N
N

N

HAL

open science

Dynamic Boundary Stabilization of Linear and
Quasi-Linear Hyperbolic Systems

Felipe Castillo Buenaventura, Emmanuel Witrant, Christophe Prieur, Luc

Dugard

» To cite this version:

Felipe Castillo Buenaventura, Emmanuel Witrant, Christophe Prieur, Luc Dugard. Dynamic Bound-
ary Stabilization of Linear and Quasi-Linear Hyperbolic Systems. CDC 2012 - 51st IEEE Conference

on Decision and Control, Dec 2012, Maui, Hawai, United States. pp.2952-2957. hal-00718725

HAL Id: hal-00718725
https://hal.science/hal-00718725
Submitted on 18 Jul 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00718725
https://hal.archives-ouvertes.fr

Dynamic Boundary Stabilization of Hyperbolic Systems

Felipe Castillo, Emmanuel Witrant, Christophe Prieur and Luc Dugard

Abstract— Systems governed by hyperbolic partial differential
equations with dynamics associated with their boundary con-
ditions are considered in this paper. These infinite dimensional
systems can be described by linear or quasi-linear hyperbolic
equations. By means of Lyapunov based techniques, some
sufficient conditions are derived for the exponential stability
of such systems. A polytopic approach is developed for quasi-
linear hyperbolic systems in order to guarantee stability in a
given region around an equilibrium point. An isentropic inviscid
flow model is used to illustrate some of the main results.

I. INTRODUCTION

Lyapunov function based techniques are commonly used
for the stability analysis of dynamical systems, such as
those described by partial differential equations (PDE).
Many distributed physical systems are described by strict
hyperbolic PDE. One of the main properties of this
class of PDE is the existence of the so-called Riemann
transformation which is a powerful tool for the proof of
classical solutions, the analysis and the control, among
other properties [1]. This kind of systems with infinite
dimensional dynamics is relevant for a wide range of
physical systems having an engineering interest. Among the
potential applications, hydraulic networks [2], road traffic
networks [3], gas flow in pipelines [4] or flow regulation in
deep pits [5] are of significant importance.

The stability problem of the boundary control in hyperbolic
systems has been considered for a long time in the literature,
as reported in [6] [7] [8], among other references. Most
results consider that the boundary control can react fast
enough when compared to the travel time of the waves.
More precisely, no time response limitation is considered at
the boundary conditions. In applications such as the ones
addressed in [9] [10], the wave travel time can be considered
much larger than the actuator time response, allowing to
establish a static relationship between the control input and
the boundary condition. Nevertheless, there are applications
where the dynamics associated with the boundary control
cannot be neglected. Discrete approximations of this kind
of systems have been used to address this problem (see [11]).

The present paper focuses on the stability problem of linear
and quasi-linear hyperbolic systems in presence of dynamic
behavior at the boundary conditions. To demonstrate
asymptotic stability of this kind of hyperbolic systems,
Riemann coordinates are used along with a Lyapunov
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function formulation. Sufficient conditions are derived on the
system in terms of boundary conditions to prove Lyapunov
stability. The sufficient conditions and the stability property
are presented in a linear matrix inequality (LMI) framework.

In this paper, the general results obtained are applied on an
homogeneous system of conservation laws to the design of
a stabilizing boundary control of an isentropic and inviscid
flow in a pipe with constant cross section. More prescisely,
the problem of the regulation of the air pressure, density
and speed inside a pipe is addressed. The physical model is
a strict quasi-linear hyperbolic system since the presence of
friction or thermal sources is not considered. This model is
written in terms of the Euler equations introduced in [12],
which are commonly used in compressible flow dynamics
to describe the flow in ducts.

The paper is organized as follows. First in Section II, the
class of hyperbolic systems under consideration is given. In
Section III, the main stability results for linear hyperbolic
systems with dynamic behavior at the boundary conditions
are presented. In Section IV, an extention for quasi-linear
hyperbolic systems is developed using a polytopic approach
that allows to ensure stability in a defined region around an
equilibrium point. Finally, the main result is applied to a
boundary regulation of pressure, density and speed in a pipe
with isentropic and inviscid air flow (see Section V).

II. PROBLEM FORMULATION

In this section, a brief introduction on linear and quasi-linear
hyperbolic systems in one dimension space is given and
the specific hyperbolic systems considered in this work are
presented. Let n be a positive integer and {2 be an open non-
empty convex set of R™. Consider the general class of quasi-
linear hyperbolic systems of order n defined as follows:

Os(x,t) + F(s(x,t)0ps(z,t) =0 (1)

where 0; and J,, denote the partial derivative with respect to
t and x respectively, s(z,t) € Q, and F : Q — R"*" is a
continuously differentiable function called the characteristic
matrix of (1). Consider the special case where the system (1)
is strictly hyperbolic, then (1) accepts a bijection £(s) € © C
R™, at least locally, such that the sytem can be transformed
into a system of coupled transport equations [13]:

(9,55,‘(.%, t) + )\l(f(l',t))alft(x, t) =0 2
i€ll,..,n]



where &;(x,t) are called the Riemann coordinates of (1),
which are constant along the characteristic curves described
by

dzx
= () )

and where ¢ = [¢1,&,..., &7

A. Linear Hyperbolic Systems with Dynamic Boundary Con-
ditions

Consider the following linear hyperbolic equation in Rie-
mann coordinates:

O&(x,t) + AOLE(x,t) =0 Vze[0,1,t>0 (4

where A is a diagonal and invertible matrix in R™*"™ such

that A = diag()\l, Ao,y ey )\n) with
AM <o <K A <0< Apg1 < oo < Ay (5
The state description can be partitioned as: £ = { 27 ]
+
where £_ is in R™ and &4 is in R"™". Let define:
At :diag(‘)‘1|v|)‘2|ama|)‘n‘) (6)

The problem of stability of linear hyperbolic systems has
been considered by [6], [10], [8], among others, using static
boundary conditions defined as:

( §-(L,1)

£(0,1) > = G< 2;2?3 ) ©)

for a given matrix G € R"™*". The linear hyperbolic systems
with dynamics associated with their boundary conditions are
less explored in literature, although there are approaches
using finite-dimensional approximations such as in [11] that
have succesfully stabilized this kind of systems. Consider the
following dynamics for the boundary conditions:

X. = AX. + Bu ®)
}/(::Xc
with
ey - [ E0t)
Xe= ( £.(0,1) ) u=KYe Ye= ( £.(1,1) )
©)

where K € R™ ™ and u € R™. Given a continuously
differentiable function £ : [0, 1] — © that satisfies the zero-
order and one-order compatibility conditions [14], then the
initial condition can be defined as:

£(z,0) = &%), Varel0,1] (10)

B. Quasi-Linear Hyperbolic Systems with Dynamic Bound-
ary Conditions

Consider the following quasi-linear hyperbolic equation in
Riemann coordinates:

(2, t) + A(£)0l(m,t) =0 Vael0,1,t>0 (1)

where A is a diagonal matrix function A : © — R™*™ such
that A(€) = diag(A1(), A2(€), ..., \n(§)) with

M) <o <Apn(6) <0< Apg1(§) < .. <
VEe O

Using an equivalent notation to the one used in the linear
hyperbolic case, the same boundary conditions (8) along with
the initial condition (10) can be considered for (11). Notice
that the main difference between the linear and quasi-linear
hyperbolic system is that for the quasi-linear system, the
propogation speed depends on the state &.

MO 1,

III. STABILITY OF LINEAR HYPERBOLIC SYSTEMS WITH
DYNAMIC BOUNDARY CONDITIONS

The first problem under consideration is the stability
analysis of (4), (8) and (10). The aim of this section is to
use Lyapunov functions to state a sufficient condition for the
exponential stability of (4), (8) and (10). The main results
obtained for linear hyperbolic systems can be consolidated
in the following theorem:

Theorem 1. Consider the system (4), (8) and (10). Assume
that there exists a diagonal positive definite matrix @Q €
R™ "™ such that the following LMI is satisfied

QAT + AQ + ATQ
yTBT

BY
_A+Q

where K = YQ’l, then there exist two constants o > 0
and M > 0 such that, for all continuously differentiable
functions £° : [0,1] — © satisfying the zero-order and
one-order compatibility conditions, the solution of (4), (8)
and (10) satisfies, for all t > 0,

<0 (13)

X O + 1€, )] 12(0,1) <

Me=" (|| X(0)[1* + [1€° ()] 2(0,1)
Proof. Considering the system (4), it is possible to replace

5— (1 -, t)
§(a.1) by ( &4 (2, ) >
responding diagonal characteristic matrix function is A™T.
Therefore, it can be may assumed without loss of generality
that m = 0 and AT = A and that the boundary conditions
(8) have the following form:

(14)

and obtain a PDE whose cor-

X,=AX.+ Bu
X.=£(0,t), u=KY,

15)
Ye =¢(1,1)



Given a diagonal positive definite matrix P, consider, as
an extension of the Lyapunov function proposed in [7],
the quadratic Lyapunov function candidate defined for all
continuously differentiable functions ¢ : [0,1] — O as:

1
V(¢ X,) = X[ PX, +/ (€T Pg) e " dx (16)
0

where 4 is a positive scalar that will be precised below.
Computing the time derivative of V along the solutions of
(4), (8) and (10) yields the following:

V=XxI(ATP+PA) X,
+ Y/ K"B"PX.+ X! PBKY;

a7
1
— [e €T APE] |, — 1 /O (ETAPE) e Hda

After some rearrangements, (17) can be written in terms of
the boundary conditions (15) as follows:

1
V =—uXIAPX, —p / (£TAPE) e " da
0

x. 17 ATP + PA PBK
+ { Yc ] +AP + uAP (18)
¢ KTBTP  —e MAP
X Xe
Ye
Notice that (13) is equivalent to consider that
ATP+ PA+AP PBK
{ KTBTP _ap | 0 (19)

which is obtained by multiplying both sides of (19) by
diag (P~', P~!) and performing the variable transforma-
tions Q = P~ ! and Y = KQ. Thus, for a small enough and
positive p, the third term of (18) is always negative. Consider
the following inequality:

Amin(P)I€(2, )| L20,1) < &(2, 1) PE(, 1)

(20)
< Amaz (P)IE(; D)l 2(0.1)

where A\pnin (P) and Ap,q.(P) denote respectively the min-
imum and maximum eigenvalue of P. This can also be
applied with A, implying that:

V < A1)\min(}D)

= *Hmv(f)

2y

Therefore for a sufficiently small g > 0, the function (16) is
a Lyapunov function for the hyperbolic system (4), (8), and
(10). This concludes the proof.

IV. STABILITY OF QUASI-LINEAR HYPERBOLIC
SYSTEMS WITH DYNAMIC BOUNDARY CONDITIONS

The stability of quasi-linear hyperbolic systems has been
exhautively studied in literature. A proof of the Lyapunov
stability of (11) under the static boundary conditions (7) has
been investigated in details in [6], assuming that p; (K) < 1
(where p1(K) = Inf{||AKA™L||;A € D, +} and D,, ,
denotes the set of n x n real diagonal positive definite
matrices) and using as a Lyapunov function candidate:

V() =Vi(&) + Val§: &) + V(6 6ar &aa)  (22)

with

e = [ Qe e
iee) = [ (EROL) a0

1
V3(§7£a:7§zz) :/O (5;;5(5)5193) e HZ dp

where Q(§), R(€) and S(§) are symmetric positive definite
matrices. In this paper, the stability of system (11), (8) and
(10) is studied in a different way by introducing a polytopic
approach in the characteristic matrix A(&).

Let define a non empty convex set = C O andamap T : = —
Z,. Consider the following polytopic linear representation of
the nonlinear characteristic matrix:

(24)

V¢ € E and therefore Vo € Z,, where ¢ is a varying
parameter vector that takes values in the parameter space
Z, (a convex set) such that [15]:

Zy :={lp1, @] €RY i € [B, 0 ]Vi=1..1} (25)

where [ is the number of varying parameters, «;(p) is a
scheduling function «; : Z, — [0,1], w; are the vertices
of the polytope formed by lall extremities of each varying
parameter ¢ € Z, and Zle a;(P)A(w;) © Z, — R™*™,
In general, all the admissible values of the vector ¢ are
constrained in an hyperrectangle in the parameter space Z,.
The scheduling functions «; () are defined as (see [15]):

_ iyl = Clwi)i
Ties 17 — &,

a;(p) (26)

where:

Clwi)k ={erlor =2 if (wi)e = ¢, @27)

or ¢ = ¢, otherwise}



which exhibits the following properties:

2l
ai() 20, Y ai(p) =1 (28)
=1

Consider (11) as an equivalent parameter varying hyperbolic
system defined by:

8t§(337 t) + Z at(@)A(wt)alg(x’ t) =0

Vz e 0,1],

(29)

Vo€ Z,, t>0

It is clear that ¢ depends on &. However, as long as
¢ remains in the set =, the varying parameters ¢; can
be considered as independent varying parameters (LPV
framework [16]) that change the characteristic matrix,
giving as a result, a conservative tool for stability analysis.
Using (29), the following theorem states some sufficient
conditions to ensure exponential stability for system (11),
(8) and (10) in a defined region Z,.

Theorem 2. Consider the system (11), (8) and (10). Assume
that there exists a diagonal positive definite matrix @ €
R™ ™ such that the following LMI is satisfied Vi € [1,...,1]

BY
—A*(w;)Q

where K = YQ_l, then there exist two constants o > 0
and M > 0 such that, for all continuously differentiable
functions £° : [0,1] — Z satisfying the zero-order and
one-order compatibility conditions, the solution of (11), (8)

and (10) satisfies (14), for all t > 0

QAT + AQ + At (w:)Q

YTBT <0

(30)

Proof. Consider once again the Lyapunov function candidate
(16). Computing the time derivative of V along the solutions
of (11), (8) and (10) yields the following:

V=XT(ATP+PA) X, + YT KTBTPX,
2l

+ XTPBKY: — Y ailp) [e " €T A(wy)PE] |, a1
i=1

2! 1
—;ai(w)u/o (7 A(w;) PE) e dx

Using the same procedure performed in the proof of
Theorem 1, assuming once again that ;4 > 0 is small enough
and the fact that by definition, 222;1 ai(p) =1and o; > 0,
gives that (16) is a Lyapunov function for the system (11),
(8) and (10) as long as (30) is satisfied.

This polytopic approach guarantees the stability and robust-
ness of the quasi-linear hyperbolic system in a determined
region Z,, which cannot be achieved with the approach
presented in Theorem 1 as it would only guarantee the

stability of (11), (8) and (10) in a small enough neighborhood
around the equilibrium.

V. ILLUSTRATING EXAMPLE: ISENTROPIC INVISCID
FLOW IN A PIPE WITH CONSTANT CROSS SECTION

In this section, the air flow inside a constant cross section
pipe is modeled using the Euler equations. The stabilization
problem is solved by using boundary control computed
using Riemann coordinates as presented in Sections III
and IV. Two boundary controllers are designed: one to
stabilize the system in a neighborhood around a steady-state
equilibrium by using Theorem 1 and a second one to
stabilize the system in a defined region around the system’s
equilibrium by using Theorem 2.

Consider the Euler equations expressed in terms of the
primitive variables: density (p), speed (u) and pressure (p),

W + AW)0,W + C(W) =0 32)

where

p
U

2

p
W= |ul|l; AW)=
p a-p

o o=
SDI=O

a= % is the speed of sound, v is the specific heat ratio
and C(W) is a function that describes the friction losses
and heat exchanges. Since in this example, the isentropic
case is analyzed, then C'(W) = 0. The eigenvalues of
the characteristic matrix A(W), called the characteristic

velocities, are:

AMW)=u+a, (W) =u, \s(W)=u—a (33)
and their respective Riemann invariants (see [17]):
-1 -1
a—&—fYTu, p%’ a—72 u (34)
Let assume that the velocities (33) verify:
A3(W) <0< (W) < (W) (35)

which enforces (32) to be a strict hyperbolic system and
ensures the existence of a transformation to the Riemann
coordinates. Consider the following change of coordinates:

L=y :% (36)
€y = w_y=t o jwp  y-1
3 p 2 p



where (W = [p,@,p]") is an arbitrary steady-state. With
these new coordinates (&1, &2, £3), system (32) can be rewrit-
ten in the quasi-linear hyperbolic form (11) as follows:

&1 A1(6) 0 0 &1
Ol & |+ O A2(&) 0 |0 &
&3 0 0 A3(6) &3
0
= 0
0
(37)

Since the change of coordinates (36) is a mapping, p, u and
p can be expressed in terms of the Riemann invariants as:

& -G+ -Da
= o

-1 ~ 5
& - () + /2

\ﬁ(fz—i— ﬁ%)

2
p—p”Gé+¢§>

Note that the equilibrium [5, @, p]T expressed in terms of
Riemann coordinates is [0,0,0]7.

u

71

p= (38)

A. Boundary Control Design using a Linear Hyperbolic
Model

In this subsection, a boundary control for system (32) is
designed in an equilibrium point using the results obtained
in Theorem 1. It is clear that (32), evaluated near the
steady-state equilibrium € = 0, can be considered as a
linear hyperbolic system of the form (4). Considering W =
[1.16, 20, 100000]7 and the dynamic boundary conditions (8)
defined with:

[—300 10 13
A= 15 —40 5
4 9 -300
- (39)
-3 0 0
B=1]0 —10 0
| 0 0 3
the following K is obtained applying Theorem 1:
—-31.91 —0.28 —2.58
K=|-412 —0.56 2.53 (40)
—2.96 0.21 —-324

with the respective diagonal positive definite matrix associ-
ated with the Lyapunov function (16):

0.013 0 0
Pl=0Q=1| 0 0.09 0 41)
0 0 0.013

To illustrate this result, numerical simulations of (32)
with (8) and (40) are performed with an initial condition
Wo = W(x,0) close enough to the equilibrium in order to
consider A constant. Let define W, = [1.168,21,101000]7.
Figures 1, 2 and 3 show the results obtained when using
the boundary control (40).

1.168
1.166

1.164

Density

1.162

1.16

1.158
1

0 0.03 Time

Fig. 1: Time evolution of the density profile p using the controller
for linear hyperbolic systems

Speed

0.8
08 0.01

0.4
Space 02 0.02

Fig. 2: Time evolution of the speed profile u using the controller
for linear hyperbolic systems

B. Boundary Control for the Quasi-Linear Model

In this subsection, a boundary control for system (32) is
designed with proved stability in a region described by a
polytope around an equilibrium point. The characteristic ma-
trix defined in terms of physical quantities can be expressed
as follows:



1.01

1.008

1.006

Pressure
o
o
B

0 0.03

Fig. 3: Time evolution of the pressure profile p using the controller
for linear hyperbolic systems

a—+u 0 0
AW) = 0 u 0 42)
0 0 a—1u

Define the varying parameter ¢ = [a,u]”, which is enough
to describe the propagation speed of the Riemann invariants.
Define the limits on each parameter as [a,a] and [u,u] to
describe the region Z, where the stability of system (32)
is ensured by using Theorem 2. Consider the equilibrium
W = [1.16,20,100000]7 once again. W imposes at the
equilibrium point © = 20 and a = 347. Taking this into
account, the region Z, is defined by setting the following
limits of each parameter:

=355 a=340, =40, u =5 (43)

Applying Theorem 2, the following controller is obtained:

—-19.95 —0.037 —0.84
K=|-411 —0.063 1.83 (44)
0.5 0.027 —15.7

with the respective diagonal positive definite matrix associ-
ated with the Lyapunov function (16):

0.022 0 0
P,=Q= 0 0.16 0 (45)
0 0 0.022

Figures 4, 5 and 6 present the results obtained in the
numerical simulations using (44). Notice that the condition
@ € Z,Vt >0 is satisfied (Figures 5 and 7).

To illustrate the differences between the approaches pre-
sented in this work, the controller (40) derived using The-
orem 1, valid in a neighborhood close enough to the

0 0.03
Time
Space
Fig. 4: Time evolution of the density profile p using the polytopic
approach

Space

0 0.03 Time

Fig. 5: Time evolution of the speed profile u using the polytopic
approach

= =
o o -
& & o

Pressure
i
(=]
5

1.02

0.01

04
0.02 Time
0 003

Fig. 6: Time evolution of the pressure profile p using the polytopic
approach

equilibrium W where A may be considered constant, is
simulated under the same conditions where (44) was tested.



Speed of Sound
&
o

06
0.4

Space 02

002 Time

0 0.03

Fig. 7: Time evolution of the speed of sound a profile using the
polytopic approach

The results are presented in Figures 8 and 9. Notice that the
polytopic controller presents a better response together with
the guarantee of stability.

40

Speed

0 0.005 0.01 0.015 0.02 0.025 0.03
Time

Fig. 8: Time evolution of the particle speed profile using the linear
approach of Theorem 1

VI. CONCLUSION

In this paper, some sufficient conditions for the exponential
stability of a linear and a quasi-linear hyperbolic PDE sys-
tem with dynamics associated with the boundary conditions
were derived. The stability analysis has been done using
a Lyapunov function which allows to express the stability
conditions in an LMI framework. A polytopic approach
was implemented to guarantee the stability of quasi-linear
hyperbolic system inside a defined polytope. A simulation
example has shown the effectiveness of the contributions
presented in this work and the advantages in terms of stability
guarantee and robustness of the polytopic approach. This
work could be implemented in different kind of physical
systems governed by hyperbolic PDE’s. This application may
be considered in future work.

40

35

30

Speed

20

10!
0 0.005 0.01 0.015 0.02 0.025 0.03

Fig. 9: Time evolution of the density profile using the polytopic
approach of Theorem 2

REFERENCES

[1] S. Alinhac, Hyperbolic Partial Differential Equations. London:
Springer, 2009.

[2] V. Dos-Santos and C. Prieur, “Boundary control of open channels
with numerical and experimental validations,” IEEE Transactions on
Control Systems Technology, 16(6):1252-1264, 2008.

[3] F. Haut, G. Leugering, and T. Seidman, “Modeling and analysis of
modal switching in networked transport systems,” Applied Mathemat-
ics and Optimization, 59(2):275-292, 2009.

[4] G. Bastin, J.-M. Coron, and B. d’Andréa Novel, “Using hyperbolic
systems of balance laws for modelling, control and stability analysis
of physical networks,” Lecture notes for the Pre-Congress Workshop
on Complex Embedded and Networked Control Systems, 17th IFAC
World Congress, Seoul, Korea, 2008.

[5]1 E. Witrant, A. D’Innocenzo, G. Sandou, F. Santucci, M. D. D.
Benedetto, A. J. Isaksson, K. H. Johansson, S.-I. Niculescu, S. Olaru,
E. Serra, S. Tennina, and U. Tiberi, “Wireless ventilation control for
large-scale systems: the mining industrial case,” International Journal
of Robust and Nonlinear Control, vol. 20, pp. 226-251, Jan. 2010.

[6] J.-M. Coron, G. Bastin, and B. d’Andréa Novel, “Dissipative boundary
conditions for one-dimensional nonlinear hyperbolic systems,” SIAM
J. Control Optim, Vol 47, No 3, pp.1460-1498, 2008.

[7]1 J.-M. Coron, G. Bastin, and B. d’Andréa Novel, “A strict Lyapunov
function for boundary control of hyperbolic systems of conservation
laws,” IEEE Transaction on Automatic control,52(1):2-11, 2007.

[8] C. Prieur, J. Winkin, and G. Bastin, “Robust boundary control of
systems of conservation laws,” Mathematics of Control, Signals, and
Systems, vol. 20, no. 2, pp. 173-197, 2008.

[9] J. Halleux, Boundary Control of Quasi-Linear Hyperbolic Initial
Boundary-Value Problems. Louvain la Neuve, Belgique: Presses
universitaires de Louvain, 2004.

[10] G. Bastin, J.-M. Coron, and B. d’Andréa Novel, “On Lyapunov
stability of linearized Saint-Venant equations for a sloping channel,”
Networks and Heterogeneous Media. Vol. 4(2), pp. 177-187, 2009.

[11] F. Castillo, E. Witrant, and L. Dugard, “Contrdle de température dans
un flux de Poiseuille,” IEEE Conférence Internationale Francophone
d’Automatique, Grenoble, 4-6 Juillet, 2012.

[12] J. Tannehill, D. Anderson, and R. Pletcher, Computational Fluid
Mechanics and Heat Transfer. Washington DC: Taylor and Francis,
1997.

[13] J.-M. Coron, Control and Nonlinearity. United States of America:
American Mathematical Society, 2007.

[14] I. Kmit, “Classical solvability of nonlinear initial-boundary problems
for first-order hyperbolic systems,” International Journal of Dynamical
Systems and Differential Equations Vol. 1, No.3, pp. 191-195, 2008.

[15] G. Angelis, System Analysis, Modelling and Control with Polytopic
Linear Models. Eindhoven: Technische Universiteit Eindhoven, 2001.

[16] FE.Bruzelius, Linear Parameter-Varying Systems: an approach to gain
scheduling. Goteborg, Sweden: Chalmers University of Technology,
2004.



[17] R. P. DE. Winterbone, Theory of Engine Manifold Design: Wave
Action Methods for IC Engines. Society of Automotive Engineers.
Inc, 2000.



