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Abstract: We propose a constrained constant modulus algorithm (CMA) for solving the
singularity issue of CMA equalizers in polarization-division-multiplexed coherent receivers.
Switching to the standard CMA is based on mean square error monitoring over the two output
streams.
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1. Introduction

Polarization-division multiplexing (PDM), coherent detection and digital signal processing are at the heart of the
forthcoming generation of optical transponders for long-haul high-capacity fiber-optic links. Among the various pro-
cessing done at the receiver are the polarization demultiplexing and equalization of residual chromatic dispersion (CD),
polarization-mode dispersion (PMD) and polarization-dependent loss (PDL). To this end, four adaptive finite-impulse
response (FIR) filters, arranged in a butterfly structure, are usually used. The blind constant modulus algorithm (CMA)
is widely used for updating the filters taps [1]. However, several papers pointed out the singularity issue of the CMA
equalizer, whereby the two outputs of the equalizer can converge to the same source when the received signals on
both polarizations are in some regions of the Poincaré sphere [2,3]. Several solutions were proposed to overcomethis
problem, two of which are described in [2, 3]. These two methods exploit in some way a particular symmetry of the
channel transfer matrix induced by the PMD model. In [2], this symmetry is used to initialize the two filters related to
the second output after convergence of the first output. In [3], a two-stage approach is used, in which the second stage
is a standard CMA whereas the first stage is a symmetrical equalizer which optimizes its taps using one output only.

None of the previous solutions took the symmetry into account in the derivation of the filters weight update equa-
tions. The present paper gives the equations obtained from agradient descent algorithm to minimize the CMA cost
function under the constrain of a symmetrical (single-stage) equalizer. In a sense, our constrained CMA resembles
the first stage in [3], except that the update equations are optimized from both outputs. We show that this approach is
efficient in solving the singularity issue. Finally, since residual CD and PDL break the symmetry of the PMD channel,
the constrain on the equalizer has to be released once the mean square error (MSE) on both outputs has reached a
given threshold.

2. Proposed constrained CMA for singularity-free convergence

When considering PMD as the only transmission impairment, the channel transfer matrix in the frequency domain is
unitary [4], i.e.

TPMD(ω) =

(

u(ω) v(ω)
−v∗(ω) u∗(ω)

)

(1)

where|u|2 + |v|2 = 1. In this case, the optimum equalizer is the conjugate transpose of (1) and is also a unitary matrix.
In the time-domain, this property translates into the following relationship between the four adaptive filter tap-vectors:

cYY[n] = c̃∗XX[n] (2)

cYX[n] = −c̃∗XY[n] (3)



where(.)∗ stands for the complex conjugate and, for a vectorv = [v(0),v(1), . . . ,v(N− 1)]T , ṽ denotes the time-
reversed version ofv, i.e. ṽ = [v(N−1),v(N−2), . . . ,v(0)]T . Eq. (2) and (3) define the symmetrical and constrained
dual-polarization adaptive equalizer.

In contrast to the standard CMA, we now have only two degrees of freedom (e.g.cXX andcXY) instead of four.
We can then use the gradient descent algorithm to obtain the update equations of the constrained CMA equalizer
minimizing the cost function:

JCMA(cXX,cXY) = E

[

(

|zX[n]|2−R
)2

+
(

|zY[n]|2−R
)2

]

(4)

wherezX[n] = cT
XX[n]yX[n]+cT

XY[n]yY[n] andzY[n] = c̃∗
T

XX[n]yX[n]− c̃∗
T

XY[n]yY[n] are the two outputs of the constrained
equalizer. Conducting derivations using the rules given in[5] yields:

cXX[n+1] = cXX[n]−µ
[

zX[n]
(

|zX[n]|2−R
)

y∗X[n]+z∗Y[n]
(

|zY[n]|2−R
)

ỹY[n]
]

(5)

cXY[n+1] = cXY[n]−µ
[

zX[n]
(

|zX[n]|2−R
)

y∗Y[n]−z∗Y[n]
(

|zY[n]|2−R
)

ỹX[n]
]

(6)

3. Self-reconfiguring equalizer

When residual CD and/or PDL are present in addition to PMD, thechannel transfer matrix no longer exhibits the
symmetry described in Eq. (1). Although the constrained CMA may still be used to solve theCMA singularity issue in
such contexts, it will suffer from a performance penalty in steady-state compared to the standard CMA. To overcome
this problem, we propose to use a self-reconfigurable equalizer which starts in constrained-CMA mode. The MSE on
both polarizations is monitored in real-time and the equalizer eventually switches to standard-CMA once the MSE on
both polarizations has reached a predetermined threshold.At the switching instant, the equalizer taps are not optimized
for the actual channel but are sufficiently reliable so that the standard CMA will not converge to a singular case.

The estimated MSE on polarizationp is computed as:

MSEp[n+1] = βMSEp[n]+ (1−β )(zp[n]− d̂p[n])2 (7)

whered̂p[n] is the decided symbol andβ is a forgetting factor whose aim is to low-pass filter the instantaneous square-
error in order to eliminate its rapid fluctuations.

4. Simulation results

Validation of the proposed constrained equalizer is carried out by simulating the setup presented in [2]. A 112Gb/s
polarization-multiplexed QPSK signal is impaired byD = 200ps/nm of residual CD andτ = 18ps of differential group
delay (DGD). The received signal has an OSNR = 18dB (in a 0.1nmnoise bandwidth). PDL is modeled as in [6].
Finally, our channel transfer matrix is:

T(ω) =

(

cos(α) e− jφ sin(α)
−ejφ sin(α) cos(α)

)(

ej ωτ
2 0

0 e− j ωτ
2

)(√
1+ γ 0
0

√
1− γ

)

ej λ2D
4πc ω2

(8)

At the receiver, theT/2-spaced adaptive equalizer is composed of four 7-tap FIR filters and is initialized tocXX =
(0 0 0 1 0 0 0), cYX = (0 0 0 0 0 0 0), cXY = (0 0 0 0 0 0 0), cYY = (0 0 0 1 0 0 0).

In Fig. 1, rotation angleα was swept from 0◦ to 90◦ by step of 3◦ and phase angleφ was swept from−180◦ to
180◦ by step of 12◦ so as to cover the whole Poincaré sphere [2]. Each point was run 100 times with random data
and was marked with dark color when at least one singularity issue occured. Fig.1(a) and1(b) illustrate the case of
polarization demultiplexing using standard CMA with PDL = 1dB and 3dB respectively. The range ofα for which
singularity occurs increases with the amount of PDL. Fig.1(c) shows the case of polarization demultiplexing with the
self-reconfiguring equalizer for PDL = 3dB. We notice that this new equalizer successfully solves the singularity issue.

Fig. 2(a) compares the convergence and MSE performance of the constrained and standard CMA equalizers (only
one polarization is plotted for PDL = 0dB). Convergence speed of the two equalizers is the same. However, due to
the CD that breaks the unitary model of the transfer matrix, the constrained equalizer suffers from a steady-state MSE
penalty compared to the standard CMA equalizer. For OSNR = 18dB and 200ps/nm of CD, this penalty is as high as
6dB. Therefore, the constrained CMA is not suitable for steady-state operation.



Fig. 1. Polarization demultiplexing results. (a) StandardCMA, PDL = 1 dB (b) Standard CMA, PDL
= 3 dB (c) Self-reconfiguring equalizer, PDL = 3 dB

Fig. 2(b) compares the performance of the self-reconfiguring and standard CMA equalizers. The MSE threshold
that triggers switching between constrained and standard mode is set to−8dB. The self-reconfiguring equalizer has
obviously the same steady-state performance as the standard CMA equalizer, has comparable convergence speed and
solves the singularity issue.

Fig. 2. Performance comparison between (a) constrained andstandard CMA equalizers (b) self-
reconfiguring and standard CMA equalizers (β = 0.9995)

5. Conclusion

We introduced a constrained CMA equalizer whose convergence is based on a unitary matrix equalizer to solve the
singularity problem. Simulations showed that this equalizer is not very tolerant to residual CD and PDL. We proposed
a criterion based on MSE monitoring to switch to the standardCMA for steady-state operation.
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