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An introduction to Handel’s homotopy Brouwer
theory

Frédéric Le Roux

August 4, 2012

Abstract
Homotopy Brouwer theory is a tool to study the dynamics of surface
homeomorphisms. We introduce and illustrate the main objects of homo-
topy Brouwer theory, and provide a proof of Handel’s fixed point theorem.

These are the notes of a mini-course held during the workshop “Superficies en
Montevideo” in March 2012.
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Introduction

These notes may be seen as a walk around Handel’s proof of the following theorem.

Theorem (Handel’s fixed point theorem,| |). Consider a homeomorphism f :
D? — D? of the closed 2-disk. Assume the following hypotheses.

(Hy) There exists v > 3 points x1,...,x, in the interior of D? and 2r pairwise
distinct points o, wr, . .., 0y, wy on the boundary OD? such that, for every i =
1,...,7,

lim f"(z;) =a; lm f"(x;) = w;.
n——oo n—-+00

(Hs) The cyclic order on OD? is as represented on the picture below :

ay, W, g, W1, 03, W, . .., Op, Wr_1, 071

Then f has a fived point in the interior of D?.

aq

(0%} Wy

w3
w3

Qs oy |, Ty

(0%)] wa

w1 a3

Orbits diagram for Handel’s fixed point theorem: r =3, r =4

In Handel’s original paper more general cyclic orders are allowed, but Handel’s
hypothesis implies the existence of a subset of the x;’s satisfying the above hypothesis
(Hs) (see the nice combinatorial argument in the introduction of the paper | ]
by P. Le Calvez). Thus the original statement can be deduced from this one.

This theorem is a tool for detecting fixed points for homeomorphisms on surfaces,
when applied to the following construction. Let S be a surface without boundary,
endowed with a hyperbolic metric (think of a compact surface of genus > 2, or an
open subset, of the sphere which is not homeomorphic to a disk or an annulus). Con-
sider a homeomorphism f : S — S which is isotopic to the identity. The universal
cover of S is the hyperbolic disk H?. Lifting the isotopy, we get a homeomorphism
f H? — H? which is a lift of f. One can prove that f extend to a homeomorphism
of the closed disk which point-wise fixes the circle boundary OH?. In this setting,
every fixed point of f in the open disk H? projects to a fixed point of f.

Here is an application, due to Betsvina and Handel. In the previous construction
assume S is the complement of at least three points in the sphere. If f has a periodic



point z, then the trajectory of z under the iterated isotopy is a closed curve I'. If this
curve is homotopic to a constant, then z lifts to a periodic point of f, and Brouwer
plane translation theorem (see below) provides a fixed point for f, and thus for f.
Handel’s theorem allows to get a fixed point under the weaker hypothesis that the
curve is homologous to zero. Indeed, under this hypothesis, consider the unique
oriented hyperbolic geodesic I'g of S which is freely homotopic to I'. Since I'y is
homologous to zero, its algebraic intersection number with every closed curve, and
every curve joining two connected components of the complement of S, is zero. Given
a point pg in the complement of .S, a function may be defined on the complement U
of I'y, assigning to a point p the intersection number of I'y with any curve from p
to p. This function is constant on each connected component of U, and vanishes on
the complement of S. The maximum and the minimum of the function cannot both
be zero, to fix ideas let us assume the maximum is non zero. Consider a connected
component Uy where the function is maximal ; thus U is included in S. Because
the function is maximal on Uy, the boundary of Uy is made of segments of I'y which
are oriented in a coherent way. Lifting the picture to the hyperbolic plane, we find
several lifts of 'y which draw a diagram as on the above picture. To each of these
lifts correspond a lift [; of T if 2 is a lift of z on [, the orbits of the Z;’s satisfies
the hypothesis of Handel’s theorem. Thus again we get a fixed point for f. For
more details, and some more applications, see again the introduction of Patrice Le
Calvez’s paper.

One can restate the theorem by saying that when a homeomorphism of the
two-disk has no fixed point in the interior, there is no family of orbits satisfying
hypotheses (H;) and (Hz). Under this viewpoint, the theorem says that orbits of
a fixed point free homeomorphism of the open disk may not “cross each others too
much”. The reader may keep this idea in mind as a guideline for these notes.

We begin by recalling the classical Brouwer theory, concerning fixed point free
homeomorphisms of the plane. Then we introduce and illustrate the homotopy
translation arcs which are the main objects of Handel’s proof. These objects also
play a central part in further developments of the theory by J. Franks and M. Handel,
as in| ] or | |. Finally we give the proof of the theorem.

Handel’s proof is mainly intrinsic to the interior of the disk (identified with a
plane), with no reference to the boundary, and the above disk theorem follows from
a plane theorem. For this intrinsic statement we follow the short exposition by S.
Matsumoto (| ). A small novelty is a direct proof, using classical Brouwer
theory, of the lemma which allows to deduce Handel’s theorem from the intrinsic
plane version (proposition 1.4 below). We also discuss orbit diagrams, and propose
some conjectures describing an invariant of combinatorial type associated to a finite
family of orbits for a fixed point free homeomorphism of the plane, which would
entail that there exists only finitely many distinct “braid types” for a given number
of orbits.

Since space does not allow a proper introduction to hyperbolic geometry, we
tried to avoid it as much as possible, especially in the definitions of the main objects,



and tried to emphasize their purely topological aspects. The reader which is not
familiar with this subject may read (and admit) the properties concerning hyperbolic
geodesics that are listed in appendix 1 as a set of axioms. Geodesics will become
essential in section 3.

Acknowledgements I thank the organizers of the workshop, and especially Martin
Sambarino and Juliana Xavier, for having invited me to give these lectures. Many thanks
also to Lucien Guillou and Emmanuel Militon for their careful readings of a preliminary
version of these notes. Finally, I want to thank again Lucien Guillou for having introduced
me to this subject, many years ago...

1 (Classical) Brouwer theory

Handel’s theorem deals with some fixed point free homeomorphisms of the open disk.
By identifying the open disk with the plane, we get fixed point free homeomorphisms
of the plane, which are the objects of Brouwer theory.

a Flows

Let us recall a little bit of Poincaré-Bendixson theory. Let X be a non vanishing
vector field on the plane, and assume X is smooth and complete, so that Cauchy-
Lipschitz theorem gives rise to a flow, that is, there is a one parameter family (®');cg
of diffeomorphisms of the plane tangent to the vector field: the ordinary differential
equation

0
S () = X (@'(x)
is satisfied. Take a smooth curve v :] — &, e[— R? which is transverse to the vector

field: ~/(t) is nowhere colinear to X (y(¢)). Then the main remark of the Poincaré-
Bendixson theory is that no integral curve t — ®f(x) can meet v twice. As a
consequence, the map ¥ : Rx] — ¢, e[— R? given by

(z,y) = 2*(v(y))

is one to one, and the image of ¥ is an open invariant set on which the flow is
conjugate to the horizontal translation flow (an invariant flow box),

U((z,y) + (¢,0)) = " (¥(z,y)).

Since no integral curve meets 7 twice, the point (0) is not an accumulation point
of any orbit. Thus integral curves have no accumulation point, they tend to infinity:
for every compact subset K of the plane, and every x, the set

{t e R, ®'(x) € K}
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is compact. We say that the map t — ®'(x) is proper (or that the integral curve is
a properly embedded line).

Consider now several points x1, ..., x, that belongs to distinct (and thus pairwise
disjoint) orbits I'y,...T,. of the flow. We endow these orbits with the orientation
induced by the flow. The topology of any finite family of pairwise disjoint ori-
ented properly embedded lines in the plane may be completely described by a finite
invariant. More precisely, according to the Schoenflies theorem, we can find a home-
omorphism £ : R? — Int(ID?) between the plane and the open unit disk under which
the image of each oriented curve I'; becomes a chord [a;,w;| of the unit circle. The
cyclic order on the set {aq,ws, ..., q., w,.} is a total invariant of the topology of the
curves, meaning that there exists a homeomorphism sending a first family of oriented
curves on a second family if and only if their cyclic orders at infinity coincide. The
only constraint on this cyclic order is that the chords [o;,w;] are pairwise disjoint.
For example, for two orbits there is only two possible diagrams (up to reversing the
cyclic order), and five diagrams for three orbits.

Two or three orbits of a non vanishing vector field in the plane

b Brouwer homeomorphisms

A Brouwer homeomorphism f is a fixed point free, orientation preserving homeo-
morphism of the plane. As a consequence of Poincaré-Bendixson theorem, the time
one map of a flow generated by a non vanishing vector field is (a special case of) a
Brouwer homeomorphism, and one could say that the main purpose of Brouwer the-
ory is to determine which properties of the planar flows generalize to general Brouwer
homeomorphism. In particular, we would like to find out if there is something like
a cyclic order on ends of orbits.

Let us first recall Brouwer plane translation theorem, which is the analog of
Poincaré-Bendixson theorem. An open set U C R? is called a translation domain
for fif U is the image of an embedding' ¥ : R? — ¥(R?) = U such that WVoT = foV,
where T': (x,y) — (x,y)+(1,0) is the horizontal translation. Note that a translation
domain is f-invariant (f(U) = U). Here is a weak version of the Brouwer Plane
translation theorem.

LA map ¥ : X — Y is called an embedding if it is a homeomorphism between X and ¥(X).



Theorem (Brouwer). Every point of the plane belongs to a translation domain.”

As a corollary, exactly as in the Poincaré-Bendixson theory, every orbit (f"(z))nez
goes to infinity: for every compact subset K of the plane, and every x, the set

{neZ, f"(z) € K}

is compact. Again we will say that the orbit is proper (or locally finite).

Under the conclusions of the theorem, let I' be the image under the map ¥ of
any horizontal line. Then I' is an injective continuous image of the real line which
is invariant under f, i. e. f(I') =T'. Such a curve is called a streamline for f, and
it is an analog of the integral curves for flows. However, we must note that

e (non uniqueness) every point belongs to (infinitely many) distinct streamlines;

e (non properness) although they are continuous injective images of R, some
streamlines are not properly embedded (equivalently, their images are not
closed subset of the plane).

Actually the situation is the worst you can imagine: there exist examples with no
properly embedded streamline, and there are uncountably many non homeomorphic
possibilities even for a single non properly embedded streamline. A key point in
the proof of Handel’s theorem will be to replace streamlines by the more flexible
“homotopy” streamlines.

¢ Translation arcs

Let f be a Brouwer homeomorphism. A simple arc® « satisfying

2. an f(a) = {a(1)}

is called a translation arc for the point «/(0).

«

c’\/o\/o
fla)

A translation arc

The following is a fundamental lemma of the theory. For a proof see for exam-
ple [BF93, I

2Tn the full statement, ¥ my be chosen so that its restriction to every vertical straight line is
proper. In what follows we will only use the weak version.
3A simple arc, sometimes just called an arc, is an injective continuous image of [0, 1].



Lemma 1.1. (“Free disk lemma”) Let D C R? be a topological disk, i. e. a set

homeomorphic either to the open or to the closed unit disk. Assume that D is free,
that is, f(D)ND = 0. Then f*(D)ND =0 for every n # 0.

Note that a small enough disk centered at any point z is free, thus the lemma
incorporates the fact that no point is periodic. The following corollary implies that
the union of all the iterates of a translation arc is a streamline.

Corollary 1.2. If « is a translation arc then f"(a) N a # O if and only if n =
~1,0,1.

Proof. Assume by contradiction that there is € a such that f~"(z) € « for some
n # —1,0,1. A special case is when {z, f7"(x)} = {«(0),a(1)}. Then x must be a
periodic point, which contradicts the lemma. Thus the special case does not occur,
which means that the sub-arc of « joining x and f~"(z) is a not equal to a. In
particular it is free, and thus by thickening it, we see that it is included in a free
topological open disk. This disk contradicts the free disk lemma. O

The above proof implicitly uses the following version of the Schoenflies theorem
(where?...): any simple arc of the plane is the image of a segment under a homeo-
morphism of the plane.

We end this section by giving a direct construction of a translation arc (with no
reference to the plane translation theorem). A topological closed disk B is called
critical if the interior of B is free, but B is not. Let B be a critical disk containing
some point z in its interior. Choose some point y € BN f(B), some arc 7; joining
r to y and included in IntB except at y, and some arc v, joining x to f~1(y) and
included in IntB except at f~!(y), such that v4 N~y = {z}, so that 7, Uy, is a
simple arc. We construct a simple arc from = to f(z) by gluing v, with f(72). The
following statement implies that such an arc is a translation arc for z.

f(B)

A critical disk and a geometric translation arc

Corollary 1.3 (critical disks). f*(B) N B # 0 if and only if n = —1,0, 1.



By making a euclidean disk grow until it touches its image, we see that for
every given point there is a unique critical disk among euclidean disks centered at
the point. When B is a euclidean disk, we may choose 7; and 7, to be euclidean
segments in the previous construction, as on the previous figure. Then we say that
the translation arc is geometric.

Proof of corollary 1.3. Use again the idea of the proof of the corollary on translation
arcs. Details are left to the reader. O

Exercise 1.— Prove that any neighborhood of any arc 7 joining a point = to its image contains

a topological disk which is critical and contains z in its interior.

d The homotopy class of translation arcs

The following proposition will be the key to deduce the fixed point theorem, as
stated in the introduction, from an “intrinsic” theorem dealing with Brouwer home-
omorphisms. It is a weak version of Corollary 6.3 of | |. The weak version is
sufficient for our needs, but we will also be able to deduce the strong version from
the weak (corollary 2.1 below).

Let O(zg) = {f"(wo),n € Z}. Let a,a’ : [0,1] — R? be two curves joining z
to f(xo). A homotopy (with fixed end-points) from « to o' is a continuous map
H :[0,1]* — R? (s,t) = au(s) such that oy = o,y = o and each q; is a curve
joining zo to f(zo). The homotopy is relative to O(xy) if every curve a; meets O(zy)
only at its end-points. The homotopy is an isotopy if every curve oy is injective.
Standard results in surface topology imply that two injective curves «, o which are
homotopic relative to O(zg) are also isotopic relative to O(z).*

Proposition 1.4. Let ag, oy be two translation arcs for a Brouwer homeomorphism
f for the same point xo. Then ag and oy are homotopic relative to O(xg).

Exercise 2.— In the special case when f is a translation, one may consider the quotient R?/f,
which is an infinite annulus. What can you say about the image of a translation arc in the quotient?

The proposition, in this special case, should become “obvious”.

To prove the proposition we need two lemmas. The first lemma says that, up to
conjugacy, geometric translation arcs have nothing special.

Lemma 1.5. For every translation arc « there exists a homeomorphism g isotopic
to the identity such that the arc g(a) is a geometrical translation arc for gfg=t. We
may further assume that g(«) joins 0 to 1.

We insist that g will be isotopic to the identity, but not isotopic to the identity
relative to an orbit of f.

4This fact is actually included in the properties of hyperbolic geodesics, see in particular property
3 of the appendix.



Proof. We look for a situation homeomorphic to the picture of a geometrical arc
and its critical euclidean disk. Namely, we want to find a topological closed disk B
which is critical, contains «(0) in its interior, and such that the boundary 0B meets
f~Ha) U a in exactly two points, a point y on « and its inverse image f~!(y) on
/7! (a). Once we have found such a B, an adapted version of Schoenflies theorem
provides a homeomorphism ¢ such that g(B) is a euclidean disk centered at g(x), and
g(f~1(a)NB), g(an B) are euclidean segments, and such a g satisfies the conclusion
of the lemma. Here is a way to construct B. Up to making a first conjugacy, one
can assume that a and its inverse image are horizontal segments. Choose a vertical
small segment ~y centered at the middle of «, such that f~!(v) is disjoint from ~.
Up to a new conjugacy, we assume that f~1(v) is also a vertical segment. Then B
may be chosen as a thin horizontal ellipse (or rectangle) tangent to v and f~!(v),
as shown on the picture. O

Construction of an adapted critical disk

As before we consider a Brouwer homeomorphism f, and some point zy. To
prove the proposition we need to thoroughly analyze the geometric translation arcs
at z9. Let By be the unique euclidean critical disk centered at xy, and S be its circle
boundary. In the (easy) case when By meets its image at a single point, there is a
unique geometric translation arc for o, and we define C' to be this arc (as this is
the easy case, we will not discuss it anymore). Assume we are in the opposite case
(see the picture below). The set S\ f(By) is a union of open arcs of the circle S;
exactly one of these arcs is included in the boundary of the unbounded component
of R?\ (B;yU f(By)), let y, z be the (distinct) end-points of this arc. Let v, 7. be the
geometric translation arcs containing respectively y, z. It is easy to see that v, U,
is a Jordan curve, let C' be the closed topological disk bounded by this curve. We
claim that

CNf7HC) = {zo}.

Indeed, we first note that 0C' N f~1(AC) = {x}: this is because
(1) by construction of geometric translation arcs, 9C' N f~1(0C) N By = {xo};
(2) 0C'\ By C f(By), while f~1(0C)\ By C f~1(By), and f(By) N f~(By) = 0
(corollary 1.3 on critical disks).

From this we deduce that either the claim holds, or one of the two disks C' and
f7YC) contains the other one, but in this last case the Brouwer fixed point theorem
would provide a fixed point for f, a contradiction. This proves the claim.



By f(By)

Construction of the topological disks C' and D

Note that C' contains all the geometric translation arcs for the point xy. From
the disk C' we will construct another (slightly bigger) disk D whose properties are
given by the following lemma.

Lemma 1.6. There exists a topological disk D, and a neighbourhood V' of f in the
space of Brouwer homeomorphisms (equipped with the topology of uniform conver-
gence on compact subsets of the plane), such that for every f' € V,

e IntD contains every geometric translation arc for the map f' and the point xg,
e DN{f"™(xg),n € Z}=IntDN{f"(xo),n € Z} = {xo, f'(x0)}.

Proof. We treat only the case when By N f(By) is not reduced to a single point (the
opposite case is similar but far easier). First assume that D is any topological disk
whose interior contains C'. In particular, the interior of D contains all the geometric
translation arcs for f. Consider another Brouwer homeomorphism f’, and let By be
the unique euclidean critical disk for f’ which is centered at xp. When f’ is close to
f, the disk By is close to By, and the intersection By N f(By) must be included in
D. From this it is not difficult to see that D contains all the geometric translation
arcs for f’, which gives the first property of the lemma.

It remains to get the second property. For this we choose D to be a small enough
neighborhood of C', so that it may be written as the union of two topological closed
disks ¢, ¢’ satisfying the following conditions:

1. 0,4 are free for f;
2. z9 € Intd and f(zo) € Intd'.

This is possible since the disk C'is “almost free” (see the above claim, CN f~}(C) =
{zo}). Define V' to be the set of Brouwer homeomorphisms f’ such that the first
property of the lemma holds, and such that the above conditions 1 and 2 are still
satisfied for f’, namely §,¢" are free for f’, and zy € Intd and f'(xo) € Intd'. It
is clear that V' is a neighborhood of f. Let f’ € V, and let us check the second
property of the lemma. Consider an integer n such that f(xq) belongs to D. Since
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xg is in ¢ which is free for f’, f(xy) may not be in § unless n = 0 (free disk lemma).
Likewise, since f'(xg) is in ¢’ which is free for f’, f(xy) may not be in ¢’ unless
n = 1. Thus f™(z¢) cannot be in D = § U ¢’ unless n = 0, 1, as wanted. O

Proof of the proposition. Lemma 1.5 provides gg, g1 such that goag, g1y are geo-
metric translation arcs respectively for gofgy’, g1f9;. The space Homeogy(R?)
of homeomorphisms of the plane that are isotopic to the identity is arcwise con-
nected, thus there exists a continuous path (g¢)icjo,1) in that space joining go and
g1. Let fi = g.fg;*. By composing g, with the translation that sends g;(z¢) to
0, we may assume that g,(xg) = 0 for every t ; likewise, by composing ¢; with
the (unique) complex multiplication that sends g, f(zo) to 1, we may assume that
f:(0) = g:(f(xg)) = 1 for every t. Since complex affine maps preserves segments and
circles, these modifications of g; do not alter the previous properties: gpag, g1 are
still geometric translation arcs.

We consider the disks D( f;) and the neighbourhoods V'( f;) provided by Lemma 1.6,
applied at the point o = 0. By compactness, there exist g =0 < ... < t, = 1 such
that every f; with ¢ € [t;,t;41] is included in some V; = V(ft;). Let D; = D(ft;).
Let af = goaw, &) = g1y which are geometric translation arcs resp. for fy, f;,, and
for every i = 1,...,¢ — 1 choose some geometric translation arc oy, for f;,. Now for
i=0,...,0—1, both arcs o, and a;,, go from the point 0 to the point 1 and are
contained in the disk D; (first point of lemma 1.6). Thus they are homotopic within
D;: we may find a continuous family of curves (o), +,,,] connecting both arcs and
still going from 0 to 1 and included in D;. Point two of lemma 1.6 entails that for
every t,

ap N {f(0),n € Z} = {0,1}.

Now let oy = g; 'a}. This is a homotopy from aq to a; relative to the orbit O(x)°.
U

Exercise 3.— Prove the weak version of the plane translation theorem as a consequence of the
free disk lemma. Hints: by thickening a translation arc we may construct a critical disk ¢ such

that 6 N f(d) is a simple arc. The iterates of § give rise to a translation domain.

2 Homotopy translation arcs

Integral curves of flows never cross each other. We would like to know to what extent
orbits of a Brouwer homeomorphism can cross each other, but it is not easy to give
a precise meaning to this. In this direction we have defined translation arcs, in order
to replace integral curves of flows by the union of iterates of a translation arc, also
called streamlines. But for a general Brouwer homeomorphism the topology of a

5This proof was sketched in the author’s PhD thesis.
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streamline may be complicated. Thus streamlines are not appropriate to define a
notion of crossing. The idea is to relax the invariance to a homotopy invariance.

In this section f is an orientation preserving homeomorphism of the plane. We
select finitely many points z1, ...z, with disjoint orbits, and let

O:O(ml,...xT):{f”(xi),nez,izl,...,r}

denote the union of their orbits. We do not demand that f is fixed point free, but
the x;’s are assumed to have proper orbits: in other words they are not periodic
and the set O is locally finite. The plane translation theorem tells us that this is
automatic if f is fixed point free.

a Definitions

We consider the continuous curves « : [0,1] — R? joining two points z,y € O,
whose interior Inta := «((0, 1)) is disjoint from O, and whose restriction to (0, 1) is
injective (thus the image of « is homeomorphic to the circle or to the closed interval).
Such a curve is said to be inessential if a(0) = «(1) and the bounded component
of R?\ a does not contain any point of O, otherwise it is called essential. Let A
be the set of essential curves. The set A is endowed with the topology of uniform
convergence, and the connected components of A are called homotopy classes®. Two
curves in the same homotopy class will be said to be homotopic relative to O. The
homotopy class of a will be denoted by «, and the set of homotopy classes by A.
Note that the end-points «(0), a(1) are well-defined (homotopic curves have the
same end-points). The map f induces a map f on homotopy classes.

We will say that two curves a, 3 € A are homotopically disjoint, and write
anp =10, if a # § and there exist o/ € a, 5 € 8 such that o’ N 3 C O, that is,
the curves are disjoint except maybe at their end-points. Let v € A be a simple arc
joining some x € X to its image f(z). The arc is a homotopy translation arc (for the
point x) if the curve is homotopically disjoint from all its iterates, that is, for every
n#0, f"(a)Na=10. A sequence of curves (a,,),>o in A is said to be homotopically
proper if for every compact subset K of the plane, there exists ng such that for every
n > ng, there exists o/ € a,, such that o/ N K = (). A homotopy translation arc «
is forward proper if the sequence (f™(«)),>0 is homotopically proper. The notion of
backward proper homotopy translation arc is defined in a symmetric way.

n)

(c
B € A, for every n large enough, o, N 3 =

Exercise 4.— Prove that a sequence o is homotopically proper if and only if for every

n>
(). Hints: for the difficult part hyperbolic geodesics

make life easier (see the appendix).

b Examples

The following exercise explores the properties of homotopy translation arcs on the
easiest examples.

6Remember that, in this context, the notions of isotopy and homotopy coincide.
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Exercise 5.—
1. The pictures on the next page show examples of orbits of some fixed point free homeomorphisms.
We start with the first three examples, which are time one maps of flows. Try to draw several

distinct homotopy translation arcs for the same point. Are they backward or forward proper?
2. We now consider a more involved example. We begin

<

with a map f which is the time one map of a flow, with

five trajectories as on the picture on the right. The wanted C
map f' = ¢ o f is obtained as the composition of f with a >
map ¢ supported on a disk  that is free for f (the shaded D

disk on the picture). 3

Let x1 be a point, and ~ be the translation arc for 21 as depicted on the figure. What are the f’ iter-
ates of 1?7 Draw the iterates of v. Is the corresponding homotopy translation arc forward proper?
Does x1 admit a forward proper homotopy translation arc? Is there any homotopy translation arc

for xg which is both forward and backward proper?

Exercise 6.— Find a situation with » = 2 and a homotopy translation arc which is not homotopic

to a (classical) translation arc. Hints: consider a flow with several parallel Reeb strips.

¢ Backward and forward proper homotopy translation arcs

The following theorem describes the situation up to r = 37.

Theorem. Assume f is fized point free, in other words f is a Brouwer homeomor-
phism. If r = 1,2,3 then there exists homotopy translation arcs vi,...7, for the
points xy, . .., x, that are both backward and forward proper and such that, for every
n € Z and every i # j, the arcs ; and f"(vy;) are homotopically disjoint.

The cases r = 1,2 are in | | (they are essentially equivalent to Theorem 2.2
and 2.6 of that paper). The case r = 3 may be proved using Handel’s techniques.
The last example in the previous section shows that the statement becomes false
when r > 4. We will only provide a proof in the case r = 1, using proposition 1.4
about the uniqueness of homotopy class of translation arcs, and the construction of
translation arcs using critical disks. The other cases are much harder, and necessitate
the concepts of reducing lines and fitted families that disappear under iteration,
see | ].

Proof when r = 1. We consider a Brouwer homeomorphism f. As a preliminary we
prove that a point sufficiently near infinity admits a translation arc sufficiently near
infinity. More precisely, let K be a compact subset of the plane, and C be a large
disk containing both K and f~'(K). Let x be a point outside C'U f~'(C). Then
f(x) is outside C'. According to the exercise at the end of section 1.c, since the
complement of C' is arcwise connected, we may find a topological disk B containing
x in its interior which is critical. We have seen that there exists a translation arc ~y
for z included in BN f(B). By choice of C the arc v is disjoint from K.

"The results in this section will not be used in the proof of the fixed point theorem.
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T2

-

is a translation, r = 2

L1
° o 172 . ~——
f is the time one map of the Reeb flow, r = 2
T
T3
o 172 . ~——»
f is the Reeb flow, r =3

[ ]

f' =@ o f is the composition of a flow and a small perturbation, r = 4
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Now consider the orbit @ = O(x;) of some point x;. Let 79 be any (classical)
translation arc for the point ;. Of course 7 is a homotopy translation arc, let
us prove that it is forward proper. Let K be a compact subset of the plane. The
forward orbit of x; is going to infinity, and according to the preliminary property,
for every n large enough there exists a translation arc =, for f™(z1) which is disjoint
from K. According to the uniqueness of homotopy class of translation arcs, the arc
f™(70) is homotopic to =, relative to O. Thus 7y is forward proper. Similarly, it is
backward proper. O

As a corollary, we obtain that homotopy translation arcs are essentially unique
when r = 1. This reinforces proposition 1.4.

Corollary 2.1 (][ |, corollary 6.3). Let f be a Brouwer homeomorphism and
O = O(xy) be the orbit of some point z1. Let v, be two homotopy translation arcs
for x1. Then they are homotopic relative to O.

The proof is mainly an excuse to begin to play with the family H of hyperbolic
geodesics. We refer to the properties of H as listed in the appendix.

Proof. Let ~y be a homotopy translation arc for x; which is both backward and
forward proper, as given by the case r = 1 of the theorem. For every n, we denote
by f;'70 the unique geodesic homotopic to f"(7o) relative to O (property 1 of the
appendix). For p # ¢ the geodesics f{yo and f/7o are in minimal position (prop-
erty 2), and since 7, is a homotopy translation arc, they must be disjoint (except
possibly at their end-points). Since the sequence (f™()) is homotopically proper,
the sequence (f{'(70)) of corresponding geodesics is proper (property 5). Thus the

union
U fi (o)

ne”L

is a properly embedded line: there exists a homeomorphism ® € Homeog(R?)
sending this line to R x {0}, and more precisely we may choose ® such that
®(f (7)) = [n,n + 1] x {0} for every n € Z. Since our problem is invariant
under conjugacy, up to replacing f and x; by ®f®~! and ®(z;) (and the family H
of geodesics by ®(H)), we may assume that z; = (0,0) and f{*(7) = [n,n+1] x {0}
for every n. From now on we work with these hypotheses.

Consider the family {f([n,n + 1] x {0}),n € Z}. It is locally finite, and its
elements are pairwise non-homotopic and disjoint. According to property 3 of the
appendix, there exists some ® € Homeog(R?, O) sending each element of this family
to a geodesic (where Homeoy(R?, O) denotes the identity component in the space
of homeomorphism of the plane that pointwise fixe O; we say that elements of
Homeoy (R?, O) are isotopic to the identity relative to O). The curve f([n,n+1]x{0})
is homotopic to the geodesic [n+1,n+2] x {0} relative to O, and since P is isotopic
to the identity relative to O, so is the curve ®f([n,n + 1] x {0}). By uniqueness
of the geodesic in a given homotopy class, we deduce that ®(f([n,n + 1] x {0})) =
[n+1,n+ 2] x {0} for every integer n. Consider another homotopy translation arc
~ for f at the point 1 = (0,0). The arc 7 is also a homotopy translation arc for the
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map ¢ f. Thus, up to replacing f by ®f, we may assume that f([n,n+1] x {0})) =
n+ 1,n + 2] x {0} for every n. (The reader might be afraid that ®f may have
some fixed point, whereas f was fixed point free, but we will not use this hypothesis
anymore.)

Now the map f looks very much like the translation T : (z,y) — (x + 1,y), and
in a first reading the reader may assume that f = 7. We may assume that v is
a geodesic (property 1 of the geodesics). If v is not homotopic to [0,1] x 0, then
v # [0,1] x 0 and we will prove (as a contradiction) that gamma is not a homotopy
translation arc It is enough to prove that the geodesic f;(y) homotopic to f(7) meets
v at some point distinct from (1,0). For this we consider the two following families
of curves:

A={lnn+1x{0}nez}, B={f()}

These families satisfy the hypothesis of property 4 of the appendix, since A and {7}
do, and f(A) = A. Thus again there exists ® € Homeop(R?, O) such the image
under ® of all the curves in both families are geodesics, namely ®([n,n+1] x {0}) =
[n,n + 1] x {0} for every n, and ®f(y) = fi(y). Since v is a geodesic distinct
from and thus non homotopic to [0, 1] x {0}, it has to intersect the horizontal line
R x {0}. Let 4" C v be the largest subarc containing v(0) = (0,0) and disjoint from
this line except at its end-points. The other end-point of 4/ is on the horizontal line,
say (x,0). Since geodesics are in minimal position, this point does not belong to
[—1,1] x {0}. To fix ideas assume = > 1. Since ®f preserves the orientation and
the horizontal line, ® f(v) is an arc from (1, 0) to some point (2’,0) with 2’ > = and
otherwise disjoint from the line. From this we conclude that v N ®f(y') # 0, and
thus v N f4(7) contains a point distinct from (1,0). This completes the proof. O

Exercise 7.— Use the same techniques to prove that, for the Reeb map and r = 2 (see the second
picture), any homotopy translation arc for the point z; is homotopic to the horizontal translation

arc drawn on the figure.

d Backward or forward proper homotopy translation arcs

If we consider more than three orbits we cannot in general find homotopy translation
arcs that are both backward and forward proper. However, Handel proved that there
always exist homotopy translation arcs that are backward or forward proper. Even
more, one can find for each of the r orbits a backward proper homotopy translation
arc, and a forward proper homotopy translation arc, such that all the corresponding
“half homotopy streamlines” are pairwise disjoint. Here we construct such a family
in the special case of a homeomorphism satisfying the hypotheses of the fixed point
theorem (see section 4 for the general statement).

We work in the same setting as in the previous section: x1,...,z, are points
having disjoint proper orbits for a homeomorphism f of the plane. We use the same
notations. The following property asks for the existence of a family of backward
or forward proper homotopy translation arcs, whose associated “homotopy half-
streamlines” are pairwise homotopically disjoint.
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Property (Hj) There ezists a positive integer N and, for everyi=1,...,r, an arc
8; € A joining fN"'z; to fNx;, and an arc v; € A joining fNx; to fNTla;, such
that

e the 0;’s are backward proper homotopy translation arcs,
e the v;’s are forward proper homotopy translation arcs,

e all the arcs in the family

are pairwise homotopically disjoint.

Proposition 2.2. Let f be a homeomorphism of the disk D? with no fized point
in the interior. Assume hypothesis (Hy) of Handel’s fized point theorem: xq,...,x,
are points of the interior of the disk whose o and w-limit sets are distinct points
Q1,W1, ..., Qp,w, on the boundary. Identify the interior of the disk with the plane.
Then property (Hy) holds for the restriction of f to the interior of the disk.

Proof. The idea is to define the ¢§;’s and the ~;’s as geometrical translation arc for
the euclidean metric on the disk, and to use the uniqueness of the homotopy class

of translation arcs (proposition 1.4) to prove homotopic disjointness.
The hypothesis allows to choose two collections

A, A, and Wh, ..., W, of pairwise disjoint
neighborhoods of the points oy, wy, . . ., a,, w,, such
that each A;, W; is disjoint from the orbits of the
x;’s for j # 4. More precisely, we construct A,
(resp. W;) as the intersection of a small disk cen-
tered at a; (resp. w;) with the unit disk D?, paying
attention that the boundaries of A; and W; do not
contain any point of O. Let B(i,n) be the closed
euclidean disk centered at f™(x;) and critical for

f:

F(B(i,n)) N B(i,n) £ 0 but f(IntB(i,n)) N IntB(i,n) = 0.

For n > 0 large enough, B(i,n) in included in W;, and so is its image under f. In
particular, any geometric translation arc v(i,n) for f"(x;), as constructed in the
previous section is included in W;. Likewise, B(i, —n — 1) and its image are included
in A;, and so is any geometrical translation arc §(i,n) for f="~1(x;).

From now on we work in the interior of the unit disk, identified with the plane.
Let 7,7 € A be two simple arcs included in A;. Assume that they are homotopic
relative to the orbit O(x;) of xy. Then we observe that they are also homotopic
relative to O. Indeed, there exists a map ® : R? — A; which pointwise fixes A; and
send the complement of A; to dA;, and the composition of a homotopy avoiding
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O(z1) with ® gives a homotopy avoiding O. The same observation of course holds
for all the A;’s and W;’s.

Now we choose N > 0 large enough so that for every n > N and every i,
the translation arc v(i,n) and its image are both included in W;, and likewise the
§(i,n), f~1(6(i,n)) are included in A;. We set v; = (i, N) and §; = 6(i, N) and
claim that they suit our needs.

According to the proposition on homotopy classes of translation arcs, the arcs
v(i, N + 1) and f(y(¢,N)) are homotopic relative to O(x;). Applying the above
observation, we deduce that they are homotopic relative to O. By induction we see
that the arc f"(y;) is homotopic relative to O to the arc (i, N 4+ n). Like wise the
arc f~"(¢;) is homotopic relative to O to the arc 6(i, —N —n). Thus property (Hj)
is satisfied. O

3 Proof of the fixed point theorem

In this section, we prove the intrinsic version of the theorem. The proof follows
closely the exposition given by Matsumoto in | |. Here the use of hyperbolic
geodesics is crucial (see the appendix).

Again, consider an orientation preserving homeomorphism f of the plane, with r
proper disjoint orbits O(xy),...,O(x,). Assume property (Hj). We want to trans-
late in this setting hypothesis (Hs) concerning the cyclic order (see the statement
of the fixed point theorem).

For a curve a € A, we will denote by f;'a the unique geodesic in the homotopy

class of f"(«). Note that for any p, ¢ we have ff?(a) = fﬁp”a. We also define
S_(Oé) = Ungofﬁna, S+(Oé) = Unzofﬁna.
Hypothesis (H]) amounts to saying that the curves

S_(51)> S+(71)7 R S_(ér)v S+(7r)'

are pairwise disjoint and homeomorphic to half-lines. We also let
S™ :UZS_((SZ), S+ :Uzs—i_('%)

As we did for flows (see the beginning of the section about classical Brouwer
theory), we may consider the cyclic order at infinity. More precisely, in every neigh-
borhood of infinity, that is, outside every compact subset of the plane, there exists a
Jordan curve (a topological circle) J meeting each of the 2r half-lines exactly once.
The cyclic order induced by J on the finite set J N (S~ US™) does not depend on J,
and thus we get a well defined cyclic order on our set of 27 half-lines. Denote by «;
the point J N S™(4;) and by w; the point J N ST(7;). We introduce hypothesis (H5)
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which says that the cyclic order on J is the same as the order given on the circle
boundary in hypothesis (H»).

In view of proposition 2.2, the fixed point theorem is a consequence of the fol-
lowing intrinsic statement.

Theorem (intrinsic version of Handel’s fixed point theorem). Let f be an orientation
preserving homeomorphism of the plane satisfying properties (Hy) and (HS). Then
f has a fixed point.

The end of this section is devoted to the proof of this theorem.

a Action of f on curves

For the present we only assume that f is an orientation preserving homeomorphism
of the plane, with or without fixed points, satisfying hypothesis (H;). We use the
notations of section 2.

We define the following subset G of A. A curve o € A is in G if its end points
belong to the set

STNO ={f"(z;),n>N,ie{0,...,7}}

and « is homotopically disjoint from every arc f™(d;),n < 0. Note that G is a union
of homotopy classes in A and that f(G) C G. Let Gy C G be the set of elements of
G whose end points belong to the smaller set

{f¥ (@), (@)}

and that are also homotopically disjoint from every arc f"(vy;),n > 0,i=1,...,r.
Obviously f induces a natural map, denoted by f, from G to itself, where G
denotes the set of homotopy classes of elements of G. We will also associate to f a
natural map from Gy to itself. There is no obvious way to do this, mainly because
the image of a curve a € Gy may meet ST. The idea is to cut f(«) into pieces
that do not meet ST anymore, at least up to homotopy. Thus we will not obtain
a genuine map but rather a multi-valued map from G, to itself. More precisely, if
all the curves involved are assumed to be pairwise in minimal position, then the
process will be to take all the connected components of f(«)\ ST, and to extend
them by the most direct way so that their end-points belong to {f~ (1), ... fN¥(z,)}.
The result will be a “set” of curves in Gy counted with multiplicities; for this we
introduce the following notation. For every set E, let &F denote the set “finite
subsets of E with multiplicities”. More formally, an element of GF is a map ¢ from
E to N such that ¢(e) = 0 except for a finite number of e € E. An element of ®F
may be denoted either by a formal sum ¢ = a1 + - - - 4+ oy, or (abusing notation) by
a “set” {ai,...q,} where the ;’s are not assumed to be distinct. The empty sum
(or empty set) is denoted either by 0 or (). We will write a € ¢ to denote ¢(a) # 0.
Now consider some o € G, and define cut(a) € &G, as follows®. In the case when
« is isotopic to one of the geodesics f;y;,n > 0 that make up S * we define cut(a)

8Note that in | ] the construction is slightly different. Our set Gy is in one-to-one corre-
spondance with the set which is denoted in | | by RH(W, 0+ W), and Handel’s map f;(.)NW
corresponds to our map cut o f.
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to be the empty set. In the opposite case, let ¢/ be the unique geodesic homotopic
to a. According to the appendix, o’ is in minimal position with all the geodesics
fi'vi- In particular the set B of connected components of o'\ ST is finite. Let 3
be the closure of some element in 3 € B, we consider 3 as an oriented simple curve
parametrized by [0, 1], which connect some S*(7;,) to some S*(7y;,). We define a
curve 3’ by first following the half-line S*(v,,) from fV(z;,) to 5(0), then following
B, and finally following the half-line ST () from 3(1) to f¥(x;). The curve /3
is then “pushed off S*” to get a curve 8” which is disjoint from St except at its
end-points. The process from S to 5" is described on the following picture.

S+(’Vi1)

S* (%0)

Construction of 5”

It may happens that 5" is inessential (recall that this means it is a closed curve
surrounding no point of ). In this case we decide that §” is the zero element in
©G,. In the opposite case 3" is an element of Gy. Finally, we let

cut(a) = Zé".

BeB

An example : cut(a) = B} + B3

For future use we make the following remark. Imagine that at the beginning of
the above construction we replace the geodesic o’ by any curve wich is homotopic
to a and in minimal position with all the fi'y; with n > 0. Due to properties of the
geodesics, such a curve is the image of o/ under some ® € Homeoy(R?, O) which
leaves every geodesic f'y; globally invariant (apply property 4 of the appendix on
geodesics). Then if we apply the construction with ®(a/) instead of o/, we will get
the curves ®(f") instead of 5”. Since each ®(") is homotopic to 8" relative to O,
we see that this will not change the definition of cut(a).
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Exercise 8.— Prove that this definition does not depend on the choice of the hyperbolic structure:
if Ho, H1 are two families of curves satisfying the axioms of geodesics listed in the appendix, then
the maps cutg and cut; defined using respectively Hg, H; coincide. Hint: use again property 4 in
the list of axioms.

Thus we have well-defined maps f: G — G and cut : G — &G,,. We still denote
by f:®G — @®©G and cut : ®G — BG, the natural extensions.

Lemma 3.1.

1. cut ocut = cut.

2. Let ar,00 € G be homotopically disjoint. Then every (1 € cut(o),Bs €
cut(az) are homotopically disjoint.

3. The map f depends only on the homotopy class of [ relative to O: if ® is any
element in Homeoy(R?, O) then ®f = f.

4. For every integer n > 0, the equality

(cuto f)" =cuto f"

holds on ®G.

Proof. The first point simply expresses the fact that the restriction of cut to Gy is
the identity. For the second point, consider two connected components (3, S coming
respectively from aq, a5 as in the definition of the map cut. Since geodesics have
minimal intersection, these two components are disjoint. Then it is easy to choose
the curves (7, 85 so that they are disjoint (except maybe for their end-points, as
usual). This proves the homotopic disjointness. The third point is obvious.

Let us turn to the last point. By writing (cuto f)" = (cuto f) o (cuto f)"~! and
using induction we see that it suffices to show that cut fcut = cutf on G. According
to the previous point, we may modify f before doing the computation, as long as
we do not change the homotopy class relative to O. We claim that this will allow us
to assume the following additional property: for everyn > —1, f sends the geodesic
fi'vi to the geodesic fg”l%. Indeed, consider the family F = {fﬁ"%,i =1,...,m,n>
—1}. According to hypothesis (H7) each ; is a forward proper homotopy translation
arc, thus this family is locally finite (this makes use of property 5 of the appendix).
Furthermore all the arcs in the family {f"(y;) i =1,...,r, n > 0} are pairwise
homotopically disjoint. Since F is obtained from this family by first applying f~*
and then replacing each arc by the geodesic homotopic to it, we see that the elements
of F are pairwise disjoint (this makes use of property 2 of the appendix). The
image family f(F) is again locally finite with pairwise disjoint elements; according
to property 4 of the appendix, there exists some ® € Homeoy(R? O) such that
all the ®(f(fyi)),n > —1 are geodesics. Uniqueness of geodesics implies that
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S(f(fiv) = ﬁ"H% for every 7 and every n > —1. We may replace f by ®f to get
the above additional property. Note that this does not affect the map f;.

Now let o € G, we want to check that cutfcut(a) = cutf(a). For this we may
assume that « is a geodesic. In particular o is in minimal position with every element
of the above family F, and thus f(«) is in minimal position with every element of
the image family; thanks to the preliminary modification on f, this family is exactly
the family of geodesics that make up S™. Thus, using the notations of the definition
of the map cut and according to the remark following this definition, we have

cutf(a) = Z @'1’ (%)

Br1eB(f ()

where B(c), for any curve ¢, stands for the set of connected components of ¢\ S™.
On the other hand let us determine what is cut fcuta. Since « is a geodesics we

have
o 7
cuta = Z B 0"
Bo€B(a)
Applying cut f to this sum yields

cut feuta = Z cut f(B7)-

Bo€B(a)

Because of the preliminary modification of f we have f~1(S*) = ST U Uizl,,,,,rfﬁ_lvi,
and each geodesic fﬁ_lyi meets ST only at one end-point. Each 3 is made of an arc
included in o and two arcs close to ST, which may be chosen to be disjoint from the
fﬁ_lw’s. Since « is in minimal position with all the f{y;’s with n > —1, we deduce
that the arcs ] are also in minimal position with all these geodesics. Then the arcs
f(BY) is in minimal position with all the curves that make up S*. This allows us to
write L,
cutf B = Z B, ().
BreB(f(BY))

Now since f(ST) C ST, every connected component f; of f(a)\ ST is included in
a (unique) connected component f(3y) of f(«)\ f(S*). Thus the sum (x) writes as
the sum over ) € B(«) of the terms

Z Bl (xx%).

pr1€B(f(Bo))

To get the equality it remains to compare the sums (%) and (xxx). For this we have
to compare their sets of indices. Remember that 5 is obtained from fy by adding
at both end-points some arcs included in ST, and then making a small perturbation
to push the resulting curve off S*. Thus there is a bijection £; 1 between both
sets of indices, with 3; = 1 except for the two extreme components of f(5) \ ST
(which may coincide in the case when there is only one component) for which 5;
is obtained from 3, by adding at one (or both) end-point an arc included in f(S¥)
and making a small perturbation. In any case, the homotopy classes of 8] and g
are easily seen to coincide. This completes the proof of the equality. O
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Following Handel, we denote by —a the curve a with reverse orientation (note
however that the formal sum —a + « in @G is not equal to zero!). The interest of
the map cut o f appears in the following crucial statement.

Proposition 3.2. If there is some o € Gy and some positive n such that
—a € cutf"(a)

then f has a fized point.

Hypothesis of proposition 3.2: —a € cutf"a

Proof. This is the only place where we will use the existence of a nice circle boundary
for the universal cover. Let m : H> — R*\ O be the universal cover given by the
theorem in the appendix. We know that every lift h : H? — H? of a homeomorphism
h of R* \ O extends to the circle boundary 9H? ~ S'. Under the hypotheses of the
proposition, we claim that there exists some lift h of h = f™ whose extension has
no fized point on the boundary. The claim easily implies the proposition by the
following argument. We apply Brouwer fixed point theorem to the homeomorphism
h of the closed two-disk H? U 9H2. Since h has no fixed point on the boundary, it
must have a fixed point in H2. Thus h has a fixed point. That is, f has a periodic
point. Finally the Brouwer plane translation theorem provides a fixed point for f
(see section 1.b).

Let us prove the claim. We may assume that « is a geodesic. We also note that
we may modify h within its homotopy class relative to O, since this does not affect
the restriction of lifts of h on the boundary of H2. Thus, as in the proof of the
previous lemma, we may assume that h(ST) C S*, and also that o/ = h(a) is a
geodesic (this makes use of property 4 in the appendix). The end-points of « are
some points [V (z;,), f¥ (z;,) of O. Remember that every lift 4 of a curve 7 in A has
end-points 7(0), (1) on OH?, and furthermore that these end-points depend only
on the homotopy class of v relative to O. Consider an infinite curve ¢y surrounding
ST (7i,) as on the picture below (on the left).
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ST (i)

A
®
®

e

S+ (7@'0)

Let & be any lift of ¢;. For each n > 0 there exist exactly two lifts &} of f*(vi,)
meeting ¢o, and these lifts form a sequence

So :...,cz,ci,cg,cg,ci,ci,...
in which the terminal end-point (on OH?) of some term coincides with the initial
end-point of the next term (see the above picture, on the right).

Let & be the lift of o meeting ¢y, let ¢; be the lift of ¢; meeting & where ¢; is an
infinite curve surrounding S*(v;,). Let S; be the sequence of lifts of the geodesics
fi'(7i,) defined analogously to Sy. Since the curves ¢y and ¢; are disjoint we see that
the situation is an on the picture. In particular, if I is the minimal open interval in
the boundary of H? that contains all the end-points of the elements of the sequence
So, and I; is defined similarly, then Iy and I; are disjoint. Since h(S*(v;,)) is
included in S*(v;,) and thus disjoint from S*(7;,), we get that ¢; may be chosen
to be disjoint from h(cg), and thus we see that no lift of h(cg) intersects ¢;. We
deduce that for every lift & of h the interval h(Iy) is either disjoint from, included
in or containing /;. The same holds when we exchange I, and I;.

Now the hypothesis —a € cutf"«a says that there exists some component 3 of
f(a)\ ST such that 8” is homotopic to o with the reverse orientation (we have
again endorsed the notations in the construction of the map cut). Thus 8" has a
lift 5” such that 5”(0) = &(1) and B”(1) = &(0). If & denotes the lift of ()
that meets 3”, then & is an oriented geodesic containing a subarc from a point in
a geodesic g; of the sequence &) to a point in a geodesic gg of the sequence Sy. Let
h be the lift of h that sends & to &. The curve & may not meet g; more than
once since these curves are geodesics and thus in minimal position (property 2 of
the geodesics), and thus we see that the initial end-point of & is included in 1.
Likewise the terminal end-point of & is included in Iy. Since these points belongs
respectively to h(Iy) and h(I;), combining this with previous observations we get
that . .

h(]()) C I, h([l) C Ip.
Thus h has no fixed point in Iy neither in I;. Let Jo,J; be the complementary
intervals of Iy U I; in the circle. Since h preserves orientation on the boundary, it
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must sends J; into Iy U J; U I;. Likewise E(Jl) is disjoint from J;. Finally h has no
fixed point on the boundary, and the proof is complete. O

b Construction of a fitted family 7T

Under the assumptions (H/) and (HJ) of the fixed point theorem, we look for some
simple curve a and some positive n such that —a € cutf"a. To this aim we will

“iterate and cut” the curves ¢;. It is easy to see that for every n > 2N + 1 the curve
f"(0:) belongs to G, so that cutf"(d;) is well defined. Let

T:{gEcutoi”(éi),i:1,...,r,n22N+1}

considered as a set without multiplicity (otherwise some elements could have infinite
multiplicity). This is a subset of G.

Lemma 3.3 (Existence of a fitted family).
1. (disjointness) Every aq # a, € T are homotopically disjoint; °
2. (finiteness) T is a finite set;
3. (dynamical invariance) for every oy, € T, every a, € cutf(a,) belongs to T';

4. (non triviality) under hypothesis (H}), the family T is non-empty, and it con-
tains an element o with distinct end-points.

A set satisfying items 1,2,3 is called a fitted family.

An example

We describe an example satisfying the hypotheses Wy
of the fixed point theorem (with a fixed point!). As ay

for our previous example, it will be constructed as
a perturbation of a flow. First consider a map f

which is the time one map of a flow of the closed &3
disk as on the first picture, and six fixed points Wy
a1,...,ws on the boundary. On the second pic-

ture we indicate how to modify f into a homeomor-

phism f’ = ¢ o f so that, after the modification, w3

(%)

a;,w; are the a and w limit point of a point z;.

The points x; will met hypothesis (H;), (Hsy) of the fixed point theorem. And,
of course, the restriction to the open disk will met the corresponding hypotheses
(H}), (HS). The map ¢ is the commutative product of six maps supported on pair-
wise disjoint topological disks which are free for f. Here, in the notations on hypoth-
esis (H;) we may choose N = 1, and the properly embedded half-lines S~(¢;), S*(v:)
are indicated in thick lines on the third picture.

9Note that this does not exclude the possibility that a; = —a,.
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The sets S™(6;) and S™(~;)
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Exercise 9.— Describe the fitted family 7" on this example. Describe the dynamics induced by
/' on this family, by drawing a graph I' whose vertices are the elements of the family, and one
arrow from ¢ to each element of cut o f'(¢). This graph will play an important part in the proof of
the theorem. Hint: there are twelve elements, and for each element ¢ € T, the arc —t with opposite

orientation also occurs in T'. Solution: see the second appendix.

Proof of lemma 3.5. Due to hypothesis (H;) the curves in the set
{f"(0;),n>0,i=1,...,r}

are pairwise homotopically disjoint. Since the map cut preserves homotopic disjoint-
ness (previous lemma), we get the first point.

According to the first point, for the second point it is enough to bound the
number of disjoint non-homotopic simple curves in Gy. The situation amounts to the
following problem. Consider a closed disk with » marked points on the boundary, and
¢ = (2N —1)r punctures in the interior. Consider a family of simple curves avoiding
the punctures, with each end-point equal to one marked point on the boundary,
pairwise disjoint and non-homotopic. Let N(r,¢) be the maximum number of curves
in such a family. An immediate induction based on the following estimate shows
that N(r,¢) < +oo for every r, £.

Exercise 10.— Prove that N(r,0) <72 and N(r,f) <2r> + 2N(r + 1,0 —1).

The third point is a consequence of the equality (cutf)™ = cut(f").

For the last point we begin by the following observation. Assume some curve
a € G is not homotopically disjoint from some fﬁ"(vj) with n > 2N + 1, and assume
that ST(v;) do not contain both end-points of . Then the sum cuta contains some
element with distinct end-points. Thus for the last point it suffices to prove that for
some n > 2N + 1, and some i # j, the curve f"(d;) is not homotopically disjoint
from at least one of the curves that make up S*(v;). We will work with geodesics,
and use repeatedly that two geodesics are disjoint as soon as their homotopy classes
are, and that the curves S*(§;) are positively invariant up to homotopy. Assume
that the geodesic fJ'0; is disjoint from S*(v,) for every n > 2N + 1 (otherwise
the point is proved). Iterating negatively, we get that f=¢( fﬁQN *161) is disjoint from
f7H(ST (). Thus f6; is disjoint from S*(v,) for every n. Likewise, iterating the
equality

ST(61) NS (6,) =10

gives that S=(f2V6,) is also disjoint from S~(d,). Thus the connected set
f
C = S_(ffNél) U S+(’}/1)

is disjoint from S~(d,) and S*(v,). Due to hypothesis (Hj) about the cyclic order
at infinity, C' must separates S (d,) from S*(,). Since S™(f7V4,) contains the first
of this two sets and meets the second one, it must also meet C'. As before S~ ( fﬁQN )
is disjoint from S~=(fVdy), thus S™(f#0,) meets ST(v1). Iterating positively we
get that f/'d, meets S*(v;) for some n > 2N + 1, which proves the point. O
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c Properties of T’

From now on we assume the hypotheses (Hj) and (H)) of the theorem.

Lemma 3.4.

1. If t € T has distinct end-points, then there evists n > 0 such that cutf"(t)
contains two distinct elements, also with distinct end-points.

2. There exists some t € T, with distinct end-points, and some n > 0 such that

2t € cutf"(t).

3. For such at €T, we have —t € cutf"(t).

Proof. For the first point, assume that the end-points of the geodesic a € t belongs
to ST(7;) and S*(v;) with i # j. Due to the assumption on the cyclic order at
infinity, the set

C=aU S+(’}/Z) U S+(’}/j)

separates S™(dx) from ST () for some k # i,j7. Thus S+(fﬁ_(2N+1)7k) meets C,
but it is disjoint from ST (7;) and S*(v;), thus it must meet a. This means that
fﬁzN o meets ST(7;), and thus the sum cutf™(t) contains two distinct elements
with distinct end-points.

The second point follows from the first one by a purely combinatorial argument.
We use the oriented graph I'r whose vertices are the elements of T', with one edge
from t; to ty for each occurrence of ty in cutf(¢;) (we have already described such
a graph for the example in section b; note that there may be several edges having
the same end-points). The equality (cut o f)" = cut o f have the following nice
interpretation: for every ti,t, € T, the number of oriented paths of length n from
t1 to ty is equal to the multiplicity of ¢ in cutf"(¢;). Denote by T” the subset of T'
containing the elements with distinct end-points. Thus the first point of the lemma
says that for every t; € T’ there is at least two distinct paths of the same length
from t; to some elements of T”. We call cycle a path in I'r starting and ending at the
same vertex. Cycles may be indexed by Z/(Z, and we identify two cycles when they
differ from a translation in Z/¢Z. A cycle is called injective if the corresponding
map Z/l7Z — T is injective. Note that for every cycle ¢, for every element ¢ of ¢,
¢ contains an injective cycle ¢ containing ¢ (remove inductively loops that do not
contain t). The second point of the lemma amounts to finding some ¢ € 7" which
belongs to two distinct (non necessarily injective) cycles of the same length. We
first prove that there exists some injective cycle ¢ containing some vertex in 7" and
meeting some other injective cycle ¢’. For this we argue by contradiction. Assume
on the contrary that every injective cycle meeting 1" is disjoint from every other
injective cycle. From this assumption we get a partial order on the set of injective
cycles meeting T”, deciding that d’ < d if there is a path from some vertex of d
to some vertex of d’. Consider some injective cycle d meeting 7" which is minimal
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for this order. Choose some t € d NT". Due to the first point there is some path
from ¢ to some t; € T"\ d. Applying inductively the first point we get an infinite
path starting from ¢; and meeting 7" infinitely many times. This path must contain
a cycle meeting 7”7, and thus an injective cycle meeting 7”. This contradicts the
minimality of d. Thus we have an injective cycle ¢, meeting 7" at some vertex t,
and meeting some other cycle ¢’. Then we may easily construct two different (non
injective) cycles starting at ¢ and having the same length: the first one is just ¢
repeated a certain number of times, for the second one we run along ¢ from ¢ to the
intersection vertex with ¢/, then we run along ¢’ a certain number of times, then we
go back to t along the end of ¢; the number of repetitions of ¢ and ¢ are adjusted
to get equal total lengths. This proves the second point.

The argument of the last point is geometric. Let a be a geodesic representing
some t such that 2t € cutf"(t). Let o’ be the geodesic in the homotopy class f"(t).
The geodesic a joins the end-point of S*(7;,) to the end-point of S*(v,,) for some
19,11, and is otherwise disjoint from these topological half-lines. Likewise, o’ joins
the end-point of ST(f{'v;,) to the end-point of ST(f'y;,) and is otherwise disjoint
from these smaller half-lines. (At this point, we suggest that the reader try and
draw a picture avoiding the conclusion that —t € cutf"(¢).) Let T be the family of
connected components 7 of o/ \ S+ giving rise to an arc 7” such that 7 € cut(a’) and
7" is homotopic to « (we use the notations of the definition of the map cut). Since
o/ is a simple arc, distinct elements of T are disjoint. By hypothesis T contains at
least two elements 71, 75, and we assume that 75 comes after 7; in the orientation
along o/, in other words o is the concatenation of five (possibly degenerate) arcs
01710T2032. Let ag be the arc included in ST () joining 71(0) and 75(0), and define
oy similarly. Denote by R(7y,7) the closed domain surrounded by the Jordan curve
71 U Ty Uag U ay; since 7' and 74 are homotopic, this domain is disjoint from the
set O. Let 73 € T and assume that 73 meets the interior of R(7y,72). Then 73 is
included in R(7y,73), and from this we deduce that R(m,73) C R(7,72). Since T is
a finite family we may assume that R(7,7) is minimal among all the R(7,7") for
distinct 7,7 € T: no connected component of o/ N IntR(7y, 7) joins a point of «y
to a point of a;.

We now argue by contradiction, assuming that —t ¢ cutf"(¢). In particular
no connected component of o/ N IntR(7,7) joins a point of ay to a point of «ay.
Thus there exists a simple arc 8 from 75(0) to 71(1), whose interior is included in
the interior of R(71,72) and disjoint from o/ (to construct such an arc, start from
72(0) and follow closely ag from the inside of R(7y,72) until it meets a connected
component of o'\ ST, then follow this component, which necessarily joins two points
of ay, then follow again ag, and so on until you arrive near 71(0), and finally follow
71). We connect the end-points of 8 along o/, getting a Jordan curve § U . This
curve separates 71(0) from 75(1), thus one of these two points, say 71(0), belongs
to the bounded component of R? \ (83U §). The curve oy is disjoint from 3 U 6,
thus 01(0) = o/(0) also belongs to this bounded component. On the other hand
remember that o € Gy is disjoint from S*(v;,) except at its end-points, and thus
(since geodesics are in minimal position) o/ = f*(«) is disjoint from the properly
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embedded half-line S*(f{"y;,) except at its end-points. Thus S™(f'v,) is disjoint
from R(7y,T2) which contains 5. It is also disjoint from §. The point o/(0) is the
end-point of S*(f{v;,), it may not be in the bounded component of R2\ (B UY).
This is a contradiction. O

d Conclusion

Applying the last lemma provides some « (with distinct end-points) and a positive
integer n such that —a € cutf"(a). We now apply proposition 3.2 to get a fixed
point for f. This completes the proof of the theorem.

4 Orbit diagrams

In this section we briefly discuss the possibility of an invariant describing the way
orbits of a Brouwer homeomorphism are “crossing each others”. In other words, we
would like to classify the finite families of orbits of Brouwer homeomorphisms, from
the point of view of homotopy Brouwer theory.

The above proposition 2.2 is a special case of the following more general result
of Handel (that we will not prove)'’.

Theorem. Assume f is fized point free, and let O(z1, ..., x,) be the union of finitely
many orbits of f. Then property (Hj) holds.

Assume as above that f is a Brouwer homeomorphism, and that property(H7)
is satisfied. As before we consider the 2r properly embedded half-lines

S_((Sl)v S+(71)7 ety S_(5T)7 S+(7r>’

As in hypothesis (H}) at the beginning of the previous section, on this set of
pairwise disjoint properly embedded half-lines, we consider the cyclic order at infinity.
As for flows, it is convenient to represent this order by placing pairwise distinct points
a1,Wi, ..., w, on a circle and drawing a chord from «; to w;. Let us denote this
diagram by D(f, 01,71, -, Or, Vr)-

10This theorem does not appear explicitly in | ], but may be obtained as follows from
results in that paper. Proposition 6.6 provides the existence of the §;,7; without the “homotopy
disjointness” required by the last sentence of the theorem. Then Lemma 4.6 allows to gather
the 7;’s whose forward homotopy streamlines are not disjoint, giving another family ~1,...,~., of
generalized homotopy translation arcs (see the definition in Handel’s paper), with ' < r, each 7}
meeting one or several orbits in O. From 7} one can construct a third family 7', .. ., 7,” such that the
forward homotopy streamlines S (7;) are pairwise disjoint (from each generalized translation arc 7}
we construct several homotopy translation arcs which are pairwise disjoint and have representatives
inside a small neighborhood of v, U f(v})). Similarly we get a family of pairwise homotopically
disjoint backward homotopy streamlines S~(4/). By properness we may choose some integer N
such that for every ¢ and every n > 2N, f™(v;) is homotopically disjoint from ;. This gives the
homotopy disjointness property.
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We would like this to be an invariant, that is, to depend only on the map f and
the points z1,...,x,. Unfortunately this is not the case. Consider the easy case
of two orbits O(x1), O(zy) for the translation (first picture in section 2.b). From
these data we may obtain four diagrams, depending on the choice of the family of
proper homotopy translation arcs.In the case of the Reeb flow (second picture in
section 2.b), however, as the homotopy class of translation arcs is unique, we always
get the same diagram.

Consider a combinatorial diagram D, of oriented chords [o;,w;] of the circle.
Assume there is two end-points of the same type, say o, a;, which are adjacent in
the cyclic order. Then we may obtain a new diagram D; by exchanging «; and
«; in the cyclic order. We will say that D; is obtain from D, by an elementary
operation. It can be proved that if Dy = D(f,d1,71,...,0-,7-) is some diagram
for (f,x1,...,x,), then any diagram obtained from Dy by performing a sequence of
elementary operations is a diagram D(f, 7,74, ..., 0.,7.) for the same points (but

» Y

for different choices of homotopy classes of homotopy translation arcs).

Exercise 11.— Consider the Reeb map with r = 3, as in the examples of section 2. Choose a
family of homotopy translation arcs as in hypothesis (Hj), draw the associated diagram. Perform
an elementary operation on this diagram, and find another family of homotopy translation arcs,
still satisfying hypothesis (Hj), and corresponding to this new diagram. Do this for the four

possible diagrams.

Conversely, we may conjecture that elementary operations allow to describe all
possible diagrams associated to (f, x1, ..., z,). Let us put this another way. Consider
again some abstract diagram Dy. The reduced diagram associated to Dy, say DE,
is obtained from Dy, by identifying all the vertices of the same type (v or w) that
are adjacent. For example, for the translation with two orbits, starting from any
of the four diagrams we get as a reduced diagram the diagram with a single chord
of multiplicity two, whereas for the Reeb case, the reduced diagram coincides with
the unreduced diagram. The conjecture says that given two different choices of
homotopy translation arcs

61)717"'767’977’ and 51,71, 6/ 77/4

) r)

associated to the same data (f,z,...,,), the reduced diagrams coincides,
D(f7 517717 ) 57‘777“)R = D(f7 617717 ) 5;77;1)}%

If the conjecture holds, then the reduced diagram is an invariant of homotopy
Brouwer theory associated to (f,z1,...,x,). This invariant would describe in a
natural way “the way that the orbits crosses each others.” Another (probably much
harder) conjecture says that this a total invariant. In other words, assume that
the two sets of data (f,x1,...,2,) and (f',2],...,x.) give rise to the same reduced
diagram. Then the data should be equivalent from homotopy Brouwer theory view-
point, which means that there exists a homeomorphisms ® that sends each point
x; on the point , and such that the homeomorphisms ® f®~! and f’ are isotopic
relative to O(z],...,x.) (the “braid types” are the same).
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5 Appendix 1: geodesics

We consider a locally finite countable subset O of the plane, and the set A of
essential simple curves (see section 2.a). In this text we make use of the existence
of a subset H of elements of the set A called geodesics with the following properties.
Two curves «, 3 € A are in minimal position if they are topologically transverse'!
and every connected component of R?\ (o U ) whose boundary is made of exactly
one piece of o and one piece of 5 contains at least one element of O.

Exercise 12.— Prove that « and 8 are in minimal position if and only if for every o, 8 homotopic

respectively to a, 3,
fa' N B > tanB.

Hint: use the universal cover of R? \ O, and prove that, when they are in minimal position, fa N 3

is equal to the number of lifts of § that separates the beginning and the end of a lift of .

A family {a,} of curves is said to be proper (or locally finite) if every compact set
K meets only a finite number of a,,’s. We denote by Homeoy(RR?, O) the connected
component of the identity within the space of homeomorphisms of the plane that
fixe O point-wise (an element of this group is said to be isotopic to the identity
relative to O).

1. Each homotopy class in A contains a unique element of H, that is, the map
a — « from H to A is one-to-one and onto.

2. Every couple of curves a, 5 € H with o« # +f is in minimal position. In
particular, if & and 8 are homotopically disjoint then a N g C O.

3. Let {c;} be an at most countable family of pairwise non-homotopic and disjoint
curves in A which is locally finite. Then there exists h € Homeog(R?, O) such
that all the h(q;)’s belong to H.

4. More generally, let {o;} be as in the previous item, and let {f3;} having the
same properties. Assume that every curve «; is non-homotopic to and in
minimal position with every curve ;. Then there exists h € Homeo,(R?, O)
such that all the h(a;)’s, h(5;)’s belong to H.

5. Let (an)n>0 be a sequence in A, and for every n let o, be the element of H
homotopic to a,. If (a,)n>0 is homotopically proper then (a,),>o is proper.

Exercise 13.— Prove that the last item (given the firsts) is equivalent to the following property.
Number the elements of O so that O = {uy,,n > 0}. Let (Dy)n>0 be the increasing sequence of
topological disks with geodesic boundary (i.e. the curves D, belong to H'). Then the sequence
(0Dy)n>0 is proper.

We also make use (in the proof of the crucial proposition 3.2) of the existence of
a circle compactification of the universal cover of R? \ O with nice properties. Let
H? denotes the open unit disk with boundary OH? = S!.

Tn the neighbourhood of every intersection point, up to a homeomorphism, « is a vertical
segment and [ is a horizontal segment.
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Theorem. There exists a (universal) covering © : H? — R?\ O with the following
properties.

1. Every lift h of a homeomorphism h : R\ © — R2\ O extends to a homeomor-
phism of H? U OH2. Furthermore if there is an isotopy I relative to O from
h to ' (that is, a path (P, o h) where (Py)ieo1] 45 a path in Homeoy(R?, O)
starting at the identity), and if we lift I to get an isotopy from a lift h to a lift
W, then h and B’ have the same extension to the boundary.

2. Every lift & of a curve a in A (or more precisely of the restriction of « to
(0,1)) admits end-points lim; o a(t) and lim;_,; «(t) in OD*. Furthermore if
there is an isotopy I relative to O from « to o, and if we lift I to get an
isotopy from a lift & to a lift &', then & and & have the same end-points.

We will abuse notation and denotes the end-points of a lift & by &(0) and a(1).

The key to these properties is the existence of a hyperbolic structure on the
surface R? \ O. This structure may be obtained by gluing together two copies of
an infinite-sided hyperbolic polygon (see | |, section 3). Thus R? \ O appears
as the quotient of the hyperbolic plane H? by a discrete group I' of hyperbolic
isometries acting freely. A crucial point here, as explicited by Matsumoto in | ,
is that I" is of the first type, which means that the orbit .z of any point x € H?
accumulates on the whole boundary 0H?. This property is involved in particular in
the uniqueness and properness of geodesics (property 1 and 5 in the above list); the
above extension theorem holds only under this additional property. The references
for the proofs are the book by Bleiler and Casson (| |) and the previously quoted
paper by Matsumoto.

6 Appendix 2: pictures of a fitted family

f(o1)
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cutf(t)) =t + to The whole family:
T = {:l:tl, :l:tll, :l:tg, :l:té, :l:tg, :l:t/g}
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