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Abstract

We give a general result of finiteness for holomorphic families of Brieskorn modules
constructed from a holomorphic family of one parameter degeneration of compact
complex manifolds acquiring (general) singularities.
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Introduction

In this article we are interested in the following situation :

Let f: X — T be a proper holomorphic and surjective map between complex
manifolds such that outside an hypersurface S C T the fibers of f are smooth.
Then around the generic point of S we may assume that T is locally isomorphic
to Sgx D where D is a small open disc with center 0 in C and S; an open set
in S. We can consider the restriction of f over Sy x D as a holomorphic family
parametrized by Sy of one parameter degeneration of compact complex manifolds
acquiring singularities over Sy x {0}.

Our first result is to give in such a local situation (with suitable hypotheses, al-
ways satisfied in the absolute case and in generic relative situations) a S—relative
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version of the construction given in [B. II] theorem 2.1.1. Recall that this result
gives a complex of A—modules quasi-isomorphic to the formal completion in f
of the complex (Kerdf® d*). The action of the algebra A realizing the filtered
Gauss-Manin connection of f. We obtain the relative case in theorem 2.3.1.

In the second part we show that the properness assumption allows to obtain a
finiteness result for the family parametrized by S of Brieskorn modules (see [Br.70],
[S.89], [B.93] and [B.95]) obtained via the cohomology of the direct image of the
complex constructed in the local setting. This is proved in the theorem 3.0.11

The finiteness result, which is new already in the absolute case, will be a key tool to
produce holomorphic families of Brieskorn modules when we consider holomorphic
families of one parameter degenerations of compact complex manifolds acquiring
arbitrary singularities.

Note also that our hypotheses for the theorem 2.3.1 are purely local and that we use
properness without any Kéhler type assumption for the finiteness theorem 3.0.11.
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1  The general construction of (a,b)-modules in
the relative case.

1.1 Our situation.

NoOTATIONS. Let S be a reduced complex space. We shall say that = : & — S
is a S—manifold when X is a reduced complex space and 7 a holomorphic
map which is S—smooth. By definition this means that locally on X we have a



S—isomorphism of X with a product S x U where U is an open set in C"'.
Such an isomorphism will be called a S—relative chart or a S—relative system of
coordinates on X.

In such a situation we have on X alocally free Oy —sheaf of S—relative holomor-
phic differential forms €9, which corresponds, via the local S—isomorphisms
above, to the sheaf of holomorphic differential forms on U with holomorphic coef-
ficients on S x U.

For a holomorphic function f on X the S-—relative differential is defined as
a section of the sheaf Q}S and denoted d,sf. If d;sf, # 0, then f may be
choosen as the first coordinate of a local S—relative coordinate system on X near
the point z. The relative differential d,g is well defined and of degree 1 on
the graded sheaf €27¢. The relative differential d/g is /71 (Og)—linear and the
S—relative de Rham complex is a complex of f~!(Og) modules. The de Rham
lemma with holomorphic parameters gives that the complex (Q7s-d7s) has zero
cohomology sheaves in positive degrees ; so it is a resolution of f~(Og).

THE SITUATION (@). We shall consider a holomorphic function f: X — D where
D is a disc with center 0 in C and where 7: X — § is a S—manifold.
We shall define Y := f7'(0) and Z:={zx e X / d/sf, =0}.

HypoTHESIS (HO0). We shall assume that ) has codimension 1 in each fiber of
m, that Z C ) and that Z has codimension > 2 in each fiber of .

HypoTHESIS (H1). We shall assume that locally on X there exists a proper
S—modification 7 : X — X such that X is S—smooth and Y := 7 %)) is
locally on X a S—relative normal crossing divisor. That is to say that f admits
a simultaneous desingularisation over S.

HypoTHESIS (H2). We shall assume that locally on Z we shall find local
S—relative Milnor fibration.

The precise meaning of these hypotheses is given below, but remark already that in
the absolute case ( i. e. for S ={0}), the hypotheses (H1) and (H2) are always
satisfied for any non zero germ of holomorphic function in C"™'. The hypothesis
(HO) in this absolute case asks simply that the hypersurface f~1(0) is reduced.
Note also that these hypotheses are purely local on ).

Let me recall the following standard definitions which makes precise the hypothesis
(H1).

Definition 1.1.1 We shall say that the divisor Y := {f = 0} in the S—manifold
X is a S—mormal crossing divisor if near each point y € Y there exists a
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system of local S—coordinate in X such that we have f(s,z) = 2% where « is
in NP+

Definition 1.1.2 We shall say that the holomorphic function f : X —> D on
the S—manifold X admits a simultaneous desingularisation over S if there
exists a proper S—modification T : X — X where X is a S—manifold and such
that Y := {for =0} is a S—normal crossing divisor in X.

Note that by a S—proper modification we mean that 7 is a proper holomorphic
map such that there exists a closed analytic subset 7" C X with the following
properties :

i) For each s € S the fiber T, has empty interior in X, := 7 1(s).
ii) The map 7 induces an isomorphism of X\ 7 (T) to X \T.

The definition below, which makes precise the hypothesis (H2) is may-be less
standard.

Definition 1.1.3 In the situation (@) we say that we have locally on Y a Milnor
fibration for f s for each point y € Y there exists an open neighbourhood S’
of w(y) is S and a S'—relative chart ¢ : X ~ 8" x U where U 1is an open
neighbourhood of the origin in C™**, with the following property:

o Forany € >0 sufficently small, there exists n > 0 such that the restriction of
mxf to XNfH(D,)Ne 1 (S'x B.) induces a S'—relative €N —fibration for
N > n from the complement of Y to S"x Dy with fiber a manifold F, with
finite dimensional complex homology. Moreover we ask that this € — fibration
15 independant of the choices of ¢ K1 and n<Ke.

Of course, for S = {0} this is always satisfied thanks to Milnor [Mi.68]. In general
this is a quite strong condition on the situation (@) which implies, for instance,
the fact that the S—relative cohomology of the fibers of f define a local system
on S x D* mear 7(y) X f(y). Theen the corresponding relative Gauss-Manin
meromorphic connection has along S x {0} a regular singularity thanks to [D. 70].

QUESTION. Does the condition (H1) implies the condition (H2) ?

1.2 The sheaf As on a reduced complex space.

In this paragraph 1.2 we consider the situation (@) with the hypothesis (H0) alone.

Let S be a reduced complex space. We define the following sheaves on S:

1. The sheaf Ogl[a]] of commutative Og—algebras defined as the presheaf

U T(U,0s)[[a]] = [] T(U.Os).a
7=0



We shall denote ((’)S[[a]])SO the germ at a point sy € S to distinguish it from
the algebra Og g, [[a]] which is strictely bigger in general' . Note that both are
noetherain rings but the proof of this fact for the first one uses Oka’s theorem
to have the coherence of Og and Cartan theorem B on Stein neighbourhoods
of the point sq in S.

2. The sheaf A% of non commutative Og—algebras defined as the presheaf
U= [(U,Os)la] < b>=a%, v .I(U Os)d]

with the commutation relation a.b — b.a = b*> and more generally with the
relation T'(a).b = b.T(a) + b.7'(a).b where T'(a) is the usual derivative in
a of the polynomial T'(a) € T'(U, Og)la].

3. The sheaf Ag of non commutative Og—algebras defined as the presheaf

U T(U,0g)[[a]] << b>>=[] ¥.T(U,O)[[al]
j=0
with the commutation relation T'(a).b = b.T(a) + b.T'(a).b and the fact that

the right and left actions of Og[[a]] are continuous with respect to the b—adic
filtration.

REMARK. The sheaf Ag is the formal completion (in a, that is to say in a
local coordinate near 0 in D) of the sheaf of S—relative formal microdifferential
operators of order <0 on S x D. It has a natural action on the sheaf Og[[a]]
which is given by the action of b defined as [b.g|(s, a) fo (s,z).dx. It is easy
to see that it extends as an Ogl[a]]—linear actlon (see the lemma 1.2.3).

NoTATIONS. Let FE be a left A%—module. We define A(E) and B(E)
respectively as the a—torsion and b—torsion of FE. Remark that B(E) is a
A%—submodule of E but that A(FE) is not stable by & in general. So we shall
define also A(E) as the maximal A%—submodule contained in A(E). O

THE Ag—MODULE OF ASYMPTOTIC EXPANSIONS. Let A be a finite subset in
10,1]NQ, and k£ > 0 an integer. Define ng)s as the free Og[[b]]—module generated
by eo(A),...,ex(N), where X isin A, with the action of a given by

a.ej(A) = A.b.ej(A) + b.ej_1(N)

with the convention that e_;(A\) =0 for each A € A.
If we think of e;()) as
a1 (Logx)!
T
'For an element in (OS[[a]])SU the coefficients of the formal power serie in a are defined and
holomorphic on a common open neighbourghood of sy in S.

bt



with b acting as fox and a acting as xx it is easy to see that EX% is the
standard sheaf with holomorphic coefficients in Og for multivalued asymptotic
expansions in x with logarithmic terms of degree at most k, monodromy with
spectrum in exp(2im.\), A € A, and with locally L? growth near 0.

It is easy to see that Ef\k)s is also a free Og|[a]]—sheaf with the same generators.

Both structures of Og[[b]] and Og[[a]]—modules define a structure of .Ag—module

=(k)
On I—JA,S.

More generally, for V a finite dimensional complex vector space, we shall consider
the Ag—module Eg\kg ®c V' where a and b act as the identity on V. This is
again a free finite type module on Og[[a]] and Ogl[[b]]. O

Recall that in the absolute case (i.e. S = {pt}) a geometric (a,b)-module is naturally
embedded in an asymptotic (a,b)-module of the type EE\N) ®c V', where A is a finite
subset of QNJ0,1] (so exp(—2im.A) contains the eigenvalues of the monodromy),
N is an integer (a bound for the nilpotency order of the monodromy) and V is a
k—dimensional C —vector space with k := rk(F) which is defined as Hom 4, (E, Z),
where = := ®xcqrpo,;) Ex and =) 1= Upnen E&N)

Note that in the case of the Brieskorn module associated to an isolated singularity
of a holomorphic germ f in C"™', we have k = p the Milnor number and V
is the homology with complex coefficients of the Milnor fiber of f. But for any
geometric (a,b)-module E the vector space V = Hom (E,Z) is endowed with
a quasi-unipotent automorphism 7 induced by the monodromy of = (which is
given by Logs — Logs + 2im). This monodromic vector space depends only on the
saturation of E by b '.a. See [B.95].

NoOTATION. When we consider a sheaf 7 on ), which is a complex space over
S x {0} via the map f, we shall write that F is a Og, Osl[a]], As", As —module
for short, when it is respectively a module over the sheaf of algebras on Y

F7H(Os), [ (Osllal]), [T (As"), 71 (As).

THE COMPLEX (KJg, djs). In our situation (@), under the hypothesis (H0),

we define the complex (Q;S,d7s) which is the formal completion in f of the
holomorphic S—relative de Rham complex. Recall that, by definition, the sheaf

~

Q; ¢ is defined by the presheaf on ), given by the projective limit
: . N (e
U— I_I{I}V [s(U)/ Y .Q55(U)].

The action of a on Q7s is given by multiplication by f. It defines a structure
of Og[la]]—module on this sheaf. The degree 1 differential dfq is induced by the
S—relative de Rham differential.

Our smoothness assumption for the map 7 : X — S implies that this complex is
a resolution of 7'(Og);y with Og—linear differentials.
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Then we define the sub-complex of Ogl[a]]-modules (K7, d}s) where the subsheaf
K 7 s is the kernel of the map?

disfn: g — 7t

given by the left exterior multiplication by d,sf. We shall denote EP the p—th
cohomology sheaf of this complex. Now the Ogl[a]]—linearity of the differential d,g
on this sub-complex shows that these cohomology sheaves are Ogl[[a]]—modules in
an obvious way. We shall explain now that, via the inverse of the Gauss-Manin
connection, there exists a natural action of b on these cohomology sheaves in such
a way that they become A%—modules.

ACTION OF b ON THE COHOMOLOGY SHEAVES FE°®. Consider now the exact
sequence of complexes of Ogl[a]]—modules on Y

. . e . d/sfA . °
0= (KJg, djs) — (s, d)s) 5 (I7g, d7s)[+1] — 0. (1)

where I;’S = dsf A Q%l. Note that K?s and I/OS are zero and that K/ls =

]/ls = @X.d/sf, thanks to (HO0) : an holomorphic function on X \ Z extends
holomorphically to X.

The natural inclusions i : Ifs — K;’S for all p > 0 are compatible with the
differential d,g. This leads to an exact sequence of complexes of Og—modules

0— (I7s,djs) = (KJg,djg) — ([K)s/ I/S].ad7s) — 0. (2)

where [K/s/ I/g]* is a coherent Oy—module with support contained in Z. So
there exists, thanks to the Nullstellensatz and the hypothesis (HO0), locally on Z,
an integer N such that fN.Kfs C If’s for any p > 0; so we have

SNIKs/ IisP=0 V¥p>0 (3)

When we shall assume that Z is S—proper, the direct image theorem of H. Grauert
will give the Og—coherence of the direct images R, ([K,s/1s]P). This will be a
key point for our finiteness theorem (see section 2).

We have a natural inclusion ffl(Q}qu/S) C K/IS N Kerd;s, and this gives a sub-
complex concentrated in degree 1 with zero differential of (K7g,d%). As in [B.II],

we shall consider also the quotient complex ([N(;S,d7s). So we have the exact
sequence A i
0= f~ (Qswpys) = (KJs, djs) — (Ks, djs) = 0. (4)

This exact sequence corresponds to the (a,b)-module version of the exact sequence
involving the nearby cycles and the vanishing cycles sheaves in the usual context
(see for instance [B.II] 2, or more simply look for a fixed s € 9).

2we shall note K ? /s when we want to specify the function f we consider.
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Note that with our hypothesis (HO0) the sheaf KjgNKerd;s= 14N Kerds is
isomorphic® to the sheaf f~'(Og|lal]).d/sf on Y and the cohomology sheaves of

the complex (K75>d7s) are supported in Z.

We want to describe now the natural actions of a and b on the cohomology sheaves
of the complexes (K/.Sv d75)7 ([/.5’7 d;S)a ([K/S/[/S].a d;s)a f*<ngD/S)7 (K/.S7 d;S)
As in all cases we have complexes of Ogl[[a]]—modules, with Ogl[[a]]—linear differ-
entials, the action of a on the cohomology sheaves of these complexes is clear.

The next lemma will give the action of b.

Lemma 1.2.1 The ezact sequence of complexes (1) induces for any p > 2 a
Og—linear isomorphism

O HM (L], dys) — HP (K], djg)
and a short exact sequence of Ogs—modules on Y
0= Ogdysf — H\(Is, d5s) S H (K, d%s) — 0 (@@)
There is a canonical Og—linear splitting of O
b 1N (K g, dos) — H (I, d0s)
For p>2 define b := (9°)"'. Then we have for each p >0 the formula
a.b="boHP(i)ob+ba (F)

where i : (I}g, d%s) = (K7g,djg) is the obvious map of Oslla]]—complezes.

PROOF. The fact that for p > 2 the connector 0P is an isomorphism is clear, as
the S—relative de Rham complex is a f~!(Og)—linear resolution of f~'(Og).

Now we shall construct the splitting b'. Consider z € K/ls such that d;sx = 0.
Thanks to the relative de Rham lemma we may write x = d;s§ with § € Oy. But
the assumption that x is d;sfA—closed implies that £ is locally constant along the
S—fibers of Y \ Z because near such a point, we may find S—relative coordinates
(20,...,2,) on X such that f(s,z) = 2. Then the relation d;s§ Ad;sf =0
implies that £(s,z) is a function of (s, z) only. This proves our assertion, and the
fact that ) is locally connected allows to choose ¢ vanishing (set theoretically)
on )Y, because Y\ Z is dense in ). Moreover this choice is unique because in
the previous local computation near a point in Y\ Z, if = = g(s, 29).dzp we have
to choose & = G(s,2) with 2%(s, 20) = g(s,2) and G(s,0) = 0, which has an

0zo
unique solution. So the continuity of ¢ forces vanishing on all ).

3If g.dsf is djg—closed, it is a section of f~1(Ogl[a]]) outside Z, and it extends to Y
thanks to (HO).



Now we define! b'[d/s€&] = [d)sf A €] with this unique choice of &. It is clearly
Og—linear and

O' o bd)s€] = 'dysf A €] = [d)sé]

as 81 = d/s o (d/sf AN )_1.
To finish the proof we shall prove the formula (F) for each p > 0. Writing
r=d;s, we get

alz] +HP(@)[bla]] = [f.d/s& + dysf NE] = [dys(f.€)]

and so
blala] + HP () [bla]]) = [djsf A f€] = ab([z])
which concludes the proof. |

Definition 1.2.2 We shall define
1. b:HP(KSg, dSg) — HP(KSg,dSg) as bi=HP(i)ob.
2. b H(Ing, d%g) — HP (I35, d5) as bi=bo HP(i).
5. b=0 on the cohomology of the quotient complex ([K;s/1;s]* d}s).
b b= Jo on [T p)s) = Osll]]dz.

5. and b is induced on HP(Ks,dss) by b on HP (K7, djs).

REMARKS.

1. For p # 1 the cohomology sheaves HP(K7q,djg) and HP(Kf)s,d)s) are

canonically isomorphic as Ag” —modules and that for p =1 the maps in the
exact sequence

0— f*(Q}S‘xD/S) — Hl(K/.Sv 7s) = Hl(Kf/Svd/S) — 0
are Ag” —linear.

2. Note that under the hypothesis (H0) we have the vanishing of H'(K;/s,d;s).

An easy consequence of the previous lemma is that we have a.b —b.a = b*> for each
cohomology sheaf of any of these complexes of Og[[a]]—modules.

4Note that d;s§ Ndysf =0 implies that d,sf A& is d;s—closed.



THE COMPLEXES (IC(/)’S', Djg) AND (K9, Djg). Define first the subsheaves
K9s € Q3[[b]] by the condition

+oo
Q= Z b7.wj € Kjs when d/sf Awy=0.
Jj=0
Then define IC?’S' = Q;S[b] M K. The differential Dfg is given by

+o0 +oo
Dis(> " Vwy) =Y W (djsw; — dysf Awjpa).

Jj=0

It sends IC’/’S to IC’/’:gH and also IC%’ to IC%)H. Moreover it satisfies D%lOD?s =0
for each p > 0.
Now define the action of ¢ and b as follows :

+oo
a. ij.w] Zb’ (fw; +(j—1)wj_1) with the convention w_; =0

+oo
b. Z b7.wj = Z b7.wj,1
j=0 J=1

It is clear that IC?’S' isa O)s[a]—module, but the fact that K94 isa Og[[a]]—module
is a consequence of the following lemma.

Lemma 1.2.3 Let Q € Kig. Then for each N € N and each (h,j) € N2 h < j,

there exists a polynomial Tf\z(a) of degree < N and of valuation at 0 at least
equal to N —h in Cla], such that the j—th component of a™.Q is given by

= Th(a)wj-n. (*)
h=0

PROOF. We shall prove the relation (%) and the estimations on the degree and
on the valuation at 0 of T]]\,Q by induction on N. We have

(a™*.9); = f(a".Q); + (7 — 1).(a".Q);1

j
Z aTJNh J_l)T A ))-ijh
h=0

with the convention T]Nh =0 if j <0 or h<0. This gives the induction relation
775 a) = a. T (a) + (7 = 1).T7%, 4 (a).

The assertions on the degree and on the valuation are immediate. ]
Now the verification of the following facts are easy
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i) K9 isa As—module.

ii) The differential Djg is Ag—linear.

NoTATION. Wedefine £P asthe p—th cohomology sheaf of the complex (IC;S, D7s)~
They are sheaves of Ag—modules on ).

Lemma 1.2.4 Let X := > 22 V.x; be a D;g—closed element in Kls. Then
[(X] isin b.EP if and only if xo isin [/S—i-d/st '

PROOF. A relation X =b.Y 4+ D,qU with Y € /C/S, (and also D,g—closed), and
Ue IC?S implies o = d/g(ug) — dssf A1, so our assertioAn is clear.

Conversely, if =y = d/gf Nw + djs(v) for some w € Q’/’;I and some v in
Kf;l we have D/s(v —bw) = d/sf Nw + dss(v) — b.d;s(w) and then we have
[(X] = [X = Dys(v—bw)] = b[Y] where Y := 21 +djs(w)+> 22, ¥ la; And
D/s(b.Y) =0 implies d/gf A (z1 +d/g(w)) =0,s0 Y isin lC%l. |

Corollary 1.2.5 The natural map IC;S — K7 defined by X := Zjoo V.x; — xg
induces an injective Og|[a]]—linear map EP/b.EP — K/s ([ o+ d/SKp h.

PROOF. First remark that if X isin IC’/)S and U in IC’/)E1 then the 0—component
of X+ D,sU is equal to —l—d/suo —d;sf Auy so gives the same class than 7y in
the quotient KS/ S+d/s ) Also the 0—th component of a.X is a.xy for
the natural action of O/s([a]] on K. As I} +d/SKp is a O)g[[a]]-submodule

of KJjg themap & — K S/ +d/SK/S ) is well defined and O)g[[a]]—linear. It
is clear that this map Vamshes on b.EP and the previous lemma gives the injectivity
of the induced map Ep/b EP — K/S (Ip + d/sK ) [ |

An easy consequence of this corollary is that, using the hypothesis (H0) and the
Nullstellensatz which gives locally on ) an integer N such that fV.K? 7s [/'S ,

we may find locally on ) an integer N such that o’¥.EP C b.EP Vp > 0.

Proposition 1.2.6 (quasi-isomorphism «°.) The natural map given by the in-
clusion u’(x) = x is a quasi-isomorphism u’ : (Kjg,d5g) — (lC%,D' ) of
complexes of O,g[la]]—modules. It preserves also the action of b on the coho-
mology sheaves, and so induces isomorphisms of A%—modules on the cohomology
sheaves.

11



PROOF. The identities D,sou’ =u’od;g and aou’ =u’oa are easily verified.
For the action of b on cohomology, take x € K;’S such that d;g(x) = 0. Then

writing = = d;g(§) for some & € Q’/);l (recall that the complex (Q7Svd7s) is a
resolution of f~1(Og) on V), we have b.[z] = [d;sfAE]. Now we have b.§ € IC%)_1
and D/S<b§) = —d/sf VAN f -+ bd/s(f) So we have D/S(bf) = —d/sf A § +z.b in
/C%f. This gives bou’ =u’ob in the cohomology sheaf H? (/C%, Dyg).

We shall prove now the injectivity of the map HP(u®). Let = be in K;’S such
that d/s(z) =0 and assume that u’(z) = D;sY where Y := Z;.V:O V.y; with
yo ANdssf = 0. Then we have

r=dss(yo) —d/sf Nyr and  dys(y;) =dssf ANyjp V> 1 (@)

For j = N we have d;s(yn) = 0, so we may write (locally) yy = d;s(nn) for
some 1y € Q’/);l. Now we have d;s(yn—1) =d/sf Nyn = —d;s(dssf Ann); so we

obtain d,s(yn—1+d;sf Any) = 0. Then going on this way, we construct n; € Q%l
such that

yj =dys(n;) —dysf Anjer Vj€[LN] (@@)
So we get x = d;s(yo) + dys(d;sf A m) and this shows that [z] = 0 in the
cohomology of (K/‘S, d7s)-
To prove the surjectivity on cohomology, take Y & IC(/):S{’ such that D,sY = 0.
Write Y = Z;V:o V.y;; then the secon(Ai relation (@) is satisfied for each j > 0
and arguing as above we may find 7; € Q’/);l such that (@@) holds for each j > 1
(with ; =0 for 7> N +1). Then let H := Zjvzl v .n;. We obtain

Y — D/SH = %Yo +d/5f /\771

But yo+d/sf Am isin K;’S NKerds as djs(yo) = dssf ANdsg(m). So we have
HP(u)[yo + dysf Am] = [Y]. u

NOTATION. We shall identify via H(u®) the cohomology sheaf EP of the complex
(K7g,djg) to the cohomology sheaf of the complex of A% —modules (IC%, Dysg).

Proposition 1.2.7 (the map wu'.) The obvious map u' : (IC%, Dig) = (K9s: D% /)
induces a map HP(u') with kernel contained in Ny>o b™. EP.

If we have Ny>o V™(EP) = {0} then the image of HP(u') is dense for the b—adic
topology of &P, the p—th cohomology sheaf of the complex (IC;S, D7s)'

Note that we dont know that the b—adic topology of &P is separated under the
hypothesis of this proposition (which is only (H0) as in all this section 1.2).
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PROOF. We begin by looking at the kernel of HP(u'). Using the quasi-isomorphism

u® we may consider only some x5 € K;’S N Kerd;s such that there exists an

YV =320y in Kls such that D;sY" = 0. Then we have

xo =dss(yo) —dysf Ay and  dys(y;) = djsf Ay Vi > 1

As [d/s(y;)] = b.[d;s(yj41)] for each j > 1 we obtain that [zo] = [zo — d/s(y0)]
isin b™(EP) for each m > 0. This proves the first point.

To see that the image is dense, let X & IC?S such that D,sX = 0 and fix an
integer N. Let X =37 V.z; and define Xy := Z;.V:O V.z;. As we have
dis(zj) = djsf Nxje1 Vj >0, we have D;g(Xy) = dss(zn).bY. But the rela-
tion dys(z;) = djsf Najyr forall j > 0 implies that [d/s(zy)] € Nim>o ™. EP;
so, thanks to our hypothesis N> 0™(E?) = {0}, we may find zy such that
dis(zy) = djs(zn) and djsf A zy = 0. We have Dg(bN.zy) = bV.d/s(zy)
and so Yy = Xy — bV .2y is D,s—closed and satisfies X — Yy € bN.IC’/’S. As
Yy = Xy —bV.2y isin IC%) we have approximated X modulo bV.EP by an
element in the image of HP(u'). [

2 The quasi-isomorphism.

We shall begin by showing how we shall use our hypotheses (H1) and (H2).

2.1 Useof (H1).
The hypothesis (H1) will be useful thanks to the following proposition.

Proposition 2.1.1 Let X — S be a S—relative complex manifold and let
f: X = D be an holomorphic function satisfying the following assumptions :

i) Z:={d;sf=0}Cy:=f10).
ii) Locally on X the function f admits a S—desingularization.

Then there exists locally on X an integer N such that we have a¥.A(E®) =0
where E* are the cohomology sheaves of the complex (K;/S,d/s).

First recall the following lemma (for a proof see for instance [B-S 04] prop. 2.2.)

Lemma 2.1.2 We consider the situation (Q) where we assume that X =S x U
where U C C"™' is a open neighbourghood of the origin and where w is the first
projection. We assume that f(s,z) = z* where (z,...,2,) are the coordinates
on C"*' and where o € N"*'. Then the a—torsion A(E®) of the cohomology
sheaves of the complex (K75> d7s) is 0 and b~l.a acts bijectively on the cohomology
sheaves E°.

13



PROOF OF THE PROPOSITION. As the problem is local on X we may assume the
following facts :

i) X =9 xU where S is Stein and where U is a polydisc in C"*'.

ii) We have a S—proper modification 7 : X — X such that X is S—smooth
and the zero set of f := for defines on X a S-—relative normal crossing
divisor.

We have, for each open set X’ in X and for each integer ¢, an "edge” map from
the spectral sequence of the hypercohomology,

g HI(D(X', K})g), djs) — HY(X, (K5 g, dis)) (@)

where X’ = 771(X”). It is consequence of the equalities T*(KJ}/S) = K3}, which
are compatible with the S—relative de Rham differential. These maps define mor-

phisms, denoted e,, of the corresponding Ogl[a]]—sheaves on X.

CLAIM. There exists locally on X an integer N; such the sheaf maps e, induce
: : N . . N .

isomorphisms between a™'.H? (Kf/s, d/s) onto a™t.HY (RT*(Kf/S, d/s)) where
RT*(K]'; /5" d; g) is the direct image in the category of complexes of sheaves.

PROOF OF THE CLAIM. First remark that for each ¢ > 1 the sheaves RiT*(K]';/S)

are a—completions of coherent sheaves on X and supported in Y := f~1(0). So
on any relatively compact Stein open set in ) we may find an integer N; such

that le.RiT*(K}/S) = 0. This means that, in the spectral sequence

Byt = HI(RPT. (K} o), dis)

which converges to H™ (R, (K ; =
converges to a’*.H™ (]RT*(KJ} /5 75)), degenerates at L5 and gives that each e,

induces the isomorphism of the claim. |

ds S)), the sub-spectral sequence a™.EY? which

END OF THE PROOF OF 2.1.1. Now it is enough to prove that there exists locally
on X an integer Ny such that if = € H? (K}/S, d7s) is in the a—torsion of this

sheaf, then its image in HY (RT*(K;;/S, d7s)) is killed by @™2 in this sheaf, because
this allows to conclude by taking N := N; + N,.

This is a easy exercice on hypercohomology because at each step of the spectral
sequence we know that z is locally killed on X by a, thanks to the lemma 2.1.2,

and that the obstruction for the next step is in the sheaf R'7,(K ;7;)7 which is killed

by a™. So we may take No = (n+1).(N; + 1). |
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2.2 Use of (H2).

First recall a simple lemma from [B.06] lemma 2.1.2

Lemma 2.2.1 The commutation relation a.b — b.a = b> implies for each integer

N the formula
N

) N! ) )
NN =3 (1) bV b
s (N = j)j!

It implies that an A%—module which is killed by a is killed by V.

We shall use the hypothesis (H2) via the following proposition :

Proposition 2.2.2 In the situation (Q) with the hypotheses (HO),(H1) and
(H2) the cohomology sheaves E* of the complex (K7jg, d7s) are b—separated,
that is to say satisfy Np>o O™ .E* = {0}.

PROOF. We begin by proving that it is enough to establish the following key prop-
erties of F := E*® :

i) There exists locally on ) and integer N such that a".A(E) = {0}.
ii) B(E) C A(E).
111) Mim>0 bm.E C A(E)

Remark first that the inclusion N,,>o b™.E* C B(F) implies N;,>o ™. E* = {0}.
Moreover the inclusion ii) implies that B(E) C A(E) because A(E) is the
biggest A%—submodule in A(E) (by definition), and B(FE) is A%—stable. But
the inclusion B(E) C A(E) implies the equality B(E) = A(E) because on
A(E)/B(E) the map b is injective and satisfies b* = 0, thanks to the lemma
2.2.1 and the condition i). Now N,,>o b™.E* is a A%—submodule, so condition iii)
implies the inclusion Ny, b™.E* C A(E) = B(FE) and our claim is proved.

The condition i) has been established in proposition 2.1.1. The conditions ii) and
iii) will be deduced from the following lemma.

Lemma 2.2.3 In the situation (@) with the hypothesis (HO) and (H2) let
y €Y and denote F, the Milnor fiber of f at y. Put 7(y) := so. We have a
natural (OS[[a]])SO—lmear map

dev, : EI*' — (2\')), ®c H"(F,,C)

which commutes with the actions of b. The kernel of dev, s exactly the germ at
y of the a—torsion A(EPTY) of EPTL.

15



PROOF. Let [w] € EXT' where w is alocal section of Kf;rl which is d;s—closed,
and, for v € H,(F,,C), let (vs.),(s,2z) € S x D* be the horizontal multivalued
family of p—cycles in the fibers deduced form + ; then define

devy|w] == [/ w/dsf] € (Eg\n)S)so

where (EX%)SO is the germ at sy of multivalued asymptotic expansions (in the

local coordinate z in D, see the example in section 1.2) where exp(2im.A) is the
set of eigenvalues of the local monodromy at y and where n = dim¢ F}, bounds
the degrees of the logarithms. This commutes with the action of Ag,,. Then the
fact that [w] is in the kernel of dev, is clearly equivalent to the fact that [w]
induces the zero cohomology class on the generic fibers of the S—relative Milnor
fibration of f at y. So this exactly means that [w] isin A(EP'!),. |

END OF THE PROOF OF THE PROPOSITION 2.2.2. Note that it is enough to prove
properties ii) and iii) for E! for any p >0 and any y € ). But they are immedi-

ate consequence of the fact that the Ag, —module (Eg\n?g) 5, ®c HP(F,,C) has no
a—torsion and is b—separated. |

We have another important consequence of the lemma 2.2.3

Corollary 2.2.4 In the situation (Q) with the hypothesis (HO0) and (H2) the
(Os[b])so—module EP*YJA(EETY) is b—complete, for each y € m*(s9) N Y.

PROOF. Remark first that EPT/A(EFT) is an  (Os([a]])s,—module of finite
type using the noetherianity of this ring and the fact that the (Og[[a]])s,— module

(EX%)SO ®c HP(F,,C) is of finite type. Remark then that the a—filtration and
b—filtration on (EE\")S)SO ®c HP(F,,C) are equivalent. So a Cauchy sequence for
the b—filtration in EP*! / A(EPHY) gives a Cauchy sequence for the a—filtration
in (EE\")S)SO ®c HP(F,,C) and then converges for the a—filtration to an element
which is in Eg“ / A(Eg“). Then it is enough to prove that the convergence for
the a—filtration in EP™ /A(EPT') implies the convergence for the b—filtration.

But this is a simple consequence of the hypothesis (H0) because we have, for each
p > 0, locally on )Y, an integer N such that

aV.EP C b.EP

as an easy consequence of the Nullstellensatz : as Z = {d,sf =0} C YV = {f =0}
the support of the coherent sheaf K 75 / I 5’5 is contained in {f = 0}. So there exists

locally on ) an integer N such that a”.EP C b.EP. ]
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REMARK. A consequence of the previous corollary is that A(EF) is stable by b,
and so we have the equality A(E?) = A(EP) for each p > 0. Then in the situation
of the proposition 2.2.2 we shall have® B(EP) = A(EP) = A(E?) for each p > 0.
So as in the proof above we obtain also locally on ) an integer N such that

v*N . B(EP) = {0} for each p > 0.

2.3 The theorem.

Our first important result is the extension to the S—relative case of the construction
given in [B.II] theorem 2.1.1.

Theorem 2.3.1 In our situation (Q), under the hypothesis (HO),(H1),(H2), the
map u:=u'ou® induces for each p >0 an isomorphism of A%—modules which
is also Oglla]]—linear

H(u)? : EP — EP.

Moreover we have the following properties of the As—modules EP,p >0 :

i) There exists locally on Y an integer N such that a kills A(EP) for each
p = 0.

ii) We have B(EP) = A(EP) for each p > 0.

i) There exists locally on Y an integer N’ such that bN' kills the b—torsion
B(EP) of &P for each p > 0.

W) Npso b™.EP = {0} for each p > 0.

v) Foreach y € Y the germ EXT/A(EPT) may be embeded in some Ag s, —module
of asymptotic expansions Ef{f)&so ®@V where so:=m(y), V :=HP(F,,C) and
A Cl0,1]NQ s a finite subset. Here F, s the Milnor fiber of f at vy,
which coincides with the Milnor fiber at y of f restricted to w '(so), thanks
to the hypothesis (H2). The set {exp(2im.\),\ € A} s the spectrum of the

monodromy acting on HP(F,,C) .

REMARK. This last property v) implies that the (OS[[a]])SO—module E? [ A(EP)

(resp.  (Os][b]])s,—module EP/A(EP)) is finitely generated by noetherianity (see
the point 1. in the begining of section 1.2.) U

The proof of the theorem 2.3.1 will be completed at the end of the section 2.3.

5see the proof of the proposition 2.2.2 for the first equality.
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We first remark that the cohomology sheaves E?P satisfy the properties i) to v) for
each p>0:

The property i) is proved in proposition 2.1.1 ; the properties iv) is obtained in the
proposition 2.2.2 and the property v) in the lemma 2.2.3. The properties ii) and iii)
are shown in the final remark of the section 2.2.

We shall now prove that the cohomology sheaves EP satisfy the properties i) to v)
under our hypotheses (HO0),(H1),(H2).

2.3.1 The b—separation of &£7P.
We want to prove properties iii) and iv) for the cohomology sheaves &P.

Lemma 2.3.2 Assume that we have bY.B(EP) =0 then we have bN 1. B(EP) = 0.

PROOF. Let X = Z;io V.r; in IC’/’S, D,s—closed, such that VM. X = D,gW
with M > N + 1.
Define U = Ej]\/igl V.aw; and V=372, »~Maw;. Then we have
WM. X =Ds(U) + M 1.D/s(b.V) (@)
and this implies D,s(U) — b ~'.(d/sf Awpy) =0 and so
WM 0. X — Dyg(b.V)] =0 dys f Awy

and b.X =dsf ANway + D;s(b.V). Note that the relation

o= —d;sf Nwy—1 +dys(war),
consequence of (@), implies d;gf A d;s(war) =0, so we have

M (w)[b.ds (war)] = [b.X].

So bM~t[d/s(wyr)] is in the kernel of HP(u) which is zero from our assumption.
Then bV.[d/s(wp)] =0 and so BV*L[X] =0 in &P |

So the previous lemma and property iii) for the sheaves EP ¥Vp > 0 imply property
iii) for the sheaves &P, Vp > 0.

Lemma 2.3.3 Assume now that we have, locally on Y an integer N such that
VN .B(EP) =0 then we have N,,>ob™(EP) = {0}.
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Proor. Note first that the assertion is local on Y. Let €y € IC?S such that

D;sQ =0 and such that for each m > 0 there exists €, € /CI}/S and U, € IC%1
such that D;sQ2,, =0 and 0™.Q,, = Q¢+ D,sUy,. Then we have for each m >0

bm(Qm - b~Qm+1) = D/S(Um - m+1)

and this means that [V,,] := [Q,,] = 0.[Qmy1] isin B(EP). As we know, thanks to our
assumption, that there exists locally on ) an integer N such that b.B(EP) = {0},
we obtain

00 N-1 o]
S VMV = V" Vo DygW =Y (0" Q= 0™ Qi) = Qo
m=0 m=0 m=0

where we have defined W :=>>_ . b™.W,, using the fact that for each m > N
we may write 0™.V,, = D,gW,, for some W,, € IC%I, and where we use also that
on a given open set U C Y the Og(U)[[b]]-module I'(U,Kfs) is complete for
its b—adic topology. So we find that [Qg] isin B(EP). But then any [Q,,] isin
B(EP) and for m > N this gives b™.[Q,,,] = [Q0] = [0]. LB

So this second lemma, using the fact that property iii) is already obtained, gives the
property iv) for the sheaves &P Vp > 0.

2.3.2 The b—completion

Lemma 2.3.4 Let [X]| € EP such that b.[X]| = 0. Then there exists [z] € EP
such that b.Jx] =0 and HP(u)[z] = [X].

PROOF. Write X =32 V/.x;. Now if b.X = D/sU where U := Y 77 b .u;

is a local section of IC’/’E1 we shall have
0=d/s(ug) —dssf ANuy and wup € K%l.

So djsf ANdjs(ur) =0 and dys(ur) isin KJg N Kerdys. Then we have in EP
the relation b.[d;s(u1)] = [d/s(ug)] = 0.
Write U =ug+b.V and V =wu; +b.W. Then b.W isin IC’;;1 and we have

D/s(U — up) = b.X —dssug and then X = D,gV

But V ¢ IC%1 in general. Nevertheless X —d su; = D;g(b.W) with [d;s(uy)] is
the image by HP(u) of the class d;g(uy) in EP which is in Kerb. This conclude
the proof. (]

Corollary 2.3.5 For any integer N > 1 the map HP(u) sends Kerb™ in EP
onto Kerb™ in &P.
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PROOF. Asthecase N =1 is proved in the previous lemma it is enough to prove
that if the statement is true for N > 1 (and for N = 1) then it is true for N + 1.
Let X € Kerb™ ' in &P. Then b.X may be written HP(u)(z) where z is
in EP and satisfies 0V.x = 0. Now, as HP(u)(x) isin b.EP we may write
x =b.y for some y € EP, thanks to the lemma 2.3.6 below. Then Y := HP(u)(y)
satisfies 0.(X —Y) = 0 and so we may find ¢ € EP such that bt = 0 and
HP(u)(t) =X —Y. Then y+t isin Kerb™ ™' andissent on X by HP(u). B

Lemma 2.3.6 Let k be a positive integer. If x € EP is such that H(u)[z] is in
VF.EP then x isin b*.EP.

PROOF. We begin by the case k = 1. Then we may write
r=0X+D,;5U

with X ¢ ICI/’S,D/SX =0 and U € ICI/E1 ; this implies © = d;g(ug) — d/sf A us.
So [d/s(uq)] isin EP and [d/g(ug)] =0 in EP, as wg is in K%l. This gives
[x] = —b[d/s(u1)], concluding this case.
Assume now k > 1 and that the case k is proved. Then consider [z] € EP such
that

r=b"" X+ DsU.

Then the inductive assumption gives [y] € E? such that [z] = b*.[y]. Then we
have may assume directly (up to change U) that

vy ="t X +.D,s(U).

This gives d/su; = d/sf Nujy1 V5 € [0,k —1]. So each djgu; for j € [0,k]
defines an element in E?, and we have (recall that ug € K;’;l)

0= [d/suo) = b.[djsu] = - - = b*.[d/suy] in EP.
Now write U = V + b**L. /. The relation above becomes

by = 0" X+ 6" Dys(bW) + (dysuy).b"

which implies

So we may apply the case k =1 to the class [y — d sui] € EP, and we find that
ly — djsuy] € b.EP. So b*.ly — djsuk] = [z] + b*.[d/suy] isin B¥T.EP. Now the fact
that b*.[d/su) =0 in EP allows to conclude. |

REMARK. This lemma implies that the b—filtration on FE? is induced by the
b—filtration on &P. U
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2.3.3 The end of the proof.

As we have proved the properties i) to v) for the sheaves EP the last point to prove
is that the A%—linear map HP(u) : EP — EP is bijective for each p > 0. But we
already prove its injectivity thanks to the proposition 1.2.7 using here condition iv)
for the sheaves EP and also for the sheaf &P thanks to lemma 2.3.3.

Now the surjectivity comes from the b—density of its image proved in the proposition
1.2.7 and the following facts :

1. The map HP(u) induce a bijective map between B(EP) and B(EP).
2. The b—filtration on EP is induced by the b—filtration of &P.

3. For each y € Y the quotient (EP/B(EP))y is b—complete.

4. For each p>0 &P is b—separated (and so is b—complete).

The point 1) is proved in the corollary 2.3.5, thanks to lemma 2.3.2 and the fact
that there exists locally on ) an integer N’ such that bV .EP = {0}.

The point 2) is proved in the lemma 2.3.6.

The point 3) is proved in the corollary 2.2.4.

The point 4) is proved in the lemmata 2.3.2 and 2.3.3 thanks to the property iii) for
EP. This conclude the proof of the theorem 2.3.1. ]

2.3.4 Functorial properties.

It is an easy exercice to prove the following functorial properties of the complex
(K$/s: D}/s) constructed above.

Proposition 2.3.7 In our situation (@) with the hypothesis (HO) the complex of
As—modules constructed in the theorem 2.3.1 has the following functorial properties:

1. For any holomorphic map ¢ : T — S from a reduced complex space T there
exists a natural pull-back map of complexes over the pull-back of sheaves of
algebras ¢* : Ag — Ar

v+ (K50 Dyys) = (Kgm Dgr)

where g : X xXgT — D s the composition of the first projection of the fiber
product with f. If ¢ 1s a proper embedding, then ¢* 1is given by the natural
map to the tensor product on Og by Or.

2. For any S—holomorphic map ¢ : Xy — Xy between two S—manifolds and
any holomorphic function f: Xy — D satisfying (HO0) and such that fo
satisfies (HO), we have a natural pull-back of Ag—complexes

" (K55 Dys) = (Kgys: Dgys)
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where g := f o).

These two “pull-back” maps are of course compatible with the the obvious pull-
back of relative differential forms and so with the natural map

u: (Kfsv 75) — (IC757 D7s)

defined in the theorem 2.3.1.

3 The finiteness theorem.

We assume in this section that we are in the situation (@) with the hypotheses

(HO), (H1),(H?2).

Definition 3.0.8 A left As—module E on S is called S—small when the
following conditions hold

1) Npso b".E C A(E).

2) B(E)C A(E).

3) Locally on S there exists an integer N such that a™.A(E) = 0.
4) The sheaves Kerb and Cokerb are Og—coherent.

Remark that, using the results in section 2.2 the conditions 1) 2) and 3) implies that
we have in fact B(E) = A(E) and b*N.B(E) = {0} and then N,,>¢ b™.E = {0}.

Lemma 3.0.9 If a left As—module FE is S—small then E s a finite type
Ogs|[b]]—module such that its b—torsion B(E) is Og—coherent.

PROOF. We want to show that the sheaves Kerb” are (Og—coherent for all v > 1.
As this is true for v =1 by the condition 4), assume that it is proved for v > 1
and let us prove that Kert**' is Og—coherent. Consider the obvious Og—linear
map Kerd” — E / b.E, between two (Og—coherent sheaves. Its kernel is coherent,
and as we have Ker b"Nb.E = b(Ker b**!) we obtain the coherence of b(Ker 0"™!).
But now the exact sequence of Og—modules

0— Kerb— Kerb’ -2 b(Kerb”™) — 0

gives the coherence of Kerb”*1. This implies the coherence of B(E) thanks to
the remark preceeding this lemma.

Define now F := E/B(E). We shall prove the coherence of F/b.F.
We have an isomorphism F /b.F ~ E/B(E) +b.E and an exact sequence

0— B(E)/B(E)Nb.E — E/b.E — F/b.F — 0.
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Now the equality B(E)Nb.E = b.B(E) and the isomorphism b.B(E) ~ B(E)/Kerb
imply the coherence of B(E)/B(E)Nb.E and the coherence of E/b.E which is
assumed, gives the coherence of F / b.F.

But now the condition 1) implies that F' is b—complete and without b—torsion.
So it is now standard to prove that F' is a finite type Og|[[b]]—module. We conclude
that F is a finite type Og[[b]]—module. |

REMARK. We have proved that F / b.F' is also Og—coherent. Then there exists
a Zariski dense open set S’ C S where F / b.F' is locally free, and, as F has
no b—torsion and is b—complete, it will be locally free over Og|[b]] on S’. On
such an open set, FE is locally a direct sum of its b—torsion with a free finite type

Os[[b]] —module. O

Definition 3.0.10 We shall say that a left As —module E is geometric when E
is S—small and when it associated family of (a,b)-module E/B(FE) has geometric
fibers at each point of S.

This definition is given in section 5.1 of [B.II]. Of course, the formal completion of
the Brieskorn module of a germ with an isolated singularity is always geometric. The
condition to be geometric encodes in the (a,b)-module setting the following general
results on the Gauss-Manin connection of a holomorphic function : regularity, the
monodromy theorem and Malgrange’s positivity theorem.

Let define the complex of Ag—modules (’€7s>D7s) on )Y as the quotient of
(K95, D7) by the image by u of the sub-complex (with 0 differential)

f_l(Q}S‘XD/S) C (KJg, djg).

Our main result is the following finiteness theorem, which shows that the Gauss-
Manin connection produces in our situation a Ag —module which is geometric .

Theorem 3.0.11 Let S be a reduced complex space and let X be a S—relative
manifold of pure relative dimension n + 1. Note w : X — S the projection.
Let f:= X — D be a holomorphic function to an open disc D in C with
center 0. Assume that the properties (HO0),(H1),(H2) are satisfied and that Y
is S—proper. Then the complezxes of As—modules

]RW*(IC}/S,D}/S) and Rm(l@}/s, }/S)

have cohomology sheaves which are geometric As—modules for any degree.

PROOF. Thanks to the theorem 2.3.1, we may replace the complex (IC}/S, D}/s)
by the complex (K7jg,djg). To show that E := H? [R?T*(K/.S,d7s)] is small, it
is enough to prove that FE satisfies the condition 4) of the definition 3.0.8, as the
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properties 1) 2) and 3) are given by the theorem 2.3.1.
Consider now the long exact sequence of hypercohomology of the exact sequence of
complexes

0= (g, djg) = (KJg d7g) = ([K)s/1)s]% djg) — 0.

It contains the exact sequence

oo H R (K s/ 1s]*, d3s)] = HP [Ra (I, d5g)] "
= HP R (K, d5s)] = HP R (K s/ 1js]*, dSs)] — .

and we know that b is induced on the complex of Ag —modules quasi-isomorphic to
(K;S, d; s) by the composition iob where b is a quasi-isomorphism of complexes of
Og|[b]]—modules (see lemma 1.2.1 and the definition 1.2.2). This implies that the
kernel and the cokernel of RP(i) are isomorphic (as Og—modules) to Kerb and
Cokerb respectively. Now to prove that FE satisfies condition 4) of the definition
3.0.8 it is enough to prove coherence of the Og—modules H’ [R?T*([K/S/I/S]., d;s)}
for all j > 0.

But the sheaves [K,s/I)s)’ ~ [Kerd,sf/Imdsf}’ are coherent on X and
supported in ). The spectral sequence

EST .= HY(RPm,([K;s/1/5]%), d;s)

which converges to M’ [Rm.([K/s/I /S]',d7s)}, is a bounded complex of coherent
Os—modules by the direct image theorem of H. Grauert. This gives the desired
finiteness.

To conclude the proof, we want to show that FE/B(FE) 1is geometric. But this
is an easy consequence of the regularity of the Gauss-Manin connexion of f, the
monodromy theorem and Malgrange’s positivity theorem.

The case of the complex (I@;S, Djg) follows in the same way. [

REMARK. As the complex (1675, D7s) has its cohomology supported in Z under

the hypothesis (H0), to obtain that Rm.(K$,q, D}/s) are geometric Ag —modules
for any degree, under the hypotheses (HO), (H1),(H2), the assumption that the
restriction of f to Z is proper would be enough. O
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