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Abstract

The construction of cyclic codes can be generalized to so called
module f-cyclic codes using noncommutative polynomials. The prod-
uct of the generator polynomial g of a self-dual module #-cyclic code
and its "skew reciprocal polynomial” is known to be a noncommu-
tative polynomial of the form X™ — a, reducing the problem of the
computation of all such codes to a Grobner basis problem where the
unknowns are the coeflicients of g. In previous work, with the excep-
tion of the length 2% over F4 a large number of self-dual codes were
found. In this paper we show that a must be £1 and that for n = 2°
the decomposition of X™ + 1 into a product of g and its ”skew recipro-
cal polynomial” has some rigidity properties which explains the small
number of codes found for those particular lengths over IF4. In order
to overcome the complexity limitation resulting from the Grébner ba-
sis computation we present, in the case 6 of order two, an iterative
construction of self-dual codes based on least common multiples and
factorization of noncommutative polynomials. We use this approach
to construct a [78,39,19]4 self-dual code and a [52,26,17]9 self-dual
code which improve the best previously known minimal distances for
these lengths.

Keywords: error-correcting codes, finite fields, skew polynomial rings

1 Introduction

For a finite field IF; and 6 an automorphism of IF, we consider the ring R =
F,[X;0] = {anX"+...4+ a1 X +ag|a; € F; and n € IN} where addition
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is defined to be the usual addition of polynomials and where multiplication
is defined by the basic rule X - a = 6(a) X (a € F,) and extended to all
elements of R by associativity and distributivity. The noncommutative ring
R is called a skew polynomial ring or Ore ring (cf. [12]) and its elements
are skew polynomials. It is a left and right Euclidean ring whose left and
right ideals are principal. Left and right ged and lem exist in R and can
be computed using the left and right Euclidean algorithm. Over finite fields
skew polynomial rings are also known as linearized polynomials (cf. [5]).
Following [2] we define module 6-codes using the skew polynomial ring R.

Definition 1 Let f € R = Fy[X;0] be of degree n. A module #-code
(or module skew code) C is a left R-submodule Rg/Rf C R/Rf in the basis
1,X,...,X" ! where g is a right divisor of f in R. We denote this code
C = (9)%. If there exists an a € T, \ {0} such that g divides X" — a on

the right, then the code (g)% is f-constacyclic. We will denote it (g)ﬁ’a. If

n
a =1, the code is -cyclic and if a = —1, it is 0-negacyclic.

The length of the code is n and its dimension is k = n — deg(g), we say that
the code C is of type [n, k],. If the minimal distance of the code is d, then
we say that the code C is of type [n, k,d],.

Since IF,[X; 0] is not a unique factorization ring, we obtain much more
codes using the noncommutative approach than in the commutative case.
Module #-codes are a generalization of Gabidulin codes based on linearized
polynomials and introduced in [5].

Example 1 For Fy = IFa(a) where a®> + a+ 1 = 0 and 0 the Frobenius
automorphism o +— o the skew polynomial X? — 1 admits three distinct
decompositions as products of irreducible polynomials in F4[X; 0]

X2+1=(X+a)(X+a)=(X+a)(X+a*)=(X+1)(X+1) (1)

The polynomials X*—1, X6 —1 and X8 —1 admit respectively 15, 90 and 543
distinct decompositions as products of irreducible polynomials in IF4][X;0)].

There is a strong analogy to classical cyclic codes. For g = Z?Z_Ok 9i X", the
generator matrix of a module 6-code (g)fZ is given by Gg,n =

9o o Gnk-1  Gnk 0 . 0

0 9(g0) e H(gn,k,l) 9(gn7k) .. 0

0 . . . . .

0

0 0 0%~ (go) cee 0 Ygnko1) 08 N gnk)



showing that distinct generator polynomials correspond to distinct generator
matrices. For a #-constacyclic code (g)f{a, where f = X" — a, we have

(cos -+ en1) € (9)0% = (a 0(ca_1),0(c0),...,0(cn_2)) € (9)0.

In previous work many self-dual module 8-codes with good minimum dis-
tances were obtained, sometimes even improving the previously best known
minimal distances. However, like for cyclic codes ([10]), there is a phenom-
ena for the module #-codes whose lengths are a power of 2. For the lengths
4,8,16,32 and 64 there are only three self-dual module #-codes over IFy,
while otherwise there is a large number of self-dual codes which increases
with the length. The authors conjectured that for any s there are only three
self-dual module #-codes of length 2% over Iy (]2, 4]). The aim of this pa-
per is to use the factorization properties of skew polynomials to count and
construct self-dual module #-codes when 6 is of order two. The material is
organized as follows:

In section 2 we introduce self-dual skew codes and recall the basic prop-
erties of such codes. Such a code was known to be #-constacyclic and we
show that it must in fact be 6-cyclic or #-negacyclic.

In section 3 we prove that for all s € IN*, there are 227 f-cyclic
codes of length 2° and dimension 257! over IF4 but that for s > 1 among
them only three are self-dual. This gives an answer to the above conjecture.

In section 4, we give an iterative construction of self-dual module 6-
codes by constructing generator polynomials of self-dual module #-codes as
least common left multiples (lclm) of skew polynomials of lower degree. An
example of a [78,39, 19]4 self-dual code is given.

2 Self-dual skew codes over a finite field

The (Euclidean) dual of a linear code C of length n over IF is defined with
the Euclidean scalar product < x,y >= Y I" | z;y; in Fy as Ct={z¢c
Iy |Vy € C, < x,y >= 0}. A linear code C over I, is Euclidean self-dual
or self-dual if C = C+. To characterize self-dual module #-codes, we need
to define the skew reciprocal polynomial of a skew polynomial (definition 3
of [4]) and also the left monic skew reciprocal polynomial.

Definition 2 The skew reciprocal polynomial of h = Y ;"\ h; X'eR
of degree m is h* =Y 1" X™ - hy = > 1" 0 (hm—;) X*. The left monic
skew reciprocal polynomial of h is hf := (1/0™(hg)) - h*.



Since 0 is an automorphism, the map *: R — R given by h — h* is a
bijection. In particular for any g € R there exists a unique h € R such
that ¢ = h* and, if ¢ is monic, such that g = h%. In order to describe some
properties of the skew reciprocal polynomial we will use the morphism of
rings ©: R — R given by > 1 a; X" — > 0(a;) X"

Lemma 1 ([4], Lemma 1) Let f and g be skew polynomials in R. Then
1. (fg)* = ©(g*) f*, where k = deg(f).
2. (f*)" =0"(f), where n = deg(f).

A module #-code of length n = 2k which is self-dual is known to be 6-
constacyclic, i.e. its generator polynomial g of degree k divides on the right
X" — a for some a in Iy \ {0}. Furthermore the dual of (9)5 is generated
by the polynomial h¥ where h satisfies simultaneously ©"(h) - g = X" — a
and g-h = X" —07%(a) (Corollary 1 and Theorem 1 of [4]). The following

proposition improves those previous results:
Proposition 1 A self-dual module 0-code is either 6-cyclic or 8-negacyclic.

Proof: If n = 2k and C = (g)? is a self-dual module #-code, then C' is
necessarily 6-constacyclic with a generator polynomial ¢ dividing X" — a
on the right in R with a € F,\ {0} ( [4], Corollary 1). Consider h €
R of degree k such that ©"(h) - g = X" —a. From Lemma 1, we ob-

tain ©F(¢*)O"(h*) = 1 — 6™(a)X™. Applying ©~" to this equation, gives

@k_”(g*)h* = —a(X" — é), or equivalently %@k_”(g*)h* = X" — é
Therefore hf = mh* divides X" — % on the right. Furthermore from

([4], Theorem 1), the dual of C' = (g)? is generated by h%. Since C is a
self-dual module #-code, from the uniqueness of its monic generator poly-
nomial, we have g = h%. Therefore ¢ divides on the right the polynomial
(X" —a) — (X" — 1) =a— 1 of degree less than g which must be zero and

we obtain a? = 1. 0

Combining this result with ([4], Theorem 1) we obtain:

Corollary 1 A module 6-code (g)gk with g € Fy[X;0] of degree k is self-
dual if and only if there exists h € R such that g = h? and

hoh = X?* — ¢ withe € {—1,1}. (3)



3 Self-dual module #-codes of length 2° over F.

We keep the notation R = IF,[X;6] and we denote (IF,)? the fixed field
of 6. The properties of the ring R used in this paper can for example be
found in [9] Chapter 3 and [6, 12]. The center Z(R) of R is the commutative
polynomial subring (IF,)?[X?] in the variable Y = X% where |6| is the order
of 8. We denote Z(R) also (IF,)?[Y]. Following [9] we call an element h € R
bounded if the left ideal it generates contains a two-sided ideal. In the ring
R all elements are bounded. The monic generator f of the maximal two-
sided ideal contained in RhA is the bound of h. The generators of two-sided
ideals in R are the elements of the form X™ f where f € Z(R). The two-sided
ideals are closed under multiplication, a bound f is an irreducible bound
if the two-sided ideal (f) is maximal. A bound f with a nonzero constant
term belongs to the center Z(R) = (IF,)?[Y] of R and is an irreducible bound
if and only if f(Y) € (IF,)’[Y] is an irreducible (commutative) polynomial
([9], Chap. 3, Th. 12).

Theorem 1 ([12]; [9], Chap. 3, Th. 5) Let R = Fy[X;60]. If hihy---h,
and g1go - - - gm are two decompositions into irreducible factors of h € R, then
m = n and there exists a permutation o € Sy, such that the R-modules R/h; R
and R/gs;)R are isomorphic. In particular the degrees of the irreducible
factors of h are unique up to permutation.

The noncommutative ring R is not a unique factorization ring and there can
be more distinct monic factors than in the commutative case as shown in
the example below. An important difference is that those monic factors can
not always be permuted.

Definition 3 (/9], Chap. 3) h € R is lclm-decomposable! if h is the least
common left multiple of skew polynomials of degree strictly less than h, i.e.
h =lclm(hq, ha) where hy € R and deg(h;) < deg(h). The polynomial h € R
1s lclm-indecomposable if h is not lclm-decomposable.

Example 2 For Fy = Fa(a) where a®> + a+ 1 = 0 and 0 the Frobenius

automorphism a — o2. Two factors of a central polynomial always commute

in F4[X;0]:
X2+1l=(X+a)(X+a)=(X+a)(X+a?)=(X+1)(X+1). (4

Since the polynomial X% + 1 is right divisible by both X + a and by X + 1,
it must be the lclm of X + a and X + 1 which is unique up to monzero

'Tn [9] the term decomposable is used



constants. In F4[X;0] we have g1 = (X +a)(X +1) = X2+ a’X +a #
X2 +aX+a=(X+1)(X+a) = ga. One can verify that the polynomials g1
and go have no further irreducible right or left monic factor, showing that
those two polynomials are not lclm of irreducible right factors and that in
the nonunique factorization ring R some factorizations can still be unique
in the sense that the unique irreducible monic factors can only be written in
a unique order.

The next theorem gives a first characterization of those skew polynomials
in R which do have a unique factorization into irreducible monic skew poly-
nomials :

Theorem 2 ([9], Chap. 3, Th. 21 and 24) Let R = F([X; 0] and m € IN*.

1. A monic polynomial in h € R has a unique factorization into irre-
ducible monic polynomials (in the sense that the unique irreducible
monic factors can only be written in a unique order) if and only if h
18 lelm-indecomposable.

2. If hi,ha, ..., hy are monic irreducible polynomials of R having the
same irreducible bound f € R, then the product h = hiho - - hy is an
lelm-indecomposable monic polynomial in R if and only if the bound
of h is f™.

Since the bound of a skew polynomial h € R can be computed using lin-
ear algebra ([9, 3]), the above result is an efficient test to verify if h is
lclm-indecomposable. In the following however, we search for a method to
construct lclm-indecomposable polynomials directly.

Corollary 2 Consider the decomposition h = hi---hp, of h € R into irre-
ducible monic polynomials having all the same irreducible bound f which is
reducible in R.

1. If h is lclm-indecomposable, then f does not divide h.

2. If f does not divide h then no partial product h;hii1 ... hiy; appearing
in h="hy--hy can be equal to f.

Proof:

1. From ([9], Chap. 3, Th. 12) we obtain that the bound of a product
divides the product of the bounds. If f divides h, then the quotient is
a product of at most m —2 factors, because f is reducible and therefore
the bound of h divides f times the bound of the quotient, so it divides
f™ 1 and the result follows from part (2) of Theorem 2.



2. If there exists 4, j such that f = h;hjp1...hiyj then fhiyji1---hy, is
a right factor of h. As f is central, it commutes with hj1j11---hmp
and therefore f divide h on the right.

O

Example 3 We keep the notations of the previous example. The bound of
h=(X4+1)(X+a)(X +1)(X +a®) (X +1)(X +a®) (X +1)

is (X2 4+1)7 and therefore the previous theorem shows that this factorization
of h in F4[X;0] is unique. Corollary 2 implies that the common central
bound X2 + 1 of the factors of h does not divide h and that two irreducible
factors X + 1, X +a and X + a®> of X?> + 1 who appear together in a
decomposition of X2 +1 (like in example 2) never appear next to each other
in the decomposition of h.

Our goal is to prove the converse of the above corollary under the as-
sumption that 6 € Aut(IF,) is of order two, as is the case for IFy, IFg, Fo5
and F49. When 0 is of order two, then X?" + 1 belongs to the center Z(R)
of R. In this case the bound of any factor of X?" 4 1 also belongs to Z(R)
([9], Chap. 3, Th. 12). Therefore we will now focus on polynomials whose
bound are central polynomial of the form f € (F,)?[X7I].

Lemma 2 Consider R =IF,[X ;0] with 6 of order two.
1. For g =Y " a; X" € R and for g = Y. o(—1)'0""(a;) X" we have
99 € Z(R). In particular the bound of g is of degree < 2deg(g).

2. An irreducible bound f € Z(R) which is reducible in R, factors as the
product of two irreducible polynomials in R of degree deg(f)/2.

Proof:

1. For [ € {0,...,2m}, the I-th coefficient of G = g¢g is given by G; =

D it ai(=1)70" 1 (a;). If  is even, then
Gi= Y ai(-1)"0(a;) = > ai(-1)'0(a;).
it+j=l it+j=l
As 0% =id, (G)) = Dl 0(a;)(—1)'a; = G;. If  is odd, then
Gl = Z ai(—l)jaj = Z aiaj - Z aiaj =0.
i+j=l i+7=Ll,j even,i odd i+j=l,j odd,i even

So G belongs to (F,)?[X?] = Z(R).



2. The irreducible factors of an irreducible bound f are of the same degree
d ([9], Chap. 3, Corollary of Th. 20 or Theorem 4.3 of [6]) and as f is
reducible, d must be < deg(f)/2. The first assertion shows that the
factors of f are of degree > deg(f)/2 so d = deg(f)/2.

O

If the characteristic of I, divides the order of ¢, then a central bound
f € (F)?[X!] is reducible in the commutative subring (IF,)’[X] c R
and therefore reducible in R. From Theorem 1 we get that the number of
irreducible factors of f is independent of the factorization.

Definition 4 Consider R = F,[X;0] and let f € Z(R) be an irreducible
bound which is reducible in R. To each right monic factor g of f corresponds
a unique g € R such that gg = f called the complement of g (for f).

Example 4 Consider R = IF,[X; 0] with § of order two. If the central bound
f=X24+ )€ Z(R) is reducible in R, then its irreducible monic factors are
of the form X +«a € R. The skew polynomial X + & € R is the complement
of X +a if and only if (X +a&)(X +a) = X2+ (a+0(a) X +aa = X2+ ),
which is the case if and only if

a=MAa and Ola)=-\a«a (5)

The following Proposition gives the converse of Corollary 2 when 6 is of
order two.

Proposition 2 Consider R = IF,[X; 0] with 6 of order two, f € Z(R) and
irreducible bound that is reducible over R and h = hy---hy, a product of
wrreducible monic polynomials bounded by f. The following assertions are
equivalent

(i) h is lclm-decomposable;
(ii) f divides h in R;

(iii) there exists i in {1,...,m — 1} such that h;1 is the complement of h;
for f (a factor f = hix1h; must be present in the factorization).

Proof: Corollary 2 shows that even if 8 has not order two we always have
(131) = (i) = (i). In order to prove the implication (i) = (éi7) we proceed
by induction on m > 2 (here we will use the fact that 6 is of order two). If
h = hiho where hy; and ho are irreducible polynomials with bound f, the



bound of h divides the product of the bounds of h; and hs ([9], Chap. 3,
Th. 12), so it divides f? in the commutative ring (IF,)?[X]. Assume that h
is lclm-decomposable, then according to part (2) of Theorem 2, the bound
of his not f2. As f is irreducible in (IF,)?[X?] the bound of h is equal to f
and h divides f on the right. Since 6 is of order two, the irreducible bound
f has degree 2deg(h;) (Lemma 2) so deg(h) = deg(f) and h = f, which
proves that the results holds for m = 2.

Suppose now m > 2 and that the result holds for ¢ < m. Let h =
h1--- hy, be lclm-decomposable where h; are irreducible monic polynomi-
als with bound f. Then, there exist gi1,...,9m € R such that h =g¢g1--- gm,
where (g1,...,9m) # (h1,...,hp). g = hpthengy -+ g1 = h1 -+ hpm—1
is lclm-decomposable and one concludes using the induction hypothesis.
Otherwise lclm(g,, hp,) = Bum—1hy divides on the right h = hy---hy, =
le ---iLm_lhm. So hi -hyp_1 = le . --fzm_l. If there exist ¢ such that
Bi = h;, then hq - - hyy—1 is lelm-decomposable and one concludes using the
induction hypothesis; otherwise hp—1 = hpm—1 and lelm (g, him) = hm—1hm
is lclm-decomposable; so using the same argument as for m = 2 above, we
obtain h,,_1h,;, = f and the result follows. 0

Example 5 We keep the notations of the previous example. The above
lemma shows that in ¥ 4[X; 0] the polynomials (X + 1)(X +a)(X +1)(X +
)X +1D)(X +a®)(X+1), (X +a)(X +a), ( X+a)(X+1), (X +1)(X+
a), (X +a*)(X +ad?), (X +a*)(X +1) and (X + 1)(X + a?) are lclm-
indecomposable, i.e. the factorization of each polynomial into monic irre-
ducible polynomials is unique.

Definition 5 Consider R = F,[X;60] and let f € Z(R) be an irreducible
bound which is reducible in R. The number of distinct irreducible monic
right factors g € F[X; 0] of f is the capacity x of f.

Example 6 Consider R = IF,[X; 6] with 0 of order two. Example 4 shows
that the capacity k of the bound X2+ X is the size of {a € F, | 0(a)a = —\}.
In particular, the capacity of the central polynomial X2 + 1 € F4[X; 0] with
0 : o a? is 3, while the three irreducible factors of X2 + 1 in IF4[X ;0] are
given in example 2.

Proposition 3 Let R = F,[X;0] with 6 of order two, 1 < m € IN and
f € Z(R) an irreducible bound which is reducible in R of capacity k > 2.

. o -deg(/f)
The number A(m) of distinct monic right factors g € R of degree %

of f™ is (m _ym 1) /(k —2).



Proof: According to Lemma 2, the irreducible factors of f have all the same
degree deg(f)/2 so the irreducible factors of f, and therefore also the right
factors of f™, are all of degree deg(f)/2. If ¢ = g192 - - - gm is a factorization
into monic irreducible polynomials with bound f, and g; the complement of
gi, then f™ =G ---G2G19192 - - - gm- Therefore g is always a divisor of f™
and we only need to count the different polynomials g = g1gs - - - g, Whose
irreducible monic factors are bounded by f.

1. If g is divisible by the central bound f € Z(R), then g = ¢'f where
g =4gy- g5 and g, of degree deg(f)/2 : there are A(m — 2) such
polynomials.

2. Proposition 2 shows that g is not divisible by f if and only if for all 4,
gi+1 is not the complement for f of g;. There are k choices for ¢g; and

Kk — 1 choices for each factor g2,93. .., gm.
From A(0) =1, A(1) = x and A(m) = A(m — 2) + k(k — 1)™"! we get the
result by solving the recursion. 0

Corollary 3 Let 0 be the Frobenius automorphisms of 4. For s € IN '\
{0} there are 2271 _ 1 module 0-cyclic codes over 4 of length 2° and
dimension 2571,

Proof: X2 —1=(X2+41)?"" in IF4[X;0], and the capacity of X2+ 1 is
k = 3, so according to the previous proposition applied with m = 2571, the
skew polynomial X?° — 1 has 22" '+1 _ 1 monic right factors of degree 257!
in IF4[X;0]. 0

In the proposition and the corollary above the number of 8-cyclic codes
over IFy of length 2° was obtained by counting the number of distinct
monic factors with degree 257 of (X241)2" = X2" +1 using the fact that
they are products of linear factors. In the same way the number of self-
dual f-cyclic codes over IF4 of length 2° will now be obtained by counting
the number of factors h with degree 2571 of X?° + 1 which satisfy also the
relation h%h = X2° + 1 (cf. Corollary 1).

Proposition 4 Let R = IFy[X;60] with 0 of order two, 1 < m € N, f €
Z(R) an irreducible bound which is reducible in R and h; € R and g; € R
monic irreducible polynomials having all the same bound f. If gmgm—1--- g1
18 lclm-indecomposable and

fm = hi--hm—1hmGmm-1--- 91 (6)

10



then h; is the complement of g; (for f).

Proof: We proceed by induction on m. If m = 1 the result is trivial.
Suppose that the result holds for ¢ < m. The rhs of (6) is clearly divisible
by f and Proposition 2 shows that two consecutive factors in the rhs of (6)
must be complements to each other and their product equal to f. We get
three cases

1. There are two successive factors which are complements to each other
in the decomposition g, gm—1 - - - g1 of g. Since g is lclm-indecomposable,
Corollary 2 shows that this case cannot occur.

2. If h,, is the complement of g,,, then we can divide both sides of equa-
tion (6) by the central polynomial h,,g,, = f to obtain

hi hm_1Gm—1-""91 = fm_l. Since gpp—1 - - - 91 is lclm-indecomposable,
we obtain the result by induction.

3. Otherwise there are two successive factors which are complements to
each other in the product hj - - - hy_1hy and we prove that this case
cannot happen. Namely, consider ¢ such that h;h;y1 = f. Dividing
both sides of (6) by the central polynomial f gives

(h1 - hi—1hizohmgm) (gm—1---91) = f™ L. Applying the induction
hypothesis to g,,—1 - - - g1 which is lclm-indecomposable, we obtain that
gm is the complement of g,,,—1 which is impossible according to Corol-
lary 2 because ¢y, Gm—1 - - - g1 is lelm-indecomposable.

O

In the following we want to decide in some special cases if a product
of linear polynomials (X + a1)(X + a2) -+ (X + auy) generates a self-dual
code. The main difficulty is that the skew reciprocal polynomial of a monic
polynomial is not always monic: (X+a)* = 0(a)X+1 =0(«a) (X +1/6(a)).

Lemma 3 Consider 0 < m € IN and a1, ,...,0p, in Fy\ {0}. For the
skew polynomial g = (X + a1)(X + ag) -+ (X 4+ ap) € Fy[X;60] we have
9 =

0" (1 o) <X + gmmigx :::ZZQ) <X+ eﬂifﬁg) <X+ 9(3“))

from which we can deduce g* by dividing on the left by 0™ (ay - - - ).

11



Proof: We proceed by induction on m. For m = 1 the result holds.
Assume that the result holds for £ < m. Lemma 1 shows

(X + 1)+ (X + @) = 071 (X +am)*) (X + 1)+ (X + 1))
By induction we only need to express h = 0™ ((X + a)*) 0™ Hag -+ - aym—1)
as a product of a constant times a monic linear polynomial. By direct com-
putation we obtain

h = 0™(am) <X+ >9m_1(a1~-am1)

gm—l(al . ..am1)> .

0 (aq -+ auy)

0(cum)
= 0M(aq- ) <X—i—

The claim now follows by induction. 0

Proposition 5 Consider Fy = Fo(a), 0 the Frobenius automorphism o — o

and h € F4[X; 0] to be monic of degree m € IN. Then
hh = (X2 1)m (7)
if and only if

b (X+1)m if mis odd
Tl (X + )Y X +u),u € {l,a,a®} if mis even.

Proof: (<): If m is odd, the previous Lemma shows that the skew polyno-
mial h = (X + 1)™ satisfies (7). Let us assume that m is even and consider
h= (X +1)""YX + u) with u € F4 \ {0}. From Lemma 1 we obtain

R =0((X +u) ) (X +1)" ! =u(X +u?) (X +1)" L

Therefore hf = (X +u?)(X +1)™"! and hhf = (X2 +1)™. Since (X2 41)™
is central, this product commutes.

(=): From (7) and the fact that X2+ 1 is reducible over IF4[X; 6] we obtain
that h is of the form (X 4+ 1) --- (X + aup). Lemma 3 shows that h? =

o™ (ay - - am_1)> < O(ay) > ( 1 >
X + (X ) (X .
( 0m(aq -+ - ) 0% (aqa2) 0(y)
Since all the factors of h have the same irreducible bound X2 + 1 which

is reducible in F4[X; 6] and 6 is of order two, we can apply Proposition 4
whenever h is Iclm-indecomposable. We proceed by induction on m.
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1. Case m = 1. We get (X +1/0(a1)) (X + 1) = X? + 1 showing that
X +1/6(aq) is the complement of X 4. Using formula (5) we obtain
1/0(a1) = 1/ay and 6(a1) = 1/ay. Therefore af +1 = (a1 +1)? =0,
which implies ap = 1.

2. Case m = 2. If h = (X + o1)(X + a2) is lclm-decomposable, then
according to Proposition 2, h is divisible and therefore equal to X2 +
1 = (X+1)(X+1) and the result follows. If h is lclm-indecomposable,
then Proposition 4 shows that X +1/6(«aq) is the complement of X 4.
Like in the case m = 1 this implies that «; = 1 and h = (X +1)(X+a2)
and the result follows.

3. Casem = 3. If h = (X 4+ o) (X + a2)(X + a3) is lclm-indecomposable
then Proposition 4 shows that for ¢ = 1,2, 3,

X + 07 ay--a;—1)/0(aq - - - ;) is the complement of X + «;. For
i = 1, like in the case m = 1 we get that a; = 1, and therefore
for i = 3 we obtain (X + m)()( + a3) = X2 + 1. The constant
coefficient of these two polynomials is 0&22%33) =1, so asaz = 1. We

obtain (X + ag)(X +a3) = (X +a2)(X +1/ag) = X? +1,50 X2 +1
divides h, which contradicts the lclm-irreducibility of h (Corollary 2).
Therefore h is lclm-decomposable and, according to Proposition 2,
X241 divides h. We can write h = (X +a)(X?%+1). Lemma 1 shows
that h%h = (X2 4+ 1)(X +1/6(a))(X +a)(X?+1) and after simplifying
(7) we obtain (X +1/0(a))(X + a) = X%+ 1. Like in the case m = 1
this implies that o = 1, showing that h = (X + 1)3.

4. Suppose m > 3 and that the result holds for i < m. We first show
that A must be lclm-decomposable. If h = (X + 1) -+ (X + auy) is
lclm-indecomposable then Proposition 4 shows that

X +0m Nag--am_1)/0™(a1 -+ ) is the complement of X + ay,.
Dividing both sides of (7) on the right by X + «,, and on the left
by its complement, we obtain that (X + a;)--- (X + amm—1) satis-
fies the induction hypothesis. So a3 = as = -+ = ap2 = 1
and (X + a1)(X + ag) = X? + 1, which contradicts that h is lclm-
indecomposable (Corollary 2).

As h is lclm-decomposable X2 +1 divides h, say h = ¢(X?+1) (Propo-
sition 2). Lemma 1 shows that h%h = (X2 +1)¢fq(X? + 1). Therefore
¢*q = (X?+1)"2 and we obtain the result for ¢ by induction, which
gives also the result for h = (X2 + 1)q.

13
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We now show that for any integer s > 1, from the 2271 _ 1 mod-

ule f-cyclic codes over IFy of length 2%, only 3 are self-dual, which proves
Conjecture 1 of [4] :

Corollary 4 Consider Fy = Fa(a), 6 the Frobenius automorphism o +— o2,

s > 1 an integer and g € F4[X;0] monic of degree 2°~'. The code (g)%s is
self-dual if and only if g = (X + u)(X + 1)23_1*1, where u € {1,a,a?}.

Proof: The code (g)%. is self-dual if and only if there exists h € R such
that ¢ = A% and h'h = X2 — 1. The previous proposition applied with
m = 2571 shows that h = (X + 1)2 ~}(X + u) with u € {1, a, a?}. There-
fore h* = O(1 + u2X)(X + 1) "land g = hf = (X 4+ u?)(X + 1)2 '~}
(Lemma 1). 0O

4 Construction of self-dual #-codes with 6 of order
2

Self-dual #-cyclic codes over IF, can be constructed by solving polynomial
systems satisfied by the coeflicients of their generator polynomials, however
the polynomial system becomes increasingly difficult to solve (cf. [3]). In
[10] a characterization of the generator polynomials of (classical) self-dual
cyclic codes of length n over IFom is given using the factorization of X™ — 1
in Fom [X]. In analogy to this result we give now a procedure that allows to
construct all self-dual codes from suitable smaller degree polynomials. We
start with a technical Lemma (a similar result appears in [10] page 2245).

Lemma 4 Let IF, be a finite field, 6 € Aut(lFy), R = Fy[X;0] and € €
{~1,1}. The polynomial Y* — ¢ € (F,)°[YV] = (F,)?[X!%l] ¢ R factors in
(F,)?[Y] into distinct irreducible monic polynomials as

Vime= (V) ho(¥) (1100950 (2200650) -+ (9:0)95()
(8)
where h;y(Y) = hE(Y), 9 (Y) # gE (Y) and (gigf)h = gigf. Furthermore Y — ¢
factors in (Fy)°[Y] = (F,)?[X?] as a product f1(Y)--- fm(Y) of pairwise
coprime polynomials of minimal degree such that ff = f;.
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Proof: Let g be an irreducible monic factor of Y* — € such that g # g%
Assume that g* is reducible in (IF,)?[Y], then according to Lemma 1, g =
(g")* is also reducible in (IF,)’[Y], so ¢g* and therefore g* are irreducible
in (F,)°[Y]. Furthermore g* divides (Y* — ¢)* (Lemma 1) therefore g° di-
vides (Yt — €)%, As (Y* —€)* = —e(Y' — 1/¢) and as 1/e = ¢, we have
(Yt — €)% = Y — ¢, which shows that g7 divides Y? — e. This proves the
existence of the decomposition (8). For A\ the constant coefficient of g we
obtain (gf)* = (19%)* = 9. Therefore the monic polynomial (g")F is equal
to g, showing that the irreducible factors appearing in (8) are distinct. A
direct computation gives (gg?)* = ¢*(¢9°)* = g% (Lemma 1).

Setting f; = h; for ¢ € {1,...,s} and fo; = gjgju- for j € {1,...,rt} in (8)
we obtain a factorization f1(Y)f2(Y) -+ fn(Y) of Yt —¢in (IF,)?[Y] = Z(R)
into pairwise coprime monic polynomials f;(Y) with ff = f;. 0O

Algorithm 1 Construction of self-dual module #-codes.
Require: n, IF; of characteristic p, 0 € Aut(IF,) of order 2, e € {—1,1}
Ensure: the set of all generator polynomials of self-dual module #-codes
of length n over IF, which are f-cyclic if € = 1, #-negacyclic if e = —1
1: compute s and t such that n = p® x 2 x t with t mod p # 0
2: compute a factorization of Y* —e = f1(Y)--- fu(Y) in the commutative
ring (IF,)?[Y] = (IF,)?[X?] into pairwise coprime polynomials of minimal
degree such that fiu = f;
3: for i in {1,...,m} do
4:  compute the sets H; = {h; € IF,[X;6] | hEhi = (fi)P"(X?)} by solving
the corresponding polynomial system whose unknowns are the coeffi-
cients of h;.
5: end for
6: return {lclm(hi, ) | hy € M)

The following algorithm reduces the computation of h € R with the
property h?h = X2¥ —¢ (Corollary 1) to the computation of the polynomials
h; of smaller degree with the properties hEhi = ( fi)ps. The computational
gain depends on the degrees of the polynomials h; and therefore of on s and
the degrees polynomial f; in the factorization Y'—e = f1(Y) -+ f (V). The
correctness of the algorithm is proven in the next proposition.

Proposition 6 Let IF, be a finite field, 0 € Aut(IF;) of order 2, R =
F,[X;60] and k = p° x t a nonzero integer with s € N and t € IN not
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multiple of p. Let ¢ € {=1,1} and Y' — e = fi(Y)fo(Y) - fu(Y) €
(F)?[Y]= (F,)?[X? = Z(R), where fi(Y) are monic polynomials that are
pairwise coprime with the property that ff = fi. Fore =1 (resp. e = —1)
and for h € R of degree k the polynomial g = h® generates a self-dual 6-
cyclic (resp. 0-negacyclic) code over ¥y of length n = 2k if and only if there
exist hi,...,hym € R such that

1. hEhi = (f;)"",
2. h=lerm(hy, ..., hy)
Proof:

1. («): (the codes obtained are self-dual) According to Corollary 1 we
have to show that h*h = X?*° —c.  From h = lerm(hy, ..., hy)
we obtain that h = h;q; with ¢; € R. Lemma 1 shows that h* =
Qdeslhi) (g*)h¥. As h* (resp. h¥) is a constant times h? (resp. hg),
there exists ¢; € R such that hi = qihf. Therefore hih = Qi(hfhi)qi =
Gi(f)P ¢ = Giqi(fi)?" (because (f;)?" € (F,)?[X?] is central), showing
that lclm((f1)P", ..., (fm)P") is a right divisor of hfh in R. To prove
the claim it remains to show that

ldm((fl>ps7""(fm)ps) = (fl)ps"'(fm)pS:Xn—E. (9)

Comparing degrees we obtain from relation (9) that h'h = X" — ¢,
In order to prove the first equality of relation (9) we first show that
the least common right multiple of polynomials in Z(R) C R coincide
when viewed as polynomials either in R or in the commutative poly-
nomial ring Z(R). Both R and Z(R) are euclidean rings and the (left
and right for R) euclidean division has a unique quotient and unique
remainder. Therefore a division in Z(R) is also a (left and right) di-
vision in R. Since the lclm can be computed in both cases using the
euclidean algorithm ([12], Section 3), they coincide in both rings. In
the commutative ring Z(R) = (IF,)?[Y] the second equality of relation
(9) is a consequence of Gauss Lemma and the claim follows.

2. (=): (all self-dual module #-codes are obtained this way) Corollary
1 shows that if g = h? generates a self-dual 6-code over IF, of length
n = 2k, then h'h = X" —e = ((X?)! - e)ps = (Y'- 5)ps (where Y =
X?2). We noted above that the division in Z(R) and R coincide in
Z(R), so that ((f;)?")F = (f;)P" are pairwise coprime in Z(R) and
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R. According to ([6], Theorem 4.1), we have hf = lclm(hul, L hh)
where hg = gerd((f;)P", hY) are pairwise coprime in R. In particular,
according to [12], deg(lclm(hg, hg)) = deg(hE) + deg(hi) for i # j and
deg(h) = deg(lclm(h})) = 3 deg(hy).

We now show that h; divides (f;)?" and h on the left :

e Let §; be the degree of (f;)?" and d; be the degree of h;. Since
fi € Z(R), 6; is even. Applying Lemma 1 to (f;)?" = ¢;h} we ob-
tain ((f;)7)" = ©% % (hi")q; = ©%~%(O%(hy))q; = % (hi)q} =
hiq; (8; is even and 62 = id). So h; divides on the left ((f;)P")*.
As (f;)P" is central, it is equal to ((f;)P")* times a constant, so h;
divides on the left ((f;)P))% = (f;)*".

e Since hE divides A% on the right, we also have h* = pihy. Using
Lemma 1, we obtain ©%(h) = h** = ©%~% (L *)p?. Therefore
OF(h) = O~ (0% (h;))p; = ©F(h;)p;. Since O is a morphism of
rings, h; divides h on the left.

Since hE- divides h! on the right and h; divides h on the left, we obtain
hih = gihEhigi. Since two factors of a decomposition of the central
polynomial h'h = gihghigi into two factors commute, hEhi divides
h'h = X™ — ¢ on the right. According to Theorem 4.1 of [6], hEhi =
lclm(gcrd(hfhi, (f)P"),5 =1,...m). We now note that both hE and h;
divide the central polynomial (f;)?", so that the product hEhi divides
((f;)P")%. For j # i we obtain gcrd(hghi,(fj)ps) = 1 and hEhi =
gcrd(hghi, (f)P"). In particular, hf-h@- divides (f;)P°

For i € {1,...,m} the polynomials (f;)P" are pairwise coprime, show-
ing that their divisors hfhi are also pairwise coprime. Therefore

deg(lclm (h2h; Zdeg (hih) = QZdeg (h?) = 2 deg(h%) = Zdeg (£)7
=1

From ) /", deg(h?hi) = > deg((fi)P") and the fact that hghi divides
(f:)P", we obtain hh; = (f;)?"

As h; divides h on the left, lerm(h;,i = 1,...,m) also divides h on
the left. Since gcrd(hf,h?-) = 1 implies gcld(h;, h;) = 1 we have
deg(lerm(h;, i = 1,...,m)) = > deg(h;) = deg(h). Therefore h =
lerm(h;,i=1,...,m).

17



O

Example 7 Let Fy = Fa(a), 0 the Frobenius automorphism o +— o? and
R = F4[X;0]. In Fo[Y] = Z(R) (where Y = X?), we have Y3 — 1 =

[Y) f2(Y) f3(Y) fa(Y) where:

hHY) = Y +1

fY) = Y24+Y +1

) = Y2yt vy yS YTy vyt vt p v vy
Y +1

) = Y24yt y0 ey ey p vyt eyt 4 y2 4

Y24y y? 1 v8 4 yT V34 v2 4V +1).

The polynomials f; are pairwise coprime polynomials satisfying fiu =fi (i€
{1,...,4}). The computational problem is therefore reduced from degree 39
to degree at most 12 which is now in reach of a Grobner basis computation
and allows to compute the four sets H;. For all h; € H; we computed all the
codes generated by g = h? = lclm(hi, hg, hg, hi). For the skew polynomials

hl = X+1
hy = X?°4+X+1
hy = X2 4+aXM+ X0+ X84 aX0+a®X* +a®X2+ X + 42
hy = XX 1a2XB 4+ X2 42X £ X9 42X 4 X1 4 ax 1 4
X1 4 a2X12 42X 40X 4 a2X7 4+ a2X0 + a2X5 4+ a2X4 +
aX’+X+a
we obtain the skew polynomial
g= X¥+a?°X3 +a2X3 + X360 +a2X3* +aX33 +aX3 +a? X3 +aX30
+a2X29+a2X28+aX27+a2X26+a2X25+X24+a2X22+X20+X19
+a2X17+X15—|—a2X14—|—a2X13+aX12—|—a2X11—|—a2X10—|—aX9
+a’X8 + aX" +aX +a? X5 + X3+ a’X? + a®X +1

which generates a [78,39,19]4 self-dual code and therefore improves the
best previously known minimal distance from Table 5 in [7]. Note that the
generator matriz ngg of this code can be easily obtained from the generator
polynomial using the formula (2), so that it is straightforward to construct
this code and verify in MAGMA (cf. [1]) that its minimum distance is equal
to 19.

18



Example 8 Let Fg = F3(a) where a> —a —1 = 0, 0 the Frobenius auto-
morphism a +— a3 and R = Fo[X;0]. In F3]Y] = Z(R) (where Y = X?),
we have Y25 +1 = f1(Y) f2(Y) f3(Y) where:

AY) =Y241

L) =S +2v2+ 1)(YO + Y4 +2Y2 +1)
=Y 42y10 41 2y8 4 oy4 1 2YV2 41

f3Y) =S +2vt+ 1)(YO +2v* + V2 +1)
=Y 1 2v® Y6 Loy 41,

The polynomials f; are pairwise coprime polynomials satisfying ff =fi (i€
{1,...,3}). The computational problem is therefore reduced from degree 26
to degree at most 12 which is now in reach of a Grobner basis computation
and allows to compute the three sets H;. For all h; € H; we computed the
codes generated by g = h? = lclm(hhl, hg, hg) For the skew polynomials

hi =X?+2X+2

hy =X +a XM +a° X1 +aX? + X% 4+ 2X0 + 0" X? + 0" X? + a7 X?
+a3X + 1

hy = X2 +aX" + X104 X34+ aX0+a®X* +a*X? + X +d°

we obtain the skew polynomial

g = X¥42XP 12X + X2 4 aX? 42X+ XY +aX® 465X 42X
FXB 4+ X+ X0 40" X8 - XT 4+ X0 4 03X% 22X+ X2 42X +2

which generates a [52,26]g self-dual code. Note that the generator matrix
of this code can be easily obtained from the generator polynomial using the
formula (2), so that it is straightforward to construct this code. We verify in
Magma (cf. [1]) that its minimum distance is 17, which improves the pre-
vious best known minimum distance for self-dual codes of this length (table

14 of [7]).

The following example illustrates the fact that polynomials f; € (IF,)°[Y]

with the property ff = f; can appear at different length n and that this
previous computation can be used again.

Example 9 Let Fy9 = IF7(a) where a®> —a +3 = 0, 0 the Frobenius auto-
morphism o — o and R = F49[X;0)].

e The polynomial Y* + 1 factorizes over Fy into the product of two
irreducible polynomials as Y4 +1 = (Y2 +3Y +1)(Y2+4Y +1), where
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(Y243Y +1)8=Y24+3Y +1, (Y24+4Y + 1) = Y2 +4Y + 1. The
sets H1 = {h € Fyo[X;0],hh = X* +3X%2 4+ 1} and Hy = {h €
Fuo[X;0],h%h = X* +4X2% + 1} are

Hi = {X?+4X +6,X*+a% X? +a""X +a%, X? + X +a'?,
X2 +3X +6, X%+ a*X + 4%, X? + 0", X + 0’ X +a'?}
Hy = {X?+a®X +a%X? +a"X +a% X*+0a'® X? + X +6,

X2 +a”, X?+a’°X +a®, X? + ¥ X +a®, X* +6X + 6}

and the polynomials g = lclm(ha, hg) (where h; € H;) generate all the

64 self-dual 0-negacyclic codes [8,4] over ¥y9, among which 20 reach
the Singleton Bound 5. The generator polynomial g of four of those
codes are belong to F7[X]| and are therefore negacyclic, i.e. g divides
X8 +1 in F;[X]. Since codes over a9 are not well classified, we
use Theorem 3.4 of [11] to construct self-dual codes over F7 as T-ary
images dg(C') of self-dual codes C' over o2 using the symmetric basis
B = (1,a®). Many good codes over IF)2 reduce poorly to ¥y, but in the
present case we obtain four [16,8,7]7 self-dual codes over Fy; whose
generator matrices are

5 6 5 2 4 4 41 100O0O0O0O0O0
6 6 23 4013010O0O0O0O0O0
006 1 350336100000
001555 3 464010000
00 0O0O5b56 5 244411000
000066 2 3 40130100
00 00O0O0OG6GT1I35033¢6 10
00 0O0O0OO0OT1OD55 5 3 46 401
16 435 13010000000
6 2311403 010O0O0O0O0O0
00 211446 3 010O0O0O0O0
00114465 03010000
000016 4351301000
00006 231140340100
00 00O0OO0OZ211446 3 010
000 O0O0OO0OT11446 50301
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21201535 100O0O0O0O0O0
1102 5 3 5 5 01000000
0016 20325 2100000
006 2022123010000
0000212501535 1000
0000110235 3550100
00 00O0OO0OT1®6 203235210
00 0O0O0OO0OGZ2O022123°01
6 1 3302 31100O0O0O0O0O0
153 0251201000000
00 56 0455 26100000
00 6 6 43506 3010000
0000613 302311000
000015 30251240100
00 0O0O0OO0OSb5G6 0455 26 10
000 O0O0OO0OG6GG6 435 06 3 01

The weight enumerators of the resulting self-dual codes of length 16
defined over 7 correspond to four of the five weight enumerators of
the self-dual quasi-twisted codes constructed in [8].

The two polynomials Y2 +3Y + 1 and Y? 4+ 4Y + 1 used above also
appear in the factorization of Y'2 + 1 into irreducible factors over IF7

(V243Y +1) (Y2 4H4Y +1) (Y2 H2Y +2) (Y2 +Y +4) (Y2 +5Y 42) (Y2 46Y +4).

Since (Y24+2Y +2)f = Y24+ Y +4 and (Y2 +5Y +2)F = Y2 +6Y +4,
the minimal factorization of Y1241 into a product of pairwise coprime
polynomials f; over ¥y such that f; = fiu 18

(V243Y +1) (Y2 H4Y +1) (Y 43V 3+ YV 243Y +1) (VA4 P+ Y 2 44T +1).

In order to obtain all self-dual module 8 codes we only need to construct
the two additional sets Hz = {h € Fy9[X; 0], h*h = X8 +3X6 + X* +
3X24+1} and Hy = {h € Fyo[X; 0], h%h = X8 +4X6 4 X* +4X2% +1}.
The generator polynomials of the 173056 self-dual 0-negacyclic codes
over F 49 with length 24 are now given by g = lclm(hti, hg, hg, hi) where
h; belongs to H;. The best codes within this set reach the distance 12
(one less than the Singleton bound). The polynomial

g = X12+a42X11+4X10+a33X9+a2X8+a13X7+a6X6—|—
a31X5 +G2GX4 —|—a27X3 +a44X2 —|—a42X +a12
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is an example of a generator polynomial for a [24,12,12]49 self-dual
code. The generator matrix GZ,24 of this code can be easily obtained
from the generator polynomial using the formula (2), so that it is
straightforward to construct this code and verify in MAGMA (cf. [1])
that its minimum distance is equal to 12.
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