(ug)| < Cp|A%(ur —ug)|  Vur,up € D(A®) (38)

where C), is a constant which depend of p.

Space Fy,

Let N € N, and b,] > 0. Under the assumptions on A, there exists an orthonormal basis w;
in H, where w; is the eigenvector of A corresponding to the eigenvalue Ay, with 0 < Ay <
Ag... < Ay — 00, as j — 00. Set

P=Py Q=I—-P=1I-Py

where Py is the orthogonal projector, in H, onto the space spanned by wi,...wyx. The
projections P and ) commute with A% V3 € R.

12
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Definition 12.

F =Fiwn =A{¢: PD(A%) = QD(A%)} (39)
where ¢ is a Lipschitz function with supp (¢) C {p € PD(A%),|A%p| < 2p}, that satisfies
[A%e(p)| < b [A%p(p1) — A%p(p2)| < U[A%(p1 — p2)| (40)

Vp S PD(Aa)vplaPQ € D(Aa)

Remark 5. 1-PD(A®) is finite dimensional.
2- F is a complete metric space for the distance

d(p1,2) = sup  [A% (p1(p) — w2(p)) | (41)
pEPD(A~)

Construction of a map 7 : F — F

Let ¢ € F,p, € PD(A%).Thanks to assumptions on ¢ and R, the problem:

By Ap+ PR+ o)), p(0) =, (12)

has a unique solution p,,_ ,(t) € PD(A®). Then, problem

% + Ag = —QR,y(pp, o (t) + 0Dy, (1)) (43)

has a unique solution g, ,(t) € Cp(R; QD(A®)). Therefore g, ,(0) € QD(A%) (cf lemma
2.3., p.420 in [55]). The mapping 7 is defined by ¥ = T () with

) :po € PD(AY) = qp, »,(0) € QD(AY) (44)
Let o(t) denote the right member of (43). Then

b(po) = - / eAo(r)dr (45)

— 00

Existence of an inertial manifold for (31) or (37)

Under asumptions Hy — Hy, if it is possible to find N,b,1, such that 7T is a strict contraction
of F into itself i.e. L < 1 with d(T @1, Tp2) < Ld(p1,p2), V1,02 € F, then, T has a fixed
point ® € F, and the graph of ® is an inertial manifold for (31) or (37)

Example 4. (cf. A. Bonfoh [7]) Set Q = [];_,(0,L;),L; > 0,n < 2 and denote by N
the operator —A : H2(Q) N H(Q) — L?*(Q). The following singularly perturbed problem
(Pe) is studied, in 2 :

d¢s + Nop+g(¢) = u (46)
eur + ¢t + Nu=0
with the boundary conditions
¢7 U|aQ =0 (47)
and the initial conditions
Pli=0 = b0, Ult=0 = o (48)

where § > 0, ¢ € (0,¢,,],9 € C?(R) satisfies the conditions

lg'(s)| < Ci(|s|P +1), ¢'(s) >—Cs, C1>0,Co>0,p>0,VseR (49)

13



The limit problem (P,) is given by (46) where € = 0:

St + No+g(o) =u
{ (bt:—Nu:O (50)

(47), and the initial condition ¢|i—g = ¢,. Set

Hy=H,(Q), Hz=H*(Q)NH,(Q), Hs={qe Hs(Q)NH;(Q);Aq€ H, ()} (51)

Let ||-]| denote the usual norm in L?*(Q) and set ||g||, = |\N§q||,r = 1,2,3. The norms
[I||- are equivalent to the usual Sobolev H"(€2) norms on H,. Several Banach spaces whose
norms depend on € are introduced,in particular

HE = Hy x L*(Q), with the norm [|(p,q)lle = (/IplI} + ellal|*)* (52)

Under additional assumptions on the regularity of the data, there exists semigroups S(t),
global attractors A, and exponential attractors M, for problems (P,),0 < e < ¢, (cf C.V.
Chepyzhov, M.I. Vishik [11]). It is proved that 4. and M, converge as ¢ — 0, to some
lifting of A, and M,, in H$ (cf (52)). Moreover, there exists r > 0, independent of €, such
that

B={ueHs,luls<r} B.={(6u)eH (6,0l <} (53)

are bounded absorbing sets for S(t) in Hz and S.(t) in H?2, respectively, where
H? = Hj x Hy with the norm [|(p, )32 = |Ip|I3 + €l|all3 (54)
and there exists t; > 0 such that S(¢t)B C B, Se(t)Be C B, for t > t1, in particular:

B=S(t)BCB B.=S(t)B. C B, (55)

Following the above construction, the authors associate an inertial manifold M" to problem
(P,), and a family of inertial manifolds M to problems (P;) such that

M"c B, M’ cC B, (56)
Let (M"), be the following lifting of M":
(M) ={(6, (I +6N)" (No+g(¢)) € Heop € M7} (57)

Then, it is proved that

1) For all 0 < €2 < €; small enouph, M/, is lower and upper semi-continuous at ez, with
respect to the metric induced by the H? norm

2)M? converge, in a suitable sense, to (M"), with respect to the metric induced by the
H{norm, as € goes to 0.

7 Mathieu-Hill type equations

Mathieu and Hill Equations
The real Mathieu [resp. Hill] equation has the form

Yy’ + (a+beos2mx)y =0

14



=20 ..':
P2 B=o-1

Figure 1: The ao — 3 plane

where a and b are constants, [resp.
y" + (a+ bg(z))y = 0]

where ¢ is any smooth periodic function of period 1 with mean 0 (see E.A. Coddington, N.
Levinson [141] and Z.X. Wang, D.R. Guo [57]). Physical problems leading to Mathieu or Hill
equations often require solutions with periodicity, called oscillatory solutions . Therefore,
to find conditions on the data for which the above equations have a fundamental system of
periodic solutions is a central problem.

Its Equation
In [35], A.R. Its considers the Schrédinger equation on the positive semi-axis
Y = [Pp(a) + ey =0 (58)

where p is a smooth periodic function, with period 1 and mean 0, c is a real number and
the parameters «, 5 satisfy the relations § — a > —1 and 2a — 8 > 0 (cf.Figure 1).

He proves that equation (58) has oscillatory solutions when > a — 1. If 8 = a — 1, the
solutions are oscillatory or not. In all cases, asymptotic formulas for the solutions are stated,
as r — oo. His method is based on a transformation which leads to a Hill-type equation
and Floquet functions.

Method of diagonalisation

In [5], S. Bodine and D.A. Lutz investigate equation (58) by a general method of diagonal-
ization with a L'-regularity for p. Set

_ o ita [ ps) ! e
t=at )= [ S = [ gt v = [ o0y <o)

1 1
Mz = (5 Efetp? —vt)/(1+a)
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be the eigenvalues of a suitable matrix which depends on «,c, u, v, and A be the crucial
diagonal matrix diag{\1, A2}. When § = a— 1, three cases are studied separately according
to A1 — A2 belongs to N, does not belong to Ny or is equal to 0. In each case, very sharp
asymptotic formulas are obtained for a fundamental system of solutions to (58). In partic-
ular, when A\ — Ay € Ny, a logarithmic term appears in the formulas. For instance, when
A1 — A2 € N the following formulas are obtained:

M (ita) N-1 pl(lera) 1
I 1 (0% T
yi(z) == 1+ 2 or(i+a) + O(ZN(1+a) )] + n(Inz)yz(z)
N-1 9/ 1+«
_ o A2(14a) pr(‘r ) 1
yo(z) = 27 [+ z:l sara O sa)
r=

where pl2 are scalar valued , bounded, continuous, periodic functions with period 1 which
are recursively calculated. This logarithmic term is missing in Its formulas.

8 Memory (equations with)

Definition

Definition 13. (cf. B. D. Coleman and W. Noll [15]) A function h is called an
influence function if
i) h(s) is defined for 0 < s < oo, h(s) >0
ii)There exists » > 0 such that lim s"h(s) = 0, monotonically for large s.

S§—00
The function h(s) is said to be of order r.

Example 5. 1) h(s) = (s +1)7? is an influence function for r < p
2) h(s) = e7P%,3 > 0 is an influence function of any order

Dafermos results

Let H be a Hilbert space with inner product (.) and norm |[|.||.

An abstract integrodifferential equation

In [19], C.M. Dafermos investigates solutions ¢ € (—o0, +00) — u(t) € H, on [0,00), to the
integrodifferential equation
d t
%(pu(t)) + Cu(t) + / Gt —7)u(r)dr =0 (59)
with specified “history ”
u(r) =o(r), 7€ (-00,0] (60)

Here p,C,G(t) are self adjoint operators in H, p is bounded, C' and G(t) are unbounded
with dense domains D(C) and D[G(t)] respectively. Moreover, they satisfy the following
conditions
{pw,w) > pollw||?, Ywe H
(Cw,w) > c||w]]?, Yw e D(C) (61)
(Gt)w,w) <0, Yw e D[G(t)], te€]0,00).
with p, >, ¢ > 0. Let Hs [resp.H;] be the Hilbert space defined as D(C') [resp.D(C% )],equipped
with the natural norms, and H_; the dual of H;. The injection Hy — H is assumed to be
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compact. More regularity assumptions on G(t) and G (t) imply the existence of a decreasing
influence function h € C°[0, 00) such that

/O NGOy + 1G] ee, b~ (8)dt < oo (62)
In the following, h is a fixed influence function which satisfies (62)

Spaces of fading memory type; stability results

Set I = (—o00,0]. For k = 0,1,...,, in [19], the author introduces the Banach spaces of
fading memory type (cf.[15]) Ck [resp. By of sufficiently smooth functions w : I — H;
[resp.w : I — Hs] such that:

1 k+1—j
lwlle, => > bup —1)[[w (#)]1;] < o0 (63)
7=0 =0
[resp.
2 k+2—j
lwlls, = > Supllw(’) ®)I]; < od] (64)
7=0 =0

Then, By C Cry1 C Ck, and the injection By — Cj is compact. Let T > 0 and set
Ip = (=00, T]. If v € Cy, [resp. Bk, he proves the existence of a unique solution u to (59) on
[0, 7] which satisfies (60) on (—o0,0]. Moreover, si v € Cy, [resp Bi], u satisfies

1 k+1—j

YD s Hu(l @l < cllvlle, (65)

j: 1=0 [ ’

[resp.
2 k4+2—j5

> supnu Oll; < ellolls,] (66)

7=0 =0

The new function
w: (v,§) €Cr x [0,00) = w[(v,)(T) =u(+7)€C, TEI
where u is the solution to (59) on [0, 00) with condition (60) on (—o0, 0], satisfies

wv,0)=v YveCl
w(v, &+ &) =wlw(,§),&] V¢ €]0,00),v € Cy

i.e. w looks like a dynamical system on Cj (or By), but it is not necessarily continuous on
Ci %[0, 00). Therefore, w is not a classical dynamical system (cf. J.K. Hale [30]) Nevertheless,
it is possible to define a Lyapunov function Vi(v), for w, on C; and prove, with suitable
spectral conditions on G, via an adaptation of J.K. Hale’s results [30], the following stability
results for the solution u to (59) on [0,00) with condition (60) on (—o0,0] , when v €
Cmym=20,1,...:

uD(t) = 0in Hiast - 00 i=0,1,..m

u™ T (t) - 0in H as t — oo
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Equations with memory and singular perturbations

Example 6. In [28], S. Gatti, A. Miranville, V. Pata, S. Zelik consider a family of
Banach spaces H. and a family of semi-groups Sc(t) : H. — H, ¢ € [0,1]. They state
sufficient conditions on H, and S, which imply the existence of exponential attractors &, for
Se(t), € € [0,1] such that

dist-sym (&, o) < Ce

and
dist-symp,_ (£, €e,) < Cler —€2)’ Ve > e >0

with C' > 0 and § € (0, 1).The results are applied to evolution equations with memory of
the form

O (t) + / ke(s)Bo(x(t — s))ds + B1(z(t)) = O, t€[0,00) (67)
0
with specified history
z(t) = v(t), te(-o0,0] (68)
where v is a given function, k [0,00) — [0,00) is a convex summable function with

fo k(s)ds = 1 and k(s) = ,k(,% By, By are densely defined, possibly nonlinear, oper-
€ €

ators in a suitable Banach space. As ¢ — 0, the formal limit to problem (67) and (68)
is
Oy (t) + Bo(x(t)) + Bi(x(t)) =0,  (0) = v(0) (69)

Example 7. In [16], M. Conti, V. Pata and M. Squassina are interested in the conver-
gence, in an appropriate sense, as € — 0, of the solution u.(z,t), z € Q, t € R to problem

(pe):
up — wAu — (1 — w)/o kc(s)Au(t — s)ds + o(u) = f, t >0,

with Dirichlet boundary conditions on the boundary of the smooth bounded domain 2
in R3,w > 0,¢ is a suitable nonlinearity, f is a time independent source term , and the
memory kernel k. converges to the Dirac distribution at the origin, u(z,t) is supposed
to be a given datum for ¢t < 0. Let A = —A on L?(Q2) with domain D(A) = HL(Q) N
H?(Q), H" = D(A?%),r € R. Following C. Dafermos [19] and M. Grasselli and V. Pata [29],
they introduce, under additional assumptions on k, ¢, f, (p(x) = 23 — x is allowed), the
auxiliary variable n'(z,s) = [’ u(z,t — y)dy, the functions pu(s) = —(1 — w)k'(s), pe(s) =
12u( ), the Hilbert spaces M} = L? (R*, H™*') and H] = H" x M for € > 0, H, = H".
The correct reformulation of p., in the frame work of dynamical systems, is( P.) : find
(ue,me) € C([0,00), H?) solution to

ur + wAu —|—/ pe(s)An(s)ds + o(u) = f, O = —0sn+u

for t > 0, associated with the initial condition (u,,7,) € H?. The existence, for € > 0, of
a strongly continuous semi-group S¢(t) on H? corresponding to P. and of an exponential
attractor & for Sc(t) are proved. The convergence of & is also studied.
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9 Nodes, Nodal

Nodal points, curves, surfaces, or nodes

Definition 14. In R. Courant, D. Hilbert [17], they are defined as points [resp. curves,
surfaces], on which some eigenfunctions of a differential problem, in a domain G € RN, N = 1
[resp. N = 2, 3], vanishes.

Example 8. In the 1970 edition of [17], p.452, a second order Sturm-Liouville problem
is considered. It is proved that the nodes of the n** eigenfunction u,, divide the domain into
no more than n subdomains.

Nodal sets, Nodal domains, Nodal solutions

Example 9. 1In [31], M. and T. Hoffman-Ostenhof and N. Nadirashvili study the
Dirichlet eigenvalue problem

—Au; = MNug, 1=1,2,... u€e H;(D),
where D is a bounded domain in R", . The nodal set u; is defined as

N(u;) ={z € D : ui(x) =0}

The nodal domains of u; are the connected components of D\ N (u;).The authors construct
a domain D C R? on which the second eigenvalue has a nodal set disjoint from the boundary,
whereas the nodal line conjecture, first mentioned by L.E. Payne [15], stated that

N(UQ) ﬂaD 7’5 (Z)

Example 10. In [3], T. Bartsch and T.Weth consider the nonlinear elliptic Dirichlet

problem:
—EAu+au= f(u)in Q, uec H Q) (70)

where ) is a bounded domain in RY, N > 2, a > 0, ¢ is a small positive parameter, and f
grows superlinearly and subcritically. They study the number of nodal solutions i.e. sign-
changing solutions of (70) and their nodal domains. They show that the number of nodal
solutions can be expressed as a Lyusternik-Schnirelman category (cf. L. A. Lyusternik, L.
Schnirelman [39]), of a suitable inclusion between two spaces which involve the shape of 0f.

Example 11. The Ehrenberg-Siday-Aharonov-Bohm effect
This effect is a quantum mechanical phenomenom in which an electrically charged particle
is affected by an electromagnetic field (F, B) despite being confined to a region in which
both the magnetic field B and the electric field E are zero (cf. Y. Aranov, D. Bohm [1], W.
Ehrenberg, R.E. Siday [22]) and M. Peshkin, A. Tonomura [16]).
In [44], B. Noris and S. Terracini consider the following problem of Ehrenberg-Siday -
Aharonov-Bohm type:

H,yu=(iV+A,)?u+Vu=0in D,, u=T ondD. (71)

acting in L?(D;C) where D is the open unit disk in R?,a = (a1,a2) € D,D, = D\{a},
V € Wh(D) is the scalar potential, A, is the following vectorial potential

2n+1( To — Q2 r1 — aj
2 (1 —a1)?2 + (w2 — a2)?’ (z1 — a1)? + (x2 — az)?

Ag(z1,20) = ) +Vo, (72)
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I e WHe(D;C),n € Z,¢ € C*(D). The magnetic fied associate to A, is a Dirac distribution
at a, directed orthogonally to the plane. The magnetic potential A, satisfies V x A, =0 in
D,, and the half integer circulation

1 M+ 1
2 Apdr =0 ez, (73)

for every closed path o which winds one around the pole. The authors investigate the nodal
set A (u) for a class of solutions to (71) whose nodal set consists of regular arcs connecting
the singular points with the boundary and , in particular, when N (u) consists of exactly
three arcs, intersecting in a.

N-mode solution

In [42], K. Nakashima, M. Urano and Y. Yamada, consider the following ordinary differential
problem :
e (z) + f(z,u(z)) =0 x €]0,1[; «/(0) =u'(1) =0 (74)

where f(x,u) = u(l — u)(u — a(z)); a is a C?[0,1] function such that 0 < a(z) < 1,
a/(0) = a’(1) = 0, and the subsets ¥ and A of (0,1) where a(z) = % and d/(z) = 0,
respectively, are finite sets and o'(z) # 0 for any x € 3. The authors study the asymptotic
behavior, as € — 0, of n-mode solutions u. of (74) i.e. solutions such that v. = u. — a has
exactly n zero-points in (0, 1), and show that any transition layer [resp. spike] is located in
a neighborhood of a point of ¥ [resp. A].

10 Resonances

Only a few aspects of this large topic are presented here. More aspects are in preparation.

The case of a vibrating string
Free motion

(cf. L. Schwartz [50]) Consider a homogeneous vibrating string , with linear density p,
subjected to a constant tension u.The position of the string, fixed at the end points x =
0,2 = L is given by solutions of the wave equation

1 0%u  9%u .
with the boundary conditions
u(t,0) =u(t,L)=0 (76)
where v = /¥ has the dimension of a velocity. To solve problem (75)(76) the initial values

of the position and of the velocity of the string are needed, i.e.

ou

u(0,x) = uo(x) 5

(0,2) = u1(z) (77)

Solutions u(z,t) of the above initial value problem of the form u(x,t) = U(z)V (t) are

kmut L By si kmut
Sin
L § L

)

k
ug(x,t) = sin %x(Ak cos
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271_2

such that

where k > 0 is an integer and Ay, By are constants. The numbers A = PR

U"(z) + A\U(z) =0, U(0)=U(L) =0 (78)

. . kmx . .
are called the eigenvalues and sin —— the eigenfunctions of the problem. The constants
Ay, By, are the Fourier coefficients of suitable extensions of u, and u; to periodic functions .

The case of a forced motion: resonance

(cf. R. Courant and D. Hilbert [17]) We suppose that the vibrating string is under the
influence of an external force which has the Fourier expansion:

ZQk smkm—x

Then, the deflection of the string is solution to

1 0%u  d%u

war gz = 2@, u0t)=u(Lt)=

with the initial conditions (77). We look for a solution of the form
k
Z N (t) sin ﬂ (79)

The coefficients Nj(t) must be solutions of the equations

LNEO + TN = @ut) (50)

The general solution of the homogeneous equation associated to (80) is

kmot

vt .
+ by sin 7

aj COS

A particular solution of (80)is obtained by the method of variation of constants (cf E.A.
Coddington [13]). Finaly,

L besi kmot
Sin ———
k L

I k kot
Nk(t):E/o Qk(u)sin%(t—u)du—i—akcos i
L

where the constants ay, by are determined by the initial conditions (77)
k
Now, suppose Qi(t) = acoswt + Bsinwt. Then, if w # %, u(zx,t), in (79), is a linear

km
combination of a sinusoidal function of frequancy w, and one of frequency T But, if

km

w=—, Ni(t) contains terms of the forms ¢sint and ¢cost which are unbounded, we say

that resonance occurs.
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Resonances as poles of complex functions

2
(cf. M.Zworski [59]). Set X = [0, L] with L = 7, for simplicity, Py = —% +V(z),V €
C>(X),V(x) >0 and
Uty = (46D Po=( o | (81)
&= —10yu(t, x) V=P 0

Consider the system

Yo =PoU U0 =UtT) =0 U = @ (82)

i t ’ ’ ’ —ZU1(JU)

The solution to system (82) involves eigenvalues and eigenfunctions of
PyW =AW, Wlox =0

Consider the Hilbert space H, closure of C°(X) x C°(X) for the inner product

(D, W) = (Py o1, 1) + (d2,12), @ = < i; )’ V= ( 112 )

Then Py is an unbounded self-adjoint operator on H and its eigenvalues are real. Let o(Py)
be the spectrum of Py . It is pointed out, in [59] that

A€ o(Py) <= Nisapoleof (Py —2)"' :H = H

Remark 6. When V(x) = 0, system (82) is equivalent to problem (75)— (77), and the
eigenvalues of
PoW =AW, Wlox =0

are A\ = k € Z — {0} which correspond to the eigenvalues k? of problem (78)

More generally, consider the problem with a dissipative term ad;,a > 0 :

2
(—% +a% — Pylu(t,z) =0, t>0, z€X, ulspx=0
It can be rewritten as

1
E@U(t,x) =P, U(t,x), ulox =0 (83)

0 1
Pa_(PV 1a )

The operator P, is not self-adjoint on H. The eigenvalues and the eigenfunctions of P,
are still defined by

where U is defined in (81) and

PuW =AW Wlox =0 (84)

and the solutions of (83) are given by superpositions of solutions of the form
U(t,z) = exp(—it\)W (z) (85)

but the eigenvalues A = a + i are not real any more. An elementary calculus shows that
2

a .
2 =2 - T Here, again,

A\ —ia) = p?, where p € R, is an eigenvalue of Py, i.e. 8= g, @
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E-o E E+a

(d)

Figure 2: Spectral band

the eigenvalues of P, are poles of (P, — z)~! : H — H. Now, since a ¢ o(P,), for a given f
the equation

(Pa - a)u = f (86)

has a solution. But, if a is small enough, A = a + % is a pole of (P, — z)~! very close to a,

and, for a suitable choice of f , the solution of equation (86) can be “enormous ”(cf. [59]).
We say that a resonance occurs

Quasi-periodic Schrodinger operator, the resonant case

In their papers [24], [25] and [26] A. Fedotov and F. Klop study the spectrum of quasi
periodic schrodinger operators of the form
d2
H, = o + V(x — 2) + acos(ex) (87)

where, « > 0,V € L? (R) is periodic with period 1,z is a real parameter indexing the

equations of the family; € > 0 is such that 2{ is irrational. Let

d2

H, = -~
dx?

+ V()

be the periodic Schrédinger unperturbed operator. Its spectrum, on L?(R), consists of the
union of intervals [Ea,—1, Fa,],n > 1, such that F,, — 0o, as n — oo. It is assumed that all
the spectral gaps (Esy,, Ea,y1) are open. The spectrum of (87), at an energy E, depends
on the relative position of the spectral window F(F) = [E — «a, E + «] with respect to
the spectrum of H,. In [24] four cases are distinguished according as F(E) lies inside or

completely covers a spectral band of H, or contains exactly one edge or two edges (Figure
2 (d)) of a spectral band.

In each case, under specific additional assumptions, the authors describe the nature of the
spectrum of (87), and state asymptotic formulas, as € — 0.

In [25], they are interested in the spectrum of (87), in intervals J such that for all E € J,
F(FE) covers the edges of two neighboring spectral bands of H, and the spectral gap located
between them (Figure 2 (d))). Let I'r be the real iso-energy curve associated to (87) and
Y0, Vx, b€ the connected components of I'g in a periodicity cell. To each of these loops, one
associates a sequence of energies in J, E”, a = {0, 7}, and, near each E”, an exponentally
small interval I?" such that the spectrum of (87) , in J, is contained in the union of these
intervals. The location and the nature of the spectrum of (87) are investigated in the union
Iy U I, in the resonant case, i.e. when I3 and I intersect each other.
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