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Abstract

Let X be an M x N complex random matrix with i.i.d. entries having mean
zero and variance 1/N and consider the class of matrices of the type B = A +
RY/2XTXHRY2 where A, R and T are Hermitian nonnegative definite matri-
ces, such that R and T have bounded spectral norm with T being diagonal, and
R!/2 is the nonnegative definite square-root of R. Under some assumptions on the
moments of the entries of X, it is proved in this paper that, for any matrix ©
with bounded trace norm and for each complex z outside the positive real line,
Tr |® (B — zIM)fl] — 0 (2) — 0 almost surely as M, N — oo at the same rate,
where 37 (2) is deterministic and solely depends on ®, A;R and T. The previous
result can be particularized to the study of the limiting behavior of the Stieltjes
transform as well as the eigenvectors of the random matrix model B. The study is
motivated by applications in the field of statistical signal processing.

Key words: random matrix theory, Stieltjes transform, multivariate statistics,
sample covariance matrix, separable covariance model

Introduction

Consider an M x N random matrix X such that the entries of NX are i.i.d.
standardized complex random variables with finite 8 + ¢ moment. Further-
more, consider an M x M Hermitian nonnegative definite matrix R and its
nonnegative definite square-root R'2. Then, the matrix RY/?XX”RY? can
be viewed as a sample covariance matrix constructed using the N columns
of the data matrix R2X, namely having population covariance matrix R.
Moreover, consider also an N x N diagonal matrix T with real nonnegative
entries. The matrix RY2XTX”RY2 can be interpreted as a sample covari-
ance matrix obtained by weighting the previous multivariate samples with the
entries of T.
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In this paper, we are interested in the asymptotic behaviour of certain spectral
functions of the random matrix model B = A + R'2XTX”RY?, where A is
an N x N Hermitian nonnegative definite matrix, as the dimensions M and
N grow large at the same rate. Consider the empirical distribution function
of the eigenvalues of B, i.e.,

1

M
17 2= Zomm)on; (1)

m=1

Fg'(\) =

where A, (B) stands for the mth eigenvalue of B and \; (B) > ... > Ay (B).
From the connection between vague convergence of distributions and point-
wise convergence of Stieltjes transforms (see, e.g., [3] and [7, Proposition 2.2]),
almost sure convergence of the (random) distribution function F3! can be es-

tablished by showing convergence of the associated Stieltjes transform, defined
for each z € C* = {2z € C: Im{z} > 0} as

dFy M 1
mp () = RA_Z:AZ;M;)_Z:AZT]U[(B—ZIM) @

1

Under the condition that M/N has a finite non-zero limit, convergence with
probability one of the empirical spectral distribution (ESD), i.e., the empiri-
cal distribution of the eigenvalues, of some special cases of B towards a limit
nonrandom distribution has been established in the random matrix theory lit-
erature under the assumption of the matrices R, T and A having, in each case,
an ESD which converges almost surely to a probability distribution (possibly
defective in the case of A). More specifically, using the fact that the limit
of F}! is uniquely characterized by that of mp (2), vague convergence in the
cases of A = Oy« and T = Iy; R = I and A = 0j/4 is provided in
[13], [14], and [12,9], respectively, by proving tightness of the sequence {Fg }
(the convergence is weakly to a proper probability measure if A = O/ p)-
The reader is also referred to [5] for similar results and other random matrix
models.

In order to extend the previous spectral convergence results to the asymptotic
behavior of the eigensubspaces of B, we can consider the following empirical
distribution function, namely,

M
HY (A) =3 Jaml* T, )<, (3)
m=1

where a,, is the mth entry of the vector a = U0, with U € CM*M being the
matrix of orthonormal eigenvectors of B, and v an arbitrary nonrandom vector
in the unit sphere {U e CV: || = 1}. Clearly, HY is a random probability



distribution function with Stieltjes transform given by

my (z) = RCU){B_(Z)\) = o (B = 2I) ' v. (4)

In particular, spectral functions of the form of (3) or, equivalently, (4) were
considered in [1] (see also references therein) to study the limiting eigenvectors
of sample covariance matrices. Note further that, if a,, = ﬁ, m=1,..., M,
then HA' and F3! coincide.

Motivated by practical applications, for instance in the fields of statistical sig-
nal processing, wireless communications and quantitative finance, where esti-
mates of certain functions of the eigenvalues and eigenvectors of the random
matrix model B are very often of interest, in this paper the convergence of (2)
and (4) is extended to the convergence of more general spectral functions of
B. Moreover, for the purpose of practical applicability in realistic settings, the
assumption of R, T and A having convergent ESD is dropped in the following.

1 Main result

The remainder of the paper is devoted to the proof of the following theorem.
Theorem 1 Assume the following:

(a) X is an M x N random matriz such that the entries of vV NX are i.i.d.
complex random variables with mean zero, variance one, and finite 8 + €
moment, for some ¢ > 0.

(¢) A and R are M x M Hermitian nonnegative definite matrices, with the
spectral norm (denoted by ||| ) of R being bounded uniformly in M, and T is
an N x N diagonal matrix with real nonnegative entries uniformly bounded
in N.

(d) B=A+R'2XTXARY2, where RY? is the nonnegative definite square-
root of R.

(e) © is an arbitrary nonrandom M x M matriz, whose trace norm (i.e.,

Tr {(@HG)UZ} = ||®]|,,) is bounded uniformly in M.

Then, with probability one, for each z € C — R*, as N = N (M) — oo such
that 0 < liminf c¢); < limsup ¢y < 0o, with cpy = M/N,

Tr [© (B — 2Iy) ' — (A + 2 (ea) R— 2Iy) )] =0, (5)



where x; (epr) is defined as

1 _
xy(en) = N Tr [T (In + cpen'T) 1] ; (6)
and ey = ey (2) is the Stieltjes transform of a certain positive measure on
RT with total mass -7 Tr[R], obtained as the unique solution in C of the

equation
1 _
er = T [R(A + 2y (em) R — 2Ty) ] . (7)

Corollary 1 (Limiting Stieltjes transform of ESD’s) Let ® = ﬁl v Then,
Theorem 1 states the asymptotic convergence of the Stieltjes transform of the

ESD of B defined in (2).

Remark 1 (Sample covariance matrices) If A = Opxpr and T = Iy, then
Corollary 1 is equivalent to the convergence result for the Stieltjes transform
of the ESD of sample covariance matrices provided in [16,4][13, Theorem 1.1].

Remark 2 (Marchenko-Pastur law) If R = Ty, then the result in Corollary
1 reduces to that obtained in [10][14, Theorem 1.1] under more general condi-
tions.

Remark 3 (Separable covariance model) If A = Oprxpr, then Corollary 1
coincides with the result in [12, Theorem 1] (see also [9, Theorem 2]), which
represents the special case of [7, Theorem 2.5] corresponding to a separable
variance profile.

Corollary 2 (Asymptotic convergence of eigenvectors) Let ® = vvf, with
v € CM being an arbitrary nonrandom unit vector. Then, Theorem 1 estab-
lishes the convergence for the class of Stieltjes transforms defined in (4).

Remark 4 The result in Corollary 2 for the cases R = I, T = Iy and
A = Opxn, T = Iy has been previously reported in [11, Theorem 1 and
Theorem 5], and [1, Theorem 1] under more generic assumptions.

As a final remark, we notice that Theorem 1 holds verbatim if the matrices
A, R, T, X and ® have real-valued entries.

2 Applications to Array Signal Processing

The random matrix model introduced in previous sections is of fundamental
interest in applications involving spatio-temporal statistics as well as separable
covariance models. Consider for instance a collection of N narrowband signal
observations that are obtained by sampling across a linear antenna array with



M sensors, and which can be modelled as y,, = s,s+n,,n=1,..., N, where
s, € C is the signal waveform, s € CM is the associated signature vector,
and n,, € CM models the contribution of the interference and noise. Conven-
tionally, s,, and n,, are assumed to be Gaussian, temporarily uncorrelated and
mutually independent, with variance and covariance matrix given respectively
by 02 and R,,. Under these assumptions, the observations can be modelled as
y. = RY%¢,, R = o2ssfl + R, is the covariance matrix of the array samples,
and the vectors &, € CM consist of i.i.d. standardized (i.e., with mean zero
and variance one) Gaussian random entries. In the array processing litera-
ture, the minimum variance distortionless response (MVDR) spatial filter or

beamformer is defined in terms of R as wyvpr = (SHR_IS) - R!s (see, e.g.,
[15, Chapter 6]). In practice, the true covariance matrix R is unknown, and
therefore a sample estimate, henceforth denoted by f{, must be used instead
for implementation purposes. A relevant measure of the filter performance is
the output signal-to-interference-plus-noise ratio (SINR), which for a given
beamformer W is defined as

wWHRW 1)*

o2 |v?/Hs|2 ;

smmm=<

We note that SINR (W) is invariant under scaling and consider the filter w =
R~ !s, namely defined in terms of a generic covariance sample estimator given

by R = YWY + SRy, where Y = [yl yN} € CM*N W isan N x N

diagonal nonnegative definite matrix, Rg is an M x M Hermitian nonnegative
matrix, and «, € R. In particular, if W = Iy, @ = 1 and Ry = Opx 0,
then R is the sample covariance matrix or maximum likelihood estimator
of R; moreover, if W is a data windowing diagonal matrix with nth entry
given by w, = exp(N —n), a = 1 and Ry = I, then W implements the
recursive least-squares beamformer with exponential weighting and diagonal
loading factor 3 (see, e.g., [15, Chapter 7]); finally, if W = Iy, R has the form
of a James-Stein shrinkage covariance estimator, where Ry is the shrinkage
target or prior information about R and «, § are the shrinkage intensity para-
meters. Interestingly enough, a unified approach to the analysis of the SINR
performance of the previous MVDR sample beamformers can be provided by
applying Theorem 1 in order to find a deterministic asymptotic equivalent of
SINR (W).

3 Preliminary results

In this section, we introduce some preparatory lemmas and auxiliary technical
results that will be needed in the proof of Theorem 1. The first one has a



straightforward proof based on Markov’s and Minkowski’s inequalities (see,
e.g., proof of Lemma 4.1 in [6] for details).

Lemma 1 Let {yle ) 1<n<N } denote a collection of (possibly dependent)
random variables such that

K
max B [[yV'] < 5.

for some constants p > 1, 6 > 0 and K, (in the sequel, constants K, may
take different values at each appearance) depending on p but not on N. Then,
almost surely as N — oo,

Lon o)
N;‘yn ‘—>O.

Lemma 2 (/2, Lemma 2.7]) Let & € CM denote a random vector with i.i.d.
entries having mean zero and variance one, and C € CM*M an arbitrary
nonrandom matriz. Then, for any p > 2,

B [|e”Ce ~ (0] < 1, { (B[Ic1'] 1 [00*])" + B[] T | (©0")™] |,

where ¢ denotes a particular entry of & and the constant K, does not depend
on M, the entries of C, nor the distribution of C.

Lemma 3 Let & and C be defined as in Lemma 2. Then, for any p > 2,

E[|¢"Ce’] < ICI (Kip + KapB [[¢[7]) -

PROOF. Let p and v be two complex random variables with finite pth-order
moment. Using Jensen’s inequality, note that

Eflu+v’] < 227 H{E[|ul] + E (]} (8)
Furthermore, consider the following two useful inequalities:
Tr [(CCH)W] < (m[ce])” < <Tr [(CCH)I/QDP —clr, o)
and, for By and By two arbitrary square complex matrices [8, Chapter 3]
Tr [B1Bo| < |[B1Bally, < [[Bafly, [[Ball, (10)

which will be used repeatedly in the sequel. Now, using (8) we write

E[|¢"cel] <2 {EB[|s"Ce - e [C)] + Tr (O]} (11)



Moreover, using the first inequality in (9) and Jensen’s inequality as EP/2 “C |4} <
E UC\ZP}, from Lemma 2 we get

B[j¢"ce - (0] < K, (T [cc?]) B [1¢7]. (12)

Finally, the result of the lemma follows by applying to (11) the inequality (12)
along with the first inequality in (10) with B; = C and By = I;.

Lemma 4 Let U = {fn € CM 1< n < N} denote a collection of i.i.d. ran-
dom vectors defined as in Lemma 2, and whose entries are assumed to have
finite 4 + ¢ moment, € > 0. Furthermore, consider a collection of random ma-
trices {C(n) e CM*M 1 <n< N} such that, for each n, C,) may depend on

all the elements of U except for &,, and HC(”)Ht 18 uniformly bounded for all
M. Then, almost surely as N — oo,

1 N
7 2 & Comn — T [Cw)]| — 0. (13)
n=1

PROOF. Write 1, = £/ C&, — Tr [C(n)} and let F,, denote the o-field gen-
erated by the random vectors {&1, &, . . ., &, }. Now, notice that {n,,1 <n < N}
forms a martingale difference array with respect to the filtration {F,,,1 <n < N}.

Indeed, since E [fn{‘f \fn_l] = I, observe that
E [0 |Fo1] = B €/ Caén |Fan | — B [T [Ciy| 1,1 = 0.
Consequently, Burkholder’s inequality (see, e.g., [2, Lemma 2.1]) implies
N
< K,(E +E[Z|nn|p] :

n=1
for any p > 2. Then, since &, and C, are independent for each n, using (12)
and the properties of conditional expectation, it is easy to check that

p

E

(SB[l md)m

N
>
n=1

E [Inal? 17:1] = B{[€7Conten = Tr [Con [ 1Pt | < IGB (101,

where we have used the fact that the random variable Tr {C(n)Cﬁ)} < HC(”) H

2
tr
is bounded uniformly in M by assumption. Similarly, we also get

E (| ]] = B (|7 Ciny&n — Tr [Cw] '] < KB [I¢7].



Hence, we can finally write

Ky,

onn

and the result follows from the Borel-Cantelli lemma with p =2+¢/2, ¢ > 0.

Lemma 5 (/2, Lemma 2.7]) Consider two N x N matrices By and Bs, with
B, being Hermitian, and 7 € R, q € CV. Then, for each z € Ct,

-1
Tr |:B1 <(B2 — Z:[M)_1 - (B2 + quH - ZIM) >:| ‘
"(By —2Iy) ' By (Bo —zlu) ' _ ||By|
1+7q (Bs — zLy) ' q ~ Im{z}

Lemma 6 Let m (z) be the Stieltjes transform of a certain measure on RT,
and 7 € R*. Then, for each z € Ct,

2|
=TIm {2}

-
1+ 7m(2)

PROOF. The bound follows from the fact that, for any 7 € R™, —m

is the Stieltjes transform of a measure on R* with total mass 7 [12], whose
absolute value is therefore bounded by 7/Im{z} [7, Proposition 2.2].

4 Proof of Theorem 1

In this section, we give a proof of Theorem 1. Let 2 = v NX and write

1 1 Y 1 Y
7R1/2ETEHR1/2 _ = tnR1/2 . HR1/2 = . H
where t,, is the nth diagonal entry of T, and &, € CY is the nth column
vector of E. Moreover, let B(,,) = B — %ynyf , and consider the map ), (€) =
+ Tr {T (In+ cMeT)_l} : Ct - C = {ze€ C:Im{z} <0}. Indeed, note
that

CMtZ

Im{zy (e)} = —Im{e}—z (14)

n 1 |1 + tncnm €|
For the sake of notational convenience, we will use the following definitions:

-1

] <L (Klp (NE[[¢* D + K, ,NE [!CIQPD <E|[|¢[*] <Np}2 +

Ks,
Np-1

Q(z)=B—2Iu)", Qu(2) = (Bw —2Iu) , Ple)=(A+a(e)R—=2Iy) "

),



It is easy to see that both ||Q(z)|| and HQ(") (Z)H are upper-bounded by
1/Im {z}. Equivalently, define ¥ = A + Re{z (e)} R — Re{z}I); and & =
Im{z} Iy — Im{x (e)} R, which are, respectively, Hermitian and Hermitian
positive definite, and note that

P (e)]| = H (&2 re 2 —iL,) &

<[ < B

Im{z}

Furthermore, let €y (2) = 55 Tr [RQ(2)], and notice (see, e.g., [7,12]) that
éyn = €y (2) is the Stieltjes transform of a certain measure on Rt with to-
tal mass M~ Tr [R] < ||R[|,,, where with the subscript sup we denote the
supremum of the sequence, i.e., here, |R||... = sup,,~; ||R/| (in the sequel, we
will similarly use inf for the infimum). ¥

sup

Now, consider the equality
Q' (2) =B—z2I; = A+xy (éy) R—zIM+]i[R1/2ETEHR1/2 —x (éx) R.
We proceed by factoring the difference of inverses as

P (en) — Q(2) = P (én) <]1[R1/ZETEHR1/2 — 2t (Enr) R) Q(z), (16)

where we have used the resolvent identity, i.e., B;—Bs = B, (B2_1 — Bl_l) B..
Furthermore, the middle factor on the RHS of (16) can be expanded as

1/2§n HR1/2Q< ) — Ty (éM) RQ (Z)

t.RQ (2)

1
(NRI/QETEHR”Q — 2 (énr) R)

LRVGERQu () tRQ(2)

1 N

ke

l i 1/25 §HR1/2Q< )

N n=1 " 1 + tnCMéM (Z)
1 N

SN

1+t EHRY2Qy,) (2 )Rl/%n 1+ tocaréar (2)

where, in the last equality, we have used the Sherman-Morrison-Woodbury
identity for rank augmenting matrices in order to write

t”%Q(") (Z)Rl/Zénngl/QQ(n) <Z>

Q(z) = Qu(2) — 7 t,LETRI2Q,, () RI2E,

(17)

along with the following useful inequality (see [14, Eq. (2.2)])

1

HRp1/2
1+tn%§7€IRl/2Q(n (z) RY2¢, & R7TQmy(2).

grlz{Rl/Z (Q(_nl)(z) + tn%Rl/annglﬁ)_l _



Accordingly, observe that we can further write
1
<NR1/QETEHR1/2 —rar (en) R> Q) =

1N
Z—I—

n

. cm( TR (Qo (=) - Q=)

=1
Ly (% T [RQ (2)] - XEURY2Qy) (:) R, )
N T e CM€M<> L+t EHRIQq) () RIE,

1 XN tn op cHel)2
+Nn;lwncMéM(z) (RV26,ERY* Qe (2) ~RQ, (2)) -

RY2¢,RY2Q (2)

Let ¢ur (¢) = 7 Tr [RP (¢)] be a function mapping C* into CT and fy (e) =
12 < K}, for some finite,

Im{z}

positive K large enough. Next, we prove that, almost surely as M, N — oo

with 0 < liminf ¢); < limsup ¢y, < oo, for each z € D,

e — ¢ (). Moreover, we define D = {2z € C* :

Tr[©(Q(2) - P(én))] =0, (18)

and

far (énr) — 0. (19)
To that effect, note that it is enough to show the following almost sure con-
vergence to zero on D of the following quantities:

Tr [OR (Qu) (2) — Q(2))]|, (20)

1 N
’NE

1+1¢ cMeM( )

S 1 L g1/ 1/2 tEHRY2Q( (2) éR1/2§n
g L+ tnerén (2) (N TRQE) - 5&R7Qm ()R 5”) 1+ t, LeMR12Q,, (z) RV2E, |’
(21)
1 Y .
’NZ e T (RV6ER Qe (2) ~RQpy (2)]) - (22)

where @ = WP (é,), with ¥ being an M x M matrix with uniformly bounded
trace norm, which can either be ¥ = @ or ¥ = +-R (note that [|[M'R||,, =
M~Tr[R] < ||R],,,)- Before proceeding, we note that Lemma 6 yields

sup

tn
1+ tnCMéM (Z) -

4T 2
Im{z} °

max
1<n<N

Consider the convergence of (20). First, notice that, for each n, ~¢7RY2Qy,) (z) RY/2¢,
can be viewed as the Stieltjes transform of a certain measure on R™ (see, e.g.,

10



[12]). Hence, from Lemma 6 we have

1+ t, ~EHRY2Q) (2) RY2E, | = Im{z}

max
1<n<N

Now, applying (17) to expand the term Q) (2) — Q(2) and using (23) and
(24), the result follows readily by Lemma 1 with p > 2 together with the fact
that, for each z € D,

max B [[¢FR?Qq (2) OZm R, | < K, (25)

1<n<N

for any M x M matrix Z, independent of §, such that ‘ < K,,
p

in particular for Z,) = RQ, (). Let us now prove (25). Let & (z) =

+ Tr [RQ(H) (z)} , which is a Stieltjes transform with same properties as é,/ (z),

and notice by applying twice the resolvent identity to P (é)) — P ( (")) that

P en) P (69) 00 (7 2 5 R Q) - Qo (2] P ea) P (1),
(26)
where we have defined

1 _ _
QM (61, 62) = N Tr {T2 (IN + cMelT) 1 (IN + CMGQT) 1] s

and note from Lemma 6 that

n
1+ tpené? (2)

6 (€3r,€7)| < max

tn
1+ tnCMéM (Z)

< (0T
—\ Im{z}

(27)
Now, we write @ = WP (¢;,) using the two terms on the RHS of (26). From
the first term, by Lemma 3 with C = RY2Qq, (z )\IIP( (n)) ZRY?, we
obtain

K HR”sup ||\Ii”tr ,sup
(Im {2})*
(28)

Regarding the second term in (26), i.e., P (éy) — P (ég\?), from (27) and
Lemma 5 we have

ma B[[S/RY2Qq (=) WP (&) 2RV, <

1<n<N

Ky (12 1Ry [ T)
N7 (Im {z})%

|(P @) =P (617)) Zw Qe ()] < (29)

11



Hence, from the second term we get

max B [[€7RY2Qq) (2) @ (P (ear) — P (¢57)) Zgy R, "]

1<n<N

2p
(a) K z R su T su lIJ r.su ]_ P
0 5 (e Pl Tlog)” ¥y (L Y]

(Im {z})™” 1snsN N

2p
® 5 IRIZ, (12T lup) ™ 121 (30)
= (Im{z})6p 7

where (a) in (30) follows by the Cauchy-Schwarz inequality along with (29) and
the second inequality in (10), and (b) follows by Lemma 3 with C = N~'R.
Finally, (25) follows by applying (8) together with (28) and (30).

We now prove the convergence of (21). Using the Cauchy-Schwartz inequality,
we write

~ 1/2 p
1 _Lonpipe 1/2 ) t& RY?Qe) (2) OR €,
|5 HIRQ )] - IR Q) (IR o e,
- /2 2
1 1 2 £ ETR2Q, (2) OR ¢
< R/2 ||~ L cHR1/2 1/2 1/2 nSn (n) n
=k [NTI[RQ(Z)} N B Qo ()R ]E 1+ £, LEARI2Q,, () R/,

Now, notice that from (24) and (25) with Z,) = I,; the second factor of the
RHS of the previous inequality is uniformly bounded on D for any p > 1.
Furthermore, regarding the first factor, we rewrite Q (z) by using the two
terms on the RHS of (17) and get, on the one hand (cf. Lemma 5),

] ([P
— N \Im{z}) ~
(31)

and on the other hand, using (12) with C = N~12RY2Q,, (z) RY/? we get

2’)1 ~ b <KpHRHmp>2P

— Ne \ Im{z} '
(32)

Finally, the result follows from Lemma 1 with p > 2 by applying (8) along

with (31) and (32).

E 1 tn%ng‘l/zQ(n) (Z) RQn('Z)Rl/zgn
1I§I}za§XN N 1+ tn%nglﬂQ(n) (2) RY2¢,

1<n<N

max E U;f Tr [RQ(n) (z)] - ]bngl/QQ(") (z) RY%¢,

In order to prove the convergence of (22), by the triangular inequality, it is
enough to show the almost sure convergence to zero on D of the following

12

S
|



quantities:

1 S tn Hpp1/2 ~
(33)
1 X "
N CMA(H) 7 (€/RV?Qq) (2) TP () ) RV2%¢, — Tr [RQ,) (=) TP (¢57)])]
(34)
tn . Y 4
‘n 11+ taeael? (2 )SERWQ(R) (2) @ (P (en) — P (&) RY6|, (35)
1 = t” A(n A
N T e (o (R (¥ (P (47) P <6M>)]‘ -
Regarding (33), using (27) along with Lemma 5, note first that
Lt tueaénr (2) 14 tuenél) (2) N (Ut tacearerr (2) (14 tacarey (2)) © N (m{zh)®
(37)

Convergence of (33) follows by Lemma 1 with p > 2 by applying (37) and (8)

along with (25) with Z,) = Ty and |Tr [RQy, (2) ©]| < R [2] [|® ],y 4, / (T {})?
(cf. inequality (10)). On the other hand, convergence of (34) follows directly

by Lemma 4 with Cy) = t, (1 + tuearély () RY2Qq) (2) ¥P (¢5)) RV
Convergence of (35) follows from Lemma 1 with p > 2 by applying (26) and

using (23) and (27) along with Lemma 5, and (25) with Z) = RP (ég\?).
Finally, (36) vanishes almost surely by Lemma 1 with p > 2 using (23) along

with (cf. inequality (10))

A IR (121 1Tl ) 121
N7 (Tm {2})% ’

ITr [RQ) (2) ® (P (&57) — P ()| <

where we have used (29) with Z,y = R. This proves (18) and (19).

We next show that P (é),) in (18) and (19) can be replaced by P (ej;), where
e is the unique deterministic equivalent in the statement of Theorem 1. From
(19) and fa (ear) = 0 we clearly have that far (éar) — far (ear) — 0, for each
z € D, and so we only need to show that this implies é;; — ej; — 0. Indeed,
notice that fu (énr) — far (enr) = (éxr — enr) (1 — par (énr, €nr)), where we have
defined

par (€1, €2) = On (1, €2) ]\14 Tr [RP (1) RP (¢3)] . (39)

Observe that pys (ear, enr) = 1. Moreover, after some algebraic manipulations
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we get far (énr) — far (enr) = (én — eM)2 v (€nr, €nr), where

2 43
cyts 1 \
— Tr[RP (ep) RP (€

+tpemen)’ (L4 tpearénr) M [RP (exr) (€nr)]

1 N
Y (Enrsen) = NZ a
n=1

. Lo~ cuta \* 1 2 RP (s

such that, using the fact that e;; is the Stieltjes transform of a certain measure
on RT (cf. Section 4.2), by the triangular inequality and the application of
Lemma 6 as in (23) along with inequality (10),

|var (Enrsenmr)] <

(v Rlgp)” (11T p)” (12| Rl [T
(I {=])° )

This implies that é;; — ej; — 0 almost surely for each z of a countable family
with an accumulation point in a compact subset of D. Now, as a consequence
of being Stieltjes transforms of bounded measures on R™, we have that both
én (2) and ey (2) are analytic on C — R™ (see [7, Proposition 2.2]), and so is
har (2) = énr (2) — enr (2). Moreover, we have that |hy (2)] < m, where
dist stands for the Euclidean distance (see again [7, Proposition 2.2]). Thus,
{ha} is a normal family and by Montel’s theorem there exists a subsequence
which converges uniformly on each compact subset of C — R* to an analytic
function which, from above, vanishes almost surely on C—R™*. Thus, the entire
sequence converges uniformly to zero on each compact subset of C — R™, and

so |hy (2)] — 0 for each z € C — R™.

Define gy (e) = Tr [OP (e)]. The fact that gas (érr) — gar (ensr) — 0 for each
z € C — R* follows finally by observing that

gar (€nr) — g (enr) = (ear = €ar) Oar (€nr, €ar) Tr [OP (éa) RP (ear)]
and noting from (27) and |Tr [OP (éar) RP (ear)]| < Rl 1Ol i1 gup / (Im {z})

(cf. inequality (10)) that the factor multiplying ey —é,s in the RHS is bounded
in absolute value uniformly in M.

4.1 Uniqueness of the limit

In order to prove uniqueness in C* of the solution of equation (7), assume
that we have two solutions e;, e, € CT and, using the resolvent identity, write

er—ex = — (xpr (e1) — zas (€2)) ]\14 Tr [RP (e1) RP (e3)] = (e1 — e2) pur (€1, €2) .
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Assume e; # ey, so that, necessarily, payr = pur (€1, e2) = 1. Using the Cauchy-
Schwarz inequality, we have |pa|® < @ar (1) oar (€s), where

(ei) = ~ f: cuts 1 Tr [P () RP ()R], i=12 (39)
€)= =), ——— 5 € e , =12
PEITN St taense* M

Then, from (14) we note that

1 Y cart? ~ Im{z(e)}
Ng 11+ temel o Im{e;} 10)

On the other hand, using the fact that x (¢) € C~ for each z € C* along with

Im{e;}  Im{z} 1 = 1
Im {xy, (ei)} Im {xy (&)} M Tr {P (e1) RP (61)} i Tr {P (e1) RP (e7) R} )

we can conclude that
1

0 [P" (1) RP ()R] < —

Im {e;}
Im {z(e;)}
Hence, it is clear from (39) by using (40) and (41) that ¢y (e;) < 1,0 =
1,2, and so py; < 1, contradicting the fact that p); = 1. Therefore we must
necessarily have e; = es.

(41)

4.2 Ezistence of a deterministic asymptotic equivalent

We use the fixed point theorem to show that the equation e = ¢, (€) presents
at least one solution in C*. Let y s = maxi<m<ar [Am (A) — 2|, which is strictly
positive by assumption for all M and each z € C—R*. Consider the open set:

4Cme1nf
1+
R }

Cinf Xinf

R
Qz{eé@*:lm{e}> IR,

sup

We show that, for any two values ey, es € Q, P (e1) — dar (€2)] < |e1 — eal,
so that the mapping ¢, is contractive when constrained to 2. The fixed point
theorem guarantees that ¢, presents a fixed point in €2, which guarantees the
existence of a solution of the equation e = ¢, (e) in Q C C*.

Observe first that we can write, using the resolvent identity, ¢ (e1)—@ar (€2) =
(e1 — e2) par (€1, e2). Hence, it is sufficient to see that |ps (€1, €2)| < 1, or alter-
natively, from the Cauchy-Schwarz inequality, that ¢ (e) < 1 for any e € .
Note that we can write
1
v [P" (e)RP ()R] < HR”QP (€) R”QH = IR A +z(e)R — 2Ly .
(42)
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Now, using ||B;|| — [|Ba]| < [|B1 + Bz|| < ||B1]| + ||Bz2||, together with

I {a}] < [z ()] <~ % Ly <
WAL= N — 1—|—t carel N — thIm{e} Cint Im {e}’
(43)
and the fact that ||A — zIn/]| > Xinf, we have
1
A R— Iyl ™' > v — ———, 44
A+ OR =Tl ™ 2 o = (44)

which is clearly positive on {2 by assumption. Now, using (14) and the above
inequalities, in order to show that ¢, (e) < 1, it is sufficient to prove that

m {z ()} Rl
Im {6} Xinf = o5 I11[1{6}

<1,
or, equivalently, ci¢Xins Im? {e} —Im {e} Rl up — R ]gyp > 0, which is always
the case for each e € €2, and this concludes the proof of the existence of e,,.

Finally, we show that ey (2) is the Stieltjes transform of a certain bounded
measure on R* with total mass 5 Tr [R]. Indeed, notice that ey, (z) is analytic
on C* and, additionally,

Im {z} & Tt [P¥ (err) RP (eny)]

Im {eM} =

1 — o (em) ,
and
Im {2} ( Tr [P () RP (en) A] + nzlm 4 Tr [P (ear) RP (en) R})
Im{zey} = 1= o enr)

Now, since @y (epr) < 1 on C* (cf. Section 4.1) and since A is assumed to
be nonnegative definite, we conclude that both ey (2) and zep (2) map C*
into C*, and the claim follows from [7, Proposition 2.2] using the fact that

(y =Im{z}) lim, 1 —iyen (iy) = ﬁ Tr [R].
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