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WEAK TRANSPORT INEQUALITIES AND APPLICATIONS TO
EXPONENTIAL INEQUALITIES AND ORACLE INEQUALITIES

OLIVIER WINTENBERGER

ABsTrRACT. We introduce weak transport costs that are weakened forms of
the transport costs defined by Marton in [26]. We obtain new weak transport
inequalities for non products measures similar than those obtained by Samson
in [32] but valid also for other metrics than the Hamming distance. Many ex-
amples are provided to show that the euclidian norm is an appropriate metric
for many classical time series. The dual form of the weak transport inequalities
yield new exponential inequalities and extensions to the dependent case of the
classical result of Talagrand [33] for convex functions that are Lipschitz con-
tinuous. Expressing the concentration properties of the ordinary least square
estimator as a conditional mass transport problem, we derive from the weak
transport inequalities new oracle inequalities with fast rates of convergence.
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2 OLIVIER WINTENBERGER

1. INTRODUCTION

Since the seminal work of Marton [24], transport inequalities efficiently yield
dimension free concentration inequalities. Using a duality argument, Bobkov and
Gotze [6] even proved that transport inequalities are equivalent to some concen-
tration inequalities. Our references on the subject are the monograph of Villani
[36] and the survey of Gozlan and Leonard [16]. Transport inequalities appear as
a nice alternative to the classical modified log-Sobolev approach of Massart [28]
for obtaining dimension free concentration inequalities useful in mathematical sta-
tistics. More specifically, dimension free concentration inequalities are used to get
oracle inequalities with fast rates of convergence. This article develop new kinds
of transport inequalities, new exponential inequalities and new oracle inequalities
with fast rates of convergence.

In the case of product measures, the classical modified log-Sobolev approach de-
veloped by Massart in [28] leads to optimal dimension free concentration inequalities
of Bernstein’s type. However, for non product measures, such inequalities do not
hold in their optimal form in many situations. The reason is the following: in the
bounded iid case, Bernstein’s inequality yields gaussian behavior for deviations less
than a bound depending on the essential supremum. In many bounded dependent
cases, their exists a unique regeneration scheme of iid cycles with random length.
The Bernstein inequality yields gaussian behavior for small deviations less than a
bound depending on the essential supremum and also on the concentration prop-
erties of the random length, see Bertail and Clémencon [5]. It is a drawback for
statistical applications where the variance term, which is essential, is perturbed by
the concentration properties of the random length. It leads, to an additional term,
at least logarithmic, which cannot be removed, see Adamcsak [1]. To bypass this
problem, many authors assumed contractions conditions on the conditional mea-
sure, see Marton [25] for the total variation metric, Lezaud [23] under a spectral
gap condition for the kernel of a Markov chain. For symmetric Markov process, this
second condition is more general and it is also necessary for Bernstein’s inequality,
see Guillin et al. [17].

Many classical models in time series analysis do not satisfy such conditions. For-
tunately, the classical Bernstein’s inequality also holds for non contraction condi-
tions but under 4-weakly dependent conditions, closely related with uniform mixing
conditions, see Samson [32|. This result yields fast convergence rates of order n=! in
oracle inequalities (comparable to those in the iid case) in a dependent setting, see
[2]. However, this approach relies on the maximal coupling properties of the Ham-
ming distance and cannot be extended to other metrics, see [11]. For other metrics,
non optimal couplings are used by Marton [27] and Djellout et al. [12] to extend
classical dimension free transport inequalities 75(C') in a dependent context. If the
"constant" C in the transport inequality is sufficiently close to the variance term
then Bernstein’s inequality is recovered and fast convergence rates are achieved,
see Joulin and Ollivier [19]. Otherwise, the statistical convergence rates are lower
than n~! because a tradeoff must be done between the estimate of the variance
and the accuracy of coupling schemes that are not dimension free, see Winten-
berger [37] for details. The fast rates of convergence in mathematical statistics are
not achieved in general dependent contexts due to the variance term appearing in
the classical dimension free inequalities of Bernstein’s types. On the contrary, the
Hoeffding’s inequality that do not have a variance term is easily extended to very
general dependent case, see Rio [30] and Djellout et al. [12]. Unfortunately, the
Hoeffding inequality, equivalent to the T;(C') transport inequality, is not dimension
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free. Thus, this probabilistic inequality yields low rates of convergence of order
n~1/2 see Alquier and Wintenberger [3].

In this paper we develop new probabilistic tools to obtain dimension free expo-
nential inequalities and thus fast convergence rates in oracle inequalities. Let (E, d)
be a Polish space. With the notation P[h] = [ hdP for any probability measure P
and any measurable function h, we say that P satisfies the new transport inequality
Tp(C’) for any C' > 0 and 1 < p < ¢ if for any measure @

. mla(Y)d(X,Y)] JACKPIQ)
W @latrymi = VAOPIQ)

with 1/p+1/¢ = 1 and the convention +00/ 4+ co = 0/0 = 0. Here « is any non-
negative measurable function, 7 is any coupling scheme of (X,Y’) with margins
(P, Q) and K(P|Q) is the relative entropy Q[log(dP/dQ)] (also called the Kullback-
Leibler divergence). As the role of P and @ is not the same, we also introduce
T,gl)(C’) where P and @) are interchanged in the left hand side term. These inequal-
ities are weakened versions of the transport inequalities introduced by Marton [26]
(for d being the Hamming distance)

inf su w
ﬂ'EJf\.Za>% (Q[Q(Y)Q])l/q < W

These inequalities are already weakened forms of the classical T,,(C) transport in-

equality
inf 7[d?(X,Y)]'/? < \/2CK(Q|P).

TeM

Contrary to the classical T},(C) transport inequalities, any compactly supported
measure P satisfies the weak TP(C’) transport inequalities for any 1 < p < 2. More-
over, the weak transport inequalities extend nicely to non-products non-contractive
measures P on E™, n > 1. Using a new Markov coupling scheme, our main result
in Theorem 3.2 states that there exists C’ > 0 such that

g ey (V)d(X, )]
(1.1) sgplgf (o, Qo (Y )a)) /e

when conditional measures Pxi‘mu), z® = (24, ...,20) satisfy the weak transport

< \J2n2r-10rK(PIQ)

inequalities T),(C) and under a new ~(p)-weak dependent condition:
WP(sz|z(i)7Pmk\m(ifl),yi) < 'Yk,z(p) d(xza yi)v 0 < 1<k <n.

When d is the Hamming distance, the ~(2)-weak dependance coincides with the
context of weakly dependence already studied by Samson [32] and we obtain simi-
lar results. We keep the notation and denote 4(p) the weak dependence coefficients
when d is the Hamming distance. However, to tackle much more general and clas-
sical time series contexts, we prefer to choose d as the euclidian norm, see Section
4. Then, when p = 1 and Ty(C) = T\”(C) = Ty(C) by definition, the ~(1)-weak
dependence is linked with the weak dependence notion introduced by Rio in [30] as
discussed in Djellout et al. [12]. Thus we recover the Hoeffding’s inequality of [30]
which is not dimension free because n?/?~1 =n as p = 1.

The dual forms of the weak transport inequalities yield new exponential inequal-
ities. Except in the specific case of tha Hamming distance, the deviations are not
estimated in terms of the variance and contrary to the Hoeffding’s inequality, it is
a dimension free inequality when p = 2. If P satisfies T5(C) on E" then for any
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function f of the observations (Xi,...,X,) such that there exist functions L;(z)
satisfying f(z) — f(y) < 2°5_, Lj(w)d(z;,y;) for any z,y € (R%)" we have

C\?

(12)  Plexp (Mf— PIf) - = _VZ:LJ-F))] <exp(\P[f]),  A>0.

When d is the Hamming distance, inequality (1.2) yields to the classical Bern-
stein’s inequality, see Ledoux [22] in the independent setting and Samson [32] in
the uniform mixing setting. When the function f is a convex function, it satisfies
the above condition with L; = 0; its sub-gradient and the inequality (1.2) coin-
cides with generalizations of the Tsirel’son inequality of [34] (also implied by the
T, transport inequality, see Bobkov et al. [7]). For convex functions that are also
Lipschitz continuous the inequality stated above leads to new extensions of the
classical exponential inequality due to Talagrand [33] for products measure.

As n?/P=1 =1 for p = 2, combining inequalities (1.1) and (1.2) we obtain new
dimension free exponential inequalities for many dependent classical time series
that are v(2)-weakly dependent. As the transport inequalities yield concentration
of measures via relative entropy, we couple it with the statistical PAC-bayesian
aparadigm that describes the accuracy of estimators in term of relative entropy
too, see McAllester [29]. The oracle inequalities can thus be expressed as a condi-
tional mass transport problem. We apply this new approach to the Ordinary Least
Square (OLS) estimator 0 in the linear regression context (other interesting statis-
tical issues will be investigated in the future). Denoting by R the risk of prediction,
an oracle inequality states with high probability that R(f) < (14 n)R(6) + Rnn~*
where 7 > 0, 0 is the oracle defined as R(f) < R(6) for all § and R, is the rate of
convergence. Oracle inequalities are standard non asymptotic criteria for the effi-
ciency of statistical estimators, see Massart [28]. If n = 0 then the oracle inequality
is said to be exact and otherwise it is non exact, see Lecué and Mendelson [21]
for a discussion. The dimension free concentration properties yield to fast rates
of convergence R,, « n~1. For v(2)-weakly dependent time series, we obtain new
nonexact oracle inequalities for the OLS  when the conditional measures satisfies
the weak transport inequalities. These assumptions are satisfied for many models
such as classical ARMA models with bounded, gaussian or log-concave innovations.
In the specific case when d is the Hamming distance, we recover in the conditional
mass transport problem the classical variance term as it was the case in exponential
inequalities. This variance term plays a crucial role through the so called necessary
margins condition introduced by Tsybakov [35]. Thus, fixing d as the Hamming
distance, we obtain new exact oracle inequalities with fast convergence rates for the
OLS 6 in the ¥(2)-weakly dependent case.

The paper is organized as follow: in Section 2 are developed the properties of
the weak transport costs used in the proof of our main result, a weak transport
inequalities for non product measures stated in Section 3. Section 4 is devoted
to some examples. The dual form of the weak transport inequalities yields new
exponential inequalities presented in Section 5. Finally, new oracle inequalities
with fast rates of convergence are given in Section 6.

2. WEAK TRANSPORT COSTS, GLUING LEMMA AND MARKOV COUPLINGS

2.1. Weak transport costs on E. Let M (F) denotes the set of probability mea-
sure on some space F, MT(F) the set of lower semi-continuous non negative mea-
surable functions and M (P, Q) the set of coupling measures 7, ,, i.e. 75, € M(E?)
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with margins 7, = P and my = Q. Let (p, ¢) be real numbers satisfying 1 < p < 2
and 1/p+1/q = 1. Let us define the weak transport cost as

o L Tt )]
(2.1) Wi(P.Q) = aezs;F(E)ﬂrel\g%fli’yQ) Qlad]t/e

with the classical conventions Q[a?]'/9 = esssup a(Y") when ¢ = 0o and +00/+00 =
0/0 = 0. For fixed « € M+ (F), let us denote

(2.2) WalP.Q) = inf  la(Y)d(X,Y)].
TeM(P,Q)

Notice that W is not symmetric and that W(P,Q) = W(Q,P) = W.(P,Q) =
Wa (Q,P) =0 if P = Q. Notice that « € M is assumed lower semi-continuous
such that the optimal transport in the weak transport costs exist, see for example
[16]. Now let us show that the weak transport cost satisfies the triangular inequality.
It is a simple consequence of the second assertion of the following version of the
gluing Lemma:

Lemma 2.1. For any coupling mp, € M(P,Q) and Ty,» € M(Q, R) respectively
there exists a distribution 7, ., with corresponding margins and such that X and
Z are independent conditionally on'Y, t.e. Ty 1)y = Tz|yTzly-

Proof. From the classical gluing Lemma, se for example the Villani’s textbook [36],
we can choose 7, . such that m,, . = 7,77y as the margins corresponds:
TylyTy = Tay and 7,7, = T, . The conditional independence follows from the
specific form of 7, . as 7, .|y = sy, /7, by definition. O

The conditional independence in the gluing Lemma 2.1 is the main ingredient to
prove the triangular inequality on Wp:

Lemma 2.2. For any P,Q, R we have
(2.3 W,(P, ) < W,(P,Q) + T,(Q, R)
Proof. Let us fix « € MT(E) such that R[a?] < co. We have
o 2 [a(2)d(X, Z)] < 7l Z)d(X, Y )] + 7y 2 [a(2)d(Y, Z)].

Let us choose 7y, , satisfying

7y, (2)d(Y, Z)] = Wehi;ng R)W[a(z)d(Yv 2)] < R[a"]V"W,(Q. R).

By conditional independence in Lemma 2.1, we also have
ma(2)d(X,Y)] = 7y [77), [a(2)[Y]d(X, Y)] =: mp y [0(Y)d(X, Y],
Let us choose 7}, satisfying
VXYY = inf  rla(Y)d(X,Y)] < Qa1 (P.Q).
’ TEM(P,Q)
Notice that Q[a?] = Q[r},[a(Z)[Y]?] < R[a?] using Jensen’s inequality. Let us

denote 7* = 7 . obtained by the gluing Lemma 2.3 of 77 , and m ,. Collecting

all these bounds we have 7*[a(Z)d(X,Y)] < R[a?|W,(P, Q). We obtain
T, [(Z)d(X, Z))]

T,z

R[aq]l/q

and taking the supremum on « the desired result follows from the definition of
Wp (Q7 R) . ‘:l

< (Wp(P,Q) + Wh(Q, R)).
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2.2. Markov couplings. In this section, we only consider Markov couplings on
the product space E™ with n = 2, the cases n > 2 following by simple induction
reasoning.

Definition 2.1. Let P, Q € M(E?), the set of Markov couplings M (P, Q) are
defined as the products m = mimy; with 7 a coupling of P; and @1 and my; a
coupling of Py and Qg);.

The terminology of Markov couplings was introduced by Riischendorf in [31].
Similar couplings have been used by Marton in [26]. The property of conditional
independence in the gluing Lemma 2.1 is nicely compatible with Markov couplings:

Lemma 2.3. For any Markov couplings mp, € M(P,Q) and Ty, € M(P,Q)
with P, Q, R € M(EQ) it exwists a distribution m,, . with corresponding margins
and such that X = (X1,X2) and Z = (Z1,Z3) are independent conditionally on
Y =W,Ys).

Proof. By assumption 7y y = Ty, 4 T Let us

define myy > S Tpy yy, 2y T

z2,y2]T1,y1 and Ty,. = Ty, 2 Ty, 2,
by the relation

ly1,21°

Z2,Y2,22|21,Y1,21

(2'4) ﬂ-zlvyhzl = 77I1|y17TZ1\y177y1a
and
(25) 7T121y2122‘$17y17zl = 7r12|Z17y17y27TZ2\y1,21,y27ry2|y1'

Let us check that m,, . has the correct margins. First, from the classical glu-
ing lemma we know that m,, ,, ., has the correct margins. It remains to prove
that 7., v, 25(e1,51,21 Das the correct margins. Notice that from the definition of
Markov couplings, we have 7 = Thus the first margin of
m », 1s equal to

ya2|y1 yelzi,yr = Tyzlyr,zi

z2,Y2,22|T1,Y1,

7Tz2\11,y1,y27ry2|y1 = 7T12|x1,y1,y277y2\r1,y1 = T"rz,y2|xlyy1'
The same reasoning show that the second margin is also the correct one.

We proved above that by construction X; and Z; are independent conditionally
on Yy, i.e. that 7y, 2|y, = Tuy|y1T2yjy- Let us show that it is also the case
conditionally on Y; and Y5. We have

7T$1721,y1,y2 _ 7Ty2\y1 ﬂ-zhzhyl

7TI1721|91792 -

= Tpy,21|y1
Ty1,y2 Ty )y Ty1

the third identity following from the identity my,|,, = Ty,z,,y,,2 Dy the identity
(2.5). Thus, using that X; and Z; are independent conditionally on Y; we obtain the
identity m,, ., = Ty |y Tz |y: - We conclude that m,,
as

ly1,y2 ly1,y2 = Ta1lyr,y2Tz1ly1,v2

Tyalys M1,y Ta1,y1,y2
7Tz1|y1 = = = ﬂ-ml\th
Ty |y Ty1 Ty1,y2

the third identity following from the identity m,,|,, = 7,z by definition of
Markov couplings (the same is true replacing z1 by z1).

It remains to prove that Xs is independent of Z5 conditionally on (X1, Z1) and
(Y1,Y). Indeed, we have by construction

_ 7rZ211127Z2|Z17yl721 _ 7T127y2722\111y1,21 -7

Tya|21,y1,21 Tyaly

™

z2,22|T1,Y1,21,Y2 12\111y11y27r22|y17217y2’

the last identity following from the idenity (2.5). Thus the result is proved:

ﬂ-maz‘y - 7r12,22\117y17217y27rﬂ€1,21\ylayz = 7rZ2\951,yl7y2'7rZ2\yl,21,yz
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2.3. Weak transport costs on E", n > 2. We extend the definition of W on the
product space E™ for n > 2. Let P, Q € M(E™) we define

o Y ey (V)X V)]
GO WBRI= o ening (D Qlay (V)

with the convention (Z?ﬂ Q[a;(Y)9))Y9 = maxi <<, esssup a; if ¢ = 0o and

n

(2.7) Wa(P,Q) = inf > mla;(YV)d(X;,Y)]

meM(P.Q) =
for any fixed a = (aj)1<j<n € MT(E™). Considering Markov couplings, we can
use the conditional independence in the gluing Lemma 2.3 to assert that the weak

transport cost on E™ also satisfies the triangular inequality. More useful, W,
satisfies an inequality similar than the triangular one:

Lemma 2.4. For any P,Q, R € M(E™), for any o € M+(E™) there exists & €
M*(E") satisfying Q[&;(Y)]? < R[ai(Z)] fo any 1 < j <n and

(2.8) Wa(Pa R) S W&(Pa Q) + Wa(Qa R)

Remark 2.1. As a consequence of the Lemma 2.4, we obtain the triangular inequal-
ity for W

(2.9) W, (P, R) < W, (P, Q) + W, (Q, R)

by taking the supremum on « on both sides of (2.8) and using the relation Q[&;(Y)]? <
R[ai(Z)].

J

Proof. Let us fix a € M*(E™) such that R[aj] < oo for all 1 < j < n. Define

recursively the couplings 7 , and 7 € M (E?) such that

4

n

m [ Y a2, 7)) = Wa@,R),

j=1

”;,y{Z”z\y[aa‘(zﬂy]d(Xjan)} = Wer az)v)(P Q).
j=1

ly

where we use Jensen’s inequality. Let us denote 7* = 77 , . obtained by the gluing
Lemma 2.3 of Ty and my . Then

m S, 2)] < [ S @]+ [ a2 2)
< [ a2V IACE. )
b [ D (2, 2)
(2.10) < Ww;‘y[a(z)m (P,Q) + Wa(Q, R).

The inequality (2.8) follows from (2.10) taking &; = 7 _[;(Z)|Y = -] and notic-
ing that the relation Q[aF(Y)] < R[a5(Z)] holds by an application of Jensen’s
inequality. O
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3. WEAK TRANSPORT INEQUALITIES

3.1. Weak transport inequalities. Let us denote K(P|Q) the relative entropy
(or the Kullback-Leibler divergence) defined as K(P|Q) = Q[log(dQ/dP)] when
Q << P, K(P|Q) = oo otherwise. Let us say that the probability measure P on
E™ satisfies the weak transport inequality Tp(C) when for all distribution @ on E"
we have

(3.1) W, (P,Q) < \2CK(P|Q).

Let us say that P satisfies the inverted weak transport inequality T,@(C) when

(3.2) W, (Q, P) < \/2CK(P|Q).

Notice that by definition and by Jensen’s inequality P satisfies T,,(C) and Téi) (C) as
soon as Ty (C') and Té,z)(C) reciprocally with p’ > p. Moreover T} (C) = Tl(z)(C)
T1(C') where T,(C) is the classical transport inequality defined for any 1 < p <

inf  7[dP(X,Y)]"? < /2C0K(P|Q).

TEM(P,Q)

2

3.2. Weak transport inequalities on FE. Let us consider in this section P a
probability measure on E (case n = 1). Let us show the following

Theorem 3.1.
(1) Any P € M(E) satisfies To(1) and Téi)(l) when d is the Hamming distance
d(,y) = lozy.
(2) Any P € M(E) satisfies To(D?) and TQ(i) (D?) for any metric d such that
SUP(5,y)ep2 d(T,y) =1 D < 0.

Remark 3.1. Below is the proof of point (1) for the sake of completeness. However,
it is a direct consequence of Theorem 2 in Marton [26], with an alternative proof
in Samson [32] as their transport costs are stronger than ours. The constant 1 is
still optimal for our weaker transport inequality, see the discussion in Section 5.3.

Remark 3.2. By definition every P satisfying the classical transport inequality
T>(C) such that gaussian or log-concave measure satisfies also T5(C) and TQ(i)(C).
However, any distribution having a support with finite diameter satisfies T5(C)
by point (2) of the above Theorem but not necessarily T5(C). For any metric d

the weak transport inequalities T5(C') and TQ(i)(C) have dual forms given below in
(3.3) and (3.4). These expression are particularly explicit when d is the Hamming
distance.

Proof. Let Cp, denotes the set of all continuous bounded functions. From the dual
form of W, for « € M (E) fixed we have

Wa(P,Q) = inf r[a(Y)d(X,Y)] = sup Qlfal = PLf]

where fo(y) = inf,{a(y)d(z,y) + f(x)}. Then a measure P satisfies T(C) if for
any o € MT(FE) and any probability measure Q

sup Q1] - PIf] < VIOQEIK(QIP) = inf ACQ[a?)/2 + MU,

FECy
Thus P satisfies T»(C) if for any measure Q it holds

supsup sup QA(fa — P[f]) — (Aa)*C/2] = K(Q|P) < 0.
A>0a>0 feCy,
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By the variational form of the entropy we obtain

(3.3) sup sup sup Plexp(A\(fo — P[f]) — (A\)?*C/2)] < 1.
A>0 a>0 fEC,

In the specific case d(z,y) = 1z, we have the explicit expression fo(y) = (a(y) +
inf f) A f(y). As the difference f, — f is unchanged when adding a constant on f,
we can take inf f = 0 with no loss of generality and

zli%P[exp(A(fa — P[f]) = (Aa)?C/2)] = Plexp(A(f — P[f]) = \*fC/2))].

But for any X > 0 we have X — X?2/2 <log(1 + X) and thus
Plexp(X — X?/2)] < 11 PIX] < exp(P[X]).

T»(1) follows by taking X = Af. To prove that Téi)(l) holds we start from its
dual form. For equivalent reasons than the preceding dual form (3.3), our weak

transport inequality TQ@(C) holds for any C > 0 iff

(3.4) sup sup sup Plexp(A(fo — P[f]) — P[(Aa)?]C/2)] < 1.
A>0a>0 fEC,

Noticing that we can restrict to a(z) < sup f — f(x), taking sup f =0 and C =1
we obtain the sufficient condition

ilipop[exp(k(f = P[f]) = PI(Af?]/2)] < 1.

For any non positive r.v. X we have exp(X) < 1+ X + X2/2 and the desired result
follows.

Point (2) is proved noticing that d(z,y) < D1,,. O

3.3. Weak transport inequalities on E", n > 2. Let us present a new coupling
technique based on the following so called 4(p)-weakly dependent properties of any
measure P on E™. Add artificially time 0 and put Xg = Yy = 9 = yo for a fixed
point yo € E. Denote z(9) = (X4, ..., 20) for i > 0. Recall the classical Wassertein
distance
W,(P,Q)= inf x[dP(X,Y)]"/?.
TeEM(P,Q)

Let us work under the following weak dependence assumption:

Definition 3.1. For any 1 < 2 < p, any measure d, the probability measure P
is y(p)-weakly dependent if for any 0 < i < k < n there exists the coefficient
Yi,i(p) > 0 such that

(3.5) Wy(Prp o Payleti- y:) < Wi(@)d(@i,ys) Vo € B (ap, y1) € E2.

Let us denote

1 0 0 0
’7271(])) 1 0 0

L(p)= | 1.1(p) 73200 1

: : . 1 0

Yn1(P) Yn2(P) - Yan-1(p) 1
The matrix I'(p) has n rows and n columns. We equip R" with the ¢ norm and
the set of the matrix of size n x n with the subordinated norm, both denoted || - ||,

for any 1 < p < oc.
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Theorem 3.2. If P is vy(p)-weakly dependent and P, joG-1 satisfies TP(C) or
T3(C) for all 1 < j < n then T,(C|[T(p)|2n%/P=1) or T3" (C|IT(p)||202/P~") holds

respectively.

Remark 3.3. When the process (X;) is stationary, we have v, ;(p) = vk(p) for
j—i=k—{ From the basic inequality ||A]|, < [|A]|i/"||A||5"/" and the fact that
[Tl = ITlloe = 14 3232, 7i0(p), then |All, < 14322, vi0(p)-

Remark 3.4. In the case p = 1 we recover the Hoeffding’s inequality of Djellout
et al. [12] from the dual form of T3 (C) = T{(C) = T1(C). Recall the assumption
(C1) of [12]: for any 1-Lipschitz function f it holds

\P[f(Xis1, -5 X)|2®] = PIf(Xns1, - Xo)ys, 257D < Sd(zr, yr).-

For any a = (aky1,...,a,)", a8 f = Z?:kﬂ a, f; is a 1-Lipschitz function whenever
lalloc < 1 and the f; are 1-Lipschitz functions, we obtain ¢/'W; < S with W; =
d(@i,Yi) " (Wp(Pyy 260> Pryjat-1 4,)) i <ichen- Denoting W the n x n matrix of the
W, completed with 0 we obtain ||[a’W ||, < S for all ||a]|eo. By the definition of
the matrix norm and by duality it is equivalent to ||[W’||; < S. Finally, one can
always choose I' such that it coincides with the supremum of W’ overall (z, yx)
such that d(xp,yr) # 0 and thus (C1)’ is equivalent to ||T||; < S.

Remark 3.5. In the case d is the Hamming distance 1, then by the Kantorovitch-
Rubinstein duality, for any 1 < p < 2 and any (Y € F*t! and y; € E:

) inf 7[dP(X,Y)]

“GM(sz\z(i) P =Dy,

< sup sup |[P(Xy € A|X® =20) —P(X € A|X; =y, XU = g(-D)|,
AEB a() y;

Here B is the Borel o-algebra and the supremum in z(9),y; is taken almost ev-
erywhere. Following the notation of Samson [32] for p = 2 and Kontorovitch and
Ramanan [20] for p = 1, let us define for any 1 < p < 2 the ¥(p)-weakly dependent
coefficients as

(3.6)
Yr,i(p) =
sup sup [P(Xy € AXO =20) —P(X) € AIX; = y;, XU = 2= D)/p,
AeB 2z (8) y;

The probability measure P is said to be 4(p)-weakly dependent when its coefficients
are finite. For Markov chains, condition (3.6) is equivalent to the uniform ergodicity.
By definition, ﬁg i < 2¢p—; where ¢ is the uniform mixing coefficient introduced by
Ibragimov [18]. For p = 2, we obtain a weakened form of the transport inequality
obtained by Samson [32] as

: S e (DAY
TP < ot S e
However, the dual form of our weak transport inequality yields the same exponential
inequalities than those obtained in [32]. Notice however that our notion of transport
seems too weak to yield concentration properties in term of the convex distance as
it is done in Talagrand in [33] or in Marton in [25].

QX £ v [ v)
1

Proof. The proofs of the two assertions are similar as the weak dependence con-
dition (3.5) is symmetric in x; and y;. Thus the proof of the second assertion is
omitted.
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Let us fix @ € M (E™) such that Q[aj] < oo for all 1 < j < n. As preliminaries,
we recall the following result of existence of the optimal Markov coupling due to
from Riischendorf, [31] and a simple and useful inequality of this result stated in
Lemma 3.4.

Let 0 : E™ x E™ — Ry and the section of o in (z1,y1) € E? as

Ox1,01 ($2a y2) = 0’((1‘1,,@2), (yla 92))

Theorem 3.3 (Theorem 3 in [31]). We have the equivalence between (1) and (2)
which asserts (a) and (b)

(1) inf .y 7lo] = 7*[o] with T € M,
(2) (a) h(x,y) = infr,, 7log,] = ﬁ;‘1[011y|($,y>] is finite T —a.s. and
(b) inf,, m[h] = w}[h] < co.

A simple corollary of this Theorem is the following result:

Lemma 3.4. Let P, Q € M(E") be decomposed as P = PiPx, and Q = Q1Q|y,
for P1, Q1 € M(E) and P, Q),, € M(E™1Y). Then for any o € M*(E™) and
any coupling 7 € M(Py, Q1) we have

(3.7) Wa(P,Q) < m([Qy; [oa V1]d(X1, Y1) + Woa (Pix,, Qi )]-

Proof. Let us assume that for almost all z1, y; € E we have W, (Piays Qpy,) < 00.
Then, by lower semi-continuity, it exists 7T‘*zl " such that:

* 1 T
LIPS [ZO‘§ Ja(X5,Y5)| = Wah (Pay, Q).
j=2

Thus the desired result follows from Theorem 3.3 remarking that for any 1, y; € E
we have

i, mlatVd@ry)] = o, [0d 2 yild(en, y1) = Qpyylaafya)d(e, y1)

by definition of Markov couplings. O

Let us consider now the following coupling scheme denoted 7 defined recursively
as T = Tp|p—1 - Wo1T1)0 € M(E™) where 7;;_1 = 7. i-1) 4G-1 is determined

such that

x5,y;]al

(3.8) ﬁj\jfl{ZQlyjyy(j’l)[aZ|Yj’y(j_l)]l/q'Yk,jd(Xjan)}
k=i

~ . 1/q .
= (Z Q‘y(jfl) [ag|y(ﬂ—1)hg,j) Wp(sz leG=1; Qy], ‘y(j—l))
k=j

for all (=1 (=1 in Fi-1,

We are now ready to prove the result iterating several time the same reasoning.
Let us detail the case j = 1 when considering probabilities conditionally on q.
Applying (3.7) and (2.8) we have

Wo(P,Q) < 711y [Qv; yo [ Y1,y V(X1 Y1) + Wow (Pix, y0: Qpys )]
(3.9) < Ty @)y g [ | Y, yV)d(X1,Y1) + Waa
Wi (Px, 4, Py, yo)]-

) (Py, 405 Qly; )

To bound the last term, we use the definition of the v(p)-weak dependence:
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Lemma 3.5. For any oy, € MT(E) for all j < k <n and any v(p)-weakly depen-
dent probability measure P we have

(3.10) Wa (P, -5 Pyo) < Z Qo [t ly D Iy jd(w5, y5)
k=j+1

Proof. Assume that Q[aj] < oo for j < k < n. Then, applying the Holder inequal-
ity and the definition of Markov couplings, we have

Wi (P, yi-15 Pyr) = lﬂnfmj[ > akd(XkaYk)}

g k=j+1

< inf Z m5lagly D) O P (X, Vi)
|3 k=j+1

< Z Qo lafly] /quwl [dP (X, Vi) /P
_]+1

< Z Qo [af |y V1MW, (P, yo-1: Pyo)
k=j+1

and the result follows by definition of the ~(p)-weak dependence coefficients. O

Collecting the bounds (3.9) and (3.10) we obtain

Wa(Pyo, Qyo) < 71y [ZQ\ym,yo [ YD) o]V Ty 1d (X1, Y1)
k=1

+ Wam (Py, 55 Qv y@))-

Let us do the same reasoning than above for any 1 < j < n conditionally on y¥) on
W ()(yi+17---7yn>:

at-1 (Plyo; Q) where a( 9 denotes the section of a; in y@ as

(1)>

a;(y) and al) = (a;”)j>i- For any 1 < j <n, we obtain:

Wa(J 1) (P\y(J DX Qy(J 1) < 7T]|y(1 1) [ZQ ak|Yja y(jil)]l/q'kajd(Xj, YJ)
k=j

+ Wai) (Py, yi-1, Qly; yo-1)]-

For the specific Markov coupling we consider, the identity (3.8) holds and

- n . 1/q .
Woi-v (PyG-1,Qyu-n) < ( Z QyG-v [aZ|y(J_1)]VZJ-) W(P,,|y6-15Qy,1yG-1)
k=j

+ T1y6-0 [(Wao (P, yi-1:Qy, yi-1)]

<ZQ\y(1 1)[ak|yj 1)]1/(1716 W( ilyl= 1)7Qy]|y(1 1))
k=j

~ )
+ TjlyG-v we ! (P\yj,yufl),Q\yj,y(jfl))]

where the last inequality follows from the concavity of z — z!/9 and Jensen’s
inequality. Applying an inductive argument, we obtain

n n

Wal(P, [ZZ [ |[YU=D 9y s W (P, iy 615 Qv -n)

J=1k=j
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< ZZQ Y19, QIV (P iy -1, Qe 1P
J= 1k—J

< ZZQ 1M1 QRCK(Qy, iy u—v [ Payjyu-n )P 2P
j=1k=j

the second inequality follows from Holder’s and Jensen’s inequalities and the last
one from the assumption P, ;-1 € T,(C). Let us denote Q the row vector

(Q[ad]*7)1<k<n and W the column vector (QRCK(P,,)y-1|Qy,)ye- )p/Q]l/p)’lngn.
With <;> denoting the scalar product, we obtain

Wa(P,Q) << Q;TW ><[|Q[g[[T,[[ W[5

Notice that we have the identities
n 1/q
(> Qlaf) "
=1
1/p

Wi, = (ZQQC}C e P, x|V G- 1));)/2]) ,

1Qllg

j=1
ZQ2CIC QyJ|Y(J l)l ]‘Y('] D ]

j=1

K(P|Q)

Indeed, noticing that p/2 < 1, successive applications of Jensen’s inequality and
Holder’s inequality yield

1/p
Iwil, < (ch/c v - Payjy o0 )72

1/2
< nl/r— 1/2(262 20K ( Qy lyG-u | P, x| Y G- 1))])
j=1
< \/nz/pflgc/c(qp).

Finally, we obtain

Z?:Nﬂ%( d(X;,Y))
(X1 Qlag]) /e

The desired result follows by definition of the weak transport cost by taking the
supremum over all « € M1 (E™). O

I V20T 2021 K(Q)P).

4. EXAMPLES OF ~(p)-WEAKLY DEPENDENT PROCESSES

We have already noticed that when d is chosen as the Hamming distance then
the 4(p)-weakly dependence is, for example, satisfied for ¢-mixing processes with
TP, < 1+ 30 (20:)YP for any 1 < p < 2, see [32]. But the 7(p)-weakly
dependence is also satisfied for non stationary sequences, see [20].

For E being a real vector space, the choice of the Hamming distance is not
natural and the resulting weakly dependent conditions are often too restrictive. In
what follows, we focus on the more natural choice d = || - || the euclidian norm.
We will extensively use the fact that probability measures satisfying weak transport
inequalities admit finite moments of any order for d(zo, X), Vo € E (it also implies
exponential moments, see the next Section).
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4.1. Linear models.

Example 4.1 (AR(o0) models). Consider (X;) the stationary solution solution of
the autoregressive equation

Xe=> aiXii+&
i>1
where the real numbers a; are such that 1 — Zi>1 a;z" does not have unit root

outside the unit circle. Then the weak dependence condition (3.5) is satisfied with
Vi,j(p) = |ak—j| forany 1 <p<2and any 0 < j < k <n.

Example 4.2 (MA(co) models). Let consider X; = > "%, a;&—; with real numbers
a; such that

oo

Z la;| < 0.

i=1
Then the model is well defined and if it is invertible, i.e. > :° a;2* has no root
outside the unit circle, then it admits an AR(co) representation and the weak
dependence condition (3.5) holds with vi,;(p) < [ <k D20, opij=i szl a;,| for
any 1l <p<2andany 0<j<k<n.

Example 4.3 (ARMA models). Let us consider the ARMA model
Xo(z) =z,  Xppa(z) = AXi(2) + &

in E = R? where A € M4 (the space of d x d matrices) and (Z;) is a sequence
of i.i.d. random vectors in R? called the innovations. This model is a particular
case of the general model above with ¢, (z) = Az + Z;. The v(p)-weak dependence
condition is equivalent to

psp(A) :==max{|A]; X is an eigenvalue in € of A} < 1,

which is the necessary and sufficient condition for the ergodicity of this linear
ARMA model (X;).

4.2. Non-linear models.

Example 4.4 (Stochastic Recurrent Equation (SRE)). Consider the SRE (also
called Iterated Random Functions)

(41) X()(SC) = c E17 Xt+1($) = ’l/)t+1(Xt(SC)), t Z 0,

where (¢1) is a sequence of i.i.d. random maps. Let us denote also P the probability
of the whole process (X;)¢>0. For any 1 < p < 2, if the distribution of 11 (x) belongs

to Tp(C) or ngi)(C) for any « € E and that there exists some S > 0 satisfying

(4.2) i Pld(X;(x), X, (z'))P]M/P < Sd(x,2')  Vz,2’ € E.

then P € T,(C(1 + S)2n2/P=1) or T{” (C(1 + S)2n2/P~1).
Example 4.5 (General affine processes). Consider now the specific SRE
Xo(z) = 2, Xiga(2) = f(Xe(@)) + M (Xe(2))E41,
where E = R%, ¢ € le/, f:RY— RY M:RY — M. q (the space of d x d’

matrices) and the noise (&) is a sequence of i.i.d. random vectors of R” such that
its distribution P% is centered. Fix p = 2 and assume that:

(1) P € To(C) or Téi)(C) on R? w.r.t. the Euclidean metric;
(2) there exists K > 0 such that |[M(z)||s < K, V2 € R%
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(3) the Lyapunov exponent in L? satisfies

Pl Xy(z) — Xt(y)|2])1/t <1
Ty |z —yl? -

Using a version of Lemma 2.1 in [12] we obtain that conditions (1) and (2) implies
that P, , € To(CK?) or T{(CK?). Moreover condition (4.2) is satisfied with
S = (1 = Mpae(L?)™Y/2 and thus P € To(CK2(1 + (1 — Amaz(L?))"1/?)?) or
TENCK2 (14 (1 = Amae(L2))~1/2)2). We answer positively to a question raised in
Remark 3.6 in [12]. However notice that the condition A4, (L?) can be difficult to
check on specific models. One possible sufficient condition is the Lipschitz mixing
condition of Duflo [14] asserting the existence of K > 0 and 0 < r < 1 such that

PP (0) = X < Kr'le —yf? oy € B,

Another possibility is given in the next example.

Example 4.6 (Tterated Random Lipschitz Maps). Consider the general SRE (4.1)
and assume that the random maps ¢; are Lipschitz-continuous. Denote the Lips-
chitz coefficient of any function f by
d(f(z), f(y))
A(f) :==sup (@), ( .
Let Py be the distribution of the sequence of iid random maps (¢;) The top Lya-
punov exponent A* is defined as lim; .t~ log(1g0t)_10---01)_411). Its existence

in IR U —oo is due to the subadditive ergodic theorem. The condition A* < 0 is
sufficient for the existence of the stationary of the SRE. It implies that Aqz(L?)

when 11 () belongs to T,,(C) or Tlgi)(C) for any x € E.

Example 4.7 (Chains with Infinite Memory). Let us consider now the case of
Chains with Infinite Memory introduced by Doukhan and Wintenberger [13]:

X =F(Xi—1,Xi-2,...:&), vt € Z.

This model does not exhibit any Markov property. Assume there exists a sequence
of non negative numbers (a;) such that

Peld(F (1,22, ;) Fy1,y2, - )1YP <> asd(wi, i)

i>1

If 2510, < 1and F(x1,22,...;¢) is in T5(C) or Téi)(C) the stationary measure
exists and (3.5) holds with v ;(p) < ar—; for any 0 < j < k < n.

5. NEW EXPONENTIAL INEQUALITIES

5.1. General exponential inequalities. Let X = (X3,..., X,,) be distributed as
P and consider the function f: E™ — R such that there exist auxiliary functions
L;: E"— Ry, 1 <j <nsatisfying
(5.1) fly) = f@) <Y Li(y)d(aj,y;)  Vay € E™.

j=1

Let us consider the function g : E™ — R such that there exist auxiliary functions
L;Z) : E" = Ry, 1 <j <nsuch that

(5.2) 9(y) —g(x) < ZL?) (@)d(z;,y;)  Vx,y € E™

The dual form of the weak transport inequalities implies the following new expo-
nential inequality:
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Theorem 5.1. If P satisfies TP(C) and f satisfies (5.1) then for all A > 0 we have
C\? .

(5.3) P[exp (A(ffP[f]) ((27—)ZL" (—4))} <1.

If P satisfies ngi)(C) and g satisfies (5.2) then for all A > 0 we have

(6.4)  Plesp (Mg Pl - W((g__)zp[w G <

Remark 5.1. Consider the case of a (2)-weakly dependent sequence supported by
[0,1]". Then P satisfies T(||T'(2)||2) and T4” (|T'(2)||2) by Theorem 3.2 and the
above results apply with C = ||[T'(2)]|.

Proof. The proofs of (5.3) and (5.4) are similar. We only detail the first one.
Integrating (5.1) in (z,y) by 7« with marginals P and @ we get

Qlf] <7T[ZL X, J)i|

and by definition of W we obtain

Using that P € T5(C) we obtain
(5.5) QIS — P < Q[Z Lq} " V2CK(PIQ).

From the variational identity
— q D p—1
ab /{I;f(’))\a Jq+ b7 /(NP p)

we get for all A > 0:

QU = PN £AC/aQ| Y L] + K(PIQ)/220/2C =7/ (xv=1p)

j=1
We can rewrite it as
- 2/p
(0/2)Q|(p/C) 2NN (f = P = XCa SO LD| T < K(PIQ).
j=1
From the Young inequality
(p/2)2*/? = ya — (1 - p/2)y* 7V
applied with y = (CA?/p)?/P~1 we obtain
(p/2)((p/C)'PPPAP=2)2Pa2/P > o — (1 - p/2)ON? /p

For z = Q\(f — P[f] = AC/q 3°j_, L})] we obtain

Q[A(f - PIf AO/qZLq} K(PIQ) < (1/p—1/2)CA%.

Then the desired result follows from the variational formula of the entropy. (I
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5.2. Extensions of classical concentration inequalities to dependent cases.
A first corollary of Theorem 5.1 is an extension of the classical following inequality:
let f be a separately convex Lipschitz function on [0, 1] then

t2
(5.6) P(If = PIfll 2 1) < 2ex0 (— 575)

where L satisfies |f(z) — f(y)| < L|lz — y|| for any , y € [0,1]" equipped with the
Euclidian norm. This result was extended to contracting Markov chains in Marton
[25] and to 7(2)-weakly dependent processes in Samson [32] for convex Lipschitz
functions f. The extension to the more general v(2)-weakly dependent context is
a straightforward Corollary of Theorem 5.1. From Remark 5.1 we know that P
satisfies T'([|T'(2)]|3) and TQ(Z)(HF(Q)H%) Remark that with no loss of generality we
can assume that f is smooth enough (see Samson [32] for a detailed proof of this
well known fact). Then for any z, y € [0, 1]™, by convexity we have

fx) = fly) < Zajf(x)(%‘ —y;) < Z 10; f (@)||z; — yj]-

Thus f satisfies condition (5.1) with L; = 0;f. From the Lipschitz assumption on
f we assert that 27| L2(z) = [|[Vf|* < L where Vf denotes the usual gradient
of f. An application of Theorem 5.1 yields that

Plexp(A(f = P[f])] < exp(|T(2)[3L22*/2).
N2
From similar arguments — f satisfies (5.2) with 3°7_, Ly) () < L and the same
estimate holds on the Laplace transform of —f + P[f]. Applying the classical
Chernoff arguments yields

Corollary 5.2. For any v(2)-weakly dependent sequences on [0,1]™ , for any convex
L-Lipschitz function f it holds

P(f = Plfll> 1) < QGXP(* wr(;W)'

This type of inequalities have a lot of applications, see [33].

From a statistical perspective, it is also interesting to investigate the properties
of the empirical process. As a corollary of Theorem 5.1 we also obtain a Poissonian
inequality for the empirical process f(z) = supg > i, g*(X;) for square of real
valued Lipschitz functions. Similar results are obtained in Section 3 of Boucheron
et al. [8].

Corollary 5.3. Assume that there exists ({;)1<i<n such that for any g € G we have
|g(96)—g(y)| Szﬂld(l‘layl)a vxayeEn
i=1

with 1 02 = L? < oo. If P satisfies T»(C) and Téi)(C) then for every t > 0 we

1=1"
have

t2

P(f>Plf]+t) < QXP(‘W)’
P(f < P[fl-t) < eXP(?%CL%P[f])'
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Proof. From the convex inequality 2 —y? < 2z(x—y) we easily check that f satisfies
(5.1) with Y7 | L? < 4L2f and — f satisfies (5.2) with 3.7, L§?’>2 < 4L%f. As P
satisfies T2(C') an application of (5.3) yields that for all A > 0 we have
Plexp(f(\ — 4CL*)\?) — AP[f])] < 1.
An application of the Chernoff argument yields that for every 0 < A < (4CL?)~!
P(f > P[f] +1t) < exp(—tA(1 — 4CL*\) + 4CL*)\?P[f]).

Optimizing in A\ we obtain
t
~ 8CL2(t + P[f))
and the first inequality of the Corollary follows. For the second inequality, we apply
inequality (5.4) to obtain, for any A > 0, that

Plexp(A(f — P[f]))] < exp(4CL*N*P[f]).

A

The desired inequality follows by the Chernoff argument. O

5.3. The specific case of the Hamming distance. We fix d(z,y) = 1.+, as in
Samson [32]. Thus the result of this section holds for any 4(2)-weakly dependent
sequence (with no restriction on the margins). Using exactly the same arguments
than above, an extension of the classical exponential inequality (5.6) also holds in
this case

2
QHF@)HELQ)

where f‘(2) is the matrix corresponding to the coefficients %(2)

P(If = Plf)l 2 ) < 2exp

The case of the Hamming distance is specific because for any non negative func-
tion f we can replace the convexity argument 22 — y? < 2z(x — y) by the sim-
ple inequality f(z) — f(y) < f(x)lszy. Let us consider the empirical process
f(z) = |supg D1~ 9(X;)| for some set of non negative real functions G bound-
ing by M. Then f satisfies (5.1) with > 7, L3 < Mf and — f satisfies (5.2) with
2?21 LE-Z)Q < M f. Applying Theorem 5.1 we recover the results of Theorem 2 of

[32]:
Theorem 5.4. If0 < g < M for all g € G then for everyt > 0

t2
P(f>P[fl+t) < eXp(‘21\4|\f(2)||§(P[f]+t))’

t2
P(f<Pf)-1) < e (- m)'

The constant 1 in T5(1) or TQ(i) (1) is optimal in Theorem as discussed in Boucheron
et al. [9] for the iid case. We refer the reader to this article for nice statistical ap-
plications of this result in the iid case.

Due to the simple inequality f(x)— f(y) < f(x)ly2y, it is also possible to extend
classical Bernstein’s inequality in the 5(2)-weakly dependent case:

Theorem 5.5 ([32] (page 460, line7)). Let g be a measurable function R —
[-M, M] and let
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Then for all 0 < X\ < 1/(M|T(2)|3) we have
Plesp(Mf = PI))) < exp (SIT@)I3 Y Pllg(X:) — Plo(Xi)))1A%).

This inequality has been applied to obtain exact oracle inequality with fast rates
in the 4(2)-weakly dependent context in [2].

6. APPLICATIONS TO ORACLE INEQUALITIES WITH FAST CONVERGENCE RATES

In this section we use the weak transport inequality to obtain new nonexact oracle
inequalities in the ~v(2)-weakly dependent setting and oracle inequalities in the 5(2)-
weakly dependent setting. Instead of using extensions of classical inequalities given
in the last Section we prefer to use a more direct approach using the PAC-bayesian
paradigm. It allows us to consider the mathematical statistic problem of asserting
oracle inequalities as a problem of conditional mass transport.

6.1. The statistical setting. We focus on the oracle inequalities of the the or-
dinary least square estimator. Let us consider the case of linear regression where
E=R™"™ X =(v,2)=(Y,Z20,..., Z(d) equipped with the euclidian norm || - ||.
The empirical risk is denoted
r(0) ! Zn:(y Z:0)?
- K3 K3
"=

where (X;)1<i<n = (Y3, Zi)1<i<n are the observations. In our context, these ob-
servations are not necessarily independent and we denote by P their distribution.
The risk of prediction is denoted

R(9) = P[r(0)] VO e R"

The aim is to estimate the value § € R? such that R(6) < R(6), V6 € R?. We
consider the ordinary least square estimator 6 of @ such that r(6) < r(6) for all
0 € R®. Let us denote the excess of risk R(f) = R(A) — R(f) > 0, T its empirical
counterpart, Z = (Z;)1<i<y the nx d matrix of the design, | Z||2 =n"t >, || Zi]]?
and G = P[ZT Z] its corresponding Gram’s matrix. Assume that G is a definite
positive matrix and denote p = max(1, ps,(G™')). All the results of this sections

are given for probability measures P satisfying 75(C) and TQ(Z)(C) for some C' >0
on E™. In view of Theorem 3.2 and for applications perspective in time series we
are interested on (2) or 4(2) weakly dependent observations. The case of possibly
non linear autoregression is of special interest. There the vector Z; is a function of
the past values ¢(Y1,...,Y;_1). Here ¢ is known, one can think of the projection
on the last coordinates (case of linear autoregression), functions on Fourier basis or
wavelets, etc. The regularity of the function ¢ impact the concentrations properties.
The constant C' in the weak transport inequality has to be estimated in each specific
statistical case. For example, in the linear autoregressive case of order £ > 1 fixed,
we have ¥(2)x,0 < 7(2)[k/¢1,0 and in the non-linear autoregressive case, ¥(2)x,0 <
lllloo¥(2) 1k /e1,0- Finally notice that 7(2) coefficients are nicely estimated for any
bounded measurable functions ¢ whereas it is not the case of (2) coefficients that
require more regularity on .

6.2. Nonexact oracle inequality for v(2)-weakly-dependent sequences. Our
first result is a bound on the excess of risk.

Theorem 6.1. For any measure Q and any 8 > 0 we have

(6.1) QR(0)] < QlIZI)/8 + 4\/pCQ[K]n‘1(/C(PIQ) + BQIR(9)]/2)
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where

RE)+ (101 + 5) 5= + (1 + B2 @)

Proof. Considering the change (Z,0) — (ZG~Y2 G20), we assume that the
Gram matrix G is the identity matrix. ThlS change of variable is p-Lipschitz func-

K = 4% + (1+ 101 + d;2)

tion. Thus ZG~1/2 satisfies T (pC) and T (pC) using similar arguments than in
Lemma 2.1 in [12]. Thus in the sequel G = Iy, Z € Tg(pC) and T(Z (pC). With
this notation, P[||Z||2] = d where and ||0 — 0]|> = R(6) — R(F). We adopt the so
called PAC-bayesian approach considering that 6 = pglf] where py = Na(0,3711y)
for any 8 > 0. This probability measure is measurable with respect to the obser-
vations (X;). Thus, the properties of the measure Pp; are not simple to handle
directly. The PAC-bayesian approach consist in introducing artificially the measure
pg called a priori because it does not depend on the observations (X;). Let us fix
some measure () and denote @y the probability measure such that pzQy = Qpj.

Let us first study similar properties than in (5.1) of the function f = 7. With

some abuse the euclidian norm on any vector space will also be denoted || - ||. Using
the inequality 22 — y? < 2z(z — y) < 2|z||z — y| for any z,y € R we obtain

— (y; — 20)* + (y; — 20)* — (yi — z:0)?)

3|H

fl@) = f@) < Z
<= Z i — 20l (L, O)l|i — 1| + |yi — 201(I (L, ) D | 2s — ).

Then by definition of W5 and using Cauchy-Schwartz inequality we obtain condi-
tionally on 6 that

PIf) = Qolf] < 211, 0)lly/n" ROW2(Qa, P) + 21, D)1/ 0 Qalr @) Wa(P. Qo)

As P satisfies To(pC') and TQ( (pC) and using the Cauchy-Schwartz inequality we
obtain

QolP[f] =[] < 4\/an*%(}’|@9)((1 +0)I2RO) + (1 + [10]12)Qs[r(9))).
The positivity of the integrand with respect to pj yields

psQulPLT] — £) < 405\ pCn K (PIQ)(1 + [62)R(6) + (1 + [B12)Qo [ (B))

< 4\/an’1%[“13|@9)](:05[(1 +10I2)R0)] + (1 + 012 QIr(9))).
Notice that by definition pzQp = Qp; such that we have pg[K(P|Qg) = K(P|Q) +
QIK(pslpg)]. Moreover K(pg|pz)] < B/2(R(A) — R(A)) so that we obtain

Qpg[R(0) — R(O) — r(0) +1(0)] <
4\/p0n‘1(’C(PIQ’)+6/2Q[R( RODeglL+ 1012 RO)] + (1 + 110])QLr(9)])-

Now, by Jensen’s inequality Qp;[R(6)] > Q[R(0)] and computations gives that

Qoalr(0)) < r(0) + QI Z[12)/8 < r(d) + QIIZ|2)/8. Collecting those bounds, we
obtain

QIR(9) — R(O) |1 Z112)/8] <
4\/an HK(PIQ) + B/2QIR(8) — R(O)))pgl(1 + 0)2)R(©O)] + (1 + 81 QIr(8)))-
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To end the proof, let us compute pz[(1 + [|0]?)R(0)] using the following identity
pal(1+ 101 R(0)] = pg R(O)] + pgllI01*1R(O) + p5(lI0]* R(0) — R(D)]-
Let us decompose the last term:
palllOIZR(6) — R(®)] = pgl|16]21168]]) + 20" PLY2]5[[16]1% (6 — B)]
where Y = (Y1,...,Y,). Simple computations on gaussian random variables give
pg[R(0)] = R(0) +d/B
pglllol®] = 1101* +d/
palllO)*(0 - 0)] =20/
palllOI*110 — 011 = (101* + d/B)(d — 1)/B + |[0]|* /8 + 3d/B.
The desired result follows collecting all these bounds and noticing that 4P[YZ]0 <

2nR(0). O
In the proof above, we obtain the more general result: for any probability mea-
sures p and v such that there exists @y satisfying Qu = vQg we have:
(6.2)
Qu[R] < Qu[F(0)] + 4\/an’%(}’1/|@#)(1/[(1 + 01 RO)] + (1 + [[6]12)Q[r(@)]-
This bound is obtained by integrating with respect to v the conditional mass trans-
port of Qeor(0)~! to Po7(#)~t. The weak transport inequalities satisfied by P

and the convex properties of the function (z1,...,z,) — 7() are used to obtain a
bound conditionally on 6.

Let us discuss the choices u = p; and v = pz made above. Notice that p
and v have the same support from the assumption Qu = vQy. As soon as p
is centered in 0, Jensen’s inequality yields Qu[R(0)] > Q[R(A)]. Next, if p is
sufficiently concentrated around 0 then Qu[r(0) — r(0)] is small as r(d) — (@) < 0.
Choosing p as the Dirac mass in 0 is excluded as the existence of some measure
Qg satisfying vQy = Qu. The fact that the support of u cannot depend on the
observations (X;) constrain us to choose measures supported on the whole space
R in absence of a priori information on . The term Qu[r(f) —r(6)] can be seen as
an alternative to the classical VC-dimension, see Mc Allester [29]. The measure p
should be chosen in order to bound this term (and the entropy K(v|u)). It leads to
Gibbs estimators that are nice alternatives to classical estimators, see Chapter 4 of
the textbook of Catoni [10] in the iid case, Alquier and Wintenberger [3, 2| in weakly
dependent settings. Here we choose the gaussian measures p = p; and v = pg as
in Audibert and Catoni [4] for simplicity because we have an explicit computation
K(v|p) = B/2]|60 — )|2. This choice leads to estimate the term Qu[r(0) — r(0)] by
Q[ Z]|2]/B. This term can easily be estimated with d/8 and a concentration term
implying the entropy K(P|Q) in order to obtain a nonexact oracle inequality:

Corollary 6.2. For any 0 < ¢ < 1 and any (d + 2)/n < n < 1 we have with
probability 1 — e:

Bod + 16pC'1 -1 B
n 2 pC'log(e )+ 3

R(f) < (1+ Bin)R(9) n (nn)?

where
By =2(3+2[|0]|* +n/n),
By =2(5+[0I),
By =2(d(d—1) +d/n).
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Remark 6.1. This result extends nonexact oracle inequalities as developed by Lecué
and Mendelson [21] to a dependent context but for the OLS only (and not also
regularized estimators).

Proof. As for any a,b > 0 we have 2v/ab < a\ + b/ for any A > 0 then from (6.1)
we obtain

QIRG) — 121%/8 — K/n — AR )] - LD <
Notice that by definition of K we have
d — d+2 — — dyd—1 _ —
QIK] =45+ (1+ 1017 + =5= ) R@) + (181 + 5) =5 + (L + [A1%)Qlr@)]

by similar arguments than in the proof of Theorem 6.1 we have

QIr(d)] - R() < 24/20CR@MK(PIQ).
Similarly, as P[||Z||?] = d we obtain
QUIZIP) — d < 2¢/2pCdn—TK(PIQ).

Collecting those bounds and using Cauchy-Schwartz inequality we obtain
QUIZI?/B + N/nr(@)] <d/B + A/nR(0)
+4y/pCn=1(d/82 + (\/n)2R@)K(PIQ).

Using again that 2v/ab < a\ + b/, choosing 8 = A = nn and by definition of By,
Bs and B3 we have

_ 16pCK(P|Q)
Choose @ as the probability P restricted to the complementary of the event corre-
sponding to the desired oracle inequality and denoted A. Then

16pClog(e~1)
nmn
Combining these two inequality we assert that for this specific Q we have —log(e) <

K(P|Q). The relative entropy can be computed explicitly K£(P|Q) = —log(1—P(A)
and thus the desired result follows.

Q[R(0) — BinR(0) — Bad/(nn) — Bs/(nn)]

< Q[R(0) — BinR(0) — Bad/(nn) — B/ (nn)?

oz

6.3. Exact oracle inequality for 7(2)-weakly-dependent sequences. Let us
now give an equivalent of (6.2) when we equipped F with the Hamming distance
d(x,y) = lyzy. Instead of using the convexity of x — 22 as above, we use that
flx) — fly) < |f(x)|lasty + | f(y)|1axy for any f. Following the lines of the proof
above with f =7 we obtain easily

(6.3) QulR] < Qulr] + 2\/ 2pCK(Pv|Qu)(Pr[F2] + QulF)).

For the specific choice 4 = p; and v = pgz we use computations given in Lemma 1.2
in the supplementary material of [4] stating that for any § € R?

| - AP -1
2 2 n n
polP?] < 5TO) + = e 0) + =

where [|Z]|2 = n~ ' 3" | Zi]|*. The quantities Q[||Z]|27(0)] and Q[||Z|4] can be
difficult to estimate for desired choices of ). Let us work under the following
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assumption on the set of parameters © C R? containing the support of P and the
unit disc: there exists some finite constant B > 0 such that

L Zi0] o
(6.4) B = sup 722121 1Z:6] >
0cO Zi:1 P[Zz'@]
Similar assumption has been used in the iid case by Audibert and Catoni in [4].
Under (6.4) and the fact that we assume P[|| Z||?] = d with no loss of generality (see

discussion in the proof above) we have || Z]|2 < Bd and || Z]|? < (Bd)?. Moreover,

using computations given in the supplementary material of [4] we obtain easily that
7(0)* <n '(2B% + 8Br(0))R(0).

It leads to the following equivalent of Theorem 6.1

Theorem 6.3. If condition (6.4)holds, we have

QE(®) < % +24/20Cn1(K(PIQ) + BQT(0))/2)x

\/Q[(1032 +40Br(0))R()] + 4Bd(R(0) + Q[r(9)])/5 + 8(Bd/B)2.

In the above estimate the terms involving r() are nuisance terms because there
is no control on . If this term is bounded then the main term multiplying the
entropy is proportional to the excess risk Q[E(é)] It is the major advantage con-
sidering the Hamming distance compared with the Euclidian distance where instead
Q[R(é)] appeared. In the classical approach as developed by Massart in [28], the
excess risk also appears via the variance term in Bernstein’s inequality under the
margin assumption of Tsybakov [35] that estimates this variance term by R(6).
As Q[E(é)] is the quantity of interest, we can obtain exact oracle inequality the
following corollary

Corollary 6.4. For any 0 <e <1 and any M > 0 we have with probability 1 — e:

o B2+ 4BM
R(0) < R(@) + 16022,

d(R(@) + M) 8(Bd)2)
10B + 40M n /)

Remark 6.2. As already noticed by Audibert and Catoni in [4] in the iid case,
the exact oracle inequality holds for 4(2)-waekly dependent sequences without any
assumptions on the margins P except (6.4) (because any probability measures have
supports diameter bounded by 1 for the Hamming distance d). We refer the reader

to [4] for a nice way to bound the term log P(r(6) > M) in the iid case under finite
moments assumption on P of order 4 only.

Proof. Let us denote A = {r(6) < M} and P, the restriction of P on A defined
as P4(B) = P(BN A) for any measurable set B on E™. We do not know wether
P, satisfies any weak transport inequality. However, a similar reasoning than for
obtaining (6.3) yields

X (Bd + 8pC(log(e 1) — log P(r(0) > M)) +

QIR(O)] < BA/5 + p3 [\ (ABAR®)/5 + (4Bd) 5)2)n=11W2(Qo, Pa)

+ \/((1032 +40BM)Q[R(0)] + 4BdM /S + (4Bd/3)2)n—1Wy(Pa, Qg)]
Now let us the triangular inequality of the weak transport cost (2.9):
W2 (Pa, Qo) < Wa(Pa, P) + Wa(P,Qs),
W2(Qo, Pa) < Wa(Qq, P) + Wa(P, Pa).
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Because P satisfies T(pC) and TQ(i) (pC), both RHS terms are estimated with
VIRCH(PAP) + \/3pCK(PIQs) < 4v/pC(K(PIQy) — log P(A))

Collecting all these bounds and using the Cauchy-Schwartz inequality we obtain

Q[R(0)] < Bd/B +4 [\/ 20Cn~1(K(P|Q) + BQIR(6)]/2 — log P(A))x

\/((1032 +40BM)Q[R(0)] + 4Bd(R(9) + M)/B + 8(Bd/B)?).

Using several times the inequality 2vab < aX + b/\ with A\ = § = n(40B% +
160BM)~1! yields

— B? +4BM
QIR)/4 < 40———(

d(R@) + M) 8(Bd)?
10B + 40M n )

We conclude as in the proof of Corollary 6.2 choosing @) as P restricted to the
complementary of the event corresponding to the desired oracle inequality. (I

Bd+8pC(K(P|Q)—log P(A))+
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