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Abstract

Classical facet elements do not provide an optimal rate of convergence of the numerical solution toward the solution
of the exact problem in H (div)-norm for general unstructured meshes containing hexahedra and prisms. We propose
two new families of high-order elements for hexahedra, triangular prisms and pyramids that recover the optimal
convergence. These elements have compatible restrictions with each other, such that they can be used directly on
general hybrid meshes. Moreover the H(div) proposed spaces are completing the De Rham diagram with optimal
elements previously constructed for H" and H (curl) approximation. The obtained pyramidal elements are compared
theoretically and numerically with other elements of the literature. Eventually, numerical results demonstrate the
efficiency of the finite elements constructed.

Keywords: Facet Elements, High-order finite element, Pyramids, H(div) approximation, De Rham diagram

1. Introduction

The aim of this article is to build optimal H (div)-conforming elements in the same spirit as done in (1) and (2)
for H' and H (curl) conforming formulations. Finite elements for H (div) formulations can be used for example to
solve Stokes problem like in (3) or Darcy flow equation (see (4)). The other goal of this article is to complete the
De Rham diagram for optimal elements introduced in (1) and (2) of an hybrid mesh (including hexahedra, tetrahedra,
triangular prisms and pyramids).

A first family of finite elements for H (div) formulations has been introduced by Nédélec for hexahedra and
tetrahedra in (5), a second one being introduced in (6) for hexahedra, tetrahedra and triangular prisms. Nédélec’s first
family for H (div) approximation is also known as Raviart-Thomas elements (7). However, when these elements are
used on general unstructured meshes (especially hexahedral meshes), the interpolation error E'(q;,,) is not optimal:

Enaiy = llu=mullmaiy = O O72)

where the H (div) norm is defined as
ullfr gy = lulls + lldiv ul3,

7 being a projector from H (div) on the discrete Raviart-Thomas space, r the order of approximation and h the mesh
size. This sub-optimal convergence may be very problematic for lowest-order elements and unstructured meshes
including highly distorted elements. The sub-optimal convergence is obtained when the elements of the mesh are not
tending to affine elements when & tends to 0. Affine elements are elements such that the transformation F' linking
reference elements (unit cube, unit prism, unit tetrahedron and symmetric pyramid) to elements of the mesh is affine.
This case occurs if the element is only made of triangular faces (i.e. for tetrahedra), or when the quadrilateral faces
are parallelograms. In (8), some numerical experiments illustrate the lack of consistency of lowest-order elements.
The authors propose non-linear functions in order to obtain a convergent method. An another approach based on the
splitting of an hexahedron in tetrahedra is proposed in (4). These two contributions seem difficult to extend to higher
orders and the expression of basis functions on the reference element depend on the geometry.
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The aim of this paper is to construct high order elements for hexahedra, tetrahedra, prisms and pyramids ensuring
an optimal estimate O(h") in H(div) norm. Such elements will be based on Piola transform, i.e. a basis function u
on the real element will be obtained as:

1
uo F(z,4,%) = ﬁDF w(z,9,%)

where (Z, ¢, £) are the coordinates defined on the reference element K, DF is the jacobian matrix of transformation
F' (which transforms K to the real element K ), |DF| its determinant. Moreover, these elements will be constructed
such that basis functions on the reference element @ will belong to finite element spaces P, that do not depend on the
geometry, that is to say they do not depend on the real element K. Such finite elements have been obtained for general
quadrilateral elements in (9), and for lowest-order hexahedral elements in (10). In the theorem 3, these super-optimal
spaces are detailed at any order for the four types of elements, the lowest order hexahedral space is the same as in
(10). However, these spaces are not unique and not very practical to implement, optimal spaces will be detailed in the
theorem 2 with more attractive properties. The dimensions of these spaces are very close to super-optimal ones.

To make the transition between triangular and quadrangular faces in a conformal hybrid mesh, the introduction
of pyramids is needed (see (11)). Some pyramidal elements has been build by Nigam and Phillips, a first family in
(12), a second one in (13). The optimal pyramidal space detailed in this paper will be compared to Nigam and Phillips
spaces, and also to basis functions proposed in (14). Numerical experiments show that the optimal space require less
degrees of freedom to reach a given accuracy.

We consider the following wave equation:

2
1
2w+ —v(Sdiva) = f, inQ
I p

ey

u-n =0, onT

divu = —iwu-n, on X

with w the pulsation, p, © physical coefficients related to the considered media. This simple equation enables us to
study H (div) finite elements in hybrid meshes. A Dirichlet condition is set on the inner boundary I" and an absorbing
boundary condition is set on the outer boundary . As a result, this boundary value problem is well-posed for any
w € R. The variational formulation of the problem is equal to:

Find u € H(div, ) such that

1 (2)
Vv e H(div,Q), —w2[lu~vdm+ffdivudivvda:—iw[mnv-ndmz[f-vda:.
Q i Qp b Q

The outline of the paper is as follows:

* Section 2 is devoted to the construction of spaces for the four types of elements (hexahedron, tetrahedron,
triangular prism and pyramid) as done in (1) and (2). A first set of “optimal” spaces is constructed in Section
2.2. To satisfy sharper conditions on the number of degrees of freedom, we construct a set of ”’super-optimal”
spaces in Section 2.3. The trace of the two spaces is precised in Section 2.4 to verify the conformity at the
interfaces.

 The stablity of the elements is treated in Section 3 where we prove that the sequence of the De Rham diagram
is exact with the spaces of (1) (2) and the super-optimal spaces constructed.

* Quadrature formula used to get exact integrals whenever it is possible for the basis functions are presented in
Section 4. When the quadrature formulas provide an approximate integration, it has been numerically observed
that this approximation does not deteriorate the order of convergence of the finite element method.

* We present in Section 5 a space for pyramids compatible with the classical Nédélec’s first family.
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* Hierarchical basis function are finally given in Section 6, for the optimal space for any type of element, for the
super-optimal space and the hexahedron, and for the first family and the pyramid.

 Section 7 is devoted to the comparison of the new elements to elements found in the literature. A dispersion
analysis and a study of the convergence are conducted for different kind of meshes. These numerical results
show that optimal elements require generally less degrees of of freedom than other elements.

2. H(div)-conforming Finite Element Spaces

2.1. Definition of Elementary Spaces
Let us first introduce the following classical polynomial spaces:

Definition 1.

In 2-D: In 3-D:
P.(z,y) = Span {xiyj, 1,j20,i+7< r} P.(z,y,z) = Span {xiyjzk, ,5,k>20,i+j+k< T}
P, (z.y) = Span{a'y’, i,j 20, i+j=r} P (2,y,2) = Span{a'y’z", i,j, k20, i+j+k=r}

Qumn(z,y) = Spcm{aciyj, 0<i<m,0<j Sn} Qunp(®,y,2) = Span{a:iyjzk, 0<i<m,0<5<n, 0< kSp}
2 = x W n(z,y,2) = Span {zty? 2%, i, k>0, i+j<m, k<n
m@@%&@@)wﬂwwh] n(@,1,2) = Span{a'y’s", . ’ }
Sr(x,y7z):{uePr ,u1x+qu+u3,z:0}
’R’T(xaywz)zlpi—l@‘sr
x

Qr(zvyaz) :Pi_l Gaﬁr—l(l’vyaz) Yy
z

where R, and D, are Nédélec’s first family spaces for tetrahedra introduced by Nédélec (5), for H (curl) and H (div)-
formulation respectively, ©,. being also known as Raviart-Thomas finite elements (7). The space W,.,. is the finite

element space used for continuous triangular prisms.
We also introduce the approximation space for continuous pyramidal elements (see (1))

r—1 Ty r—k
Br(2,y.2) = Pr(.9.2) @ Y Pu(e.y) (1)
k=0 -

which can be written on the cube [-1,1] x [0,1] as
Cr(z,y,2) = Spcm{my (1-2)%, 0<i,j<k<r}

using the transformation 7" from the pyramid K (, i}, 2) to the cube [-1,1]? x [0, 1] of coordinates (%, 7, Z):

i=7(1-7)
g=7(1-72)

The approximation space for H (curl) pyramidal elements (see (2)) is

3 zPyP ?{(1—2)
B.(x,y,2) = B_(z,9,2)® S #(1-2) |, o<p<r-1
Ty
myn+z | (1-2) n+2,m 0
(fzjﬁ 0 (158 )y+2 (1-2) [, 0sm<n<r-2
_Zm m
x Y
1- 0
@ & ( 02) % (1_ ) O<p<sr—1
(1= z)ptatl-r " (1 - z)prarlor )l o<qer+t
z )



2.2. Optimal Finite Element Spaces

S5 = (0,0,1)

S =(-1,-1,0)

Sz = (1,-1,0) / 85 =(1,1,0)

X

Figure 1: Transformation F for a pyramid

The finite element approximation is constructed by considering a transformation F' from a reference element K
(unit tetrahedron, symmetric pyramid, unit prism and unit cube) to a real element K on the mesh (see Fig. 1). This
transformation is written as

F=3 8¢ 3)

1<i<n;

where n; is the number of vertices of the element, S; = (x;,¥;, 2;) are the vertices and @1 are mapping functions
depending on the considered type of the element. The mapping functions are classical for tetrahedra, hexahedra and

triangular prisms and can be found in (1) for pyramids.
By introducing some constants Ag, A1, Az, As, C,C1,Cs, Cs, D depending on the vertices (.5;), the transforma-

tions F' writes as follows

Definition 2. The transformation F for any element is written as:
e Tetrahedron: F' = Ay + A2 + Asy + AsZ
e Hexahedron: F' = Ay + A1Z + Asy + A32 + C129 + CoZ2 + C3yz + DigZz
e Triangular prism: F = Ag + A& + Asy + AsZ2 + C122 + Cyg 2

rY
(1-2)
There is a bijection between these constants and the vertices, that is the real element K is uniquely determined by
these constants (e.g. Ag, A1, Az, A3 and C for the pyramid).

e Pyramid: F = Ag + A12 + Axy + A3z2 + C

Let us denote
H(div,Q) = {ue (L*(Q))* such that divu € L*(Q2)}.

The unknown w and test function v of the variational formulation (2) belongs to the following finite element space:
Vi = {u e H(div,Q) so that u|x € PF'}

where PTF (K) denotes the finite element space on the element K of the mesh. This space is built with the reference
finite element space space P,.(K) thanks to Piola H (div)-conforming transform

PF(K) = {usothat | DF|DF'uo FeP,(K)}



where DF the jacobian matrix of transformation F', and | DF its determinant. The space P, (K) depends only on the
reference element K and on the order of approximation r, and is thus independent of the element K. The approximate
solution wuy, is the solution to the discrete variational formulation:

Find uy, € V}, such that

1 1 4)
YveVy, —w? f —up, - dx + f —divuy, divoy, dr — iw f up MUy -ndr = f f-opde.
QU Qp s Q

To obtain a convergence of uy, towards the exact solution u of the problem (1) in O(h"), where h denotes the
mesh size, a first necessary condition is to have the following inclusion (see (15)):

PFoSP,._i(z,y,2)>%
Definition 3. The space E, of order r is the space of minimal dimension on K such that
P.(K)>E, « PIsP,_(z,y,2)>3
for any element K.

Theorem 1. The spaces E, are equal to:

e Tetrahedron:

¢ Hexahedron:

& &2 0
By = Pi(3,9,2)° o 0 |e]| -9z |e]| -y
B2 0 &2
[ 322 g 0
ol 0 |e| -2¢° |eo| -9*2
| -3z 0 §2°
[ 27 ~3 -32
o| -2y |o| * |eo| -92
| -3z L 2?
Forr>1
ET = Qr+1,r—1,r—l(§j>ga2) X QT—l,T+1,T—1(j7g72) X Qr—l,r—l,r+l(i‘7g72)
Eaul 11 o1
AT AT A <
&) 0 e #g'z" |e 0 Og]_g_Tl
o || o | | &9 |
G B U O U
@ 0 |e| ig's |e| O 0<send
o || o | | @9 |
lﬂ"+1y] 37 . 0 i,r+1 grgj
® 0 o| iyt |e| -argrtta 0<js<r-1
_‘irgjg’l”rl ijgré’l’%l 0
 Triangular prism:
, -
Er = (Wr—l,r(ia/gvé) @ IP)7“('%7:'))]P)T—l(é)) ®(W7‘—2,r+1 (JAZ,Q,ZA’) @ IP)?“—l(jf'vQ)PT(Z?))G9 Pr—l(iag) 2" _:l)
3



¢ Pyramid:

i,n+l gm 0
P — am pn+l
b L o 53 (1-z)ym+ g _
E. = B._1(%,9,2)° @& 0 ® W Osms<n<r-1
0 0
jmﬁ—l ,gn+1 0
(1 - 2)m+2 Fn+l Qerl
fe>) 0 @ (1-2)m+2 0O<m<n<r-1
i.mgn+1 :i.n-#lgm
_(1_2)m+1 _(1_2)m+1

Proof. The proof will be completed for the pyramid and the hexahedron. Let us begin with the pyramid, for which
the transformation F' is equal to

Ty
(1-2)
where (Z,4, %) are the coordinates on the symmetric pyramid. We will express each function either in (Z, 4, %)
coordinates, or either in (%, 7, %) coordinates of the cube [~1,1]% x [0, 1] defined by the relations

F:A0+A1£+AQQ+A32+C

i =3(1-%)
7 =707

The derivatives of F' with respect to coordinates of K are equal to:

oF U
= A C = A C~
I IS S
oF T
= A 07 = A C~
I C 1 B
OF Ty
= A3+ C—Z— = A3 + C77.
I (U PR A
The columns of the comatrix of DF are equal to:
comat(DF), = 5‘11“ X alf‘ = A x A3+ C x A3T+ Ay x CTY
oy 0%
comat(DF)y = 8}? X 8}? = A3 ><A1 +A3><C’:IJ+O><A1’IZ\7A’LZ7/
0z 0
F F
comat(DF), = 8A x 8—A = A1 x A+ A1 xCT+C x Ay 7.
ar Iy

Let us take a polynomial p in IP’E_I. Piola transform writes:
p = |DF|DF 'po F
where | DF| is the determinant of the jacobian matrix. By using comatrix, the relation is simpler:
p = comat(DF)*po F.

Because of the optimality of C,. (see (1)), considering a polynomial of ]P’fi,l on the pyramid K is equivalent to consider
a polynomial of C3_; on the unit cube [~1,1]% x [0, 1], that is:

poF =7 (1-2)FU, i,j<k<r-1
6



with U a constant vector in R®. Therefore j is equal to:

o o (A27A37U)
p= comat(DF)*'TF (1-2)U =797 (1-2)"| (43,4,,0)
(A17A2aU)

o T Ty 0

+3 P (1-2)F(C, A3, U)| -F | + (A2,C,U)| 0 |+ (C,ALU)| 77

0 -7 -T

where (A, B, C') denotes the determinant of the 3x3 matrix whose columns are A, B and C. By varying values of
Aj, Ay, As and U, the first term generates all monomials of (Ci,l. For the other terms, we distinguish four cases

1. If i, j < k, all the terms belongs to C>_, .
2. If i = k, j < k, by removing components in (Ci_l, it remains

[ ik+1@4n(1_z)k 7 . [ O h
0 . FPA-D 7w |, m<k, j<k
0 -T

3. If j = k,i < k, by removing components in (Ci_l, it remains

0 ‘ i
-k |, FFa-9F o |, m<k j<k
0 -7

4. If ¢ = k, j = k, we have the following terms

Ty -2)F 0 0 0
0 -l #FFa-ot |, FPra-F o | FFEa-9| 7
0 0 -7 -7

The two first terms are already treated in the second and third case and the last two terms can be added to the
second and third case by extending j until k (instead of j < k).

Finally, by taking polynomials p in Pi_l, the following space is generated:

fk-#lfy‘m(l_rzvk 0
C:, o 0 ;| TP -)F |, 0O<m<k<r-1
0 0
ij+1@4€+1(1_'5)k . 0
) 0 , FHEHA-kF |, 0<j<k<r-1
_rfjgk:+1(1 _ :‘Z)k _ik+1@ﬂ(1 _ fg)k

When we write this space in coordinates (Z, §, £) we recover the claimed space E, for the pyramid.

We now consider the following transformation for a general hexahedron:

N>

F=A + A2+ A+ A32+Cizy+Cozz2+C392+ Dy

The derivatives of F are equal to:

a{m =A+Ciy+Cr2+Dyi
ot
8{? = Ay +Cii + C32+ Di2
a9y

F
ZA = A3 + Coz + C39 + D2 9.
z

7



The columns of the comatrix of DF are equal to:

comat(DF), = ‘?;; . ‘21; = Ay x Ag+3(Ch x As + Ay x Cy) +§(As x Cy) + 3(Cs x As)
+&7(Ag x D+ Oy x C3) + #2(D x Ag + C3 x Cy) + &2(Cy x Cs)
+32(Cy x D) + 222(D x Cy)

comat(DF), = 6@? x % = A3 x A; +2(Ca x A1) +§(A3 x C1 + C3 x Ay) + 2(A3 x Cs)
+&(D x Ay + Cy x C1) + §2(A3 x D + Cs x Cy) + §2(Cs x C1)
+22(D x C1) + §*2(C3 x D)

comat(DF). - gﬁ; . % Ay x Ay + #( Ay x C1) +5(Ch x Ag) + 5(Ay x C+ C x As)

+#2(Cox C1 + Ay x D) +§2(Cy x C3 + D x Ay) + 3%(Cy x C3)
+82%(Cy x D) + §2%(D x C3).

Let us begin with a polynomial p in ]P’i’_l. Because of the optimality of Q, (see (1)), it is equivalent to consider a
polynomial of Qf_l:

poF =&t ¢l 2*U, i j<k<r-1
with U a constant vector in R3. Therefore j is equal to:
o L (A27A3aU) z
p = comat(DF) &'/ 28U = #9728 | (A3, A, U) | + (C1,A3,U)| -3
(A17A25U) 0
+(A2,CQ,U) 0 +(A2,C3,U) 0 +(03,A3,U) 0 +(A2,D,U) 0
-2 0 0 —§z
-3g | [ 22 i’
+(C5,CLU) | 3 |+(D,A3,U0) | —52 |+ (Cr,Co,U)| —29
-9z | | 0 —#2
2y [ 3% 0 0
+(C,D,U)| -2¢% |+(D,Co,U)| 0 |[+(Co, AL U)| & |+(Cs,ALU)| 9
0 | -22° 0 -3
0 0 &3
+(A37027U) Z + (D7A17U) ‘ig + (0330271]) gé
0 —&2 —32
0 0 0
HCy, D,U)| 72 |+(C1,4,0)| 0 |+ (A, Cr,0)| 0 |}
—2? 7 z

The coefficients (AQ, A3, U), (A3, Al, U), (1417 AQ, U), (Cl,Ag, U), (Ag, 02, U), (AQ, 03, U), (C3,A3, U), (AQ, D, U),
(037 Cla U)’ (D7 A3a U)’ (Cla C?a U)? (Ch Da U), (Da OQa U), (CQa A17 U)’ (035 A17 U)’ (A37 CQ? U)? (Da Ala U)’
(C5,C9,U), (C5,D,U), (Cy,A2,U), (A1,C4,U) viewed as functions of variables U, Ag, A1, A, A3, C1,Co,Cs, D
are linearly independent, therefore all the associated monomials are needed to obtain ]P’f,l. By a simple recombination



of these monomials, they can be enumerated as follows:

1 0 0 & 0 0 i 0 0
0 ) 1 ) 0 9 0 ? j} ) 0 ) O ) :g ) 0
o o] 1] |o 0 & 0 0 g
[ 21 [o]l [o]l [ 2y 23 [0
0 ) 2 ) 0 ’ O ) _gé ) ‘%g
o] o] |z2] [ -92 0 | -22
[ 2 —i 33 229 222 0
—CEZ) ) Z)Q ) _:g'% 9 _50 j? 9 O 9 QZ‘%
| @2 -2 g 0 —252 —2?

These monomials have to be multiplied by &%j” 2 2F with 4, J,k <r—1 to obtain the needed functions to generate Pi_l
When r = 1, all these monomials are needed, and no further manipulation is necessary. When r > 1, we will make
manipulations in order to obtain a suitable expression of E,.

Because of the presence of (,0,0), it is immediate that the following functions:
T AL 2]

'y
0 , 0<i,j<r-1
0

belong to E,. Let us now consider the following combination between functions of E,:

7 +2 z}] 2]@ 0 0 £i+2 zfj]ék
. . s -/ 4

l’ 1y]+1 k + :i,z +1g] 2]@‘ + 0 = 0

xZJrlyA sk+1 0 i’é+1gm2n 0

All the functions of this equality belong to E, if
0<i, 5, ki, 5 k', ¢mn<r-1
This equality becomes true if we have

i’ =1, j=4+1, k' =k
l=1, m=j, n=k+1

This choice of indices is possible if j,k < r — 2. As a result, the monomials (x”2 y- ,0,0) belong to E,ifi<
-1, 5,k <r —2. The following combination is now considered:

l+2 y Z i i,i,JrQ gj,ZAk:’le 0 .fi'i+2 g]ék
QAZ‘Hlyj-H sk +92 0 _ .,i,f+lyAm+lén _ 0
z+1y 2k+1 | _:%i'+1gj’2k’+2 _‘%Z+lgm2n+1 0
This identity is true as soon as:
i’ =1, j'=17, K=k-1
=1, m=j, n==k
This choice of indices is possible if k > 1. Therefore_ (”+2 '2%.0,0) belongs to E ifl<k<r- 1 andz,j <r -1
With a similar combination we can also find ("% §7 2%, 0, 0) in E ifl<j<r-landik<r-

As aresult, if 7 > 1, the following monomials belongs to B,

Ar+1g7,
0 . 0<ij<r—1

0



Let us now consider the following combination:

~it+l ~j+1 2k ~i ~i'+1 Ak N ~ ~ ~1 ~j+1 2
_pt yj+ 3 7t +1 yj +12k xf+2ym+12n J)Hl y]+1zk
_ jl?;]“‘Qék + 0 _ _£Z+lgm+22n _ 0
;A7 ~ ~ -/ ~ -/ ~ 4
_$1y1+1zk+1 —3" g +15k+1 0 0

This identity becomes true when
i’ =1, i =14, K=k
£=1-1, m=j, n==Fk

This choice of indices is possible if i > 1. If 7 > 1 and by taking i = 7 — 1, we obtain the function (£"§"2",0,0) in
E, with k < 7 - 1. Similarly, we can obtain the function "y g 270, 0). Because of the presence of the monomlals
(9,0,0) and (2,0,0), the functions (A“Tzk 0,0) and (&'5"2%,0 O) with i,k < r — 1 belong to E,. As a result, the
following monomials are included in E,:

By regrouping the different results, and exploiting symmetries, we have proved that E, contains the following func-
tions:

[ a2 1 0o 1 0 ]
0 | adgisk |, 0|, di<r+l, jk<r-1
o || o || &gt ]
_ jzgrék 7 [ i,igk‘é?“ 7 [ O 7 r 0 0 0
0 , 0 N LA B L/ LU , 0 ,oi<r, k<r-1
| o || o [] o || o Pkt kyrat
Let us now consider the monomials
:i,i+2gj+12k‘ h i AZ+2y 'ékJrl 0
_flJrl,ijrQé;k ; 0 , i,’bz}]+2zk:
0 z+1y '2k+2 i,'l:l)]“’l sk+1

These functions can be written as combination of the previous functions that are included in E,, except when

; = 7 = r — 1 for the first monomial
i =k =r -1 for the second monomial
j =k =r—1 for the third monomial

With this choice of indices, we have found the last monomials of ET. O

Following the principles used to construct H (curl) optimal spaces defined in (2), the optimal space on K is
defined as

Definition 4. The optimal space of order r is the space P°P(K) of minimal dimension on such that
P.(K)>PP(K) « PF>9,(z,y,2)

for any element K.

Theorem 2. The optimal spaces P°P! are equal to:

¢ Tetrahedron:

PPt = D, (,7,2)

10



¢ Hexahedron:

P;)pt = Qr(j7ga ’2) = Qr+2,r,7‘(i‘7ga 2) x Q737"+27T(i'7g7 2) x QT,T,T'*'Q(ia .1)7 2)

* Triangular prism:

PPt = 0, (2,9,2) = (D1 (8,9) @ Pr(2)) x W,y rsa (2,9, 2)

¢ Pyramid:

P = B.(2,9,2)°
= Br—1(£7g72)3
i_n+1 g]m 0
vl sm an+l
® (1-z)m+t ® Ty <m<n<r-1
0 (1-2)m+1
0 0
z 0
~m sn+l 1 A\ ~n+l ~m -
(&) % (162) (&) (Ix A)erl (lyA) 0<m<n<r-1
—3)ym —3)m iy
- -1
-
T (172)
(&) T ANt Yy , 0<d,j<r
e
-1

The optimal space for the pyramid is polynomial when expressed in the cube [-1,1]% x [0,1]:

A (1 -2)" 0
PP oT =CP, @& 0 |t -2 [, 0<sm<n<r-1
0 0
ifm+1gn+1(1 _ »Zv)n 0
® 0 , FT (- |, 0<m<n<r-1
(12" (-2
e TP (1-2)"| ¥ |, 0<i,j<r
-1

Proof. For any type of element, by construction, we obviously have
E, c If’f Pt
_ T
The remaining polynomials to consider are the polynomials p of P,._; | y | This part of the proof will be conducted
z

for the pyramid and the hexahedron.
Let us begin with the pyramid. We consider a polynomial p such that

X X
p=ay |y |=FPA-)" |y |, d<r-1
z V4



by using the optimality of B,.. The first component of p is equal to:
pe= TP -2)""" comat(DF), - F =
FP(L-2)" (Aax Az + Cx A3T + Ay x CF) - (Ao + Ay + A T(1-72) + A G(1-7)
- 43 (1-7) + CTH(1-7)).
If we note Ay = Ay + A3, we obtain:
be= TP (1-2)"(A2, A5, ) + (As, A3, A1) F(1-%) + (C, A3, A) T
+(C, A3, A1) 7 (1-2) + (A2,C, Ag)TY + (Ag, C, A)) Z2(1 - %) - (Ag,C’,Ag)'ffJ(l—'Z)].
Similar computations give the following values for the second and third component of p
by= TF(1-2)""[(As, A1, Ao) + (A3, Ay, A2) T(1 - 2) + (A3,C, Ao) T
+(A3,C, AT (1-2) + (C, A1, Ag) TF + (C, Ay, A) TR(1 - %) - (C’,Al,Ag)?c”y”(l—Z)]
p= TEPQA-2)" [(Al,AQ,Ao) - (A1, 42,A43) (1-%) + (A1,C, Ag) T - (A1,C, A3) T(1-72)
+(C, A, A0) 7 + (C, A2, A1) Ty(1 - %) - (071427143)'17(1—'5)}

The terms involving A, can be removed since they have already been treated when considering p in ]P’i’_l. It remains
the following monomials:

. #(1-%) F2(1-%)
FRPA-2( (A1 A, 43) | T(1-2) |+ (C A3, 4) | TP(1-3)
-(1-%) -F(1-%)
Py(1-7) Ty(1-7%)
+(C AL A) | TP(1-7) | + (CoAs, Ag)| FP(1-7) |), dnj<r-1.
-2j(1-7) -J(1-7)

We notice that the coefficients (A1, As, A3), (C, A3, A1), (As,C, A1), (C, Az, A3) viewed as functions of the ver-
tices of the pyramid Sy, S, S2, S3, 94 are linearly independent, then all the monomials are needed. These monomials
can be regrouped in a single family:

, 4,7 < r} .

We recognize here the last family of the optimal space of the pyramid, the other families coming directly from E,.

@ 8

{wyu_ar

[y

Let us consider a general hexahedron, and the polynomial p:

T
p=1%
z

Because of Piola transform, the first component will be equal to
by = (AQXA3 + @ (CixAs + AsxCy) + §AsxCy + 5Csx Ay + 3§ (Ag x D+ Cy x Cy)
+ @5 (Dx Ay +Cyx Co) + 320y x Oy + 22§Cy1 x D + @22DXCQ)-(AO+£A1+QA2+2A3
+geg01+i202+g203+:@2p).
12



By expanding this expression, and computing the two other components of p, we find the following result

0 i? &g %
P =(AL A, C)| 0 | + (A, A5, Co)| 29 | + (A1, A42,C5)| 3 | + (A1, 42,D)| &9?
-2y 0 0 -2z
[ g2 0 i3 2%z
+(A1,A3,Cl) 0 + (Al,Ag,CQ) Tz + (Al,Ag,Cg) 0 + (Al,Ag,D) —JAZ‘:()A
| -@2 0 -2 32?
[ 0 ] [ 0 e e
+ (AQ,A?”CI) :l) + (AQ,A?”CQ) Z}ZA + (AQ,A?”C?,) 0 + (AQ,A?”D) —ggé
| 92 ] Es 0 -92°
[ 23 ] [ 229 -2z 0
+ (AI;CLCQ) 0 + (A17017C3) 0 + (A1702703) LYz + (A27017C2) _‘%Q2
| 0 ] | 292 0 —3G2
[ 0 ~g2 0 LgZ
+(A,C1,C) | =9° | + (A2,C2,C5)| 972 | + (43,C1,Ca)| —29% | + (A3,C1,C3)| O
| 0 0 -32? §2°
[ 0 &%y -3%2 0
+ (Ag,CQ,Cg) 0 + (Al,Cl,D) 0 + (Al,CQ,D) 0 + (Al,Cg,D) .fg%%
| 2? 0 0 ~372?
[0 -39z 0 %92
+(A27017D) _-%Ae’ + (A27027D) 0 + (A27C33D) QSA + (A37017D) _Ag22
| o igs? 0 0
[0 0 2%y A
+(43,Co,D)| 0 |+ (A3,C3,D)| 0 |+ (C1,C2,C3)| 29°2 | + (C1,C2,D)| 0
| 25° -g2° ig2? 0
[ 0 0
+(C1,Cs5,D)| 2932 | + (Cy,Cs,D) 0 + other terms in P?
| 0 ~372°
Since the coefficients (A1, A2, A3), (A1, A2,C1), ... are linearly independent, all the monomials written above are

needed to generate ©,.. When we combine these monomials with monomials of F;, we can observe that we obtain

exactly
Q3,11 x Q1,31 x Q1,13
For any r, since we have to multiply by the polynomials 747 2 with 0 < i, j, k < — 1, we obtain that:

popt _
Pr = Qr+2,r,r X Qr,r+2,'r X @'r,r,r+2'

Remark 1. The dimension of the optimal spaces is equal to

. 1 .
Tetrahedron: dim P°"" = W Hexahedron: dim P°"" = 3(r +3)(r +1)?
R 1 2 ~ 1)(2r? 2
Triangular prisms: dim PP = (r+ D(r ;3)(3T +2) Pyramids: dim P°"" = (r+ 1)( 7’2 +Tr+2)

2.3. Super-Optimal Finite Element Spaces
The needed and sufficient conditions in order to obtain optimal error estimates for H (div) are the following ones

(see (10)):
PTFDPr—l(xayvz)S
divP" 5P, i (z,y, 2).
13



The optimal spaces previously constructed verify these properties since div ®, = P,._;, but spaces of lower dimension
satisfying to these conditions can be constructed for each type of element.
We first define the following space:

Definition 5. The space E, of order 1 is the space of minimal dimension on K such that
div PT(K) > F. < div PTF 5Py (x,y,2)

for any element K.

Theorem 3. The spaces F,. are equal to:

o Tetrahedron:
F, = ]P)r—l(i'v Q? 2)

* Hexahedron:

[ PPN sr+tlaman  smar+lsn smanar+l
Fr:QrmT(z,y,z)EB{x VTS AL Y VR AL Y TS A OSm,nSr}

* Triangular prism:

F,. = Wr,r(‘%a ga 2) @ ]P)T—l(i.ﬂ g) 2T+1
e Pyramid:

F’— fiﬁj 0<é,j<k+1
"l -3)ii-k’ O<k<r-1

Proof. We complete the proof for the pyramid and the hexahedron. Let us consider a function p € PTF , such that
divp = xiyjzk, t+5+k<r-1.
For the pyramid, because of the optimality of C,._1, it is equivalent to consider a function such that
divp = TP (1 -2k, i,j<k<r-1.
We use again coordinates (%, 7, Z) of the symmetric cube [-1,1]? x [0, 1]. We have the relationship
divp = |DF)|p.
The jacobian |DF| is equal to:
IDF| = (A1 + CY)x(As + CT)-(As + CTY) = (A1, A2, A3) + (A1,C, A3)T + (C, As, A3)7 + (A1, Az, C)TY.

Since the constants (A;, As, As), (A1, C, A3),(C, Aa, As), (A1, Aa, C) viewed as functions of Aj, Ay, A3, C are
linearly independent, the following monomials are necessarily included in F.:

TPA-D TP A-9 TP - 7T -9k
For instance, the last monomial gives:
si+l n9+1

~itlg+loq ok _ Ty
Tyt (1-2)" = (1 z)ilwirik

By naming i’ = i+ 1,5 = j + 1, we obtain:

Aj’
~itl+l 1 ok _ Ty st
x Y (1 Z) - (1_2)i'+j'—k)’ ? S]

14
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which corresponds to a function of FE,.. Tt is immediate that these monomials will generate all the functions of E..
For the hexahedron, we consider a function p such that

divp = 2'972%, i,j,k<r—1.
Similarly to the pyramid, the jacobian |D F| of the hexahedron can be expressed as
IDF| = bo + bid + bofj + b3 + bydfj + bsiz + bz + byds + bg 2% + boi?§ + bio@?2 + by 2292 +
biol? + bis@y? + buaf?z + bisii?s + bigi? + biriz? + bigz? + brodiz?

with linearly independent functions by, b1, -, b19. Therefore all the functions of Q.1 + Qp ri1,7 + Qrrri1 are

necessary and sufficient to generate any p such that divp € P,_1(z,y,2). We obtain the claimed space E,. for the
hexahedron. O

Proposition 1. The divergence of the spaces E, is equal to

Tetrahedron: divE, = 0 Hexahedron: divE; = Span{1}
diVEr = Pr—?(‘%ygaé)a r>1 diVEr = Ar—l; r>1
. A ~ 1
Triangular prism: divE; =0 Pyramid: divE,.=F._1® { 1 A}
-2
divE, = W,_5,.(2,9,2) ®Pr_1(2,9)Pr_1(2), r>1 with Fy = @

Proof. The proof is immediate by computing the divergence of all monomials of E,.. It should be noticed that T

for the pyramid is obtained as the divergence of the function

sn+lrsm

X ¥
(1-z)m+

O =

for the special case m = n = 0. Other values of m,n give a divergence in F,._i. The divergence of the functions of
the last family appearing in the expression of F. is null. O

Now we have all the ingredients needed to find the super-optimal finite element spaces.
Definition 6. A super-optimal space of order r is a space Pf _Opt(f( ) of minimal dimension on such that
. R PFsP, 4 x,y,zS
BA(K) > Brort = { P 2By
divP. 2P,y (x,y,%2)
for any element K.

Theorem 4. A set of super-optimal spaces Pf ~°P is equal to:

¢ Tetrahedron:

Psfopt _ Popt
r

15



¢ Hexahedron:

) 'yl 0 0
prevt = o || #g ] 0 | 0<i<r+1,0<hk<r-1
0 0 ks
[ o0 ][ 0 ]
® 0 | o @igiEk |, 0 . di=r+2,0<j,k<r
o [ o | [ &
—iiyrék- [ 0 ) [ O T
® 0 N L 0 , 0<i<r+1, 0<k<r-1
0 0 T
[ gk 1] o ][ 0]
® 0 N L 0 , 0<i<r+1, O0<k<r-1
o | [ o ]| &ge
—i_’l‘+1/\’l‘2’r
@ jjTgT%léT‘
_‘%’rgré’r‘+1

* Triangular prism:

=

p;f—oz>t - [f)T?Pt \ {(ﬁ7(;&’g) 73’”)2 x {0} } @ﬁr‘—1(£7g) zr

O

* Pyramid:

Ds—opt _ popt
ps-ort - pe

Proof. 'We make the proof only for the hexahedron. For - = 1, it suffices to examine the 21 monomials of E, and the
19 monomials of F7\{1} to check that P;""*" * satisfies the appropriate conditions, and is minimal since its dimension
is equal to 40. For r > 1, since div F,, = F)._1, the condition

div P5=oPt 5 F,

is equivalent to
div P7°P' 5 F\F,_y.

This last condition is much more interesting, since it will not overlap with the condition
P, o E,.
Therefore, a minimal space will have the following form:
port = FLe G,
with

div Gy = B\ L.

16



We see here that G, cannot be uniquely determined by this relation, an infinite number of spaces will satisfy this
relation. That’s why the optimal space P ~°P! js not unique. In order to choose a space, we have applied the following

rule:

[ aitlpdsk ]

9’z
p= 0 , ifi>7,k,
- 0 p
C 0]
p=| &R |, ifj> ik,
L 0 4
C 0]
p = 0 , ifk>1,j,
i jigjélﬁl ]
r jiﬂgjék h
divp = ad'g/zb = { p=| 29"k |, ifi=j>k,
L 0 4
i ij,+1yj2k h
p= 0 ,ifi=k>j,
i i,igjélﬁl ]
C o]
p=| &gk |, ifj=k>,
i ji@jélﬁl ]
- 2”1@3'21@ h
p=| @9t |, ifi=j=k
figd gkl

By selecting this rule, the obtained optimal space keeps all the symmetries in X, y, z. We have:
EN\F._| = {xryrzz, BT, AT, i< - 1}
e{irw‘ r}®{xr+1w , jjzyrurl , i,zg'gﬂurl i,jS’f‘}.
With our rule, we obtain:

Ar+1gr27, 7

‘5" 0

z Hy
Gr — i_ryr+121 , 0 , jzgr+12r , i<r-1
0 i,’l“g’bé; i,ZyATZAT+1
i,’!' :l) Ar+2 Az A_] 0 0
o{| &"gtism o | atgrrzd 0 ;o Ljsr
T 0 0 Bl e
Since we have . L
i‘T‘+ grél ij‘+ grél
j:rgr-#léz € Gr and —.’i‘ :g7 +1 A1 € E'm
0 0

we obtain by summation (2"1472%,0,0) € P°P', and symmetric monomials in g, Z. By merging all the other mono-
mials of G, and E,., we obtain the clalmed expression of Ps opt, O

Remark 2. Since the divergence of two different spaces can be the same, the super-optimal spaces are not unique, an
infinity of super optimal spaces with a minimal dimension do exist. We have given here a set of super-optimal spaces.
In the numerical experiments the basis functions chosen for the hexahedron (detailed in Proposition 2) will not span
the proposed space, but an equivalent one of the same dimension.

17



Remark 3. The dimension of the super-optimal spaces is equal to
Tetrahedron: dim P*~°P' = dim P°P*  Hexahedron: dim P*~°P' = dim P°P* — (5 + 3r)
Pyramids: dim P*~°" = dim P"" Triangular prisms: dim P>~°P" = dim P°"" — (2 + 1)
The dimension of optimal finite element spaces is very close to the dimension of super-optimal finite element

spaces. Therefore, since the optimal spaces do not include any linked function and has an attractive tensorized
structure, these spaces seem more suitable for the numerical computations.

2.4. Restriction of Normal Traces on the Faces

To ensure the compatibility between elements, it is essential that the restriction of normal components of the
functions span the same space on triangular and quadrilateral faces. A simple computation provides the following
theorem:

Theorem 5. The normal traces are equal to:

For the optimal finite element spaces If’fp t For the super-optimal finite element spaces If’f opt
Q- (z,y) for quadrilateral faces Qv r(z,y)\ {2"y"} for quadrilateral faces
P,_1(x,y) for triangular faces P,_1(x,y) for triangular faces

Proof. The proof is completed by computing for each monomial p of ]5,?” * the quantity p - n on each face of the
element, where n is the normale. O

3. De Rham Diagram

The stability for H(curl) and H(div) conforming elements comes from the exact sequence of De Rham diagram
(see Monk (15)) which is directly linked to Helmholtz decomposition

grad curl div

H' %5 H(ewrl) =5 H(div) — L?

U U U U Q)

wdiv 4 2

T

grad

1 curl
WY e

T

where W1, Weur! W and W2 are the spaces of order r discretizing respectively H* (), H (curl,Q), H(div,Q)
and L2(Q) (see Demkowicz (16)). The approximation spaces must then verify

Im grad W}',, = Ker W = {ue weert| curlu = 0}
Im curl W™ = Ker W = {ue W divu = 0} (6)
Im div W = Ker W2 = W2

for the four types of elements. (17) proposed a formalism to construct tetrahedra, hexahedra and triangular prisms
respecting the De Rham diagram. For the pyramids, (12; 13) and Zaglamayr cited in (16) have constructed approxi-
mation spaces or ordre r respecting the exact sequence.

We now check that the approximation spaces constructed in this paper and in (1; 2) respect the sequence (6).

Theorem 6. For any order r, the following sequence is exact
Im grad P,Hl = Ker pH(curd) _ {ue PHED |yl = 0} (7
Im curl PE(CurD) = gop pH(div) _ {ue PHER) ) iy = 0} 8)

18



Im div PH() = ger PL* = pF° ©)
with the following spaces

P.(Z,4, %) for the tetrahedron
Qv r.r (2,9, 2) for the hexahedron

pr
" W, (&, 9, 2) for the prism
B, (%, 9, 2) for the pyramid
R, (&,7, 2) for the tetrahedron
AH( l) Qr—l,r+1,r+1(‘%vgv'2) X Qr+1,r71,r+1(§77g72) X @T+1,r+1,r—1(§7,ga'2)f0r the hexahedron
curT,
P (Rr(2,9) @ Pri1(2)) x (Prs1(2,9) ® Pr_1(2)) for the triangular prism
B, (&,9, 2) for the pyramid
PH(div) _ ps—opt
P,._1(&, 9, 2) for the tetrahedron
Qrirr(2,9,2) @ 2™ Qi (9,2) @ 47 Qrr (2, 2) @ 27 Q. (2, ) ® for the hexahedron
A2
P, =\ W, .(2,9,2) ®P._y(2,9) 2 for the prism
'y’ 0<i,j<k+
{(1 5yt , A <her- } for the pyramid

Proof. The proof is completed for the hexahedron. Let us take a function u in Q,.,.,., obviously its gradient will
belong t0 Q1 X Qp r_1,r X Q- _1, Which is the space PH(url) Therefore we have the inclusion

Im grad Pﬁl c Ker pH(eurd,

Let us now take a function v in P (¢*") uch that curl u = 0. Because of polynomial identification, it is equivalent
to consider a function of the following form:

u = Bl.gz ) OS’L.yj,7k,,S’]"—]_,OS’L.,,’L'”,j7j”7k,kI§’I’+]_7 a?ﬁ?WER'

” 4 -! 4
7]// IZ y] '~1 k _ 6kl 7 yj Zk -1
- _ ~i~g k-1 NN S N PN
Vxu = akz'y’z -y 2 Ty 2
B’L Al 1 k _ Oéji‘z:ljj_lé’k

Let us consider the case where 3’3", 7, 5", k, k' > 1, then o, 3, # 0 otherwise u would be identically null. We obtain
the following conditions in order to satisfy curl u = 0:

i =i+
=4 = ]+1
=k =

i’
="
=K k' +1



with 1 < a,b,c <rsince 0<i,5', k" <r—-1. a, 3,7 are solution of the linear system:

yb-pBc =0
ac—va =0
Ba-ab =0

The rank of this system is equal to 2, a non-trivial solution is equal to

(@, 8,7) = (a,b,0).

Hence, we have obtained:

2l = v@gte).

1
Since 1 < a,b,c < r, 2°9°2° € PP . Other conditions on 7,i",j, 5", k, k' lead to the same kind of result, with
0 < a,b,c <r. Therefore we have proved that

Ker P c Im grad PTHI.

Since we have the two inclusions, these two spaces are equal. Let us now study the H (div) space, another way to
write the space for the hexahedron is the following one:

R 0 0
PH(div) 0 ~j~isk 0 0<i< . .
. | gzt |, 0 [L0<i<r+1,0<,k<r, j+k#2r
0 0 gkt
B 0 0
® 0 | oaigrtisk |, 0 ,0<jk<r
0 0 Gl gk a2
[ JA:T+1:QT‘Z§T' h
® ‘%TQTJrléT
L%TQT2T+1

The two last groups have clearly no intersection with Ker dzv, it is not possible to construct a function w as a combi-
nation of the basis functions of the two last groups and ensure div u = 0. Therefore, we will restrict our interest to
the first group. For this first group, the condition is that j, k are lower than r but cannot be both equal to . Let us
consider u in PfI (curl) " we have already computed the curl of such a representative function.The z-component of the

curl is equal to
NN

y " & R pE aT g A
The first polynomial is such that:
deg® = i"<r+1, deggy =j"-1<r, degy = k" <r-1
and the second polynomial

degd =i <r+1, degg =5 <r-1, deg? =k -1<nr

These polynomial are indeed belonging to PTH (div) " since the degrees in y and z cannot be both equal to r. Similar
observations on y and z-components of the curl lead us to the following inclusion

Im curl PHED ¢ Ker pH(div),

20



As for H(curl), we take a function u of the form:
T
w=| 'l K |, 0<i, K" <r+1,0< (k) (', k), (i",j") < r, but not both equal tor, v, 3,7 € R.

’ ”

’yj:i” g]l Z
The divergence of u is equal to:

i nd o~ . /\4’/\4,— ~ ’ /\J,/\"’/\ ,I_
divu = ai 2 L9IEF + B et gl AR 4 ka0 2R L

Let us consider that 4,5, k" > 1, then we obtain
a-1=i'=i"=i-1
b-1=5=45"=4"-1
c-1=k=kK=kK-1

u is equal to

Oéfia gb*l 2(;71

u = Bii,afl gb 2671
’yii’a71 ,gbfl 26

with the condition
aa+Bb+vye =0

A set of non-trivial solutions is equal to

o b c
B l=1]-a]|,or 0 |, or c
y 0 —-a -b

Only two functions among these three are needed to generate all the solutions. Let us consider the first non-trivial
solution, u is then equal to:
bj:a @b—l 2(:—1

0
w=| —az® Pzt | = curl 0
b A

0 a/,\:a:g c-1
If u belongs to the first group of PfI (dv) " we have the following conditions
a,b,c<r+1.

Howeverif ¢ = r+ 1, we have a,b < r, since a —1,c— 1 or a — 1,b — 1 can not be both equal to r. But in that case,
we are writing u as the curl of the following function

bi® @b_l 20—1 _ai,a—lybéc—l
—a(fja_l @b 20—1 = curl —b.’f,‘a:l)b_lﬁc_l
0 0

This last function belongs to P (curl) gince a,b < r. The two other sets of (e, B,7) can be treated in a symmetric
manner.
Eventually, we have proved the inclusion

Ker PTH(d“’) c Im curl PTH(C“”)
Since we have the two inclusions, these two spaces are equal. O
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Remark 4. It should be noticed that the sequence is exact for super-optimal spaces P,,H (div) Pf_ol’t. This
exactness does not hold if we use optimal spaces Pf{ (div) _ PP In that last case, we have only inclusions and not
equalities. We have observed that:

* Hexahedron: R
dim Ker P°P* = dim Im curl PH(™D 1 (3r + 5)

e Triangular prism: R
dim Ker PPt = dim Im curl PH™D 4 (1 4+ 2)

Therefore the additional functions of the optimal spaces (compared to super-optimal spaces) are only contributing to
the kernel of the divergence.

4. Numerical Integration

The stiffness matrix of the variational formulation (2) reads (when p = 1)
Kij = f div p; divip; dz = 3 f divg; divy; de
Q © JK

where )
fK div g; divep; da = fK ﬁcﬁv &, divep; da.

1 - . N .
Because of the presence of m, this integral can not be computed exactly by using numerical integration based on
Gauss points. This issue is also present for the mass matrix, since

1
ooid =f — _DF*DFg,;- ¢, du.
fK‘p vit = )i IDP| vipy o

However, one can expect as for continuous elements (see (1)) that the use of numerical integration does not deteriorate
the order of convergence.

The main ingredients of the numerical integration consists of Gauss and Gauss-Jacobi rules, which are quadrature
formulas exact for respectively Po,..1 () and (1-z)* (1+ :c)ﬁ Po,11(x), where we take o = 1, 8 = 0. In the sequel,
we will not specify if the Gauss formulas are adapted to the interval [0, 1] or to the interval [-1, 1], the interval for
each coordinate will depend on the reference element K. We also use symmetric rules adapted for the integration over
the unit triangle and unit tetrahedron (see (18) for a brief review of these formulas).

Conjecture 1. The error of convergence ||[u — up|| r(4iv,0) of the exact solution u of (1) toward the solution uy, of the

discrete variational formulation (4) with optimal finite element spaces Pﬁpt(f( ) is in O(h") when the integrals are

computed numerically on each element K with the following rules:
e Tetrahedron: A quadrature rule (w!, LYY exact for the integration of Pa, (K)

* Hexahedron: A quadrature rule (Wi, ky ks> Eky ks ks ) €Xact for the integration of Qa5 (K), with Gauss points:
G G, G G +G (G
Wky ko ks = Wiy Wi, Wigs ki ko ks = (gklvgkz»gkg)v 0< ki ko, k3 <r+2
with r + 3 Gauss points (o.;,?1 , 5,5'1)

* Prism: A quadrature rule (Wi, k., &k, ks ) exact for the integration of Po,12 (&, §) xPayi5(2), with the following
tensor structure:

_ tri, G _ tri +G
Wky,ks = Wy Wiy §k1,k3 = (gkl 7§k3)
with r + 3 Gauss points (w,i , f,i) and a quadrature rule adapted to triangles (wj,", £/"")
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» Pyramid: A quadrature rule (Wi, ks ks, Eky ko ks ) €Xxact for the integration of (1 — Z) Qor43(Z, §, Z) with the
following tensor structure:

Gy, G, G, GJ G\ (G G\ G GJ
Wky ko ks = (1 _é-k)g)wkl Wy Wy » &ﬁ,kz,ks = ((1 _fk,‘g)gk}l’ (1 _§k3)£k2a€k3 )
; . G (G S GJ GJ X - .
with  + 2 Gauss points (wy,, &y, ) and Gauss-Jacobi points (wy.”, &) exact for the integration of (1 -

z ) Pari3 (Z )
Remark 5. Unlike the other elements, the quadrature rule used for the pyramid is actually not exact when the element

is affine (DF being constant) because the divergence of I:’fpt contains the singular function

. To get an exact
integration for affine pyramids, Gauss quadrature rules should be preferred to Gauss-Jacobi rules:

G G G G G\ G G\ ¢G (G
Wky,ka ks = (1—§k3)2wk1 Wy Wiy ki ko ks = ((1—§k3)§k17(1—§k3)§k275k3)~

However with the quadrature rules using Gauss-Jacobi, we obtain numerically the expected order of convergence
; , Lo . . GJ2 +GJ2
whereas we obtain a non-consistent method for any order of approximation when using Gauss-Jacobi rules (w € ks )

ks
exact for the integration of (1 - 2)*Pa,.,3(2), that is the following quadrature rules:

G, K6 G GJz2 _ G G G G GJ,2
Wk ko ,ks = Wy Wi, wks ’ gkl’k&’k?» - ((1 - §k3) €k17 (1 - 5]@3) 51@275]@3 )

This is a specificity of H(div) space, since such a rule works very well for H*(Q) (see (1)) and H (curl, ) (quadra-
ture formula used to obtain the results in (2)).

5. First Family

Finite element spaces of Nedelec’s first family are denoted prl and equal (see (15)) to

¢ Tetrahedron:

* Hexahedron: .
Prl = Qr,r—l,r—l(iv gv 2) x Qr—l,r,r—l(iJJa é) x Qr—l,r—l,r(ja 237 7:')

* Triangular prism: .
Pl = D(2,9)Pr-1(2) x Proa(2,9) Pr(2)

¢ Pyramid:

P' = B, (&,9,2)

T

~n+l ~m

AT 0
71 _ 2\m+1l ~m sn+l
@ (1_'8) 1 23} % <m<n<r-1
_Zm
0 0
x 0
sm sn+l > sn+l ~m 9
lahea| o |o g | g | e
—3)m —3)m _3
-1 -1
s
® W Yy , 0<d,j<r-1
— 3)itj-r —
(1-2)
-1
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There is no agreement about the finite element space for pyramids, the proposed space is a slight modification of the
optimal space such that the degrees of functions involved in Pr1 are lower or equal to r.

Remark 6. The normal traces of classical finite element spaces I:’Tl are equal to
Qr-1,r-1(,y) for quadrilateral faces ,

P,_1(x,y) for triangular faces .

We remark that the spaces }5,} 41 and }5: P! have the same number of degrees of freedom on quadrilateral faces, therefore
these two spaces will be often compared in the numerical results.

6. Hierarchical Functions

We present here simple hierarchical basis for optimal finite element spaces prt by using Jacobi polynomials

Pf‘f , but other choices could be considered.

Proposition 2. The following basis functions are an hierarchical basis H(div) conforming of prt

e Hexahedron:

HIERARCHICAL H(DIV) FUNCTIONS FOR THE CUBE

Additional conditions and functions to get a hierarchical base of P,,‘.s'*‘””6 are indicated in red.

For the faces:

[ 2P°(29-1) P02 -1) 1 [ (1-2)P)°(29-1) P)°(22-1) ]
0 , 0 , 0<e,5<r,i+7#2r

L 0 Il 0 |

_ 0 . 0 -
§P0(2e-1) P02z -1) |, (1-9) P28 -1)P)0(22-1) |, 0<ij<r, i+j=2r

L 0 1 1 0 )

- 0 . 0 -
0o 0 oo , 0o 0 0o , 0<i,j<r i+j#2r

| 2P (22-1) P (29-1) | | (1-2) P (22-1) P, (29-1) |

For the interior functions :

[ @(1-2) P e -1) P25 -1) PP0(22-1) ]
0 , 0<d,j,k<r, i=rorj+rork#r
0
0 -

N o\ pllon 0,0 /6 0,0 /65

y(lfy)Pi (2y71)Pj (2:1:71)P1C (22-1)
0

_ 0 .
0 , 0<id,j,k<r, i=rorj+trork#r

2(1-2) P22 -1) PYO (22 - 1) P20 (25 - 1)

i j k Y _

, 0<id,j,k<r, i=rorj+rork+r

Linked function
& (1-2) P26 - 1) P90(29 - 1) PO0(25 1)

§(1-9) Py (29 -1) PP (28 - 1) PP0(22 - 1)

£(1-2) Py (22-1) P20(22 - 1) P20(25 - 1)
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 Triangular prism:

HIERARCHICAL H(DIV) FUNCTIONS FOR THE PRISM

For the faces :

R 0
2 ) )
pl.O’O(LAJ)(1—g)ZPj.2’+1’°(2y—1) 0 |, 0<i+j<r-1
1-9 1-2
PO 22 1) (1— gy PEO(25 -1 g O<itj<r—1
I (1-9)"P; (29-1) 0 |, O0<i+j<r-
z
0,0 0,0 [ &
P28 -1) P)0(22-1) g61 , 0<ij<r

z
0,0 /05 0,055 . .
P; (2y71)Pj (22-1) g(/):|, 0<i,j<r

0,0 /05 0,055 . .
P; (2y71)Pj (22-1) - ], 0<i,j<r

For the interior functions :

&4 2@ -1) 0
Pl 9(-1) |, Pijx ] , Pk 0 ,
0 2(1-2)

2% s
with P ; , = P™° (—m - 1) (1-9) 2029 -1) P20 (22 - 1)
¥

1-

4,5, k>0, i+5<r—-1, k<r
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e Pyramid:

HIERARCHICAL H(DIV) FUNCTIONS FOR THE PYRAMID
Conditions to get a hierarchical base of ]5,} are indicated in blue.
For the faces :
}PQ,O( @ A) PQ’O( 9 A) (1-z)ymaz@d-1| g | o<ij<r
4" 1-2/ 7 1-2 1-2
- —33 b r -z
1-2 1-2
pL| —20-9-2 -9z |, .| 20+9-2) -4z
1-2 1-2
L Z ) L z
r—2(1-2-2) - 22 7 F2(l+2-2) - @2
1-2 1-2
P} i . P i
1-2 1-2
L z | § 2
with PL = 2 poo (T (1-2) PP 1022 _ 1) and P?, = L poo(_o_ (1-2)" p2+1.0(9z5 _ 1)
T J B8t \1-z2 g
i+j<r-1
For the interior functions :
[ -2
Pk -gZ , 4,5,k>20,4,j<r-1,k <r-1-max(4,j)
(1-2)2
- 2% .
1-2
P o 4,5,k>0,4,5<r-1,k <r—-1-maz(i,j)
Bik |l 1=2-97 |> k>0 i<r-1,j<r-2,k<r-1-maz(i,j)
L gz
r1-2-22 7
P 292 4,5,k>0,4,5<r-1,k <r—-1-maz(i,j)
ik 12 Y4, k20,i<r-2, j<r—1, k <r—1-maz(i,j)
L -z ]
with Py s = P00 (LA) P_o,o( Y A) (1 - zymae(ii-1 P]zmaac(i,j)+2,0(227 1)
e ¢ 1-2/ 7 1-2

The hierarchic base for the first family for pyramids is constructed by changing the bounds for the indices
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e Tetrahedron:

For the faces :

0,0
i

(-

For the interior functions :

i,J,k>0,1+j+k<r—-2

HIERARCHICAL H(DIV) FUNCTIONS FOR THE TETRAHEDRON

2z

0,0 2& Ni p2i+1,0 105 @
P! (Tjjf1)ufzyfgz (2:-1)| §-1
| z
_ [ 1-2

2 .

Pf*o(% - 1) (-2 P 002z-1)| -5
- =

27 o z
Pfﬁ(fﬁj-1)(1-zy;f”L°@5-1) g ]

z

i,j20,i+j<r—1

Tz
Pz‘,j,k 792 s Pi,j,k g
2(5-1)
2%
with Py, = PO0 [ ———
W4,k 1 1- Q _z

S 29 ) o
_ 1) (1=g-2) PJ-QHLO ( : v _ 1) (1-z2) PE(I+]+1)+1,0(22 1)
-z

“1) @iy PO - 1) [

7. Comparison between Elements

7.1. Pyramidal Elements

7.1.1. Theoretical Point of View
We have compared our finite element spaces

with the following spaces found in the literature. Below the remarks

about this comparison on a theoretical point of view:

1. For r = 1, the spaces proposed in (19), (14), (13) are the same, and almost coincide with the space FA’Tl. 15}
contains six degrees of freedom: if the interior degree of freedom is removed, and the basis function associated

with the quadrilateral face replaced by

< &

~(1-2)

we obtain the coincidence with the “classical” space of the literature.

The proposed space ]57} satisfies the following conditions:

]5} 5D, = optimal estimate for affine pyramids

5> P! = convergence in O(h"™*

r—1

]51

)) for non-affine pyramids

Degrees of basis functions in T, i/, Z is lower or equal tor = less expensive quadrature rules than for Pr‘)pt

Therefore, we think that this space is quite attractive to use in conjunction with finite element space of the first

kind for the other elements.

27



3. Basis functions proposed in (14) for 7 > 2 rely on the multiplication of first-order basis functions with polyno-
mials in Z, ¢, 2, but as we know, polynomials are not suitable for the pyramid. As a result, Graglia’s space G5
of second-order have the following properties:

G2 C ngt, but G2 ¢ onpt
G2 D ]D)Q
Gy 3 PP
Therefore, these functions should lead to a convergence in O(h2) for affine pyramids, and be non-consistent for
non-affine pyramids. Furthermore, as for H (curl) approximation, we have also found the presence of spurious
modes, mainly concentrated on the lower part of the spectrum.
4. Finite element space proposed in (12) N P, has the following properties:
NP, ¢ PPt
NP, >D,
NP, » PP,
This space should give an optimal convergence in O(h") for affine pyramids, but should be non-consistent for
non-affine pyramids. Furthermore the number of degrees of freedom becomes very large when 7 is high. In the
numerical comparisons, this space will be called the first Nigam Phillips space. The basis functions proposed in

the paper seem to be miswritten. The proposed representative function of a triangular function does not belong
to the space, a correct expression of this function (with the notations of the paper) is equal to

0
1 a b
m 2(1—y)$ z 5 a+b£]€_1.
_xazb+1

5. Finite element space proposed in (13) /N P, is a nice attempt to reduce the number of degrees of freedom of the
first space. This second space has the following properties

NP, c P}
NP, 5D,
NP, » PP,

Hence, we think that this space should give an optimal convergence in O(h") for affine pyramids, but should
be non-consistent for non-affine pyramids. It should be noticed that the dimension of this space is smaller than
the dimension of Prl. This space seems attractive in the case where the mesh contains only affine pyramids.

7.1.2. Dispersion Analysis
A dispersion analysis (see (1) for more details) is performed, it consists of computing the numerical pulsation wy,
for a given wave vector k. The value wj, found should be close to the continuous dispersion relation:

w = [|K][.
We call dispersion error the following ratio:

on = |Ikl]

dispersion error =
k]|
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Figure 2: Dispersion error for different pyramidal spaces on a pattern containing only affine (left) and non-affine (right) pyramids.

The wave vector k is a 3-D vector, the dispersion error depends on its orientation. For the sake of simplicity, we will
always take this vector in the direction of z-coordinates:

k
k=10
0

The dispersion analysis is performed on a periodic pattern, it is therefore equivalent to decrease k£ and take a mesh
size h = 1 or decrease h and take a wave vector k = 1. This is the last case that will be chosen, and the dispersion error
will be displayed versus the mesh size.

The dispersion analysis is performed for affine pyramids, by using a regular pattern (see Fig. 4) where each cube
is split into six pyramids. The dispersion error found for the different finite elements is represented in Fig. 2. It
is observed that Graglia’s basis functions provide a dispersion error in O(h2) (for r = 2), whereas other spaces are
providing a dispersion error in O(h*"). Nigam & Phillips spaces and P have almost the same dispersion error,
whereas the optimal finite space seems less dispersive.

The same analysis is conducted with a deformed pattern (see Fig. 4) containing both affine and non-affine pyra-
mids, in Fig. 2. It is observed that the classical first order functions, Graglia’s basis functions (for r = 2) and second
Nigam & Phllllps space are providing a dispersion error in O(1) (non-consistent), whereas first Nigam & Phillips
space and P give almost the same dispersion error in O(h27 2) and optimal elements are the less dispersive ele-
ments with a convergence in O(hzr). These assumptions have also been numerically checked for » = 3. It should be
noticed that the consistency error of second Nigam & Phillips space is much smaller when r = 2 than when r = 1,
and it decreases furthermore for high orders. Therefore, we think that this space is not h-convergent but probably
p-convergent for non-affine pyramids.

7.1.3. Convergence for the Source Problem

Next, the convergence in H (div) norm is studied for the source problem (1) with f a gaussian source (see solution
in Fig. 7). The H (div) error is computed versus the inverse of the cubic root of number of degrees of freedom (this
quantity is equivalent to the mesh size) for affine pyramids and non-affine pyramids (Fig. 3).

Because of the presence of spurious modes, the use of Graglia’s functions lead to a scheme which converge slowly
and erratically. It can be seen that optimal elements require less degrees of freedom to reach a given accuracy than
other elements (for r = 2).

7.2. Comparison between Hexahedral Elements
7.2.1. Dispersion Analysis
A dispersion analysis will be performed for three kind of hexahedral patterns
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—*—Graglia, r=2
—v——P&' r=2

— % Optimal, r=2

10

Irwerse of cubic root of the number of dofs Irwerse of cubic root of the rumber of dofs

Figure 3: Relative H (div) error for different pyramidal spaces for the source problem with only affine (left) and non-affine (right) pyramids.

1. A regular pattern made of a single cube

2. A deformed pattern made of 8 cubes, but the middle point has been moved. As a result the eight hexahedra are
non-affine.

3. A split pattern made of 24 hexahedra, obtained by considering a cube containing 6 tetrahedra, and by splitting
each tetrahedra into four hexahedra

These three patterns are displayed in the figure 4

Eqn -1 -0035 00862 0220 Ean: -094x 02y ~0262+036 £ 0

Figure 4: Patterns used to study the dispersion for hexahedral meshes. From left to right, the regular pattern, deformed pattern and split pattern.

The dispersion errors obtained for the regular pattern are displayed in Fig. 5. We observe that the dispersion error
is in O(h®") for Nedelec’s first family, in O(h*"**) for optimal and super-optimal finite elements. The dispersion for
optimal and super-optimal spaces is exactly the same in this case, that’s why we didn’t display the dispersion error for
super-optimal elements in the figure. The extra-power of convergence obtained for optimal elements (the dispersion
error was expected to be in O(h?"*?)) is quite attractive, it should be noted that first-order optimal elements are less
dispersive than third-order elements of the first kind.

The dispersion errors obtained for the deformed pattern and the split pattern are plotted in Fig. 6.

For the deformed pattern, the observed dispersion error is in O(h?"~2) for elements of the first kind, in O(h*")
for optimal and super-optimal finite elements. It should be noted that optimal elements are much less dispersive than
super-optimal elements for r = 1, whereas the difference is quite small for r = 2.

For the split pattern, the observed dispersion error is in O(h?"™*) for elements of the first kind, in O(h*") for
optimal and super-optimal finite elements. In that last case, optimal elements are less dispersive than super-optimal
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Figure 5: Dispersion error versus h/r for regular patterns (hexahedral mesh).
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Figure 6: Dispersion error versus h/r forthe deformed patterns (left) and the split patterns (right).
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elements for r = 1, and provide the same dispersion error for r = 2. It is interesting to see that the loss of two orders
by elements of the first kind does not appear for every non-affine mesh, since the deformed meshes exhibit a loss of
one order only.

7.2.2. Convergence for the source problem

The wave equation (1) is considered with f a gaussian source oriented along e,. The computation is performed
on the cube [-1, 1] with homogeneous Dirichlet condition - n = 0 on the boundary and w = 1.967. The solution
of this source problem is plotted in Fig. 7. The convergence in H (div) norm is displayed for a deformed pattern

0.5

-0.5

-0.5 0 0.5

-0.5 -0.5

Figure 7: Divergence of u for the source problem in a cube (the source being a gaussian).

and for a split pattern in Fig. 8. It is interesting to notice that for the split pattern, the first-order elements are not
converging at all, the error is greater than 90% and second-order elements seem to slowly converge, we think that
the convergence curve would probably stagnate for smaller values of h. In x-coordinates of those figures, the inverse
of the cubic root of dofs is considered (so that it is equivalent to a mesh size /), we can compare the results for a
same number of degrees of freedom. In both kinds of meshes, it appears that optimal elements require less degrees
of freedom than elements of the first kind. The number of needed degrees of freedom for third-order elements of the
first kind is more important than for first-order optimal elements. The difference between optimal and super-optimal
elements is of relative importance for first-order approximation, and negligible for higher orders.
The wave equation is then solved for an incident wave field, and with a dielectric sphere of radius 2:

1 _ | 2inside the sphere
P=2% =1 1outside the sphere

The boundary X is the border of the cube [-3,3]. The solution of this problem is plotted in Fig. 9. The meshes
considered here are fully hybrid, and contain mostly hexahedra, and a small part of tetrahedra, pyramids and prisms,
an example of mesh is represented in figure 10. On this test case, we have searched the needed mesh in order to
obtain a H (div) relative error equal to 1%. Curved elements are used in order to obtain a good approximation of the
geometry. The results are summarized in Tab. 1. The tables are set such that we can directly compare the spaces I:’fpt
and ]57,1+1. It can be observed that optimal elements require less degrees of freedom than classical elements, especially
for low orders.
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Figure 8: Numerical error in H (div) norm versus the cubic root of number of degrees of freedom for the gaussian source in the cube. Meshes
obtained with a deformed pattern (top) and with a split pattern (bottom).
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Figure 9: Divergence of u of diffracted field (real part) for the sphere.
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Figure 10: Hybrid mesh used for the sphere

Table 1: Stats of meshes needed to obtain a H (div) relative error approximatively equal to 1% for the sphere. On top, elements of the first kind,
on bottom optimal elements.

Order 2 3 4 5
Number of dofs | 5604 255 1567977 528896 444515
H (div) error 1.34 % 0.855% 1.04% 093%

Order 1 2 3 4
Number of dofs | 1 182438 877 665 435488 471 695
H (div) error 1.22 % 0497% 072% 027 %
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