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EXPONENTIAL AND ORACLE INEQUALITIES

OLIVIER WINTENBERGER

ABsTrACT. We extend the weak transport as defined by Marton in [32] to
other metrics than the Hamming distance. We obtain new weak transport
inequalities for non products measures extending the results of Samson in
[39]. Many examples are provided to show that the euclidian norm is an
appropriate metric for many classical time series. The dual form of the weak
transport inequalities yield new exponential inequalities and extensions to the
dependent case of the classical result of Talagrand [40] for convex functions
that are Lipschitz continuous. Expressing the concentration properties of the
ordinary least square estimator as a conditional weak transport problem, we
derive from the weak transport inequalities new oracle inequalities with fast
rates of convergence.
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2 OLIVIER WINTENBERGER

1. INTRODUCTION

Since the seminal work of Marton [30], transport inequalities are known to effi-
ciently yield dimension free concentration inequalities. Using a duality argument,
Bobkov and Gotze [9] even proved that transport inequalities are equivalent to some
concentration inequalities. Our references on the subject are the monograph of Vil-
lani [42] and the survey of Gozlan and Leonard [21]|. Transport inequalities appear
as a nice alternative to the classical modified log-Sobolev approach of Massart [34]
for obtaining dimension free concentration inequalities useful in mathematical sta-
tistics. More specifically, dimension free concentration inequalities are used to get
oracle inequalities with fast rates of convergence. This article develops new kinds
of transport inequalities, new exponential inequalities and new oracle inequalities
with fast rates of convergence.

In the case of product measures with common margin (iid case), the classical
modified log-Sobolev approach developed by Massart in [34] leads to optimal dimen-
sion free concentration inequalities of Bernstein’s type. However, for non product
measures, such inequalities do not hold in their optimal form in many situations.
The reason is the following: in the bounded iid case, Bernstein’s inequality yields
gaussian behavior for deviations less than a bound depending on the essential supre-
mum. In many bounded Markovian cases, their exists a unique regeneration scheme
of iid cycles with random length. The Bernstein inequality yields gaussian behavior
for small deviations less than a bound depending on the essential supremum and
also on the concentration properties of the random length, see Bertail and Clémen-
con [8]. The variance terms in the Bernstein’s type inequalities are perturbed by
the concentration properties of the random length. It leads, to an additional term,
at least logarithmic, which cannot be removed, see Adamcsak [1]. It is a drawback
for statistical applications for whom the variance term of the iid case is essential. To
bypass this problem, many authors assume contractions conditions on the kernel of
Markov chains, see Marton [31] under geometric ergodicity and Lezaud [29] under
a spectral gap condition. For symmetric Markov process, the spectral gap condi-
tion is more general than uniform ergodicity and is also necessary for Bernstein’s
inequality, see Guillin et al. [23].

Many classical models in time series analysis do not satisfy such conditions. For-
tunately, the classical Bernstein’s inequality also holds for non Markovian processes
under I-weakly dependent conditions, closely related with the uniform mixing con-
dition, see Samson [39]. This result yields fast convergence rates of order n=! in
oracle inequalities (comparable to those in the iid case) in a dependent setting,
see [2]. However, this approach relies on the maximal coupling properties of the
Hamming distance and cannot be extended to other metrics, see [15]. For other
metrics, non optimal couplings are used by Marton [33] and Djellout et al. [16]
to extend classical dimension free transport inequalities T5 4(C) in a dependent
context for metrics d different than the Hamming one. If the "constant" C' in the
transport inequality is sufficiently close to the variance term then Bernstein’s in-
equality is recovered and fast convergence rates are achieved, see Joulin and Ollivier
[25]. Otherwise,a tradeoff must be done between the estimates of the variance terms
and the accuracy of the coupling schemes, see Wintenberger [43] for details. The
fast rates of convergence in oracle inequalities are not achieved because the vari-
ance terms of the Bernstein’s types inequalities do not have the same order than
in the iid case. On the contrary, the Hoeffding inequality is easily extended to very
general dependent case using the bounded difference method, see McDiarmid [36],
Rio [37] and Djellout et al. [16]. Unfortunately, the Hoeffding inequality, equivalent
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to the T7(C) transport inequality, is not dimension free. Thus, this probabilistic
inequality yields oracle inequalities with slow rates of convergence of order n=1/2,
see Alquier and Wintenberger [3].

In this paper we develop weak transport inequalities to obtain dimension free
exponential inequalities and thus fast convergence rates in oracle inequalities. Let
E be a Polish space and d be a lower semi-continuous metric on E. With the
notation P[h] = [ hdP for any probability measure P and any measurable function
h, we say that P satisfies the weak transport inequality Tpﬁd(C) for any C' > 0 and
1 < p < q if for any measure @

i e S VIOR@

with 1/p+1/¢ = 1 and the convention +00/ 4+ co = 0/0 = 0. Here « is any non-
negative measurable function, 7 is any coupling scheme of (X,Y) with margins
(P, Q) and K(Q|P) is the relative entropy Q[log(dP/dQ)] (also called the Kullback-
Leibler divergence). As the roles of P and @ are not the same, we also introduce
T;Z(C) where P and @ are interchanged in the left hand side term. An application
of Sion’s minimax theorem shows that the weak transport inequalities are extensions
of the transport inequalities introduced by Marton [32]

f su mla(Y)1xzy]
S Qe = VAR

These inequalities are weakened forms of the classical T, 4(C) transport inequality
W,.a(P,Q) = inf 7[dP(X,Y)]"? < \/20K(Q|P).

Contrary to the classical T}, 4(C) transport inequalities, any compactly supported
measure P satisfies the weak Tp,d(C) transport inequalities for any 1 < p < 2. More-
over, the weak transport inequalities extend nicely to non-products non-contractive
measures P on E™, n > 1. Using a new Markov coupling scheme, our main result
in Theorem 3.2 states that there exists C’ > 0 such that

21 oy (Y)d(X;, Y5)]

(1.1) sup inf = < \/n2/p_1C’/C(Q|P).

a 7 (i Qlag(Y)])t/a
The main assumptions hold on the conditional laws P ) of (Xit1,...,Xp) given
that (Xi,...,Xo) = 2 = (z4,...,70). Fix a lower semi-continuous auxiliary

metric d’ satisfying d’ > Md. We assume the existence of a coupling scheme m; of
the E™'-supported measures (P ), P, ,a-n) such that

7T|i(dp(Xk,Yk))1/p < i (p) d (2, i), Vi<k<n.

The existence of such coefficients v ;(p) for any 1 < i < k < n is called the I'(p)-
weakly dependent condition. When d = d’ is the Hamming distance, the I'(2)-weak
dependance coincides with the weak dependence already studied by Samson [39]
and we recover his results. We keep the notation of [39] and denote f‘(p) the weak
dependence when d is the Hamming distance. However, to deal with more general
and classical time series, we prefer to choose d as the euclidian norm, see Section
4. When p = 1 and T 4(C) = Tl(zc)l(C) = T1,4(C) by definition, the I'(1)-weak
dependence coincides with the one of [37] when d’ is the Hamming distance and the
one of [16] when d’ = d. Thus we recover the Hoeffding’s inequalities of [37, 16].
They are not dimension free because n?/?~1 = n as p = 1 and we prefer to focus
our study on the case p = 2 and d the euclidian norm which is new.



4 OLIVIER WINTENBERGER

The dual forms of the weak transport inequalities yield new exponential inequal-
ities. Except in the specific case of the Hamming distance, the deviations are not
estimated in terms of the variance. If P satisfies Th 4(C) on E™ then for any function
f of the observations (X1,..., X,) such that there exist functions L;(z) satisfying

f@) = fly) <35 Li(x)d(xs,y;) for any x,y € (RY)™ we have
ON n
(1.2) P[exp ()\(ffP[f])—TZLj))} <1, A>0.

When d is the Hamming distance, inequality (1.2) yields to the Bernstein inequal-
ity, see Ledoux [28] in the independent setting and Samson [39] in the I'(2)-weakly
dependent setting. When the function f is a convex function, the condition above
is automatically satisfied with L; = 9;f (the sub-gradients) and d the euclidian
norm. The inequality (1.2) coincides with generalizations of the Tsirel’son inequal-
ity given in [41] (also implied by the T5 transport inequality, see Bobkov et al.
[10]). For convex functions that are also Lipschitz continuous on [0, 1]™, it extends
for I'(2)-weakly dependent measures the classical exponential inequality for prod-
ucts measures due to Talagrand [40].

As the transport inequalities yield concentration of measures via relative entropy,
we couple it with the statistical PAC-bayesian paradigm that describes the accu-
racy of estimators in term of relative entropy too, see McAllester [35]. The oracle
inequalities are thus expressed as conditional weak transport inequalities. We apply
this new approach to the Ordinary Least Square (OLS) estimator 6 in the linear
regression context (other interesting statistical issues will be investigated in the
future). Denoting by R the risk of prediction, an oracle inequality states with high
probability that R(0) < (1 +n)R(0) + A,n~'#0 where n > 0, 0 is the oracle de-
fined as R(0) < R(0) for all § and A,, is the rate of convergence. Oracle inequalities
are standard non asymptotic criteria for the efficiency of statistical estimators, see
Massart [34]. If n = 0 then the oracle inequality is said to be exact and otherwise
it is non exact, see Lecué and Mendelson [27] for a discussion. The dimension free
concentration properties obtained from the weak transport inequalities with p = 2
yield to fast rates of convergence R, o« n~!. For I'(2)-weakly dependent time se-
ries, we obtain new nonexact oracle inequalities for the OLS 6 when the conditional
measures satisfies the weak transport inequalities. These assumptions are satis-
fied for many models such as classical ARMA models with bounded, gaussian or
log-concave innovations. When d is the Hamming distance, we recover in the condi-
tional weak transport inequalities the variance terms of the iid case. These variance
terms play a crucial role through Bernstein’s condition introduced by Bartlett and
Mendelson [7] to obtain oracle inequalities with fast rates of convergence. Thus,
when d is the Hamming distance, we obtain new exact oracle inequalities with fast

convergence rates for the OLS 6 in the I'(2)-weakly dependent case.

The paper is organized as follows: in Section 2 are developed the properties of
the weak transport costs used in the proof of our main result, a weak transport
inequalities for non product measures stated in Section 3. Section 4 is devoted
to some examples. The dual form of the weak transport inequalities yields new
exponential inequalities presented in Section 5. Finally, new oracle inequalities
with fast rates of convergence are given in Section 6.
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2. WEAK TRANSPORT COSTS, GLUING LEMMA AND MARKOV COUPLINGS

2.1. Weak transport costs on E. Let M(F) denotes the set of probability mea-
sures on some space F', M+ (F) the set of lower semi-continuous non negative mea-
surable functions and M (P, Q) the set of coupling measures Ty, 1.6 Ty, € M(E?)
with margins 7, = P and my = Q. Let (p, ¢) be real numbers satisfying 1 < p < 2
and 1/p+ 1/q¢ = 1. Let us define the weak transport cost as

% . mla(Y)d(X, Y]
2.1 Wpa(P,Q) = sup inf ————————=
@ pilFQ) aeM+(B)yreM(PQ)  Qlad]l/a
with the classical conventions Q[a9]*/? = esssup a(Y") when ¢ = oo and +o00/+00 =
0/0 = 0. For fixed &« € M (F), let us denote

(2.2) Wad(P,Q)= inf 7la(Y)d(X,Y)].
reM(P,Q)

Note that W is not symmetric and that W, 4(P, Q) = W, 4(Q, P) = W, a(P,Q) =
Wa,d(Q,P) = 0if P = Q. Note that « € MT and d are assumed to be lower
semi-continuous such as the optimal transport in the weak transport cost definition
exists, see for example [21]. Now let us show that the weak transport cost satisfies
the triangular inequality. It is a simple consequence of the second assertion of the
following version of the gluing Lemma.;:

Lemma 2.1. For any coupling my, € M(P,Q) and my ., € M(Q,R) respectively
there exists a distribution 7, . with corresponding margins and such that X and
Z are independent conditional on'Y, i.e. Ty .1y = Tp|yT|y-

Proof. From the classical gluing Lemma, se for example the Villani’s textbook [42],
we can choose 7y, . such that m,, . = 7,77y as the margins corresponds:
TylyTy = Tzy and 7,7, = my . The conditional independence follows from the
specific form of 7, , . as 7, .|y = Tey,2 /7y, by definition. O

The conditional independence in the gluing Lemma 2.1 is the main ingredient to
prove the triangular inequality on W, 4:

Lemma 2.2. For any P,Q, R we have
(2.3) Wp.a(P,R) < Wpa(P,Q) + Wpa(Q, R)
Proof. Let us fix @ € MT(E) such that R[a?] < co. We have
o, z[(Z)d(X, Z)] < 7 2)d(X, Y )] + my,2 [ Z)d(Y, Z)].

Let us choose 7, , satisfying

my(2)dY,2)) = it wla(2)d(Y, 2)] < R[] 1W,a(Q, R).
neM(Q,R)

By conditional independence in Lemma 2.1, we also have
ma(Z2)d(X,Y)] = mey[77), [a(2)[Y]d(X, Y)] =: 7y [0(Y)d(X, V)],

Let us choose 7}, satisfying

T AY)dX,Y)] = inf  ala(Y)d(X,Y)] < QaN 1 Wya(P,Q).

TeM(P,Q)
Note that Q[a?] = Q[r],
denote 7* = 7 . obtained by the gluing Lemma 2.3 of 73 , and 7 .. Collecting
all these bounds we have 7*[a(Z)d(X,Y)] < R[a9]W,.4(P, Q). We obtain
;2 l(Z)d(X, Z)]

R[aq]l/q

[(Z)|Y]?] < R[a?] using Jensen’s inequality. Let us

S (Wpﬁd(Pv Q) + WP,d(Qa R))
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and taking the supremum on « the desired result follows from the definition of
Wp,d(Qa R) . U

2.2. Markov couplings. In this section, we only consider Markov couplings on
the product space E™ with n = 2, the cases n > 2 following by simple induction
reasoning.

Definition 2.1. Let P, Q € M(E?), the set of Markov couplings M(P,Q) are
defined as the products m = mimy; with 7 a coupling of P; and @1 and my; a
coupling of Py and Q2.

The terminology of Markov couplings was introduced by Riischendorf in [38].
Similar couplings are used by Marton in [32]. The property of conditional indepen-
dence in the gluing Lemma 2.1 is nicely compatible with Markov couplings:

Lemma 2.3. For any Markov couplings my , € M(P, Q) and m, , € M(P, Q) with
P, Q, R € M(E?) it exists a distribution 7, » with corresponding margins and such
that X = (X1, X2) and Z = (Z1,Z3) are independent conditional on' Y = (Y1,Y3).

Proof. By assumption 7y, = Tz gy Moy yalar,yr 0 Ty o = Tyy 2 Tys 2ofys,z, - Let us
define my y 2 a8 Ty ,y; 21 Tazyz,22]21,91,2 DY the relation

(24) Txy,y1,21 = Tay|ys Tz |y Tyrs
and
(2'5) T y2,22|m1,91,21 = Nazlzy,y1,y2 T2z |y1,21,y2 T2y -

Let us check that m,, . has the correct margins. First, from the classical glu-
ing lemma we know that m;, ,, ., has the correct margins. It remains to prove
that 7., v, 25(a1,51,21 Das the correct margins. Notice that from the definition of
Markov couplings, we have 7 Thus the first margin of
is equal to

y2lyr — ﬂyz\ﬂﬂlayl = 7Ty2|y1,21'
7T$21y2122‘$11y17zl

Taslzy,yi,y2Ty2lyr = Toalz,y,y2 Tyzlzi,yr = Tao,yzlzr,y: e

The same reasoning show that the second margin is also the correct one.

We proved above that by construction X; and Z; are independent conditional on
Y1, ie. that mp 211y, = Tay|y, Tzy)y, - Let us show that it is also the case conditional
on Y7 and Y. We have

7T$1721,y1,y2 _ 7Ty2\y1 ﬂ-zhzhyl

7TI1721|91792 -

Tz1,21|y1
Ty1,y2 Ty )y Ty1

the third identity following from the identity my,|,, = Ty,z,,y,,, Dy the identity
(2.5). Thus, using that X; and Z; are independent conditional on Y; we obtain the
identity 7z, 21 jyiye = Tar|ys Tea|y: - YW conclude that m, =Ty
as

[y1,y2 Iyl,yzﬂm\th

T | _ 7Ty2|y17rz1,y1 _ 7Tac1,y1,y2 =7 ‘
T1ly1r — - — "x1|Y1,Y2
Tya |y Ty1 Ty1,y2

the third identity following from the identity m,,|,, = 7,z by definition of
Markov couplings (the same is true replacing z1 by z1).

It remains to prove that X5 is independent of Zs conditional on (X7, Z7) and
(Y1,Y2). Indeed, we have by construction
_ 779621.7;2722@1791721 _ 7T127y2722\11,y1,z1

Tao,22|21,y1,21,92 — pu = = = Tas)zy,y1,02 T 22|y1,21,92>
Y2|T1,91,21 y2ly1

the last identity following from the idenity (2.5). Thus the result is proved:

ﬂ-maz‘y = 7r12,22\117y17217y27rﬂ€1,21\ylayz = 7rZ2\951,yl7y2'7rZ2\yl,21,yz
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O

2.3. Weak transport costs on E", n > 2. We extend the definition of W on the
product space E™ for n > 2. Let P, Q € M(E"™) we define

(2.6) Wy.a(P,Q) =

sup

inf

aEM*(En) mEM

35y oy (V)d(X;, Y5)]
@) (X Qlay(Y)a))t/a

with the convention (37_; Q[a;(Y)?])/4 = max, <j<, esssup o if ¢ = oo and

(27) Wa,d(Pa Q) =

7€M (P,Q)

inf

n

> mlay (Y)d(X;, )]

j=1

for any fixed @ = (o )1<j<n € MT(E™). Considering Markov couplings, we use the
conditional independence in the gluing Lemma 2.3 to assert that the weak transport

cost on E" also satisfies the triangular inequality. More useful, W, 4 satisfies an
inequality similar than the triangular one:

Lemma 2.4. For any P,Q,R € M(E™), for any o € M+(E™) there exists & €
M*(E") satisfying Q[&;(Y)]? < R[ai(Z)] fo any 1 < j <n and

(28) Wa,d(P; R) S Wd,d(Pa Q) + Wa,d(Q’ R)

Remark 2.1. As a consequence of the Lemma 2.4, we obtain the triangular inequal-
ity for W

(29) Wp,d(Pa R) < Wp,d(Pa Q) + Wp,d(@a R)

by taking the supremum on « on both sides of (2.8) and using the relation Q[&;(Y)]? <

R[aj(2)].

Proof. Let us fix « € M*(E") such that R[aj] < oo for all 1 < j < n. Define
recursively the couplings 7 . and 7 € M (E?) such that

[ D @)d(X5. 7)) = Waa(@ B),
j=1
mey| Dm0 (2N Y| = W azma(PQ).
j=1

where we use Jensen’s inequality. Let us denote 7* = 7

Lemma 2.3 of W;,y and W;,Z. Then

n

w;,Z[Zajd(Xj,Zj)}

j=1

(2.10)

<

IN

<

<
Il
—

*
x,Y,z

obtained by the gluing

7 [ a2, )] + [i o (2)d(Y;,2)]

s (DY 1a(X;,Y5)]

Wee (az)v].a(P, Q) + Wa,a(Q, R).

2|y

The inequality (2.8) follows from (2.10) taking &; = 7 _[;(Z)|Y = -] and notic-

ing that the relation Q[aF(Y)] < R[a}

inequality.

J

(Z)] holds by an application of Jensen’s
O
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3. WEAK TRANSPORT INEQUALITIES

3.1. Weak transport inequalities. Let us say that the probability measure P on
E™, n > 1, satisfies the weak transport inequality T}, 4(C) when for all distribution
Q@ on E™ we have

(3.1) W,.a(P, Q) < /2CK(Q|P).

Let us say that P satisfies the inverted weak transport inequality TZEZ(C’) when

(3:2) Wp.a(Q, P) < /2CK(QIP).

By an application of Jensen’s inequality, P satisfies prd(C) and T;Z(C) as soon
as Ty 4(C) and T;S/i,)d(c) reciprocally with p’ > p. Moreover T 4(C) = Tl(Z;(C’) =
Ty 4(C) where T}, 4(C) is the classical transport inequality defined by the relation

inf  7[dP(X,Y)]"? < /2CK(Q|P).

TEM(P,Q)

3.2. Weak transport inequalities on FE. Let us consider in this section P a
probability measure on E (case n = 1). We have the following result

Theorem 3.1.
(1) Any P € M(E) satisfies Tp.q(1) and Tég(l) when d is the Hamming dis-
tance d(x,y) = lgzy.
(2) Any P € M(E) satisfies Tp,q(D?) and Téjzl(D2) for any metric d such that
SUP(y yyep2 d(z,y) =1 D < o0,

Remark 3.1. Below is the proof of point (1) for the sake of completeness. Alternative
proofs are given in [32, 39]. The constant 1 is optimal, see the discussion in Section
5.3. For more involved examples of measures on discrete state spaces satisfying the
weak transport Th 4 we refer the reader to Gozlan et al. [22].

Remark 3.2. By definition every P satisfying the classical transport inequality
Ty.4(C) such that gaussian or log-concave measure satisfies also T 4(C) and TQ(?I(C ).
However, any distribution having a support with finite diameter satisfies Tgyd(c ) but
not necessarily TQﬁd(C). For any metric d the weak transport inequalities TQﬁd(C)
and TQ(ZZI(C) have dual forms given below in (3.3) and (3.4). These expression are
particularly explicit when d is the Hamming distance.

Proof. Let Cp, denotes the set of all continuous bounded functions. From the dual
form of W, 4 for a € M+ (F) fixed we have

Wa,a(P,Q) = inf w[a(Y)d(X, Y)] = sup Qlfa.al — P[f]

where fo.a(y) = inf,{a(y)d(z,y) + f(z)}. Then a measure P satisfies Ty 4(C) if for
any @ € MT(FE) and any probability measure Q

up Qlfud] ~ PIf] < VICQEIKIQIP) = inf ACQ[a)/2 + I

feclsy

Thus P satisfies T3 4(C) if for any measure @ it holds

sup sup sup Q[A(fa,a — P[f]) — (Aa)*C/2] — K(Q|P) < 0.
A>0 >0 fEC,

By the variational form of the entropy we obtain

(3.3) sup sup sup Plexp(A(fa,a — P[f]) — (\a)2C/2)] < 1.
A>0 a>0 feC,
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In the specific case d(z, y) = 15, we have the explicit expression fo qa(y) = (a(y)+
inf f) A f(y). As the difference fo,q4 — f is unchanged when adding a constant on
f, we can take inf f = 0 with no loss of generality and

i};%P[eXp(A(fa,d — P[f]) = (A)?C/2)] = Plexp(\(f — P[f]) = \*fC/2))].

But for any X > 0 we have X — X?2/2 <log(1 + X) and thus
Plexp(X — X?/2)] < 11 PIX] < exp(P[X]).

T2.4(1) follows by taking X = Af. To prove that TQ(Z(I) holds we start from its
dual form. For equivalent reasons than the preceding dual form (3.3), our weak
transport inequality ~2(?21((}') holds for any C' > 0 iff

(3.4) Sup sup sup Plexp(A(fa.a — P[f]) — P[(Aa)*1C/2)] < 1.

Noticing that we can restrict to a(z) < sup f — f(x), taking sup f =0 and C =1
we obtain the sufficient condition
iuISP[GXP(A(f — P[f]) = P[(\f)%)/2)] < 1.
<

For any non positive r.v. X we have exp(X) < 1+ X + X2/2 and the desired result
follows.

Point (2) is proved noticing that d(z,y) < D1,,. O

3.3. Weak transport inequalities on E", n > 2. We use a new coupling tech-
nique based on the following I'y, 4,(p)-weak dependence condition of any law P
on E™. Add artificially time 0 and put Xo = Yy = 29 = yo for a fixed point
yo € E. Denote z(¥ = (X4y...,20) for ¢ > 0 and P the conditional laws of
(Xis1,...,X,) given that (X;,..., Xo) = 2 = (x4,...,20). Let d; and dy be two
lower semi-continuous distances on E such that d; < Mdsy for some M > 0. Let us
work under the following weak dependence assumption:

Definition 3.1. For any 1 < p < 2, the probability measure P is 'y, 4, (p)-weakly
dependent if for any 1 < ¢ < n, any (J:(i),yi) € E'*2 there exists a coupling scheme
m); of (P|I(i),P‘z<i71)1yi) and coefficients i ;(p) > 0 such that

(3.5) Whp.d, (sz|x(i),sz‘z(i—l)1yi) < ’Wm'(p) dg(xi,yi), Vi<k<n.

Let us denote

M 0 0 0
Yeulp) M 0 0
L(p)= | v31(p) 732(p) M
: : : 1 0
Y1 (P)  Yn2(@) oo Yam—1(p) M

The matrix I'(p) has n rows and n columns. We equip R™ with the ¢’-norm and
the set of the matrix of size n x n with the subordinated norm, both denoted || - ||,
for any 1 < p < o0.

Theorem 3.2. Forany 1l <p <2, if P isTq, 4,(p)-weakly dependent and ijlz(j—l)
satisfies Ty 4, (C) or Tf;l (C) for alll < j < n then P satisfies Tp1d1(0|\1“(p)|\127n2/?*1)

or Tézl (C||IT(p) |\§n2/1’_1) respectively.
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Remark 3.3. When the process (X;) is stationary, we have v, ;(p) = vke(p) for
j—i=k— £ From the basic inequality ||A|, < [|A||\/"||A||5"/" and the fact that
Tl = ITlloe = M + 3702, vi,0(p), then [[All, < M + 371 vi0(p)-

Proof. The proofs of the two assertions are similar as the weak dependence con-
dition (3.5) is symmetric in x; and y;. Thus the proof of the second assertion is
omitted.

Let us fix @ € M (E™) such that Q[aj] < oo for all 1 < j < n. As preliminaries,
we recall the following result of existence of the optimal Markov coupling due to
from Riischendorf, [38] and a simple and useful consequence of this result stated in
Lemma 3.4.

Let 0 : E™ x E™ — R, and the section of o in (z1,y1) € E? as

Oz (T2, y2) = o((21,22), (¥1,92))-
Theorem 3.3 (Theorem 3 in [38]). We have the equivalence between (1) and (2)
(1) inf__y; 7lo] = 7*[o] with T € M,
(2) (a) h(z,y) :=infr,, lowy] =75 [00,y| (2, y)] is finite 11 —a.s. and
(b) inf,, m[h] = w}[h] < co.

Denote agi) denotes the section of «; in y(@ as agi) (Yit1s---,yn) = ;(y) and

ald) = (oz;i))j>i. A simple corollary of this Theorem is the following result:
Lemma 3.4. Let P, Q € M(E™) be decomposed as P = PiP/x, and Q = Q1Q)y,
for P1, Q1 € M(E) and P, Q),, € M(E™Y). Then for any o € M*(E™) and
any coupling m € M(Pl, Q1) we have

(3.6) Weaay (P, Q) < m[Q)y, [en|Y1)d1 (X1, Y1) + Wy 4, (P, Qv ))-

Proof. Let us assume that for almost all z1, y; € E we have Wa(1)7d(ﬂml,Q‘yl) <

oo. Then, by lower semi-continuity, it exists 7r|*Z1 " such that:

* 1 T
ey [Za§ "4 (X5,5)| = W a, (P Q)]
j=2

Thus the desired result follows from Theorem 3.3 remarking that for any 1, y; € E
we have

oy [0V dy (z1,51)] = LI [t e1, yi]da (21, 91) = Q. [aalyr]di(z1,y1)
by definition of Markov couplings. O

Let us consider now the following coupling scheme denoted 7 defined recursively
as T = Tp|p—1 - To1T1j0 € M(E™) where 7;;_1 = Ty, y;l2t-1 yG-» is determined
such that

(3.7) 71 {Z Qly, yu-v [a]Y, yU=D My, (p)da (X, Yj)]
=y

3 a1, G-1) )\
= (ZQ\W—U[%W |7k, (p) ) Wh.dy (P 12615 Qy,y-1)
[y

for all (=1 (=1 in Fi-1,

We are now ready to prove the result iterating several times the same reasoning.
Let us detail the case j = 1 when considering probabilities conditional on .
Applying (3.6) and (2.8) we have

Woa,(P,Q) < 71y Qv yo [a Y1,y V)dy (X1, Y1) + Wo) 4y (Pix, 4 s Qv .y )]
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(3.8) < Mo [Qlyl,y(o) [a1|Y7, y(o)]dl (X1, ) + Wa(l),th (P|y17y(0) ) Q|Y1,y(0)>
+Wam,a, (Pix, 45 Py, y©)]-
To bound the last term, we use the definition of the I'y, 4, (p)-weak dependence:

Lemma 3.5. For any oy, € M1 (E) for all j < k < n and any Ty, q4,(p)-weakly
dependent probability measure P we have

(3.9) W0 di (Plzy -0 Pyoy) < Z Qo [of |y Ty s (p)da (5, y5)
k=j+1

Proof. Assume that Q[aj] < oo for j < k < n. Then, applying the Holder inequal-
ity and the definition of Markov couplings, we have

n

Wa<j>,d1(13\zj,y<j—1>,P\yu')) = ;Dfﬂ\j[ Z ardy (X, i)
I3 k=j+1
< 1nf Z 75l |y D1 9 [d8 (X, Y )| /P
7 k= j+1
< it Y Qo lally ] m X, V)
4
k=j+1
< Y QuolaflyVN Vv (p)da (s, y))

k=j+1
because the I'(p)-weak dependence condition ensures the existence of a coupling
scheme satisfying

51} (X, Vi)l P < i, (p)do (5, y5) Vi<k<n.
O

Denoting v;; = M for all 1 < i < n, note that by assumption we have the
relationd; (X;,Y;) < v;,:d2(X;, Y:). Collecting the bounds (3.8) and (3.9) we obtain

Wa.d, (P, Qo) < 7o [Z Qyw 4o [0 [Y D) o] Ty, 1da (X1, Y1)
k=1

+ Wow g, (P, 45 Q)yy yo)]-
Let us do the same reasoning than above for any 1 < j <n conditional on y@) on
Wai-1,4,(Pyr, Qpyei ). For any 1 < j < n, we obtain:
n
Woi-1 4, (Plya-1, Qpyu-n) < TjjyG-1 [ZQ [al]Y;,y U=V 9y, 5 (p)da( X, Y5)
k=j
+ W64, (Py, yo-1,Qly, yo-)]-
For the specific Markov coupling considered here, the identity (3.7) holds and
Weoi-1 .4, (Pyo-1,Qyu-n)

n ) 1/q .
< ( > Qpo-n[adlyY (p)q) Whdz (Py g1 Qy1y-1))
k=i

+ 7j1y6-0 Wa a4y (Ply, y6-15 Q)y; y-1)]

s Z Qlyu-v [O‘Z|y(j_1)]1/q7k,j (P)Wp,dz (sz|y<j71> ) Qyj|y<j—1>)
k=j
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+ Ty Wao o (P, yi-15 Qly, yo-1)]

where the last inequality follows from the concavity of * — z!/¢ and Jensen’s
inequality. Applying an inductive argument, we obtain

WodP.Q) < Q3030 QYO s o)Wt Py e @y )]
i=1 k=
< D> QI 1 (D) QW s (Py 1y -1, Qyjy-1)F TP
J=1k=j

< Z Qlaf]V 1% (D) QRCK(Qy, v -1 | Py jyri-1 )P/?]HP

the second inequality following from Holder’s and Jensen’s inequalities and the
last one from the assumption P$j|y(];1> € Tp.a(C). Let us denote Q the row vector

(Q[ad]*)1<k<n and W the column vector (QRCK(P,, )y -1 @y, )ye-1 )p/Q]l/p)'lngn.
With <;> denoting the scalar product, we obtain

Wa,a(P,Q) << Q;T(p)W >< [|Qllo[IT ()W -
Note that we have the identities

@l = (X au)”

1/p
Wl = ( Q[QC’C(Qyj\Y<H>|ij\Y<ffl>)p/2]) :

j=1

K@QIP) =

J

QROK(Qy,|yi-v Py, )yu-1)]
1

n

As p/2 < 1, successive applications of Jensen’s and Holder’s inequalities yield

- 1/p
W], < (ZQ[QC/C(QMYU,U|szly(j71))]p/2)
Jj=1
1/p—1/2 - 1/2
< n (ZQ@C/C(QMW,U|szlw,l))])
j=1
< \fwr-t2ck(@ip).

Finally, we obtain
1 7l (Y)d(X;, Y
(X1 Qlag)/e

The desired result follows by taking the supremum over all « € M (E™). O

)< Jeoit@Eerik@p).

4. EXAMPLES OF 'y, 4,(p)-WEAKLY DEPENDENT PROCESSES

4.1. Tg, 4,(1)-weakly dependent examples. When p = 1, the dual form of
led(C) = Tfyd(C) = T1,4(C) is the Hoeffding inequality. Moreover we apply the
Kantorovitch-Rubinstein inequality to obtain an explicit expression of the 7 :(p)
coeflicients:

> (1)

k=i+1
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= Plf (Ko, Xa)la ] = P[f(Xisr,. . Xo)lyi 2 7Y)
= sup sup
felip, (i) =9 s da (i, yi)

where Lip (¢) is the set of Lipschitz functions f satisfying

k
|f(.’L') - f(y)| < Z dl(‘rj’yj)’ Vo = (:Ei-l‘l) v ,ZCn), Yy = (yi-l-la ce 7yn) cE"".
j=it1
In the bounded case di < M and da(z,y) = 1,2, is the Hamming distance, the
T4, .4,-weak dependence condition coincides with the one introduces in Rio [37].
As the conditional probabilities P, SzG-D automatically satisfy Pinsker’s inequality

T1.4,(1/4), Theorem 3.2 recovers the Hoeffding inequality of [37].

The context of T'g, 4,(1)-weak dependence is very general for d; the distance as-
sociated with the euclidian norm and ds the Hamming distance. We refer the reader
to Section 7 of [14] for a detailed study of many examples in this case, including
causal functions of stationary sequences, iterated random functions, Markov kernels
and expanding maps.

When d; = dy = d for any metric d, the I'y, 4,-weak dependence condition
coincides with the condition (C7)’ of [16]: for any 1-Lipschitz function f it holds

[PUf Xk, Xo) |2 ®] = PIf (Xpgr, - X lye, V]| < S, yi)-

From Remark 3.3 we have |[I'(1)||; < 1+ S and thus Theorem 3.2 recovers the
Hoeffding inequality of [16]. Examples of I'g 4(1)-weakly dependent time series are
given in [16]. In particular, ARMA processes with sub-gaussian or log-concave
innovations satisfy the conditions of Theorem 3.2 for p = 1. Thus they satisfy an
Hoeffding’s type inequality (which is not dimension free).

4.2. f‘(p)-weakly dependent examples. When d; = ds is the Hamming distance
12y, let us denote I'g, 4, = I'. For this choice of metrics the optimal coupling
scheme is the maximal coupling given in [20]. Then we have

i(p) = s [1Plar = Py v |77
",y
where |P — Q||rv = supy |P(A) — Q(A)| for any distributions P et Q. The T'(p)
weakly dependent condition coincides with the ones used by Samson [39] for p = 2
and by Rio [37] and Kontorovitch and Ramanan [26] for p = 1.

For Markov chains, the I'(p) weakly dependent condition is equivalent to the
uniform ergodicity condition. In the stationary case, &,’;i < 2¢x—; where ¢ is the
uniform mixing coefficient introduced by Ibragimov [24]. For p = 2, we recover the
transport inequality obtained by Samson [39] as Tmm _, (1) holds for any distribution
and by an application of Theorem 3.2 we obtain

) n 1/2 -
inf (CQI[X £ | ViP) T < [F@)2v/2K(@QIP).
T i=1

Note that we use here the minimax theorem of Sion and the Proposition 1 of [32]
to obtain the identities:
. 21 oy (V) 1x, 2y
Wai,,(P,Q) = inf sup 225 5 g

AP Q)= o ST QoA oty
Note also that this weak transport inequality yields dimension free concentration
properties in term of the convex distance as it is done in Talagrand in [40] or in

(i@[w[xi 2y pvp)"
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Marton in [31].

In the stationary case, any ¢-mixing processes are I-weakly dependent with
T, < 1+ 300, (2¢:)'/7 for any 1 < p < 2, see [39]. But the I'(p)-weakly
dependence is also satisfied for non stationary sequences, see [26]. However, when
E is a real vector space, the choice of the Hamming distance is not natural and the
resulting weakly dependent conditions are often too restrictive.

4.3. T'.|,d,(2)-weakly dependent exemples. In what follows, we focus on the
choice dy = || - || the euclidian norm that is natural in many examples in E = R¥.
We also fix p = 2 in order to obtain dimension free transport inequalities when
applying Theorem 3.2. We focus on two generic examples: the stochastic recurrent
equations already treated in [16] when p = 1 and the chains with infinite memory
introduced in [17]. In each example, we use the natural coupling provided by the
structure of the example to estimate the coefficients 5 ;. Note that an explicit
expression of these coefficients is not required.

Example 4.1 (Stochastic Recurrent Equations (SREs)). Consider the SRE (also
called Iterated Random Functions in [18] and Random Dynamical Systems in [16])

(41) X()(SC) =T c E17 Xt+1($) = ’l/)t+1(Xt(SC)), t Z 0,

where (1) is a sequence of i.i.d. random maps. Let us denote here P the probability
of the whole process (¢;);>1. Assume in the next proposition in full generality that
di1 and do are any semi-lower continuous metrics satisfying d; < Mds for some
M > 0.

Proposition 4.1. For any 1 < p < 2, if the distribution of 1(x) belongs to
Ty.4,(C) or T;Zz (C) for any x € E and if there exists some S > 0 satisfying

(4.2) ZP[d’f(Xt(x),Xt(x’))]l/p < Sdy(z,z") Vz,2' € E.

t=1
then for any © € E we have that the law P} of (Xi(x))1<i<n on E™ satisfies
Ty.a, (C(M + S)?n2/P=1) or T}%l(C’(M + 8)2n2/P=1Y respectively.

Proof. The result is proved by an application of Theorem 3.2. The condition of
T4, .4,-weak dependence is satisfied because the joint law of (Xy(x), X¢(x))i>1 is a
natural coupling scheme 7y of the law of (X;);>1 given that (Xo, X 1,X »...) =
(r,2—1,2_9,...) and (X9, X_1,X_o...) = (&/,2_1,2_2,...). We obtain similarly
natural coupling schemes 7; for any 7 > 0 and the coefficients 7y ; satisfy the
relation » 7, o, k:(p) < S. The fact that the relation ), _, Yn.x(p) < S also holds
for any n > 2 follows from the exchangeability of (¢1,...,%,). Using similar
arguments than in Remark 3.3, we obtain that |I'(p)||, < M + S. The result is
proved as, by the Markov property, P, ;-1 is the law of 1j(x;—1) that satisfies

Tp.4,(C) or Tp(fc)b(c ) by assumption. O

Let us detail two classical SREs, the ARMA models and the general affine pro-
cesses when d; = dy equals the euclidian norm || - ||.
Example 4.2 (ARMA models). Consider the ARMA model
Xo(z) =2,  Xppa(z) = AXe(2) + Sea

in E = R* where A € My i (the space of k x k matrices) and (&) is a sequence of
i.i.d. random vectors in R” called the innovations. This model is a particular case
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of the general model above with ¢ (z) = Az +&. The ' .| (p)-weak dependence
condition is equivalent to

psp(A) := max{|\|; A is an eigenvalue in C of A} < 1,
which is the necessary and sufficient condition for the ergodicity of this linear
ARMA model (X;). The conditions of Proposition 4.1 are satisfied if the law of &
satisfies T, . (C) or 7

oIl
gaussian or log-concave innovations &;.

(C). Tt is in particular the case with p = 2 for bounded,

For instance, the stationary solution of X;41 = 1/2X; + & 41 with & ~ B(1/2)
is such that the distributions of (X7, ..., X, ) satisfy the dimension free inequalities
TZH'H(C) and TQ(?I)I‘II (C) for any n > 1. However, this process is not I'(2)-weakly
dependent, see [4].

Example 4.3 (General affine processes). Consider now the specific SRE
Xo(w) =, Xina(z) = f(Xe(2)) + M (X (2))§e1 VE= 1,
where F = RF, & € R¥ f:RF s RF, M : R¥ — My i (the space of k x k'
matrices) and the noise (&) is a sequence of iid random vectors of R such that its
distribution P is centered. Fix p = 2 and assume that:
(a) P € Ty (C) or Ty} (C) on R¥;
() IM(z)|| < K, Vz € R¥, K > 0, || - || denoting also the operator norm on

M. i associated with the euclidian norms on R* and Rk,;
(c) the Lyapunov exponent in L? satisfies

Amaz(L?) == lim (Sup Pl Xe(z) ~ Xt(y)|\2])1/t <1

wty Iz =yl
Using a version of Lemma 2.1 in [16] we obtain that conditions (1) and (2) implies
that Py, , € Ty . (CK?) or Téfl)‘.”(C’Kz). Moreover condition (4.2) is satisfied
for some S > 0 and thus P2 satisfies Ty . (CK2(1 + S)2) or T (CK2(1+ 5)?)
for any x € E. We answer positively to a question raised in Remark 3.6 in [16].

2,11

Example 4.4 (Chains with Infinite Memory). Here assume that dy = dy = d is any
semi lower-continuous distance. Consider chains with infinite memory introduced
by Doukhan and Wintenberger [17] for any function F : EN x X + E by the
relation:

(43) Xt(ZC) :F(Xt—laXt—Qa'"aXlaxO;w—law—Qa"';gt)a VtZ 13

for any sequence x = (z_;);>0 € EY and any iid innovations & on some measurable
space X. This model does not satisfy the Markov property. However, it still exists a
natural coupling scheme of the law of (X;);>1 given that (Xo, X_1,X_2...) =z and

(X0, X-1,X 2...) = (yo,z—1,2_2,...). Indeed, define recursively the trajectory
(Y2)¢>1 by the relation

}/t = F(}/t71;}/t72;' "7Y1;y0;1'71;1'727" ';gt)v vt > 17

where the innovations (& )¢>1 are the same than in (4.3). Then the natural coupling
scheme 7 is the distribution of (X¢(z), Y;)¢>1. Denote P the law of the innovations
process (&), we have

Proposition 4.2. Assume there exists a sequence of non negative numbers (a;)
such that )",  a; =a <1 and

(4.4) PlA(F(z1,22,...5€), F(y1, 42, ... 1))P]P < Zaid(%‘,yi),

i>1
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for any x = (x1,72,...) and y = (y1,y2,...) in EN. If the distribution of F(y;&1)
satisfies Ty a(C) or TZEZ(C) then for anyy € EN we have that PP satisfies Ty q(C?(1—
a)~2n2/P=1) or T;Z(CQ(l—a)_2n2/p_1) respectively, P being the law of (X ())1<i<n
on E™.

Proof. Let us compute a bound for the coefficients P[dP(X,(z), Y;)]'/? for all t > 0
that are estimates of the coefficients ;0. Fix wg = 1 and define recursively

¢
wy < Zajwt—;w Jj=>1
j=1

Note that coupling schemes 7; can be constructed similarly than for the case i =
0. By construction and by a recursive argument using (4.4) we have the relation
Yii < we for any k —i < t. Denote A(s) = Y. ,o; s’ and W(s) = Yo, wys’
for any |s| > 1. From the relation W (s) = 1 + A(s)W(s) we deduce that W(1) =
Ssiwe=(1—A(1))"t = (1 —a)~'. The desired result follows by an application
of similar arguments to the ones at the end of the proof of Proposition 4.1. [l

Remark that, under a < 1 and E[dP(F(y, &), 2)] < oo forany y € EN and z € E,
the existence of a stationary solution with moment of order p satisfying

Xi(x) = F(Xi—1, X2, Xt-3...5&), VteZ

is proved in [17]. If moreover the law of F'(x; &) satisfies T, 4(C') then P satisfies
T,.4(C*(1 — a)~2n?/P~1) by an application of Theorem 2.5 in [16].

Example 4.5 (AR(c0) models). As an example of chains with infinite memory in
E =R, consider (X;) the stationary solution to the autoregressive equation

X = Zaithi + &, t € Z,
i>1
where the real numbers a; are such that a := ), |a;| < 1. Then if & satisfies
Ty(C) or T}El‘)‘ (C) then the distribution of (X7, .. :Xn) satisfies Ty |.|(C%(1—a)~2)
or TIEZI (C%(1 — a)~2) for any n > 1. The same result holds when replacing the

weak transport T with the classical transport T'.

Example 4.6 (General affine processes with infinite memory). Consider the pro-
cess on E = R* defined as the solution of

Xi(x) = f( X1, Xe—2, Xpo3, .0 ) + M(Xp—1, Xp2, X3, )&, Vi >1

where f and M are Lipschitz continuous functions with value in R* and Mk, k')
respectively. These general affine models includes classical econometric models and
is estimated in a parametric setting by the quasi maximum likelihood estimator in
[6]. Denote for ¥ = f and ¥ = M the Lipschitz coefficients

W) = U] <D (@) |a; —yill, Ve, y € BN

i>1

If the condition (a) of Example 4.3 is satisfied and || M (z)|| < K, Vx € EN, K >0
and a == 3,5, ai(f) + Pe[€?]Y2q;(M) < 1 then the distribution of (X1,...,X,)

satisfies T . (C%(1 — a)~2) or T2(il)|-|| (C*(1 —a)™2) for any n > 1. That P¢[¢?] is
finite follows from the finiteness of the exponential moments of P; implied by the

weak transport inequalities, see the next section.
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5. NEW EXPONENTIAL INEQUALITIES

5.1. General exponential inequalities. Let X = (X1,..., X,) be distributed as
P and consider the function f: E™ +— R such that there exist auxiliary functions
L;: E"— R., 1< j <n satisfying

(5.1) ) < ZL d(zj,y;) Vz,y € E™.

Let us consider the function g : E™ — R such that there exist auxiliary functions
L;Z) : E" = Ry, 1< j<n such that

(5.2) 9(y) —g(x) < ZL?) (@)d(z;,y;)  V,y € E™

The dual form of the weak transport inequalities implies the following new expo-
nential inequality:

Theorem 5.1. If P satisfies Ty 4(C) and f satisfies (5.1) then for all X > 0 we
have

C\? 2\ o o2 (2
(5.3) P{exp()\(ffP[f])fT((Qf—)ZLj +(5—1))} <1.
If P satisfies TISZ(C’) and g satisfies (5.2) then for all A > 0 we have

G.4)  Pexp (M- Plal) - S ((2- )zp[mw} +(2-1)) <

p

Proof. The proofs of (5.3) and (5.4) are similar. We only detail the first one.
Integrating (5.1) in (x,y) by 7 with marginals P and Q) we get

QU1 - P < 2] 3 (0%, )
and by definition of W we obtain -
QL - [Z 1] WP )
Using that P € T5(C) we obtain
5.5) QU - PUDL < Q[i o] JacK@IP)

From the variational identity
b= inf \a?/q+b7/(A\P~!
ab= inf Aa?/q + 07 /(A" p)

we get for all A > 0:
QI(f = P[M <AC/qQ [ > Lg} + K(Q|P)P/22¢/2CNP/2 (1)
j=1

We can rewrite it as

w/2Q[(p/C) 721 (f — Plfl - ac/a S 19)] " < k(@P).

j=1
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From the Young inequality
(p/2)2*? > yx — (1 - p/2)y*/ =P
applied with y = (CA?/p)?/P~1 we obtain
(0/2)((p/C)'P2NP=2)2Pa2/P > o — (1= p/2)CN? [p
For z = Q\(f — P[f] = AC/q >_j_, Lf)] we obtain

QAU — PUfI = AC/a Y- LY)| - K(QIP) < (1/p— 1/2)0N"

Then the desired result follows from the variational formula of the entropy. O

5.2. Extensions of classical concentration inequalities to dependent cases.
Let us recall the classical inequality obtained by Talagrand in the iid case [40]: let
f be a separately convex Lipschitz function on [0, 1]™ then

t2
(5.6) P(If = PIf)| =) < 200 (= 575)

where L satisfies |f(x) — f(y)| < L|jx — y|| for any z, y € [0,1]" equipped with the
Euclidian norm. This result was extended to uniformly ergodic Markov chains in
Marton [31] and to I'(2)-weakly dependent processes in Samson [39] for convex Lips-
chitz functions f. The extension to the more general 'y 1, ., (2)-weakly dependent

context follows from Theorem 5.1 as P satisfies Ty . (|T'(2)]|2) and TQ(ZI)Hl(HI‘(Q)H%)

choosing d; = || - || and ds the Hamming distance (M = 1). Note that with no loss
of generality we can assume that f is smooth enough (see Samson [39] for a detailed
proof of this well known fact). Then for any x, y € [0, 1]", by convexity we have

fx) = fly) < Zajf(x)(%‘ —y;) < Z 0; f (@)||z; — yj]-

Thus f satisfies condition (5.1) with L; = 0;f. From the Lipschitz assumption on
f we assert that 2?21 L3(z) = |[Vf||> < L where Vf denotes the usual gradient
of f. An application of Theorem 5.1 yields that

Plexp(A(f — P[f])] < exp(||IT(2)[3L°A?/2).

2
From similar arguments —f satisfies (5.2) with Y7, Ly) (x) < L and the same
estimate holds on the Laplace transform of —f + P[f]. Applying the classical
Chernoff arguments yields

Corollary 5.2. For any F”‘”,l#y(Q)—weakly dependent measure P on E™, for any
convex L-Lipschitz function f we have

P(If = PIf)| = 1) < 2exp ( — W)

This type of inequalities has a lot of applications in probability theory, see [40].

From a statistical perspective, it is also interesting to investigate the properties
of the empirical process. As a corollary of Theorem 5.1 we also obtain a Poissonian
inequality for the empirical process f(z) = supg > i, g*(X;) for square of real
valued Lipschitz functions. Similar results are obtained in Section 3 of Boucheron
et al. [11].
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Corollary 5.3. Assume that |g(z) — g(y)| < Ld(z,y) Vo,y € E with L > 0. If P
satisfies Ty a(C) or TQ(Z;(C) then for every t > 0 we have respectively

t2

P(f>Plf]+t) < QXP(‘W)’
P(f<P[fl—t) < eXp(‘é%OLtfP[f])'

Proof. From the convex inequality 2 —y? < 2x(x—y) we easily check that f satisfies
(5.1) with Y27, L2 < 4L2f and —f satisfies (5.2) with Y-"_, L)° < 412, As P
satisfies Tz 4(C) an application of (5.3) yields that for all A > 0 we have
Plexp(f(A — 4CL2X2) = AP[f])] < 1.
An application of the Chernoff argument yields that for every 0 < A < (4CL?)~!
P(f > P[f] +t) < exp(—tA(1 — 4CL*\) + 4CL*)\*P[f]).

Optimizing in A we obtain
t

" 8CL2(t+ P[f))
and the first inequality of the Corollary follows. For the second inequality, we apply
inequality (5.4) to obtain, for any A > 0, that

Plexp(A(f — P[f]))] < exp(4CL*N\*P[f]).
The desired inequality follows by the Chernoff argument. O

A

5.3. The specific case of the Hamming distance. We fix d; (z,y) = da(z,y) =
1,4, as in Samson [39]. Thus the result of this section holds for any I'(2)-weakly
dependent sequence (with bounded margins). Using exactly the same arguments
than above, an extension of the classical exponential inequality (5.6) also holds in
this more restrictive case, see [39]:

2
P(If = P = ) < 2exp (= =) W20

(1 =PI 0 < 20 (= g

The case of the Hamming distance is specific because for any non negative func-
tion f we can replace the convexity argument 22 — y? < 2z(x — y) by the sim-
ple inequality f(z) — f(y) < f(x)lszy. Let us consider the empirical process
f(z) = |supg > i~ 9(X;)| for some set of non negative real functions G bound-
ing by M. Then f satisfies (5.1) with 377, L3 < Mf and —f satisfies (5.2) with
Z?:1 Lg-i)Q < M f. Applying Theorem 5.1 we recover the results of Theorem 2 of
[39]:

Theorem 5.4. If0 < g < M for all g € G then for everyt > 0

P(fz Plfl+1) <

(- g 5
2M|T(2)[I3(Pf] +¢)

t2
P(f < P[f] ~t) SGW(‘ﬁﬂﬁiﬁﬁﬁ)

The constant 1in Ty 1, (1) or Téf%#y (1) is optimal in Theorem as discussed in

Ay
Boucheron et al. [12] for the iid case. We refer the reader to this article for nice

statistical applications of this result in the iid case.

Due to the simple inequality f(x)— f(y) < f(x)1y2y, it is also possible to extend
classical Bernstein’s inequality in the I'(2)-weakly dependent case:
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Theorem 5.5 ([39] (page 460, line 7)). Let g be a measurable function R —
[—M, M] and let

f= Zn:g(Xi)-

Then for all 0 < X\ < 1/(M|T(2)|13) we have
Plesp(M(f — PLAD) < exp (SIP@)IB Y PLlo(X0) — Plo(x))?2).

This inequality is applied in [2] to obtain exact oracle inequality with fast rates
in the I'(2)-weakly dependent context under a so called Bernstein’s condition that
relates the variance term (similar than in the iid case) and the statistical risk.

6. APPLICATIONS TO ORACLE INEQUALITIES WITH FAST CONVERGENCE RATES

In this section, we use the weak transport inequality to obtain new nonexact
oracle inequalities in the I'(2)-weakly dependent setting and new exact oracle in-
equalities in the f‘(2)-weakly dependent setting. Instead of using the inequalities
given in the last Section we prefer to use a more direct approach using conditional
weak transport inequalities.

6.1. The statistical setting. We focus on oracle inequalities for the the ordinary
least square estimator. Let us consider the case of the linear regression where
X =,2) = (Y,ZzM,...,Zd) and E = R¥! is equipped with the euclidian
norm | - ||. The empirical risk is denoted
r(0) = X znj(y 2:0)°
- K3 K3

Lt
where (X;)1<i<n = (Yi, Zi)1<i<n are the observations. In our context, these obser-
vations are not necessarily independent nor identically distributed and we denote
by P their distribution. The risk of prediction is denoted

R(0) = P[r(0)] VO c R

The aim is to estimate the value § € R? such that R(6) < R(), V6 € R%. We
consider the ordinary least square estimator f of 0 such that r(d) < r(6) for all
0 € R% Let us denote the excess of risk R(f) = R(#) — R(f) > 0, T its empirical
counterpart, Z = (Z;)1<i<y the nx d matrix of the design, | Z||2 =n~* 3", || Zi]]?
and G = P[ZT Z] its corresponding Gram’s matrix. Assume that G is a definite
positive matrix and denote p = max(1, ps,(G~1)). All the results of this sections

are given for probability measures P satisfying T» 4(C) and TQ(Z(C) for some C' > 0
on E™ with d issued from the euclidian norm or the Hammiﬁg distance. In view
of Theorem 3.2 and for applications perspective in time series we are interested in
I),de(2) or '(2) weakly dependent observations. The case of possibly non linear
autoregression is of special interest. There the vector Z; is a function of the past
values var$(Yy,...,Y;—1). Here the function ¢ is known and one can think of
the projection on the last coordinates (case of linear autoregression), functions on
Fourier basis or wavelets, etc. The constant C' in the weak transport inequality
has to be estimated in each specific statistical case. For example, in the linear
autoregressive case of order £ > 1 fixed, we have v(2)x,0 < ¥(2)1x/¢1,0 and in the
non-linear autoregressive case, ¥(2)r,0 < [|©llc¥(2)x/¢1,0- Finally notice that 5(2)
coeflicients are nicely estimated for any bounded measurable functions ¢ whereas
it is not the case of v(2) coeflicients that require more regularity on .
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6.2. Nonexact oracle inequality for I'|. 4,(2)-weakly dependent sequences.
Our first result is a bound on the excess of risk for I'|.| 4, (2)-weak dependence where
do = - || or da(x,y) = 1z, (more general in bounded cases). Let us first give a
new inequality called a conditional weak transport inequality because one needs to
work conditionally on €, see the discussion after the proof:

Theorem 6.1. For any measure Q and any 8 > 0 we have

(6.1) QR(0)] < Q[l2]12]/8 + 4% pCQIKIn=1(K(Q|P) + BQ[R()]/2)

where

d

- d+2
K:=4—+ (1+0]?+ —=
5+ (e + =

— — d\yd—1 — —
2 @\a—-1 2
)RE) + (1817 + 5) 5=+ L+ 7))
Proof. Considering the change (Z,0) — (ZG~'/2,GY?0), we assume that the

Gram matrix G is the identity matrix. This change of variable is p-Lipschitz func-

tion. Thus ZG~Y/2 satisfies T, . (pC) and T2 i

in Lemma 2.1 in [16]. In all the sequel, we thus consider G = I, Z € Ty -1 (pC)

and T2( I ”(pC’) With this notation, P[||Z]2] = d and ||6 — 0]|2 = R(0) — R(9).

We adopt the so called PAC-bayesian approach considering that 0 = pgl0] where
p; = Na(0,37'1,) for any 8 > 0. This probability measure is measurable with
respect to the observations (X;). Thus, the properties of the measure Pp; are
not simple to handle directly. The PAC-bayesian approach consist in introducing
artificially the measure pz called a priori because it does not depend on the obser-
vations (X;). Let us fix some measure @ and denote Qg the conditional probability
measure such that pzQs = Qpj (it exists as the support of ps does not depend on 6).

(pC) using similar arguments than

Let us first study similar properties than in (5.1) of the function f = 7. With
some abuse the euclidian norm on any vector space will also be denoted || - ||. Using
the inequality 22 — y? < 22(x — y) < 2||z||||z — y|| for any x,y € R we obtain

flx)— f(2') < (i — 2:0)* = (yi — 2i0)* + (y; — 210)* — (yi — z:0)°)

S|

1

< (I — 20l (L, O llars — 21| + lyi — 2201111, O) D5 — ])).

S

=1

Then by definition of W5 and using Cauchy-Schwartz inequality we obtain condi-
tional on 6 that

PIf) = Qolf] < 211, 0)lly/n"ROW2(Qa, P) +2]/(1,B)|/n ' Qalr @) Wa(P. Qo)

As P satisfies T27H,H(pC) and T2 Al

(pC) and using the Cauchy-Schwartz inequality
we obtain

QolP[f] - f1 < 4\/an*%(@9|13)((1 +0)I2RO) + (1 + [10]12)Qs[r(9))).
The positivity of the integrand with respect to pj yields

psQolPLT] — £) < 405 \/pCn K (QoIP)(1 + [62)R(6) + (1 + [B12)Qo [ (B))

< 4\/an’1P5[’C(Qe|P)](P§[(1 1012 RO)] + (1 + 012 QIr(9))).
Notice that by definition pzQp = Qp; such that we have pg[K(Qg|P) = K(Q|P) +
QIK(pslpg)]. Moreover K(pg|pz)] < B/2(R(A) — R(A)) so that we obtain

Qpg[R(0) — R(B) — r(0) +1(0)] <
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4\/p0n‘1(’C(Q|P) + B/2QIR(9) — RO)pgl(1 + [0)IHRO)] + (1 + [0])QLr()]).

Now, by Jensen’s inequality Qp4[R(0)] > Q[R R(0)] and classical computations give
that Qpy[r(0)] < r(0) + Q[ Z]12]/8 < r(8) + Q[||2]|2]/B. Collecting these bounds,

we obtain

QIR(0) — R(O) — || 2II71/8] <

4\/an‘1(/C(QIP) + B/2Q[R(0) — RO))pgl(L + [10)]2)R(O)] + (1 + [0]2)Q[r(8)))-
To end the proof, let us compute pz[(1 + ||0]|*)R(#)] using the following identity

pgl(L+ 1011)R(0)] = pglR(0)] + pglll0I*1R(O) + pglll0]*R(6) — R(9)].
Let us decompose the last term:

palll6I2R(6) — R(@)] = pyll16]2168]] + 20~ PV Z]o5[16]% (6 — 9)

where Y = (Y1, ...,Y,). Simple computations on gaussian random variables give
pg[R(0)] = R(0) +d/B
palllON?] = 1161I* +d/8
palllO)*(0 - 0)] =20/
palllON16 —01°] = (I011* + d/B)(d — 1)/ + ||0]|*/ 5 + 3d/ -

The desired result follows collecting all these bounds and noticing that 4P[YZ]0 <
2nR(0). O

In the proof above, we obtain the more general result: for any probability mea-
sures p and v such that there exists @y satisfying Qu = vQg we have:
(6.2)

QuIR] < Qulr (0 +4\/an LR(QulPr)(vI(L + 1011 RO)] + (1 + 110]%)QLr(B)).

This bound is obtained by integrating with respect to v the conditional weak trans-
port of Qpor(0)~1 to Po7(f)~!. The weak transport inequalities satisfied by P
and the convex properties of the function (z1,...,z,) — 7() are used to obtain a
bound conditional on 6.

Let us discuss the choices © = p; and v = p; made above. As soon as p
is centered in 0, Jensen’s inequality yields Qu[R(0)] > Q[R(A)]. Next, if p is
sufficiently concentrated around @ then Qu[r() — ()] is small as r(6) — r(d) < 0.
Choosing p as the Dirac mass in 6 is excluded by the condition of existence of some
measure @y satisfying vQy = Qu. The fact that the support of p cannot depend
on the observations (X;) constrain us to choose measures supported on the whole
space R? in absence of a priori information on 6. The term Qu[r(d) — r(8)] can
be seen as an alternative to the classical VC-dimension, see Mc Allester [35]. The
measure u should be chosen in order to bound this term (and the entropy K(u|v))
It leads to Gibbs estimators that are nice alternatives to classical estimators, see
Chapter 4 of the textbook of Catoni [13] in the iid case, [3, 2] in weakly dependent
settings. Here we choose the gaussian measures y = p, and v = p, as in Audibert
and Catoni [5] for simplicity because K(v|u) = 8/2]|0 — 0]|2. This choice leads to
estimate the term Qu[r(8) —r(0)] by Q[||Z||2]/8. This term can easily be estimated
by the sum of d/ and a concentration term implying the entropy K(Q|P). Thus
we obtain nonexact oracle inequalities:
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Corollary 6.2. For any 0 < ¢ < 1 and any (d +2)/n < n < 1 we have with
probability 1 —e:

Bad + 16pClog(e~1 B
e’ pClog(e™") 4 23

where
By = 2(3 + 2[|6]|* + n/n),
By =2(5+ [10]1*),
Bs =2(d(d — 1)+ d/n).

This result extends nonexact oracle inequalities as developed by Lecué and
Mendelson [27] to a dependent context but for the OLS only. Similar results for
regularized estimators in the iid case are given in [27]. Nonexact oracle inequali-
ties are weak form of exact oracle inequalities valid in cases where the Bernstein
assumption of Bartlett and Mendelson [7] does not hold. Here, the nonexact oracle

inequality holds without any constraint on § € R? whereas the assumption (6.4) is
crucial for the exact oracle inequality given in Corollary 6.4.

Proof. As for any a,b > 0 we have 2v/ab < a\ + b/ for any A > 0 then from (6.1)
we obtain

QIRO) — 1 ZI1°/8 — KA/n— BR(8)/(2))] -

Notice that by definition of K we have

d s A2y o - o
QIK] =45+ (1+ 1817 + 5= ) R@) + (181 + 5) =5 + (+ [A1)Ql@)]

by similar arguments than in the proof of Theorem 6.1 we have

1CK@QIP) _
S

d)d—l

QIr(@)] - R() < 24/20CR@MK(QIP).
As P[||Z]|?] = d we obtain similarly

QlIZ|?) — d < 2¢/2pCdn=1K(Q| P).
Collecting these bounds and using the Cauchy-Schwartz inequality we obtain
QUIZI?/B + A/nr(6)] <d/B + A\/nR(0)
+ 44/ pCn=1(d) 52 + (V)2 RB)K(QIP).

Using again that 2vab < a\ + b/ A, choosing 8 = A = nn and by definition of By,
By and B3 we have

< 16pCK(Q|P)
Choose @ as the probability P restricted to the complementary of the event corre-
sponding to the desired oracle inequality that we denote A. Then

16pClog(e™1)
nn

Combining these two inequality, we assert that for this specific ) we have — log(e) <
K(Q|P). The relative entropy is computed explicitly £(Q|P) = —log(1—P(A)) and
thus the desired result follows. (|

Q[R(0) — BinR(0) — Bad/(nn) — Bs/(nn)?]

< Q[R(0) — BinR(0) — Bad/(nm) — Bs/(nn)?]
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6.3. Exact oracle inequalities for f(2)-weakly—dependent sequences. Let us
now give an equivalent of (6.2) when dy(z,y) = da(z,y) = 1y,. Instead of using
the convexity of x — z? as above, we use that f(z)— f(y) < |f(@)|1osy+|f(¥)|Lary
for any f. Following the lines of the proof above with f =7 we obtain easily

(6.3) Qu[R] < Qulr] + 24/ 2pCK(Qu| Pv)(PY[F?] + Qu[F?)).
For the specific choice 1 = p; and v = py we use computations given in Lemma 1.2
in the supplementary material of [5]: for any # € R? we have

42115 4] 21;
9 n
S r(0) + = 2
where | Z||4 = n~ 31", |Zi||*. The quantities Q[||Z]|2r(d)] and Q[||Z||%] can be
difficult to estimate for probability measures (). Let us work under the following
assumption on the set of parameters © C R? containing the support of P and the
unit disc: there exists some finite constant B > 0 such that

2im1 128l
(6.4) B Slelg ST PIZ0P
Similar assumption has been used in the iid case by Audibert and Catoni in [5].
Under (6.4) and the fact that we assume P[|| Z||%] = d with no loss of generality (see
discussion in the proof above) we have || Z||2 < Bd and || Z||? < (Bd)?. Moreover,
using computations given in the supplementary material of [5] we obtain easily that

pelT?] < 57(0)?

7(0)® <n~'(2B% + 8Br(0))R(0).
It leads to the following equivalent of Theorem 6.1
Theorem 6.3. If condition (6.4) holds, we have

QR(®) < %d 1 2/2000-1(K(QIP) + BQIF(0)]/2) x

\/Q[(H)B2 +40Br(0))R(0)] + 4BA(R(@) + Q[r(9)])/ + 8(Bd/B)2.

In the above estimate the terms involving () are nuisance terms without addi-
tional on #. However, if this term is bounded then the last term of the inequality
is proportional to the excess risk Q[R(f)]. Similarly, in the classical approach [7],
the excess risk also appears in the concentration under the Bernstein condition
that controls this variance term by E(é) It is the major advantage considering the
Hamming distance compared with the Euclidian distance where instead of Q[R(6)]
the term Q[R(6)] appeared. As Q[R(6)] is the quantity of interest, we obtain here
exact oracle inequalities

Corollary 6.4. If condition (6.4) holds, for any 0 < ¢ < 1 and any M > 0 we
have with probability 1 — e:
N _ B? +4BM
R(0) < R(D) + 160221

d(R(0) + M) 8(Bd)2)
10B 4+ 40M n '
The condition (6.4) on the parameters 6 is crucial for obtaining such exact oracle
inequalities; it is equivalent to the Bernstein condition of Bartlett and Mendelson
[7] in our statistical setting when the empirical risk is bounded, see [5]. Except the

X (Bd + 8pC(log(e™1) — log P(r(0) > M)) +

condition (6.4), the exact oracle inequality holds for any I'(2)-weakly dependent
sequences without assumptions on the margins (because any probability measure
satisfies T 1,.,(1)). These oracle inequalities are knew, even in the iid case. We
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refer the reader to Audibert and Catoni [5] for estimates of the term log P(r() >
M) in the iid case under finite moments assumption on P of order 4 only.

Proof. Let us denote A = {r() < M} and P4 the restriction of P on A defined as
P4(B) = P(BnN A) for any measurable set B on E™. We do not know wether P4

satisfies weak transport inequalities. However, a similar reasoning than to obtain
(6.3) yields

QIR(O)] < Bd/B + ps|\ (4ABAR(®)/8 + (4Bd/ ) )n=1TWa(Qo, Pa)

+ \/((1032 +40BM)Q[R(0)] + 4BdM /S + (4Bd/3)2)n—1Wy(Pa, Qg):|.
We now use the triangular inequality of the weak transport cost (2.9):
Wa(Pa, Qo) < Wa(Pa, P) + Wa(P, Qp),
W2(Qo, Pa) < Wa(Qo, P) + Wa(P, Pa).
Because P satisfies T (pC) and TQ(i) (pC), both RHS terms are estimated by
V20CH(Pa|P) + \/2pCK(Qo| P) < 4y/pC(K(Qy|P) — log P(A))

Collecting all these bounds and using the Cauchy-Schwartz inequality we obtain

QIR(®)] < Bd/p +4[\/200n~1(K(QIP) + BQIR(®)]/2 — log P(4))

V(1082 + 40BM)QIR(9)] + ABA(R(®) + M)/5 + 8(Bd/5)?).

Using several times the inequality 2v/ab < a) + b/ with A = 3 = n(40B% +
160BM)~! yields

_ B? +4BM
Q[R)/4 < 40T(

d(R(0) + M) 8(Bd)2)
10B +40M n

We conclude as in the proof of Corollary 6.2 choosing @) as P restricted to the
complementary of the event corresponding to the desired oracle inequality. ([

Bd+8pC(K(Q|P)—log P(A))+
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