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LAGRANGIAN FLOWS FOR VECTOR FIELDS WITH GRADIENT
GIVEN BY A SINGULAR INTEGRAL

FRANCOIS BOUCHUT AND GIANLUCA CRIPPA

ABSTRACT. We prove quantitative estimates on flows of ordinary differential equations with vector
field with gradient given by a singular integral of an L' function. Such estimates allow to prove
existence, uniqueness, quantitative stability and compactness for the flow, going beyond the BV
theory. We illustrate the related well-posedness theory of Lagrangian solutions to the continuity
and transport equations.

1. INTRODUCTION

1.1. Ordinary differential equations with non smooth vector field. When b : [0, T] x RY —
RY is a bounded smooth vector field, the flow of b is the smooth map X : [0, T]xRY — R¥ satisfying

dX

(s,0) = b(s, X(5,0)) . s€[0,7)

(1.1)
X(0,2) ==z.

The possibility of going beyond the smooth framework (1.1) has been studied in recent years by
several authors. In the non smooth context, a convenient notion of generalized flow is that of
regular Lagrangian flow. Roughly speaking, it amounts to requiring that (1.1) is satisfied (in weak
sense) for almost every € R, and that for any time s € [0,T] the map X(s,-) : RV — R is
almost preserving (lower bounds on) the Lebesgue measure of sets (see Definition 5.2 for the precise
conditions).

Existence, uniqueness and stability of regular Lagrangian flows have been first proved by DiPerna
and Lions [18] for Sobolev vector fields with bounded divergence. Such result was later extended
by Ambrosio [1] to BV vector fields with bounded divergence. The argument in both proofs is
quite indirect and exploits the connection between (1.1) and the Cauchy problem for the continuity
equation

Opu(t,z) + div (b(t, x)u(t,z)) =0, (1.2)

together with the theory of renormalized solutions for (1.2). In this approach, an important tech-
nical tool is the regularization by a smooth kernel and its commutator with the transport operator.
For a detailed account on these results, we suggest for instance [2, 3, 13, 16]. Further results can
be found in [5, 4, 6, 15].

1.2. Quantitative estimates for Sobolev vector fields. In [14] it was shown that many of
the ODE results of the DiPerna-Lions theory can be recovered with simple a priori estimates and
functional inequalities, directly in Lagrangian formulation, that is without exploiting the connection
with the continuity equation (1.2).
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The basic idea of [14] is to consider an integral functional measuring the distance between two
eventual regular Lagrangian flows. If X and X are regular Lagrangian flows associated to the same
vector field b, given § > 0 we introduce the quantity

By(s) = /log (1 + Xs2) - X(S’m)’> dz (1.3)

4]

(suitable truncations or localizations are necessary to make this integral convergent, but for sim-
plicity we skip such technical point in this introductory presentation).
If uniqueness fails, it is possible to find a time s and a set A C RY with Z~(A) = a > 0 such

that | X (s,z) — X (s,z)| >~ > 0 for z € A, implying the lower bound

By (s) > /Alog (1+ %) dz = alog (1+ %) . (1.4)
However, time differentiation of ®5 gives
vy(o) < [ e < /min{QHZ;HOO s } o (15)
The key remark of [14] is that the estimate of the difference quotients in terms of the maximal
function
W < C(MDb(z) + MDb(y)) for ae. z,y € RY (1.6)

allows to conclude from (1.5) (in which we simply drop the first element in the minimum) that
Pi(s) < C/ (MDb(X) + MDb(X)) dz < C/MDb dz (1.7)

changing variable along the flow. Recalling that the maximal function enjoys the strong estimate
|MDb||L» < C||Db||p» for any p > 1, (1.8)

we see that in the case b € WP with p > 1 the estimate (1.7) gives an upper bound on 5 (and
hence on ®4) uniformly with respect to 6. But this is in contrast with the non uniqueness lower
bound (1.4) when 6 — 0, hence we obtain uniqueness of the regular Lagrangian flow for vector
fields in WP with p > 1.

In the same fashion, estimates providing stability (with quantitative rates), compactness and
some mild regularity of the flow have been obtained in [14].

1.3. The case when the gradient is a singular integral: sketch of the proof of uniqueness.
The proof of [14] breaks down when p = 1, since the strong estimate (1.8) does not hold any more
and only the weak estimate

|| MDb||| 11 = sup {)\ZN({:U cRY . |MDb(z)| > A})} < || Db|| 1 (1.9)
A>0

is available (see Section 2 for a description of the space M!). In general M Db does not even belong

to Llloc, hence the integral in (1.7) is not finite any more. This was the obstruction for the strategy

of [14] to reach the cases Wh! and BV.
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In the present paper we show how it is possible to modify the proof of [14] in order to get the
Wl case, and indeed the same idea allows the treatment of vector fields whose derivative can be
expressed as a singular integral of an L! function, that is

Db=Kxg, gelL', (1.10)

where the singular kernel K is smooth out of the origin, grows at most as |z| =" in R", and satisfies
suitable cancellation properties (see Section 2 for the definition of singular integrals, and Section 5
for the precise description of the class of vector fields we are considering). Here we just notice
that this class is natural in the context of the study of some nonlinear PDEs (see Section 1.4 for
some detail), and that such class is not contained in BV, neither contains it. Nevertheless, (1.10)
contains the regularity Wh! (take K = &), already considered in [20] (see also [12]). Our main
results were announced in [7].

We now informally describe the key steps of our proof. Remember that in the L' context
singular integrals do not enjoy strong estimates, but only the weak estimate analogue to (1.9).
When looking at the estimate for the difference quotients (1.6), we realize that the composition
of the two operators (maximal function and singular integral) is involved: the quantity M (K * g)
appears on the right hand side. In order to preserve in this composition the weak estimate (which
holds separately for the maximal function and for the singular integral), it is convenient to consider
a smooth variant of the usual maximal function: given p € C*(RY) we set

%N/RNPG;‘@)My)dy

We are now taking smooth averages, and we are taking the absolute value after having computed
the average. This allows cancellations which play together with the cancellations of the singular
kernel K. With this definition, we can deduce that the composition satisfies the weak estimate

8, % g)lllys = sup (ALY ({w € BY < [My(K +g)(@)| > AP} < Clgll (1.12)

Mp(u)(z) = Sup

. (1.11)

(which cannot be obtained simply by composing the two weak estimates), and we still have the
analogue of (1.6), which now reads for some p

b(x) —b
M < C(My(K +g)(x) + My(K % g)(y)) for ae. 7,y € RY. (1.13)
=y
Going back to (1.5), we see that now we have to estimate the integral of the minimum of two
functions: the first one is L>°, but with a norm which grows when 6 — 0, while the M (pseudo)norm
of the second one is bounded by ||g||,1. None of the bounds by itself is sufficient, but an interpolation
inequality allows to conclude

®5(s) < Cllgllze [1 + log (ﬁ)] : (1.14)

Recalling (1.4), we discover that we are exactly on the critical rate for the uniqueness: both the
lower and the upper bounds behave like log(1/d) for ¢ small. By itself, (1.14) is not sufficient to
imply uniqueness. But g € L' can be decomposed as g = ¢g' + g2, where the L' norm of ¢! is as
small as desired, and ¢g? € L?. We apply to ¢g? the arguments of the WP case (as in Section 1.2),
and we are left with ¢g' instead of g in (1.14): choosing its L' norm small enough, we obtain a
contradiction with (1.4), deducing uniqueness also in this case.
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1.4. Consequences, applications and possible extensions. The approach we have just pre-
sented allows a complete theory of regular Lagrangian flows for vector fields whose gradient is
given by a sum of singular integrals of L' functions: existence, uniqueness, quantitative stability
and compactness can be proved. This gives a well-posed notion of flow, which satisfies the usual
semigroup property.

Being our derivation performed at ODE level, no direct consequences are available for distri-
butional solutions of the continuity equation (1.2) (or for the closely related transport equation).
However, the ODE well-posedness brings as consequence the well-posedness for Lagrangian solu-
tions to such PDEs, that is, for solutions which are naturally associated to flows. This enables us
to construct a unique stable semigroup of PDE solutions.

The class of vector fields we are considering is natural in view of some applications to nonlinear
PDEs. As an example, the two-dimensional Euler equation in vorticity form reads

Ow + div (vw) =0,

where the vorticity w is the rotational of the velocity v, that is, w = curlv. This can be equivalently
rewritten through the Biot-Savart law as

r— )t
v(t,z) = ! / &w(t,y)dy.

T on R2 ]w—y!Q

If we look at vorticities w € L{°(LL), the velocity v is precisely in the setting under consideration
in this paper. A standard smoothing procedure, together with the compactness of the associated
ODE flows, imply existence of Lagrangian solutions for the Euler equation. This will be contained
in the follow-up paper [8], together with similar applications to the Vlasov-Poisson equation.

A relevant case to be understood is that of singular integrals of measures, rather than of L'
functions. Looking back at the streamline of the proof in Section 1.3, we see that we can carry on
our analysis with ¢ being a measure until (1.14). Integrability of ¢ is just needed in the subsequent
decomposition g = ¢' + ¢?, in order to gain the required smallness. A full extension of our
proof to the case of a measure would imply a proof of Bressan’s compactness conjecture [11, 10],
together with other deep consequences. There are however limitations to such theory, because of
counterexamples given by Bressan [11] and Depauw [17]. In a next paper [9] we plan to consider an
intermediate case, in which space coordinates are split into different groups: along some of them
the derivative is the singular integral of a measure, along the remaining of an L! function. Further
implications for the Vlasov-Poisson equation, in the same spirit as in [8], will follow.

1.5. Plan of the paper. In Section 2 we introduce some background material about weak Lebesgue
spaces, maximal functions, and singular integrals, together with an interpolation lemma. In Sec-
tion 3 we introduce the smooth maximal function and we exploit the cancellation properties to
prove the weak estimate for the composition of the smooth maximal function with the singular
integral. Section 4 is devoted to the proof of the fact that the smooth maximal function is suited
for the estimate of the difference quotients, as the usual maximal function. The core estimate is
contained in Section 5: after having introduced the notion of regular Lagrangian flow and having
described its main properties, we describe the class of vector fields we are interested in and we
prove the estimate for the integral functional ®s(s) (see Proposition 5.9). Section 6 presents the
corollaries of such estimate: existence, uniqueness, quantitative stability and compactness. The
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forward and backward flows and the Jacobian are studied. Finally, Section 7 contains the theory
of Lagrangian solutions to the continuity and transport equations.

1.6. About the value of the constants. In all the paper, we denote by C' a generic constant,
whose value may vary from line to line. In particular cases, when we want to underline the
dependence of the constant on relevant parameters, we use subscripts like for instance Cy, C), or
Cnp-

2. BACKGROUND MATERIAL

This section is devoted to some classical estimates of harmonic analysis and few extensions.
Many proofs can be found in [21].

2.1. Weak Lebesgue spaces. We recall here the definition of the weak Lebesgue spaces MP (),
which are also known in the literature as Lorentz spaces, Marcinkiewicz spaces, and alternatively
denoted by LP>(Q) or LL, ().

As usual, Z" is the N-dimensional Lebesgue measure, and we shall denote by B the ball of
radius R in R centered at the origin.

Definition 2.1. Let u be a measurable function defined on an open set 2 ¢ RY. Forany 1 < p < oo
we set

ulfhney = sup {2 ({2 € @+ fu(@)] > M)}, (2.1)

and we define the weak Lebesgue space MP(£2) as the space consisting of all measurable functions
u: Q= R with [[|ul[|(q) < +00. By convention, for p = oo we simply set M>(Q2) = L>(Q).

In contrast to the case of Lebesgue spaces LP(f2), it happens that ||[-[|| (g is not subadditive
and thus it is not a norm, hence MP(Q2) is not a Banach space (for this reason, we have cho-
sen the notation |[|-[|[/pq) with three vertical bars, different from the usual one for the norm).
Nevertheless, the following inequality holds

Il oll ey < Mlelliyzay + oty
and it implies in particular
1+ ol ysncay < Gy (Hullasncay + el asncoy) - (2.2

Since for every A > 0

NLN({zeQ : u@) > A)) :/

|u[>A e < /UI>)\ ‘U(m)’p dz < HuHip(Q)’

the inclusion LP(€2) C MP(Q) holds, and in particular we have [[|ul[|ymg) < [[ullzr(). This

inclusion is however strict: for instance, the function 1/ defined on ]0, 1] belongs to M! but not
to L.

In the following lemma we show that we can interpolate M' and MP, for p > 1, obtaining a
bound on the L' norm, depending only logarithmically on the MP? norm.
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Lemma 2.2. Let u: Q — [0, +o0o[ be a nonnegative measurable function, where Q C RY has finite
measure. Then for every 1 < p < co we have the interpolation estimate

. [ —
ul|pig) < ——|||u l+log | 7—777—=Z"(Q2) 7 ) 2.3

and analogously for p = oo

[l L o
lull @y < Nlulllyr oy |1 +1og [ 22N (@) (2.4)
el o)
Proof. Setting
m(\) =2 ({u>AnQ),
we have the identity
ullLr @) = /0 m(A)dA. (2.5)

Assume first that p < oco. For every A > 0, there holds
_ el
— Ap )

where the second estimate immediately follows from (2.1). According to this, we now split the
integral in (2.5) in three parts. Let us set

m(\) <. 2N(Q) and m(\)

ull| 1 ul| [} =
o ()
Since
ALY (fu> A} Q) < ALY ({fu> A} Q)22 (@5 < llulllypmig) £ (@)1
we have

11
llllar ey < lulllagoy £ ()7,

so that o < 3 (we can assume that ||[u||[ /sy < 00). By direct computations we have

[ 2@ =l (2.6)
8 llull [y el yzogey \ 70
/a A = [l o log | £N(@) (ﬁ) , (2.7)
and )
/; ”'“'”A#“’)dx = 5 llellaney- (2.8)

Summing up (2.6), (2.7), (2.8) and recalling (2.5), the desired formula (2.3) is proved. The case
p = 00 giving (2.4) is easier and is left to the reader. O
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2.2. Maximal function. We now introduce the concept of maximal function and present some
relevant properties.

Definition 2.3. Let u be a measurable function defined on RY. We define the mazimal function
of u as

Mu(z) = sup ][ lu(y)| dy for every x € RV . (2.9)
e>0 JB.(x)

We define similarly the maximal function of a locally finite measure.
Proposition 2.4. For every 1 < p < oo we have the strong estimate

[Mul|po®yy < Cnpllullr @y , (2.10)
while for p =1 we have the weak estimate

[ Mulll 1 ny < Cnllullpr ey - (2.11)
The inequality (2.11) also holds for a finite measure.

Remark 2.5. We stress the fact that the strong estimate (2.10) does not hold when p = 1. It is
even possible to show that, if u € L*(RY) and u # 0, then Mu ¢ L'(RY). Nevertheless, given u €
LY(RY), we have Mu € L _(RY) if and only if |u|log™ |u| € L] (RY), where log™ ¢ = max{logt,0}.

loc loc

Lemma 2.6. Let 1 :]0, c0[— [0, 00] be a nonincreasing function and assume that

r= [ vl dy <ox.

1
loc

1
/RN |u(m—y)|€—N¢<’y‘> dy < I-Mu(x) for every = € RY.

3

Then for every u € Li (RN) and every e > 0 we have

The proof of this lemma can be found in [21], Chapter III, Section 2.2, Theorem 2(a).

2.3. Singular integral operators. We now present different classes of singular kernels and de-
scribe the properties of the associated singular integral operators. As usual, .#/(RY) is the space
of tempered distributions on RY, and .#(R") the Schwartz space.

Definition 2.7 (Singular kernel). We say that K is a singular kernel on RY if
(i) K €./ (RY) and K € L®(R");
(i) Klpm\foy € LL (RN \ {0}) and there exists a constant A > 0 such that

/ |K(z —y) — K(z)|dx < A for every y € RY.
|z[>2]y|

Theorem 2.8 (Calderén-Zygmund). Let K be a singular kernel and define
Su=Kxu foru e LA*(RY),

in the sense of multiplication in the Fourier variable (recall (i) in Definition 2.7). Then for every
1 < p < co we have the strong estimate

I1Sull oy < Cnp(A+ K o) ull oy, € LPNLPRY), (2.12)
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while for p =1 we have the weak estimate
11Sulllans gy < ON(A+ | Kllzeo)lullpreny,  we LPNLARY). (2.13)

Corollary 2.9. The operator S can be extended to the whole LP(RN) for any 1 < p < oo, with
values in LP(RN), and estimate (2.12) holds for every u € LP(RN). Moreover, the operator S
can be extended to the whole L'(RY), with values in M*(RY), and estimate (2.13) holds for every
u € LY(RY).

Definition 2.10. The operator S constructed in Corollary 2.9 is called the singular integral operator

associated to the singular kernel K.

Remark 2.11. The case p = 1 deserves some comments. Indeed, the extension S " defined on L
with values in M can induce some confusion, due to the fact that a function in M is in general
not locally integrable, thus does not define a distribution. We can observe that for u € L*(RY), we
can define a tempered distribution SPu € .%/(R") by the formula

<5Du, @) = <u, §g0> for every ¢ € S (RY), (2.14)

where S is the singular integral operator associated to the kernel K(z) = K(—z). Indeed, for
0 € Z(RYN), we have Sp € HY(RYN) ¢ Co(RY) for ¢ > N/2. Then SP : LY(RYN) — ' (RY) is an
extension of S, with values tempered distributions. The operators S™ " and SP are different and
cannot be identified. Observe also that SPu € .#/(R™V) can also be defined by (2.14) for u a finite
measure on RY. Also notice that the definition in (2.14) is equivalent to the definition in Fourier
variables L
SPuy = Ku,
for which we use that K € L and @ € L™,
The following characterization of singular kernels is available.

Proposition 2.12. Consider a function K € L (RN \ {0}) satisfying the following conditions:

loc

(i) There exists a constant A > 0 such that
/ |K(z—y) — K(z)|de < A for every y € RY;
|=[>2]y|
(ii) There exists a constant Ag > 0 such that
/ |z|| K (x)|de < AgR  for every R > 0;
|z|<R

(i) There exists a constant Az > 0 such that

/ K(z)dx
Ri<|z|<R2

Then K can be extended to a tempered distribution on RN which is a singular kernel, unique up to a
constant times a Dirac mass at the origin. Conversely, any singular kernel on RN has a restriction
on RN\ {0} that satisfies the previous conditions (i), (i), (iii).

< Ay for every 0 < Ry < Ry < 0.

For our purpose we introduce a more regular class of kernels.
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Definition 2.13. We say that a kernal K is a singular kernel of fundamental type if the following
properties hold:

(i) Klgv\goy € CHRN\ {0});
(ii) There exists a constant C > 0 such that

|K(x)] < mN for every x # 0; (2.15)

iii) There exists a constant C; > 0 such that

(iif)
Cy

VK (x)] < PhEs for every x # 0; (2.16)

(iv) There exists a constant Ay > 0 such that
/ K(z)dx| < Ag for every 0 < Ry < Rp < o0. (2.17)

Ri<|z|<R2

These conditions imply those in Proposition 2.12.

2.4. An interpolation lemma. The following interpolation lemma is a generalization of classi-
cal results on singular integrals, see for instance Section I1.2 of [21]. We give its full proof for
completeness.

Lemma 2.14. Let T : L>(RY) — L*(RY) be a (nonlinear) operator satisfying

(i) Ty (u) >0 for every u € L>(RYN);
(w4 v) < Ty (u) + Ty (v) for every u,v € L2(RN);

(i) T
(iii) Ty (\u) = |NTy(u) for every u € L2(RY) and every A € R;
(iv) There exists a constant Py > 0 such that

T4 (W)l 2 vy < Pollullp2wyy — for every u € LA(RY);
(v) There exists a constant P; > 0 such that if u € L>(RY) satisfies sptu C Bg(wo) for some
zo € RY and R > 0, and fRN u =0, then

[ Tewds < Pl
|x—zo|>2R

Then there exists a constant Cn, which depends only on the dimension N, such that
T4 (I3 @y < On(PL+ Po)llull sy for every uwe L' L*(RY).
Proof. We preliminarily notice that from assumptions (i), (ii), (iii) it follows that
Tp(—u) =T (u),  |Th(u) = Ty (v)| < Ty(u—v), (2.18)
for every u,v € L2(RY).

STEP 1. CALDERON-ZYGMUND DECOMPOSITION. Given u € LY(RY) N L2(RY) and a > 0, we
perform the so-called Calderén-Zygmund decomposition in cubes of RV (see for instance Section
1.3 of [21]). We find a family {I;}?°, of closed cubes with disjoint interiors such that

a?N (1) < / lu| < 2Na 2N (1},) for every k,
I,
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and
lu| < a.e. outside Uy I} .
We then set
wy = <u - ][ u> 1p, (2.19)
I
and

for © & Up I,

u for x € I}. (2.20)

I

??‘

Then we obviously have v, w;, € L'(RY),
sptwy C Iy, / wg =0, |lwgllpreyy < 2/ ul, > lwell g eny < 2wl ey (2:21)
Iy Iy .

Moreover, it is readily checked that

u=uv-+ Zwk ZN-ae. and in L'(RY), (2.22)
and that
vl @~y < flullpr ey s 0]l oo vy < 2N ex. (2.23)
We notice also that
1
PN (Uklk) <>V < ~Jull e, (2.24)
k

Now, for every k consider an open ball By = B,, (y;) containing I, and with the same center y,
such that for some dimensional constant Sy we have

LN(By) < BnZN (1)

Moreover, we set
Vi = B, (yk), V= UgVk.

Then, similarly as in (2.24), we have
Z.,%N Vi) < ZQNﬁN.ZN(Ik) < 2NﬁN—HuHL1 RN (2.25)
Since by (2.21) sptwy, C By and [y wi = 0, from assumption (v) we get

Jgp T < Prlelzsa (2.6)
k

STEP 2. PROOF OF THE WEAK ESTIMATE. We fix an arbitrary m € N and we first estimate
Ty (v+ ), wg). From (ii) it follows that

Ty <v + Zwk> <Tp(v)+ > Ty (wy). (2.27)

k=1 k=1



VECTOR FIELDS WITH GRADIENT GIVEN BY A SINGULAR INTEGRAL 11

From (2.26) and (2.21) we deduce that

m

DT

k=1

m

Z Uwil o @yy < 2P1[ufl gy gy - (2.28)
Ll(RN\V) k=1

Moreover, noticing that (2.23) implies

/
ol oy < (2Vallulli@n)

and using assumption (iv), we obtain

1/2
174 (@)l 2y < Po (2Vallullgemy) - (2.29)

For every A > 0 we can estimate

(e o)

oo (feer i nw > 3) 20 ({”C VLT > %D

k=1

+.2N ({x ¢V . ZTJr(wk)(x) > g}) (2.30)

(2.29),(2.28)

1
i N
< ()\/2) P22 allull prgyy + L7 (V) + )\/22P1HUHL1(]RN)
(2.25)
<

1 1
[ﬁQN"’ZPQQ —+ azNﬂN + X4P1:| H’U,HLl(RN) .
Now, according to (2.19), (2.20) we have
m
D w
k=1

and since by (2.22) S0 wr — Ypo,wi = u — v a.e. in RY, we deduce by Lebesgue’s theorem
that, as m — oo,

< [ul + [v] € L*(RY),

m o0
v—i—Zwk—)v—FZwk:u in L*(RM).
According to assumption (iv) and to (2.18), this implies that
m
T, <v + Z wk> — T4 (u) in L2(RM).
k=1

Then (up to the extraction of a subsequence) we also have T} (v + > ;" wg) — T (u) pointwise
a.e. in RY, and this implies that

Loy @@>y) < Hminf L n oisp, wo@sy  forae o € RY,
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Using Fatou’s lemma and (2.30), we get

o
A2
Since A, > 0 are arbitrary, we choose « in order to optimize the estimate (2.31), by setting

a = +/BNA/2P;. This yields that for any A > 0

1
gN ({IE € RN : T+ (U) (iE) > )\}) < X |:2N+2\/,8NP2+4P1] HUHLI(RN)’
which is the thesis of the lemma. O

1 1
LN ({zeRY Ty (u) (z) > A}) < [ oN+2p2 | agNﬁN + X4131} [l 1 vy - (2.31)

3. CANCELLATIONS IN MAXIMAL FUNCTIONS AND SINGULAR INTEGRALS

In this section we provide a key estimate that states that there are some cancellations in the
composition of a singular integral operator and a maximal function.

The idea of such cancellation is the following. To simplify, consider singular integral operators
associated to smooth kernels K, such that K € C°°(RM\{0}), with

C
€]

It is well-known that such K is a singular kernel satisfying the conditions of Definition 2.13, thus
to K we can associate a singular integral operator S, that satisfies the weak estimate (2.13). Now,
if K7 and Ky are two such operators, we can consider the composition S957. Then, we can see
that for all u € L?, S9S1u = Su, where S is associated to the kernel K defined by K = [?QIAQ,
that again satisfies (3.1). Therefore, S2.57 also satisfies the weak estimate (2.13). However, it is not
possible to get this information just by composition, since when v € L' N L?, Squ is not controlled
in ! by the L' norm of u. The explanation of this phenomenon lies in the cancellations that hold
in the composition S257 (i.e. in the formal convolution Ky * K7), due to condition (2.17).

The main result of this section, Theorem 3.3 states that the same kind of cancellation occurs in
the composition of a singular integral operator by a maximal function. However, the usual maximal
function (2.9) is too rough to allow such cancellation. Therefore we consider now smooth mazimal
functions, and moreover we put the absolute value outside the integral, instead of inside the integral
as in (2.9). This smooth maximal function is also known as grand mazimal function, and is an
important tool in the theory of Hardy spaces (see for instance [19)]).

for all a € NV and € ¢ RM\{0}. (3.1)

0aR ()] <

o]
|l

Definition 3.1. Given a family of functions {p*}, C L°(RY), for every function u € L (RY) we
define the {p”}-mazimal function of u as

M,y (u)(z) = supsup
v o e>0

/ pL(x —y)u(y) dy‘ = supsup|(pZ * u)(x)‘ for every z € RV, (3.2)
RN v >0

where we use the notation .
v — 12 T
pe(x) = NP <E) :
In the case when {p"}, C C°(R"), we can use the same definition in the case of distributions
u € D'(RY), more precisely we set

M,y (u)(x) = sup ililo) (u, pZ(x — )>‘ for every z € RY.
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Remark 3.2. Taking p”(x) = 1 ;<1 /£ (By) in (3.2) gives the maximal function (2.9), except that
now the absolute value is outside the integral.

The announced cancellation between the singular integral and this maximal function are de-
scribed in the following theorem.

Theorem 3.3. Let K be a singular kernel of fundamental type as in Definition 2.13 and set
Su = K *u for every u € L2(RYN). Let {p*}, C L®(RYN) be a family of kernels such that

spt p” C By and 1ol L1y < Q1 for every v. (3.3)

Assume that for every e > 0 and for every v, there holds (6NK(6-)> x p¥ € Cy(RN) with the norm
estimate

[ ss) o

Then the following estimates hold:

< > 0 and . 3.4
CEN) S Qo for every and every v (3.4)

(i) There exists a constants Cy, depending on the dimension N only, such that

My (S [[ 1 vy < Cn (Qz +Q1(Co+Cr + HKHoo)) ull 1wy for every u e L' 1 L*(RY);
(3.5)
(ii) If in addition {p"} C C°(RY), the estimate (3.5) holds for all u finite measure on RY,
with the same constant Cy, where Su is defined as a distribution, according to (2.14);
(iii) If Qs = sup, [|p” | o mny is finite, then there exists a constant Cy, depending on the di-
mension N, such that

HM{pV}(Su)HLQ(RN) < CNQ?,HI?HOOHUHLQ(RN) for every u € L*(RY). (3.6)

Remark 3.4. The assumption (3.4) on p” is a regularity assumption. For instance, it is satisfied
if p¥ € HY for some ¢ > N/2 with uniform bounds. Indeed, in this case we have p¥ € L' with

uniform bounds, thus since K € L™, we get that K(£/¢)p”(€) € L' with uniform bounds.

Proof of Theorem 3.3. STEP 1. DEFINITION OF THE QUANTITY AY AND ESTIMATES. Fix a radial
function y € C*(RY), 0 < x < 1, such that x(z) = 0 for |z| < 1/2, x(z) = 1 for || > 1, and with
IVXlloo < 3. We define

ar(e) = [« 0] (2) - ( oo dy) v (2) K@) (3.7)

From assumption (3.4), the definition of x and assumptions (3.3) and (2.15), we deduce that for
every ¢ > 0 and every v, we have AY € Cp(RY) and

Co2N
+Q1 0

|AY (x)] < f—;, N for every = € RY. (3.8)

For |z| > 2¢ we have
ata) = [ () = K@)k = )y,

and this implies the estimate

v Cily —af 2NH1C1Que .
|AY (z)| < /]RN ng (x—y)|dy < LG for every = € RY with |z| > 2¢. (3.9)
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In obtaining (3.9) we have used assumptions (2.16) and (3.3), the fact that the integral is indeed
performed on the set B.(x), and that for all z and y under consideration we have for every s € [0, 1]

|z +s(y —2)[ > |2| =y — 2| > [2] =& > || — |2[/2 = |z[/2.
Putting together (3.8) and (3.9), we obtain the existence of a dimensional constant Cy such that

Q2+ Q1(Co + C1)
N o) ¥
9 1+ <?)
This in particular gives AY € L' N L= (RY). Applying Lemma 2.6 with

Q2 +Q1(Co + C1)
A+

|AZ(x)| < Cn for every = € RY.

Y(z) =Cn

we deduce the existence of a dimensional constant Cy such that for every u € L (RY),

supsup |[(AY x u)(z)| < COn(Q2 + Q1(Co + C1)) Mu(x) for every = € RY. (3.10)
v e>0
Thus, recalling Proposition 2.4, we deduce that

supsup |AY  u|
v e>0

‘ < ONn(Q2+Q1(Co + Ch)) [Jwll L1 vy for every u € LY(RY) (3.11)
MY(RN)

and

supsup |AY * u|
v e>0

< ONn(Q2+Q1(Co + Ch)) lJwll 2@y for every u € L*(RY).

L2(RN)

STEP 2. DEFINITION OF THE OPERATOR T+, INTERPOLATION LEMMA AND CONCLUSION OF
THE PROOF. We first notice that from the definition of AY in (3.7) it follows that

(P!« K)(z) = AL(z) + </RN P (y) dy) X (g) K(x) for every z € RY. (3.12)

Then, since p? x K € L?, we have
plx (Su) = (p2 * K) xu for every u € L*(RY), (3.13)

as can be easily seen by using the Fourier transform. Therefore, according to (3.2),

pY * (Su)‘ = supsup|(py * K) * u‘ for every u € L*(RY), (3.14)

M0y (Su) = supsup
v >0 v o e>0

and the left-hand side of (3.12) is precisely the kernel we have to study. The term AY in (3.12) has
been treated in Step 1. Thus since ‘ [ p"(y) dy! < @1, it remains to study the operator

( () 7)o
€

We are going to apply the interpolation Lemma 2.14 to the operator T'y. The only assumptions

of the lemma that are not immediate are (iv) and (v), which will be checked in Steps 4 and 3

T (u) = sup for u € L*(RY). (3.15)

e>0
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respectively, obtaining constants P, = Cy(Co + C1) and Py = Cn(Co + C1 + ||K||so). Assuming
for a moment these estimates, Lemma 2.14 yields that

T ()|l pr vy < Cn <Co +Ci + HIA(HOO> llwll 21 vy for every u € L' N L2(RY).  (3.16)

This, together with (3.14), (3.12), (3.11) and recalling (2.2), gives (3.5) and proves (i).

Then, in order to prove (ii), given a finite measure u, take a smoothing sequence ¢, and define
Up = G *u. Then since u,, € L' ﬂLQ(RN), we can apply (3.5) to u,. We observe that Su,, — Su in
' (RYN). Therefore, for fixed ¢, v and =, (p” * (Suy))(x) — (p¥ * (Su))(x) as n — co. This implies
that

1 {sup sup pr x (Suy)

v >0

Py * (Su)‘ > )\} < liminf 1 {supsup

n—o0 v e>0

>)\} for all A > 0.

By applying Fatou’s lemma, we conclude that property (ii) holds.
Finally, to show (iii), we observe that
lp" ()] < Q31 p,(x) for a.e. z € RY,
which implies according to Remark 3.2 that for all u € L?(RY)
My (u)(z) < Q32N (B1)Mu(x) for every = € RY. (3.17)
It follows from Proposition 2.4 that
1My (w)llz < Q32N (B1)|[Mull2 < CnQsllull2 for every u € L*(RY).
Combining this with the trivial estimate ||Sulls < || Koo |u]l2 yields (3.6) and property (iii).
STEP 3. CHECKING OF ASSUMPTION (V) OF LEMMA 2.14. In this step we show the existence
of a constant Py such that if u € L*(RY) satisfies sptu C Bg(zg) and [px u =0 then
/ Ty (u) dr < Prfjull g mny - (3.18)
|x—zo|>2R

Since spt u C Bg(zg) and [pn u =0, we can write for z such that |z — zo| > 2R,
- K)
() w)eo

_ /M'SR [x (m . y) K —y)—x (m ‘;“0) Kz - xo>] uly) dy o

2 e o

' /Iymo|§R [X <$;y> X (m _ex(])] K(z —wo)u(y) dy .

In order to get an estimate for (3.15), we are going to estimate separately the two terms in the last
line in (3.19). We are interested only in those x and y which satisfy |z — x| > 2R and |y —z¢| < R,
which implies that for any 0 < s < 1, we have

2 — o+ s(20 — )| > | — 0| — leo — y| > |& — 20| = R > | — 0| — & — x0]/2 = | — wo/2. (3.20)
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For the first term in (3.19), using (2.16) we can estimate the variation of K as

1 N+1
Clly — .%'0‘ 2 ClR
Kz —vy)— K(xz — < ds < .
|K(z —y) (z — x0)| _/0 Iz — 20 + 8(wo — y)| N1 §= |z — 2| N+
Thus we obtain

/y—xong (w - y> [K(”” —y) - K- xo)}U(y) dy

3.21
<[ AR uga = G o
- oo ylay = e Ul ey
ly—zo|<r [& — TV H! 7 — g N 1l -
In order to estimate the second term, we first notice that
r—y T — X R
() - ()| <1t 52)
€ c -

Moreover, the above variation of x vanishes as soon as

T -y T — X

>1 and > 1.

Since from (3.20) we have |z — z¢| < 2|z — y|, we deduce that whenever |z —y| < e or |z —xg| < e
we have £ > |x — xg|/2. This improves (3.22) to

N T
‘/y 2ol <R (x;y> X <CE—€$0>] K(z — zo)uly) dy

</ 6B Co 1)) dy (3.23)

—z0|<R |z — o |2 — x|V

Thus, we estimate

6CoR
= WHUHLl(RJ\’)-

Therefore, (3.21) and (3.23) yield

Ty (u)(z) < (6Co +2V+1Cy) f

P [ull L1 yy  for every  such that |z — x| > 2R.
Next we integrate over |z — xg| > 2R, and we obtain (3.18) with P, = Cn(Cy + C).

STEP 4. CHECKING OF ASSUMPTION (Iv) OF LEMMA 2.14. Let us fix a nonnegative convolution
kernel p € C°(By) with [px p = 1. Defining A, as in (3.7) with p” substituted with p, the inequality
(3.10) obtained in Step 1 is valid, thus given u € L2,

igg‘(&g % u)(x)( < Cn(Co+ Ch + | K ||oo) Mu(z) . (3.24)

Similarly, we can use estimate (3.17), which yields

sup (7. * Su)(z)| < Cy M (Su)(z). (3.25)
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< sup|A.  u| + sup
e>0 e>0

But from (3.12) and (3.13) it follows that
Ty (u) = sup

((2) ) =
>0 €
Therefore, (3.24), (3.25) and Proposition 2.4 yield

1T () 2y < On(Co + O+ [|K o) [[ull L2y

De * (Su)‘ .

which is precisely assumption (iv) of Lemma 2.14 with P, = Cn(Co + Cy + HI?HOO) O

Remark 3.5. We remark that in Proposition 2 of Section 1.7 of [22], an estimate on T’y similar to
(3.16) is given in the case of a discontinuous cutoff function x, obtaining in fact pointwise bounds
on the truncated singular integral operator.

4. ESTIMATE OF DIFFERENCE QUOTIENTS

This section is devoted to the proof of a generalization of the estimate (that can be found for
instance in [21]) of the difference quotients of a given function in terms of the maximal function of
its gradient.

Lemma 4.1. If u € BV(RY), then there exists an £ -negligible set N' C RN such that
[u(2) — u(y)l < Cyle = y|((MDu)(@) + (MDu)(y)) ~ for every e, y e RN AN, (41)

where Du stands for the distributional derivative of w, which is a measure here, and M is the
mazimal function (2.9).

Our result below shows that it is possible to include some singular integral operators in the
gradient, without any significant loss in the estimate (4.1).

Proposition 4.2 (Estimate of difference quotients). Let u € Ll (R™) and assume that for every
j=1,...,N we have

m
Oju =Y Sirgir  inD'RY), (4.2)
k=1
where S are singular integral operators of fundamental type in RY and gjk are finite measures in
RN, forallj=1,...,N, k=1,...,m, and where Sikgjr s defined in the distribution sense, as in
(2.14). Then there exists a nonnegative function U € MY (RYN) and an LN -negligible set N' C RN
such that

lu(z) —u(y)| < |z — vyl (U(x) + U(y)) for every z, y € RV \ V. (4.3)
Moreover, we can take U explicitly given by
N m
U=> "3 Mpes cesv-1y(Singsn) (4.4)
j=1k=1

where the mazimal function relative to a family of kernels is defined in Definition 5.1, the functions
Y& € OX(RY) are explicitly defined for ¢ € SN and j =1,...,N by

Y9 w) =1 (§ - w) u (15)
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and the kernel h is chosen such that

h e C(RY), / h(y)dy =1, spth C Bya. (4.6)
RN

Proof. The property that U defined in (4.4) belongs to M* is obtained directly by applying The-
orem 3.3 (ii). Indeed the kernel Y7 defined in (4.5) for £ € SV¥~! belongs to C°(RY) and has
support in the unit ball because spt h C By, and [£| = 1. Moreover it is uniformly bounded in Lt

and in H? for any ¢ € N, thus with Remark 3.4 we get that (3.3) and (3.4) are satisfied for T¢.
It remains to prove that (4.3) holds for U defined by (4.4). We define as usual h, = TLNh (+) for
all » > 0, and since f h, = 1 we can write

u(z) —u(y) = /RN hy <z - x—;—y) (u(x) —u(z)) dz—l—/RN hy <z - x—;—y) (u(z) —u(y)) dz. (4.7)

We consider one of the integrals in (4.7), we assume that = # y and we set r = |z — y|.

STEP 1. COMPUTATION IN THE SMOOTH CASE. In order to justify the following computations,
we assume for the moment that the functions u and gj;, are smooth. Thus we can compute

(5] e
:—Z/RN/ ( ~"3+y>3ju($+8(2—x))(zj_mj)dsdz

N y w (4.8)
Z/ /]RN r( S>8ju(x—w) N+1dwd5
al r—y w\w
_ ilwl,
Z/o N [ r< 5 —;) ;} * [@u(w)](:ﬂ)ds.
Now, as usual we define for every € > 0
&.J — — & (=
T8 (W) = 1% (2) .
Then from (4.8) and the expression for the derivative of w in (4.2), we deduce that
N 1 x—y
Lot (= 5 ) - wy ds = Y [ |05 0p0] ()
RN X 0
7j=1
N m 1 iy (49)
- TZZ/ [T;;—y x (%k%k)] (z) ds
j=1k=1"0
Therefore
T4y & ! J
/RN h (z - ) (u(z) —u(z)) dz| < |z —y| ZZ/O T« <Sjkgjk) ()| ds,
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and we have the estimate

M =1 []=
MS i MS

‘x =1 Sjkgjk) (z)| d

/0 . sSuNp 1§1>11(:)) ‘Tg’j * (Sjkgjk> (m)‘ ds
c
j=1k=1 (4.10)

{Tﬁ,ﬁ cesN-1} <Sjk9jk) (m) = U(m) .
1

T

1

<.
Il

Since the second term in (4.7) gives a similar contribution with = and y exchanged, this concludes
(4.3) when u and gj), are smooth.

STEP 2. APPROXIMATION ARGUMENT. In the general case u € L{ _ and gjkr measures, we still
have that U defined in (4.4) belongs to M'. We take a smoothing sequence ¢/, (w) = n™V((nw),
CeCx, [(=1,spt( C B, where a > 0 is such that spth C B /3o Convolving (4.2) with ¢,
yields that u™ = (y, *u verifies the same assumption as u, with associated functions 95 = C1/n*Gik-
Since these functions are smooth we can apply the result proved in Step 1. In particular, (4.9) can
be written

/RN hy <z _ x—;y> (un(x) — un(2)) dz = Téé/ol [(Q/n * TS‘%%Z‘J) * (Sjkgjkﬂ (2)ds.

(4.11)

Then, for ¢ > 0, £ € SV¥~1, n € N, we write the kernel in the following way,
§7j — 57] 1 <
Ciym * Y2 (C * T"5>1/n if ne <1,
Cl/n * Tg’j = (Cl/(na) * Tg’j> if ne>1.
15

Setting

ne&i _ ) CF Tﬁg if ne <1,
g B Cl/(ne) * T&] if ne > 1,

we have spt p™¢J C By, thus by applying Theorem 3.3 (ii) with v = (n, ¢, &) we get that

7=3 3

1n6§

(6159« ()| <"

In particular, there exists an .Z~-negligible set A7 C RY such that U(z) < oo for all 2 ¢ Ni. We
have also u"” — wu in LIOC, thus after extraction of a subsequence, u™ — u a.e, and there exists an
ZN_negligible set N5 € RY such that u"(z) — u(x) for all z &€ Ns. Setting N'= N7 U N, we can
pass to the limit in (4.11) by dominated convergence in s for all z ¢ N. This yields (4.9). Finally,
the estimate (4.10) is still valid, proving the result. O

Remark 4.3. The case u € BV previously stated in Lemma 4.1 is obtained from Proposition 4.2 by
taking m = 1 and Sj, = dp. Noticing that according to (3.17) we have Myye;y(g5) < CnMg;, we
recover estimate (4.1).
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5. REGULAR LAGRANGIAN FLOW: DEFINITION AND MAIN ESTIMATE

We start by recalling the notion of convergence in measure for measurable functions and by
introducing some related notation.

Definition 5.1 (Convergence in measure). We say that a sequence of measurable functions u,, :
RY — R converges locally in measure in R towards a measurable function u : RV — R if for every
v > 0 and every r > 0 there holds

LNz € By |up(z) —u(@)| >7}) =0 as n — —+00.

We simply say that u, converges towards u in measure in RY when the same is true with B,
replaced by the whole space RV,

We denote by LO(RY) the space of real-valued measurable functions on RY, defined a.e. with
respect to the Lebesgue measure £, endowed with the convergence in measure. We denote by
L?OC(RN ) the same space, when we mean that it is endowed with the local convergence in measure.

We shall also denote by B(E, F) the space of bounded functions between the sets E and F'.

We shall always consider in the following vector fields b : (0,7) x RY — R¥ satisfying at least
the following growth condition:

(R1) The vector field b can be decomposed as

b(s,r) = ~
Tt by(s,x) + ba(s,x), (5.1)

with
b1 € L'((0,T); L*RY)), by € L*((0,T); L=(RY)). (5.2)
The following is the by now usual definition of flow for the ordinary differential equation in
the case of non smooth vector fields. In all the following, we denote by log L(RY) the space of
measurable functions u : RY — R such that [y log (1 + |u(z)]) dz is finite, and the local space
log Lioe(RY) is defined accordingly.

Definition 5.2 (Regular Lagrangian flow). Let b: (0,7) x RN — R¥ be a vector field satisfying
assumption (R1) and fix ¢ € [0,7"). We say that a map

X e C([t’ T]s§ Ly (Riv)) N B([t’ T]s; log Lloc(RiV)) (5'3)

loc

is a regular Lagrangian flow (in the renormalized sense) relative to b starting at time ¢ if the
following properties hold:

(i) The equation

9, <ﬁ(X(s,:c))> = 8'(X(s,2))b(s, X (5,7)) (5.4)
holds in D' ((¢,T) x RY), for every function 3 € C*(R";R) satisfying
C

18(2)] < C(1+1log(1+|z])) and |B'(2)] < for all z € RY,

1+ |z

for some constant C;
(i) X(t,x) =z for LN-a.e. z € RY;
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(iii) There exists a constant L > 0 such that for every s € [t,T] there holds
X(s, )4 LN <LLV, (5.5)
ie.
N ({z € RY . X(s,x) € B}) < LZN(B) for every Borel set B ¢ RY. (5.6)

The constant L in (5.5) is called the compression constant of the flow X. The condition (5.5) can
also be formulated as

/ (X (s,x))dx < L/ o(z) dz for all measurable ¢ : RY — [0, 00). (5.7)
RN RN
Note that (iii) and (5.1)-(5.2) enable to get a right-hand side of (5.4) in L*((t,T), L{ . (RY)).

Remark 5.3. (i) In the case of smooth flows, the bounded compression condition (5.5) corresponds
to the lower bound JX(s,z) > 1/L > 0 on the Jacobian of the flow. (ii) In the sequel we shall
also need to make explicit the dependence of the flow on the initial time ¢t € [0,7] chosen in
Definition 5.2, thus we shall use the notation X (s, ¢, z) to indicate the value at time s of the regular
Lagrangian flow relative to b and starting at time ¢, with 0 <t <s <T.

Our definition of regular Lagrangian flow slightly differs from the usual one (see for instance
[1, 2, 3]), since in general we do not assume global boundedness of the vector field b, and thus
we do not have that X(s,-) is locally integrable in RY. For this reason we state the equation
in Definition 5.2(i) in the renormalized sense, since the usual distributional equation is a priori
meaningless. A bound on X(s,z) in log Li,c(RY) (as stated in (5.3)) indeed follows from the
integration in s of (5.4), knowing that the right-hand side is in L'((¢,T), LL .(RY)), see (5.8)

below. This estimate can be slightly strenghtened by the a priori estimate on the growth of the
flow stated in the following lemma. We preliminarily introduce the notation for the sublevels.

Definition 5.4 (Sublevels). Let X : [t,7] x RY — R¥ be a measurable map. For every A > 0 we
define the sublevel

Gy = {x eRY : |X(s,z)| < A for almost all s € [t,T]}.
Lemma 5.5 (Estimate of the superlevels). Let b : (0,T) x RN — RN be a vector field satisfying

assumption (R1) and let X : [t,T] x RN — RN be a regular Lagrangian flow relative to b starting
at time t, with compression constant L. Then for B, the ball of radius r centered at the origin,

1+ |X(s,z ~ ~
fOT all s S [t,T], / log <M> dx S LHblHLl((O,T);LI(RN)) +XN(BT)Hb2HL1((O7T);LOO(RN))

1+
(5.8)
and

/ esssup log
B, t<s<T
where by and by are as in (5.1)-(5.2). This in particular implies that for every regular Lagrangian
flow X relative to b starting at time t with compression constant L, we have for all 1, A >0

LN (B \ Gy) < glr,\), (5.10)

where the function g only depends on HBlHLl((QT);LI(RN)), HBQHLI((QT);LOO(RN)) and L, and satisfies
g(r,\) L0 forr fized and \ 1 +oo.

(1 + | X (s, )]

P do < Ll oyus oy + 2 Bl sy 69)
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Proof. The proof can be found for instance in [14, Proposition 3.2], but for completeness we write it
in full details. Let us take f-(z) = log(1 + \/|2|? + £2), for some € > 0. Then (5.4), (R1) and (5.7)
yields that 0, (8:(X (s, z))) € L'((¢,T), LL.(RY)). Thus, for almost all z € RY, 9,(B:(X (-, z))) €
L(t,T). This implies that for such =, B.(X (-, z)) coincides almost everywhere with an absolutely

continuous function Z.(-,x) in [¢t,T]. We have for all s € [t, T
S
Ee(s,x) = Ec(t,z) + / B (X (r,2))b(r, X (7, 2))dr,
t
thus

for a.e. z € RN, for a.e. s € (t,T), Be(X(s,x)) = Ec(t,x) + /8 B (X (7, 2))b(r, X (7, 2))dr.
t

(5.11)
But since the integral in the right-hand side belongs to C([t,T], Ll .), and B:(X) € C([t, T]; L{,.) N
B([t,T), LL ), we have that Z.(¢,-) € LL , and (5.11) is valid for all s, i.e.

loc loc?

for all s € [t,T], for a.e. z € RY, Be(X(s,x)) = ﬁg(X(t,x))—i—/: B (X (7, 2))b(r, X (7, 2))dr.

(5.12)
We have
, 1 z , 1
z) = 5 z S 9
Fe'l=) L+ /22 +e2 /]2 + &2 6(2) 1+ 2]
thus for all s € [t,T] and a.e. z € RV,
s |b(T,X(T,$))|
X < Be(X ———dr.
/88( (va))—ﬂs( (tvx))—i_ . 1+’X(T,1’)’ dr
Letting ¢ — 0 this yields that for all s € [¢t,7] and a.e. x € RY,
S\b(1, X(7,x
log(1 4 | X (s,2)]) <log(1l+ |z]) + o(r, X(7, 2))| (5.13)

.
. 14| X(1,2)|

In particular, integrating this over x € B, yields (5.8). Similarly, weakening (5.13) to a.e. x € R,
a.e. s € (t,T), yields (5.9). Then, we have

/ esssup log <M> dz > 2N (B, \Gy)log (1 +\) — 2N(B,)log(1 + 1),
B, t<s<T 1+
proving (5.10) with
(r)) = LIl o,y @y + LN (Be)lb2ll £ (0,700 vy + 2N (Br) log(1+7)
g log(1+ A) '

O

Remark 5.6. The inequality (5.13) can be reversed, by estimating (5.12) from the other side. Thus
we have for all s € [t,T] and a.e. z € RV,

s ‘b(T,X(T,x)H

dr.
. 14| X(1,2)|

log(1 + |z|) <log(1+|X(s,z)]) +
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In particular, given A > 0 and r > 0, the points x where | X (s,2z)| < X and |z| > r satisfy

s
/t b1 (7, X (7,2)) | dr = Tog(1 +7) — log(1 + ) = [Ball s o1z vy -
In particular, the following counterpart of (5.10) holds: for fixed A, we have
N ({z eRY ¢ |X(s,2) < A\ Jz| >7}) — 0 asr — o0,
uniformly for s € [t, T1.

Let us now recall some classical properties related to the notion of equi-integrability.
Definition 5.7 (Equi-integrability). Let © be an open subset of RY. We say that a bounded
family {p;}ier C L'() is equi-integrable if the following two conditions hold:

(i) For any € > 0 there exists a Borel set A C © with finite measure such that fQ\ 4 leilde < e
for any i € I;

(ii) For any e > 0 there exists § > 0 such that, for every Borel set E' C Q with with .V (E) <,
there holds [ [p;|dz < e for any i € I.

We recall in passing that the Dunford-Pettis theorem ensures that a bounded family in L!(£2)
is relatively compact for the weak L' topology if and only if it is equi-integrable. Also notice
that every finite family is (trivially) equi-integrable. An interesting property is that a sequence
u, € LYRY) converges to u in L'(RY) if and only if it is equi-integrable and u, converges to u
locally in measure. The following lemma can be proved with elementary tools.

Lemma 5.8. Consider a family {@;}ic; C L'(Q) which is bounded in L*(Y). Then this family is
equi-integrable if and only if for every € > 0, there exists a constant C. and a Borel set A. C )
with finite measure such that such that for every i € I we can write

vi =@+,
with
leilliy <e and spt (¢7) C Ae, 1|97 llr20) < Ct forallieI.

In order to obtain results of well-posedness (i.e., existence, uniqueness and stability) for the
regular Lagrangian flow, the mere growth conditions in (R1) are not sufficient. Some assumptions
on the space derivatives of the vector field are needed (see for instance the discussion in [2, 3, 13]).
We are interested in the case when the space derivatives of the vector field can be expressed as

singular integrals of L! functions, with singular kernels of fundamental type as in Definition 2.13.
We thus assume that in addition to (R1) b satisfies the following assumption.

(R2) For every i, j =1,..., N we have
m
06" => " Shgl, i D'((0,7) x RY), (5.14)
k=1

where S]i» i are singular integral operators of fundamental type in RY (acting as operators in
R” independently of time) and the functions g;.k e Lt ((0, T) % RN) foreveryi,j=1,...,N
and every k =1,...,m. For notational simplicity, we shall also use the vectorial notation

0;b=> " Sirgix  inD'((0,T) x RY), (5.15)
k=1
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in which Sj; is a vector consisting of N singular integral operators, and for every j =
1,...,N and every k = 1,...,m we have gj; € Ll((O,T) X RN;RN). Note that the
equations (5.14) or (5.15) can also be formulated as equations in D’(RY) for almost every
te (0,7).

We also make the following local integrability assumption,

(R3) The vector field b satisfies

be LY ([0,T] x RY) for some p > 1. (5.16)

We are now in position of proving our main quantitative estimate on the regular Lagrangian
flows. The idea is to consider an integral functional that controls the distance between two flows,
and to derive estimates in the same spirit of [14]. A key tool is given by Theorem 3.3, that allows
to estimate the composition of singular integral operators with smooth maximal functions, that
appears in (4.4) when estimating the differential quotients as (4.3) in Proposition 4.2.

Proposition 5.9 (Fundamental estimate for flows). Let b and b be two vector fields satisfying
assumption (R1), and assume that b also satisfies assumptions (R2), (R3). Fizt € [0,T) and let
X and X be reqular Lagrangian flows starting at time t associated to b and b respectively, with
compression constants L and L. Then the following holds. For every v > 0 and r > 0 and for
every n > 0 there exist A\ > 0 and C, ., > 0 such that

N (Br N{IX(s,) = X(5,)] > 7}) < Cyrllb = bllororyxmyy +1 foralls € [t,T].  (5.17)

The constants A > 0 and C, ., > 0, beside depending on v, r and n, also depend on

o The equi-integrability in L* ((O,T) X ]RN) of the functions g1, associated to b as in (5.15);

e The norms of the singular integral operators Sji, associated to b as in (5.15) (i.e., the
constants Co + Cy + || K||so from Definition 2.13);

e The norm ||bl|Le((0,7)xBy) corresponding to (5.16);

e The quantities ||51||L1(L1) + HBQHLI(LOO) and ||l:)1||L1(L1) + Hl:)2||L1(Loo), for decompositions of
b and b as in (5.1)-(5.2);

e The compression constants L and L.

Proof. For any 6 > 0, A > 0 and s € [t,T] let us define the quantity

Ps(s) = /BmeGA log <1 + [X(s,2) gY(s,xﬂ) dz, (5.18)

where G\ and G, are the sublevels of X and X respectively, defined as in Definition 5.4. Because
of the continuity statement in (5.3), ®s is continuous, and since in (5.18) the values of = that
are involved correspond to bounded trajectories, we are able to use (5.4) in the classical sense of
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derivatives of absolutely continuous functions. Thus ®; is also absolutely continuous, with

Ph(s) = / b(s, X (s,z)) — E(S_,Y(S,CC)) - X(s, ) —z(s,x)
Bme@ 0+ [X(s,x) — X(s,2)] | X(s,2) — X(s,2)]
/ (s, X(s,7)) —5(8_,7(5,3:)” p
rmG)\ﬂG)\ 6+ [X(s,z) — X(s,2)|
/ (s, X(s,2)) — b(s, X (s,2))] I +/ |b(s, X (s,2)) — b(s_,Y(s,x)ﬂ
B.neanGy O+ [ X(s,2) — X(s,2)| BnGanGy 0+ [X(s,z) — X(s,2)]

%/ b(s,x)|dx

bl X(s,2)] + b5 X (s, )] | [bs, X (5,2)) = s, s, )|\,
+/Bmammm{ 5 L X(s,2) - X(s,2)] }d‘

dx

IN

IN

dx

We now apply Proposition 4.2 for almost all s, which gives the existence of a function U(s) €
MY (RY) estimating the difference quotients of the vector field b. We obtain

|

‘133(8) < Hb(87 ) _5(37')“L1(B>\)

/ - { bGs, X (5, 2D | 16 X 2D 700 50 09) 4+ 05, Ko (s x>>} dz.
B-NGANG g ’ | | | |

+

5
(5.19)

Now, observing that ®5(t) = 0, for any 7 € [t,T] we integrate (5.19) over s € (¢, 7) to get

L _
©5(7) < 5110 = bl (m)xBy)

’ - [b(s, X (5,2))] | [b(s, X (5,2))| | _
+/t/me@ mm{ o + ) 3 Uls, X(s,2)) +U(5aX(5a$))}d~’Ud5-

(5.20)

Recall that U is given by (4.4). Let us fix € > 0, that will be chosen later, and apply Lemma 5.8
to the finite family of functions g;;, € Lt ((O, T) x RN ) This gives the existence of a constant C.
and a set A. with finite measure such that for every j = 1,...,N and k£ = 1,...,m, we have a
decomposition

9ik(5,2) = gji(s, @) + gir(s, )

satisfying

ngl‘kHLl((O,T)x]RN) <e€ and spt (gjzk) C A, ngz'kHLQ((O,T)XRN) <C.. (5.21)
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The constant C. measures the equi-integrability of the family g;; in Lt ((O, T) x RN ) We deduce
that

m N
U = ZZM{Tg,j7§ESN71}(5jkgjk)

k=1 j=1
m N ) m N ) (5‘22)
< Z Z Mves, cesv—11(Sirgj) + Z Z Myes, cesv—11(SikGj)
k=1 j=1 k=1 j=1
=U' + U2

Plugging (5.22) into (5.20) gives

L _
®5(7) < 511 = bl (tm)xBy)

e[ { (s, X(s,2)| |, [b(s,
t JB.NGANG, 4
b

X(
o
4 : ’b(87X(87x))’ ’ (87Y(87$))‘ . 2 2 ~
—i—/t/T mm{ + 3 ; U*(s, X (s,2))+ U (s,X(s,m))}dwds.

SO 1 X (s.0)) + Ul(s,y(s,x))} da ds

ﬁGkﬁéA d
(5.23)
For the second double integral we write
X X _
/ min { ‘b(sa (8,1'))‘ + ‘b(sa (57'%'))’ : UQ(S,X(S,CC)) + UQ(S,X(S,x))} dr
BrﬂG/\ﬂa/\ 4 4
< / <U2(S,X(S,1')) + U2(s,7(s,x))> dx
BTOG)\OG)\
<(L+ f)/ U?(s, x)dx.
By
Therefore, the second double integral I in (5.23) is estimated by
— — 1/2
I < (L+ DU\ 1 tmyxpy) < (L + L) [( =) ZN(B))] / U || £2((,7) xRN )- (5.24)
Now, applying Theorem 3.3 to the operator
m N
9 > Mpyes eesn—1y(Sikgjn), (5.25)

where the kernels Y¢7 are defined in (4.5)-(4.6), yields that this operator (5.25) is bounded
L2(RN) — L2(RN) and LYRY) — MY(RY), with constants P, and Py respectively, depending
only on the norms of the singular integral operators Sj;, (recall (2.2) that enables to control a finite
sum in M1'). Then, using the simple inequality

It 2)lag, < || Mt 2)ag

15
Lt
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we obtain that
H‘Ulli((t,T)xRN) = P1‘|91‘|L1((t77)xRN) )
O[] 2 (t.mycmy < P2llg? 2y -
This last inequality yields with (5.24) that

- 1/2
I < (L+ D)y [(7 = 0.2 (B)] Y 1921207y (5.26)
Next, we would like to estimate the first double integral I; in (5.23). We observe that
1 1
i (S’X(s’x))‘HMl((t,T)X(BTﬁG,\ﬂéA)) <L|[|lU (s’x)H‘Ml((t;r)xB)\) ,
and similarly for X. Thus denoting by
X X —
(s, = min { L2y RS 15, ) 4 016, K ) |
we have

el ari(t.mx Banaanayy < 2(L + L) mUl‘HMl((t,T)XBA) < 2L+ L)Pillg g mweny. (5:27)
But on the other side,

1 _
HQDHLP((t,T)X(B,ﬂﬂG’Aﬁé,\)) < 5 H|b(s,X(s,x))| + |b(8’X(S’x))|HLP((t,T)X(BrﬂG)\ﬂa)\))

_ _ 5.28
Ll/p+L1/p (L+L)1/p ( )
< 5 bllzr(ryxBy) < 25— lBllLo () < By)-
Apply now the interpolation Lemma 2.2 to the function ¢ and using (5.27), (5.28) gives
L = ||80||L1((m)x(Bm(;m@))
p —
< —2AL+ L)P1l|g" | 21 ((t,r) xR
p (5.29)

X

— 1-1/
1+ 0g+ (L +_L)1/p”b”LP((t,T)><BA) [(T - t)gN(Br)] ! ,
(L4 L)Pillg L1 (7)) 0

where we used that the map z + 2(1 + log™(K/z)) is nondecreasing over [0,00). Plugging the
estimates (5.29), (5.26) in (5.23), we deduce with (5.21) that

L - — N 1/2
@5(r) <216 = Blaryxny) + (L+ D) B[(r 02N (BY)] " C

(L + DY)l 1oy [0 — 82N (B,)] 77
(L +L)Pe 5 '

p —

1+ log™ (
(5.30)
But according to the definition (5.18) of ®s(7), given v > 0, we observe that

Os(7) > / _ _ log <1 + 1) dx
B, {|X (7,2)— X (1,2)|>7 }NGA NG d

= log <1 + %) .,?N(Br N{|X(r,") = X(7,")| > v} NGx ﬂ@,\) )



28 FRANCOIS BOUCHUT AND GIANLUCA CRIPPA
which implies
.,?N (Brm{|X(T, ) - Y(T’ )| > 7})

g.ZN(Br N{|X(r,") = X(7,)] > v} NG, ﬂ@) + 2B\ Gy) + 2N (B, \ G))
P5(7)

<— 22—+ 2NB,\ G\ + 2V (B, \G)).
log <1 + 1)
5
(5.31)
Combining (5.31) and (5.30) we get
2N (BA{IX () = X (7, )| > 7))
L 7 L+L N 1/2
S0 =T _plr-t2NBy| e
<Sog 0 ey Ty P (r =02 (By)| e
vo P LADPe |y g (LD Py [(r = )2V (B,)] "
p—1log (1 +3) (L+L)Pe 5
+.2N(B,\ Gy) + 2N (B, \ Gy)
=T+ II+IIT+IV+V.
(5.32)

We are now ready to conclude. Let use fix n > 0. According to Lemma 5.5, we can choose A > 0
large enough to ensure that IV < n/4 and V < n/4. We then consider /1. We can find € > 0 small
enough in such a way that 111 < n/4 for every 0 < < (notice that IT1 is uniformly bounded as
d ] 0). Since at this point A and ¢ (and thus C.) are fixed, we choose ¢ > 0 small enough in such a
way that IT < n/4. By setting

L

C"\/7Vr‘7"’] = —,7 ’
5 log (1 + 3)
where 0 > 0 has been chosen according to the above discussion, the proof is completed. O

6. REGULAR LAGRANGIAN FLOW: EXISTENCE, UNIQUENESS, STABILITY AND FURTHER
PROPERTIES

In this section we show how the estimate in Proposition 5.9 implies the well-posedness and further
properties of the regular Lagrangian flow. We start by showing uniqueness and stability.

Theorem 6.1 (Uniqueness). Let b be a vector field satisfying assumptions (R1), (R2) and (R3),
and fiz t € [0,T). Then, the reqular Lagrangian flow associated to b starting at time t, if it exists,
1S UNique.

Proof. Tt is a straightforward consequence of Proposition 5.9. Indeed, consider two regular La-
grangian flows X, X associated to b and starting at time ¢, with compression constants L and L.
Then we obtain the validity of (5.17) with b = b. Namely, for every v > 0 and every r > 0, there
holds

$N<BT N{|X(s,") = X(s,")] > 7}) <n for all n > 0 and s € [t,T.
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This implies that X = X. O

Theorem 6.2 (Stability). Let {b,} be a sequence of vector fields satisfying assumption (R1),
converging in LL ([0, T] x RYN) to a vector field b which satisfies assumptions (R1), (R2) and (R3).
Assume that there exist X,, and X reqular Lagrangian flows starting at time t associated to b, and

to b respectively, and denote by L, and L the compression constants of the flows. Suppose that:
e For some decomposition by, /(1 + |x|) = bp1 + bna as in assumption (R1), we have that
Hl~)n71\|L1(L1) + ||Bn,2HL1(Loo) is equi-bounded in n;
e The sequence {Ly} is equi-bounded.
Then the sequence {X,} converges to X locally in measure in RN, uniformly with respect to s and

t.

Proof. We apply Proposition 5.9 with b = b,,. According to our assumptions, the constants A > 0
and C, ., can be chosen independently of n. Thus, we can choose 7 large enough in such a way
that

Crrnllb = ballLromyxBy) <0 foralln >n.

This means that, given any r > 0 and any v > 0, for every n > 0 we can find # for which
.,?N(Br N{IX(s,+) = Xn(s, )| > 7}) < 2n for all n > 7 and s € [t,T].
This is precisely the desired thesis. O

The existence of the regular Lagrangian flow follows by an approximation procedure, again with
the help of Proposition 5.9 in order to to derive a compactness estimate.

Lemma 6.3 (Compactness). Let {b,} be a sequence of vector fields satisfying assumption (R1),
(R2) and (R3), converging in LL ([0,T] x RY) to a vector field b which satisfies assumptions (R1),

(R2) and (R3). Assume that there exist X,, reqular Lagrangian flows starting at time t associated
to by, and denote by L,, the compression constants of the flows. Suppose that:

e For some decomposition by, /(1 + |x|) = bp1 + bna as in assumption (R1), we have that
Hl~)n71\|L1(L1) + ||Bn,2HL1(Loo) is equi-bounded in n;

e The sequence {L,} is equi-bounded;

e For some p > 1 the norms ||by||e((0,1)xB,) are equi-bounded for any fized v > 0;

e The norms of the singular integral operators associated to the vector fields by, (as well as
their number m) are equi-bounded;

e The functions g;‘k are uniformly in n equi-integrable in Ll((O,T) X RN).

Then the sequence { X, } converges asn — oo to some X locally in measure in RY, uniformly with
respect to s and t, and X is a reqular Lagrangian flow starting at time t associated to b.

Proof. The application of Proposition 5.9 to the vector fields b,, and b, yields that for any r > 0
and v >0

.,?N(Br N {1 X0 (s,") = Xm(s,-)| >~}) =0 as m,n — oo, uniformly in s,¢.
Thus there exists X € C([t, T]s; L) .(RY)) such that X,, — X locally in measure in RY, uniformly

loc

in s,t. The bound (5.8) being uniform in n and s, ¢, we deduce that X € B([t, T]s;log Ligc(RY)).
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It satisfies obviously (ii) in Definition 5.2. For (iii), it is enough to prove (5.7) for ¢ € C.(RY),
¢ > 0, and it follows from Fatou’s lemma, with L = liminf L,,. Finally, for proving (i) in Defini-
tion 5.2, it is enough to get (5.4) for 3 € C}(RY), because a general 3 can be approximated by
Be(z) = B(2)x(elog(2 + |2]?)), where x € C°([0,00)), x >0, x(y) = 1 for y < 1 (use Lebesgue’s
theorem). Now, for 8 € C}(RY), we can pass to the limit from the equation (5.4) written for X,,,
because then X, (s,t,x) lies in a fixed ball B, (the support of 3), and we have the uniform bound
16l e ((0,7)x B,)> Which implies local equi-integrability. Thus in this context it is enough to prove
the local convergence in measure of 5(X,,) and 5'(X,,)b,(s, X,,) to B(X) and '(X)b(s, X) respec-
tively, which can be obtained with standard analysis (see for example the proof of Theorem 6.4
below, with the use of Lusin’s theorem). Therefore X is a regular Lagrangian flows starting at time
t associated to b. 0

In order to find a sequence of approximations b, to b with uniformly bounded compression
constants, a convenient method is to make a further assumption on the divergence of the vector
field, as we describe in the following theorem (but see also Remark 6.5).

Theorem 6.4 (Existence). Let b be a vector field satisfying assumptions (R1), (R2) and (R3), and
assume that

divb > a(t) in (0,T) x RY, with o € L1(0,T). (6.1)
Then, for all t € [0,T) there exists a regular Lagrangian flow associated to b starting at time t.
Moreover, the flow X satisfies

X € C(Dr; Line(RY)) N B(Dr;log Liee(RY)) , (6.2)
where Dp = {(s,t);0 <t < s <T}, and for every 0 <t <7 < s <T there holds
X(s,7, X(r,t,2)) = X(s,t,2) for £V -a.e. x € RV, (6.3)

Proof. We fix a positive radial convolution kernel ¢ in RV, with spt ¢ C B;. By defining b,, = b* (,,
x

it is immediate to check that there exist decompositions by, /(1 + |z]) = bp1 + bn2 as in (5.1) for
which B B
10n,1llLr 1y + [1bn2] L1 (noe) is equi-bounded in n,

and that the sequence {b,} is equi-bounded in L ([0,T] x R"V). Moreover, we have

loc

m

0ibn =Y Sik(gir), i D((0,7)xRY),

k=1

where we have set
(95k),, = 9ik % Gn -

Thus, forall j =1,...,N and k = 1,...,m, the family {(gjr)n }nen is bounded in Lt ((O,T) X RN)
and equi-integrable in (0,7') x RY (indeed it converges strongly in L' ((0, T) x RN) to gjk)-

Let us consider, for every n, the regular Lagrangian flow X, associated to b, starting at time t,
which indeed is a classical flow, being each b,, smooth with respect to . By (6.1) we have div b,, =
(div b)*(, > «a(t), thus we can take for compression constant of X, the value L,, = exp (HO‘HLl(O,T))’
independently on n. Applying Lemma 6.3 yields the existence result, with L = exp (Ha|| LI(O,T)).

The continuity statement in (6.2) follows from the uniform convergence result of Lemma 6.3,
and the boundedness in log Lio.(RY) comes from the uniform in time estimate (5.8).
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It remains to prove (6.3). Note that the composition in this formula is well-defined almost
everywhere in x because of (5.6) (take B of zero measure). We still use the approximation of b
by a sequence b, of smooth vector fields, in such a way that X, (s,t,-) converges towards X(s,t,-)
locally in measure in RY uniformly in (s,t) € Dy. Clearly (6.3) holds for the approximating flows
X,. In order to pass to the limit we show that

X (5,7 Xn(1,t,-) = X (5,7, X(7,t,")) locally in measure in RV, (6.4)

Let us fix p > 0, v > 0 and r > 0. According to Lemma 5.5 we can find A > r depending on 7 and
r in such a way that for all s and ¢

N(Br \ Gi’t) <n and gN(Br \Git’n) <n,

where we denote by G}’ and GY"" the sublevels at fixed time of X and X,, respectively, i.e.
Gi’t ={x € RN : |X(s,t,7)] < A} (the inequality (5.10) is valid for these sublevels, just use (5.8)
instead of (5.9)).

Since X, (7,t,-) — X(7,t,-) locally in measure and uniformly in 7,¢, we can find ny such that
for all n > nq, and all 7,¢,

LN (B\ST™) <, with SPT = {z € By : [X,(r.t,x) - X(1,t,2)| < v/4}.
Then we have
LN (B0 {| X (57, Xl t,) = X (5,7, X (1,89) | > 7})
<N (Br NG A | X (5,7, Xn (7,1, ) — X (5,7, Xn(ro 1)) | > 7/4}) .
+ 2V (B0 Gy N G X (5 X)) = X (5,7, X (7,8,)) | > 37})
+ 2N (B N\ G + 2N (B, N\ GYM).

The first term of the right-hand side is bounded by L, £~ (B\\S{"*") < Ly (for n > ny), and
the two last terms are bounded by 7. Now, according to Lusin’s theorem we can find X such that

X(s,7,-) € C(By) and

gN (B_m {X(s,7,) # X(s,7, -)}) <. (6.6)
Then, since X (s,7,-) is uniformly continuous, there exists > 0 such that

ly —z| <« implies that |X(s,7,y) — X(s,7,2)| < =~. (6.7)

=~ w

Then there exists no such that for all n > ng

.,?N(BT\S;L’T’t) <n, with S;L’T’t ={z€ B, : | Xy(r,t,2) — X(7,t,z)| < a}.
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We can estimate the second term in the right-hand side of (6.5) as

+. 2N <BT N Gi’t’n N {X(s, T, X (T, t, )) # X(s, T, X (T, t, )) })
+. N (Br N Gi’t N {X(s, 7, X (7,1, )) + X(S, T, X(7,t, )) })

Taking into account (6.6), the two last terms are bounded respectively by L,n and L. Because of
(6.7), the first term on the right-hand side is bounded by .Z¥ (BT\S;L’T’t). We conclude that for
n > max{ny,ng}

LN (B0 {[Xa (5,7 X () = X (5,7, X (7, ,)) | > 7} ) < O,

which is exactly the desired convergence in measure in (6.4). Together with the local convergence
in measure in RY of X,,(s,t,-) towards X (s,t,), this proves (6.3). O

Remark 6.5. In the previous theorem we assume the condition (6.1) in order to be sure to have a
smooth approximating sequence with equi-bounded compression constants. An assumption on the
divergence is the easiest (and the most explicit) way to get such equi-bound, due to the fact that
the regularization by convolution preserves the L° bounds on the divergence. However, according
to Lemma 6.3, a sharp assumption for the existence of a regular Lagrangian flow would be the
existence of a smooth approximating sequence with equi-bounds on the growth assumptions in (R1)
and (R3), that satisfies (R2) with fixed singular integral operators S (or at least with singular
integral operators satisfying uniform bounds) and with equi-integrable functions g, and for which
the compression constants are equi-bounded. Observe that (by a diagonal argument) the class of
vector fields that enjoy this approximation property is closed with respect to such convergence with
bounds.

Summing up all the previous results, we have existence, uniqueness and stability of the (forward)
regular Lagrangian flow starting at time ¢ € [0,T), associated to a vector field b satisfying assump-
tions (R1), (R2) and (R3) and for which (6.1) holds. In the following corollary we deal with the
case when two-sided bounds on the divergence are assumed, and thus we can define forward and
backward flows, that also satisfy the usual group property.

Corollary 6.6 (Forward-backward flow). Let b be a vector field satisfying assumptions (R1), (R2)
and (R3) and assume that (6.1) is replaced by the stronger condition
divb € L*((0,7); L= (RY)). (6.8)

Then, for everyt € [0,T], there exists a unique forward and backward (i.e., satisfying the conditions
of Definition 5.2 for s < t) reqular Lagrangian flow associated to b starting at time t. Such flow

X, as a function of both s and t, satisfies
X € C([0,T]s x [0,T); L (RY)) N B([0, T x [0,T];1og Lige(RY)) . (6.9)

loc

Moreover, for every s, t and T in [0,T] there holds

X(s,7, X(r,t,2)) = X(s,t,2) for LN -a.e. x € RY, (6.10)
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and in particular for all s, t € [0,T
X(t7 s,X(s,t,x)) =x for LN -a.e. x € RV, (6.11)

Proof. The two-sided bound (6.8) enables to apply Theorem 6.4 to b and to b(t,z) = —b(T — t,z).
This gives the existence and uniqueness of the forward and backward flows, with a control on the
compression constants L < exp ||div b|[ 11 (o 1), 1o (rny)- Condition (6.9) follows.

For proving (6.10), we have to consider an approximation of b by a sequence b,, of smooth vector
fields, in such a way that X, (s,t,) converges towards X (s, t,-) locally in measure in R", uniformly
in s, t € [0,7], and with uniform bounds on the compression. This can be done by the same
approximation as in the proof of Theorem 6.4. In this way we have a simultaneous approximation
of the forward and backward flows. Then it is straightforward to check that the proof of Theorem 6.4
works as well for all values of s, 7,t in [0, 7. O

We finally would like to define the Jacobian of the flow, which is by definition a bounded map
JX(s,t,-) € L®(RYN) satisfying for all s, ¢t € [0, 7] the equality

/ f(y)dy :/ f(X(s,t,2))JX (s,t,2) dx for every f € LY(RY). (6.12)
RN RN

Proposition 6.7 (Jacobian of the flow). Consider a vector field b satisfying assumptions (R1),
(R2) and (R3) and such that

divb € L*((0,T); L= (RY)) . (6.13)
Then there exists a unique Jacobian JX satisfying (6.12). Moreover,
JX € C([0,T]s x [0,T]s; L2 (RY) —w =) nC([0,T]s x [0,T]; Li,o(RY)), (6.14)

and JX > 0.

Proof. STEP 1. UNIQUENESS. Assume there are two Jacobians Js; and j;,t. Then

/RN F(X(s,t,2)) Tsp(x) do :/ f(X(s,t,2))T%(x) do for every f € LY(RM). (6.15)

RN
Given g € LY(RY), let us take f(y) = g(X(t,s,y)). Since the forward and backward flows have
bounded compression, we have f € L*(RY). Thus we can substitute in (6.15), and with (6.11) we
obtain
/ g9(x) Tsi(z) de = / g(z) J! ,(x) dx for every g € LY(RY).
RN RN ’
This implies that Jy¢ = J/, a.e. in RY.

STEP 2. EXISTENCE. We consider as in Theorem 6.4 and Corollary 6.6 a smooth approximation
b, of b with uniform bounds. For every n we have a regular Lagrangian flow X, associated to b,
and its Jacobian JX,. The a priori bound [|J Xy (s,t,)||Le < exp [[div by | p1(ze) < A holds and
since X, is a classical flow we have

/ fly)dy = / f(Xn(s,t,2))JXn(s, t,2) da for every f € L'(RY). (6.16)
RN RN
Next, we claim that for all f € L*(RY),

f(Xn(s,t,-)) is equi-integrable in L'(R™) with respect to n, s, . (6.17)
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By density, it is enough to prove this for f € C.(RY). In this case, we just have to prove that

sup/ |f(Xn(s,t,x))| do — 0 as r — 00.
|| >

s,t,m

Since f has support in a ball By, it amounts to prove that for A > 0,

sup .2V ({z € RY ¢ |z| > r and | X, (s, t,2)| < A}) =0 as r — 00,

s,t,n
which holds true according to Remark 5.6. Thus (6.17) is proved. Then we claim that for all
f € L'(RY)

f(Xn(s,t, )) — f(X(s,t, )) in LY(RY) uniformly in s, (6.18)

as n — oo. Again by density, it is enough to prove it for f € C.(RY), and this follows from
(6.17) and the fact that f(Xn(s, t, )) — f(X(s, t, )) locally in measure and uniformly in s,¢. Thus
(6.18) holds. Next, taking as above f(y) = g(X(t, s,y)) yields that (6.12) is equivalent to finding
JX(s,t,-) € L®(RY) such that

/ 9(X(t,s,y)) dy = / g(x)JX (s, t,x)dx for every g € LY(RY), (6.19)

RN RN
and similarly we can transform (6.16) into

/RN 9(Xn(t, s,y)) dy = /RN g(x)J Xy (s, t,x) dx for every g € LY(RY). (6.20)

But because of (6.18), we have g(Xn(t,s,-)) — g(X(t,s,-)) in L*(RY) uniformly in s,¢, thus
9(X(t,s,-)) € C([0,T)sx[0,T];; L*(RY)) and we deduce that the right-hand side of (6.20) converges
uniformly in s,¢ to some continuous function, the left-hand side of (6.19). This being true for all
g € LY(RY), for all s,t we conclude that JX,(s,t,-) converges in L> — wx to some function
JX(s,t,-) € L™ that satisfies (6.19). Finally, the continuity of (6.19) with respect to s,t yields
that JX € C([0,T]s x [0, T]; L>°(RY) —w=). The nonnegativity of JX,, implies also that JX > 0.

STEP 3. STRONG CONTINUITY. It is only now that we really use the assumption (6.13) on div b,
and not only the bounded compression. The Jacobians associated to the smooth flows X, satisfy
the ordinary differential equation

0sJ X (s, t,x) = (div b,) (s, Xpn(s,t,x)) J X, (s, t, ),
thus we can write s
JX,(s,t,x) = exp/ (div by) (7, Xn (7.t 2)) dT .
t
We have
divb, — divd in Li ([0,T] x RY),

hence also locally in measure in [0,7] x RY, and X,,(7,t,2) — X(7,t,2) locally in measure, uni-
formly in 7,¢. Since div b, is bounded in L*((0,7); L>°(RY)), we deduce that

(div by) (7, Xn (7, t,2)) — (divd) (7, X (7,t,2)) in Lo ([0, 7] x RN), uniformly in ¢.
Therefore

/ (div bn)(T7 Xn(T,t,x)) dr — / (div b) (T,X(T,t,m)) dr in LL_(RY), uniformly in s,
t t
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and
JXn (s, t,x) = exp/ (divd) (7, X (7,t,2)) dr in LL(RY), uniformly in s, . (6.21)
t

We conclude that JX is equal to the right-hand side of (6.21), that JX,(s,t,2) — JX(s,t,z) in
L (RN), uniformly in s,¢, and that JX € C([O,T]S x [0,T); Li (RN)). O

loc loc

7. LAGRANGIAN SOLUTIONS TO THE TRANSPORT AND CONTINUITY EQUATIONS

In this final section we introduce the concept of Lagrangian solutions to the transport and conti-
nuity equations. They are defined as superposition of the initial data with the regular Lagrangian
flow of the ordinary differential equation. The well-posedness results stated in the previous section
yield that such Lagrangian solutions are well-defined and stable. These solutions are in particular
solutions in the renormalized distributional sense.

Note that under our assumptions on the coefficient b we do not know if a solution in the renor-
malized or distributional sense is unique. It could in principle happen that there exist several
distributional solutions, only one of them being associated to the flow. Introducing the notion of
Lagrangian solution, we identify (among the many possible distributional solutions) a unique stable
semigroup of solutions. This will be relevant for the applications in the forthcoming paper [8].

We first consider the backward Cauchy problem for the transport equation with prescribed final
data, that reads

. (7.1)

Ou+b-Vu=0 1in (0,T) x RY,
u(T,) =u".

Definition 7.1 (Lagrangian solution to the transport equation). Assume that b satisfies (R1),
(R2), (R3), and divb > «a(t) with o € L(0,7T). If u” € L°(RY), we define the Lagrangian solution
to (7.1) by

u(t,z) = u’ (X(T,t,2)) . (7.2)

According to Theorems 6.1 and 6.4, there exists a unique forward regular Lagrangian flow X
associated to b. The bounded compression condition ensures that the function (7.2) will be modified
only on a set of measure zero if we change of representative of u’, justifying the definition (7.2).
This definition of course gives the classical solution in case of smooth data.

Proposition 7.2. Assume that b satisfies (R1), (R2), (R3), and divb > a(t) with o € L'(0,T).
Then the Lagrangian solution (7.2) satisfies

(i) For all u” € L°(RY), we have v € C([0,T]; L. .(RM));
(i) For all u™ € LYRY) for some 1 < q < oo, we have u € C([0,T]; LY(RY)). For all
ul € L®(RY), we have u € C([0,T); L>°(RY) —w =) N C([0,T); L} .(RY));

(iii) Ifdivb € LL ((0,T) x RY), then for all u” € LO(RY) and B € Cy(R),
O (B(u)) +b-V(B(u) =0 in(0,T) xRV,
where we define b- Vv = div (bv) — v divb.

Proof. For (i), fix a ball B, and v > 0, n > 0. According to Lemma 5.5, we can find A > 0
such that £V ({z € B, : |X(T,t,x)] > A}) < nforall t € [0,7]. Then by Lusin’s theorem,
there exists 4! € C(B)) such that £~ ({y € By : uT(y) # 47 (y)}) < n. Since 4! is uniformly
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continuous, there exists a > 0 such that |47 (z) — 4 (y)| < v for all y, z € By such that [z —y| < a.
Then, given to € [0,7], there exists § > 0 such that for [t — ty| < § we have LN ({z € B,
| X(T,t,x) — X(T,to,x)| > a}) <n. Finally, for |t —to] < J we have

LN ({x € By« |u(t,x) — ulto,x)| > 7})
<LV ({z € By |X(Tt,2)| < N [X(Tto,2)| < N [ul (X(T,t,2)) — u" (X(T to,2))] > 7}) + 21
<N ({ze B, ¢ |X(T,t,z)| <N\ |X(T,to, )| <\ |08 (X(T,t,z)) — aT (X(T, to,z))| >~})
+2n 4 2Ln
<ZN{zxeB, : |X(T,t,x)— X(T,ty,z)| >al) +2n+ 2Ly
< 3n+ 2L,

which proves (i).

For (ii) and ¢ < oo, taking into account (i) we just have to prove that (|u(t,-)|?)o<i<7 is equi-
integrable. This holds true by using Lemma 5.8, the bounded compression property and Remark 5.6.
The case ¢ = oo is obvious.

For (iii), the statement involves only the function 3(u?) (and not 8 and u’ separately). Therefore
we have to prove that for all u € L>®(RY),

) (uT(X(T,t,x))) +b- V(uT(X(T,t,x))) —0 in (0,7) x RV, (7.3)

By approximation it is enough to prove (7.3) for ul € C°(R¥). This is obtained obviously by
approximation of b by a smooth sequence b,, such that divb, — divb in Llloc((O, T) x RN ) O

Proposition 7.3 (Stability of the Lagrangian transport). Let b,, b be vector fields satisfying
assumptions (R1), (R2), (R3), and divb, > a,(t), divb > a(t) for some an, a € L'(0,T).
Assume that b, — b in L] ([0,T] x RY), and that

e For some decomposition by, /(1 + |x|) = b1 + buo as in assumption (R1), we have that
Hgnlep(Lg + HBnQHLl(Loo) is equi-bounded in n;

e The sequence ||| 10,1y is equi-bounded.

We consider the Lagrangian solutions u,(t,z) to the transport equation with coefficient b, and final
data ul € LO(RY), as well as u(t, ) associated to b and u’ € L°(RN). Then we have the following
properties:

(i) If ul = u in L) (RY), then uy(t,z) — u(t,z) in C([0,T]; LY (RN));

(i) If ul — u in LYRN) for some 1 < q < oo, then up(t,z) — u(t,z) in C([0,T]; LY(RY)).

Iful = ul in (L®°(RY) —w s ) N LL (RY), then upn(t,z) — u(t,z) in C([0,T]; L= (RY) —
(o TE L ®Y).

Proof. Denote by X, and X the respective regular Lagrangian flows of b, and b. Then ac-
cording to Theorem 6.4 we can take for their compression constants L, = exp ||anl[z1r) and
L = exp||al|1(o,r), which are equi-bounded. Thus we can apply Theorem 6.2, and X,, converges
to X locally in measure in RV, uniformly in s, t.

For (i), fix a ball B, and v > 0, n > 0. According to Lemma 5.5, we can find A > 0 such that
LNz € B, : \Xn(T,t,x)\ > A}) <mnforall t € [0,7] and all n. Then, there exists some n; such
that for all n > ny, ZN({y € B, : ]u (y) —u” (y)| > v/2}) <n. By Lusin’s theorem, there exists
u? € C(B)) such that Y ({y € By : u'(y) # 4’ (y)}) < n. Since @’ is uniformly continuous,
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there exists o > 0 such that |27 (z) — a7 (y)| < /2 for all y,z € B) such that |z — y| < a. Then,
there exists ng such that for n > ng we have ZN({z € B, : |X,(T,t,z) — X(T,t,z)| > a}) <n
for all t € [0,7T]. Finally, for n > max(ny,ns) and t € [0,7] we have

LN ({x € By : |un(t,x) —u(t,z)] >7})
< 2N ({z € By + |Xu(T,t,2)| < )\ X(T,t,2)] <, WL (X (T, t,2)) — uT (X (T, t,2))| > ~}) + 21
< 2N ({z € By ¢ [Xn(Tt,2)| < A Jug (X (T’taﬁ) u' (Xp(T,t,x))| > 7/2})
—h?N(ﬂtelizyXﬁﬂjuxﬂ X(T,tx)| < A |u @&ATJﬁw)—uTQXUILw»M>7ﬂH)+2n
<N ({z e By ¢ | Xn(T,t,2)] <N |X(T,t,x)| <\ ol (Xn (T, t,2)) — a” (X (T, t,2))| > ~/2})
+2n+2L,n+ Ln
<ZN{zxeB, : | Xu(T,t,x) — X(T,t,z)| > a}) +2n+2L,n+ Ly
< 3n+2L,n+ Ly

<A
<

which proves (i).

For proving (ii), because of (i) we need only to prove the equi-integrability of |u,(t,-)|? for
n € N and ¢t € [0,7]. This holds true by using Lemma 5.8, the uniformly bounded compression
property and Remark 5.6. The case ¢ = oo is obvious since the L* bound ensures the local
equi-integrability. O

If in addition to the previous conditions we further assume divb € L*((0,7); L>(RY)), we have
existence and uniqueness of the backward regular Lagrangian flow starting at time ¢ € [0, T, accord-
ing to Corollary 6.6. This gives the possibility of defining the Lagrangian solution to the Cauchy
problem for the transport equation in which we prescribe the initial data u(0,-) = u" instead of the
final data, via the formula u(t, z) = u° (X (0,t, x)) The same results as above, regarding continuity,
renormalized equations and stability (with bound on div b, in L*((0,7); L>(RY))) hold also in this
case.

In a similar fashion we can consider the backward Cauchy problem for the continuity equation
with prescribed final data, that is

{8tu+d1 v(bu) =0 in (0,7) x RV,

T — . (7.4)

Definition 7.4 (Lagrangian solution to the continuity equation). Assume that b satisfies (R1),
(R2), (R3), and divb € L'((0,T); L=(R"N)). If u? € LO(RY), we define the Lagrangian solution to
(7.4) by

u(t,z) =u’ (X(T,t,2)) JX(T,t,z). (7.5)

According to Theorem 6.1 and Corollary 6.6, there exists a unique forward-backward regular
Lagrangian flow X associated to b. With Proposition 6.7, the Jacobian JX exists, thus (7.5) is
well-defined.

Proposition 7.5. Assume that b satisfies (R1), (R2), (R3), and divb € L'((0,T); L>(RY)).
Then the Lagrangian solution (7.5) satisfies

(i) For all u” € LO(RY), we have u € C([0,T]; L) .(RY));

(i) For all u™ € LYRY) for some 1 < q < oo, we have u € C([0,T]; LY(RY)). For all
u € L®(RY), we have u € C([0,T]; L>(RY) —w =) N C ([0, T); L} .(RY));
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(iii) For all u” € LO(RY) and B € CY(R) with 3, B'(2)(1 + |z|) bounded,
O (B(u)) +b-V(B(u) + B (wudivb =0 in (0,7) x RY, (7.6)
where we define b- Vv = div (bv) — v div b.

Proof. For (i), the proof is similar to that of Propositions 7.2(i), using (6.14).

For (ii) and ¢ < oo, taking into account (i) we just have to prove that (|u(t,-)|?)o<i<7 is equi-
integrable, which follows from Propositions 7.2(ii) and the fact that JX is bounded. The case
q = oo is obvious.

For (iii), we only need to prove (7.6) for 3(0) =0, 3 € C}(R). Then it is enough to consider the
case ul € L®°(RY) (we can replace u’ by u’1 lwT|<xzr With A such that the support of 8 lies in the

ball By), and then by approximation it is also enough to prove (7.6) for v € C°(RY). This is

obtained by approximation of b by a smooth sequence b, such that divb,, — divbin LIOC([O, T]xRN),
div b, bounded in L' ((0,T); L>°(RY)), which ensures that JX,, — JX in L{ (R"), uniformly in
s, t. ]

Proposition 7.6 (Stability of the Lagrangian continuity equation). Let b, b be vector fields satis-
fying assumptions (R1), (R2), (R3), and divb,,divb € L*((0,T); L>°(RY)). Assume that b, — b
in LL.([0,T] x RY), and that

loc

e For some decomposition by, /(1 + |z|) = bp1 + bna as in assumption (R1), we have that
\|l~)n71\|L1(L1) + ||Bn,2HL1(Loo) is equi-bounded in n;

o The sequence ||div by || p1(fe0) s equi-bounded;
e divb, — divb in L] ([0,T] x RY).

loc
We consider the Lagrangian solutions u,(t,z) to the continuity equation with coefficient b, and
nal data u, € , as well as u(t,x) associated to b and u” € . en we have the
ld ¢ LORN ) jated to b and v’ € LO(RN). Th have th
following propeTties:
(i) If ul = u? in L) (RY), then u,(t,z) — u(t,z) in C([0,T]; LY (RN));
(i) If ul — u in LQ(RN) for some 1 < q < oo, then uy(t,z) — u(t,z) in C([0,T]; LY(RY)).
Iful = ul in (L®°(RY) —w ) N LL (RY), then upn(t,z) — u(t,z) in C([0,T]; L= (RY) —

wx ) NC([0,T]; L

loc (RN)) :
Proof. Denote by X, and X the respective regular Lagrangian flows of b, and b. Then according
to Corollary 6.6 we can take for their compression constants L, = exp [[divb,|[p1 (1) and L =
exp ||div b][ 1 (1), which are equi-bounded. Thus we can apply Theorem 6.2, and X,, converges to
X locally in measure in R, uniformly in s,¢. Moreover, according to the proof of Proposition 6.7
and because of the strong convergence of div b,,, we have JX,, — JX in L%OC(RN ), uniformly in s, ¢,
with JX,, uniformly bounded.

For (i), the proof is similar to that of Proposition 7.3(i), knowing that JX,, — JX in LL (RY)
uniformly in s, ¢.

For proving (ii), because of (i) we need only to prove the equi-integrability of |uy,(t,-)|? for n € N
and ¢ € [0, 7). This is obvious because of Proposition 7.3(ii) and the uniform bound on JX,,. The
case ¢ = oo is obvious since the L*° bound ensures the local equi-integrability. O

We can also define the Lagrangian solution to the Cauchy problem for the continuity equation in
which we prescribe the initial data u(0,-) = u° instead of the final data, via the formula u(¢,z) =
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u? (X (0,t, x)) JX(0,t,z). The same results as above, regarding continuity, renormalized equations
and stability, hold.

Finally, we discuss the situation of weakly convergent initial data.
Proposition 7.7 (Weakly convergent initial data). With the same assumptions as in Proposi-
tion 7.6, we have the following properties:

(1) If ul — uT weakly in LYRN) for some 1 < q < oo, then u,(t,r) — u(t,z) weakly in
LAYRN), uniformly in t € [0,T). If ul — u? in L®(RYN) — wx, then u,(t,z) — u(t,z) in
L®(RN) — wx, uniformly in t € [0,T);

(ii) The same holds for the transport equation.

Proof. Take a test function ¢ € L9 (RY). Then for all n and ¢ € [0,T], we can consider 1, (t,y) =
©(Xn(t,T,y)). We have using (6.12)

/]RN up (t, x)p(x) de = /N uZ(Xn(T, t,2)) J X, (T, t,2)p(z) dx
- fN w (X (T, t,2)) T X0 (T, t, ) (¢, X (T, t, 7)) da (7.7)

= f up (Y)Pn(t,y) dy.
R

N

Since @(Xn(s,t,y)) is the solution to the transport problem with coefficient b, with data ¢ (in-
dependent of n) at time s, Proposition 7.3 yields that go(Xn(s,t,y)) — go(X(s,t,y)) in L7 (RN)

uniformly in s, if ¢ < oo, or in L™ — wx and L if ¢ = co. Thus we have that v, (t,y) —

loc
U(t,y) = gp(X(t,T, y)) in this topology, uniformly in ¢, enabling to pass to the limit in (7.7) and
to conclude. The case of the transport problem works similarly, invoking Proposition 7.6. U
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