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DIAMOND MODULE FOR THE LIE ALGEBRA so(2n+1,C)

BOUJEMAA AGREBAOUI, DIDIER ARNAL AND ABDELKADER BEN HASSINE

ABSTRACT. The diamond cone is a combinatorial description for a basis of an inde-
composable module for the nilpotent factor n of a semi simple Lie algebra. After N.
J. Wildberger who introduced this notion, this description was achevied for sl(n),
the rank 2 semi-simple Lie algebras and sp(2n).

In the present work, we generalize these constructions to the Lie algebras so(2n+
1). The orthogonal semistandard Young tableaux were defined by M. Kashiwara
and T. Nakashima, they form a basis for the shape algebra of so(2n + 1). Defining
the notion of orthogonal quasistandard Young tableaux, we prove these tableaux
give a basis for the diamond module for so(2n + 1).

1. INTRODUCTION

Let g be a semisimple Lie algebra. The simple (finite dimensional) g-modules are
characterized by their highest weight A, each of them contains an unique (up to con-
stant) vector v, with weight A, the g-action on v, generates the corresponding simple
module. The direct sum of all these modules is a natural algebra, the shape algebra
of g.

Consider now the nilpotent factor n in the Isawasa decomposition the Lie algebra
g. It is natural to study nilpotent finite dimensional n-modules. They are generally
indecomposable, if the module is generated by the action on an unique vector v, we
say this module is monogenic. Each of the monogenic nilpotent module is a quotient
of a well determined simple g-module (viewed as a n-module). The natural object
corresponding to the shape algebra is now the diamond module, union of all these
maximal monogenic modules.
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We report on a program to construct explicit combinatorial model for a basis in
the diamond module, called the diamond cone. Such a description is given in the
case of sl(n) by D. Arnal, N. Bel Barka, and N. J. Wildberger in [ABW], in the case
of sp(2n), by D. Arnal and O. Khlifi [AK] and, in the case of rank two semisimple
Lie algebras, by B. Agrebaoui, D. Arnal and O. Khlifi [AAK].

Let us first recall the sl(n) case, which is the simplest one. In this case, the shape
algebra (the direct sum of all finite dimensional irreducible representations) admits
a well known basis given by semistandard Young tableaux T, if we restrict ourselves
to the semistandard tableaux with shape A, we get a basis for the irreducible module
S*, with highest weight characterized by the shape, and still denoted A. There is a
notion of quasistandard tableau. Denote QS* the subset of quasistandard tableaux
in the set SS* of semistandard tableaux with shape \.

For any tableau T in SS*, which is not in QS*, there is procedure, based on
the usual jeu de taquin (jdt) which transforms 7' in a new tableau p(T'), which is
quasistandard, with a shape u < A. Putting p(T') = T if T is quasistandard, it is
possible to prove that the map:

p: 88* — | |@s”,
HEA
is a bijective map. In other words, we have an indexation of a basis for the module

S*, which is well adapted to the description of the n indecomposable module S$*|,.
Indeed, any maximal monogenic n submodule in S* is the subspace generated by

L,.<, @S* for some v < A (see [ABW] for details).

The situation is very similar for the sp(2n) case. A basis for the simple modules
S is given by the set SS™ of symplectic semistandard Young tableaux with shape
), in [AK], the notion of symplectic quasistandard Young tableaux is given, let Q.S™
be the set of such tableaux with shape A, using the symplectic jeu de taquin (sjdt)
defined by J. T. Sheats ([S]), define a bijective map:

p: SSN — | | Qs™.

H<A

With this map, we get a basis for the module SV |, well adapted with its stratifica-
tion.

The goal of this paper is to realize the same program for the so(2n + 1) case.
First we recall the definition of semistandard Young tableaux for so(2n+ 1), given by
Kashiwara and Nakashima (see [KN], see also the presentation given by Lecouvey in
[L]). In this construction, Lecouvey defines the split of an orthogonal Young tableau.
An orthogonal semistandard Young tableau with shape A is a tableau T' such that
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its split spl(T) is symplectic semistandard: spl(T) € SS®N. Unfortunately, this
choice is not convenient for our purpose of quasistandardness, therefore we modify
the presentation of orthogonal semistandard tableaux, and the splitting procedure,
in order to get a new map dble and say that a tableau T is orthogonal semistandard
(T € SSM) if and only if dble(T) € SS?N. We prove the equivalence between our
construction and the Lecouvey’s one, by proving that the spl and the dble of respec-
tive semistandard Young tableaux form the same subset in S.S@V.

We are now able to define orthogonal quasistandard tableau by the same method
as for the symplectic case. Denote QS™ the set of such tableaux, with shape \, we
want to prove that the orthogonal jeu de taquin (ojdt), defined by Lecouvey allows
to build a bijective map:

p: SSW |_| QS
H<A
The orthogonal jeu de taquin on an orthogonal tableau T is defined by using the
symplectic jeu de taquin on the split form spl(T) of T, thus it is well defined on
our notion of semistandard orthogonal Young tableau. Unfortunately, Lecouvey does
not give a rule for this jeu de taquin, directly on the tableau T, therefore we first
give such an explicit and direct expression of the action of the jeu de taquin on T’
itself, at least in the case we consider, i.e. when the jeu de taquin motion is horizontal.

Thanks to this expression, we can define the map p, as a ‘maximal’ (in a sense
explained below) action of the orthogonal jeu de taquin ojdt, we compute the inverse
mapping of ojdt and prove that p is a bijective map.

With this map, we get a basis for the module S|, well adapted with its stratifi-
cation.

2. SEMISTANDARD AND QUASISTANDARD YOUNG TABLEAUX FOR sl(n)

2.1. Semistandard Young tableaux.

The theory of finite dimensional representations of semisimple Lie algebras is well
known an very explicit. In the classical cases, we have a natural representation on a
complex space V. For sl(n), V = C". We first consider simple modules in the tensor
product ®‘V. We recover with these modules all the simple sl(n) modules. The key
to understanding the decomposition of ®‘V is the Schur-Weyl duality.

Let C[S] be the group algebra of the symmetric group S,. It is a semisimple
algebra, its simple components are indexed by the set of partitions P(¢) of ¢ (weakly
decreasing sequence of positive integers A = (A; > Ay > --- > \,;) whose sum is /.)

C[Se| = @repBa.
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Let S, acts on the right side on ®‘V by permutation:
pe(o) (01 @ -+ @ up) = (11 @ -+ Q)7 = Vo(1) @ - -+ @ Vg(p)

The Shur-Weyl duality theorem is the fact that the commutant of the natural repre-
sentation of gl(V) in ®‘V is exactly p,(C[S/]) (see [GW]).

Therefore, we have the following decomposition of ®‘V as (gl(V) — S;) simple

modules:
'V = @ S\ ® By,
AEP(n,L)

where P(n, () is the set of partitions of ¢, with lenght n: {A = (A\y > Xy > -+ >
An), Y. A; ={}. A Young diagram of shape A € P(n, /) is a tableau of empty boxes,
with A\; — A1 columns with height j (1 < j <n—1) and A, columns with height n.

A standard Young tableau of shape A is the filling of the corresponding Young
diagram, with positive integers in {1,...,¢}, such that the entries are strictly in-
creasing along rows and columns. The set of standard Young tableaux gives a basis
for By. Similarly, a semistandard Young tableau for gl(n) with shape A is the filling
of the corresponding Young diagram, with positive integers in {1,...,n}, such that
the entries are strictly increasing along columns and weakly increasing along rows.
The set of semistandard Young tableaux for gl(n) gives a basis for Sy. Explicitely,
for any pair (7',S) of a semistandard tableau T for gl(n) and a standard tableau S,
we associate the tensor product:

pA(Y)\)(eh SO 6154)?

where (eq,...,e,) is the canonical basis of V', the entries 5 of T" are indexed by the
entry of the corresponding boxes in S, and Y), is the Young symmetrizer: the element
in C[S,] giving the projection on B,.

To get a realization of the shape algebra as gl(n)-module, we choose for each A a
particular standard tableau, namely the filling of the corresponding Young diagram
row by row from the top to the bottom and from the left to the right. With this
choice the highest weight vector vy in S* is associated to the ‘trivial’ semistandard
tableau, for which the boxes in the i*" row ares filled by the integer i and vy is:

vy = ()M (e M) (e A ey

Finally, the restriction S* of Sy to sl(n) is simple, and two such restrictions S* and
SY coincide if and only if Aj = A} for any j < n. We thus only consider partitions \
with A\, = 0. Recall that the usual ordering on weights is then: p < X if and only if
i — fjs1 < Aj— Ajpq forany 5,1 <j<n-—1

Since the group G = SL(n,C) is a classic, connected and simply connected Lie
group, we can realize the shape algebra as the space of affine functions on the quotient
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N\ G, where N is the Lie subgroup corresponding to the nilpotent factor © opposite
to n (see [GW]).

2.2. Quasistandard Young tableaux and jeu de taquin.

Denote Sy, the diamond module for sl(n). We can realize explicitly this module
as the quotient of the shape algebra by the ideal generated by the elements vy — 1
(for any \), or as the space of polynomial functions on N.

As a n-module, S?_, is indecomposable, this is the union of the modules $*|,, with
a natural layering:

p< A<= SH, C S

Indeed, in the shape algebra, v, -v, = v,4,, thus in the quotient, the diamond module,
St =w, - SF C SUTH.

To get a combinatorial basis in the diamond module, it is necessary to suppress
any trivial semistandard tableau, and even any semistandard tableau containing a
trivial tableau with a shape pu < A. Therefore, we put (see [ABW])

Definition 2.1.

Let T = (t;;) be a semistandard tableau, with shape X. If the top of the first column
(the s first boxes) is a trivial tableau, if T' contains a column with height s, and if,
for all j for which these entries exist, the relation tyj11) < t(s41); holds, we say that
T is not quasistandard at the level s: T € NQS?.

If there is no s for which T is in NQS?, we say that T is quasistandard. The set
of quasistandard tableauz with shape X\ is denoted QS™.

The principal result in [ABW] is: the quasi-standard tableaux form a basis of the
diamond module. This can be proved by using the jeu de taquin (jdt). Let us present
now this operation due to Schutzenberger.

Let 1 < X be two shapes, we let Y (u), the Young diagram with shape p, as a
subdiagram placed in the left-top corner of Y (), the associated Young diagram to
A. An interior corner of Y (p) is a box (x,y) of Y (u) such that, immediately in the
right and immediately below to this box, there is no box of Y (1). An exterior corner
of Y/(A) is an empty box (2/,y") which we can add to Y (A) so that Y(A\) U {(2/,¢')}
still is a Young diagram.

Let us leave Y (p) empty inside Y (A) and fill in the skew tableau Y (A\ i) by integers
ti; < n in a semistandard way: For all ¢ and all j, ;; < t11); and t;; < t(;41), if the
boxes are in Y (A \ p).
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We choose an interior corner of Y (u) and we identify it by a star: [x]. We obtain
a pointed skew-tableau 7" := T'(\ \ p). For example

2

4

*

5

4

bt

3
6
7

The jeu de taquin is a way to move the [x]in T'(A\ p). After a number of moving,
the tableau 7" becomes a tableau 7" in which the * is in the (¢, j) box. The rules of

the jeu de taquin is as follows:

1- If the box (i,j + 1) exists and either the box (i + 1,7) does not exist or
ti+1); > tligj+1), then we push to the right, i.e., we replace T” by the
n (i,7), and [x]in (4,7 + 1), the other en-

tableau T where we put |#;(;41

~

tries in 7" being unchanged in 7.

2- If the box (i + 1,j) exists and either the box (i,7 + 1) does not exist or
tit1); < ti+1), then we push [x] downward, i.e., we replace 1" by the tableau
T” where we put |t(;41); [in (4, 7), andt [x]in (i + 1, j), the other entries ib T"

being unchanged in 7T7.

3- If the boxes (i + 1,7) and (4,7 + 1) do not exist, we remove the [x] The box
(7,7) is no longer a box of 77, but the tableau consisting of boxes of 77 and
of the box (7, j) is a Young tableau: the (i, j) box is an exterior corner of 7.

Example 2.2.

24 214 214 2[4]
T—*35—>3*5—>35*—>35 _
1416 416 416 416 a
517 517 517 517

24 214 214
T_*36_>3*6_>356_)
1415 415 4| *
D7 217 D7

214 214

_>356_>356_T77
417 417 N '
5| % 15 |

Let us call S” the empty Young diagram obtained after removing the pointed box
and let ©” be the shape of S”. The tableau 77 \ S” is still semistandard. If (7, ) is
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the interior pointed corner of S and (i”, j”) the exterior pointed corner of 7", we set
(TN 57, (@7, 7)) = Jdi(T'\ S, (i, 7).

Let us explain now the inverse map: (jdt)™'. Let T\ S be a skew semistandard
tableau of shape A\ p, consider the smallest rectangle containing 7"\ S, then return
this rectangle by performing a central symmetry, and replace each of the entries ¢;; of
the obtained skew tableau by the entries n+1—t;; and x by x. The obtained tableau
T'\S" = o(T\ 9) is still a skew semistandard tableau. If we pointed an exterior
corner of T', the box [ x| now is in an interior corner of S’, and reciprocally. Then

jdt—l(T” \S”’ (i”,j”)) — o_ojdtoo_(T” \S”’ (i”,j”))-

For instance, the above applied jeu de taquin is reversed, if n = 7, as follows:

2|4 * |3
3|56 114
S| * 416
113 2|4
. 314 ‘ x| 316
jdtOO'(T, (472))_ 2151 % O’O]dtOO'(T, (472)) - 415
416 5(7
The jeu de taquin is thus a bijective map:
Jdt U SS(A\ p) x {interior corners in pu} —
A\p
— U SS(N"\ ") x {exterior corners for \"}.

2\’ \M”

Let us now consider a non quasistandard tableau T = (¢;;) with shape A and let s
be the largest integer such that 7' is not quasistandard in s. The s top entries of its
first column are 1,2,...,s. We call S the empty tableau with only one column with
height s: the shape of S is p = (1,...,1,0,...,0). We consider the pointed skew
tableau U whose entries in A \ p are the entries of T" and the pointed box is in the
only interior corner in S.

We apply the jeu de taquin. The pointed box moves always to the right and leaves
the diagram at the end of the last column of height s.

The row s has just been shifted by one box to the left. We obtain a skew tableau
with s — 1 empty boxes in its first column. We fill in these boxes with 1,... s — 1.
If s > 1, the obtained tableau T is semistandard, not quasistandfard in s — 1, and
may be in s, but it is quasistandard in all ¢ > s.
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This procedure can therefore be repeated and finally we get a quasistandard tableau
T = p(T).

It is easy to check that this procedure realize a bijection between the set of semis-
tandard tableaux SS* with shape A and the union L,<y QS* of sets of quasistandard
tableaux with shape pu < A.

SS* +— U QS*™.

Considering the quotient map from the shape algebra S°® to the diamond module
*.4» we see the restriction of this quotient map to each S* is one-to-one. Thus we
can choose only the vectors associated to quasistandard tableaux, to get a basis for
the quotient.
Theorem 2.3. ([ABW]) The set QS* of quasistandard tableauz is the diamond cone,
i.e. a basis of the diamond module S?,,;, which describes the stratification of this in-
decomposable n-module.

3. THE SYMPLECTIC CASE

3.1. Symplectic Lie algebra and its representations.
We let V' = C*" be the 2n dimensional vector space with basis (ey, . .., e, €, - . ., €1)
and equipped with a symplectic form

n
Q= g e; Nes.
K3

i=1

If M is a n X n matrix, we denote *M the image of M under the symmetry with
respect to its second diagonal. Then the symplectic (simple) Lie algebra associated
to € can be realized as the set of matrices:

MV . s
5p(2n):{( U _SM); M, U, V € Mat(n),U = U,V = V}

A Cartan subalgebra b of sp(2n) consists of diagonal matrices
H =diag(k1, ... Kn,—Fn, -, —K1).
We let 6,(H) = r; and choose the following simple roots system:
A={a;=0;—0;11,i=1,2,....n—1, o, =20, }.

For this choice n = ) _ g% is the subalgebra of strictly upper triangular matrices
in sp(2n). Define the fundamental weights as wy, = 61 + -+ 0, 1 < k < n. The
fundamental module S“*) is realized as the kernel of the contraction ¢y : AFV —
AF=2V (with the convention A~V = 0) defined by:

or(vr A=+ Avy) :ZQ(vi,vj)(—l)iH*lvl/\---/\{)}/\---/\f}}/\---/\vk.

1<j
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Then the set A of positive dominant weights is A = {A = >_,_, azwy, ar € N}. For
A € A, the irreducible module S¥ is realized as a submodule of @V, more precisely
as the simple submodule in

Sym™ <S<W1>) ® Sym®? (S(wz)) ® -+ @ Symo <S<w">)7
with highest weight .

Since all these modules are in ®V, as before, we can describe a combinatorial basis
for SV, by using semistandard Young tableaux with shape A. However, we have
to select, among the usual semistandard tableaux, some of them, called symplectic
semistandard tableaux. The set of such tableaux will be dentoted SS™ (for details
see [FH, dC, KN]). We present such a choice in the two next sections.

3.2. Subset in the left or the right side.
Let X ={e; < ey <---<e,} beasubset of {1,...,n}, denote Y ={1,...,n}\X.

Definition 3.1.
Let J be a subset of X. A subset I of X is said to be in the left (resp. right) side
of X if:
i #1 = H#J,
i. INJ =0,
i, if J#0, and J ={y1 <ya < -+ < ys}, then I = {x1 < 29 < -+ < x5} and
x; <y; (resp. yi < x;) for alli, 1 <i<s.

Denote L(J) the set of all subsets of X in the left side of J. For instance, if
X = [1,10],
L®) ={0}, L({L3})=0, L({2,6})={{1,3} {14}, {1,5}}.
Denote 'y (or T'}) the set of subsets J in X, such that L(J) # 0.

Lemma 3.2.

Let J be in T'y. Then there exists a unique largest subset, denoted vy (J), in the left
side of J, such that if vy (J) = {x1 < --- < xg}, then for all I' ={z, < --- < 2.}, in
L(J), the relation x;, < x; holds for everyi (1 <i <s).

Let J ={y; < --- < ys} be a non empty set in 'y and I =y (J) = {x1,...,x}.
Set Z =X\ (IUJ). Lett € Z. If there exists i such thatt <vy; thent < x;.

Proof. It J = 0, then L(J) = {0}, and ~y (0) = 0.
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Let us now suppose J = {y; < --- < ys} is not empty. We define by induction the
elements z; in X, as follows:
xs =sup{t € X\ J, t <y},
ri=sup{t € X\ J, t <z, t<ys} (1 <i<s—1).

It is easy to prove that the z; do exist, and if I' = {2} < --- < 2.} is in L(J), then,
by induction, z} < x; for all i.

This implies the unicity of the subset vy (J) = {zs > --- > 21 }.

Suppose the second assertion wrong, and x; < ¢. Since ¢ is not in /, this means
x; < t. Let k be the largest index such that =), <t (i < k).

If £ = s, this gives t < y; < ys, and t € X \ J, then 24, < t < a3 = sup{u €
X\ J, u < ys}, which is impossible.

If £ < s, this gives t < y; < yp and t < xpyq, then xp <t <sup{u € X\ J, u <
Yg, U < Tri1}, which is also impossible.

This proves the lemma.

g

Of course the same properties are holding on the right side of a subset [ in X.
Denote R(7) the family of all subsets in the right side of I, say that I is in Ay if
R(I) is not empty. Remark that for I in Ay, there exists in R(I) a smallest subset
denoted éy(I) = §(I). If moreover I = {z; < --- < x4} is non empty, denote
Oy (1) ={y <--- <y}

For any J' = {y} < --- < y.} in R(J), have y, > y; for all 7 (1 < i < s). Set
Z=X\({IUJ),lette Z. If there exists i such that ¢ > x; then ¢t > y;.

3.3. Semistandard and quasistandard symplectic tableaux.

Consider the ordering 1 < 2 < --- <n <n < --- < 1andlet A, D subsets in
{1,...,n} such that k = A+ 4D <n. Set I = AND = {iy,...,i,.}. Let us say that
the column

P

Ps

qt

Sl

41
is a symplectic semistandard column if [ is in A 4up.
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To any symplectic semistandard column, we associate a two columns tableau, the
double of this column. Put first:
J=0aup(l), B=(A\I)UJ, C = (D\I)UJ.

Remark that, knowing B and C, we have J = BNC'is in L(BUC) and I = ypuc(J).
Denote the symplectic column:

A
5= f(A, D) =g(B,C).
A . .
The double of o s by definition the tableau
A A B

It is a semistandard Young tableau for the chosen ordering 1 <2 < --- <n <n <
o<1,

Definition 3.3.

Let T be a tableau of shape A consisting of semistandard columns. The tableau
dble(T) is obtained by juzrtaposing the doubles of all the columns of T

We say that T is symplectic semistandard (or semistandard for sp(2n)) if dble(T)
is semistandard (for sl(2n)).

The set of symplectic semistandard Young tableaux of shape A is a basis for the
simple sp(2n) module SV . Let us denote by vy its highest weight.
In a recent paper by D. Arnal and O. Khlifi (see [AK]) the following two algebras
are studied: the shape algebra
Sl®) — EB s

AEA

and the reduced shape algebra (the diamond module):
S =80/ <uvy—1, AeA>.

The first algebra has for basis the set of symplectic semistandard tableaux S5
while the second algebra has for basis the set of symplectic quasistandard tableaux

QS defined as follows:

Definition 3.4.
Let T be a symplectic semistandard tableau. We say that T is a symplectic quasis-
tandard tableau if dble(T') is quasistandard (for sl(2n)).
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We note that a symplectic semistandard Young tableau can be quasistandard for
s[(2n), but not its double. For example

2
3| = dble(T) =

3
2

2
T = 3

‘l\DIl\D —
WO | =
DOl [—

T is quasistandard but dble(T) is not quasistandard. The set of all symplectic qua-
sistandard tableaux with shape A is denoted QS™ .

Let us say that a symplectic semistandard tableau 7' is not quasistandard at the
level s and denote T' € NQS; if dble(T) is not quasistandard at the level s.

In the paper [S] the symplectic jeu de taquin (sjdt) is defined on a skew symplectic
semistandard tableau, by using its double. Especially, in the case where the x moves
to the right, along the row s in T', the motion is the following;:

Suppose the row s contains the entries x @/, then the left column f(A, D) =
g(B,C) becomes g(B U {da'},C), the right column f(A’, D’) becomes f(A"\
[}, D),

Suppose the row s contains the entries x d’, and the row s in dble(T') contains
x ', then, in T, the left column f(A, D) becomes f(A, D U {c'}), the right
column f(A’, D") = g(B’,C") becomes g(B’,C"\ {c'}).

Using this symplectic jeu de taquin, it is possible to prove, like in the sl(n) case,
that the set of symplectic quasistandard tableaux is a basis for the reduced shape
algebra that respect its structure of indecomposable n module (see [AK]).

We shall now follow the same strategy in the so(2n + 1) case.

4. ORTHOGONAL SEMISTANDARD YOUNG TABLEAUX

4.1. so(2n + 1) and its positive dominant weights.

Let B, = {i,i,1 <i <n}U{0} be an ordered set with the ordering given by:

1<2<...<n<0<n<...<2<1

For any a, b in a totally ordered set E, denote [a,b] = {x € E, a < x < b} for
instance, in B, 1,n] ={1,2,...,n}.

Put i =i and 0 = 0. Let V = C?*"*! with basis (ey,...,en, €0, ém, . . ., e7) indexed
by B,,.

The odd dimensional orthogonal algebra g = so(2n+ 1) is the Lie algebra given by

the matrices antisymmetric with respect to the non degenerated symmetric bilinear
form @ = ( , ) defined by

<6i,6]—~> = 5@‘, \V/ ’i, j € Bn
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The matrix of @) is:

00 ... 01
0 0 10
S = S
01 ... 00
10 0 0

Denote A — *A the symmetry with respect to the second diagonal, thus g is the set
of all (2n+ 1) x (2n + 1) matrices X so that *X = — X, or:

A uwu B
X=| —-%2 0 —-°
C z —°A
where A is a (n X n)-matrix, B and C' are (n X n)-matrices, such that *B = —B, *C' =
—C, x and u are (n x 1)-matrices and, if u is a column matrix, *u = (up1, ..., u11).

The Lie algebra g is a simple Lie algebra of type (B,).

Denote E;; the usual n X n matrix with unique non vanishing entry 1 at the row ¢
and the column j, and F; the column with unique non vanishing entry 1 at the row
1, we get the following basis for g:

E; 0 0 E; 0 0

H=[0 0 0 | (1<i<n), X;=10 0 0 | 1<i#j<n),
0 0 SEZ‘Z‘ 0 0 -° i
0 0 (E;—*FE;) 0 00

Y; =10 0 0 (i+j<n), Zj= 0 00| (i+j<n),
00 0 (B —*Ey5) 0 0
0 E; 0 0 0
0 0 0 0 E; 0

The set of diagonal matrices

H= i K@'Hiu
i=1

is a Cartan subalgebra b of g. The dual space h* has for basis the n forms €; where
€j(H) = k;.
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The roots and the root spaces of g are given by the commutation relations:
[H, Xij] = (e — &) (H)X;

[H, Y] = (e + €ny13) (H)Yy,
[H, Zij] = —(ens14i + €;) (H) Zy;,
[H, Ui] =¢(H)U;

(H, X] = —ener 1(H)X..

The root system is thus ¢, +¢; (1 <i < j <n) and £¢; (1 <7 <n). We choose
the simple roots system

O ={e; —€,...,601— €, €}

Then the positive roots are ¢, —€;, €, +¢; (1 <i < j<n),and ¢, (1 <7 <n). The
nilpotent factor n in the Iwasawa decompsition of g is the sum of the corresponding
root spaces. It is the set of upper triangular matrices in g or the space generated by
the matrices Xj;, Y;;, for 1 <i < j <n, and the U;, with 1 <7 < n.

The weight lattice of so(2n + 1) is generated by €1, €, ..., €, 1, €, together with
the further weight 1(e1 + ...+ &,).

The Weyl chamber is W = {> a;e;, a1 > as > ... > a, > 0}. The edges of the
Weyl chamber are thus the rays generated by the vectors €1, €;+¢€9,...,614+...+€,_1
and €; + ...+ ¢,. For g, the intersection of the weight lattice with the closed Weyl
cone is the free semigroup generated by the following fundamental weights:

Wy = €1, Wg = €] +€2,..., Wp—1 =€ + ...+ €1, wn:§(el—|—...+en).

Any weight X in the Weyl chamber can be written: A = > | a,w; with @; a natural
number (a; € N). Denote S¥ the corresponding simple module.

4.2. Irreducible representations of so(2n + 1).

The construction of the fundamental modules S is explicitly presented in the
excellent book [FH], by W. Fulton and J. Harris.

First, for r = 1,...,n, the natural antisymmetric tensor representation A"V is an
irreducible highest weight representations of so(2n + 1), with highest weight w, for
r < n and 2w, for r = n. The vectors e; A---Ae;, (1 <4 <...<i, <1), form a
basis of A"V. Describe now the so(2n + 1)-action on these vectors.

Recall that the standard action of s0(2n + 1) on V' is given by the matrix form of
the element X € g. Especially, the Chevalley generators act as follows:

Xijit1-€ip1 =€y, Xijp1-e;=—eggfor 1 <i<nand U, ey =e,, U, exg=—ep,
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(the other relations vansih) and:
Xiv1i°€ = €ip1, Xipri-egg = —ejfor 1 <i<nand —X;-e, =¢y, —X;1-¢0 = —e5.
The action of so(2n + 1) on A"V is the canonical one:
X-(eg Ao Nep)=(X e )N Nep +...+e, Ao AN (X -e,).
In particular, every H € h acts diagonnaly:

H-(eil/\.../\eik(/\eo)/\ej—l/\---/\ej_s):

=(e, +...+€, —€,—...—€,_)(Hey, N+ Nej (Aeo) Nejg N Nes

Hence the set of weights of the representation is
{(6i1+"'+€ik)_(€jl+"'+€jr—k)7 1< <... <, <n, 1 Sjr—k <... <j1 S’I’L}

The highest weight is w, =€ + ...+ €,.
There is still one fundamental representation to describe: Sl

Definition 4.1.
The finite dimensional irreducible representation with the highest weight w, is called
the spin representation and denoted by Vs,.

This last fundamental representation however is more mysterious. The fundamen-
tal weight w,, cannot be a weight of any tensor power of the standard representation,it
cannot be a submodule in ®V. We first describe directly this representation:

We index a basis for V;, as what we call spin column:

They are the columns € of height n with strictly increasing entries in [1,n] U [r, 1],
such that for all i € B,,, i and 7 do not appear simultaneously in €. Denote € = é
such a column, with A, D C [1,n], #A +#D =n, and AND = 0 (to simplif;;
notations, we omit to draw the boxes). The number of such columns (the dimension
of Vi) is 2. The action of s0(2n+1) on Vj, is given in terms of Chevalley generators
as follows:

if1<i<n U, - n =

Sl

©sp ©sp

sp : sp
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(the other actions vanish). And

{ v+ 1

1 ' 1 :
L R v NG
1+ 1 ( : :
. sp Sp
sp : sp
(the other actions vanish).
1
. A 2
The weight of each column € = o s 5D ica € — 2 iep €i). Therefore, . s
sp .
n

sp
the highest weight vector with weight w,, = %(61 +...+en).

In fact, it turns out that this last fundamental representation does not come from
a representation of the group SO(2n + 1, C). The point here is that this group is not
simply connected, so there are Lie algebra homomorphism on s0(2n+ 1) which do not
integrate to group homomorphisms on SO(2n + 1,C). Correspondingly, the simply
connected group with Lie algebra so(2n+ 1) is called the spin group Spin(2n+1,C).
It turns out that this spin group is an extension of SO(2n+1, C) with kernel Z, = +1,
i.e. there is a surjective homomorphism Spin(2n+1,C) — SO(2n+ 1, C) whose ker-
nel consists of two elements.

One can construct both the spin representation V;, and the spin group Spin(2n +
1, C) by using the Clifford algebra Cl(2n+ 1, C) of V, details can be founded in [FH],
Chapter 20. Remark that we have:

‘/sp & ‘/sp = EBZ:O /\k V.

The term ‘spin’ is coming from the application of this representation and this group
to theoretical physics.

Any dominant integral weight A can be written

n n
A= E a;W; = E Ni€i,
i=1 i=1

where a; € Nand \j = a; + ... +a,_1 + % ifi <nand A\, = %.

If a,, is even, the representation

Sym™ (V) @ Sym®2(A*V) @ - - @ Sym™(A""'V) @ SymT (A"V)
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will contain an irreducible representation SW.
If a,, is odd, the tensor
Sym™ (V) @ Sym™(A*V) @ --- @ Sym (A" V) ® SymanT_l(/\"V) ® Vp

will contain a copy of SM.

Let us now give another way to build the simple submodule in ®V', using the
Schur-Weyl duality.

For any choice of indices ¢ and j, satisfying 1 <i < 7 < k, define the contraction
(I)Z] . ®kV — ®k72V
vl®...®vk — Q(vi,vj)vl®...@i...®j---®vk.
Let VI = C, VI = V and define
744 ﬂker (CI)@-]' "V — ®k72V)
]

for k > 2.

For any partition A = (A > Ay- -+ > Ay, y1 > 0) of k, define the so0(2n + 1)-module
SW of @*V, by

SW = v ns,

where S* is the s[(2n + 1)-irreducible module with highest weight .

Theorem 4.2. [FH]

For any d € N there is an isomorphism of (so(2n + 1), Si)-modules

Vil = Qs e B,
I\|=d

For every partition A = (Ay > Ao+ > A, > 0) the s0(2n + 1)-module SW s the
irreducible module with highest weight A = \e1 + ...+ A\uen.

4.3. Orthogonal semistandard columns.
The definition of semistandard columns for so(2n + 1) given in this section is
equivalent but not identic to the definition given in [L] by Cedric Lecouvey.

With the ordering 1 < 2 < ---<n<0<n<--- <1, acolumn is said to be
semistandard if it satisfies the following properties:

1- The entries are increasing from top to bottom and if ¢ is not 0 it appears at
most one time,
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A
2- Let C be such a column. We denote it C = O . In O all entrees are 0 and

D
there is A, D are subsets of [1,n],

3- Let I = AN D, then I is in Aup. We put J = daup (1),

4- #(AUD U J) 4+ #0 < n.

As for sp(2n), we put B = (A\I)UJ, C=(D\I)UJ. Let k = #0O, there exists
subsets in [1,n]\ (AU D U J) having k elements. We denote K the greatest of these
subsets.

We denote such a semistandard column by:

A
C= 0 =f(A0,D)=g(B,0O,C).
D
In addition to the admissible columns we have the spin columns, we denote them:
A
<= D = f(Av D)?

sp

where #A + #D =n, AN D = () and the entries increase strictly.

We will say that a column is admissible if it is semistandard and not spin and it is
spin if it is semistandard and spin.

Asin the sp(2n) case, we define the double of a semistandard column. By definition,
it is the two columns tableau:

A\ A B ) 1A
dble(C) =dble | O | = K & | dbze(c:):dbze(E ): S
D C D sp n D

sp

where it is understood that AUK, and DU K are reordered to be written in a strictly
increasing way.

4.4. Relation with the Lecouvey’s admisssible columns.

Let us mention that, for the non-spin case, this definition is not the Lecouvey’s
one. We recall that the admissible, non-spin columns in the sense of Lecouvey are
those such that:
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1- The entries are increasing from top to bottom and if ¢ is not 0 it appears at
most one time,

B
2- Let C;, such a column. We denote it C;, = O . In O all entrees are 0 and

C

there is no zero in B and C,

3- Let k = #0, and J! be the set BNCU{n+1,...,n+k}. We have J € T’ét’é.

Then we put I' = y"**(J1), Al = (B\ JY)UI!, D' = (C\ JY)UI" and define the
split of the column Cj, as:
Al B
C DU

To prove the equivalence between the two notions, we define the subsets I and K
n [1,n], by:

split(Cr) =

I=9paymon(d), K=I'\1.
Let us remark that if I = {z; < --- <z} and K = {2 < -+ < 2}, we do not
have z; = xj et z; =z}, .

For instance, in s0(7), the following column is admissible in the Lecouvey sense:

Indeed, we haven =3, k=1, B=C={3}, J={3}, ' = {3 <4}, I' ={1 <2} =
{x] <2}, and I' U J' = {1,2,3,4}. Then I = {2} = {z;} and K = {1} = {2},

n=1#2=2 n,=2#4z1=1
Put now A = A'\ K, D = D'\ K, we have A = (B\ J)UI, D= (C\ J)UI, and:

A B
split(Cr) = K K :
C D
A
It is moreover clear that the column C = Q is semistandard in the sense of the
D

preceding section. In fact its double is the split of Cy:
dble(C) = split(Cr).

Indeed, we have:
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Lemma 4.3.
With our notations, we have:

[ = ’YBAC<J)-
Proof. Put I' = ypac(J) = {2} < --- < 2.}. By definition:
!, =sup{t ¢ (BACUJ)=BUC, t <ys} and x5 ¢ BUC satisfies x5 < ys

thus 2y < 2. If the 2, < 2/, would hold, Lemma 3.2 applied to I' U .J and J
would give ys < 2/, which is impossible, thus 2/, = ;.

Suppose now 2, = g, ..., = &1, then o, =sup{t ¢ BUC, t <y, t <
zi,,} and x; ¢ B U C satisfies z; < y; and x; < x;41 = 4, then z; < ).
With the same argument as above, the only possibility is z} = z;.

This proves I’ = 1.
U

The preceding construction defines a map ® from the set of admissible, non-spin,
column in the sense of Lecouvey to the set of admissible column in our sense.
Conversely, if C = f(A,0, D) = g(B, O, () is semistandard in our sense, we verify
B
that the column C;, = ¥(C) = O is admissible, in the sense of Lecouvey and non-
C

spin.

By construction the mappings & and ¥ are inverse one each other.

Proposition 4.4.
A basis for the fundamental module S is given by the non-spin semistandard
columns with height r if r < n, and the spin columns for r = n.

The admissible, non-spin column, with height n form a basis for the simple module
S[an] '

We deduce as Lecouvey, that a column C (resp. €) is semistandard for so(2n + 1)
if and only if spl(V(C)) (resp. ¥(€) = &) is semistandard for sp(2n), if and only if
dble(C) is semistandard for sp(2n).

4.5. Orthogonal semistandard tableaux and shape algebra.

A tableau T for so(2n+ 1) is a succession of columns with decreasing heights such
that, there are at most one spin column and in that case, it is the first starting from
the left.
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The double of this tableau is the tableau of sp(2n) obtained by duplicate each
column of 7', arranged in their order.

T =CCy...C, = dble(T) = dble(Cy)dble(Cy) . . . dble(C,),
resp.
T=¢Cy...C, = dble(T') = dble(€,)dble(Cs) . .. dble(C,).
We extend naturally ¥ to any tableau and get:
U(T) =V(C)V(Cy)...¥(C,) = split(V(T')) = dble(T),
resp.
U(CT) =V (C)U(Cy)...¥(C,) = dble(€)split(V(T')) = dble(€T).
We deduce the definition of a semistandard tableau for so(2n + 1):

Definition 4.5.

A tableau T is semistandard for so(2n + 1) if and only if its double dble(T') is
semistandard for sp(2n).

Since dble(€) = €€, where € is the trivial column : , a tableau 7" is semistan-

n
dard if and only if ¥(T") is semistandard in the meaning of Lecouvey.

A dominant weight A corresponds now to a shape of tableaux, and the set SSW
of orthogonal semistandard tableaux with shape A is a basis for the simple module
SW. Similarly, the set SS!®! of all orthogonal semistandard tableaux is a basis for the
shape algebra @,SW for the Lie algebra so(2n + 1).

Remark 4.6. In fact Kostant associates a notion of shape algebra for any reduc-
tive group G. In the algebraic case (see [GW]) this algebra is explicitely realized as
the space of affine regular functions on the quotient N\G, where N is the analytic
subgroup whose Lie algebra is the opposite of n.

If G is connected and simply connected, then then this notion of shape algebra is
the geometric form of the shape algebra for g = Lie(G). Thus here the shape algebra
for so(2n + 1) is the geometric shape algebra for the group Spin(2n + 1,C).

If we restrict ourselves to the shape algebra for SO(2n+ 1,C), which has the same
Lie algebra, we should obtain an algebra whose basis is given by the collection of all
orthogonal semistandard tableaux without any spin column.

5. ORTHOGONAL QUASISTANDARD TABLEAUX
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Let us recall our definitions and notations. We say that a tableau T is orthog-
onal semistandard (7" € SSl) if and only if dble(T) is symplectic semistandard
(dble(T) € SS).

Now, it is clear, due to the structure of splt(dble(T)), that the condition dble(T) €
S8 is in fact equivalent to dble(T) € SS.

Definition 5.1.
Let T be an orthogonal semistandard tableau, with shape \ and s < n. Say that

T is not quasistandard in s and write T € NQSQ\], if and only if dble(T') is not
quasistandard in s, dble(T) € NQSP.

Say T is not quasistandard if and only if it exists s such that T is not quasistandard
ms.

If it is not the case, we say that T is quasistandard, and denote T € QSWN. We
note QS the union of all the sets QSM.

The definition T" € N QSg'] is equivalent to the following condition, denoted H's
(hypothesis ins): if dble(T") = (dt;;),

1- dts; = s, and there exists a column with height s in 7',
2- For all j for which these quantities exist, dt(s41); > dts(j11),

As in the sl(n) and the symplectic case, we shall build a bijective map p = push
from SSM to L,i<x QS

Since T is orthogonal semistandard if and only if dble(T") is symplectic semistan-
dard, we shall use the ‘pouss’ function defined in [AK] for the symplectic case. This
function is defined as a ‘maximal’ use of the symplectic jeu de taquin sjdt.

But to ‘push’ one step to the left a row s in the tableau T', we have to push two
steps to the left the row s in the tableau dble(T'). So we need to verify, that after
the first use of the symplectic jeu de taquin on doubl(T), the result is still symplectic
non quasistandard in s.

On the other hand, the orthogonal jeu de taquin (0jdt) we shall study in the next
sections is defined as a double use of the symplectic jeu de taquin. Therefore it is
much more natural to directly use it to define the orthogonal ‘push’ function.
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6. DIRECT EXPRESSION FOR THE ORTHOGONAL JEU DE TAQUIN ojdt

6.1. Definition of the ojdt.

Since the double of our orthogonal semistandard tableaux coincide with the split of
the corresponding orthogonal semistandard tableaux defined by Lecouvey and since
the orthogonal jeu de taquin is defined with the only use of the split form, we keep
the Lecouvey definition for our setting.

Definition 6.1.

Let T be an orthogonal semistandard tableau, with shape A, we suppose there is
inside T, in the left and top corner, an empty Young diagram S, with shape p. To
apply the ojdt to T \ S, put a x in an interior corner of S, write down the double
of these tableauz, getting a skew symplectic semistandard tableau dble(T \ S) and two
pointed boxes. Apply the symplectic jeu de taquin sjdt successively for the two x,
the result is a symplectic semistandard tableau, which is the double of an orthogonal
semistandard tableau T'\ S’. Put:

0jdt(T\ S) =T\ .

Indeed, Lecouvey proved in [L] that the double action of the symplectic jeu de
taquin on the double of 7"\ S is the double of an orthogonal tableau.

Remark 6.2. The elementary move in the usual jeu de taquin is only a permutation
of two succesive boxes inside T'\ S, either horizontally (from left to right) or vertically
(from the top to the bottom).
The elementary move in the symplectic jeu de taquin is very similar, except that,
in the case of an horizontal move, we have to modify the two concerned columns.
The elementary move in the orthogonal jeu de taquin can be a permutation along
a diagonal, followed by a modification of the columns, as the following example shows:

1 11 11 111 111
* 0] = [x|*x[213] — [*]2[*x]3]| —~ [%x]2]3]3] — |x|2]|3]|3
313 313132 313132 313]x|2 31312«

11 11 11 1
= (2% [3[3]— 21333~ [2|3|3|3]|+— [3]|3

3132« 3l%]2]|* 312 |« 0| *

From now on, we consider only the ‘horizontal situation’ (HS hypothesis):
1- In the tableau dble(T'\ S), the double star are in the row s,
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2- dble(T'\ S) = (dt;;) has two columns with height s,
3- dts(jq1) < dt(s41); for each j where these two entries exist.

In this situation we can describe the elementary move.

Theorem 6.3.
Suppose the skew tableau T'\ S = (t;;) and the star are in the HS situation, then

1- The situation ty; = 0 and t(s41); = 0 is impossible, for any j.

2- The mowve is always horizontal,

3- For each elementary move on T'\ S, with our notation, the move is exactly like
for the horizontal move in the sjdt, with the addition that if tyj11) = 0 and %
is in the (s, j) boz, then the move is simply a permutation of these two entries.

The assertions of the theorem mean there is only horizontal elementary moves,
each of them being:

Move 1- if (tyj,ts(j41)) = (*,a) with a unbarred, the move is:

9(BjU{x}, 05, C)) f(Aj11U{a}, Ojy1, Djya) = g(BjU{a}, 05, Cp) f(Aj1U{x}, Oji1, Djy1),
Move 2- if (45, t5j11)) = (*,¢) with €, the move is:

f(A5, 05, DjU{})g(Bjisr, O, CinU{c}) = f(A;, O, DjU{c})g(Bjs1, Ojir, CjaU{x}),
Move 3- if (45, tsj+1)) = (*,0), the move is:

f(A;,0;U{x}, Dj)g(Bjs1, 0511U{0}, Cj1) = f(A;, 0;U{0}, Dj)g(Bj+1, Oj11U{x}, Cjia),

6.2. Proof of the theorem.
Let C = f(A,0,D) = g(B,0,C) be a column in T'\ S, we note its double:

A B
dble(C) = K K:g%
C D

and recall the definition of I = AUD = {z; < --- <z}, J =BNC ={y; <--- <y},
K = {2 <--- < z}. Suppose the s row in this double is: [us]vs] In this section,

like in the H S situation, we assume:
Vs < Ug41-

The proof of the theorem needs the following technical propositions.

Proposition 6.4.

1. If ug = e, and vy = by are unbarred, then u, is in A, and: either e, = b, are
in A\I ores € I, e, =x; and by = y;.
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2. If us = eg is unbarred and vy = f4 is barred, then es and fs are in K, fs =z
and e, = 7.

3. If ug = ¢ and v, = f, are barred, then f, € D and, either c, = f, € D\ I or
fs GI, fs:xi Cdes:?/z‘-

Proof.
Case 1 If e, = by, then by ¢ K, e, ¢ K, e, € A,and e, € A\ B=A\ 1.

If e < bs, let us assume e; € K, since K is the largest possible subset in [1,n] \
(AU C), this implies [e;,n] C AUCUK = EUC but by ¢ E since e, < by < €441,
if by was in C, then by € C\ D = C\ J = D\ I, thus bs € D, which is impossible,
therefore uy = e, is in A.

Now bs € B\ A = J, there exists i such that by = y;, let us consider z;. We put
Is¥ = I N [l,u]. Then Lemme 5.1 in [AK] implies z; € <% = [<% then z; < e,.
Now, if ; < e,, then x; € I=¢-1, but by is not in J=%-1, and this is a contradiction
with Lemme 5.1 in [AK].

Case 2 By the assumption vs < ugy1, s = sup(AU K) and fs > sup(C). Therefore
fs is not in C, thus f; ¢ B, suppose f; € D, then f, € D\ C = D \ I, this means
fs €A, [ <es nowif fiisin K, f, < e, too.

Let we D, ifwe D\ I, thenw € C, w < f,, ifw € I, then w =z; < w =y
in J C C, thus w < w’ < f,. The relation w < f; holds in any case. But there is
as much entries strictly below f; and in C, thus D = FN[1, f — 1] and K = {z <
- <z} = F N [fs,n]. Especially, fs = z.

On the other hand, if e, is in A, e5 > z, therefore e, € A\ C =1, e, € D, and
es < 2, which is impossible, then e, € K, g = 2.

Case 3 This case is the symmetric of case 1. The proof is the same mutatis mutandis.

U

Let us now define the element v; as follows:
1- If vy = by is in B, we put: v, = v, if vy & C and v, = veuc\fu.)) (vs) if vs € C.
2. If v, = f, with f, € F, and us = e, € E, we put v, = Sen{.pue (fs)-
3. If v, = f, with f, € F, and u, = ¢,, with ¢, € C, we put v, = f, if f, ¢ E
and v, = 5(E\{fs})u0(fs) if f, € FE.

Corollary 6.5.

We have us = v., or the s row in dble(C) is |v}|vs|.
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Proof. In the case 1, we saw that either e; = by = v/ or e, is the greatest element in
I=b | that means u, = ey = sup{t ¢ (EUC)Sb, t < b} = .

In the case 2, we saw that e, < f, and e, = 2, fs = z;. Then [z1,n] C EUC,
and 5(E\{es})UC(fs) = €g.

The case 3 is similar to the case 1.

g

Let us now prove the theorem. We suppose that the orthogonal jeu de taquin was
well defined and was always moving horizontally until some point, where the star is
in the row s and some column.

Lemma 6.6.
In the tableau T, it is impossible to have one of the following disposition, for any

() G-1 )
with a unbarred.

Proof. We assume that T" has the above first form then the tableau dble(T) has the
following disposition in its columns 25 and 25 + 1,

/ ar
S a’s ds

dble(T) =

Ay digy
(27) (27 +1)
Since d/ > a/_,, this is in contradiction with our assumption HS.

Similarly, suppose the tableau has the second form, then dble(T) is

S 65 fS
dble(T) = €l bs+1

(2/-2) (2i-1) (2) 2j+1)
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g

The proposition said that in the columns (25)(2j + 1), K; = {z1 < --- < 2},
fs = z1, es = z,. But, in these columns, f > sup(C}), this implies [f,n| C K;UC;UA;,
thus n € K; UC; U A;, and n > f > sup C}, therefore, n € K; U A;. On the other
hand, we have e; < b1 < n, thus e; = sup(A4; U K;) < n. This is impossible.

6.2.1. Study of the case |*|0|.

We now assume that there exists, on the s row, a star and a zero to the right of
the star. Then doubling the two concerned columns is the following:

AQ B2

A FE, B, E, =%

1 02 11 1 2 Fél

s * 0 = * * € f
O, D, Flp — — —
i 2 7112 Gy Ty

We therefore have e = sup(FE, U {e}), and since the tableau is symplectic semis-
tandard, sup(Esy) > sup(By), e > sup(By).

Lemma 6.7.
If e € F\, we set x = yp,up (€), then inf(E2) > x > sup(By).

Proof. Either we are at the starting point, there is no By, no A; and Ej, = K,
Fy = K; U . By the definition of K7, since z is not in Fi, then x < inf(K}), this
proves the lemma in this case.

Or there was a preceding step, where we had:

. Bo
Ey ?1 Es @

s Kx € b e f
Eqp

C’Tl Fi Cy  Fy
Our induction hypothesis says that the move is horizontal, the element € leaves its
column. Since, in the first column, all the entries are distinct, in the sjdt, this
column does not change. Then in the next symplectic step in sjd¢, the star moves still
horizontally, the element b leaves the second column, which as above does not change.
b goes inside the first column, under the name y = vp,up, (b), since b < €13 = inf (E~12),
the first column becomes:

g(Ev1 UER U{b},C1) = f(En UERU{y}, (Cr\ {b}) U{y}).
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SUppOSG Z; = é,Nthen Yy = Z;, El = Ell’ Elg = Elg, él = Cl. N N
~Suppose now b > ¢, then e;3 > b > y > € > ey, then Eyy = Eyy, Epp = E,
Cr =i\ {yru{b}.

So in every case, we get:

By

Ey B, By, =%

11 1 2 Fél

s Xy * e f
E .

0_112 R C Ty

Now by = sup(B;) < b < e. Therefore:
either e~:5¢BlLJF1 thus epp >z =€ =0 > by, .
ore>b¢ By UF, and by the definition of x, x > b > b = sup(By).

That means x > Sup(Al), E11 = A17 T < Hlf(Kl) = €12 = inf(Elg).
U

In the next step of the symplectic jeu de taquin sjdt, e leaves the third column and
becomes z. We put F| = (F; \ {e}) U {z}, and get, with the lemma, the following
sequence of steps:

By

E, B E, =2

11 1 2 Fél

=g * T ok f
B -

?112 F| Cy Ty

By

E, B, E, =2

11 1 _2 F21

=g * x f *
B -

5112 F| C, Fy

Now we saw sup(Ey;) < x < inf(Ey2). Since z ¢ Fj, then x ¢ D;. Suppose that
x € Cy\ Dy =Jp = By NCy, then z is in By and according to the Lemma this is
wrong. So x is not in (' and the next step is:

By

E B, E —=

11 1 _2 F21

=g x * f *

Ch
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Now, if ky = #0,, f is the k,* element of F; starting from the top. We know that
#[1,n] \ (A2 U Dy U Jo) = #[1,n] \ (Ba U Dy) > ko. Denote X the greatest subset
having ko elements in Fy and Y the greatest subset having ks elements in [1,n]\ Bs.
We have X ={z1 <z < - <zt and Y ={y; < -+ < Y, }-

By construction, if Ky = {2z <--- < zx,}, then z; < y,.

Consider an element y;. If y; € Dy, then y; € Fy. If y; ¢ Do, then y; is in
[1,n]\ (D2 U By), so y; is a z;, for some j < i, y; € K,, and y; € Fy: this proves
Y C F.

Since X is the greatest of the subsets in Fy, y; < x; but since X C Fy C [1,n]\ By
and Y is the greatest such subset, x; < y;.

That means X =Y, and especially f = x; = y;.

On the other hand, if e € Ay, Since e ¢ Cy, then e € Ay \ Cy = I, = Ay N Dy so
e€ Fy =Ky UDy. Butifed¢ Ay, then e € Ky, so e € Fs.

In all cases e is the greatest element in F5.

Indeed, if there exists ¢ in F such that ¢ > e, then either t € K, then t € EyU{e},
which is impossible, or t € Dy and t ¢ Cy, then t € Dy \ Cy = I, C Ay C Ey U {e},
which is still impossible.

So e = Tp, = Yi,-

Let t > f and t # e. Then either t € By ort € Y C F5, in all cases
t e <F2 U BQ) \ {6} = <<E2 U {6}) U CQ) \ {6} = E2 U 02.

So e = dp,uc, (f)-

Then, in the next step, we set Ey = (Fy \ {f}) U {e}, and get, as f leaves the
column 3,

By

E B, E, ==

11 1 _2 F21

g x * f *
E .

0_112 F| Cy Fa

By

/ —_—

E, B, E, o

— s X € * *
E .

2 F C, Fy
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Indeed, our assumption HS gives: f < inf(Cy) < inf(Fy), and e > f, thus
f < inf(F7), on the other side, we saw that e > sup(B;).

Now, the two first columns give a so column with one 0 more. More precisely, the
corresponding first so column becomes:

Al Al
* 0
f(A1, 01 U{x}, Dh) = o, 9(B1,0: U{0}, Ch) = O, = f(A1,0,U {0}, Dy).
D, D,
The two last columns is also the double of a so column, in fact it gives:
A2 AQ
Os 05
f(A2, 02, D) = 7 = g(By, O:\{0JU{x},Co) = = = [((As, O2\{0})U{x}, D2)
D, D,

This is exactly the Move 3 case described after the theorem.

6.2.2. Study of the case |*|a|.
Let us now study the case:

A A i Bu Ea B
a s * * e b
o2 m Y TBy By En Ba
D, D, c, F Cy L

Step 1 We move the first x for 2 steps, the second one for one step.

Then the entry e enters into the column 2 which becomes g(By U {e}, F}) or, if
xr = ’7311U312UF1(6)7 and Fll = (Fl \ {6}) U {ZL‘},
Ey B Exn By
s * x * b
C, F Cy F
The argument of Lemma 6.7 tell us that x > sup(Bj;) = b1 and 2 < e < by =
inf(Bi2). Then z is not in C4, as above, it enters in the first column:

Eyw By Exn By
s T * * b
c, F Oy F
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Similarly, b goes in the column 3, under the name y = vyg,,uE,,uc, (b):

Ell Bll E21 BQl
s X * Y *
c, F O 5

As before, y is in this row, F] = (F7 \ {e}) U {z}.
Step 2 Let us now prove e is not in Kj:

Assume e € Ks. Then b # e, with our hypothesis HS, b is not in Es, so b ¢ As,
and then b € J,. Set Iy = {t € I, t < e}, Ay = {t € As,t < e}, same definition for
KZl, Bgl. Then

Eoy \ Iy = (Ao \ Io1) U Koy, Aoy \ 11 C By, K9 N By = 0.

Since b € Jo, there exists t € Iy, t = x; such that b = y;, so #(Jo N Bay) < #1,
or #(Ba1 \ Jo) > #(As1 \ Io1). Then there exists a € By \ Jo» C As \ I such that

a ¢ Asy, b > a > e, so we have
€99 = inf(Egg) <a< b,

which is in contradiction with our hypothesis HS.
Step 3 Let us show that y = e.

Ife=0bthenbe Ay \Ih =By \ Jo, b ¢ Cy, s0y = b =e.

If e < b, since e & Fy U Egy Uy, then e € {t ¢ Fy U Ey UCy, t < b}, so
€§yzsup{t¢E21UE22UCQ, t<b}

Assume now e < y.

Sinceb € Byand b ¢ Ey, b€ Bo\As = Jo. Let h={y1 < - <y;=b<--- <y}
and Io = {z; < -+ <z, }.

Put AAD = (AU D)\ (AN D), then:

T; = sup{t ¢ AQADQ, t<Ziyr, t<y, = b},
Let us prove that y > x;41. In fact if y < x;11, theny € {t ¢ Ey UE»UCy, t < b},
so y < x; and
e<y<x;<b< ey =inf(Fay).
But this is impossible because there is no elements in F between e and byy. So
Y > Tiyq. Since x;1 € Ey et y ¢ Eo, we have y > x;41.

Now Tiy1 = sup{t ¢ AQADQ, t<Zigo, t< yi+1}~
Following the same argument we prove y > ;4 o:
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As before: if y < z;19, then e < y < x;41, which is wrong, so y > x40, ¥ > Ti19,

and so on... Finally:

Yy>x, = Sup{t ¢ AQAD% i< yr}a
But y ¢ AyADy, y < b <y, soy <z, which is contradiction.

So the hypothesis e < y is wrong: e = y.

Step 4 End of the move.
Then we obtain e ¢ F| and :

Ell Bll E21 BQl
s T e * *
Bz B Ep By
c, F O

~ g(B1U{e}, O1,C1) f((A2 \ {e}) U {x}, Oz, Dy).

This is exactly the Move 1 case described after the theorem.

6.2.3. Study of the case

Let us now study the last case:

*|d|.

A1 Ay
07 O
Du Dy
* d
D1y Dy
Doubling the tableau, we get:
Ey B Ey B
* *x ¢ f
Ciy Fiz Cp Fpn
Step 1 We move the first x for 2 steps, the second one for one step.
We get:
E, B, Ey B
B Fu B Fan
— Cn Fu 0_21 Fy
* ¢ [ %
Ciy Fiz Cp Fpn

Now ¢ enters the first column under the name x = dp,um,ur,(€).

(Bi\{c}) U {z}.

We put Bj
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Remark that x ¢ Cy;; UCip and = ¢ By U F; = By U Ky U Dy by construction.
Therefore x is not in E;. In fact, if z € Ey = A; U K, then since x ¢ K, x € Ay, so

IEEAl\Dl:Al\Il:Bl\JlCBl,

which is impossible, so x ¢ E; and we have ¢;; = inf(C11) > z > ¢35 = sup(Cha),
then z still remains on the same row:

E. B, B, B,

Cn Fu Ca Fxn
s T * f %

Ciz Fio C Fy

Let us be more precise: since sup(Cy2) < f < inf(Ca), we have f ¢ Cy \ {c},
in other words, f is on the row s. But now the double of the column 3 is the
semistandard Young tableau with 2 columns:

E, FE)
s Yy f
022 0—22

where we set as usual, ¥ = g\ (huca\{ep) (f), £y = Ea \ {f} U{y}, and we put
y' =1inf(Cy U{y}), and C%; = Coy \ {¥'} U{y} if ¥ = ca1 >y, C% = Cy otherwise.

In the next step, it is ¥/ which will enter in column 1.
Step 2 Let us prove: y =13 = c.

e Assume first f = c:
Iff=c fgEysoy=f=candsincey=c<ecn,y =y=c

e Assume now f < cand f € Ky:

Since K is the greatest subset with ks elements included in [1,n]\ (AU Dy U Jo) =
[1,n]\ (Ay U Cy), for all ¢, t > f implies t € Ky U Ay U Cy = E5 U Cy. On the other
hand f € K5 implies f € Es, and the the only ¢ > f not in (Ey \ {f}) U (Cy\ {c}) is
¢, that is y = 0\ {rues\{eh) (f) = ¢, and as above 3’ = c.

e Assume finally f <cet f ¢ K,

Since fisin Fy = KyUDs, f € Dsy. Since ¢y = sup(Ca) < f < ¢ < ¢g1 = inf(Cyy),
f ¢ Cy. Then f € Dy \ Cy = I5. Especially, f € Fs.

Write I = {21 < -+ <z; = f<---<x.}. Set Jo ={y; < -+ <y,}. We have:
Yi = mf{t ¢ AQADQ, t>x; = f, t> yi—l} et Y = mf{t ¢ EQUCQl UCQQ, t> f}

Therefore ¢ ¢ Fy U Co UCy et ¢ > f, 50 ¢ > 4.
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Assume, by contradiction, ¢ > y.

In this case, co0 < f =2; <y < ¢, s0y ¢ Cy. Since y ¢ Ey, y is not in As. If y
belonged to D, it would be in Dy \ Ay = Cy\ By, which is impossible, so y ¢ AU Do,
especially y & Ay ADs.

If y > y;_1, then y belongs to {t ¢ AsADsy, t >x; = f, t > y;_1}, soy > y;, but
y; is in Cs, so y > ;. And

f:xi<yi<y<c.
But y; € C5 and there is no element in C5 between f and ¢, so this is impossible and
y < y;_1, we even have y < y;_; because y ¢ Cy,

i1 <m=f<y<yi1
Repeating the same argument, we prove that z; < f <y < y;, but
Y1 = 1nf{t ¢ AQADQ, t > ZL‘1}
and since y ¢ A AD,, therefore y > y;, which is impossible, so y = ¢ and ¢ = ¢ as
above.
Step 3 End of the move.
By pushing ¢ = ¢, We finally obtain:
£ B B B
N 621 F_n Cor Iy
s T ¢ Kk %
Cia Fiz Co F
Which is the double of the orthogonal semistandard tableau:
f(A1, 01, Dy U{c})g(Bz, Oz, (C2 \ {c}) U {x}).

This is exactly the Move 2 case described after the theorem.

In all the considered cases, the entries situated under the star in the right, are
still unchanged after the moving. So the condition HS remains true in the tableau
dble(T'), for all the columns coming after the column containing the star.

6.3. Starting with a spin column.

In this section, we suppose the first column of the tableau 7' is a spin column
f(A, D), with a trivial top (the entry in (s,1) is s). Then we remove the s top boxes
in this column, put a x on the row s, and we look at the first move, under the
hypothesis HS. If s = n, the first column is trivial and the jeu de taquin does not
really consider the spin column. We suppose now s < n.
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We consider the tableau dble(T'), we remove the s boxes in the top of the two
first columns, we put two stars in (s,1) and (s,2). Remark that our hypothesis im-
pose that the entry on the right of the star is unbarred. Indeed, if it was barred, in
dble(T'), there is a ¢ in the box (s, 3), hypothesis HS implies that all the entries in
the second column in dble(T), below s are barred, in other word, the spin column is
f([1,s], [s + 1,n]), and ¢ < 7, which is in contradiction with hypothesis HS.

Similarly, if it was 0, we saw there is no unbarred entry before x in column 2,
that means the spin column is still f([1, s], [s + 1,7]), the entry in the box (s + 1,3)
is barred, it can only be 7, this implies f is larger than this entry, which is impossible.

The only possible case is | x|a|. We just give the succession of tableaux (we do not

put the index sp):

E21 Bgl E21 BQl
s * * e b s * x * b
s+ 1 A12 E22 BQQ — s+ 1 A12 E22 BQZ ,
DG R DGR
n n

with the same meaning for x and D}, as above. By definition of x = v4,up,(e), we
have z = s (even if e = s). The next step is

Egl Bgl E21 BQl
s S * Y * s s e * *
— s+1 Ay Es By — s+1 Ajp FEs By
DG R D G B
n n

We see that the two first columns is the double of the spin column

{18 = Le}, (D \ {e}) U{s})

from whose we remote the s — 1 first boxes.

6.4. Supression of the trivial top in the first column.

Suppose now 7' is a semistandard tableau in N QS@, suppress the top s boxes in
the first column of T', getting a skew tableau 7'\ S. Apply the jeu de taquin to
T\ S (remark there is only one interior corner). Denote 7"\ S’ the resulting tableau.
Suppose s > 1, S’ is a tableau with one column and s — 1 boxes. Since the path
of stars during two successive application of the jeu de taquin do not cross, if we
apply the jeu de taquin to 7"\ S’, the star will move every times horizontally. This
is equivalent to say that the tableau 7" obtained when we fill up the empty boxes in

T'\S"by1l,...,s—1,isin NQSS['_]l. Remark we can also prove this point by using
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the preceding computation, and looking case by case the H.S condition along the new
row s — 1.

Then we can repeat the use of the jeu de taquin, getting a tableau 7"\ S”, where
the shape of T is the shape of T', where we suppress a column with height s and add
a new column with height s — 2.

After s repetition of the ojdt, we get a tableau T®), with a shape smaller than the
shape of T the shape of T if the shape of T where we suppress a column with
height s.

6.5. The map ojdt~! in the horizontal situation.

We proved that the orthogonal jeu de taquin, in the HS situation is moving only
horizontally. This operation is coming from a double action of the symplectic jeu de
taquin on dble(T'). Let us now look for the inverse mapping. It is the composition of
two inverse of the symplectic jeu de taquin on dble(T'). But we know how to define

(sgdt)~! (see [S]).

Let T\ S be a skew orthogonal semistandard tableau. Denote o(7") the tableau
obtained from T' by rotating 7" half a tour, and replace each barred entry by the cor-
responding unbarred quantity, each unbarred by the corresponding barred quantity.
Keep the 0.

Example 6.8. Consider s0(9) (n =4) then
112 1
310 @ 110
T = 2 — o(T) = = .
0|1 D=3
1] 211

Lemma 6.9.
Defining similarly the o operation for a symplectic tableau, then we have,

o (dble(T)) = dble (o(T)).

Proof. If T has r columns and the column C; is C; = f(A4;, 0;, D;), then o(T') has r
columns and its 7 + 1 — j column is

C£+17j = f(Dj> Oj> Aj)
Let us consider the double. The columns number 235, 25 + 1 in dble(T) are:
f(A; UK, Cy)f(B), K; U D;).

For the column C;.,,_;, we define the set K, ,, and immediately get K ,, ;, = Kj.
Therefore in dble(o(T)), the columns 2(r — j), 2(r — j) + 1 are:

f(D; UKy, By) f(Cy, A U Kj)
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This proves the lemma.

Since, for symplectic tableaux, we have (see [S])
(sjdt)™' = oo sjdt oo,
and:
dble o ojdt = sjdt o dble,
then ojdt is invertible and
(0jdt)™! = dble™* o (sjdt) ™" o dble = dble™' o o o (sjdt) o o o dble = & o (0jdt) o 0.

Lemma 6.10.
If T satisfies the HS condition, along the row s, then T' = (0jdt)(T) is such that
o(T") satisfies the HS condition for the row h+ 1 — s if h is the height of T

Proof. The preceding lemma proves that the motion of the star when we apply ojdt
at the row h + 1 — s of o(7T") would be always horizontal.

More precisely, if we look case by case the result of the elementary ojdt move as
described above, we directly verify that the tableau oo 0jdt(T) satisfies the condition
HS on the row h+ 1 — s. Let us for example look at one case:

Suppose that, in the row s in 7', there is | x|a|0|, then, in the double, there is:

B
En  Bu BEn By By -
F31
o * * €2 by e3 3
Eiy, Bz Exn = A
a Fl ?2 F2 C(3 F32
This gives successively:
B
En  Bu  BEn By By -
F31
= s T2 €2 * * €3 [ )
E By Eyn — o+ —
?112 i ar F, C3 F3
Wlth Tg = ’YBnuBlgUFl(eQ) S €2, a‘nd
B
Eu  Bu  En By By 2
31
= s T2 €9 T3 e * * ,
E B E R —
-~ = = B O Fy

c, G
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with inf Eyy > x5 = yp,um, (e3) > sup(B2).
After the action of o, we get:

F Cy F! - —_—
32 3 2 E22 Bl2 E12
= hles X * ez T3 2 Ty
F - - -
3—331 Ey, B, En By En

We see that the H.S condition holds since:
xg > sup(By), ey >sup(Fs), and x9 > ey > sup(Bi).

7. THE MAP p = (0jdt)™** 1S BIJECTIVE

We are now in position to define the map ‘push’ or p from SSM to |—|HS)\ QS

Let T be an orthogonal semistandard tableau, with shape .

If T is quasistandard, we put p(T) = T.

If T is not quasistandard, we consider the greatest s for which 7' € N QSSP‘] (ie.
T ¢ NQS}M, for each t > s). The entry in the box (s,1) in 7 is s, then the two
entries in the boxes (s, 1) and (s, 2) in dble(T') are s also, moreover, the HS condition
holds on the row s. We remove the s top boxes in the first column of 7', getting the
skew tableau T'\ S and apply the ojdt s times to T\ S.

Lemma 7.1.
Let X' be the shape of 0jdt*(T \ S), we get X' by removing a column with height s

and we have ojdt(T) ¢ NQS for eacht > s.

Proof. After the horizontal action by ojdt® on T, we clearly get a tableau with the
anounced shape. Now in [AK] it is proved that the action of the sjdt on a symplectic

semistandard tableau which is in NV QSﬁ“ ) but not in N QSIS“ >, for any ¢ > s is still
not in NQSt(“l), for any t > s.

Applying two times this result on the tableau dble(T), we get that dble(ojdt(T)) ¢
NQSt@m, for any t > s, that means the HS condition does not hold on the row t,
for any ¢t > s, or 0jdt(T) ¢ NQSt[’\/], for any ¢t > s. O

Replace now T by 0jdt*(T \ S) and repeat the above analyse.
It is clear that, after a finite number of steps, this algorithm gives an orthogonal
quasistandard tableau, with a shape smaller than the shape of T. We denote this
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tableau by:
T" = p(T) = (0jdt)™™(T).
Remark that if the first column of 7" was a non trivial spin column, then the first
column in 7" is a spin column. In all other cases, there is no spin column in 77.

The above algorithm defines the map p : SSN — |—|u</\ QS™. Let us look at the
inverse map. We follow the method of [AK]. -

Start with an orthognal quasistandard tableau U, with shape u. Let A be a shape
larger than pu.

Apply o to U, seing it as a skew tableau inside a skew tableau with shape o(\),
put a % in the lowest inner corner in o(A) \ o(u), and apply the ojdt, getting a new
skew tableau with shape o(y’). Repeat this operation as far as there is inner corner
in o(A) \ o (i),

At the end of this operation, get a skew tableau 7" with shape o(\ \ p), con-
sider ' = o(T") where the empty boxes are filled up in the top p shape by a trivial
tableau. By construction 7" is orthogonal semistandard, with shape A\, and the above
algorithm (0jdt)™** apllied on T is the inverse of this sequence of o o 0jdt o o, that
means p(T') = U, and p is a bijective map.

Remark that if U contains a spin column, this column becomes the last column in
o(U), and at the end it becomes a spin column in 7', as the first column of 7.

Theorem 7.2.

The orthogonal jeu de taquin defines a bijection p = (0jdt)™® from the set SSW
of orthogonal semistandard tableaux with shape A onto the disjoint union |—|u<>\ QS
of the set of orthogonal quasistandard tableauz with shape pu (u < X). -

Here is an example.

Example 7.3. Suppose n =5, or g = s0(11)

11112 111112122
ro[20310) ey - (2] 188 ]515]
01 5151211
12 312
o (0,1,1,1,0) : . . )
Then T is in NQ.S5 . The ojdt gives successively:
1]2 1]2 1l2] [*[1]2] [*[1]2] 1]2
*1 3100, 1 31x10), ]3]0 — 310 310 SRRV,
01 01 01 01 01 9 1
2] 2] 2] 2] 2] 2]
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with U € QS©0110),

Conversely:
1] 2 2 2 2
U=[3101.9 Lo, 110}, 110
0|1 *2 | 0] 3 1013 1013
2 x1 |21 21| 1 211
2 2 2 2
SR N R I U A G AR
*2 0 3 0_*2 3 O_ 3 *9 Q 3
217 211 211 211
112 11112
o 30] L [2]slo]
0|1 01
12 12
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