N

N

Self-dual skew codes and factorization of skew
polynomials
Delphine Boucher, Félix Ulmer

» To cite this version:

Delphine Boucher, Félix Ulmer. Self-dual skew codes and factorization of skew polynomials. 2013.
hal-00719506v2

HAL Id: hal-00719506
https://hal.science/hal-00719506v2

Preprint submitted on 13 May 2013 (v2), last revised 24 May 2013 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00719506v2
https://hal.archives-ouvertes.fr
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Abstract

The construction of cyclic codes can be generalized to so called
module #-cyclic codes using noncommutative polynomials. The prod-
uct of the generator polynomial g of a self-dual module #-cyclic code
and its ”"skew reciprocal polynomial” is known to be a noncommu-
tative polynomial of the form X" — a, reducing the problem of the
computation of all such codes to a Groébner basis problem where the
unknowns are the coefficients of g. In previous work, with the excep-
tion of the length 2% over IFy a large number of self-dual codes were
found. In this paper we show that a must be +1 and that for n = 2°
the decomposition of X™+1 into a product of g and its ”skew recipro-
cal polynomial” has some rigidity properties which explains the small
number of codes found for those particular lengths over IF4. In order
to overcome the complexity limitation resulting from the Grobner ba-
sis computation we present, in the case 6 of order two, an iterative
construction of self-dual codes based on least common multiples and
factorization of noncommutative polynomials. We use this approach
to construct a [78,39,19]4 self-dual code and a [52,26,17]y self-dual
code which improve the best previously known minimal distances for
these lengths.

*IRMAR, CNRS, UMR 6625, Université de Rennes 1, Université européenne de Bre-
tagne, Campus de Beaulieu, F-35042 Rennes



1 Introduction

In [3], self-dual skew codes with good minimum distances were obtained.
However, like for cyclic codes ([10]), there is a phenomena in lengths which
are a power of 2. For the lengths 4,8, 16,32 and 64 there are only three self-
dual skew codes, while otherwise there is a large number of self-dual codes
which increases with the length (cf. [2]). The authors conjectured in [4] that
for any s there are only three self-dual skew codes of length 2°.

The aim of this paper is to use the factorization of skew polynomials for
studying self-dual skew codes. This allows to prove the above conjecture and
to give an iterative construction of self-dual skew codes using least common
multiples.

The material is organized as follows.

The section 2 is devoted to some generalities about skew codes ([3]) and
self-dual skew codes ([4]).

In section 3 it is proven that for all nonnegative s, there are 22" '+1 — 1
O-cyclic codes of length 2° and dimension 2°~! over IF4 but that among them
only three are self-dual for s > 1. This gives an answer to Conjecture 1 of
[4].

In section 4, we give a construction of self-dual module 6-codes which is
based on the factorization and least common right multiples (lerm) of skew
polynomials. An example of a [78,39, 19|, self-dual code is given.

2 Self-dual skew codes over a finite field

Starting from the finite field I, and an automorphism 6 of IF,, a ring struc-
ture is defined in [12] on the set:

R=F,[X;0] = {a, X"+ ...+ a1 X +ap|a; € F,and n € N}.

The addition in R is defined to be the usual addition of polynomials and
the multiplication is defined by the basic rule X - a = 0(a) X (a € F,) and
extended to all elements of R by associativity and distributivity. The ring R
is called a skew polynomial ring and its elements are skew polynomials. It is
a left and right euclidean ring whose left and right ideals are principal. Left
and right ged (gerd) and lem (lelm) exist in R and can be computed using
the left and right euclidean algorithm ([6], Section 2).
Following [2] we define linear codes using the skew polynomial ring R.
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Definition 1 Consider R = F,[X;0] and let f € R be of degree n. A
module 6-code (or module skew code) C is a left R-submodule Rg/Rf C
R/Rf in the basis 1, X,..., X"\ where g is a right divisor of f in R. We
denote this code C = (g)%. If there exists an a € I, \ {0} such that g divides
X™ —a on the right then the code (g)% is -constacyclic. We will denote it

(9)%e. If a =1, the code is O-cyclic and if a = —1, it is f-negacyclic.

Let us now recall that the euclidean dual or dual of a linear code C of
length n over IF, can be defined with the euclidean scalar product :

V%y€F$<%y>:§:mw
=1

as C+ = {z € Iy, Vy € C,< 2,y >= 0}. A linear code C over F, is
euclidean self-dual or self-dual if C' = C*.

To characterize self-dual module 6-codes, we need to define the skew
reciprocal polynomial of a skew polynomial (definition 3 of [4]) and also the
left monic skew reciprocal polynomial.

Definition 2 The skew reciprocal polynomial of h =" ' h; X" € R of
degreem is h* =3 " X" hy =Y " 0 (him—;) X'. The left monic skew
reciprocal polynomial of h is h* := (1/0™(hy)) - h*.

Since 6 is an automorphism, the map *: R — R given by h — h* is a
bijection. In particular for any g € R there exists a unique A € R such that
g = h* and if ¢ is monic, then g = h*.

In order to describe some properties of the skew reciprocal polynomial we
need the following morphism of rings already used in [4]:

©:R — R
=0 =0

Lemma 1 ([4]) Let f € R be a skew polynomial of degree n such that f =
hg, where h and g are skew polynomials of degrees k and n — k. Then

2. (f)r =6e"(f).



In [4], it is established that a module #-code which is self-dual is necessar-
ily f-constacyclic (Corollary 1 of [4]). In this case its generator polynomial g
divides on the right X" —a for some a in I, \ {0} where n = 2k is the length
of the code. Furthermore the dual of (¢)%¢ is generated by the polynomial
h*¢ where h is defined by the two equivalent following equalities :

O"h)-g=X"—a<g-h=X"—0"a).

The following proposition improves Corollary 1 of [4] :
Proposition 1 A self-dual module 0-code is either 0-cyclic or 0-negacyclic.

Proof: If C' = (9)? is a self-dual module #-code, then C is necessarily
6-constacyclic ( [4], Corollary 1). Let a be in IF, \ {0} such that g divides
X" —a on the right in R. Consider h € R such that ©"(h)-g = X" — a. From
Lemma 1, we obtain =tOF"(g*)h* = X™ — %  showing that h* = mh*
divides X" — % on the right. Since C' = (g)? is a self-dual module #-code we
must have g = h* ([4], Theorem 1). So g divides on the right the polynomial

(X" —a) — (X" — 1) =a— % of degree less than g. Therefore a® = 1.

a

O

Combining this result with ([4], Theorem 1) we obtain:

Corollary 1 A module 0-code (g)%;, with g € F,[X; 6] of degree k is self-dual
if and only if g = h* and h satisfies

h*h = X?* — ¢ withe € {—1,1}. (1)

3 Self-dual module #-codes of length 2° over
F,.

We keep the notation R = F,[X;0] and we denote (IF,)? the fixed field of
6. The properties of the ring R used in this paper can be found in [6, 9].
The center Z(R) of R is is the commutative polynomial subring (I, )?[X?]
in the variable Y = X% where |0| is the order of §. We denote Z(R) also
(F,)°[Y]. Following [9] we call an element of a ring bounded if the left
ideal it generates contains a two-sided ideal. In the ring R all elements are
bounded. The monic generator f of the maximal two-sided ideal contained
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in Rf is the bound of f. The generators of two-sided ideals in R are the
elements of the form X™ f where f € Z(R). The two-sided ideals are closed
under multiplication, a bound f is an irreducible bound if the two-sided
ideal (f) is maximal. A bound f with a nonzero constant term belongs to
Z(R) = (F,)?]Y] and is an irreducible bound if and only if f(V) € (IF,)?[Y]
is an irreducible (commutative) polynomial ([9], Chap. 3, Th. 12).

Definition 3 (/9], Chap. 3) h € R is lclm-decomposable® if h is the least
common left multiple of skew polynomials of degree strictly less than h, i.e.
h = lelm(hy, he) where h; € R and deg(h;) < deg(h). The polynomial h € R
1s lclm-indecomposable if h is not lclm-decomposable.

Theorem 1 (9], Chap. 3, Th. 5 or [6], Th. 1.3) Let R = F,[X;0]. If
hihg -« hy, and gi1gs - - - g are two decompositions into irreducible factors of
h € R, then m = n and there exists a permutation o € S, such that the
R-modules R/h;R and R/g,uR are isomorphic. In particular the degrees of
the irreducible factors of h are unique up to permutation.

The noncommutative ring R is not a unique factorization ring.

Example 1 For Fy = Fy(a) where a®> +a+ 1 = 0 and 0 the Frobenius
automorphism a +— a® we have in Fy[X;0] that (X +a)(X +1) = X2 +
a’X +a # X*+aX +a = (X +1)(X +a). Two factors of a central
polynomial always commute:

X24l=(X+a)(X+a)=(X+a)(X+a2)=(X+1)(X+1). (2

In a nonunique factorization ring R some factorizations can still be unique.
As we will see, in F4[X; 0] the polynomials (X +a)(X +a), (X +a)(X +1),
(X+1) (X +a), (X+a*)(X+a?), (X+a?)(X+1) and (X+1)(X+a?) are lclm-
indecomposable, i.e. their factorization into monic irreducible polynomials is
unique. In F4[X;0] the bounds X? and X? + 1 are irreducible bounds.

The next theorem characterizes the skew polynomials of R which do have a
unique factorization into irreducible monic skew polynomials :

Theorem 2 (9], Chap. 3, Th. 21 and 24) Let R =TF,[X;0] and m € N*.

n [9] the term decomposable is used



1. Ifhy, ho, ... hy are monic irreducible polynomials of R having the same
irreducible bound f € R, then the product h = hihg - hy, is an lclm-
indecomposable monic polynomial in R if and only if the bound of h is

I

2. An lclm-indecomposable monic polynomial in R has a unique factoriza-
tion into irreducible monic polynomials.

Lemma 2 Let R = F,[X;0]. The lcilm-decomposable product hihy of two
wrreducible polynomaials hy and hy having both the same irreducible bound

f € R is equal to f € R.

Proof: Otherwise, since the bound of a product divides the products of the
bounds ([9], Chap. 3, Th. 12), the bound of hih, is f? and hihy would be
lelm-indecomposable by the above theorem. 0O

Definition 4 Consider R = F,[X;0] and let f € Z(R) be an irreducible
bound which is reducible in R. To each right factor g of f corresponds a
unique g € IF,[X; 0] such that gg = f called the complement of g (for f).
The number of distinct irreducible factors g € F[X; 0] of f is the capacity

k of f.

Example 2 Consider R = F,[X; 0] with 6> = id. If the central bound f =
X? + X € Z(R) is reducible in R, then its irreducible monic factors are of
the form X 4+ a € R. The skew polynomial X + a € R is the complement of
X +aif and only if (X +a)(X +a) = X?+ (a+60(a)X +aa = X?+ ),
which s the case if and only if

a=MAa and 6(a)=-\a (3)

In particular 6*(a) = a. From the previous example we see that the capacity
of the central polynomial X? + 1 € F4[X;0] is k = 3.

In the following we will be interested in the case where, as in the previous
example, the irreducible factors in R of an irreducible bound f, which is
reducible in R, are of degree deg(f)/2.

Lemma 3 Consider R =T ,[X;0] with 6% = id.



1. For g = 3" a,X" € R and for g = Y ;" (—=1)"0""(a;) X" we have
gg € Z(R). In particular the bound of g is of degree < 2deg(g).

2. Consider a product h = hy - - - hy, of irreducible monic polynomials hav-
ing all the same irreducible bound f € Z(R) which is reducible in R.
The following assertions are equivalent :

(i) h is lclm-decomposable;
(ii) h is divisible by f;

(7ii) there exists i in {1,...,m — 1} such that h;1 is the complement

of h; (for f).
Proof:

1. For [ € {0,...,2m}, the [-th coefficient of G = ¢g is given by G, =
D i i @i(=1)70" (a;).
If 1is even, then Gy = 3, ai(=1)"""0(a;) = >_, i ai(—=1)'0(a;). As
0° =id, 0(Gy) = >, 0(a;)(—1)'a; = Gi.
If [ is odd, then

Gl - Zi-{-j:l ai(—l)jaj = Z a;aj; — Z a;a; = 0.

i+7=Ll,j even,i odd i+7=Ll,j odd,i even

So G belongs to (IF,)?[X? = Z(R).

2. The irreducible factors of an irreducible bound f are all similar and
therefore of the same degree d ([9], Chap. 3, Corollary of Th. 20 or
Theorem 4.3 of [6]). The first assertion shows that in our situation this
degree d is equal to deg(f)/2.

The implications (iii) = (ii) = (i) are straightforward.

To prove (i) = (iti), we proceed by induction on m. According to
Lemma 2, it is true for m = 2. Suppose m > 2 and that the result
holds for ¢ < m. Let h = hy - - - h,,, be lclm-decomposable where h; are
irreducible polynomials with bound f. Then, there exist ¢1,...,9m € R
such that h = ¢y - - - ¢,y where (g1,...,9m) # (h1,.. ., hp). If g = b
then g1+ g1 = hy--- hp_1 is lclm-decomposable and one concludes
using the induction hypothesis. Otherwise lclm(g,,, hy) = by 1hy, di-
vides on the right A = hy---hpm = hi-- hmn_1hm. SO Bi-+ hpm1 =



By« ﬁm_l. If there exist 7 such that ﬁ, # h;, then hy -+ h,,_1 is lclm-
decomposable and one concludes using the induction hypothesis; other-
wise h,, 1 = h,,_; and lelm(gm, hm) = hum—1hs, is lelm-decomposable;
so according to Lemma 2, h,,_1h,, = f.

Proposition 2 Let R = F,[X;60] with 6> = id, 1 <m € N and f € Z(R)
an irreducible bound of degree 2m and capacity k which is reducible in R. The
number A(m) of distinct monic right factors g € R of degree mdeg(f)/2 of

s (k= 1)™ = 1) /(5 —2).

Proof: The irreducible factors of f™ and therefore also of its right factor g
are all of degree deg(f)/2. If g = g1g2 - + - g 1s a factorization into irreducible,
and g; the complement of g;, then f™ = g, -+ 92919192 - - gm- Therefore
g is always a divisor of f™ and that we only need to count the different

polynomials ¢ = ¢192 - - - Gm.-

1. If g is divisible by the central bound f € Z(R), then g = ¢'f where
g =9g,-g,_ and g} of degree deg(f)/2 : there are A(m — 2) such
polynomials.

2. If g is not divisible by f then according to Lemma 3, for all 7, g;y; is
not the complement of g;. There are x choices for g; and k — 1 choices
for each factor ¢o,93. .., gm-

From A(0) =1, A(1) = k and A(m) = A(m — 2) + k(k — 1)™" ! we get the
result. O

Corollary 2 Let s be a nonnegative integer. The number of module 6-cyclic
codes over Iy with length 2° and dimension 2571 is 22 '+1 — 1,

Proof: X% —1=(X2+4 1) in IF4[X;0], and the capacity of X2 + 1 is
k = 3, so according to the previous proposition applied with m = 257!, the
skew polynomial X2* — 1 has 22" '+ — 1 monic right factors of degree 25~
in IF4[X;6]. O



Proposition 3 Let R = F,[X;0] with 6> = id, 1 < m € N, f € Z(R)
an irreducible bound which is reducible in R and h; € R and g; € R monic
irreducible polynomials having all the same bound f. If gmGm—1--- g1 is lclm-
indecomposable and f™ = hy - hp_1hmGmGm-1 - - - g1, then h; is the comple-
ment of g;.

Proof: We proceed by induction on m. If m = 1 the result is trivial.
Suppose that the result holds for i < m.

1. If h,, is the complement of g,,, then we can divide both sides by the
central polynomial h,,g,, = f to obtain Ay - Apm_1Gm_1---g1 = f™ L.
Since g,,—1 - - - g1 is lclm-indecomposable, we obtain the result by induc-
tion.

2. Otherwise hy - - - hy,_1h,, is divisible by f. After simplification we ob-
tain
(h’l e h;n_Qh;n_?)gm) (gm—1---g1) = f™ 1. Applying the induction hy-
pothesis we obtain the contradiction that g, is the complement of
gm—1 and therefore that f divides g¢,,---¢1. Since ¢,,_1--- g1 is lclm-
indecomposable, the above lemma shows that this case is not possible.

O

In the following we want to decide in some special cases if a product
of linear polynomials (X + a;1)(X + ag)--- (X + ) generates a self-dual
code. The main difficulty is that the skew reciprocal polynomial of a monic
polynomial is not always monic: (X +a)* =60(a)X +1=6(a) (X +1/6(c)).

Lemma 4 Consider 0 < m € N and ay, a9, ..., 0y, in F,\ {0}. For g =
(X 4+ o) (X +ag) - (X + an) € F[X;0] we have g* =

0™ (0 - o) (X - eme_;g : ::Z:;l)) (X i #ﬁla)z)) (X i 6(241))

from which we can deduce g* by dividing on the left by 0™ (aq « - - ).

Proof: We proceed by induction on m. For m = 1 the result holds. Assume
that the result holds for £ < m. Lemma 1 shows

(X +an) - (X 4 am))” = 071 (X + a)?) (X +a1) -+ (X + an1))"
By induction we only need to express h = 0™ ((X + a)*) 0™ g -+ 1)
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as a product of a constant times a monic linear polynomial. By direct com-
putation we obtain

h = 0™ (o) <X+ )em-l(al---am_l)

om0y - - ~am1)) |

Om(ay - )

1
0(am)
= 0"(aq - ap) (X +

The claim now follows by induction. 0

Proposition 4 Consider Iy = Fy(a), 0 the Frobenius automorphism a +—
a® and h € F4[X;0] to be monic of degree m € N. Then h*h = (X?+1)™
if and only iof

- (X+1)m if mis odd
|l (X + D)"Y X +u),ue{l,a,a*} if mis even.

Proof: («): If m is odd, the previous Lemma shows that the skew
polynomial A = (X + 1)™ satisfies h*h = (X? + 1)™. Let us assume
that m is even and consider h = (X + 1) 1(X 4 u) with v € F, \ {0}.
Then h* = O((X + w)*)(X + 1) ! = u(X + v*)(X + 1)™ !, which gives
h* = (X +u?)(X +1)™! and hh* = (X? + 1)™. Furthermore this product
commutes because (X? + 1)™ is central.

(=): The polynomial h is of the form (X + ay)--- (X + ). We will
show by induction that we can choose a; = --- = a,, = 1 for m odd and
a1 =+ = qy_1 = 1 for m even. This will show that A must be one of the
above polynomials and prove the claim.

1. For m = 1 we get from the lemma that (X +1/0(aq)) (X + aq) =
X? + 1 or that X + 1/6(a;) is the complement of X + a;. Using
formula (3) we obtain 1/0(a;) = 1/a; and 0(ay) = 1/ay. Therefore
a?+1=(a;+1)?=0and a; = 1.

2. Form =2. If h = (X 4 a1)(X + ay) is lclm-decomposable, then h is
divisible and therefore equal to to X? +1 = (X + 1)(X +1). If h is
lclm-indecomposable, then combining proposition 3 and the previous
lemma we obtain that X + 1/6(«;) is the complement of X + «;. Like
in the case m = 1 this implies that «,,_1 = 1.
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3. Suppose m > 2 and that the result holds for i < m. If X? + 1 di-
vides h, then h = ¢(X? + 1). Lemma 1 shows that h*h = (X? +
1)g*q(X? + 1). Therefore ¢*q = (X? + 1) 2 and we obtain the re-
sult for ¢ by induction, which gives also the result for h = (X? + 1)q.
Otherwise h = (X + aq) -+ - (X + @) is lelm-indecomposable (Lemma
3). Combining proposition 3 and the previous lemma we obtain that
X+0 ay -~ a;_1)/0"(aq - - - ;) is the complement of X +a;. Dividing
(X2 + 1)™ on the right by X + «,, and on the left by its complement,

we obtain the result by induction for aq,...,q,_1. If m is even we
get @y = ... = ay,—1 = 1 and the result follows. If m is odd we get
a1 =...=qpy_9 = 1. Using ajas - - - o = 1 we get from the above

formula that X 4+ 1/6(ay,—1) is the complement of X + a,_;. Like in
the case m = 1 this implies that «,, 1 = 1 and completes the proof.

O

This shows that for any integer s > 1, from the 22" '*1 — 1 f-cyclic codes
over IFy of length 2%, only 3 are self-dual and proves Conjecture 1 of [4] :

Corollary 3 Consider Ty = Fy(a), 0 the Frobenius automorphism a — a?,
s > 1 an integer and g € F4[X;0] monic of degree 2°~*. The code (g)5. is
self-dual if and only if,

g=X+u)(X+1¥ """ we{l,aad}.

Proof: The code (g)j. is self-dual if and only if g = h*¢ with h*¢h = X% —1.
According to the previous proposition applied with m = 27!, one gets
h = (X 4+ 1) "X + u) with u € {1,a,a?} so according to Lemma 1,
=01 +u?X)(X +1)* Tand g = h* = (X +u?)(X +1)> L. 0

4 Construction of self-dual #-codes with 6% =
1d

In [10] a characterization of the generator polynomials of (classical) self-
dual cyclic codes of length n over IFom is given using the factorization of
X" —1in Fou[X]. In [3], self-dual #-cyclic codes over IF, are constructed
by solving polynomial systems satisfied by the coefficients of their generator
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polynomials. Since the polynomial system becomes increasingly difficult to
solve, we propose in this section a construction that allows to construct self-
dual codes from suitable smaller degree polynomials.

Proposition 5 Consider a finite field ¥, of characteristic p, R = F[X; 0]
with 62 = id and k = p* x t with s € N* and t an integer not multiple of
p. For h € R of degree k the polynomial g = h* generates a self-dual 8-code
over IF, of length n = 2k if and only if

1.Y —e = filY)fo(Y)- - fu(Y) € (F)[Y] = Z(R) (e = 1 and
Y = X?), where fi(X?) € R are monic polynomials that are pairwise
coprime with the property that f;* = f;.

2. hith; = f
3. h=lerm(hy, ..., hy)
Proof:

1. («): We have to prove that h**h = X*P" — ¢ (Corollary 1). From
h = lerm(hy, ..., h,,) we obtain that h = h;q; with ¢; € R. Lemma 1
shows that h*¢ = ¢;h;* where ¢; € R. Therefore h*h = g;(hi*h;)q; =
G(f) ¢ = Gai(fi)7" (because (f;)P" € (F,)?[X?] is central), showing
that lelm((f1)P", ..., (fn)?") is a right divisor of h*h in R. To prove
the claim it remains to show that

lm((f) . (fn)) = ()7 (f)? = X" = (4)

Comparing degrees we obtain from relation (4) that h*h = X" —
e. In order to prove the first equality of relation (4) we first show
that the least common right multiple of polynomials in Z(R) C R
coincide when viewed as polynomials either in R or in the commutative
polynomial ring Z(R). Both R and Z(R) are euclidean rings and the
(left and right for R) euclidean division has a unique quotient and
unique remainder. Therefore a division in Z(R) is also a (left and right)
division in R. Since the lclm can be computed in both cases using the
extended euclidean algorithm ([6], Section 2), they coincide in both
rings. In the commutative ring Z(R) = (IF,)?[Y] the first equality of
relation (4) is a consequence of Gauss Lemma and the claim follows.
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2. (=): Corollary 1 shows that if ¢ = h* generates a self-dual #-code

S

over IF, of length n = 2k, then h*h = X" —¢ = ((X?)! —¢)’ =
(Yt —e)” (where Y = X2). Since (Y' —¢)* = Y — ¢, a decomposi-
tion Yt —e = fi(Y)fo V) -+ fu(Y) € (F,)’[Y] = Z(R) into pairwise
coprime f;(Y') with f;* = f; must exist in IF,[Y]. We noted above that
the division in Z(R) and R coincide in Z(R), so that (f7")* = f*" are
pairwise coprime in Z(R) and R. According to ( [6], Theorem 4.1), we
have h*t = lelm(hy™, . .., hy) where h;** = gerd(fP", h**) are pairwise
coprime in R. In particular, according to [12], deg(lclm(h;*, h;*)) =
deg(h;*) + deg(h;*) for i # j and deg(h*) = deg(lclm(h;*)) =
> deg(h;*).

We now show that h; divides f" and h on the left :

e Let 0; be the degree of [ " and d; be the degree of h;. Since
fi € Z(R), ¢; is even. Applying Lemma 1 to f? = g;h! we obtain
(F7) = O %(hi")g; = % (0% (hy))g; = ©%(hi)gf = hig; (0;
is even and 6% = id). So h; divides on the left (f7)*. As (f;)?" is
central, it is equal to (f7 )* times a constant, so h; divides on the
left, (f) = fI"

e Since h;* divides h** on the right, we also have h* = p;h;. Using
Lemma 1, we obtain ©F(h) = h** = ©*di(h*)p:. Therefore
OF(h) = O~ % (0% (h;))p; = ©%(h;)p}. Since O is a morphism of
rings, h; divides h on the left.

Since h;* divides h* on the right and h; divides h on the left, we
obtain h*lh = g;h;'h;g;. Since two factors of a decomposition of the
central polynomial h*h = g;h;'h;g; into two factors commute, h;'h;
divides h**h = X" — ¢ on the right. According to Theorem 4.1 of
6], hi*h; = lclm(gcrd(h:ehi,ffs),j = 1,...m). We now note that
both h;* and h; divide the central polynomial f? S, so that the product
hih; divides (f”)?. For j # i we obtain gcrd(h;“hi,ffs) = 1 and
hith; = gerd(hi*hg, f77). In particular, hi*h; divides f*".

For i € {1,...,m} the polynomials f? " are pairwise coprime, showing
that their divisors h;‘h; are also pairwise coprime. Therefore

deg(lclm(R;*h;)) Z deg(h;*h;) = 2 Z deg(h;*)
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= 2deg(h*) Z deg(f*").

From " deg(h;*h;) = ZZ o deg(f7") and the fact that hi*h; divides
P we obtaln hi*th; = f¥".

As h; divides h on the left, lerm(h;,i = 1,...,m) also divides h on
the left. Since gcrd(h*" h*") = 1 implies geld(h;, hj) = 1 we have
deg(lerm(h;,i = 1,. )) > deg(h;) = deg(h). Therefore h =

lerm(h;,i=1,... ,m).

Example 3 Let Fy = Fy(a), 0 the Frobenius automorphism a +— a* and
R = Fy[X;0]. In Fy[Y] = Z(R) (where Y = X2), we have Y — 1 =
1Y) f2(Y) f3(Y) fa(Y) where:
= Y +1
= Y4V +1
— YRy YO Y Y YTy Y v YR YR Y 4
= R4yl 4y0a Y 1y vt YR 4y

S S S SRS AR A AN SRR AN SRS GRS R

=y
~ N~
S>3Z>

The polynomials f; are pairwise coprime polynomials satisfying fi* = f;
(ie{l,...,4}).
The skew polynomaials
hy = X+1
hy = X’4+X+1
hy = X2 4+aX™ + X104 X84 aX®+a® X +a2X% + X + a?
he = X2 4a2X2 4 X224 q2x20 4 x19 4 g2x18 4 x17 4 o x15 4 13 4 g2y12
+a? XM +aX? +a® X7+ a® X0+ a? X0 + X +aX?P+ X ta
satisfy hth: = fi(= f(X?) (i € {1,2,3,4}.
According to Proposition 5 for h = lcrm(hy, ha, hs, hy) the skew polyno-
mial g = h*¢ = lelm(h}*, hy, ha', hy') below

X39—|—a2X38—|—a2X37—|—X36—|—a2X34—|—aX33—|—aX32—|—a2X31—|—aX30+a2X29—|—a2X28—|—
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aX27+a2X26+a2X25—I—X24—|—a2X22+X20+X19+a2X17+X15+a2X14+a2X13
+aX P +a* X +a* X' +a X+’ XP+aX +a X+’ X+ X +a* X +a* X +1

generates a [78,39] self-dual code over Fy. Using the generator matriz of
the code (cf. [3, 2]) one can verify in MAGMA (cf. [1]) that its minimum
distance is equal to 19. Therefore g generates a [78,39,19], self-dual code.
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