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The present paper concerns Poiseuille-Rayleigh-Bénard mixed convection flows in
horizontal rectangular air-filled channels of large spanwise aspect ratio (W/H > 10)
and it focuses on the primary and secondary thermoconvective instabilities made of
steady longitudinal and unsteady wavy rolls for 100 < Re < 200, 3000 < Ra < 15
000, Pr = 0.7, and W/H = 10. Time linear stability analysis of longitudinal rolls and
3D nonlinear numerical simulations using a specially tailored finite difference code is
performed for this purpose. A bibliographical review, linear stability analysis and 3D
numerical simulations allow establishing the full stability diagram for Re < 300 and
Ra <20 000. The linear stability analysis indicates that the critical Rayleigh number
Ra~*(Re) of the neutral curve between longitudinal and wavy rolls for W/H = 10 is
increased at least by a factor of 1.5 in comparison with infinite W/H. The numerical
study shows that the usual definitions of growth lengths for longitudinal rolls are
inappropriate and it explains the discrepancies observed on wall Nusselt numbers
in the literature between experimental and numerical results for the fully developed
longitudinal rolls: Nusselt number decreasing at Ra > 8000 is due to spanwise 0s-
cillations of thermoconvective rolls that favor a bulk temperature homogenization.
Because they are a convective instability, wavy rolls and their space and time devel-
opment are studied numerically by maintaining at channel inlet, a permanent random
excitation: it is designed to cover all the modes and allows detecting the wavy roll
modes that are naturally amplified by the flow and those that are damped. Wavy roll
patterns are characterized with respect to its three control parameters: Re, the relative
distance ¢ to the critical Rayleigh number Ra~*, and the excitation magnitude Acx.
The growth length of the wavy rolls is shown to correlate with ¢ %72 and Log(Aexc).
The frequency, wave number, and phase velocity of the most amplified mode, the
wall averaged Nusselt number and the spanwise displacements of the wavy rolls are
independent of A in the fully developed zone, but depend a lot on ¢ for ¢ < 2
and nearly stabilize for ¢ > 2 (i.e., Ra > 3Ra~*). Correlation laws as a function of
Re, &, and A, are proposed for most of the exploited quantities. Numerical sim-
ulations performed are in a good agreement with experimental results on the wavy
rolls obtained by Pabiou et al. [“Wavy secondary instability of longitudinal rolls in
Rayleigh-Bénard-Poiseuille flows,” J. Fluid Mech. 542, 175 (2005)]. Finally, wavy
roll characteristics are shown to be potentially interesting to better homogenize the
vapor depositions in the horizontal rectangular chemical vapor deposition reactors
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used to make thin coatings on heated substrates from gaseous components. © 2012
American Institute of Physics. [http://dx.doi.org/10.1063/1.4737652]

. INTRODUCTION

Poiseuille-Rayleigh-Bénard (PRB) flows are Rayleigh-Bénard convection with a superimposed
Poiseuille flow between two horizontal infinite parallel plates or in a horizontal channel of constant
rectangular cross section, heated from below and cooled from above. These mixed convection
flows have been intensively studied during the last 30 years because they have both practical and
fundamental interests. For an exhaustive bibliographical review of the researches on PRB flows
before 2002, one can refer to Ref. 1. Here and in Sec. II, we only present main papers on the subject
and more recent ones.

As far as industrial applications are concerned, PRB flows are representative of gaseous flows
in rectangular chemical vapor deposition (CVD) reactors® used to make thin solid films or coatings
on flat substrates from gaseous precursors. In these reactors, thermoconvective instabilities of the
gaseous flow may condition the mass transfer from the gaseous reactive species towards the substrate
and the thickness of the solid films deposited on it. For a recent review on this subject and more
particularly on PRB flows in atmospheric pressure CVD reactors, one may refer to Ref. 3. The heat
transfer increase associated with different thermoconvective patterns of the PRB configuration has
also been investigated in the context of the air cooling of electronic circuit board packages.* In this
case, the heating is generally made of several discrete heat sources placed on the bottom and/or top
plates of the channel.

From a more fundamental point of view, PRB flows are a very interesting configuration be-
cause numerous thermoconvective instabilities can develop and because they can be convective or
absolute,”~ depending on the four dimensionless parameters that control the flow: namely, Reynolds,
Rayleigh and Prandtl numbers (Ra, Re, Pr), and channel spanwise aspect ratio (B = W/H). We re-
mind that a basic flow is called “linearly stable” if an infinitesimal and localized perturbation damps
both in space and time. It is “absolutely unstable” if this perturbation grows both in space and time,
until reaching saturation and a new state. Finally, it is “convectively unstable” if this perturbation
grows with time but decreases locally due to its transport by the mean flow. As a consequence, when
a basic flow is convectively unstable, a single perturbation does not allow a transition towards a new
state but, if this basic flow is permanently excited, this transition is possible. Note that the use and
the meaning of “convective (or absolute) instability” and “convectively (or absolutely) unstable”
are delicate. The appropriate use is to say that a basic state is convectively (or absolutely) unstable
towards a new state and, as a consequence, this new state is a convective (or absolute) instability of
the basic state. Thus, for instance, we are going to see that the longitudinal rolls of PRB flows are
convectively unstable towards the wavy rolls and the wavy rolls are a convective instability of the
longitudinal rolls.

The various thermoconvective instabilities of PRB flows are referred to as transverse (L),
longitudinal (//), mixed transverse and longitudinal (mix), wavy (=), oscillating (osc), varicose,
irregular, or chaotic thermoconvective rolls. Note that the notations in brackets introduced here are
used in the figures to designate the different thermoconvective instabilities. For instance, L or R
means transverse rolls, // or R, means longitudinal rolls, and ~ or R~ means wavy rolls. As the
stability analysis of each pattern is disseminated in the literature, an overall stability diagram of PRB
flows in the Re-Ra plane, at Pr = 0.7 and for channels of large spanwise aspect ratios (for B > 10), is
presented first in this paper (in Sec. II). This diagram is built from the theoretical and experimental
literature results and also using the linear stability results of the present study. Indeed, in Sec. IV,
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Clever and Busse’s time linear stability analysis'® of PRB longitudinal rolls between two infinite
plates (B — o0) is extended to the case of air flows in confined channels for B = 10 and 70 < Re <
300. This analysis provides the critical Rayleigh number, Ra~*(Re), between the stable longitudinal
rolls and their convective instability made of wavy rolls, as well as the critical streamwise wave
number, ky*, and critical frequency, f*.

The main objective of the paper, presented in Sec. V, is to characterize the nonlinear spatiotem-
poral behavior of the wavy instability of PRB flows, which is still very badly known, because it
has been understood only recently that it is a convective instability of longitudinal rolls.*>° As a
consequence, wavy rolls can only be observed in an experimental channel in which longitudinal
rolls are permanently excited, by mechanical or thermal devices for instance, and the typical features
of the wavy rolls directly depend on the excitation type. In this paper, wavy convective instability
is characterized using three-dimensional (3D) direct numerical simulations and random excitations
at channel inlet. Prandtl number is fixed at Pr = 0.7 and channel spanwise aspect ratio at B = 10 in
order to make comparisons with the experiments of Pabiou et al.’ The simulated ranges of Reynolds
and Rayleigh numbers are 100 < Re < 200 and 4500 < Ra < 15 000.

Since longitudinal rolls must be computed to study their destabilization towards wavy roll pat-
tern, their nonlinear behavior is also analyzed for the same parameter ranges. This is interesting
because longitudinal roll analyses in the literature are generally carried out for Re < 100 and
Ra < 10 000, i.e., for smaller Re and Ra ranges compared to the present ones. Further-
more, it is discovered that the usually used definitions to determine the growth lengths of lon-
gitudinal rolls are shorter than what should be called the appearance length of fully devel-
oped longitudinal rolls. A revised definition of the growth length is proposed in Sec. V C.
We also explain the discrepancy, on wall averaged Nusselt number between the experimental
and numerical results, observed at high Rayleigh number in fully developed “longitudinal roll”
flows.

The determination of the most influencing perturbations on the downstream evolution of con-
vected fields is a general problem as soon as convective instabilities are concerned. For instance,
the influence of an external forcing coming from the channel inlet boundary condition, compared
to that of an internal bulk thermal forcing, has been theoretically studied in Refs. 11 and 12. In
the present paper, we only consider perturbations introduced at channel inlet because they are a
priori the most amplified in a channel of finite length. Thus, in a channel of fixed spanwise aspect
ratio B and for a given fluid (Pr fixed), wavy roll characteristics should still depend on four pa-
rameters: Ra, Re, the forcing frequency, fexc, and the forcing magnitude, Aex.. In order to reduce
parameter number, instead of using a harmonic excitation like in Ref. 9, a random excitation (an
uncorrelated white noise) is imposed at channel inlet. This excitation type has the advantage to
only depend on one parameter, its magnitude A.xc, and to cover all the excitation frequencies. That
allows detecting the modes that are naturally amplified by the flow and those that are damped.
The linear and nonlinear characteristics of wavy rolls will be compared first between themselves
and then to the experimental results of Ref. 9 and numerical and theoretical studies®!>!* of the
literature.

The outline of the paper is the following. A bibliographical review on the full stability diagram
of PRB flows at Pr = 0.7, 0 < Re < 300, and 0 < Ra < 20 000, in large spanwise aspect ratio
channels (for B > 10), is presented in Sec. II. The mathematical model for the nonlinear numer-
ical analysis of PRB flows, including geometry, equations, and boundary conditions, is given in
Sec. III. The results of the time linear stability analysis of longitudinal rolls vis-a-vis wavy rolls at
Pr=0.71 and B = 10 are analyzed in Sec. IV. Section V concerns nonlinear numerical simulations
of longitudinal and wavy rolls: numerical methods used and their validations are presented in
Sec. V A; numerical simulations performed (flow and excitation parameters investigated) and
simulation methodology are described in Sec. V B; longitudinal rolls are analyzed in Sec. V C;
wavy rolls in Sec. V D (influence of excitation amplitude), and Sec. V E (influence of Re and
Ra (or ¢)). A possible application of wavy roll flows to make more uniform films and coatings
in rectangular CVD reactors is discussed in Sec. VI. Conclusions and perspectives are given in
Sec. VIL
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FIG. 1. Stability diagram of the thermoconvective patterns of PRB flows at Pr = 0.7 and B > 10, built from the
experimental,'®?! numerical,”® and linear stability,®”-!%-1° results and the present linear stability and numerical results.
Bold lines are for theoretical results, open symbols for experimental results, and solid symbols for the present results. The
critical Rayleigh numbers Ra,* and Ra,“/* indicate a time linear instability threshold and a convective/absolute instability
threshold, respectively, towards the instability described by the subscript symbol “?”. R | = transverse rolls; R, = longitudinal
rolls; Rpix = mixed transverse and longitudinal rolls; R~ = wavy rolls; Ry = oscillating rolls; CI = convective instability;
Al = absolute instability.

Il. BIBLIOGRAPHICAL REVIEW ON THE STABILITY DIAGRAM OF AIR PRB FLOWS
IN LARGE ASPECT RATIO CHANNELS

The stability diagram in the (Re, Ra) plane of PRB flows at Pr = 0.7 and B > 10 or
B — oo is presented in Fig. 1. In this figure and for all the literature results presented in this
paper, the Reynolds number is based on the channel height H and the averaged velocity of Poiseuille
flow and the Rayleigh number is based on H and the temperature difference between the channel
horizontal walls. We focus on flows at Pr = 0.7 and large B values because most theoretical results
are obtained for B — oo and because the available experiments® for comparison are carried out with
air and B = 10. Furthermore, the critical thresholds between two flow patterns are very sensitive
to B values when B is small (for about B < 8), while the B influence becomes negligible when B
is large (see Ref. 15 for the longitudinal roll flows). The stability diagram of Fig. 1 and the main
References 5-9 that identified the convective or absolute nature of the primary and secondary
instabilities are progressively commented on below.

Whatever Pr, a basic Poiseuille flow with a linear temperature profile is observed for Ra < 1708
when B — oo and for Ra < 1728.83 when B = 10.'° For slightly higher Rayleigh numbers, the
primary instabilities develop: transverse rolls are observed when Re is small and B is finite, and
longitudinal rolls appear when Re is higher.!” Sometimes mixed rolls, superposition of transverse
and longitudinal rolls, are present at intermediate Re values (see Fig. 1 and discussion below). It
is well known that the time linear instability threshold, Ra; *(Re), between basic Poiseuille flow
and transverse rolls is an increasing function of Re (see the double dotted dashed orange line on
Fig. 1) and corresponds to a convective instability.>® -8 In practical terms, transverse rolls cannot
appear just above this threshold, except if the basic Poiseuille flow is submitted to a permanent
mechanical or thermal excitation. Without external excitations transverse rolls can appear only
above the convective/absolute instability threshold, Ra; 2, between the convectively and absolutely
unstable Poiseuille flow (see the continuous orange line on Fig. 1). This critical threshold was
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first determined by Miiller et al.>° using both a 1D Ginzburg-Landau model and 2D numerical
simulations. By studying the long time behavior of the Green function, Carriére and Monkewitz’
confirmed that a transition from a convective to an absolute transverse instability occurs. They
computed the curve Ra % for B — 00. As shown in Fig. 1, this theoretical critical curve (in orange)
is in good agreement with three experimental curves (in blue with open symbols) depicting the
transition between the transverse and longitudinal rolls for B = 19.5 (Ref. 19) and between the
mixed and longitudinal rolls for B = 10 and 12.%%2! These experimental curves also confirm that the
larger B is, the smaller must be Re, to observe transverse or mixed rolls.'” In other words, the less
there is spanwise confinement, the larger the Reynolds number range in which longitudinal rolls are
observed is. At the limit, when B — oo, Carriere and Monkewitz’ show that the longitudinal rolls
are always the most amplified mode and result from a convective instability of the basic Poiseuille
flow.

When B is enough small, a zone with transverse and longitudinal mixed rolls is observed in
experiments”>?! between the zones of fully developed transverse and longitudinal rolls (see the blue
dotted lines with open squares and triangles in Fig. 1). However, these mixed rolls would not be fully
developed patterns of PRB flows when B is large. Indeed, in Ref. 20, they are only observed near
the entrance of a channel which is too short to observe fully developed rolls downstream; the latter
should probably be longitudinal rolls. On the other hand, in the case of a narrow square channel (B
= 1), Kato and Fujimura®> show by a time linear stability study of longitudinal rolls at Pr = 0.71
that mixed rolls are a secondary instability of longitudinal rolls.

Clever and Busse'? have shown through a time linear stability analysis that wavy rolls are a
secondary instability of longitudinal rolls and are observed for Ra above and on the right of the
dashed red critical curve, Ra~*, in Fig. 1 (i.e., for about Ra > 2000 and Re > 60~100 at Pr = 0.7 and
B — 00). However, before the studies by Pabiou et al. ,%° the wavy rolls had never been observed
experimentally or numerically. An old experiment by Avsec®® is sometimes cited for the observation
of wavy rolls. However, since flow parameters are not given in Ref. 23, it is impossible to confirm if
the observed wavy patterns are wavy rolls. Furthermore, the photographs presented in Ref. 23 rather
seem to suggest oscillating and varicose rolls (see below) which would be more logical since, as
already mentioned, wavy rolls are a convective instability of the longitudinal rolls®® and can only
appear if longitudinal rolls are permanently excited. This is the reason why a thin oscillating rod,
generating harmonic mechanical excitations of controlled amplitude and frequency, had to be placed
at channel inlet to trigger and to maintain the wavy rolls in the experiments of Refs. 8§ and 9.

In a few experimental work about PRB flows in air or nitrogen,?!>*2* at low Reynolds number
(Re < O(30)) and high Rayleigh number (Ra > 8000 or Ra ~ O(10%)), the spontaneous appearance
of “oscillating,” “snaking,” or “unsteady irregular” rolls is briefly described. These rolls correspond
most probably to the skewed varicose or oscillating rolls of small streamwise wavelength iy (equal
to 2-2.5 times the channel height) described at Re < 70 in the linear stability study by Clever
and Busse'®?* (see the dotted dashed black line of Fig. 1). The oscillating traveling rolls are an
instability already present in Rayleigh-Bénard configuration (at Re = 0). However, in the case of
the PRB configuration at Pr = 0.7, their phase velocity is negative for Re < 20 (they travel in the
direction opposite to the mean velocity) and positive for Re > 20. The pattern considered in the
present study corresponds to the “wavy” rolls of long streamwise wavelength (of the order of 4-10
times the channel height) observed at high Reynolds number (for Re > 60-70 in Ref. 10).

Figure 1 shows varicose rolls for Re &~ 100 and Ra~2 x 10*. They are observed in 3D nonlinear
numerical simulations for B = 10 and B — oo, at Pr = 0.7 in Ref. 26. These rolls have small
wavelengths as the oscillating rolls have but, unlike them, they oscillate with antiphase instead of
oscillating in phase. Varicose rolls in air flows have also been observed experimentally in Refs. 23
and 27, numerically in Ref. 28, and by linear stability analysis in Ref. 22. However, in Refs. 22,27,
and 28, this pattern is observed for small spanwise aspect ratios and small Reynolds numbers: for B
=1, Re < 25, and Ra > 20 000 in Ref. 22, in which the varicose rolls are denoted by anti-symmetric
instability, and for 2 < B < 6, Re < 10-20, and 5000 < Ra < 20 000 in Refs. 27 and 28. But varicose
rolls are no longer observed when B > 8 in Refs. 27 and 28. In Ref. 26, for B > 10, irregular or
chaotic patterns are observed numerically at small Reynolds number (Re < 70) and high Rayleigh
number (Ra > 10*) (in the zone covered by the legend in Fig. 1). In this zone, PRB flows are very
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FIG. 2. Dimensionless geometry and thermal boundary conditions. The vertical lateral walls at y = 0 and B are adiabatic all
along the channel.

unstable and no clear pattern is observed because there is a competition between the parameters Ra,
Re, and B to organize the flow structure.

Globally, it can be noted that the stability diagram of Fig. 1 at B > 10 is qualitatively similar to
the stability diagram built through a linear stability analysis by Kato and Fujimura®’ for B = 1 and
Pr = 0.71. The main differences appear in the increase of the transition thresholds towards higher
Rayleigh numbers in Ref. 22 due to the stabilizing effect of the small spanwise aspect ratio used.
Both the primary transition between the basic Poiseuille flow and the transverse, longitudinal and
mixed rolls and the secondary transition towards the oscillating, wavy, or varicose rolls are affected
by this increase.

lll. PROBLEM DESCRIPTION AND MATHEMATICAL MODEL

The computational domain considered to simulate PRB flows is shown in Fig. 2. It is a horizontal
rectangular channel of height H, width W, and length L, heated from below. A fully developed
Poiseuille flow enters into the channel at cold temperature T, with an average velocity Upean. After
an adiabatic entrance zone of length L., the top wall is maintained at T, and the bottom wall is heated
at a higher temperature Ty,. The vertical lateral walls are adiabatic all along the channel. The origin
of the reference frame being placed at the beginning of the heated plate, the computational domain
is defined by (X, y, z) € [—A.e, A—Ac] x [0, B] x [0, 1] in dimensionless Cartesian coordinates,
where A = L/H and B = W/H are the streamwise and spanwise aspect ratios and A. = L./H is the
streamwise entrance aspect ratio.

Lengths, velocities, pressure, and time are made dimensionless using H, Upean, PUmean>, and
H/U yean, respectively, as reference quantities. Furthermore, 6 = (T-T.)/(Ty-T.) is the reduced tem-
perature. Note that the ratio Upeam/Umax Of the average and maximum Poiseuille velocities in a
channel of B = 10 is equal to 0.936 975."7 In the present study, we consider PRB flows of incom-
pressible Newtonian pure fluids, governed by the 3D Navier-Stokes equations under the Boussinesq
approximation. Thus the dimensionless equations for continuity, momentum, and energy write as
follows:

V=0, 1)
B V)= —Vpt vy R i @)
— +(V.V)V=— — VvV ,

ot P Re Re? Pr

30

— 4+V.VO = V20, 3
ot T RePr 3)

where v = (u, v, w) is the dimensionless velocity vector, K is the upward unit vector, and p is
the deviation of the mixture pressure from the hydrostatic pressure. Ra = gB(Th-To)H/(var),
Re = UpeanH/v, and Pr = v/a, where g, B, v, and o are the gravity acceleration, the thermal
expansion coefficient, the kinematic viscosity, and the thermal diffusivity, respectively.

The boundary conditions are

atx = —Ag, U = Upis(y, z), v=w = 0, orv = w = white noise (see Sec. VB and 0 = 0, 4)
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aty = 0 and B, v = 0 and 86/dy = 0, 5)
atz = 0 and l,forxe[—Ae,O],VzaandBG/az:O, 6)
atz=1, forx € [0, A-A,], V=0and 8 = 0, (7)
atz =0, forx € [0, A-A,], V=0and @ = 0, ®)
atx = A-A,, of /ot 4 df/ox =0 for f =u, v, w, and 6. )

In Eq. (4), at the inlet, upis(y, z) is an approximation of the Poiseuille profile in a rectangular
channel computed from a truncated analytical series as explained in Ref. 29. In Eq. (9), at the outlet,
the Orlanski-type boundary conditions are used. The conditions (4) and (9) at the two limits in x
direction and the adiabatic entrance length (6) are only used in the nonlinear simulations to study
the space and time development of the mixed convection rolls. In the time linear stability analysis,
a computational domain entirely heated from below and cooled from above and periodic boundary
conditions in the streamwise direction are used (see Ref. 16 for the mathematical model in this
case).

To analyze heat transfer associated with the mixed convection, local Nusselt numbers Nu(x; y;
z =0 or 1) are computed on the bottom and top plates as

H aT
(T, = T.) 0Z

99

Nu(x;y;z=0,1) = = —
Z=0,H 0z

(10)

z=0,1

The spanwise averaged Nusselt number Nu (x; z =0 or 1) and the averaged Nusselt number in
the fully developed region, Nug(z = 0, 1), are also used. They are defined as

B
— 1
Nu(x;z=0,1) = B / Nu(x;y;z = 0, 1)dy, (11)
y=0
x=A-A.
Nde(Z = O, 1) = m NU.(X;Z = 0, l)dX, (12)
x=LI

e

where L. " is a dimensionless length larger than the growth length of the mixed convection rolls
(longitudinal or wavy) that will be defined in Secs. V Cand V D. In the case of unsteady wavy roll
flows, Nusselt numbers (11)and (12) are in addition averaged in time over the whole third step of
the simulations (see Sec. V B) during which the wavy roll flows are fully established.

IV. LINEAR STABILITY ANALYSIS OF THE LONGITUDINAL ROLLS VIS-A-VIS
THE WAVY ROLLS

The methodology used to carry out linear stability of longitudinal rolls in confined PRB flows
is based on steady-state solving to compute base solutions, Arnoldi’s method to search the eigen-
values, continuation methods to precisely determine the critical points and time-stepping methods
to determine nonlinear behavior and bifurcation nature. All these methods have been detailed in
Ref. 16. In Ref. 16, time linear stability of longitudinal rolls submitted to three-dimensional
perturbations in a channel of finite spanwise extension was studied for a unique PRB flow at
Re = 200, B = 10, and Pr = 0.71. Three stable solution branches with 9, 10, or 11 longitudinal
rolls were discovered, all of them being unstable with respect to the wavy instabilities. Nonlinear
simulations have also shown that the corresponding Hopf bifurcations are supercritical and result in
9, 10, or 11 wavy rolls, respectively.

However, this result is biased because space development of the rolls is not taken into account
by the time linear analysis. When it is considered, in experiments or in numerical simulations, it
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TABLE I. Dimensionless parameters and wavy roll critical characteristics at linear threshold for B = 10 and Pr = 0.71.

Re Rax* £0.01 ky* 40.0001 f* +0.00002 c* = 2 f*/ky* £0.0003
70 4882.23 0.3864 0.69 176 1.1248
85 3522.09 0.7648 0.13 632 1.1 199
100 3199.87 0.8385 0.14 922 1.1 182
150 3198.90 0.8268 0.14 507 1.1 024
200 3414.62 0.8174 0.14 105 1.0 843
250 3635.99 0.8224 0.14 004 1.0 699
300 3819.46 0.8279 0.13979 1.0 609

is well known' that only an even number of rolls can develop in the channel. This was justified
in Ref. 30 and has recently been studied by Mergui et al.'> who have shown experimentally and
numerically that only ten longitudinal rolls can develop in air when B = 10 and the fluid is cold at
channel entrance. As a consequence, only the solution branch with ten longitudinal or wavy rolls is
considered in the present study.

To be able to draw the neutral curve Rar*(Re) between the longitudinal and wavy rolls
for a wide range of Re, the same linear stability analysis as in Ref. 16 has been repeated for
Re = 70, 85, 100, 150, 250, and 300. The critical values of Ra~* and of the dimensionless stream-
wise wave numbers, ky*, frequencies, f*, and phase velocities, c*, of the wavy rolls at the linear
critical threshold are given in Table I. The critical curve Ra~*(Re) is also drawn with a red dotted
line in Fig. 1. Its minimum value (obtained using a cubic spline interpolation between the points of
Table I) is Ra~*~3130 at Re ~ 120 for B = 10, whereas Ra~* = 2179 at Re = 120 for B — o0
[10]. At Re = 300, Ra~* = 3819.5 for B = 10, whereas Ra~* = 2127 for B — o0. The lateral
confinement of the channel has, therefore, an important influence on the critical threshold, even
at a quite large aspect ratio B = 10. More important is the fact that the critical wave number k*
vanishes when B — oo [10], whereas ky* has always finite values when B = 10. At B = 10, k*,
and f* strongly increase with Re for small Re values. As far as the phase velocity is concerned, it
remains nearly constant, equal to c*a1.1 whatever Re. This value is the same as the one measured
experimentally in Ref. 9 for nonlinear cases (see Sec. V E).

V. NONLINEAR NUMERICAL SIMULATIONS WITHOUT AND WITH AN INLET
RANDOM EXCITATION

A. Numerical methods and validations

The governing equations (1)—(3) with the boundary conditions (4)—(9) have been solved using a
finite difference method optimized for vectorial computers.?! They are discretized in time and space
by second-order schemes. Time discretization uses a second-order backward difference formula for
the time derivative term, an explicit Adams-Bashforth scheme for the convective term and an implicit
treatment of the diffusive term. Centered differences for the diffusive terms and a central scheme for
the convective terms are applied on uniform, Cartesian and staggered grids. Typical dimensionless
cell sizes are Ax x Ay x Az = 0.1 x 0.055 x 0.029 and the node number is Ny x Ny x N,
=2001 x 181 x 35 when the channel aspect ratios are A = 200 and B = 10. Typical dimensionless
time step is At = 0.01.

Time integration and velocity-pressure coupling are solved by a projection method based on
Goda’s algorithm. The Helmholtz equations for the temperature field and the components of the
predicted velocity field are solved using an incremental factorization method of ADI type which
permits to keep a second-order time accuracy. The Poisson equation for the pressure increment
is solved by partially diagonalizing the mono-dimensional Laplace operators in the transverse
directions y and z. The linear systems resulting from these two methods are all tridiagonal and
are solved by TDMA algorithm. Since this solver is highly vectorizable, the code is very efficient
on the NEC-SX8 vectorial supercomputer used: it runs at 12.5 Giga Flops on average, when the
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TABLE II. Parameters of the 13 PRB flow cases computed by 3D nonlinear numerical simulations in the present paper.

Case # Re Ra & Acxe A=L/MH
1 100 6396 1 0.1 300
2 100 9594 2 0.1 200
3 100 12792 3 0.1 200
4 150 4792 0.5 0.1 350
5 150 7986 1.5 0.1 200
6 150 11181 2.5 0.1 200
7 150 14 375 3.5 0.1 200
8 200 6829 1 0.1 300
9,10, 11, 12 200 10 244 2 0.02,0.1,0.5,2 200
13 200 13 658 3 0.1 200

crest power of this computer is 16 Giga Flops and the computational cost of the solution for one
mesh point and one time step is equal to 10~7 s. A detailed description of this code, its validations
and its performances can be found in Ref. 31. Furthermore, the same code has also contributed
to the computation of a benchmark solution of a PRB flow, in the case of a longitudinal roll flow
configuration, in Refs. 29 and 32.

As studying spatiotemporal evolution of the wavy rolls requires both long channels and high
space resolutions, several tests of the space and time discretizations have been carried out to deter-
mine the best compromise between solution accuracy and computational cost. The most restrictive
constraints have appeared on the streamwise space step, Ax, and time step, At, necessary to catch
the appropriate characteristics of the wavy rolls. Thus, for three flow configurations corresponding
to the case numbers 3, 6, and 10 in Table II, we have compared the solutions obtained on three
grids, with Ax = 0.2, 0.1, and 0.05, and for two time steps, At = 0.02 and 0.01, with Ay fixed
at Ay = 0.05 or 0.055, and Az fixed at Az = 0.025 or 0.029. The solution computed with the
finest discretization (Ax x Ay x Az = 0.05 x 0.055 x 0.029 and At = 0.01) has been considered
as reference solution. Then the relative errors between the solutions computed with the coarsest
discretizations and the reference solution have been computed. The maximum relative errors among
the three flow configurations cited above on the different wavy roll characteristics analyzed in this
paper (defined below in Secs. V Cand V D) are presented in Table III as a function of the different
tested discretizations. Whatever the used discretization, the maximum relative errors are observed
on the growth lengths of wavy rolls (Lvsp, Lys), on the amplitude of their spanwise displacements
(DO max, DO mean), and on the averaged power of the Fourier spectra of their spanwise velocity in
the fully developed zone (P,y(v¢q)). On the other hand, the errors are much smaller on the wavy
roll fundamental frequency (f°), wave number (ky°), phase velocity (c°), and saturation spanwise
velocity (V). Considering the whole quantities, the maximum relative errors vary between 7% and
26% with the coarsest grid and time step (Ax = 0.2, At = 0.02). They vary between 2% and 13%
using a finer grid (Ax = 0.1) and the same time step (At = 0.02) and between 1% and 7% when
Ax = 0.1 and At = 0.01. We therefore consider that the best compromise is obtained with the latter
discretizations. All the results presented in this paper are thus obtained with Ax x Ay x Az = 0.1
x 0.055 x 0.029 or 0.05 x 0.055 x 0.029 and At = 0.01. Note that other tests have also permitted

TABLE III. Maximum relative error (in percentage%) on the different wavy roll characteristics between the solutions
computed with the current Ax and At discretizations and the finest reference discretization defined by Ax = 0.05 and
At = 0.01. For all the grids of this table, Ay = 0.05 or 0.055 and Az = 0.025 or 0.029.

Ax At i kx® c? Vs Lvsn Lyvs DO max DO mean Pav(vea) mfd
0.2 0.02 7 9 7 10 23 21 14 18 26 <2
0.1 0.02 6 6 2.1 3 11 12 7 13 6 <2

0.1 0.01 1.4 2.0 1.6 2.4 3.4 <l 7 7 6 <2
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to check that the vertical space step Az = 0.029 is sufficiently small to compute the wall Nusselt
numbers with 2% accuracy compared with much finer grids in z direction.?3

B. Nonlinear numerical simulations performed and simulation methodology

Nonlinear simulations presented in this paper concern the space and time development of
longitudinal and wavy roll flows at Pr = 0.71, in channels of aspect ratios A = 200-350, A, = 1 and
B = 10. They are performed for ten couples of Re-Ra (see Table II) that are represented by red filled
triangles in Fig. 1. In Table II, ¢ is the relative distance to the critical Rayleigh number, Ra~*(Re),
listed in Table I: ¢ = (Ra-Ra~*(Re))/Ra~*(Re). The ten couples of Re-Ra chosen form a Doehlert’s
design of experiment in the (Re, &) plane:* they are placed at the vertices and centers of two joined
hexagons. This will allow us to build optimized interpolation surfaces in order to fit the results in
the (Re, ¢) plane (see Sec. V E).

Each nonlinear simulation consists of three steps. In the first one, without introducing any
excitation in the channel, a fully developed longitudinal roll flow is simulated by using a cold
Poiseuille flow as initial condition in the whole channel and imposing 6 = 1 at z = 0 and x€[0,
A-A.] for t > 0. Streamwise growth lengths and heat transfers associated with these longitudinal
patterns are analyzed in next Subsection V C.

In the second step, a permanent random excitation is introduced on the transverse velocity
components, v and w, of the inlet Poiseuille profile at x = —A,, in order to develop the wavy rolls
in longitudinal roll flows. The second step ends when fully developed wavy rolls are present in
the whole channel. This is an intermittent flow phase which is not analyzed here. In the third step,
random excitation is maintained at the channel inlet and a fully developed wavy roll flow keeps
being observed in the channel. The data of the third step, in particular the time signals recorded to
perform Fourier analyses, are analyzed in Secs. V Dand V E.

The random inlet excitation, imposed independently on v and w at each time step, is an
uncorrelated white noise of maximum amplitude Agy. (Aexc 18 made dimensionless by the reference
velocity Upean). This time noise is uniform at all points of the entrance plane: it simulates a grid
that randomly moves in the entrance plane at each time step, generating a uniform transverse
velocity vector added to the axial Poiseuille flow. The excitation magnitude influence is analyzed in
Sec. V D for Age = 0.02, 0.1, 0.5, and 2 at (Re, Ra) = (200, 10 244) (cases 9—12 of Table II).

To characterize the fully developed wavy roll flows that develop from the inlet random excitation,
the spanwise velocity component, v, has been recorded at each time step, during 20 000-25 000
iterations, at all computing points of the channel axis (2000 points at (y, z) = (B/2, 0.5) for
A = 200). These time signals are analyzed through Fourier transforms to determine the spatial
evolution of Fourier spectra in the wavy roll flows. Since At = 0.01 and the dimensionless recording
duration, ty.x, varies between 200 and 250, the highest frequency, fi,x, and the frequency step, Af,
of Fourier spectra are: fy, = 1/(2At) = 50 and Af = 1/t = 4 x 1073-5 x 1073, As will be
seen below, the range of the amplified frequencies in the Fourier spectra varies between 0.15 and
0.25 (the corresponding period varies between 4 and 6.67). Therefore, the recorded signals comprise
40-50 time periods on average and, with At used, one amplified period contains at minimum 333
time steps: we have checked that this is enough to provide a Fourier analysis independent of At
and tpax.

C. Analysis of the longitudinal roll pattern

Longitudinal roll flows are the most studied pattern of PRB flows (see Refs. 1, 10, 15, 16,27,
29,30, 34, and 35 among others) because they are the most common one. Indeed, since the wavy
rolls are a convective instability of the longitudinal rolls, the longitudinal rolls are the stable pattern
of the non-excited PRB flows for the zones denoted by both “R;, (CI)” and “R~ (CI)” in Fig. 1.
That is to say, without flow excitation, the longitudinal rolls are the stable pattern of PRB flows at
Pr=0.7 and B > 10 approximately for 1730 < Ra < 8000 at Re = 20, for 1730 < Ra < 13 000 at
Re = 100, and for 1730 < Ra < 20 000 or more when Re > 100.
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Re=150 - Ra=11181 - £=2.5 - Pr=.71 - A=200 - A =1 - B=10 - z=.5 - fexc=0 - Aexc=0
10
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-0.16
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FIG. 3. Vertical velocity component in the horizontal mid-plane of the channel (z = 0.5) for a longitudinal roll flow whose
parameters are given above the figure. Red and blue lines indicate positive and negative w values, respectively. For x > 42,
ten fully developed longitudinal rolls appear since there is one roll between two successive red and blue lines. Streamwise
growth lengths of the rolls Lg/,[95% Nugg (z = 0)] = 31.3 and Lry[Numax(y = 5; z = 0)] = 41.9 are indicated by the
continuous and dashed lines, respectively.

In the present subsection, the influences of Re and Ra on the streamwise growth length of the
longitudinal rolls, Lry, made dimensionless by H, and on the averaged wall Nusselt numbers, Nu(x)
and Nug (see Egs. (11)and (12)), are analyzed. The present numerical results obtained at B = 10, Pr
=0.7, 100 < Re < 200, and 4500 < Ra < 15 000 are compared with the literature results?!>>%3%3>
also obtained at B &~ 10 and Pr ~ 0.7 but for smaller Re and Ra: Re < 120 and Ra < 10 000. The
aim is to both validate our numerical simulations and extend the correlations Lg;, = f(Re, Ra) and
Nu = f(Ra) of the literature to wider parameter ranges.

The 2D field of the vertical velocity component, w, on the horizontal plane at the channel mid-
height and a three-dimensional picture of the streamlines and thermal field are presented in Figs. 3
and 4 for the steady longitudinal roll flow at Re = 150 and Ra = 11 181. Near the channel entrance,
for x<40, a triangular forced convection zone in which flow remains parallel to the horizontal walls
(w = 0) appears. Convectively unstable longitudinal rolls are triggered near the vertical walls, just

FIG. 4. 3D picture of the longitudinal roll flow of Fig. 3. The 2D temperature field, 0, is drawn in the half-plane at z = 0.5
and in the planes at x = 120 and 140 (red is hot air and blue is cold). 2D velocity vectors are drawn and superimposed to the
temperature field at x = 140 (a zoom in is shown in the inset). Ten streamlines colored by temperature field are also shown
from inlet.
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downstream the entrance, due to a thermal instability in the boundary layers. Indeed, since the inlet
temperature is cold, in the zone located just downstream and just above the beginning of the heated
plate, the fluid particles inside the velocity boundary layers of the vertical walls are slower and hotter
than the faster particles located outside this same boundary layer. As a consequence, it appears a
destabilizing spanwise thermal gradient that generates an ascending longitudinal roll along the two
vertical walls at entrance (read Ref. 15 for more details). Further downstream, the longitudinal rolls
propagate from the vertical walls towards the channel core, as a gear (adjacent rolls counter-rotate),
forming this characteristic triangular zone near the entrance.

It is well known that the length, Ly, necessary to get fully established longitudinal rolls
increases when Re and B increase or Ra decreases. However, the definition of Ly, varies a lot
according to the authors. In their laser Doppler velocimetry (LDV) experiments in nitrogen, Chiu
and Rosenberger®' define Ly, as the distance from the entrance to a point where the modulation
amplitude of the spanwise profile of the streamwise velocity component, u, at z = 0.5 reaches 95%
of the modulation amplitude of the same profile in the fully developed region. The correlation of
Ly, established in Ref. 21 is valid for B =9.6, Pr ~ 0.7, 15 < Re < 120, and 2470 < Ra < 8300. It
writes

Lg;, = 0.68[(Ra-1708)/1708]*“Re®%. (13)

Narusawa>* numerically reproduces the experiments.”' By keeping the same definition of Ly,

he gets a slightly different correlation for the same parameter range
Lg/, = 0.6137[(Ra-1708)/1708] "“Re. (14)

Pabiou®® and Pabiou et al.® also perform visualization experiments of PRB air flows seeded
with oil particles in a channel of B = 10. They determine Ly, by simple observations using laser
sheets at the channel mid-height. They define Ly, as the distance from the entrance to a point where
all the boundaries between the longitudinal rolls are visible in the laser sheet. Pabiou®® gives the
following correlation for Ly, valid for 87 < Re < 310 and 4500 < Ra < 9900,

Lg,, = 1.68[(Ra-1708)/1708] **"Re" 7. (15)

These correlations are graphically presented for Re = 50, 100, 150, and 200 in Fig. 5 together
with our results of Lg,. In our case, Lgy is based on the averaged wall Nusselt numLmrs Nu (see
Egs. (11)and (12)). It is defined as the distance from the entrance to a point where Nu (x; z = 0)

200 T T T T

x-x correlation, Chiu et al. (1987) [21]
— correlation, Narusawa (1993) [34]
— extrapol. correlat., Narusawa (1993) [34]
--- correlation, Pabiou (2003) [36]
« Re=200 - present LR//[QS%Niufd(FO)]
_ = Re=150 - idem
Re=100 o Re=100 - idem
Re=150

Re=200
/

T

150

T T T T
|

T

LR//

100

50

Re=50

T T T T

0 I I P I

Ra

FIG. 5. Comparison of the correlations on Lhe longitudinal roll growth length Lry, extracted from Refs. 21,34, and 36 with
the present numerical results of Lr;,[95% Nugq (z = 0)]. The correlation established by Narusawa>* for Re < 120 and Ra
< 8300 (see main text) is extrapolated to Re < 200 and Ra < 15 000 and is shown to fit the present results with a maximum
4% error.
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FIG. 6. Streamwise profiles of w(x) at (y; z) = (B/2; 0.5) at Re = 150 for four Ra values. The filled circles on the profiles
indicate the location of Lry/[Wmin(y = B/2; z = 0.5)].

reaches 95% of Nug (z = 0) in the fully developed region. This growth length is denoted as Lg,,[95%
Nugg (z = 0)] in the following. We have adopted this definition because it is easier to compute
numerically than Chiu and Rosenberger’s definition’' and because Narusawa®* showed that both
definitions, based on the spanwise u profile or Nu, allow computing nearly the same growth lengths. In
Fig. 5, it appears that the present results are in good agreement with the correlation (14) established
by Narusawa.>* Furthermore, when this correlation is extrapolated to Re < 200 and Ra < 15 000, it
fits the present results with a maximum 4% error. It can, therefore, be considered that the correlation
(14) is valid for 15 < Re < 200 and 2470 < Ra < 15 000.

However, as can be seen below, all the growth lengths defined above are too short compared
to what should be called the growth length of fully established longitudinal rolls. Indeed, Figs. 6
and 7 present the streamwise profiles of w velocity at y = B/2 and z = 0.5, Nu(x; y = B/2; z
= 0) and Nu (x, z = 0), at Re = 150 and for four Ra values. Downstream the forced convec-
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FIG. 7. Streamwise profiles of Nu(x) at (y; z) = (B/2; 0) and Nu (x) at z = 0, at Re = 150 for four Ra values. The filled
circles on the profiles indicate the location of Lgy/[Numax(y = B/2; z = 0)] and the empty circles indicate that of Lg/,[95%
Nug (z=0)].
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FIG. 8. Comparison of the three different growth lengths defined for longitudinal rolls in the present study, for the ten couples
of Re-Ra investigated.

tion entrance zone, all the profiles present a first local extremum indicated by a small circle in
Figs. 6 and 7. These local extrema are eventually followed by damped modulations (a saturated
modulation is observed at the highest Rayleigh number). The streamwise coordinate, x, of the first
local minimum of w(x; y = B/2; z = 0.5) and of the maximum of Nu(x; y = B/2; z = 0) allow us
to define two new growth lengths for the longitudinal rolls. They are denoted by Lr//[Wmin(y = 5; z
= 0.5)] and Lgy[Nupn.(y = 5; z = 0)], respectively. The different growth lengths are compared in
Fig. 8 for the ten couples of Re-Ra investigated (see also Fig. 3 in the case: Re = 150, Ra =11 181).
It appears that L, [Nupn.x(y = 5; z = 0)] is slightly longer than L, [wWnin(y = 5; z = 0.5)], but both
of them are much longer than Lz,[95% Nugqg (z = 0)]. The relative difference between Ly, [Nupmax(y
=5;z=0)] and Lg,[95% Nug (z = 0)] varies between 24% and 35% for the ten simulated cases.
As a consequence, we would advise to henceforth use a quantity similar to Lg,[wnin(y = B/2;
z = 0.5)] to define the appearance length of fully developed longitudinal rolls in PRB
flows, because it seems more appropriate and because the local extremum of the ver-
tical velocity component on the channel axis can be easily accessed both numerically
and experimentally (by Particle Image Velocimetry or LDV). As the w minimum does
not exist or is difficult to detect for Ra < 4000 (see w profile at ¢ = 0.5 and
Ra = 4792 in Fig. 6), a criterion based on 95% of the fully developed w velocity on channel
axis could then be used. Using a correlation similar to Egs. (13)—(15), we finally obtain

Lg//[Wmin(y = B/2;z = 0.5)] = 0.578[(Ra-1708)/1708]*+'Re***2. (16)

This correlation is valid for 100 < Re < 200 and 4500 < Ra < 15 000 and it fits the present
numerical results with a maximum 3% error.

The averaged Nusselt number Nugg of fully developed longitudinal roll flows is computed
according to Eq. (12). In this equation, Nu(x;z = 0, 1) tends to a constant, independent of x, for a
given fully established longitudinal or wavy roll flow (see Fig. 7). Thus, depending on Re and Ra
values, different values of L.t have been chosen so that Eq. (12) provides Nugy independent of L. T.
The values of L. used, larger than Lg;[Nup.(y = 5; z = 0)] in all cases, are the following: 60
< L." < 80 for Re = 100, 100 < L.™ < 110 for Re = 150, and 100 < L. < 120 for Re = 200.
The Nuyq values computed on the top and bottom plates of the channel are nearly equal: it has been
checked that the relative difference [Nugq (z = 0)- Nugg (z = 1)}/ Nugq (z = 0) is approximately equal
to +0.1% in the simulated cases.

In Fig. 9, the present Nug values are compared to the correlations established in air by Ostrach
and Kamotani’* through experiments at 18 < B < 36, 10 < Re < 100, and 100 < Ra < 13 500
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FIG. 9. Comparison of averaged Nusselt number Nugy in fully developed longitudinal roll flows (noted by Rj/) with the
correlations extracted fronﬁefs. 24 and 35. The continuous bold line is the correlation Eq. (17) valid for 2500 < Ra < 15
000. Numerical results of Nugq for wavy chaotic rolls (noted by R~ ) are also indicated.

and by Fukui et al® through finite difference numerical simulations at B = 20, 17 < Re < 80, and
Ra < 9300. It is well known that Nugy is independent of Re because the flow structure of the fully
established longitudinal rolls near the top and bottom plates are not modified by Re. The present
values agree well with the results of Fukui ef al. only for Ra < 6500 and are higher for Ra > 6500.
This is probably due to the grid inaccuracy in z-direction in Ref. 35: only 21 nodes have been used
and they are probably insufficient for the highest Rayleigh numbers. A Nug correlation, which is
valid for 2500 < Ra < 15 000 (Fig. 9) and fits within a 3% relative error both the present values and
the values of Fukui e al. for Ra < 6500, is

Nugg (R//) = 0.86In(Ra) — 5.27. (17

Experimental Nugq results obtained by Ostrach and Kamotani’* are estimated to be measured
with a £10% error. However, these values are up to 15% smaller than the numerical results for
Ra > 10%; this is also the case for the numerical solutions of Ref. 37 (included in Ref. 24). In
these simulations, longitudinal rolls are steady whatever Re and Ra are while, in the experiments,
longitudinal rolls become unstable and unsteady for Ra > 8000 and the magnitude of temperature
fluctuations increases as Ra increases. Referring to Fig. 1, the unsteady experimental behavior is
clearly due to the oscillating rolls observed at Ra > 8000 and Re < 100. On the other hand, in
the numerical simulations, the longitudinal rolls remain steady because the governing equations are
parabolized in Refs. 35 and 37 (the streamwise diffusion is neglected in the momentum and energy
equations) and because Reynolds number is higher than 100 in the present work: longitudinal rolls
remain stable if no excitation is introduced in the channel (see Fig. 1).

The interesting observation from Fig. 9 is that, when longitudinal rolls are excited and replaced
by wavy rolls, in particular, at Re = 150 and 200 (see Sec. V E and Fig. 23), the present results of Nugg
precisely tend to the experimental measurements of Ostrach and Kamotani.?* In fact, Nugy decreases
when longitudinal rolls become oscillating or wavy because a better flow mixing is operated by the
spanwise oscillations in the channel core. This is brought to light in Figs. 10 and 11 that present
a 3D distribution of the instantaneous temperature field in a wavy roll flow and a comparison of
mean temperature vertical profiles in fully established longitudinal and wavy rolls, respectively.
In Fig. 11, the mean temperature gradients at the top and bottom walls are clearly smaller in the
presence of wavy rolls. Furthermore, the well-known reverse temperature gradients®* observed in
the temperature, vertical profiles of the longitudinal rolls at high Rayleigh number can vanish in the
presence of wavy rolls: indeed, in Fig. 11, the sign of the mean temperature gradient changes at z
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FIG. 10. Space distribution of instantaneous temperature field in the wavy roll flow at Re = 150, ¢ = 2.5, and Aexe = 0.1
(case 6 of Table II). The left part of the figure displays temperature field in 14 vertical half-planes; the right part shows
temperature field in the horizontal half-plane at z = 0.5 (red and blue colors show hot ascending and cold descending air,

respectively).

= 0.36 and z = 0.64 for the longitudinal rolls, while it is negative whatever z for the wavy rolls.
This demonstrates that as the spanwise mixing due to wavy rolls increases, the bulk temperature is
homogenized and the temperature gradients near the bottom and top plates are also homogenized
and decrease.

In Fig. 9, Nugq is a function of Ra (or &) and Re for the wavy roll flows because the magnitude
of their spanwise oscillations depends on these two parameters (see Fig. 23). To correlate the wavy
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FIG. 11. Vertical profiles of the mean temperature in the horizontal planes of the fully developed zones for the longitudinal
(Ry) and wavy (R~ ) roll flows at Re = 200, ¢ = 3, and Aexe = 0.1 (case 13 of Table II). The arrows mark the horizontal
tangents at z = 0.36 and z = 0.64 in the longitudinal roll temperature profile.
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FIG. 12. Instantaneous temperature field at z = 0.5 in flows of ten wavy rolls in the fully developed zone, resulting from
inlet random excitations of magnitudes Ag¢xe = 0.02, 0.1, 0.5, and 2, at Re = 200 and ¢ = 2 (cases 9-12 of Table II). The
color map is the same for the four pictures.

roll Nugqg values, the following quadratic response surface was found:
Nugg (R~) = (2172.2 — 7.145Re + 591.9¢ + 0.0276Re” — 39.5¢% — 1.125¢Re) x 107°.  (18)

It is valid for 100 < Re < 200 and 4500 < Ra < 15 000 (0.5 < ¢ < 3.5) and it fits the present
numerical results within a 0.6% relative error.

D. Influence of excitation amplitude on wavy rolls

The influence of the inlet excitation amplitude, A, on the wavy roll development, is investi-
gated here at Re = 200 and Ra = 10 244 (¢ = 2) for A = 0.02, 0.1, 0.5, and 2 (cases 9—12 of
Table II). Figure 12 displays temperature field at z = 0.5 obtained for the four amplitude values.
Air flows from left to right. Red and yellow colors correspond to upwards hot air between two
counter-rotating rolls and blue color to entering and downwards cold air. Whatever A is, five pairs
of thermoconvective rolls develop in the channel.

For Aexe = 0.02, 0.1, and 0.5, the space development of the wavy rolls qualitatively occurs
according to the same scenario which will be described using the case A = 0.1. Typical axial
evolution of the Fourier spectra of spanwise velocity v(t) obtained with A, = 0.1 is shown in
Fig. 13. In the upstream part of the channel (for x < 65), ten longitudinal rolls that develop from
the lateral boundaries go on forming the forced convection triangular zone described in Sec. V C.
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FIG. 13. Fourier spectra of v(t) at different x coordinates along channel axis (y, z) = (5, 0.5) for Re = 200, ¢ = 2, and Agxc
= 0.1. The spectrum at x = —1 corresponds to the inlet white noise.

Fourier spectrum magnitude of v(t) at (y, z) = (5, 0.5) keeps decreasing up to x = 30 and the range
of amplified modes shrinks to reach 0 < f < 0.16 (see Fig. 13). For 30 < x < 65, the magnitude
of these low frequency modes keeps growing. But, at about x = 69, it suddenly decreases and it
is the higher frequency modes (0.15 < f < 0.25) that start increasing and reach the saturation at
x = 120. In the zone of 65 < x < 120, longitudinal rolls become more and more wavy (see Fig. 12).
Further downstream (for 120 < x < 199 at A, = 0.1), the Fourier spectra, in particular their most
amplified frequency f° = 0.205, and the averaged amplitude of wavy roll oscillations no longer vary
with x (see below): the wavy roll flow is fully developed.

The behavior just described is very similar to what was predicted by Deissler'>'* from the 1D
Ginzburg-Landau model. It is shown that, when a white noise is introduced at channel inlet in a
convectively unstable flow, it is selectively and spatially amplified: this results in spatially growing
waves that saturate due to nonlinear effects and form a dynamic structure sufficiently far from inlet.
In the 1D model, the nonlinear structure is generally coherent in its first portion. But, if the first
portion is also convectively unstable, it breaks up downstream, due to the irregularities in the flow,
to form a chaotic flow uncorrelated from the inlet noise. Unfortunately, it was impossible in the
present 3D nonlinear numerical simulations to check if the time signals downstream the channel are
correlated with the inlet noise. In fact, to get reliable cross correlations between two time signals,
one recorded at inlet and the other one downstream, long time integrations, much longer than what
was permissible on the used super computer, are needed. We can just observe from Fig. 12, for Aexc
= 0.02, 0.1, and 0.5, that wavy rolls are maintained in the whole downstream part of the channel.

The flow behavior at A, = 2 is slightly different. The excitation magnitude imposed on
v(t) at inlet is very important since it is equal to twice the mean streamwise velocity. Due to the
important white noise introduced, the initial longitudinal rolls are no longer present: they break up
just downstream the inlet to form V-shaped patterns (see Fig. 12). Nevertheless, a chaotic wavy roll
flow develops for x > 100. The way the amplified modes are selected is also slightly different: for
x < 30 and x > 110 the same scenario as in Fig. 13 is observed for A¢ = 2; the difference in
Fourier spectra is observed for 30 < x < 110. For A¢. = 2, the v(t) Fourier spectra (not shown here)
have a wider amplified frequency range, 0 < f < 0.5, for 30 < x < 65 and for 65<x<110 only the
magnitude of the modes 0.1 < f< 0.3 goes on increasing. As shown in Fig. 14, Fourier spectrum in
the fully developed zone at A.x. = 2 is similar to those obtained at A, = 0.02, 0.1, and 0.5, except
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FIG. 14. Fourier spectra of v(t) at (x, y, z) = (175, 5, 0.5) obtained with four excitation amplitudes for Re = 200 and ¢ = 2.
The frequency of the highest magnitude, {°, in each spectrum is indicated by a circle.

for its lower magnitude. The amplified modes of the four spectra are in the range 0.1 < f < 0.32
with a dominant frequency approximately equal to f° ~ 0.21.

In fact most of the characteristics of fully developed wavy rolls presented in Fig. 12 are
independent, or quasi-independent, of the inlet excitation magnitude. For instance, Fig. 15 presents
the wave number, ky°, and phase velocity, c® = 2w f°/k,°, associated with the most amplified mode,
f°, in the v(t) Fourier spectra, as a function of Agy. It appears that k,° = 1.12 £ 0.07, > = 0.208
4 0.012 and ¢® = 1.162 % 0.04 for Acxc varying from 0.02 to 2. Thus the relative variations of ky°,
f°, and c® in this large A¢xc range are at maximum equal to 7%, 6%, and 4%, respectively. Note that,
in Fig. 15, the k° values are computed from a mean on 13-20 wavelengths (depending on Acxc)
and the error bars on ky° are equal to three times the standard deviation of ky°. The error bars on °
equal to =Af = 4 x 1073 are defined in Sec. V B and the error bars on c° are deduced from those
on k,° and f° since ¢® = 27 f°/k°.

Similarly, Fig. 16 shows that Nug values on the top and bottom plates in the fully developed
zone also remain nearly constant (they decrease very slightly with Acx): Nugg (z = 0) ~ Nugy (z
= 1)~ 2.41 £+ 0.01 whatever A is. Here, Nug is computed using Eq. (12) with L, = Ly+10
where Ly is defined below.
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FIG. 15. Wave number, k«°, frequency, f°, and phase velocity, ¢° = 27f°/k4°, of the most amplified mode in the fully
developed wavy roll flows of Fig. 12, with respect to Aexc.
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FIG. 16. Nusselt number and averaged power of the v(t) spectra in the fully developed wavy roll zone with respect to Aexc
for the four flows of Fig. 12.

The above observations on the wavy roll flows at (Re, £) = (200, 2) (and also at the other Re-¢
couples in Table II) are in accordance with the fact that the wavy patterns are a secondary instability
of the basic Poiseuille flow and a convective instability of the longitudinal rolls. In other words, the
longitudinal rolls are convectively unstable towards the wavy roll-shaped secondary instability.®°
The above observations also hint that wavy rolls are absolutely stable vis-a-vis tertiary instabilities
of PRB flows. Indeed, if wavy rolls were convectively unstable towards these tertiary instabilities,
the remaining noise injected at inlet and still present in the flow would have probably been sufficient
to make another pattern type appear in the channel downstream part. This phenomenon was studied
using a 1D Ginzburg-Landau model by Deissler.'*'* However, such a phenomenon has never been
observed in the present numerical simulations, even with much longer channels (with A = 350, for
example). This is the reason why in the present study it is possible to use an inlet white noise to
analyze fully developed wavy rolls.

It has been mentioned in Fig. 14 that the magnitude of the most amplified mode of wavy rolls
in fully developed zone decreases as A increases. In fact, the averaged power of the whole v(t)
spectrum (or signal) in the fully developed zone, noted P,,(v(t)), decreases as Aex. increases, in
particular when A is increased from 0.5 to 2 (cf. Fig. 16). This spectrum total averaged power is
computed by using the Plancherel/Parseval’s theorem for discrete Fourier transform (DFT) as

N N
1 .
PaVya) =D vl = 5 > 0%, (19)
i=1 k=1
where N is the sample number in the discrete signal v; (i = 1, ..., N) of v(t) recorded at (X, y, z)

= (180, 5, 0.5) and O(k=1,...,N) is the DFT of v,(i=1,...,N). Pu(vi(t)) de-
creases with A because the larger the inlet excitation magnitude is, the more impor-
tant are the nonlinear interactions between all the excited modes of the spectrum and, as
a consequence, the more important are the dissipative effects in the developing zone (for
x < 110). At A = 2, the dissipative effects are very important because nonlinear interactions
between a part of the modes injected in the inlet white noise are present everywhere in the channel,
unlike at Aexc = 0.02, 0.1, and 0.5. In these latter cases, a selection process of particular modes takes
place in the entrance zone (where longitudinal rolls are visible in Fig. 12), followed by their linear
growth, then their nonlinear growth and saturation. These particular amplified modes do not interact
or less interact between themselves and the dissipative effects are much less present.

Figure 17 presents the envelopes of v(t) along the channel axis for the four flows displayed in
Fig. 12. These envelopes give the maximum v values at each point of the channel axis throughout
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FIG. 17. Envelopes of v along the channel axis for the four flows of Fig. 12. The growth length Ly is represented by
continuous lines and Ly by dotted lines for Aexe = 0.02.

the entire third simulation step (cf. Sec. V B) in which wavy roll flows are fully established. The
saturation amplitude of v, denoted by Vj, is approximately constant whatever the excitation amplitude
Acxc 1s. For each envelope, one can define two wavy roll growth lengths: Ly and Ly . Lyy is the first
x position at which the envelope reaches Vy, and Ly, the x position of the half saturation amplitude
V,/2 (see Fig. 17). Figure 18 shows that Ly, and Ly, linearly decrease with the logarithm of Agyc,
except for Ly at Agxe = 2 due to very strong flow nonlinearity. The following regression laws are
found for Ly and Lyg:

Lvs = 90.646 — 26.091 Log(A,,.), (20)

Lys/2 = 64.109 — 22.891 Log(A,.)- (21

Let us stress again that Eq. (21) is not valid at A = 2. Note that the same Log(Acx.) dependence
of the growth length was found in 2D numerical simulations by Miiller et al.® for the transverse roll
shaped convective instability of PRB flows submitted to a permanent random excitation at channel
inlet.

The influence of A on the spanwise displacement of the fully developed wavy rolls is studied
now. In the present study, the vertical flow located between two longitudinal rolls or two wavy rolls
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FIG. 18. Computed values and correlation laws of the wavy roll growth lengths Ly, and Lyg» with respect to Aexc for the
four flows of Fig. 12. R? is the correlation coefficient.
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FIG. 19. Time evolutions of the five separation lines between the six first wavy rolls, DO;(t) (i = 1, ..., 5), recorded at
x = 170, y<6, and z = 0.5 for Re = 200, ¢ = 2, and Aexc = 0.1.

near the channel centre goes down and concerns cold air coming from the top plate (see Fig. 12).
Therefore, at z = 0.5 and at a fixed streamwise coordinate x enough downstream (x = 170, for
example), the spanwise temperature profiles, 6(y), present a local minimum near the channel centre
(at y&5). This minimum marks the boundary between the two rolls at channel center. Monitoring
in time the spanwise positions of this minimum for x>Lys allowed us to evaluate the spanwise
displacement of the fully developed wavy rolls. The time signal recording the positions of this
minimum around y = 5 at z = 0.5 and x = 170 is designated by D@s(t). It is plotted in Fig. 19
(black curves around y = 5). Similarly, it is also possible to follow the separation lines between all
the successive roll pairs by recording the local minima and maxima of 6(y). Figure 19 presents the
successive positions of D;(t) (i = 1, ..., 5) of the five boundaries between the six first wavy rolls
for 0 <y < 6. It shows that the closer to the vertical walls the rolls are, the smaller the spanwise
displacement magnitude is. The spanwise oscillation amplitudes of fully established wavy rolls can
be measured from the distance between one peak and the following valley in D@s(t). As DOs(t) is
recorded during a time period equal to 200, about 90 amplitudes are measured in each signal. The
corresponding mean values (D6 eqn ), maximum values (D6, ), and standard deviations (Dfy4) are
presented in Fig. 20 for the four A, investigated. Figure 20 shows that all these statistics are nearly
constant except DO eqn that decreases at Agxe = 2.

In summary, apart the wavy roll growth lengths, Ly and Ly, and the total averaged power
Pay(via(t)) of the v(t) Fourier spectra for Ae. = 2, the inlet excitation magnitude, A.x., influences
slightly on the characteristics of the fully developed wavy rolls. It is therefore possible to analyze
the main characteristics of fully developed wavy rolls as a function of Re and ¢ by fixing Acxc, which
will be done in subsection V E.

E. Influence of Reynolds and Rayleigh nhumbers on wavy rolls

The influence of Re and ¢ on the characteristics of wavy roll flows is studied now by using
Acxe = 0.1 in order to avoid strong nonlinear effects observed with Ay > 0.5. Figures 21 and 22
depict the frequency, f°, wave number, ky°, and phase velocity, c°, of the most amplified mode of
wavy rolls with respect to ¢ for Re = 100, 150, and 200. Results at ¢ = 0 correspond to the linear
results given in Table I and those at & > 0 to the nonlinear results. f° and ky° strongly increase with
¢ as long as ¢ < 2 (i.e.,, Ra < 3Ra*) and they stabilize or decrease a little beyond. This shows that
the linear stability results (f* and ky*) cannot be used to characterize strongly nonlinear flows with
wavy rolls. Figures 21 and 22 also display the characteristics of the modes with the maximum space
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growth rate measured by Pabiou ef al.® in experiments in which harmonic excitations are imposed
at channel inlet. Despite of the difference between the excitation types and the uncertainties of the
results, agreement between numerical and experimental results can be considered good. One can
see that f° and k° also increase with ¢ in the experiments (see the two points at Re = 120), but they
are almost independent of Re in the experiments for Re < 174 (see the three points at ¢ &~ 1), while
this is not the case for the numerical simulations when Re increases from 150 to 200. Concerning
the phase velocity, it remains almost constant whatever Re and ¢ are: c*~1.1 at the linear threshold,
c® = 1.1 £ 0.08 in the experiments’ and c® = 1.09—1.20 in the nonlinear numerical simulations
performed for different Re and ¢.

It has been shown in Fig. 9 and Sec. V C that the averaged Nusselt number Nuyy for estab-
lished wavy rolls is smaller than Nugg of longitudinal rolls due to the mixing and the temperature
homogenization operated by the spanwise oscillations of wavy rolls. But for Re = 100 and ¢ = 2
and 3 (cases 2 and 3 in Table II) Nugy is nearly equal to the values obtained for the longitudinal
rolls. This is due to the very small spanwise oscillations in the two cases. Figure 23 presents the
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FIG. 21. Frequency, {°, of the most amplified modes of wavy rolls with respect to Re and ¢ at Agxc = 0.1. Comparison with
the experiments.”
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mean and maximum magnitude and the standard deviation of the wavy roll spanwise displacement
computed from DO5(t). For Re = 100, D yean, and D6« decrease with ¢ and they are quite small
for ¢ =2 and 3. This can be explained by the fact that cases 2 and 3 are located close to the marginal
stability curves Ra~*(Re) and Ra,s*(Re), displayed in Fig. 1, separating longitudinal rolls from
wavy and oscillating rolls. Furthermore, these stability curves, computed in Ref. 10 for B — oo,
should be slightly shifted for B = 10. On the other hand, for Re = 150 and 200, the mean and
maximum magnitudes of the wavy roll spanwise displacement increase with ¢ as long as ¢ <2 and
they increase with Re for ¢ > 2.

The growth lengths are also modified for the cases close to the stability curves Ra~*(Re)
and Rag.*(Re). The evolution of the longitudinal and wavy roll growth lengths Lry,[Wmin(y = 5;
z = 0.5)], Ly, and Ly with respect to Re and ¢ are presented in Fig. 24. Ly, and Ly, are nearly
independent of Re except for Re = 100 at ¢ = 2 and 3 and, to a lesser degree, Ly, at Re = 200 and
& = 3. Leaving cases 2 and 3 at Re = 100, the following correlation is established for the growth
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FIG. 23. Mean (D6 yean) and maximum (D6, ) spanwise displacements of fully established wavy rolls, computed from
D65 (t), with respect to &, for Re = 100, 150, and 200. The vertical error bars placed on each side of DO pean are equal to the
standard deviation, D, as in Fig. 20.
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length Ly, within a 3% relative error:

Lys» = 85.03 Re0:009,—0719 )

VI. USE OF WAVY ROLLS TO MAKE MORE UNIFORM DEPOSITIONS IN CVD REACTORS

The analysis of Figs. 23 and 24 can also be done from the viewpoint of CVD applications.
It is well known that the longitudinal thermoconvective rolls which can develop in the rectangular
atmospheric pressure CVD reactors make nonuniform vapor deposition in shape of longitudinal
parallel ridges on the heated substrate. It has also been shown in Ref. 3 that the unsteady wavy rolls
could be used to get more uniform vapor deposits. Indeed, due to the spanwise oscillations of wavy
rolls, more uniform time averaged heat and mass transfer are obtained and, therefore, more uniform
films and coatings are deposited on the heated substrate. These deposits are more uniform in the
presence of wavy rolls when the following three conditions are satisfied: the reactor spanwise aspect
ratio must be large enough (B > 10) to reduce the vertical wall influence that tends to decrease
the magnitude of spanwise oscillations and the heat and mass transfer homogenization near the
walls; the growth length of wavy rolls must be shorter than the reactor streamwise aspect ratio
(Lys < 50-80) and the magnitude of the wavy roll spanwise oscillations must be large (the total
spanwise displacement must be larger than about 1.5H). It has been shown in Fig. 17 that a larger
magnitude of the excitation introduced at channel inlet induces shorter growth lengths Ly and Lyyg.
Even for A equal to 10% of the channel mean velocity, one can see in Fig. 24 that Ly, < 80 can
be reached at Re = 150 and ¢ = 3.5. Much smaller growth lengths can, therefore, be envisaged at
higher Acx. values for similar Re and ¢ values.

As far as the wavy roll spanwise displacement is concerned, Fig. 23 shows that larger displace-
ments are obtained for ¢ > 1.5 and Re > 150. In this parameter range, mean displacements are equal
to about 0.8H with a standard deviation of about £0.3H and maximum displacements vary between
1.2H at Re = 150 and 1.7H at Re = 200. In the present study, the random excitations used at the
channel inlet amplify different modes. Their nonlinear interaction most probably increases the flow
dissipation level and decreases the spanwise displacement magnitude comparing for instance with a
case using a harmonic excitation at frequency f°. One can think that, in a real situation, if a sinusoidal
perturbation is used at the channel inlet to excite the most amplified mode f°, flow dissipation level
will be decreased and wavy rolls with more amplified spanwise displacements will develop in the
reactor. Favorable conditions for CVD reactors can thus be achieved.
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VIl. CONCLUSIONS

This paper presents a bibliographical review and an overview of the primary and secondary
convective and absolute instabilities of PRB air flows at Pr = 0.7 in large aspect ratio channels.
Then it focuses on the characterization of longitudinal and wavy thermoconvective rolls at 100 < Re
<300, 3000 < Ra < 15 000, and B = W/H = 10.

As far as longitudinal roll pattern is concerned, two aspects are developed. First, the definitions
usually used to measure the growth lengths of longitudinal rolls are shown to be complicated to use
and about 30% shorter than the length necessary for the full development of longitudinal rolls. It
is shown that the latter length should instead be computed from the profiles of the vertical velocity
components along the channel axis (or that of the wall Nusselt number) because it presents an easily
measurable local extremum just upstream the fully developed zone. Second, it is shown that averaged
wall Nusselt number in the fully developed zone, Nugy, computed in some numerical studies at Re
< 100 and Ra > 8000 is larger than the experimental ones, because longitudinal rolls remain steady
in these numerical simulations, whereas they bifurcate towards an oscillating roll pattern in the
experiments. In a general way, at the same Re and Ra values, Nug in the presence of oscillating or
wavy thermoconvective rolls is smaller than Nugq in the presence of steady longitudinal rolls.

Linear stability analysis of longitudinal rolls vis-a-vis wavy rolls has shown that the marginal
stability curve, Ra~*(Re), for wavy roll appearance at B = 10 is 1.5-1.8 times higher than the
value obtained by Clever and Busse!? for B — co. Furthermore, the critical frequency, f*, and wave
number, k¥, of wavy rolls at the linear stability threshold are nearly twice smaller than the values
f° and ky° of the most amplified nonlinear mode at ¢ = 2 (Ra = 3Ra~*) obtained with a white noise
at channel inlet.

Nonlinear numerical simulations with a permanent random excitation imposed on the trans-
verse velocity components at channel inlet have permitted to characterize the wavy roll flows for
100 < Re < 200, 4500 < Ra < 15000 (0.5 < ¢ = (Ra-Rax*)/Ra~*< 3.5), B = 10 and an amplitude
of the inlet excitation, Ac, varying between 2% and 200% of the mean streamwise velocity. This
characterization was possible because, if the wavy rolls are a convective instability of the longitudinal
rolls, they also seem to be absolutely stable vis-a-vis external excitations (if the excitation amplitude
Acxc 18 not too large) since they maintain in the whole channel, even for very large streamwise aspect
ratios (A = L/H = 350).

Thus the growth length, Lyy/, of the wavy rolls is shown to linearly decrease with Log(A.x.) and
£7072 The frequency, {°, and the wave number, k°, of the most amplified mode, the wall averaged
Nusselt number, Nugg, and the magnitude of the spanwise displacements of the wavy rolls in the fully
developed zone are shown to be independent of Ay, but to increase a lot with & increasing when
& < 2. However, all these wavy roll characteristics nearly no more vary with ¢ for ¢ > 2 (i.e., for
Ra > 3Rax*), except the spanwise displacements at Re = 100 that decrease when ¢ increases. The
dependence with Re is more complicated. We just remind here that the magnitude of the wavy roll
spanwise oscillations increase a lot when Re increases (if ¢ > 1) and can reach 1.7H. As for the phase
velocity, c°, of the wavy rolls, it is equal to 1.15 £ 0.06 whatever the studied parameters. Correlation
laws as a function of Re, ¢ and A« have been proposed for most of the studied characteristics.

The present numerical simulations have been shown to be in good agreement with the few
experimental results about the wavy rolls obtained by Pabiou et al.’ In particular, the most amplified
mode of the numerical simulations is very similar to the mode with the maximum space growth rate
in the experiments in which harmonic excitations are imposed at channel inlet.

Finally, the wavy roll characteristics are shown to be potentially interesting to better homogenize
the vapor depositions in the horizontal rectangular CVD reactors used to make thin coatings on
heated substrates from gaseous components. Indeed, as the spanwise displacements of the wavy
rolls can be large (>1.5H) and their growth length can be enough short (most probably <50H),
these thermoconvective rolls could be used to obtain time averaged more uniform thin coatings in
this CVD reactor type.

It has been mentioned that, due to the random excitation at inlet, the nonlinear interaction
between the different amplified wavy roll modes most probably generates a high dissipation level
and the decreasing of the spanwise displacement magnitude comparing with a real case simply using
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an inlet sinusoidal excitation at the most amplified frequency f° for instance. To check this statement,
a design of experiments could be used to determine the most appropriate parameters simultaneously
enabling to get the shortest growth length and the largest spanwise displacement of the wavy rolls,
in PRB flows excited with sinusoidal excitations. This design of experiments would then depend
on four factors (Re, ¢ and the magnitude A¢. and frequency fex. of the inlet harmonic excitation)
and should use a quadratic response surface model,** so that the conditions in the CVD reactors are
optimized.
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