ON CERTAIN ANISOTROPIC ELLIPTIC EQUATIONS
ARISING IN CONGESTED OPTIMAL TRANSPORT:
LOCAL GRADIENT BOUNDS

LORENZO BRASCO AND GUILLAUME CARLIER

ABSTRACT. Motivated by applications to congested optimal transport problems, we prove higher integrability
results for the gradient of solutions to some anisotropic elliptic equations, exhibiting a wide range of degeneracy.
The model case we have in mind is the following:
1 Ug 1 U
0 |(uel = 847" 25| 0, [yl - 81" 2| = 1,
|t | |uy|

for 2 < ¢ < oo and some non negative parameters d1,02. Here (-)4 stands for the positive part. We prove
that if f € L., then Vu € Lj,, for every r > 1.
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2 BRASCO AND CARLIER

1. INTRODUCTION

1.1. Background and motivations. Let  C R be an open bounded (smooth) set and let us consider
a variational integral of the type

(1.1) Flu) = /Q F(Vu(2)) dz + /Q (@) u(z) da,

with z — F'(z) being a convex energy with ¢—growth at infinity (here ¢ > 1), uniformly convex for |z| > 1,
but not necessarily strictly convex in the whole. The prototypical case of such an energy is given by

(1.2) P(z) = ; (2] = 8)1, =RV,

for some 0 > 0, which identically vanishes on the ball {z : |z| < §}. More general functionals of this type
have been considered for example in [10, 13, 14].

As pointed out in [7], regularity results for minimizers of such a kind of functionals are tightly connected
with optimal transport problems with congestion effects. In order to neatly motivate the purposes of this
paper, we want to spend some words about this point. Suppose that the positive f* and negative parts f~
of f stand for the densities of centers of production and consumption of a given commodity in the region
Q2 C RY (the physical case clearly corresponds to N = 2). The transportation programs are represented by
vector fields ¢ satisfying the balance laws

divg = ft — f~ + Neumann boundary conditions,

where these boundary conditions are zero if [, f* = [, f~ , i.e. if the region is economically balanced,
so there is no need for import/export activities. Observe that the constraint on the divergence simply
states that in each point the incoming/outcoming transportation flow is ruled by the difference between the
demand and the supply. Then a function G : RV — R is given, such that for every transportation program
¢, the quantity

G(¢) = /Q G(é(x)) da,

gives the total transportation cost. In order to capture the effects of congestion, the function G is typically
taken to be strictly convex and superlinear. In economical terms, this comes from the fact that in a congested
situation, the marginal cost VG is strictly monotone and divergent at infinity. In other words, the transport
problem we are facing is the so called Beckmann’s problem, introduced in [2] and defined by

(1.3) min{G(¢) : diveg = f, in Q, (¢, vq) =0 on 9N},

where for simplicity we are considering the balanced case, i.e. we assume fQ fdxr = 0. The link between
(1.3) and our original problem (1.1) is given by

min G(¢) = max —F(u),
) u
provided that F' is the Legendre-Fenchel transform of G. Then optimizers of the two problems are linked
by the primal-dual optimality conditions
Vug € 0G (o) or equivalently oo € OF (ug)

ie. (1.1) is the dual (in the sense of convex analysis) of Beckmann’s problem. As always in Optimal
Transport, the dual variables u of problem (1.1) have to be thought as price systems for a company, handling
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the transport in a congested situation. An optimizers ug then gives the price system which maximizes the
profit of the company.
Observe that the function (1.2) considered in [6, 7] corresponds to Beckmann’s problem with cost

G(6) =;|§\p+5|5r7 ¢eRrY,

where p = ¢/(¢ — 1). In this case, a Lipschitz estimate and the higher differentiability of an optimal price
ug can be proved, by looking at the corresponding Euler-Lagrange equation

. —1 Vug \
(1.4) div <(|Vug| -4 ]Vu0|> =f.

Appealing to the primal-duality optimality conditions, these in turn give that the optimal ¢g in (1.3) is a
bounded Sobolev vector field, provided f is smooth enough (see [6, Theorem 2.1] and [7, Theorem 3.4]).

It is crucial to observe that for such a cost G, the linear part |£| prevails on the strictly convex one as
|€| < 1. This means that congestion effects are negligible, in the small mass regime, an hypothesis which is
very natural. Of course, the lack of strict convexity for the Lagrangian (1.2) is precisely a consequence of
this assumption. This implies that elliptic equations that are relevant for these transport problems, typically
exhibit a severe degeneracy, like in (1.4).

1.2. More degeneracy: technical issues. However, the hypothesis of an isotropic cost function G is not
always well-motivated. For example, as shown in [1], the analysis of discrete congested transport problems
settled on a network grid of small size e, naturally leads to (1.3) with a transportation cost of the form

N
G =>_h(&), ¢eRN,
=1

as the parameter € goes to 0. Roughly speaking, this anisotropic cost keeps memory of the rigid geometry
(i.e. the network grid) of the approximating discrete problems.

Here again, the functions hy,...,hy : Rt — RT are strictly convex and superlinear, such that h;(0) = 0
and h;(0) = ¢; > 0. As before, this last hypothesis is motivated by the reasonable assumption that G
behaves linearly, for small masses. Back to our original problem (1.1), it is then natural to ask which kind
of Lagrangians we are lead to study, with such a choice. It is easily seen that in this case, we have

N
F(z)=) hi(lsl), 2€RY,
i=1

where h} are C' functions of one variable, constantly equal to 0 on the interval [0, &;], due to the assumption
h;(0) = 6; > 0. A significant instance of such a Lagrangian is given by

N q
(1.5) F(z) =) M;&)*, zeRV.
=1
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This function considerably differs from (1.2), in that this time the Hessian matrix D?F is given by a diagonal
matrix, whose i—th entry (h¥)"(|z]) is constantly zero as 0 < |z;| < §;. In terms of the corresponding Euler-
Lagrange equation

(1.6) div VF(Vu) = f,

this implies that ellipticity breaks down at every point where a single component of the gradient is small.
Also observe that due to the particular structure of D?F, the function F not only lacks strict convexity,
but it is not even uniformly convex “at infinity”, i.e. outside a ball, contrary to the case of (1.2). This fact
is the main source of difficulties. Typically, in order to derive higher integrability results for the gradient of
minimizers of F, one considers the differentiated equations

(1.7) div (D*F(Vu)Vug,) = fu;,  j=1,...,N,

which are solved by the (components of the) gradient of a minimizer ug. Then it is sufficient to know that
this equation is uniformly elliptic at least “at infinity”, for example!

e there exists My > 0, such that (1 + |z|2)% S ‘ rlnin <g|1in<D2F(z) v, 29>>, for every z € RY;
z|>Mpop =1

o |D2F(2)| < (1+|2)F, for every z € RY;

to conclude that Vug is in L. In this case the natural idea, which is somehow common to [6, 10, 13, 14],
would be that of cutting away the degeneracy region, by localizing equation (1.7) “in a neighborhood of
infinity”. In a nutshell, this is done by selecting suitable test functions in the weak formulation of (1.7),
for examples quantities like (|Vuo|? — MOB)Jr would do the job. Thanks to the hypotheses on D?F, one
can derive Caccioppoli inequalities for these quantities, which combined with the Sobolev inequality give a
recursive scheme of reverse Holder inequalities, leading to the L estimate for Vuyg.

Here on the contrary, with the choice (1.5) we have

. . 2
|Zr|r1211]r\1/[ <I§r|11ri<D F(z) §,§>> 0, for every M > 0,
so that we have an obstruction in deriving a true Caccioppoli inequality for positive subsolutions of the
linearized equation (1.7). This is the main technical difficulty linked with this type of degeneracy. However,
something can be done. First of all, a weak form of the Caccioppoli inequality can still be derived (see
Lemma 2.7 below). This time, rather than having an integral control on Vu,; in terms of u,; itself, we have
a control on a “weighted” norm of Vu,,, where the weights depend on all the other components u,, of the
gradient, through the nonlinear functions (h})”. Once we have this, we avoid the use of Sobolev inequality
for these weighted integrals. Rather, we apply a sort of very weak weighted Gagliardo-Nirenberg inequality
(see Lemma 2.6 below), valid for solutions of equation (1.6). This can be derived by means of a weird choice
for the test function to be inserted in the weak formulation of (1.6). This is given by a mixture of the
solution and its gradient. We point out that a similar idea can be found in the papers [4, 5] (dealing with

LAs shown in [14], in general the upper bound on D?F is not really necessary and can be replaced by a growth assumption
on VF. Here for ease of exposition, we stick to a more classical hypothesis.
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variational integrals similar to those considered here, in less degenerate situations) and? [16]. We learnt this
trick from Di Benedetto’s celebrated paper on C1® regularity for solutions of p—Laplacian type equations
(see [12, Lemma 2.4 and Proposition 3.1]).

Once we have these two surrogates of the classical tools, we can join them to get the desired recursive
scheme of reverse Holder inequalities (Lemma 2.10). Here there is a drawback, since at each step the gain
of integrability for the gradient is quite poor and does not permit to arrive at an L* estimate. However,
boundedness on each Lebesgue space with finite exponent can be obtained and this is the main achievement
of this paper.

Last but not least, some final words concerning the hypothesis on the datum f, which is required to be
in L. One may wonder whether this hypothesis is optimal or not, since usually f € L€ is the sharp
assumption (on the scale of Lebesgue spaces) that could guarantee a Lipschitz estimate for the solution.
The key point is that the usual proof of this result uses the Sobolev inequality, to treat the term f as a
lower order perturbation. For the reason described before, such a strategy seems not to work in the present
situation. We leave as an (interesting) open question to know if the L® hypothesis on f can be weakened.

1.3. The result of this paper. Motivated by the previous discussion, the main aim of this paper is to
investigate regularity properties of local minimizers of the following convex energy

N
5w =3 [atude+ [ fu@dn,  wewhao),
i=1 78 @
where g > 2, the functions g; are defined by

1
gi(t) = a(yzty — 0%, t R,

for some 01,...,0y > 0 and f € L>°(Q) is given. For the reader’s convenience, we recall that u € VVllocq(Q)
is said to be a local minimizer of §, if for every Q' € Q we have
Tq(u; ) < Fylu+ ¢; ), for every ¢ such that v e W, ().

In this paper, we are going to prove the following higher integrability result.

Main Theorem. Let f € L32(Q) and ¢ > 2. If u € W,5U(Q) is a local minimizer of F,, then u € Wb ()
for every r > 1.

In the particular case 01 = --- = dy = 0, the gradient term of §, coincides with the anisotropic Dirichlet
energy, i.e.

1 w(x)||L dx ) u(x) dx u Lg
mLW(Mmd+Aﬂ)(M, e Wha(Q),

1/q
where for every z € RV, we set ||z = (ZZJ\L 1 |zi|q> . Observe that a local minimizer of this anisotropic
energy is a local weak solution of the equation
N

(18) Z (’uxi’q_z uzl)xl = f7

i=1

2In this paper, the expression “rather unorthodox choice of the test function” is used to describe a similar procedure (see
[16, Lemma 6.2])
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where the differential operator on the left-hand side is sometimes called pseudo q— Laplacian. Equations
like (1.8) have been around for a long time. One of the first paper to address regularity issues for them has
been [17]. Recently, they started to attract an increasing interest, due to their applications in biology and
physics (see for example [18] and the references therein). We also cite the papers [3, 8], where some spectral
properties of this operator are investigated.

1.4. Plan of the paper. The rest of the paper is devoted to prove the Main Theorem. In Section 2 we
will derive local uniform estimates for the gradients of minimizers of some regularized problems. Then in
Section 3 we will show how to take these estimates to the limit, in order to prove the desired result. Since
the functional §, is not strictly convex, a further penalization argument will be needed, in order to be sure
to select the desired local minimizer in the limit. Finally, the concluding Section 4 gives an application of
the Main Theorem to the relevant optimal transport problem.

2. REGULARITY ESTIMATES FOR APPROXIMATING PROBLEMS

Let us fix an open set O C RY. For every ¢ < 1, we consider the following functional

N
€ = g, () dr + € u(z)) dx z,u(x)) dx u Lq
sqw)—;/ogl(%( )) de + /(9H<v<>>d +/Ob<, (@)de,  ueWH(O),

where:

e for every i =1,..., N, we simply set g7 (t) = g;(t) if ¢ > 2, while if ¢ = 2 this is given by

( 0, if ‘t‘ < 51 — &,
L =i te), 6 —e <t <
gt = m(H_ i+e)?, d—e<|t]<d+e,
1, 1 9 .
T T

6
which converges in C* to 1/2 (|t| — 6;)3 as e goes to 0;
o H:RY — R is the C™ strictly convex function given by
1
H(z) =S (142, zeRY,
q
e b: 0O xR — Ris of class C* and such that

(2.1) |b(x,u)| < Cq (Jul + 1) and V(x,u) = aib(a:,u) < Oy, (x,u) € O xR.

In this section, we will prove the following result.

Proposition 2.1. Let ¢ > 2 and ¢ € WH(O). If u* € W19(O) is a solution of

(2.2) min {gg(v) Lv—(e Wol’q((’))} ,
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then u® € VVllocr((’)), for every r > 1. Moreover, for every ¥ € O and every r > 1, we have the following
estimate

(2.3) [u*|lwrrs) < C

for some constant C' depending on q, v, N, ||u®|lw1.4, £ and the constants Cy,Co in (2.1), but not on e.

The rest of this section is devoted to prove Proposition 2.1. For the sake of readability, we divide the
proof in five main steps, each corresponding to a subsection.

2.1. Step 1: machinery and preliminary results. In what follows, we will drop the superscript € and
we will simply use u to denote the solution of (2.2). The same convention will be used for the functions g;.
Observe that the Euler-Lagrange equation of problem (2.2) is given by

N
(2.4) Z /Og;(uxl) g, dr + € /O<VH(VU), V) dx + /O V(z,u)pdr =0, forevery ¢ € Wy %(O).
i=1

Let us first collect some basic properties of the convex functions g;. The proof being elementary, it is left to
the reader.

Lemma 2.2. For everyi =1,...,N and every q > 2, the function g; is C*%, with a = min{q — 2,1} for
q>2and a =1 for g =2 (regularized case). Moreover, we have the following estimates

() t2
(2.5) gl () < (qg—1)t172 and gl()l >2791t1 - C, (C=C(0,q)), foreveryteR,
q—
and also
1 6 i) _ g7 ()
2.6 gtt>72’tt2—7lg,t and L < = , or every t € R.
(2.6) gi(t) _2(q_1)g(> 2(q_l)g() i Sg-1 Y

Remark 2.3. We observe that the integrand of §7 is a C?® function, whose Hessian with respect to the
gradient variable is bounded from below and such that the ratio between its minimal and maximal eigenvalue
is bounded. Then we can infer the C%® local regularity for the solutions u® (see [15, Theorem 10.18]). This
implies that quantities of the type h(u,,) are admissible test functions, for every h : R — R locally Lipschitz.

First of all, we need the following classical L*° result, for local minimizers of integral having g—growth
conditions in the gradient variable. The important point is the dependence of the constant of the L™
estimate. For a proof of this standard result, the reader can consult [15, Theorem 7.5]. The statement has
been adapted to suit our simplified hypotheses.

Lemma 2.4. Let F: O x R x RN be a Caratheodory function satisfying the growth conditions
(2.7) 2|7 — M (Ju| + 1) < F(z,u,z) < L|z|7+ M (Ju| + 1), (z,u,2) € O x R x RY,

for some positive constants L and M. Then every local minimizer u € WH9(O) of the functional

/F(w, u(z), Vu(z)) dz,



8 BRASCO AND CARLIER

belongs to LS (O). Moreover, there exists a constant C' depending on q, N, ||u|ly1.a and M, such that for
every pair of concentric balls B,(xo) C Br(zo) € O, we have

el oo < € |~ lullzaqgany) + M7 R
R—o)q
Particularizing the previous result to our problem (2.2), we have the following.
Corollary 2.5. Let u¢ € W14(O) be a solution of problem (2.2). Then for every ¥ € O we have
[u || oo (my < C,

for some constant C' depending on q, N, |u®||y1.a, 2, max{01,...,0n} and the constant Cy in (2.1), but not
€.

Proof. Tt is sufficient to check that §7 verifies hypothesis (2.7), then we can apply the estimate of Lemma
2.4. To this aim, we simply use the first hypothesis (2.1) on b, the definition of H and the estimates of
Lemma 2.2 for the functions g;. O

We now fix some notation that we will use throughout the rest of the paper:

(2.8) w(z) =1+ |Vu(@)]?,  kj=0+1, and v = (ug, —k;)7 +1, j=1,...,N.

2.2. Step 2: a Sobolev-type inequality. As already remarked in the Introduction, we need a sort of
Sobolev inequality for solutions of (2.4). In this sense, the most important term in the right-hand side of
(2.9) below is the gradient term. It is not difficult to see that the sum of the powers of the right-hand side is
smaller than that on the left-hand one. Heuristically, this means that we are facing a a Gagliardo-Nirenberg
inequality. However, things are more complicated, since the partial derivatives u,; and u,, are mixed.

Lemma 2.6. Let a, 8 be two positive exponents such that
0<a<p,

then using the notation introduced in (2.8), for every & € CL(O) we have

Z/gz Ug,) [tz |2 '8524—6 /w2 U'B£2 <C’Z/u ) g} (ug,)| |Ou, (vf_%NQ ¢
(2.9) +C/w2v §2+C’/w 2 v (]V£|2+§2)

ay (2
(vj 2)‘ 527 jzlv"'7N7

q—

+eC w o
{uzj>kj}

for some constant C' depending on q, N and ||u||y1.q, but neither on €, nor on o and f5.
Proof. We take the following test function

@JB:uvBQ“Q j=1,....,N, (>0,
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which is admissible thanks to Remark 2.3. Inserting it into (2.4), we get

N N N
+5/(VH(Vu),Vu) 1)552
Q
(2.10) +e /(VH(VU), V(Uf» gQu

+2¢ / (VH(Vu), VE) Euv)
Q

——/b’uvf{Q, j=1,...,N.

We start estimating the second term in (2.10): observe that using Young inequality we have

1 1

-1 28—a—2

axi (U]B)‘ = vi ’a:cﬂ)]| < §ﬁ2 vjﬁ & |8xzv]|2 + 5 U?{ 1{u$j>kj}
_ 2P

(28— a)?

B-5\[* 1
6%. (Q}j 2)‘ +§v?1{uzj>kj}7

where we used that 0,,v; = 0 on the set {u,, < k;}. Also observe that thanks to the fact that we are
assuming « < 3, in the previous we can further estimate

2 3?

@F-ap ="

so that the constant C' that will appear in (2.9) will not depend on « and 3. Using the previous estimate
and the fact that u € L, the second term can be estimated by

N
91z,
=¢ ;/ |
N

oy / 190 ()| 11| 05 €2,
i=1 {u1j>kj}

o () e

N
Z/g;(umz) O (Uf)UfQ
i=1

(2.11)

for some constant C' > 0, clearly depending on ||u| . Observe that the second integral can be easily
estimated by

N

q
3 / 190 ()| 1| 03 €2 < C wh o €2,
i=1 {uzj >k;} {u1j>kj}
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using the growth of g; and the definition of w. The third term in (2.10) is estimated by

N N
3 / Gl €00’ | <O S / 160t | €27
=1 =1

ol g,
+ 23 [Eelivge.

i=1
C 2 al
q—=
<2 [wE v+ or Y [ lgiun)llunl €
i=1
and the second term can be absorbed in the left-hand side, by taking 7 > 0 small enough and observing
that g.(t)t > 0.

We now come to the estimates of the e—terms: for the fourth term in (2.10), we first observe that
/(VH(VU),Vu> vf 2= /wg U]@ — /wqu vf €2,

so that we will collect the first integral in left-hand side and put the second one in the right-hand side, since
this is a lower-order term with respect to the first (just check the sum of the powers). As for the second
e—term, we use:

(VH(Vu), V(0))] < C [Ty o] [Tl (1+ |Vuf2) =

1 3 gt

SC’]ij]vfffi viw T
_aN |2 -
<c|v(] )] v +cute

and thus obtain

/<VH(Vu),V(vf)>§2u <cC w'T ]v(vf’%)f e4C w2 €2,

J
{Uzj >k} {uzj >kj}

and finally, still in the same way as before we get

/<VH(VU),V§>£’LLU'-B §C’7’/wg§2v@+c/wq22 Ve ?,
0 J 0 i j

so that the first integral can be once again absorbed in the left-hand side.

Finally, we estimate the term containing o’: since this is bounded, it is readily seen that we have

‘/b’uvffZ SC’/U;-B52§C'/wq22U§3§2.

Collecting all the estimates that we derived and using once again (2.6), we arrive at (2.9). O
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2.3. Step 3: a Caccioppoli-type inequality. In order to derive a Caccioppoli-type inequality for the
gradient, we have to differentiate the equation (2.4) with respect to z;. More precisely, let us take the test
function ¢ = 7,; in (2.4), for some n € C§°(O). By recalling that u € C?® and integrating by parts, the
resulting equation takes the form

(2.12) - Z:/gZ Ug;) Ug; 2 Na; AT — € /(DQH(VU) Djzu, Vn)dz + /b’(;p,u) N, dx =0,

for every n € C3°(0O). Here D?u stands for the j—th column of the Hessian matrix, i.e.

Uz x;
2, . .
Dju_ : , ]—1,...,N.

Ugy ;-
By a density argument, we then get that (2.12) holds for every n € WO1 10).

Lemma 2.7. Using the notation (2.8), for every s > 0 and every & € CL(O), we have
=+ 2 2542
S Z g’L uil?z T vj 5 + Z . }gz ufﬂz)ua?i Tj Uj
uz >

q—2 s+1 2
+es /wz \Y% <vj2 )
(2.13)

{2
+e / (D*H(Vu) Diu, Diu) v§ &
{ug,;>k;}

<Ce+D [ WTH (V) =1
{ua, >k}

for a constant C depending on q, N and ||V/| s, but not on e.

Proof. We insert the test function
1/];,_5 = (ul‘j —kj)+ Uj 527

in equation (2.12), with s > 0. Then we obtain the following 3 groups of terms that have to be estimated:
the terms containing the functions g;

N

S [ e v52+232/gl ) 0, 3 sy = )3 62
{ue;>k;} Y

i=1

+2 Z/gl ux’L uzlz] (u$] - k’l])‘i’l}j 59315

=:G1+2sGy +2G3,
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the terms containing H
/{ . }(DQH(VU) DJZ-’LL, DJQU> V3 2425 /( H(Vu) D2u D2 yvi ! (Uz; — k)L €2 dx
Ug . >

2 / (D*H(Vu) Diu, VE) € (ug, — kj) 4+ v§ da
=: Hi+2sHy+ 2 Hs,

and the terms containing ¥, i.e
2 s5—1

—/{ >k}b’ux]x] ]§2dx+23/b’(u$j—kj)+vj Un; o,

-2 /b'(uzj —kj)JrU;fmjg:Z By +2sBy + 2 Bs.

Terms G;. Let us start with the term Gs: by noticing that

s—1

V; % Uy, (te; — ki)t

2 -1 2

u

we get

Gy = smz/gzuﬂ

For the term G3, we estimate it from above: we use Young inequality, so to get

Gl < Z / 0 () iz, | (uty — Ky 05 €] €

1 N
< - / 9! (ug,) v3 T [VEP
T {ua; >k;}

+r Z / 07 (1) [ty |2 (1, — By)2 0570 €2,

and the last integral is exactly the same as in Ga.

2

Terms H;. We keep the term H;p, which is positive, and we estimate Hy from below by
1 4—
Ho > —— =
2= (s+1)2 / v

1\ %
v (Uj2 > &
For H3 we proceed similarly to Gs, then getting
1 a=2
|H3| < — /{u }w z o Ve 47 /<D2H(Vu) D3u, D3u) v§ €2,
T J
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having used Cauchy-Schwarz inequality in the following form

[(D*H(Vu) Dju, V¢)| < \/ (D?H(Vu) D?u, D*u) \/(D*H(Vu) V&, V),

the growth of |[D?H| ~ w"s and the simple fact (ug; — k;)3 < v;.

Terms B;. We estimate from above each of these terms, replacing |b'| by a constant, thanks to our
assumption (2.1). Then we have

C
\Blygc/ \uzjzj\v;ggcf/ \uzjzj\%;gu/ v €2
{“Ij >kj} {qu >kj} T {qu >k}

and then we observe that we have

1
(2.14) L,y < =7 95 () L >0,

thanks to the fact that k£; = 6; + 1. Inserting this information in the previous estimate, we finally get

C
|Bil <Cr 95 () oy |2 05 € + — g (ug, ) v €2,
J J j i
{qu >kj} T {U«zj >kj}

possibly with a different constant C'. Notice that we further estimated v < v‘j“, thanks to the fact that

Uj Z 1.
The term B, is readily estimated in a similar manner: we have

|BQ| S c /(uflﬁj - k])?l— Ujs'il |ufﬂj Ij|£2 § CT/g;’/(uiL“j) (ufﬂj - k:])?l— ’U;il |u£l3j :Ej|2£2

c " +1 £2
+T/gj(u$j)v]$‘ £,

where we used again (2.14) and (ug, — k;j)3 < v; < 1)]2». Finally, we come to the term Bs: we obtain

C C
B <C [, —k)avf Ve <G [, ~bRue+ S [ uvep
2 2 S, >y}
<C [ gftus) oy (€ 4 VEP).

still using (2.14).

We are now ready to put all these estimates together. We keep the lower estimates on GGo and Hs on the
left, while we put all the other terms on the right. By taking 7 > 0 small enough, in order to absorb all the
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terms appearing on the right and containing the Hessian of u, we finally get

N
Z/gz uCCz

2
e300 e, e
i1 7 {uz; >kj}

q—2 s+1 2
+€s/w2 V(va >

62
+e / (D*H (V) Djz-u, D?u) v; £2
{ua;>k;}

N
<cy [ et e
{uz;>k;}

teC w'T o (@4 |VEP),  j=1,...,N,
{ulj>kj}

i.e. we showed the validity of (2.13). We only have to observe that
G(ug,) <w'z,  i=1,...,N.

Observe that the first integral on the left-hand side is equally performed on the set {uzj > kj}, since
otherwise v; is constant. O

Let us now pay special attention to the case s = 0. Computations are very much the same.

Lemma 2.8. For every & € C}(O), we have

(2.15) Z/gl Ug,) (é) 2 2 4¢ /wq22 ‘V <v}> 2

forj=1,... N, for some constant C independent of €.

< C w'T vy (|VEL2 + €2),
{uzj>kj}

Proof. We repeat the previous computations, using the test function w;fO = (ug; — kj)+ £2. This gives

N

> / 97 (uz,) w3, o, &+ / (D*H(Vu) D?u D2u) €
{uz,; >k;}

{uzj>kj}

N
<C) 97 (ug,) v |VE[?
= {uz >k;- ) X4 J

+eC w'T v i (E+|VEP),  j=1,...,N.
{’sz>kj}

By combining this together with
1\ |? -
> |0y, <vj2> and / (D*H(Vu) D}u, Dju) & > / w'z
{ux >kj}

Tix; =
and using again g/ (ug,) < w 7 , we readily get the thesis. O

uZ
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Remark 2.9. The previous estimates are valid for the functions v;, which are different from 0 if w,; is
large and positive. If on the contrary u,, is large in absolute value but negative, we can repeat the same
estimates of Lemma 2.6 and Lemma 2.7, this time using as test functions

©i5= uzﬁ £2 and Vs = (—uz; — kj)+ 25 £2,
where z; is given by
zj=(—us, — k)1 +1,  j=1,...,N.
Then we derive inequalities (2.9), (2.13) and (2.15), with z; in place of v;.

2.4. Step 4: a slow Moser’s iteration. Gluing together the estimates of Lemmas 2.6, 2.7 and 2.8 and
tuning the exponents 5 and s, we obtain the following intermediate estimate, that we enunciate as a separate
result for the sake of readability.

Lemma 2.10. Let a > 0, for every & € C}(O), we have

(2.16) /wgv “e? <C’(a+1)/w2v (& + Ve, j=1,...,N,
for some constant C independent of €.

Proof. First of all, we consider the case o« > 0 and make the choices

1
B:§+a and s=2—-a—-1=aq,

n (2.9) and (2.13). Then we drop the e—term in the left-hand side of (2.9). In this way, using v; < w, we
obtain

1ig -
Z [ Pof @ <Clarn) [w'F ot (@4 vep) + 0 [ulige
(2.17)
30(a+1)/wzv (€ + |VEP)
for some constant C' independent of e. We now estimate from below the left-hand side of (2.17): thanks to
(2.5), we have
(2.18) Zg Ug,) |, |2 > C Z g, |1 — CF > Cyyw? — Cll y,
i=1

thanks to the fact that in RN all norms are equivalent and to the simple estimate
t-1i>2%"t -1, t>o0

Using this into (2.17) and using as always C as a generic constant depending on the data of the problem,
but not on &, we can thus infer

/w?v “ e <C(oz+1)/w2v (§2+]V§|)+C(a+1)/1}j§+a§2,

which finally yields the thesis, by exploiting again that 1 < v; < w and g > 2.
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To treat the case o = 0, which gives the first gain of integrability in Moser’s iterations, we proceed similarly.
We combine (2.15) and (2.9) with 8 = 1/2 and a = 0. Then we use vjl-/Q < vj, thus arriving at

Z/ (ug,) |uzz\21) ¢ <C’/w 2 v; (€2 +|VEP +C’/w2£ <20/ % (& +|VEP?).

Again using (2.18), we immediately deduce the thesis. O

2.5. Step 5: proof of Proposition 2.1. Keeping in mind Remark 2.9, the same estimate (2.16) holds
with z; in place of v;, so that summing up we get

1., lig
Jut (o4 2)") @ar<clar) [ul (5 +5) (@41VER) don G=LN

If we set
T; = max{vj, 2;}, j=1,...,N,

from the previous we can easily infer
/w T?*"g dr <2C (a+1) /wSTj@ (€ +|VEP) de, j=1,...,N.
Summing up all these inequalities and setting 7' = max{T1,...,Tn}, we get
/w% Titee2dy <2NC(a+1) /w3 T (& 4 |VEP) da

Finally, we observe that there exist two constants 71,72 > 0 depending only on the dimension N and
max{dy,...,0n}, such that

nT<w<yT.

Inserting this information in the previous inequality, we get
/T3+a+552 dz < C(a+1) /T3+a (& + |VEP) da

Fixing two balls B,y(xg) C Bgr(xo) and suitably choosing a sequence of cut-off functions {& }ren C CL(O)
supported on an infinite family of shrinking balls B,(z0) C By, ,(2z0) C By, (20) C Br(zo), we can iterate
the previous estimate, taking ap = k/2, with k& € N. Then a standard covering argument concludes the
proof of Proposition 2.1.

3. PROOF OF THE MAIN THEOREM

We now come to the proof of the Main Theorem. Let f € L7 (€2) and call v a local minimizer. We have
to show that u € VVZ () for every r > 1. At this aim, it is sufficient to show that for every ball B € Q,
then u € WL (B) for every r > 1.

We then fix a ball B € Q and consider a slightly larger ball B’ € €. For ¢ > 0 sufficiently small, we take
a standard mollification kernel ns with compact support and set

u’ = (uxn;)-1g € C°(B).
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Now we fix ¢ < 1 and take f© € C*°(Q), such that f° x—weak converges in LS to f. In particular, for
every ' € Q the norms | f¢|| Leo(q) can be taken to be uniformly bounded, by a constant depending on
| f1l o< (cr), but not on e.

Then, let u%9 be a solution of

(3.1) min {SZ(U; B+ Pw—u’;B) :v—u’e Wol’q(B’)} ,

where

N
5, (v;B') = Z/ g5 (vg,)dx + [ fo(x)v(x)dr+¢€ H(Vu(z)) dx, v e Wh(B),
=1 B’ B’ B’

and P is a penalization term, given by
P(v;B) = / exp(—|v(z)|?) d, v e Wh(B).
B/
Lemma 3.1 (Uniform estimates). The following estimate holds

(3:2) [u** oy < C (lullwrawy +1)

for some constant C' not depending on & and . Moreover, u®% € WV (B) for every r > 1 and we have the
estimate

HUE’(SHWM(B) <C,
for a constant C' depending on q,r,dist(B, 9), |lullyw1.qep)y and || f|[L~ (), but not on & and §.

Proof. We consider the Euler-Lagrange equation of problem (3.1), tested with ¢ = v —u’® € Wol’q(B’).
This yields

N N
S / usd)usd + e / (H(Vud), vy < 3 / gL [l | + ¢ / VH(Vas)| [Vl
=1 B’ B’ i=1 B’ B’

+C |’ — U(S“LQ(B’)’

for a constant depending on ¢, |B'| and || f|| e (pr), but not on ¢ and 6. Using the growth conditions on VH
and ¢} and Young inequality, from the previous we can infer

IVu (z)|?de < C \Vul ()7 dz 4 C'[|us® — U(;HLQ(B/) dx + C.
B’ B
Finally using Poincaré inequality for the function u% —u’ € VVO1 “1(B’), we obtain

(s wiapy < C (H“(SHW“I(B’) + 1) ’

for a constant independent of £ and §. Recalling the definition of «°, this finally gives (3.2).

% and

The second part of the statement is a consequence of Proposition 2.1, applied with O = B’, ( = u
b(z,t) = fo(x)t +exp(—|t —ud(2)|?), 2zeB' teR,

in conjunction with (3.2). O



18 BRASCO AND CARLIER

We also need a I'—convergence result. The reader is referred to [11] for an introduction to the general
theory of I'—convergence. The main point here is that of inferring the convergence of minimizers.

Lemma 3.2. Let 6 > 0 be given and {er}reny be a sequence of positive reals converging to 0, then the
functionals

wr Fk(u) + Plu—u’),  ueWhH(B),
are T'—converging to T, + P(- — u®) with respect to the W4(B') weak topology. Moreover, a sequence of
minimizers {u*°}ren weakly converges (up to a subsequence) in W9(B') to a minimizer u®® of

(3.3) min {gq(v; B)+Pw—u’;B) :v—u e WOI"](B’)} :

Proof. First of all, we observe that the additive term u + P(u — u%) is not dependent on ¢ and it is
continuous with respect to the W4(B’) weak convergence, then it is sufficient to prove the I'—convergence
of the functionals §z*, thanks to [11, Proposition 6.21].

I —liminf inequality. Let u € Wh4(B') and {u* }reny C W14(B') a sequence weakly converging to u. Thanks
to the strong convergence of {uj }ren to u in LP(B’), one immediately gets

lim fe’“( Yu*(x) dr = lim o (x)u(x) de = . f(z)u(x) dz,

k—o0 k—oo J g/

where we furter used that {f* }ren is *—weak convergent in L°°(B’). Using that |g: (t) — gi(t)| < C&?, we
obtain:

nminf/H 67" (uSh (z)) do > lim inf {/B,gx ‘(o >>dw—/B, 07 (5t (@) — gi(ut (2))] da

k—o0 k—o0

> lim inf [/,gz( k(z))dx — C'ef \B’|]
:/B/gi(uxi(x))dx, i=1,...,N,

where we used the convexity of g;, which guarantees the lower semicontinuity of the first integral. Using
the previous estimates and dropping the term containing H(Vu®) in the definition of Fg*, we finally end
up with

k—o0

lim inf §gk (u*) > hlggolf [Z // *)dr + /B' [ (x) u* (z) dx]

>Z/ gi(uy,) dx + B/f(x)u(:c)d:czsq(u).

L —limsup inequality. Let u € W14(B') and choose the constant sequence u® = wu, for every k € N.
Again thanks to the uniform convergence of the functions g;*, an application of the Lebesgue Dominated
Convergence Theorem leads to

kli_}ngo [Z// (ug, da:+/B/ [ (x)u(x)de + ¢ /QH(Vu(x))d:c] = Fq(u),
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which finally gives the desired I'—convergence result.
For the last part of the statement, we first observe that introducing
M(;(u) - { +(c)>7o, icftﬁe;v;iee WOl,q(B/)’
then the functional
e §g (w) + Plu—u’) + Ms(u),

is T'—converging to §,(u) + P(u — u®) + Ms(u). Indeed, it is sufficient to repeat the previous proof. The
I' — liminf inequality remains true, thanks to the lower semicontinuity of Ms. On the other hand, for every
u € WH4(B'), if we take the constant sequence u* = u, then we have

klin;o §F (u) + Ms(u) = §q(u) + Ms(u).

We can conclude by using [11, Corollary 7.20], once it is observed that the minimizers {u®9} ey satisfy the
equi-coercivity condition (3.2). O

Proof of the Main Theorem. Now, we first pass to the limit as € goes to 0. Thanks to (3.2), there exists a
subsequence {u®+?};>o weakly converging in W4(B’) to a limit function u«%°. Moreover, thanks to Lemma
3.2, this u%9 is a minimizer of (3.3). We now take the limit as § goes to 0. Still from (3.2) we have

14 lwrasny < C (llullwragsy + 1),

then there exists a subsequence {u%% };>q C W14(B’) which weakly converges in W1¢(B’) to a function
u?. Using the minimality of u%% the semicontinuity of the penalized functional and the continuity of the
functional §,(-; B") with respect to the strong convergence, we get

Fo("s B) + P(u” = u; B') < Timinf [§,(u*%; B') + P(u% — uP; B')

k—o0

< lign inf §,(u’*; B') = F,(u; B').
—00

Finally, we use the fact that v is a local minimum and that u® — u € VVO1 “1(B'), then
3q(w’; B') + P(u” — u; B') < §q(u; B') < §y(u”; B'),
which shows that u = u" almost everywhere in B’.

Let us now observe that thanks to Lemma 3.1, we have that u®° € VVZZ(B’ ), for every r > 1. In

particular, us*? € WbHT(B) for every r > 1 and we have a uniform estimate of the type
é
[Vu™?|lwrrp) < C,

with C independent of ; and 0. Using the fact that u*° converges to u’°, we get that u®? € W' (B)
for every » > 1 as well, with an estimate uniform in ¢. Finally, taking the limit as § goes to 0, from the
previous discussion we get that u € W1 (B), for every r > 1. This finally concludes the proof of the Main
Theorem. O
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4. APPLICATIONS TO BECKMANN’S PROBLEM
Going back to our original purpose, it is mandatory to conclude the paper with some applications to
Beckmann’s problem (1.3).
Corollary 4.1. Let f € L>(Q2) be such that [, f(x)dx =0 and set

Wolv‘I(Q) = {v € Wl,Q(Q) : / v(z)de = 0} .
Q
FEvery solution u of the following variational problem
(4.1) min {§y(v;9) : v e W)},

satisfies u € W2 (Q), for every r > 1.

loc

Proof. Let u be a minimizer and let us take ' @ 2. We take ¢ € Wol’q(Q') and extend it by 0 to the whole

), then we set
c= dx = go(x) dz.
] / \Q!

The function u + ¢ — ¢ is admissible for problem (4.1), so that
Sq(u; Q) < Fglu+ ¢; Q),
where we used that §,(v + ¢) = F4(v) for every constant c. We then observe that ¢ is supported in €', so
that we can write
Sa(u+ 9 Q) = Fg(u + ;@) + Fo(u; 2\ ),
that is, using this information in the previous inequality, we get
Fo(us ) + T Q\ Q) < Fglu+ o) + Fg(u; Q\ Q).
This finally shows that u is a local minimizer of the functional §,;. The thesis now follows by simply applying
the Main Theorem to wu. O

An “almost” L estimate for the optimal transportation program is now an easy consequence of the
previous result and the primal-dual optimality condition.

Corollary 4.2. Let f € L®(Q) be such that [, f(x)dx =0 and 1 < p < 2. Then the (unique) vector field
5 € LP(;RYN) which solves

min {Z/ [|¢2 +6; |pi(2)|| dx : divg = f inQ, (p,vq) =0 on 89},

HELP(QURN)

is in LT (RN, for every r > 1.

loc
Proof. Existence and uniqueness of 5 € LP(;RY) is straightforward, since we are minimizing a strictly
convex energy with p—growth, under a linear and closed constraint. By standard convex duality, we get the
primal-dual optimality condition

~ —1 Uy, .

¢z:(|uxl|_5l)i i 5 Zzla"'aNa

|tz |

with ¢ = p/(p — 1) > 2 and u € W4(Q) solution of (4.1). Then the result follows from Corollary 4.1. O
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