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Abstract:  This paper deals with the development of a nonlinear model of a horizontal variable speed wind turbine, 
the obtaining of an appropriate linear model and the design and analysis of a linear quadratic controller with 
disturbance estimation. The optimisation criteria will have to define an acceptable compromise between the 
limitations of the power level in the above rated wind speeds and the maintenance of the aerodynamic properties of 
the rotor at high solicitations exerted by the wind. The main control objective is to provide an amount of energy that 
will not exceed the nominal parameters of the generator and thus avoid overheating.  
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1. Introduction 

The last decades are characterized by an 
increase of the interest in the renewable 
energy sources and consequently in the need 
of finding control methods for optimizing the 
energy conversion. Among the renewable 
energy sources, the wind has become an 
attractive source of energy, determining in 
the same time the fastest growth of wind 
energy technology. Wind turbines are 
complex systems that function in a dynamic 
environment, where they risk being struck by 
lightning, or having ice deposed on the 
blades, stress, and even fire. But maybe the 
most important aspect is the variability of the 
wind. Different attempts to model this 
variation can be found in [1-3]. For our study 
though, we will consider the wind as constant 
in time and any change will be treated as a 
disturbance. 

The studies done so far used either simplified 
either complex models of the wind turbine. 
But in most cases, the results concern only 
linear models [4-5], which are only 
approximations of the nonlinear models 
around a chosen functioning point [8]. This 
paper presents several preliminary results of a 
study aiming to provide a control solution for 
electric power limitation at high wind speeds  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where solicitations are extremely important 
and can provoke damages of the turbine’s 
structure. Because one needs prolonging the 
lifetime of the wind turbines components it 
becomes imperative in the control design to 
take into account the tower bending dynamics 
and the blade flexion modes. A disturbance 
observer based controller is proposed for 
estimating the external disturbances and then 
compensating them by using appropriate 
feedback. The controller performances are 
analyzed by numerical simulation for linear 
and nonlinear wind turbine models.  

As it is well known there are many types of 
wind turbines configurations. From this 
variety, the ones operating at variable speed 
are currently the most used because of their 
numerous advantages. First of all, they are 
more flexible in terms of control and optimal 
operation [1], [9]. Secondly, the variable 
speed operation allows continuously 
adaptation of the rotational speed of the 
turbine in order to make the turbine operate 
constantly at its highest level of aerodynamic 
efficiency.  

The performance of a wind turbine is 
characterized through its power coefficient Cp 

that depends in a nonlinear way of two 
parameters which are the tip speed ratio λ, 
and the pitch angle of the blades β [10-12]. 
The tip speed ratio represents the ratio 
between the tangential speed of the blade 
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extremity Rrotor ⋅⋅⋅⋅ω  and the speed of the wind 
v  

v
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ωλ                                                    (1) 

In this paper, Cp is calculated as 
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 and the coefficients 

c1 to c6 being: c1 = 0.18, c2 = 90, c3 = 115, c4 
= 6.8, c5= 8 and c6 = 0.16. Its variation with 
respect to λ  and β  is given in Figure 1. 

 
Figure 1 Power coefficient variation 

The power coefficient, Cp, appears in the 
calculus of the aerodynamic torque Caero and 
the extracted power  Paero :      
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Another important coefficient of the turbine 
is the thrust coefficient Ca depending on the 
same two parameters, namely the tip speed 
ratio and the pitch angle, which define the 
thrust force Faero exerted by the wind on the 

rotor of the turbine [4-5]: 
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The thrust coefficient is defined as  
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and its variation with respect to λ and β is 
displayed in Figure 2.  

 

Figure 2 Thrust coefficient variation 

A complex system can be easier studied if 
decomposed into subsystems, or its 
functioning regime is divided into several 
sub-regimes [6-7]. The wind turbine 
operation can be decomposed into three main 
operating zones depending on the speed of 
the wind. In Figure 3 one can find a typical 
power curve of a wind turbine. 

 
Figure 3 Wind turbine power curve 

The functioning regimes are: a) First Partial 
Load Area (I), b) Second Partial Load Area 
(II)  and c) Full Load Area (III).  

The first zone comprises wind speeds that 
vary up to approximately 4m/s. It is 
considered that bellow this value, the turbines 
consume much more energy that they manage 
to produce and in consequence they are not 
productive, therefore a turbine is started once 
wind surpasses this value of the wind speed.  

In the second zone, (4-12m/s), the turbine 
starts gradually to produce energy, and to 
become efficient. The focus falls on the 
maximization of the extracted power. One 
tries to determine the turbine to function at a 
maximal value of Cp. This value is also given 
by an optimal value of the tip-speed ratio λopt 
and of the pitch angle βopt. The preferred 
control technique in this region is the torque 
method which varies the torque developed by 
the generator, Cem, based on measurements of 
the tip speed ratio with keeping the pitch 
angle constant at βopt.  
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In the above rated wind speed (12-25m/s), 
also called high wind speeds area, the 
quantity of the electrical power delivered has 
to be limited to the nominal value of the 
generator in order to prevent its overheating. 
The most appealing control technique, called 
“pitch control” acts on the blades of the rotor, 
and it adjust them towards the feathered 
position, providing an effective control of the 
output power. The proposed control 
algorithm is designed for a wind turbine 
functioning in this regime. 

2. Mathematical model of a wind 
turbine 

The wind turbine structure can be represented 
as four interconnected subsystems: an 
aerodynamic, a mechanical, an electrical and 
a pitch subsystem. The wind turbine 
dynamics is described by the fundamental 
relation [5], [11] 

),,,( utqqQqKqCqM ���� ====⋅⋅⋅⋅++++⋅⋅⋅⋅++++⋅⋅⋅⋅                 (7) 

Here M, C and K are the mass, damping and 
the stiffness matrices, Q is the vector of 
forces acting on the system, and q is the 
generalized coordinate vector. We have 
chosen ),,,( TGR yq ζωω==== , where ωR , ωG 
stand for the angular speed of the rotor and 
generator respectively, ζ models the bending 
of the blades and yT represents the horizontal 
movement of the tower (Figure 4).                                                                    

 
Figure 4 Oscillation modes of the turbine 

The study was done under the supposition 
that the forces acting on both blades are 
equal; therefore their inclination under the 
wind pressure should be identical and equal 
to ζ. The thrust force Faero, applied to the 

rotor produces the aerodynamic torque Caero 
(3) that determines the rotational movement 
of the turbine. The vector of generalized 
forces becomes Q becomes:   

)2,,,( aeroaeroemaero FFCCQ ⋅⋅⋅⋅−−−−====                     (8)                                    

where Cem is the electromagnetic torque 
developed by the generator [13]. The wind 
turbine model is obtained using the Lagrange 
equation [14]  
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In the above equation, Ec, Ed, and Ep denote 
the kinetic, dissipated and potential energies. 
The total kinetic energy accumulated by the 
system is given by 
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The total potential energy of the system is 
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and the dissipative energy is 
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In (10)-(12), JT and JG represent the rotor and 
the generator moments of inertia, MT and MP 
are the masses of the tower and of the blade, 

dP, dA and dT represent the damping 
coefficients for the blade, drive shaft and 
tower. Similarly, kP, kA and kT stand for the 
spring coefficients of the blade, drive shaft 
and tower. θR and θG are the angular positions 
of the rotor and generator. The values of the 
turbine’s parameters can be found in the 
Table given in the Annex. We will note the 
difference GR θθ −−−− with θs which is the twist 
of the drive shaft.  

The dynamics of the pitch actuator is 
modelled as a first order system [4, 5], [15] 

sTref ⋅+
=

ββ
β

1

1                                         (13)  

where βref is the desired pitch angle and β is 
the actual pitch angle of the blades. Every 
servomotor has some physical limitations, 
and we have modelled them by including 
saturations in position and in speed. For this 
study we assume that the saturation in 
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position varies between -45˚ and 45˚, and that 
the servomotor does not exceed the speed of 
10˚/s [16 -19]. The servomotor model used is 
given in Figure 5.  

 
Figure 5 Pitch servomotor model 

The nonlinearities of the aerodynamic torque 
and thrust force, together with the complexity 
of the different plant subsystems, give rise to 
a global highly non linear system. Applying 
the Lagrange equation for each component of 
q and Q, and taking into account (13), one 
obtains the wind turbine nonlinear model  
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system state vector and u = (βref, Cem) is the 

control vector.  The functions f and g are 
detailed in (15) and (16) where  
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The system output vector y(t) includes the 
generated electrical power emGel C P ⋅⋅⋅⋅====ω  and 

another three measured variables: ωR, ζ and 
yT. 

For control design purposes, the nonlinear 
model is linearized around the operating 
point  Sop = (ωR op, βop, vop) = (8rad/s, 9º, 
17m/s) and  the following linear turbine 
model is obtained  

)()()()( tvEtuBtxAtx ⋅⋅⋅⋅++++⋅⋅⋅⋅++++⋅⋅⋅⋅====�                 (17) 

)()()( tuDtxCty ⋅⋅⋅⋅++++⋅⋅⋅⋅====                             (18)     
where the matrices A, B, E, C and D are given 
in the Annex.  

3. Control system design and 
analysis 

In this section a disturbance observer based 
linear quadratic controller is designed and 
analysed for the proposed horizontal variable 
speed wind turbine. The controller algorithm 
includes first an estimation of the system 
disturbances and then their rejection by an 
appropriately designed feedback. This control 
approach has the advantage of simplicity in 
design and enables obtaining information 
about the disturbances acting on the system 
[20, 21].    

By modeling the wind speed variations 
through 

)()( ttv η====�                                                       (19)  

where η(t) is a zero-mean Gaussian white 
noise, and assuming the presence of output 
measurement white noise w(t), one obtains 
the augmented system  
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with the state vector T
e tvtxtx ])()([)( ==== and 

the corresponding augmented matrices Ae, Be, 
Ee  and Ce.  

For the system (22), (23), an optimal 
controller is designed which minimizes the 
quadratic performance index  

0
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where Q and R are positive definite weighting 
matrices [22]. First, an optimal estimate  ˆex  
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of the state vector ex  is obtained using the 
Kalman-Bucy filter  
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where Pf is the non-negative definite solution 
of the matrix Riccati equation 
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and W and Η are the variances of the noises 
w(t) and η(t). Then, the optimal control signal 
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where Pc is the non-negative definite solution 
of the Riccati equation  
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Figure 11 Response of the linear system  

   

 

Figure 12 Response of the non linear 
system  

The optimal controller design has been done 
for Q, R, W and Η given in the Annex.  

The performances of the optimal controller 
(22), (23) have been analysed by numerical 
simulations using Matlab/Simulink. For the 
linear and nonlinear turbine models, the 
results obtained for a wind speed of 17m/s 
(disturbance of 1m/s) are given in Figure 11 
and Figure 12, respectively. 

To facilitate the comparison of the linear and 
nonlinear system responses, in Figure 12 the 
variation Pel – Pel,nom is shown. It can be seen 
that the nonlinear system response is more 
oscillatory than the linear system one, but in 
both cases the oscillation amplitude is 
insignificant with respect to the electrical 
power nominal value of 400kW. 

4. Conclusions 

This paper presents the design and analysis of 
a disturbance observer based optimal linear 
quadratic controller for horizontal variable 
speed wind turbines. This controller is an 
alternative to the classical linear quadratic 
controller with integral action and has the 
advantage to give information about the 
system disturbances. A complex model of 
wind turbines has been considered, including 
the oscillating modes of the blades and tower. 
The simulations results obtained demonstrate 
the efficiency of the proposed controller in 
maintaining the output power level close to 
the nominal value of the generator.  
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ANNEX 

Matrices of the linear wind turbine model  
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Weighting matrices and noise variances used in 
the optimal controller design  
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   Values of the wind turbine parameters    

Symbol Physical 
meaning 

Measurem
ent units 

Jt Turbine inertia 214 000 Kg 
* m2 

Jg Generator 
inertia 

41 Kg * m2 

MT Tower and 
nacelle mass 

35000 kg 

Mp Blade mass 3000 kg 
kP Blade Stiffness 

Coefficient 
1000 Kg* 

m2/s2 
kT Tower 

Stiffness 
Coefficient 

8500 Kg* 
m/s2 

kA Drive Shaft 
Stiffness 

Coefficient 

11000 
Kg* m2/s2 

dP Blade Damping 
coefficient 

10 000 
Kg* m2/s 

dT Tower 
Damping 

coefficient 

50 000 Kg* 
m/s 

dA Drive shaft 
damping 

coefficient 

60 000 Kg* 
m2/s 

N Number of 
blades 

2 

D The rotor 
diameter 

34 m 

Pn Nominal Power 400 kW 
ωR,nom The nominal 

angular 
velocity of the 

rotor 

4 rad/s 

 


