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EIGENVALUES OF FINITE RANK BRATTELI-VERSHIK
DYNAMICAL SYSTEMS

XAVIER BRESSAUD, FABIEN DURAND, AND ALEJANDRO MAASS

ABSTRACT. In this article we study conditions to be a continuous or a measur-
able eigenvalue of finite rank minimal Cantor systems, that is, systems given
by an ordered Bratteli diagram with a bounded number of vertices per level.
We prove that continuous eigenvalues always come from the stable subspace
associated to the incidence matrices of the Bratteli diagram and we study
rationally independent generators of the additive group of continuous eigen-
values. Given an ergodic probability measure, we provide a general necessary
condition to be a measurable eigenvalue. Then we consider two families of
examples. A first one to illustrate that measurable eigenvalues do not need
to come from the stable space. Finally we study Toeplitz type Cantor mini-
mal systems of finite rank. We recover classical results in the continuous case
and we prove measurable eigenvalues are always rational but not necessarily
continuous.

1. INTRODUCTION

The study of eigenvalues of dynamical systems has been extensively considered in
ergodic theory to understand and build the Kronecker factor and also to study
the weak mixing property. In topological dynamics one also consider continuous
eigenvalues, that is, eigenvalues associated to continuous eigenfunctions, to study
topological weak mixing (at least in the minimal case). Since continuous eigenval-
ues are also eigenvalues, a recurrent question is to know whether they coincide. In
general the answer is negative, since there are minimal topologically weakly mixing
systems that are not weakly mixing for some invariant measure. A positive answer
to that question has been given for the class of primitive substitution systems in
[Ho]. The same question has been considered for linearly recurrent Cantor minimal
systems, which contains substitution systems, in [CDHM] and [BDM] concluding
that in general not all eigenvalues are continuous. Nevertheless, explicit necessary
and sufficient conditions are given to check whether a complex number is an eigen-
value, continuous or not, that allow to recover the result in [Ho]. Those conditions
only depend on the incidence matrices associated to a Bratteli-Vershik represen-
tation of the linearly recurrent minimal system and not on the partial order of
the diagram. The independence of the order seems to be characteristic of linearly
recurrent systems.

In this article we consider the same question for Cantor minimal systems that admit
a Bratteli-Vershik representation with the same number of vertices per level. We
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call them (topologically) finite rank Cantor minimal systems. The motivations are
different. First this class contains linearly recurrent systems but it is much larger
and natural (some systems in this class appear as the symbolic representation of
well studied classes of dynamical systems like interval exchange transformations
[GJ]). Second, the knowledge about this class of systems is very small, one of its
main (and recent) properties is that they are either expansive or equicontinuous
[DM]. Thus, up to odometers that are well known, this is a huge class of symbolic
minimal systems.

In Section 3 we study continuous eigenvalues. The main result states that con-
tinuous eigenvalues of Cantor minimal systems always come from the stable space
associated to the sequence of matrices of the Bratteli-Vershik representation of the
system and we provide a general necessary condition to be a continuous eigenvalue.
In Section 4 these results are used to get a bound for the maximal number of ra-
tionally independent continuous eigenvalues of a finite rank system. In section 5
we give a necessary condition to be an eigenvalue of a finite rank minimal systems
indowed with an invariant probability measure. Next two sections are devoted to
examples. In section 6 we construct a uniquely ergodic non weakly mixing finite
rank Cantor minimal system to illustrate that eigenvalues do not always come from
the stable space associated to the sequence of matrices given by the Bratteli-Vershik
representation of the system. In the last section we study Toeplitz type Cantor min-
imal systems of finite rank. The main property we deduce is that eigenvalues are
always rational but not always continuous.

2. BASIC DEFINITIONS

2.1. Dynamical systems and eigenvalues. A topological dynamical system, or
just dynamical system, is a compact Hausdorff space X together with a homeomor-
phism T : X — X. One uses the notation (X,T). If X is a Cantor set one says
that the system is Cantor. That is, X has a countable basis of closed and open
sets and it has no isolated points. A dynamical system is minimal if all orbits are
dense in X, or equivalently the only non trivial closed invariant set is X.

A complex number \ is a continuous eigenvalue of (X, T) if there exists a continuous
function f : X — C, f # 0, such that foT = \f; f is called a continuous
eigenfunction (associated to \). Let u be a T-invariant probability measure, i.e.,
T = p, defined on the Borel o-algebra B(X) of X. A complex number X is
an eigenvalue of the dynamical system (X,T) with respect to p if there exists
f e L*(X,B(X),u), f # 0, such that f o T = \f; f is called an eigenfunction
(associated to A). If the system is ergodic, then every eigenvalue is of modulus
1, and every eigenfunction has a constant modulus p-almost surely. Of course
continuous eigenvalues are eigenvalues.

2.2. Bratteli-Vershik representations. Let (X, T) be a Cantor minimal system.
It can be represented by an ordered Bratteli- Vershik diagram. For details on this
theory see [HPS]. We give a brief outline of such constructions emphasizing the
notations used in the paper.

2.2.1. Bratteli-Vershik diagrams. A Bratteli-Vershik diagram is an infinite graph
(V,E) which consists of a vertex set V and an edge set E, both of which are
divided into levels V = Vo U Vi U..., E = E1 U E> U... and all levels are pairwise
disjoint. The set V; is a singleton {vp}, and for k > 1, Ej is the set of edges
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joining vertices in Vji_; to vertices in Vj. It is also required that every vertex
in Vi is the “end-point” of some edge in Ej for £ > 1, and an “initial-point” of
some edge in Fryq for k£ > 0. One puts V;, = {1,...,C(k)}. The level k is the
subgraph consisting of the vertices in Vi, U Vi1, and the edges Ejxy1 between these
vertices. Level 0 is called the hat of the Bratteli-Vershik diagram and it is uniquely
determined by an integer vector H(1) = (hy(1),.. ., hc(l)(l))T € N¢ | where each
component represents the number of edges joining vy and a vertex of V;. We will
assume H (1) = (1,...,1)T; it is not restrictive for our purpose.

We describe the edge set Fj, using a Vi, x Vj_; incidence matrix M (k) for which
its (¢, 7)—entry is the number of edges in Fj joining vertex j € Vi_; with vertex
i € V. We also assume M (k) > 0 (this is not a restriction for our purpose). For
1 < k <[ one defines

P(k)=M(k)---M(2) and P(l,k) =M()---M(k+1)
with P(1) = I and P(k,k) = I ; where I is the identity map. Also, put H(k) =
P(k)H(1) = (ha(k),... hou) (k)"

2.2.2. Ordered Bratteli-Vershik diagrams. An ordered Bratteli-Vershik diagram is
a triple B = (V, E, %) where (V, E) is a Bratteli-Vershik diagram and < a partial
ordering on E such that : Edges e and e’ are comparable if and only if they have
the same end-point.

Let k <!in N\ {0} and let Ej; be the set of all paths in the graph joining vertices
of V,—1 with vertices of V;. The partial ordering of E induces another in Ej,; given
by (ex,...,e1) = (fk,..., f1) if and only if there is k <1 <[ such that e; = f; for
i< j<lande; <f;.

Given a strictly increasing sequence of integers (my,),,~, With mo = 0 one defines
the contraction of B = (V, E, =) (with respect to (m,,),~,) as

((an)nzo ’ (Emn+1amn+1)n20 ’ j) !

where =< is the order induced in each set of edges Ey,, 4+1,m,,,- The converse
operation is called miscroscoping (see [HPS] for more details).

Given an ordered Bratteli-Vershik diagram B = (V, E, <) one defines Xp as the
set of infinite paths (ey, eq, - -) starting in vy such that for all ¢ > 1 the end-point
of e; € F; is the initial-point of e;41 € F;+1. We topologize Xp by postulating a
basis of open sets, namely the family of cylinder sets

le1,e2,...,ex] = {(x1,22,...) EXp | ®i=e;, for 1 <i<k}.

Each [e1, €9, ..., ek is also closed, as is easily seen, and so we observe that Xp is a
compact, totally disconnected metrizable space.

When there is a unique © = (z1,x9,...) € Xp such that z; is maximal for any
i > 1 and a unique y = (y1,¥92,...) € Xp such that y; is minimal for any ¢ > 1,
one says that B = (V, E, <) is a properly ordered Bratteli diagram. Call these
particular points Tpax and xmin respectively. In this case one defines a dynamic
VB over Xp called the Vershik map. The map Vp is defined as follows: let x =
(x1,22,...) € XB \ {Tmax} and let & > 1 be the smallest integer so that xj is
not a maximal edge. Let y; be the successor of xp and (y1,...,yx—1) be the
unique minimal path in F4 1 connecting vy with the initial point of y;. One sets
VB (ac) = (yl, ooy Yk—1,Yky Th+1, - - ) and VB (.Tmax) = ZLmin-
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The dynamical system (Xp,Vp) is called the Bratteli- Vershik system generated
by B = (V,E,=<). The dynamical system induced by any contraction of B is
topologically conjugate to (Xp, Vg). In [HPS] it is proved that any Cantor minimal
system (X,T) is topologically conjugate to a Bratteli-Vershik system (Xpg,Vg).
One says that (X, V) is a Bratteli- Vershik representation of (X, T). In the sequel
we identify (X,T) with one of its Bratteli-Vershik representations. We always
assume the representations are proper.

A Cantor minimal system is of (topological) finite rank d > 1 if it admits a Bratteli-
Vershik representation such that the number of vertices per level verify C(k) < d
for any k£ > 1. Contracting and microscoping the diagram if needed one can assume
(this is done in the sequel) that C(k) = d for any k > 2.

A Cantor minimal system is linearly recurrent if it admits a Bratteli-Vershik repre-
sentation such that the set {M(n);n > 1} is finite. Clearly linearly recurrent Cantor
minimal systems are of finite rank (for details about these systems see [Dul]).

2.2.3. Associated Kakutani-Rohlin partitions and invariant measures. Let (X,T)
be the minimal Cantor system defined by a properly ordered Bratteli diagrams
B=(V,E,=).
The ordered Bratteli diagram defines for each n > 0 a clopen Kakutani-Rohlin (KR)
partition of X

P(n) = {T7Bip(n);k € V,,, 0< 5 < hi(n)},

with Bg(n) = [e1,. . .ey], where (eq, . .., e,) is the unique path from vy to k such that
each e; is minimal for the ordering of B. For each k € V,, the set {T77By(n);0 <
j < hg(n)} is the k-th tower of P(n). This corresponds to the set of all the paths
from vy to k € V,, (there are exactly hi(n) such paths). The map 7, : X — V,
is given by 7,(xz) = k if = belongs to the k-th tower of P(n). Denote by 7,, the
o-algebra generated by partition the P(n); that is, the finite paths joining vy with
any vertex of V,.

Let 4 be a T-invariant measure. It is determined by its value in By(n) for each
n >0 and k € V,,. Define u(n) = (p1(n), ..., pem))’ with pr(n) = p(Br(n)). A
simple computation yields to the following fundamental relation:

p(n) = M7 (n+ Du(n +1)
for any n > 1.
2.2.4. Return and suffic maps. Fix n € N. The return time of x to B;, (5)(n) is
given by r,(z) = min{j > 0;79z € B, (,)(n)}. Define the map s, : X — N¢("),
called suffix map of order n, by
(sn(2))k = |{€ € Ent1;Tnt1 X €,Tnt1 # e,k is the initial vertex of e}

for all x = (x,) € X and k € V,,. A classical computation gives (see for example
[BDM])

(2.1) ra(x) = so(w) + Y (s(x), P(R)H(1)) .
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3. CONTINUOUS EIGENVALUES : GENERAL NECESSARY AND SUFFICIENT
CONDITIONS

Let (X,T) be a Cantor minimal system given by a Bratteli-Vershik representation

= (V, E, <). Recall the associated sequence of matrices is (M (n);n > 1), M(n) >
0 and P(n) = M(n)---M(2) for n > 2, and P(1) = I. First we recall a general
necessary and sufficient condition to be a continuous eigenvalue of (X,T) proved
in [BDM].

Proposition 1. Let A = exp(2in«). The following conditions are equivalent,
(1) X is a continuous eigenvalue of the Cantor minimal system (X, T);
(2) (N»®);n > 1) converges uniformly in x, i.e., the sequence (ar,(z);n > 1)
converges (mod Z) uniformly in x.
It follows that,

Corollary 2. Let A € St = {2z € C;|z| = 1}. If X is a continuous eigenvalue of
(X,T) then
lim AP (W) =1

n—oo

uniformly in (jn;n € N) € [],cn{1,...,C(n)}.

The following theorem states that the necessary condition in Theorem 1 part (2) in
[BDM] is true in general. Denote by || - || the distance to the nearest integer vector.

Theorem 3. Let (X,T) be a Cantor minimal system given by a Bratteli- Vershik

representation B = (V,E,X). If A = exp(2ima) is a continuous eigenvalue of
(X,T) then

> llaP(n)H(1)] < oo .

n>1

Before proving Theorem 3 we introduce an intermediate statement which gives a
more precise interpretation to this necessary condition.

Lemma 4. Assume coefficients of matrices (M (n);n > 1) are strictly bigger than
1. Let (j(n);n € N) and (i(n);n € N) be sequences of positive integers such that
jin+1)—4(n) > 2 andi(n) € {1,...,C(j(n))} for all n € N. Then there exist
different points x and y in X such that:

(1) VneN, s;4)(x) — 5 (y) = cany(y,) (the i(n)-th canonical vector);

(2) sj(z) —s;(y) = (0,...,0)T whenever j & {j(n);n € N}.
Proof. For all n € N we choose a(n) € V(n). We defined z = (e(n))nen and

y = (f(n))nen and
O

Proof of Theorem 3. We assume without loss of generality that the coefficients of
the matrices (M (n);n > 1) are strictly bigger than 1 and that H(1) = (1,...,1)T.
Let A be a continuous eigenvalue of (X, T).

We deduce from Corollary 2 that ||aP(n)H(1)| converges to 0 as n — oco. Then
for all n > 1 there exist a real vector v(n) and an integer vector w(n) such that

)
aP(n)H(1) =v(n) + w(n) and v(n) =p00 0 .
Thus it is enough to prove that 3 -, [lv(n)|| < cc.
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For n > 1 let I(n) € {1,...,C(n)} be such that
[(exmy, v(n))| = max  [(er, v(n))

where e; is the [-th canonical vector of RC(W . Let
I ={n > 1; (eyn),v(n)) > 0}, I~ ={n > 1;{eyn),v(n) >< 0}.

To prove >, -, |lv(n)|| < 0o one only needs to show that

Z (ei(n),v(n)) < oo and — Z (e1(ny, v(n)) < oo.

nelt nel—
Since the arguments we will use are similar in both cases we only prove the first one.
Moreover, to prove ) i {e;n),v(n)) < oo we only show > 1 ~on(€in), v(n)) <
oo. Analogously, one can prove that Znel+ﬁ(2N+1)<el(")7 v(n)) < oo.
Assume IT™ N 2N is infinite, if not the result follows directly. Order its elements
j(0) <j(1) < ... < j(n) <...and define i(n) = (j(n)) for n € N. Let x,y € X be
the points given by Lemma 4 using these sequences.
Now, from equality (2.1) and Proposition 1, one deduces that

=« > ((sn(x) = sn(y)), P(n)H(1)) + (so(x) — s0(y))

ne{l,...,m—1}NI+N2N

=a Z (e1(n), P(n)H(1))

ne{l,...,m—1}NI+N2N
= > {€1(n), v(n) + w(n))
ne{l,....m—1}NI+N2N

converges (- mod Z) when m — oo. Then }° ;. 1yr+nan(€i(n), v(n)) con-
verges ( mod Z) when m — oco. But (e;,),v(n)) tends to 0, hence the series
Zneﬁﬁm@l(n),v(n)) converges. O

The following theorem states that continuous eigenvalues are always constructed
from the subspaces,

{’U e RC(M). P(n,m)v —=p00 O} , m > 2,

defined by the sequence of incidence matrices (M (n);n > 1). In the sequel we use
the norm ||.|| defined by ||v|| = max; |v;| for all v € R%.

Theorem 5. Let (X,T) be a Cantor minimal system given by a Bratteli- Vershik
representation B = (V,E,=<). Let A = exp(2ima) be a continuous eigenvalue of
(X,T). Then, there exist m € N, v € RE™ and w € Z™) such that

aP(m)H(1) =v+w and P(n,m)v =00 0.

Proof. We deduce from Corollary 2 that ||aP(n)H (1)| converges to 0 as n tends to
oo. Hence, for every n > 2 one can write aP(n)H (1) = v(n) + w(n), where w(n) is
an integer vector and v(n) is a real vector with ||v(n)|| — 0 as n — oo. Clearly

(3.1) aP(n+1)H(1)=M(n+ 1)v(n)+ Mn+1LHw(n) =v(n+1) +w(n +1).
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We start proving that there exists m > 1 such that for all n > m one has M (n +
1)v(n) = v(n+ 1). From Proposition 1 one knows there exists m > 1 such that for
all n > m and all x € X it holds

1 1
[{sn(2), aP(m)H(L)]| < 7 and ()] < 7.

Hence, for all n > m and all € X, one gets
1
(32) {sn (), v(m))ll < 7-
Fix n > m. Consider x € Bg(n+ 1) for some 1 <k < C(n+1) and let 0 = j; <
j2 < -+ < ji be the collection of all the integers 0 < j < hg(n + 1) such that

T iz e Uie{1,....,c(n)} Bi(n). Remark that
(3.3) 57 (T77'2) —eg M(n+1)|| = 1
(3.4) |$n (T~ +12) — 5, (T Imz)|| = 1

forall 1 <m <1—1. Let 1 <m <1 —1 and suppose |(s,(T~7"z),v(n))| < 1/4.
Then, from (3.4),

(s (T™7m41), v(n))]
|<Sn(T Iz),v(n)) + (s (T4 ), v(n)) — (s (T~ x), v(n)]

<y
From (3.2) one gets that |<sn(T’jm+1x),v(n)>| < 1. Thus, as |(s,(x),v(n))| =0, it
follows by induction that (s, (T J'z),v(n)) < 1. Therefore from (3.3) one deduces
that |{ex, M(n 4+ 1)v(n))| < 1/2. This is true for all 1 < k < C(n + 1), then
[M(n+ Do(n)|| < 1/2.
Finally, from (3.1) one deduces that for all n > m,
(3.5) M(n+1vn)=v(n+1) and M(n+ 1)w(n) =w(n +1).
To conclude it is enough to set v = v(m) and w = w(m). O

Lemma 6. Let (X,T) be a Cantor minimal system given by a Bratteli- Vershik rep-
resentation B = (V, E,=). Consider m € N and v € RE(™) such that P(n,m)v — 0
as n — co. Then (v, u(m)) =0 for any T-invariant probability measure p.

Proof. From definition one has

(v, p(m)) = (v, PT(n,m)p(n)) = (P(n,m)v, u(n))
< [P, m)vf| - [[u(n)]|
and the last term converges to 0 as n — co. Thus (v, u(m)) = 0. O

Corollary 7. Let (X,T) be a Cantor minimal system given by a Bratteli- Vershik
representation B = (V, E, <) and let u be a T-invariant probability measure. Let
A = exp(2ima) be a continuous eigenvalue of (X,T). Then one of the following
conditions holds:
(1) « is rational with a denominator dividing ged(h;(m);1 < i < C(m)) for
some m € N.
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(2) There exist m € N and an integer vector w € ZC™ such that a =

(w, p(m)).
Proof. Let m, v and w be as in Theorem 5. We recall that P(m)H(1) = H(m).
Assume v = 0. Then aoH (m) = w and thus « is rational with a denominator divid-
ing ged(hi(m); 1 < i < C(m)). Now suppose v # 0. From Lemma 6, (v, u(m)) = 0.
Thus, from w = aH(m) — v and {(u(m), H(m)) = 1 one gets a = (w, pu(m)). O

Part (2) of previous lemma left open the question whether any integer vector w €
7€) for some m € N, can produce a continuous eigenvalue of the system by
taking o = (w, u(m)). It is enough to consider topological weakly mixing Cantor
minimal systems to see that in some cases not all integer vectors can produce a
continuous eigenvalue. In general, the set of integer vectors from which one can
define continuous eigenvalues of the system is a discrete group. Normally, very
difficult to describe explicitly. In the next section we give a slightly more precise
description of such group in the finite rank case.

4. CONTINUOUS EIGENVALUES OF FINITE RANK SYSTEMS

Let (X,T) be Cantor minimal system of finite rank d. Fix a Bratteli-Vershik
representation of (X, T') with exactly d vertices per level which sequence of incidence
matrices is (M (n);n > 1).

4.1. Rationally independent continuous eigenvalues. Let E(X,T) be the ad-
ditive group of continuous eigenvalues of (X, T), that is,

E(X,T) = {a € R;exp(2ima) is a continuous eigenvalue of (X,T)} .

In this section we study the maximal number 7(X,T) of rationally independent
elements in E(X,T). Remark that 1 is always an eigenvalue of (X,T) so Z C
E(X,T). We need the following lemma whose proof is left to the reader.

Lemma 8. Let (X,T) be a Cantor minimal system of finite rank d. Then, there
are at most d ergodic measures pi,...,u (I < d). Moreover, there exits m € N
such that for all n > m vectors pi(n),...,w(n) are linearly independent.

Theorem 9. Let (X, T) be a Cantor minimal system of finite rank d. Let 1, . . ., i,
1 <d, be all its ergodic measures. Then, n(X,T) <d—1+1.

Proof. Fix a Bratteli-Vershik representation of (X,T) with exactly d vertices per
level. Put n = n(X,T) and assume n > d —l + 1. Let {ai1,...,a,} be a set of
rationally independent elements in F(X,T). From Theorem 5, there exist m € N
and vectors v; € R, w; € Z¢, for i € {1,...,n}, such that a; H(m) — v; = w; and
P(n,m)v; =n—00 0. Consider m so large that Lemma 8 is also verified from such
an integer.
From Lemma 6 one has that for all 1 <i <pandall 1 <j <[, (w;, n;(m)) = .
Thus, (w;, p1(m) —p;(m)) = 0 for 2 < j <[. Now, from Lemma 8 one deduces that
{p1(m) = pa(m),..., p1(m) — w(m)} generates a (I — 1)-dimensional vector space.
We conclude that the linear space generated by w, ..., w, is of dimension at most
d—1+1. Consequently, there exist integers ey, . .., €4—+2 With |e1|+. . .+ |eg—i42]| # 0
and

€Qwi + ...+ €q_1y2wq—142 =0 .
Thus,

€101 + ... + €g—1+20q—142 =0
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which contradicts the fact that {aq,...,a,} is a set of rationally independent ele-
ments in E(X,T). O

Remark that from the proof of the theorem, a set of rationally independent gener-
ators of E(X,T) can be determined from a single level m once we know u(m) and
good integer vectors. Of course, this level m can be very large and difficult to get.

Put n = n(X,T). If n = d we say that (X,T) is of maximal type. From The-
orem 9 one has that maximal type systems are uniquely ergodic. Conversely, if
(X,T) is uniquely ergodic, then it has at most d rationally independent continuous
eigenvalues but it is not necessarily of maximal type. As an example consider a
substitution system whose incidence matrix M (n) = A for all n > 2 such that A
is primitive and has two real eigenvalues with modulus bigger than one (for details
about Bratteli-Vershik representations of substitution systems see [DHS]).

Since 1 € E(X,T), one can always produce rationally independent generators of
E(X,T) containing 1. Observe that rational eigenvalues are associated to 1. Fix
{l,a1,...,ap—1} a set of rationally independent generators of E(X,T). Let u be
an ergodic measure of (X, 7).

From Theorem 5 there is m € N such that for all 1 < ¢ < n — 1 there exist a real
vector v; € R? and an integer vector w; € Z% satisfying a; H(m) = v; + w; and
P(n,m)v; — 0 as n — co. From Lemma 6, each v; is orthogonal to the linear space
spanned by p(m), thus

(4.1) a; = (w;, p(m)).

Proposition 10. The vectors {vi,...,vy—1} and the vectors {w1, ... ,wy—1,H(m)}
are linearly independent.

Proof. Suppose Z?:_ll d;w; = 0 with some d; # 0. Since wy,...,w,—1 are integer
vectors we can assume the J;’s are integer numbers. From «; = (w;, u(m)) for
all 1 <4 < n—1 one gets ?:_11 dicy; = 0 with some §; # 0. But aq,...,ay-1

are rationally independent, then coefficients §;’s must be 0, a contradiction. Then
wi, ..., wy—1 are linearly independent.

Now, it holds that H(m) ¢ ({w1,...,wy—1}). Indeed, if H(m) = Z?;ll q;w;,
with rational coefficients, then by taking the inner product with pu(m) one gets

that 1 = Z?;ll gjo;j. This contradicts the fact that 1,aq,...,a;—1 are rationally

independent. One concludes wy, ..., w,—1, H(m) are linearly independent.
Therefore, from 237;11 Ajv; = 0 one deduces (Z?;ll Aja ) H(m) — Z?;ll Ajw; =0
and thus )\1:...:>\n,1:0. [l

Fix an ergodic measure p and, for each n > 1, define {(u,n) to be the maximal
number of rationally independent components of p(n).

Proposition 11. For all n > m, ((u,n) > n. In particular, if the system is of
mazimal type, then ((u,n) =d for n > m.

Proof. We give a proof for n = m, for a general n it is analogous. Let ¢ =
(q1,...,q0)7 € Q% be such that (g, u(m)) = 0. Thus ¢ is not contained in the
linear space W. Indeed, if ¢ = Z?;ll riw; + rH(m) with r and the r;’s rational
numbers, then, taking the inner-product with p(m), one obtains 0 = 2?2—11 ric; +r
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which implies 7 = ... = ry_y = r = 0 (recall 1,a1,...,a,_1 are rationally inde-
pendent).
Assume for all subsets J of {1,...,d} with cardinality 7 there is a non zero rational

vector ¢/ € Q¢ with qg; = 0for j € {1,...,d}\ J such that (g7, u(m)) = 0.
At least d — n + 1 of such vectors must be linearly independent. To prove this
fact consider the family J; = {é,...,i+n — 1} for ¢ € {1,...,d —n+ 1} and
the corresponding vectors ¢”t,...,g7?-+1. From the first part of the proof one
concludes that H(m), w1, ..., wy—1,q”,...,q’¢+1 are d + 1 independent vectors
in R, which is a contradiction. Therefore, there is J C {1,...,d} with cardinality
71 such that p;(m), j € J, are rationally independent components of p(m). This

gives ((u,n) > 1. The maximal type case follows directly. O
Observe that the inequality in the proposition can be strict.

4.2. Dimension group and geometric interpretation of eigenvalues. Ob-
serve that it is not enough to have v € R? with P(n,m)v — 0 as n — oo and
w € Z% such that v+ w = aH(m) for some m > 1 to ensure exp(2ima) is a contin-
uous eigenvalue of (X, T'). In addition, from Proposition 1, it is also necessary that
the series > -, (sn(x), P(n,m)v) converges modulo Z. In the next two propo-
sitions we try to give a more precise statement involving the so called dimension
group associated to the sequence of matrices (M (n);n > 1).

Fix m > 1 and an invariant measure p. Put

V(m) = ({u(m)})*.
Let V*(m) be the subspace of R? that is asymptotically contracted by (M (n);n >
m) :

Vi(m) = {v € R% P(n,m)v — 0 as n — oo}.
Also distinguish the subspaces of V*(m),
Vo(m) ={ve R%; 3n > m, P(n,m)v = 0} = U Ker(P(n,m))
n>m

and

Vi(m) = { v eR% Z [|P(n,m)v| < oo
n>m
Obviously,
Vo(m) C Vi(m) C V¥(m) C V(m) .
One has P(m)V(1) C V(m). Equality holds if the matrices (M(n);n > 1) are
invertible.

Proposition 12. There exist m > 1 and a linear space V™ C V(m) such that
P(n,m) : V"™ = V(n) is one to one for any n > m.

Proof. Let us choose a subspace V(1) of R? such that V(1) = V() @ Vy(1). Let
m > 1 and assume subspaces V(@) are defined for all 1 < n < m such that:
Vi(n) = Vo(n) @ V™ and P(n, k)Y C V™ forall 1 <k <n < m.

Choose a subspace W™+ of V*(m + 1) such that V¥(m + 1) = Vo(m + 1)&M (m+
DY aWwm+D and set Vm+) = M(n+1)V™ @W D | This procedure defines



Eigenvalues of finite rank systems 11

recursively a sequence of subspaces verifying for all m > 2 and all 1 < k < m,
Vi(m) = Vo(m) @ V™ and P(m + 1, k)V*) C pim+1),

Since P(n,m)V™ C V(™ and in view of the definition of Vy(m), P(n,m) is in-
jective on V(™ then the sequence (dim(V(™);n > 1) is increasing. Since it is
bounded by d, there is m € N such that for all n > m, P(n, m)V) = P This
concludes the proof. O

Fix the integer m found in the previous proposition. Notice that if the matrices
(M(n);n > 1) are invertible, then one can take m = 1.
Consider the discrete subgroup of R?

G(m) = |J P(n,m)~'2* = {z € Q%;3In > m, P(n,m)z € Z*}

and the one dimensional subspace A(m) = {tH(m);t € R} C R%.

Proposition 13. Let A = exp(2ima). If A is a continuous eigenvalue of (X,T)
then aH(m) € (G(m) + Vi(m)) N A(m).

Proof. According to Theorem 3,

Y llaP()H1)|| < oo .

n>1
From Lemma 6, there exist m’ > 1, an integer vector w’ € Z® and a real vector
v' € R? with
aH(m') =v" +w and ||P(n,m )v'|| - 0asn — oo .
One can assume m’ > m.
Since v € V*(m’), it splits into v = v} + v’, with v} € Vo(m') and v, € V™),
There is v € V™) such that v, = P(m’/,m)v. Hence,
aP(m',m)H(m) = w" + v + P(m',m)v.
Let n be such that P(n,m’)v) = 0. One has,
aP(n,m)H(m) = P(n,m")w' + 0+ P(n,m)v.

One deduces that

P(n,m) (aH(m) —v) € Z*,
which means that aH(m) —v € G(m) + Ker(P(n,m)). To conclude notice that,

since for n large enough, ||aP(n)H(1)| = ||P(n, m)v| = ||P(n, m)v||, v must belong
to Vi (m), so that

aH(m) € (Vi(m) +G(m)) N A(m).
O

Remark 14. G(m) is associated to the so called dimension group. It is classically
presented as a quotient G’ = H/ ~, where

H={(z,p) €Q*x N;3n >p, P(n,p)z € 2}
and
(2:p) ~ (y,q) & In > p,n > ¢, P(n,p)z = P(n,q)y.
If the matrices (M (n);n > 1) are invertible each g € G’ can be represented by the

unique element (z,1) € H in class g. In the general case, some elements of G’ do not
have a representative of this type. Nevertheless, by previous propositions one can
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choose an appropriate m > 1 and identify each ¢ € G’ with a representative of the
form (z,m) € H if it is not asymptotically null, and with (0, m) if it is asymptotically
null. The difference here is that two elements of G(m) may correspond to the same
element of G’ if their images coincide after a while. One has that G’ is isomorphic
to G(m)/ =~ with z = y < In > m, P(n,m)z = P(n,m)y.

Fix m > 1 as before and such that 1,0q,...,a,—1 is a base of rationally inde-
pendent continuous eigenvalues of (X,T) with a; H(m) = v; + w;, v; € V5(m)
and w; € Z% When ((u,m) = d, the eigenvalues can be described from W =
{w1,...,wy—1, H(m)}).

Proposition 15. Assume C(u,m) =d (in particular if (X, T) is of maximal type).
Consider a = q + ZZ 1 gy € BE(X,T) with ¢,q1,...,qn—1 € Q. Then ¢H(m) +

ks 11 qiw; belongs to G(m). Moreover, if a is a rational continuous eigenvalue
then oH(m) belongs to G(m). Conversely, if q,ql,...,qn,1 € Q are such that

H(m)+ Y1~ 1q1wl€g(m) then a =q+ Y. 1qzalEE(X,T).

Proof. Take o € E(X,T) as in the statement of the proposition. By Proposition
13, there are v € V*(m) and w’ € G(m) such that aH( ) =0 —|— w’. Thus,
v—v = w — w, where v = ;7;11 qiv; and w = ¢H(n) + ZZ 1 ¢iw;. From
(v — ', u(m)) = 0 one deduces that (w — w', u(m)) = 0 But ¢(p,m) = d, thus
w = w’ and consequently v = v’. This proves the first result. If & € Q then v = 0,
which proves the second result.

Now consider ¢:q1,---,qy—1 € Q such that ¢H(m) + Zl 1 giw; € G(m). Put v =
ZZ 1 ¢ivi- The series 3 o (sn(z), P(n,m)v) converges uniformly in 2 modulo
Z, because the corresponding series with v; instead of v does. This proves a =
q+> 1 gic; belongs to E(X,T). O

Define the matrix W = [w, ..., wy—1, H(m)]. From (4.1), it is direct that
WT[,L(T)’L) = (alv sy Op—1, 1)T
Corollary 16. If ((u,m) = d (in particular if (X,T) is of mazimal type) then

E(X,T) is isomorphic (as a group) with the discrete subgroup of Q¢, Q(X,T) =
{ze QL WTz e G(m)}.

5. MEASURABLE EIGENVALUES OF FINITE RANK SYSTEMS: A GENERAL
NECESSARY CONDITION

Let (X,T) be a Cantor minimal system of finite rank d and p a T-ergodic measure.
By contracting the associated Bratteli-Vershik diagram one can always assume there
exists I C {1,...,d} such that:

(1) For all k € I, liminf, oo u{r, =k} > 0;

(2) Forall k€ I¢ >, - u{n =k} < 0.
A diagram verifying these properties will be called clean. From conditions (1) and
(2) one deduces that 7,,(x) belongs to I from some n for almost all z € X.
Consider a measurable eigenfunction f : X — C of (X, T, u) associated to the
eigenvalue A = exp(2iwa) with |f| = 1, y-almost surely. For n > 1 put

d hi(n)—1

=BT =Y > oo )/‘(n)Ajfdu

k=1 j=0
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and set
1

pr (1) Bi(n)

with cx(n) > 0. If z belongs to the k-th tower of level n one has that f,(z) =
A= (@) +ee(m) ey (n). A simple computation yields to the following interesting rela-
tion that we will not exploit in this article:

Mm

1(n+ 1pe(n+ Lek(n + 1)
k=1

foralll € {1,...,d}.

Lemma 17. For any 1 < k < d such that liminf, oo {7, = k} > 0 one has
ck(n) =1 as n — oo.

Proof. By construction, ||f,||3 = ZZ:1 p{rn, = k}er(n)? — 1 as n — oo. Since the
¢k (n) are bounded by one, then ¢x(n) — 1 as n — oo for each 1 < k < d such that
liminf, o {7 = k} > 0. O

Forn > 1and k,l € {1,...,d} define S, (I, k) = {sn(x);2 € X, () =, Tn11(x) =

Proposition 18. Let (X, T) be a Cantor minimal system of finite rank d and p o T -
ergodic measure. Assume (X, T) is given by a clean Bratteli- Vershik representation.
If A = exp(2ira) is an eigenvalue of (X,T,u), then for n > 1 there exist real

numbers p1(n), ..., pa(n) such that the following series converges,

1
5.1 1 — N\ H@)—pr(n+1)+pi(n)|2
( ) Z lk)EJMkl(n+1) Z | |

s€Sn(L,k)
where J = {(I,k) € {1,...,d}?;liminf, o p{m = I, 7ns1 = k} > 0}.

Proof. Let I be a subset of {1,...,d} verifying (1) and (2) in the definition of a
clean Bratteli-Vershik representation.

Let f : X — S! be an eigenfunction for the eigenvalue A = exp(2ira). As above, for
n>1and k € {1,...,d}, we set f, = E(f|T,) and m ka_(n) fdp = cp(n)Ae
with ¢x(n) > 0. From Lemma 17, ¢x(n) — 1 asn — oo if k € I. Let I,k € J.
Observe that [,k € I too. One has

(5.2) b {Tn =1, =k} My (n 4 Dhi(n)pr(n +1)
' Mk,l(n—i—l) - MkJ(?’L-i-l) B MkJ(?’L-i-l)
(5-3) = hi(n)pr(n +1) ,

for some b > 0. On the other hand, since the sequence (f,;n > 1) is a martingale,
then Y, o ||fn41 — full3 converges and
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| frar = full3
:/ |fn+17fn|2d,u'

= c (n+ 1))\*’”"+1(1)+an+1@>("+1) —c, (z)(n)/\*rn(r)ﬂm,(m)(n) 2 dp

Trn41(2)

C‘rn+1(z)(n7L 1) 2

I
S

Cr, (z (n) . o )\Tn+1(x)*rn(z)*/17-n+l(m)erm(m) dy
) Crp () (1)
d d )
+1 ) _
=SS mmumn 1) S am)- _Ck(cn(n) ) (s H () =i (n+D)+p1(m)
k=11=1 €S (LK) t

Consequently, from the convergence of ¢;(n) to 1 as n — oo for [ € T and (5.2) one
deduces,

k(A1) (s Hm) —pr(nt 1)+ ()
S Y 5 541 e pssnt
<+1> p>

n>1 (k) e] Sn (LK) ci(n)

converges. But |&+)1) Al Hm) —pr(ntD)+pi(n)] > | wlirl) (n+1) _ 1|, then one also gets

1(n)
that
)DL

n>1(l,k)eJ

2

n—|—1

Cal)

converges. One concludes that

DY Mkl ey S 1 A HO) () 2,

n>1(1,k)eJ SE€S, (LK)

converges, which gives the result. O

Remark from last theorem that mzsesn(l,k) s H ) =pr(nt)+o1(n) cop-
verges to 1 as n — oo for any (I, k) € J. This suggests a strong condition on the
distribution of powers of A in S! in relation to the local ordering of the Bratteli-
Vershik representation.

6. EXAMPLE 1: MEASURABLE EIGENVALUES DO NOT ALWAYS COME FROM THE
STABLE SPACE

In Section 3 we proved that if A = exp(2im«) is a continuous eigenvalue of a minimal
Cantor system (X,T) given by a Bratteli-Vershik representation B = (V, E, <),
then for some m > 1 there exist v € RE("™) with P(n,m)v — 0 as n — oo and
w € ZC™ such that aH(m) = v + w. In this section we construct a uniquely
ergodic Cantor minimal system of finite rank 2 and a measurable eigenvalue A\
for which this property is not verified. In particular A will not be a continuous
eigenvalue.

We start by constructing a suitable sequence of matrices (M (n);n > 1). Let

A = ( } (1) ) . Let ¢ = _1+2\/5 be the Perron eigenvalue of A, e, an associated
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eigenvector with positive coordinates and e, an eigenvector of the other eigenvalue
¢~ ! such that (es, (0,1)T) >0 .

As usual H(1) = (1 1)T and for n > 2 the matrix M(n) = A*» for some integer
kn > 2 to be defined. Recall P(1) = I and P(n) = M(n)---M(2) for n > 2
and P(n,m) = M(n)---M(m +1) for 1 < m < n. We set K, = Y., k;, so
P(n) = AK». For convenience we set k; = K; = 0.

In R? we distinguish the stable subspace E* = {v € R?; A"v —, ., 0} and the
unstable subspace E* = {v € R?;||A™0|| =00 00} vector spaces of A. The vec-
tors e, and e, belong respectively to the unstable and the stable spaces. Moreover,
{eu,es} is an orthonormal basis of R2.

Lemma 19. Let (e,;n > 1) and (§,;n > 1) be sequences of real numbers in 0, p~1]
and vy €]0,¢e1]. There exist a real number 0 < 8 < 1 and a sequence (kn;n > 1) of
integers larger than 2 such that for all v > vy and all n > 1

AKn (Beu + ’Ues) = Zp T Upey + (Un + (p_Kn (U - Ul))es
with 0 < vy, < €5, 0 < up < 6pvyn and z, € Z2.

Proof. First we construct recursively the sequence (k,;n > 1) and a sequence
(an;n > 1) such that for all n > 1

2, = AEn (Qney +vies) — vpes € 72

for some 0 < v,, < €,. We start the recursion with oy = 0, v1 > 0 and z; = 0 and
put t; = 1.

Assume the construction is achieved up to n > 1. Let ki > 2 be large enough so
that o~ Fminy, < e,,1 and ¢ #min < ¢, 1. The direction given by e, has irrational
slope. Thus there exist ¢,41 > 0, 0 < sp41 < €pt+1 — @_kmi"vn and Z,41 € 7.2
such that t,41€, = Zpt1 + Sp+1€s. Choose knpi1 > kpin so that <p_k"'+1tn+1 <
min(%énvn, go_ltn), where t,, is associated to z, in previous step. Let

—k -K
Unt1 =@ "Tup +8pq1 and opp1 = @ M g
One has

K
ATt (an—i-leu + Ules) — Un+16€s

= (@Kn+lan + tn+1)eu + (‘PiK
_ ka1, Kn —knt1(, —Kn

=" (" ag)e, + @ (™" mvr —vp)es + (tnt1€u — Snt1€s)
K

= Ak (B age, + (9 Km0 — vn)es] + (bnr1€u — Snii€s)

7L+1’Ul - 907kn+lvn - Sn-l-l)es

= AFriiy, 4 2o = 2040 € 22,
and 0 < vp41 = go_k
Let m > 0. It holds,

", + Spt1 < €p41-

n+m—1 n+m—1
an+m_an = E (aj+1 —aj) = E (P ]+1tj+1
j=n j=n
m—1

< go_K”'“th Z <p_j < @_K"énvn < go_K"ﬁnen .
=0



16 Xavier Bressaud, Fabien Durand, Alejandro Maass

Then the sequence (a,;n > 1) converges. Put 8 = lim, 0 . It is clear that
0 < B < 1land & (B—ay,) < §,v, for n > 1. To conclude define u,, = %" (8—ay,)
and observe that for all v > v;

Afn (ﬁeu + Ues) = zn + ‘PKn (ﬁ —Qp)ey + ('Un + SD_KTI' ('U —v1))es

where by construction v, < €,. O

In previous lemma we gave a procedure to construct one value of 5. In fact it
is possible to construct a whole Cantor set of such numbers associated to a same
sequence (ky)n>1. The construction in the lemma can be modified as follows: at
each step one finds two different values t,, 41 > 0 and ¢}, ; > 0 with ¢/, > t,41 and
then we choose k, 11 large enough so that conditions for both values are satisfied.
Remark that these conditions depend on all previous choices for to,t), ..., tn,t),.
Then we can set a1 = oy + @ X+t 14 as well as af, 1 = oy, + @~ Fotrt] .
Since this choice is free at each step of the recurrence we can construct a Cantor set
of values for 8. It is straightforward that all the values obtained by this procedure
are different. This argument shows that not all the possible values of g comes
from the so called regular weak stable space, that is BH (1) ¢ Z? + E*, because the
intersection of Z2 + E* with E* is countable. One has proved,

Proposition 20. Let (e,;n > 1) and (0,;n > 1) be sequences of real numbers
in ]0,07 Y and 0 < vy < €. There exist a real number 0 < 3 < 1 such that
BH(1) ¢ 72 + E® and a sequence (kn;n > 2) of integers larger than 2 such that for
allv > v, and all n > 2

Afn (Bey + ves) = zp + uney + (v + @ En (v—uv1))es
with 0 < vy, < €n, 0 < up < 6,0, and 2, € Z°.

Corollary 21. Let (e,;n > 1) and (§,;n > 1) be sequences of real numbers in
10,07 Y. There is a sequence (kn;n > 2) of integers larger than 2 and a real number
a > 0 such that for alln > 2

aP(n)H(1) = wy, + 2z ,
where z, € Z? and w, € R? with ||w,|| < 4e,.

Proof. Let v < min (61, ||mH(1) - eu||). Let 0 < 8 < 1 be given by Propo-
sition 20 with v; and the sequences of epsilon’s and delta’s given there. We consider
the intersection of {tH(1);t € R} with {2+ Be, +tes;t € R} where z = (1 0)T. Call
it «H(1) = z + PBey + ves. By construction one has v > v;. Then by Proposition
20 for n > 2, aP(n)H(1) = P(n)z + zn + uney + (v + o K7 (v — v1))es. Thus as
o K <€, v, <€, and u,, < €, one concludes. O
Now the matrices (M(n);n > 2) have been constructed we will proceed to give
an ordering to the Bratteli diagram induced by them. We introduce the notion
of best ordering associated to (w,h) where w = (wy,wz)? € R? with wy > 0
and h = (hy,ho)T € N? with strictly positive coordinates such that the slope
f = |wi]/|wz| of ({w})* is smaller than hy/h;. This ordering is described by a
word p = py...p1 in {1,2}* of length I = hy + hy defined recursively by: set
po=0and for 0 <n<I[-1

1 (S ep, —h),w) >0
Pnt1=19 9 otherwise
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where e, ey are the canonical vectors of R%2. Let w® be a vector orthogonal to
w. Consider the line L = {h + twt:t € R}. Notice that, since wy > 0, a point
y € R? is above this line if and only if (y — h,w) > 0. Thus p,41 = 1 if the integer
vector Z?:l ep; is above the line L and is equal to 2 otherwise. In particular,
since (h,w) > 0 then p; = 2. This motivates the following definition: K(p) =
inf{i>1:p;,=1}—2.

Lemma 22. It holds,

o K(p) < ho + sign(wi) fh1 < hi(J + sign(w:) f);

o forall j > K(p), | {ep,, w)| < |Jw]|.

i=j

Proof. The intersection point of L with ({(0,1)7}) is Ww’—j(o, 1)T. This gives the
first inequality. The second one follows directly when computing the orthogonal
projection of Zi:j ep, over {tw;t € R}. O

Fix two decreasing sequences of real numbers (e,,;n > 1) and (6,,;n > 1) with values
in ]0, ¢~ !] such that 6, < e, forn > 1. Let 0 < v1 < €1. Let a and (kp;n > 1) be
as in Corollary 21. Then aP(n)H (1) = w, + 2, where z, € Z? and w, € R? for
n > 2. From construction it follows that (wy,)2 > 0.
Let (X, T) be the minimal Cantor system defined from the ordered Bratteli-Vershik
diagram described as follows: (i) the vertex at each level are labelled by {1, 2}, (ii)
the incidence matrices are given by M (n) = A*» for n > 2, and (iii) for j € {1,2}
and n > 2 the order of the m;(n) = (M;1(n), M;2(n))T edges arriving at vertex
j in level n is given by the best order associated to (wy,, m,(j)) described by the
word p(™7) . Since p&"’j ) = 2 and pl(i’lj) = 1 this diagram has unique minimal and
maximal points.
Thus for any € X and n > 1 its suffix s, (z) is given by,

(m;(n),H(1))

sn(z) = Z epm) + e,

k=on(x)+1
where 7,11(2) = j and o, (z) is the order of x,11. Thus, given 4,j € {1,2}, all
vectors of type v, = Z,SZZ;(")’HO)) € 0m) with 1 <1< (m;(n), H(1)) are the suffix
sn(z) of some © € X with 7,,(x) =4 and 7,41 (x) = j where ¢ is such that [—
Let p be the unique invariant measure of (X, 7T) (it is unique since (u(n),es) = 0
for all n > 1). A direct computation yields to

1
Mji(n+1)
Lemma 23. There is a positive constant C such that for alln > 1

p{(8n, wn) > [lwnll} < Cey

Proof. Let i,j € {1,2}. Set K;(n) = K(p™7). From the second statement of
Lemma 22 one gets

,U{Sn:'}/nh_n =1, Tntl :j}:

P (Snswn) > Jwl|| |70 =6, 71 =5} < p{l <on < Kj(n)|7n =4, Tny1 = j}
{1 < o< Kj(n); pi"? =i}
- M;i(n+1)
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If 7,(z) = 1 then necessarily o,(z) > K;(n), while if 7,,(z) = 2 then |{1 <o <
K;(n) ; pi™ =2} = K;(n) — 1. So in this case

Ki(n)
ijg(n + 1)
Let f, be the slope of the orthogonal line defined from w,,. By construction (it is
not difficult to verify) one has (w, )1 < 0. Then from Lemma 22 one gets

{0, wn) > [|wn| |70 =4, Tns1 = j} <

/\

KJ(TL) Mj 1(n+1) ]2(n+1)
Mj,g(n—f— 1 - M]72(n+ 1) ( 7’L+1) fn>

M;1(n+1 M (n+1) _ _
< it ( )( J2 1+‘901—fn‘).
MJ72 n+1 (n+1)
Let w, = Upes + une,. Recall from construction that v, = v, + @ K= (v — vy),

Un < €, and u, < 5,v,. Also o Fn <e,.
The slope f, is given by
PR e T il
Tt lu, 14l
Thus
o Uy 1+ @2 Unp, 2 _2 —2
— =] ———| < —(1 < (1 on < (1 .
| fn | = UnlJFSﬁlZ"_Un( +o ) S (1+9 )00 < (1+9 %)en
On the other hand, % approaches gp‘l at speed gp‘k"“ < ént1 < €,. Thus
K.

& < Ce,

Mja(n+1)
where C' = 2 + ¢~ 2.
To conclude, one integrates this uniform bound with respect to i and j. (]

Remark 24. In general, the quantities (s, (x),wy,) are not bounded. But it is more
likely that a point taken at random has (s, (z),w,) of order ||wy,]|.

One assumes (e,;n > 1) is summable (3 -, €, < 00).

Theorem 25. The complex number exp(2ima) is an eigenvalue of (X, T, u) that is
not continuous.

Proof. The fact that it is not continuous follows directly from construction and
Theorem 5.

First we prove the series Y - [[{(sn(x), «P(n)H(1))|| converges p-almost surely.
Since Y, o #{(sn, wy) > |Jwy]|} <3, o, €n < 00, then by Borel-Cantelli Lemma
one has for p-almost x € X -

Z L{(sn (@) wn)>Jwn||} < OO
n>1

Denote by No(z) the first integer such that for all N > No(z), (sp(z), wn) < ||wy]].
Since Ny is almost surely finite, one has, for p-almost all z € X and N > Ny(x),

Y Msal@),aPHNL < Y- [salz)wa)l < Y llwall £ Y e

n>N n>N n>N n>N
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Hence the series converges almost surely.
To conclude recall f(z) = exp(—=2im)_, 5, (sn(2),aP(n)H(1))) is an eigenfunction
of (X,T) associated to exp(2ima). O

7. EXAMPLE 2: CONTINUOUS AND MEASURABLE EIGENVALUES OF TOEPLITZ
TYPE SYSTEMS OF FINITE RANK

It is known that any subgroup of S! can be the set of measurable eigenvalues of
a Toeplitz system (see [DL] or [Dow]). The main motivation of this section is to
show a class of examples of Toeplitz Cantor minimal systems where the finite rank
assumption restricts the possibilities of measurable eigenvalues.

An ordered Bratteli-Vershik diagram is of Toeplitz type if for all n > 1 and for all
u,v € V,, the number of edges in E,,_; finishing at u coincides with the number of
edges in F,_; finishing at v. Denote this number ¢, and set p, = ¢nqn-1--"¢1.
We say (gn;n > 1) is the characteristic sequence of the diagram. A Cantor minimal
system is said to be of Toeplitz type if it is given by a Bratteli-Vershik diagram of
this type. This definition is motivated by the characterization of Toeplitz subshifts
in [GJ]. That is, a Bratteli-Vershik diagram of Toeplitz type is a Toeplitz subshift
whenever it is expansive. First we prove a known result for Toeplitz subshifts.

Theorem 26. Let (X,T) be a Cantor minimal system of Toeplitz type given by a
Bratteli- Vershik system with characteristic sequence (qn;n > 1). Then, exp(2ima)
is a continuous eigenvalue of (X, T) if and only if a = pi for some a € Z and
n>1.

Proof. Let exp(2ima) be a continuous eigenvalue of (X,T) with a €]0,1[. Let
a=> or with a; € {0,...,¢q; — 1} for all i > 1 be the expansion of « in base
(Pn;n > 1),

By Theorem 5 one has that ap, — 0 mod Z as n — oo. This implies that

Ziszrl m —n—oo 0. Recall H(1) = (1,...,1)T. From Proposition 1 one

knows that ap,(s,(z), H(1)) converges to 0 modulo Z and uniformly in x. Let
2, € X such that (s,(zy), H(1)) = bpi1 = LQ’Z"TTIJ It exists since (s,(x), H(1))
can take any value between {0, ...,¢n+1 —1}. If (an;n > 1) is not ultimately equal
to 0, then lim,,_, o app(sp(zn), H(1)) = %, that contradicts the fact that it is 0
modulo Z. One concludes (a,;n > 1) is ultimately equal to 0 and that a = ﬁ for
some a € N and m € N.

Conversely, assume o« = pim for some a € N and m € N. Then for all x € X and

n > m one has

(50 (), aP(n)H(1)) = a2 (5, (2), H(1)) = agon 1+ gu{sn(2), H(1)),

Pm
which belongs to Z. Then »_, -, (sn(z),aP(n)H(1)) converges uniformly modulo
Z. One concludes by using Proposition 1. (I

Let (X,T) be a minimal Cantor system given by a Bratteli-Vershik diagram of
Toeplitz type. The next proposition shows that in the class of linearly recurrent
systems of Toeplitz type, continuous and measurable eigenvalues coincide.

Theorem 27. Let (X,T) be a Toeplitz type system with finite rank and p be the
unique T-invariant probability measure. Let (gn;n > 1) be the characteristic se-
quence of the associated diagram and suppose it is bounded. Then exp(2ima) is
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an eigenvalue of (X, T, ) if and only if a = pi for some a € Z and m € N. In
particular, they are all continuous eigenvalues.

ai

Proof. Let exp(2ima) be a measurable eigenvalue with o €]0,1[. and v =3, 3
with a; € {0,...,¢;—1} for all i > 1 be the expansion of « in base (pp;n > 1). From
[BDM] one knows that (aP(n)H(1),e1) = pp@ —pn—o0o 0 mod Z. This implies that
Z—: goes to zero with n goes to infinity. The characteristic sequence being bounded
one concludes (a,;n > 1) is ultimately equal to 0 and that « = ﬁ for some a € N
and m € N. We conclude using Theorem 26. O

Let (X,T) be a minimal Cantor system of Toeplitz type of finite rank d and let p
be a T-ergodic probability measure. Let (¢,;n > 1) be the characteristic sequence
of the associated Bratteli-Vershik diagram.

Consider A = exp(2ima) to be a measurable eigenvalue of (X, T, ) and f: X — C
to be an associated eigenfunction with |f| = 1, p-almost surely. One has that
fn = E,(f|T,) converges p-almost surely and in L?(X,B(X),u) to f. Following
the notations of Section 5, we recall

_ ka(") fap
@) ==

whenever z € T~ By(n) for some 1 < k < d and 0 < j < hg(n). We set ¢’j(n) =
cr(n) AP+ (™ Remark

A= ¢ (n) AP (n)—j

n—1 n—1 n—1
§= (si(x), POH(L) =Y pilsi(w), H(L) = Y pisi(x),

i=1 i=1 i=1
where §;(x) = (s;(x), H(1)). Since the system is of Toeplitz type one knows that
0 < 5i(z) < giy1- Given 1 < i,k < d and n > 2 define Sy ;(n) = {5p(z) : = €
X, mn(z) = k, Tpy1(x) =i}
Let I = {i € {1,...,d};liminf, o p{7, = ¢} > 0}. Contracting the Bratteli-
Vershik diagram given (X, T) if needed we can assume ) -, u{7, =i} < oo for
all ¢ € I¢, that is, the representation of (X,T') can be assume clean.

Theorem 28. Let (X, T) be a Cantor minimal system of Toeplitz type of finite rank
d and let p be a T-ergodic probability measure. Then all measurable eigenvalues of
(X, T, p) are rational.

Proof. Contracting if necessary we can assume (X,T) is represented by a clean
Bratteli-Vershik diagram of Toeplitz type. Let (g,;n > 1) be the characteristic
sequence of the diagram and A = exp(2ima) be a measurable eigenvalue of (X, T, u).
From martingale theorem f,, — f as n — oo p-a.e and since the Bratteli-Vershik
diagram given (X, T) is clean then p{z € X;lim, o [¢'7, (z)(n)] = 1} = 1. Hence,
by Egoroff theorem, for p < 8# there is a measurable set A such that u(A4) >1—p
and (f,) converges to f and |c;, (5)(n)| converges to 1 as n — oo uniformly on A.
Let € = gor. Then for all n < N large enough and o € A one has | f,(z)— fn (2)] < €
and [¢';, )(n)| > 2/3. By using the expression of f,, we recall before, one has

CITN(z) (V)
() ()

€

_ ()\pn )gn,N(m) <
|C/Tn (x) (7’L>|
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for every x € A, where 5, n(z) = Zf;;l Gn+1 - ¢i8i(x). Put Qn.N = ¢nt1 - an-
Clearly 0 < 5, v < Qp,N-

Assume « is irrational. For any interval L C S!, by the unique ergodicity of the
rotation by AP, one has

1
Qn,N

uniformly in L of the same length.

Let L be an interval in S such that |L| = ;5> and fix N such that d, n(L) >

|L|/2. In addition we can assume assume the interval L is disjoint from the set

{% 11<i4,5< d} and that the distance between L and {% 11<4,7< d}
J J

is bigger than 2¢. Therefore,

dn n(L)

{0 <5< Quy —1: A € L} —noyee | L]

d
p{z € X; PN (@) ¢ [} = ZMz‘(N)ann,Ndn,N(L)

=1
L
= dm]\[(L) > %

This implies that p{z € A; \P»*»~(@) ¢ L} > 0 and thus there is z € A such that
APrSnnN(2) € [ wwhile

>p.

’
2¢ S M _ ()\Pn)gmN(m) S ; .
c/‘rn(m)(n) |C/Tn(z)(n)|

Thus, [¢';, (z)(n)| < 1/2, which is a contradiction. One concludes « is rational. [
Let us now show that the measurable eigenvalues can not be any rational numbers.

Proposition 29. Let (X,T) be a Cantor minimal system of Toeplitz type of finite
rank d and p a T-ergodic probability measure. Let (qgn;n > 1) be the characteristic
sequence of the associated diagram. If exp(2im(p/q)), with (p,q) = 1, is a non

continuous rational eigenvalue of (X, T, u) then for all n large enough, —1— < d.

(¢,pn) —

Proof. Let A = exp(2imp/q), p,q €N, (p,q) = 1, be a non continuous eigenvalue of
(X, T, ). Thus exp(2im/q) is a non continuous eigenvalue of (X, T, u) and we can
suppose p = 1. From Theorem 26 we deduce exp(2im(q, p,)/q) is a non continuous
eigenvalue for all n large enough. Hence we can assume (g, p,) = 1 for all n large
enough.

Fix n > 1. Let € > 0 be such that € < 1/2¢d. Contracting the diagram if needed,
one can suppose q/qn, < € for all n > 1. Recall rp41(z) — rp(x) = §,(x)p, with
0<8, <qnt1—1. Forall0<a<qg—1set Sy(a)={x € X;5, =a mod gq}. Let
Gnt1 = kq+ 7 with 0 <r <qg—1. For all t € {1,...,d} one has that

1 11 1
(71) ——e<- <--"'
q

- < <
4 gn+1 q  4qqn+1 n+1
From Theorem 7 in [BDM], there exist real functions p,, : {1,...,d} — R such that
((1/q)rn—pn;n € N) converges p-almost everywhere modulo Z. Thus, from Egoroff
theorem there exists A € B(X) with u(A) > 1 — e such that ((1/¢q)r, — pn;n € N)
converges uniformly on A in R/Z. Thus ((1/q)3,(x) — (pn+1—pn);n € N) converges
uniformly to 0 on A in R/Z.

< U{Sn(a)|7n+1 = t}'



22 Xavier Bressaud, Fabien Durand, Alejandro Maass

There exists ¢ € {1,...,d} such that pu{m,+1 = t} > 1/d. Hence, using (7.1),
one obtains pu(Sy(a) N {71 =t} NA) > ((% - e)/d) —€> qid — 2€ > 0 for any
0<a<gq-1.

Suppose ¢ > d. Then there exist x € Sy, (a)N{7Tp+1 = t}NAand y € S, (b)N{TH41 =
t} N A, with a # b, and 7,(z) = 7,,(y). Then, £2(a — b) should go to 0 in R/Z
because

Pn Pn, _ _
?(a —b) = ?(Sn(fﬂ) = 5n(y)) = (Pns1(2) = pn(2)) + (Pn41(y) = pu(y)) = 0
in R/Z. But this is not possible because 1 < |a —b| < ¢ —1 and (¢, p,) = 1. Hence

q<d. O

The last theorem implies that an arbitrary subgroup of S! cannot be the set of
eigenvalues of a Toeplitz minimal system of finite rank. Also, it is not difficult
to deduce from last theorem that there is a unique ¢ < d with (g, p,) = 1 for all
enough large n such that all non continuous eigenvalues of the same type are in the
subgroup generated by 1/q. Finally observe that from [DM] it follows that Toeplitz
type Cantor minimal systems of finite rank that have non continuous eigenvalues
are expansive (thus subshifts).

In the following example we provide a Toeplitz system of finite rank 3 where A = —1
is a non continuous eigenvalue.

Example. Let (I,,;n > 1) be a strictly increasing sequence of integers with I3 = 0.
Put ¢, = 3 for n > 1. Consider the Toeplitz system (X,T,p) of finite rank 3
given by the Bratteli-Vershik diagram with characteristic sequence (g,;n > 1) and
such that each tower of level n is built by concatenating towers of previous level in
the following way:

1— (12)"73131, 2 — 1(12)"»7?31, 3 — (12)"" 3131
where ¢, = 2t,, — 3. We set Q, = q1g2 - ¢», for all n. Let n > 1. Define p1(n) =
—p2(n) = —pa(n) = L and fu(x) = (—1)7py(n) if & € T~/ By(n) for k € {1,2,3}
and 0 < j < hg(n). We set A, = {z € X; fn(z) # fur1(2)} = Ui<ij<3An(i,7)
where

An(is ) = {x € X;7(2) = i Tnt1 () = J, fu(2) # fosr(2)}.

Let € A,(1,1). We have f,(z) = (=1)7p1(n) and fri1(x) = (=1)728" py(n +
1) = fu(zx) for some [ € N. Studying the other cases one can check that

An = {rni1 =3} U{Tn1 = 2,7 = 3} U U T~ By(n + 1)
0<k<Qn-—1
Qn+1—-Qn<k<Qp41-1
and
1 1 2 4
M(An) = N(Tn—i-l = 2) + ,u(Tn_H = 2) <

qn+2 dn+1 gn+1 qn+1
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As Y ﬁ converges one deduces that up(limsup,,_,. A4,) = 0. Then, (f,) con-
verges p-almost everywhere and one can check that f oT = —f p-almost every-
where. Hence, —1 is a measurable eigenvalue of the system. Theorem 26 implies
—1 is not a continuous eigenvalue.
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