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Construction and Analysis of Lattice Boltzmann Methods
Applied to a 1D Convection-Diffusion Equation

Stéphane Dellacherie

Commissariat I'Energie Atomique et aux Energies Alternatives
CEA, DEN, DM2S, STMF
F-91191 Gif-sur-Yvette
France

Abstract

We construct and we analyze two LBM schemes build on the D1Q?2 lattice to solve the 1D (linear) convection-
diffusion equation. We obtain these LBM schemes by showing that the 1D convection-diffusion equation
is the fluid limit of a discrete velocity kinetic system. Then, we show in the periodic case that these LBM
schemes are equivalent to a finite difference type scheme named LFCCDF scheme. This allows us, firstly,
to prove the convergence in L™ of these schemes, and to obtain discrete maximum principles for any time
step in the case of the 1D diffusion equation with different boundary conditions. Secondly, this allows us to
obtain most of these results for the Du Fort-Frankel scheme for a particular choice of the first iterate. We
also underline that these LBM schemes can be applied to the (linear) advection equation and we obtain a
stability result in L* under a classical CFL condition. Moreover, by proposing a probabilistic interpretation
of these LBM schemes, we also obtain Monte-Carlo algorithms which approach the 1D (linear) diffusion
equation. At last, we present numerical applications justifying these results.

Key words:

Convection-diffusion equation, Lattice Boltzmann method, D1Q2 lattice, Chapman-Enskog expansion,
Hilbert expansion, LFCCDF scheme, Du Fort-Frankel scheme, stability and convergence in L, discrete
maximum principle, Monte-Carlo algorithm.

1. Introduction

Lattice Boltzmann Methods (LBM) come from an attempt to simulate the incompressible Navier-Stokes
system with cellular automata [1, 2] before being seen as deterministic schemes based on the resolution
of discrete velocity kinetic systems [3]. LBM schemes are now often used to solve many type of Partial
Differential Equations (PDEs) system. Among them, we find the heat equation with or without phase change
[4, 5, 6, 7], the heat equation with radiative source term [8], the hyperbolic heat equation (also named
telegraph equation) with or without radiative source term [9], the Richard equation for porous media [10],
the advection-diffusion equation [11, 12, 13, 14, 15, 16, 17], the advection equation [18], the incompressible
Navier-Stokes system [19] eventually applied in porous media with heat and mass transfer [20] or in a
diphasic situation [21, 22] or with a free-surface [23], the Bingham model for viscoplastic flows [24].
Among the reasons which justify the use of LBM schemes, we can cite its algorithmic simplicity, its time
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explicit nature, its scalability when the algorithm is parallelized. We can also cite the fact that all LBM
schemes are formulated in a common way. More precisely, when W(z, x) is the solution of a PDEs system
AW + L(W) = 0 where ¢ > 0 is the time, x € Q c R is the spacial variable (d € {1,2,3}) and L(-) is a
spatial differential operator, the approximation Wl.’“rl of W(t"*!, x;) is obtained through a formula of the type

Gmax

ARSI

g=1

where ¢(+) is a given function which depends on the PDEs system, where v, € R? belongs to a discrete and
finite set {v4}1<g<gm, and where f;;“l € R is deduced from a scheme of the type

n+l _ yn _en
fq,i _Lq,i fi‘

Above, L . € R™M depends on {W"}; where j; belongs to a stencil {j;} centered on i (e.g. {ji} = {i—1,i,i+
1}) and f? =11, Fgmaji)ji] € RMX1 Here, M € N is equal to gmax X card {j;} (let us note that
card {j;} — and, thus, M — may depend on i when the boundary conditions on 92 are not periodic). In the
LBM realm, f;’i is sometimes interpreted as a density of particles having the velocity v, at the time # and
at the node x; of the spatial lattice.

Although the LBM schemes have proven their efficiency both in academical and industrial situations
(see for example the numerical applications in [23]), the numerical analysis of these schemes is not well
developed. Moreover, this numerical approach suffers sometimes of a lack of precision in the way to
introduce it. Nevertheless, there exists recent publications which give accurate informations on the LBM
approach from a mathematical point of view. Among them, we find in [25, 26] a justification of LBM
schemes applied to the 1D linear advection equation and to a 1D Navier-Stokes type model (which is a
p-system with diffusive term). In [27, 28], a Taylor expansion is applied to the LBM scheme to justify it
in the case of the 1D convection-diffusion equation and in the case of the 1D wave equation with diffusive
term. In [29], a Chapman-Enskog expansion is applied to a LBM scheme in the case of the incompressible
Navier-Stokes system. In [30, 31], a convergence result in L? is proposed for LBM schemes in the case of
the incompressible Navier-Stokes system under some assumptions and a stability result in L? is obtained by
linearizing the LBM schemes.

In this paper, we construct, we justify and we analyze two LBM schemes build on the D1Q2 lattice to
solve the 1D convection-diffusion equation

0ip + 0, (up) = vd*.p,
(1)
p(0, %) = p(x)

where r > 0 and x € Q c R, where v > 0 is the (constant) diffusion coefficient, u(x) and p°(x) being given
functions. In the pure diffusive case (i.e. u = 0), one of these LBM schemes is classical and can be found
in [4, 6, 7, 32] (the second one seems to be less classical). As in [29], these LBM schemes are obtained
by discretizing a discrete velocity kinetic system whose the fluid limit is (1), this fluid limit being formally
obtained with a Chapman-Enskog expansion and with a Hilbert expansion. Then, we prove convergence
results in L™ and discrete maximum principles when u = 0 satisfied by the proposed LBM schemes with

periodic, Neumann or Dirichlet boundary conditions. We also obtained two LBM schemes for the pure
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advection equation (i.e. u is a constant and v = 0) in the periodic case which converge in L™ (under a
classical CFL condition). Let us note that the Lz—stability of one of them is studied in [18] with a von
Neumann stability analysis.

We underline that these convergence results are obtained by using in particular an equivalence result be-
tween the proposed LBM schemes and a finite difference type scheme named LFCCDF scheme [33]. For
the classical LBM scheme that we propose, this equivalence was cited by Ancona [32] in the pure diffusive
case with periodic boundary conditions, the LFCCDF scheme being the Du Fort-Frankel scheme [35] in that
case. In the work by Suga [5] and by Ginzburg et al. [15, 16, 34], the possible existence of links between
LBM schemes (built on lattices different than the D1Q?2 lattice) and finite difference type schemes is also
studied.

We also underline that our results in L™ are stronger than any results in L?, and that they are obtained by
using convexity properties of the proposed LBM schemes and, thus, without using any discrete Fourier
transform (up to our knowledge, L*-stability results are obtained with von Neumann analysis in the LBM
realm: see for example [5, 11, 12, 13, 15, 16, 17, 18]). In particular, our approach allows us to study the
stability with non-periodic boundary conditions and to obtain discrete maximum principles, which is not
possible with a von Neumann analysis. This approach is possible because of the simplicity of the D1Q2
lattice. Nevertheless, it is not obvious that our approach would be possible for other lattices such as the
D1Q3 lattice studied (among other lattices) in [5, 13, 15, 16, 17].

At last, we propose Monte-Carlo algorithms for the diffusion equation with periodic boundary conditions.
These Monte-Carlo algorithms come from a probabilistic interpretation of the proposed LBM schemes
and have links with the Monte-Carlo algorithm proposed in [41] for the telegraph equation. Some basic
properties of these Monte-Carlo algorithms are proved (among them, we recover the discrete maximum
principles obtained with the LBM schemes in the periodic case). Like for the finite difference schemes
theory, we hope that this probabilistic approach will be a tool to analyze the LBM schemes.

The end of the paper is devoted to numerical simulations. These numerical results justify the discrete
maximum principles obtained with the proposed LBM schemes (with periodic or non-periodic boundary
conditions) and with the Monte-Carlo algorithms (with periodic boundary conditions). They also show the
convergence of these algorithms and their robustness.

The outline of this paper is the following. In Section 2, we introduce the discrete velocity kinetic system
and its fluid limit. In Section 3, we contruct the LBM schemes. In Section 4, we obtain the equivalence of
these LBM schemes with the LFCCDF scheme (which is the Du Fort-Frankel scheme [35] when u = 0).
In Section 5, we obtain stability and converence results in L. In Section 6, we prove discrete maximum
principles in the case of the diffusion equation. In Section 7, we present some limitations of the LBM
schemes. In Section 8, we extend the proposed LBM schemes to the convection equation. In Section 9,
a probabilistic interpretation of the LBM schemes is proposed in the case of the diffusion equation with
periodic boundary conditions. In Section 10, we present some numerical results. At last, we conclude the
paper in Section 11.



2. Fluid limit of a discrete velocity Kinetic system

Let us define the function
M;;(t, X) =

P(tz, x) [1 N u(X)} 2)

v£
q
where p(z, x) € R} and u(x) € R. The parameters r € R* and x € Q := [Xmin, Xmax] ( C R) are the time

and space variables. The set { V;}qe{l’g} is a discrete and finite set of velocities defined by
vfj = (=14 with q € {1,2} 3)

where ¢® € R* depends on a parameter € € R* and will be defined later. In the LBM realm, {Vf;}qe{ll} is
named D1Q2. The function M;; verifies
)= ()
> ME = . @)
& q
616{1,2}( K pu

To solve the convection-diffusion equation (1), we will propose two schemes deduced from a numerical
integration of the discrete velocity kinetic system

1
Ouf} + ViOuf} = (M5 = f7),

| )
OufS +V50uf3 = (M5 = f5).

and by previously noting that the fluid limit of (5) is (1) for a particular choice of vj (see Proposition 2.1
below). These schemes will belong to the family of LBM schemes and will be explicited in §3. In §9, we
will show that the probabilistic interpretation of these LBM schemes are Monte-Carlo schemes which are
already known. System (5) may be considered as a kinetic system whose the kinetic velocities belong to
the discrete and finite set {v] }4e(1,2) and whose the collision operator is a BGK-type collision operator where
the classical maxwellian is replaced by M defined with (2). Thus, M will be named maxwellian in the
sequel, p(x) and u(x) being the macroscopic density and velocity associated to M. A similar approach is
proposed in [29] in the case of the incompressible Navier-Stokes system. Nevertheless, the integration of
(5) is obtained with a second order integration formula instead of a third order integration formula, which
obliges the authors in [29] to correct the diffusion coefficient v to obtain a consistent LBM scheme: this
point is a direct consequence of the stiffness of (5) when & < 1, and is clarified in §3.4.

At last, let us underline that most of the variables above depend on the collision time . Thus, to clearly
underline this dependency, we use the superscript £ in the notation. Nevertheless, we will simplify the
notations after this section by omiting the parameter &.

2.1. The convection-diffusion equation as a fluid limit
The fluid limit is obtained for a particular choice of the kinetic velocity ¢® in (3):

Proposition 2.1. Let us suppose that Q is periodic and let f7 be solution of the discrete velocity kinetic
system

& < & 1 & E
alfq + anqu = E(Mq - fq )’
Vg e{l,2): (6)

f;(tZ 0,x) = £2%(x)



where M, := @ [1 + ”(x)] with p® := f7 + f5. Let us also suppose that

g
v€=(—1>"\ﬁ (e = \[%) @)
o - .e. ).
Then, by admitting that there exists {giq(t, X)}k>1 in such a way
fg=M;- (1 + \/Egiq +eg5,+ 83/2g‘39’q) +0(e) (8)

when € < 1, p® is solution of
0ipF + 0.(up®) = vl p* + O(e),

0 0 (9)
Pt = 0,%) = f7000) + f000).
Moreover, we have
3/2
& _ e Vev, o 32| U & 2 & VW e, Y 3 & 2
fq (t’ X) - Mq+(_1)q+ Taxp +(_1)q8 ﬁ/ : (ax(up )_ Vaxxp )_ 76)0((”10 )+ Taxxxp ]+O(8 )
(10)

Proposition 2.1 means that the convection-diffusion equation (1) is the fluid limit of the discrete velocity
kinetic system (6) when vfl is defined with (7). Let us note that ¢ < 1 means that £ < tg,;q Where
tauia = O(1) is the time scale of the fluid limit (1), & being the kinetic time scale ((1) and (6) are supposed
to be dimensionless). Let us also note that the initial condition qu,o should be close to the maxwellian

equilibrium Mg in such a way the ansatz (8) is valid at 7 = 0 (e.g. 17 0= Mg).

The proof of Proposition 2.1 is formal and is written in Annex A. It is based on a Chapman-Enskog expan-
sion (Annex A.1) or on a Hilbert expansion (Annex A.2). The fact that the discrete velocity kinetic system
(6) is such that the kinetic velocity vy depends on the collision time ¢ is not classical, and obliges us to per-
form carefully these expansions. We underline that if the boundary conditions were not periodic, this would
introduce difficulties which are note studied in this paper (because of the possible existence of a Knudsen
layer in the vicinity of JQ in that case). Nevertheless, we will propose Neumann and Dirichlet boundary
conditions in the sequel although they will not be deduced from any asymptotic expansion applied to (6).

2.2. The diffusion equation as a fluid limit

Of course, we deduce from Proposition 2.1 the following corollary:

Corollary 2.1. Let us suppose that Q is periodic and let f; be solution of the discrete velocity kinetic system

1
0uf; - \/g(?xff = 5.5 = D,

o 4 & _ 1 £ £
Ofy + \/;axfz = g(fl -5 (1)

£ =0,x) = 20,

f3=0.9=, 29(x).



Then, when € < 1, p® := f{ + f3 is solution of

0% = v p° + O(e),

(12)
P = 0,0 = f7000 + f5000).
Moreover, we have X
& a < a &
£o,0) = % 1+ (=1) \/E(gvx;—f - ;—’j) + O(2). (13)
Let us note that it is proven in [36] that the fluid limit of

op+0ow=0,

(14)

w
0w + 0,p(p) = _;

is given by
dup = £03,.p(p),

p(p) being a given function which does not depend on £. On the other side, we can note that when p(p) = cp
where c is a constant, by defining f; and f, in such a way p = f1 + f> and w = ¢(f> — f1), (14) is equivalent
to

1
0ifi — o fi = 2_e(f2 - f1)s
(15)

1
O0ifor +coyfo = Z(ﬁ - )

whose the fluid limit is given by

dp = £c* p. (16)
The discrete velocity kinetic system (15) is similar to (11). Nevertheless, the kinetic velocity ¢ in (15) is a
constant and, thus, does not depend on € which is not the case of the kinetic velocity ¢® := \/g in (11). As
a consequence, the fluid limits (12) and (16) are different.

3. Construction of two LBM schemes

.....

the domain Q := [Xpin, Xmax] Whose the mesh size Ax is constant, and let us define an uniform time step

At = 1 — ¢ such that ,

A
At:=C,=~  with  C,=0(1). (17)
4

This definition is justified by the fact that we want to discretize with an explicit scheme a convection-
diffusion equation. Proposition 2.1 encourages us to discretize

1
Orfq + (=1)? \/gf’qu = - (My = fo).

Vg€ (1,2} : (18)

Jot=0,%) = f(x)
6



instead of
0ip + 0(up) = vo? p,
(19)
p(t = 0,x) = pO(x).
The difficulty is to find an explicit scheme applied to (18) which is enough accurate to capture the fluid limit
(19) when At = O(Ax?) < 1 and & < 1. The solution will be to choose & = O(Af), which implies that &
will depend on At: this dependency makes difficult the analysis of the LBM schemes.

3.1. Integration of the kinetic system

We have the following result whose the proof is based on an idea that we can find in [37, 25]:

Proposition 3.1. Let ¢ € R and f,(t, x) be solution of the kinetic system

1
Vg e({l,2}: 6tfq + (_l)qcaqu = ;(Mq - fq) = Qq(f)(t’ x)
and let As
8q(t, %) 1= folt,x) — ?Qq(f)(l, x). (20)

Then, we have
si+&e=fi+th

and
AP 3
gqlt + At, x + (=1)1cAt] = g4(t, x)(1 =) + My(t, x)n + O 7 when AP < e 21
e
where |
n=—1 22)
R + p—
At 2

Since g1 + g2 = fi + f» = p, we will propose LBM schemes by using the approximation (21): this
point underlines also that the LBM scheme will be based on the intermediate variable g, instead of f,.
Nevertheless, it will be possible to deduce LBM schemes based on f, by applying the inverse transform of
(20) to the LBM schemes based on g,.

The proof of Proposition 3.1 is based on the following lemma:

Lemma 3.1. Let us define the BGK kernel

1
Q(f):;(Mf_f) (e €R)

where the distribution f(v) is defined on a discrete or continuous velocity domain, My being the maxwellian
distribution associated to f, and let us define the distribution

g:=f-80(f) (E€R).

Then, when € + —&: .
o) = 8—~Q(8)-

+€
7



Let us underline that Lemma 3.1 is not restricted to a discrete velocity domain.
Proof of Proposition 3.1: The solution of the continuous EDP

1
atfq + (_l)qcaqu = E(Mq - fq) = Qq(f)(t’ X)

is given by
At
folt + At x + (=1)7cAt] = fu(t,x) + Qu(NIt + s, x+ (=1)cslds. (23)
0

Since fqg = M; + O(+/e) when £ < 1 (see (10)), we can write that

0, = O(L\/_g) when ex 1. (24)
This implies that
At At
Qu(Ot + s, x + (=1)cslds = 0(7) when ex 1. (25)
)

Thus, the easiest numerical integration formula applied to (23) would give

2
Folt + At x + (=1)7eAd] = f,(1, x) + MQ(f)(t, x) + O (A—\/t_) . (26)
E

Nevertheless, the error O(A?/ V) in (26) does not allow to obtain LBM schemes which are consistent with
the convection-diffusion equation (19). In fact, the integration error has to be of the order of Ar3/+/e (or
lower) for reasons that we justify in §3.4: this point is important in the LBM realm and explains the classical

formula
1 1
V= At(— - —)c?
n 2

met in many LBM schemes (1 and ¢, are defined in §3.2). Thus, instead of the second order integration
formula (26), we use the third order integration formula

3
folt+ At x + (=1)9cAf] = f,(1, %) + %I[Qq( )t x) + Qu(f)(t + Aty x + (=1)7cAn)] + O (A—\/t_) Y
E

Formula (27) is equivalent to g [t + At, x + (=1)7cAt] = g,(t, x) + AtQu(f)(t, x) + O(A—\g) with g, := f, -

%Qq( f). Thus, by using Lemma 3.1 with € = Ar/2, we obtain that (27) is equivalent to

&

gqlt + At, x + (=1)1cAt] = g4(t, x) +

Q,(g)(t )+O(A—t3) (28)
R (&)1, x \/E

€ 41
)

We conclude by noting that Q,(g) = %(Mq - 8¢)-U



Proof of Lemma 3.1: When € # —¢, we have

1
o) = E(Mf—f)
1 —
= ;[Mf -g-€0(f)l
which allows to obtain |
=——WMi—9).
0(f) = —=M;~g)
We conclude by noting that M, = M.[]
3.2. A first LBM scheme
Let us choose
Ax @
c=—
At’
(29)
v
=—. (b
€= (b)
Thus, we have
&= Cylt (30)
. Ax?
since At := C4— (Cy4 > 0). We deduce from (21) a first LBM scheme
%
gy =81 (L= + My,
gl =g (L—m+ My, 31)
p:’l+1 — grlzji—l + gg’-iljl
where
= ! = ! (32)
m: oo LA T
T2 A2 T2
Let us underline that (32) is equivalent to
1 1
yo At(ﬁ - 5)& (33)

with ¢, = KAx/At (in the studied case, we have K = 1). In
+
sound speed of the lattice. Moreover, since M, = &1 5 LEN

(31) is equivalent to

the LBM realm, the constant ¢, is named pseudo

At
1+ (—l)qA—u(x)}, we see that the LBM scheme
X

| n At ]
g =8l [1 5 (1 + A_xu(le))_

1 n At |
&y =& |l- 2 (1 - E”(xi—l))
p7+1 — gllz,-ll—] +gg;1

n t
+ 8§,i+1§ (1 - A_xu(x”l))’

n At (34)
+ g’f,i—li (1 + Eu(xi—l)),



and, thus, to

n
1 n n P At
g1 =8l (1 - 5) +85i11 37 —l2+ : UECM(XM),

1 n n p At (35)
ggt g;,i—l (1 - 5) +g7,i 15 +— 2 U_M(Xz 1)

n n+1 n+l

Pt =gl ey

We will use the formulation (35) in the sequel. When u(x) = 0, the LBM scheme (35) is identical to the one
proposed in [4, 7, 32, 6] to solve the diffusion equation. When u(x) is a constant ug, (35) has similarities
with the LBM scheme proposed in [18] to solve the advection equation 9,0 + uyd,p = 0: this point is studied
in Section 8.

Let us remark that 1 defined with (32) belongs to ]0, 2] since C; > 0 : we will use this property in the
sequel to obtain convergence results in L™ and discrete maximum principles. Let us also remark that, due
to the relation (20), the LBM scheme (35) is equivalent to the LBM scheme (see Annex B)
et T (16C =D+ £ (4Ca+ D + £, (4Ca = D + f1

=t ’ ’ L@
b 16C4(Cq + 1)

P floi(ACa =D+ £+ o (16C3 — 1) + f1,_ (4Cy + 1) o (36)
16C/(Cyq + 1) ’

n+l fn+1 +.fn+l (C)

when u(x) = 0 and C; # 0 (the transformation (20) is not defined when C; = 0). The LBM scheme (36)
is not classical. Since (36) is more complex than (35) and is ill-defined when C; = 0, we will study in the
sequel the LBM schemes expressed with the distribution g, and not with the distribution f,.

3.3. A second LBM scheme
By replacing At by —At in (21) and (22), and by choosing again (29), we now deduce from (21) the
second LBM scheme

n

gl =g -+ M A,

gl = gh (L =)+ Mg, (37)
PP =81+ 8,
where 7 := —L+ = —L . We have the following property proved in Annex C:

— 1 _vAr 1
Caty a2 T2

Property 3.1. When C; # 1/2, the LBM scheme (37) is equivalent to

: n At n At
8’11); = 8111,i+1 [1 5 (1 + A—xu(xi)) * 8§,i_1§ (1 - A_xu(xi))’

2
1 n At n At (38)
g =8|~ 5 (1 - E”(xi)) + g’f,i+1§ (1 + E”(xi)),
n+1 n+1 n+1

P =81 T8
10



where 1 is defined with (32). In the sequel, (38) is named LBM* scheme.

Contrary to the LBM scheme (35), the LBM* scheme (38) is not classical. Let us note that when C; = 1/2,
(37) is not defined since |7j| goes to the infinity when C; goes to 1/2: this comes from the fact that Lemma
3.1 is valid only when & # —&. Nevertheless, (38) is defined for any C; > 0 since i €]0, 2]. In the sequel,
we will show that the LBM* scheme (38) is valid for any Cy4 > 0.

3.4. Justification of the use of a third order integration formula to obtain the LBM schemes

We now justify the use of the third order integration formula (28) — which is equivalent to (27) — instead
of the second order integration formula (26). This point is important in the LBM realm and justifies the
classical formula (33).

3.4.1. Heuristic justification of the third order formula

Let us suppose that the quantity fOAt Qu(Nt + 5,x+ (=1)cslds in (23) is computed with an integration
formula of order m € N. Since fOAt Q,(lt + s, x + (=1)4cs]ds is of the order of At/ Ve (see (25)), the error
of the integration formula has to be of the order of Ar™/+/e with m > 2. Moreover, we construct the LBM

schemes with At = O(¢) (see (30)). To summarize, the error A"/ /€ is of the order of £”~!/? and m has to
be greater or equal to 2. We now use the following property:

Property 3.2. Let us suppose that f7 is solution of (18) and that ?2 is an approximation of f7 which satisfies

—E k t X
f,= e+, |t -, x,—
a4 N\ e \ve

where W (1,12, X1, x2) is a C®-function. Thus, p° := f‘f + 7; is solution of
3p° + 0.(up®) = vd> p° + O(e)
when k > 2.

By taking k = m — 1/2, we deduce from this property that m — 1/2 has to be greater than 2 which implies
that m > 3 since m € N. This justifies to use the third order integration formula (27) (i.e. m = 3) instead
of the second order integration formula (26) (i.e. m = 2). Of course, m > 3 is only a necessary condition
to obtain consistent LBM schemes. It remains to prove that m = 3 is a sufficient condition, which will be
proved in §5.

Let us note that we impose that ¥, is a C*-function to simplify the statement of Property 3.2. Indeed,
we could choose ¥, with less regularity. Moreover, the variables ¢/& and x/ v/ve in ¥, underlines that this
perturbation may act at kinetic scales. Let us also note that the expansion (10) shows that f7" may have
variations at kinetic scales only at the order £2, which is coherent with the previous result.

Proof of Property 3.2: Let us suppose that

—& k t X
o= fe vy (t,—,x,—).
q q 4q e /V8

11



In that case, we have
0" = dp° + O+,

0x(up®) = dx(up®) + O(~11),

0" = 02,0° + O
which allows to write that
0,p° + 0, (up?) — vc'))zcx_g = 0,0° + 0,(up®) — 1/6§xp‘8 + 0>,
Thus, we obtain that
0,0° + 0,(up®) = vﬁxxp + O(e)
when k > 2 by using (9)..
3.4.2. Concerning the second order integration formula
We now verify that the LBM schemes built by using (26) (i.e. m = 2) instead of (28) (i.e. m = 3) cannot
2

A
be consistent with the convection-diffusion equation (19) when Az = 21 When u(x) = 0, the LBM and
v
LBM* schemes using (26) are respectively given by

1 i
n+1 n i+
. 1-
S = fiia ( 2Cd) 2Cq°
1 f1n'_1 39)
n+1 n R
— . 1 - — i
bt = hi ( 2cd) " 20,
n+l fn+1 fn+l
and P
fn+1_f1ni+1(1_ l ) et )
’ 2(1 -Cy) 2(1 - Cp
i
A= (1 1 )+ Lis (40)
: 20-Cp)) 2(1-Cy)
pn+1 _ n+1 +fn+l
; .

When C; = 1/2 that is to say At = Az—xv, formula (39) gives

n+l _ rn
f f2,i+1’
1
fn+ fln’l'_la
pn+1 n+1 +fn+1
i

12



which is equivalent to

fn+l _ -1
10 —J1,i »
fn+l _ -1
20 T J20
n+l _ pen+l n+1
i = thi

Finally, we obtain that

A 2
Pl =p"t when  Ar= o (41)
2v
In the same way, we verify that when C; = 1/2, formula (40) implies (41). Relation (41) shows that

the LBM schemes (39) and (40) cannot be consistent with the diffusion equation when At = Az—)f. By

continuity, we deduce that the LBM schemes built by using (26) instead of (28) cannot be consistent with
the convection-diffusion equation (19). We underline that Formula (33) is a direct consequence of the use of
(28). Moreover, we easily verify that (39) can be seen as the LBM scheme (35) used to solve the diffusion
equation 9,0 = 79> p with the diffusion coefficient

V=v—- —c5. 42)

In [29], a LBM scheme is proposed to solve the incompressible Navier-Stokes system. This LBM scheme
is constructed by using the second order formula (26) with Ar > 0 (see (3) in [29]). This explains that
the kinematic viscosity in [29] of the PDEs system discretized by the LBM scheme is equal to a diffusion
coefficient ¥ similar to (42) instead of v: see (A.16) in [29] (note that Az = Ax = 1 in [29]: see (24)).
Nevertheless, the authors in [29] underline the fact that (26) cannot give a good approximation of f7(z, x)
when & < 1 although they use (26) (see p. 679 in [29]). In the same way, (40) can be seen as the LBM*
scheme (38) used to solve the diffusion equation 9,0 = 79 o with the diffusion coefficient

V= l (ﬂcz - v). (43)

Let us remark that ¥ # ¥ except when Cy = 1/2 (i.e. At = Az—’f). In this last case, we have ¥ = ¥ = 0 and pf
deduced from the LBM schemes (39) or (40) is given by (41), which is coherent with 9,0 = 0.

4. Link with a finite difference type scheme

We now prove that the LBM scheme (35) and the LBM* scheme (38) with the initial condition

0 _ 0.1 —ay— 820k
81, =P [(1 a) ﬁAxu(xl):|’

(44)
At
8, =0 |a + B )
(where (@, 8) € R?) are identical (for the macroscopic quantity p) to the finite difference type scheme
ot =Pt y i
TAr 3y et el | = o (et e e ) (45)

13



when the first iterate is given by

e=T4a(-n),

_ At . 2
Pt = gply + (L=l =y [Phutrin) = plutxion)]| - with (46)
X n
y=5+B0-m)

in the case of the LBM scheme (35) (we recall that r is defined with (32) and belongs to ]0, 2]), and by

_ At
P = apll g + (1= @y = B [l utien) = pfutxio)| (47)

in the case of the LBM* scheme (38). We will use this equivalence in §5 and §6 to obtain new stability and
convergence results in L™ and discrete maximum principles. Let us note that gg ; 1s equal to the maxwellian

0
p.
0 ._"i
Mq’l- =

1 1) @)

(see (2), (3), (29)(a) and (44)) if and only if @ = 8 = 1/2. Atlast, letus remark that¢ € [0, 1] & a € [0, 1],
andy € [0,1] = B <[0,1].

Let us note that when u(x) is a constant u, the finite difference type scheme (45) is the LFCCDF scheme
proposed in [33]: thus, (45) is also named LFCCDF scheme in the sequel. Moreover, when u(x) = 0, the
scheme (45) is the Du Fort-Frankel scheme [35]. Let us also underline that the first iterate (47) — which is
equivalent to (46) —is not classical. For example, the first iterate in [35] is defined with the classical scheme

pn=1 _pn v
i i 0 0, 0
A AL (Pi+1 - 2p +Pi—1) (49)

(the first iterate is not defined in [33]). The first iterate (47) (resp. (46)) is essential, firstly, to obtain the
equivalence between the LBM scheme (38) (resp. (35)) with (45) and, secondly, to obtain convergence
results in L™ and discrete maximum principles for any C; > 0 (see §5 and §6). At last, let us note that the
link between the LBM scheme (35) with the Du Fort-Frankel scheme was firstly cited in [32] in the case of
periodic boundary conditions.

The proof of lemmae proposed in this section are written in Annex D.

4.1. Periodic boundary conditions for the convection-diffusion equation
We have the following result:

Lemma 4.1. In the periodic case:

i) The LBM scheme (35)(44) is identical to the LFCCDF scheme (45)(46).

ii) The LBM* scheme (38)(44) is identical to the LFCCDF scheme (45)(47).

iii) The LBM scheme (35)(44) and the LBM* scheme (38)(44) are identical if and only if a = 8 = %
We underline that when the LBM schemes (35)(44) and (38)(44) are said to be identical, this means that

they give the same p? for any (i, n). Nevertheless, this does not mean that they give the same g for any

(i, n).
14



4.2. Neumann boundary conditions for the diffusion equation

We suppose that u(x) = 0. To apply the Neumann boundary condition d,0(f, Xpin) = 0 in X = Xpin,
we define the mesh x; = xpin + (( — %)Ax (i = 0,...). For the sake of simplicity, we forget the boundary

condition in x = Xpx. The LBM scheme (35) is now given by

n+tl _ n

n n

81i = 81i+1 (1 - 5) + g§,i+1§’
1 n n
i =821 (1 - 5) 8117

n+1 n+1 n+1

P =81, t&, -

And, the LBM* scheme (38) is now given by

n
g’{;l =81 ir1 (1 - _) +85,

1 _ n
ggt =81 (1 - 5) + 81 i1

n+l _ n+l n+1
Pi =81 T8,

Moreover, the initial condition (44) is now given by
g, =1~y @

gy, = ap;. (b)

We have the following result:

Lemma 4.2. The LBM* scheme (51)(52) with the boundary conditions

83;;0 grlz;ll + (gg’l':() - grll’,':l)(l - 77)7 (a)

gyid0 = APy (b)
is identical to the Du Fort-Frankel scheme

n+l _ n—1

vizl,vnz1: P 2;’ = 50l o = o)
with the discrete Neumann boundary condition
Vn>0: Pico = Py
when the first iterate is given by
Vi>1: pf’zl = ap?_l +( - a/)p?Jrl where aeR.

15
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We have the same result for the LBM scheme (50)(52) by replacing the boundary conditions (53) with

n+1 n+1

81i=0 = &2i=1 + (8121 — &2=0) 1 =), (a)

g5k = &1L + (80— &) =), ()
(57)
g7 = (1 -, (c)
8rico = WY (d)
and by replacing the first iterate (56) with
Vi>1: p?zl = fp?_l +(1 —§)p?+1 where &= o a(l —n). (58)

2
Thus, the LBM scheme (50)(52)(57) and the LBM* scheme (51)(52)(53) are identical if and only if a = %

When o # %, the boundary conditions (53) and (57) are not classical in the framework of the LBM
schemes. Nevertheless, when @ = % that is to say when

0
p.
g(l),i = gg,i = ?l’ (59)
the boundary conditions (53) and (57) are respectively equivalent to
VYn>0: g’ii:O = g’l’,i:1 (60)

and
Vn=0: 81i=0 = 82=1 and g5, =8}, (61)
The boundary conditions (60) and (61) are classical in the framework of the LBM schemes: they are an
approximation at the discrete level on xp;, = %(xizo + x;=1) of the bounce-back boundary conditions [38]
which corresponds to
Vi>0: g1(t, X = Xmin) = g2(t, X = Xpin) (62)

in the studied case. For example, (61) is equivalent to the Neumann boundary condition proposed in [6, 39]
(more precisely, (21) in [6] is equivalent to (59), and we easily show that (28) with g; = 0 in [6] is equivalent
to (61) as soon as (61) is satisfied with n = 0). We can justify (62) — and, thus, (60) and (61) — with the
following heuristic argument. When 0,0(f, x = xmin) = 0, the asymptotic expansion (13) gives

Viz 0, Vge{l,2}:  fy(t,x = Xmin) = §<z,x = Xmin) + O("?).
This incites us to impose fi(f, X = Xmin) = f2(¢, X = Xmin) = g(t, X = Xmin) that is to say

Vi>0,¥gell,2}:  gy(tx = Xmin) = gm = Xmin)

by using the transformation (20), which is equivalent to (62) since g;+g» = p. Unfortunatly, this justification
cannot be satisfactory from a theoretical point of view. Indeed, the asymptotic expansion (13) is valid with
periodic boundary condition on dQ. With other boundary conditions (such as Neumann and Dirichlet
boundary conditions), we would have to study a Knudsen layer created by the discrete velocity kinetic
system (11) in the vicinity of 0Q, which would make much more difficult the analysis ([40] could be a
starting point). Nevertheless, Lemma 4.2 justifies (60) and (61) through the equivalence with the Du Fort-

Frankel scheme.
16



4.3. Dirichlet boundary conditions for the diffusion equation

We also suppose that u(x) = 0 and we also forget the boundary conditions in xy.x for the sake of
simplicity. To apply the Dirichlet boundary condition p(t, Xmin) = Px,,,. W& now define the mesh x; =
Xmin + IAX (I =0,...).

We have the following result:

Lemma 4.3. The LBM™* scheme (51)(52) with the boundary conditions

p min p min
n+l  _ Px +( X _g}il’j:])(l_n)’ ()

82,i=0 =
2 2 63)
5% = WPy (b)
is identical to the Du Fort-Frankel scheme (54) with the Dirichlet boundary condition
Yn>0: Pl = P (64)

when the first iterate is given by (56). We have the same result for the LBM scheme (50)(52) by replacing
the boundary conditions (63) with

g}f:'io = &1=1 (1 - g) + gg,i:lg’ (a)
&5t = Prwin — &1L (b) .
g7 = (1 = Mpxy,. (c)
8520 = WPy (d)

and by replacing the first iterate (56) with (58). Thus, the LBM scheme (50)(52)(65) and the LBM* scheme
(51)(52)(63) are identical if and only if a = %

The boundary condition (65) is identical to the one proposed in [6] when @ = 1/2 (see (21) and (25) in [6]).
Let us also note that (65) is equivalent to

Py (P
giito =5+ (’71 - gg,,-zl)u ~1), (a)

83120 = P R p?—zl—g” (1-m), (b
2,i=0 Xmin 1,i=1 ’ (66)

g’f’zlg() = (1 - a/)pxmina (C)

gg’:lg() = a/pxmin (d)

which underlines that (65)(b) is not exactly equal to (63)(a).

17



We may think that the boundary condition (63) for the LBM* scheme (51) should be replaced by

Inz0: g, =t 67)

and that the boundary condition (65) for the LBM scheme (50) should be replaced by

p ‘min
Yn=0: g}, _g=4g5. 0= "2 (68)

since (67) and (68) seem to be more simple. In §6.2, we will explain why we should replace (63) (resp.
(65)) by (67) (resp. (68)) when the number of cells is low even if we lose the equivalence with the Du
Fort-Frankel (54) scheme when we use (67) (resp. (68)).

5. Stability and convergence in L™ for the LBM schemes

We now prove stability and convergence results in L. We recall that the time step Ar > 0 and 7 € 10, 2]
are respectively defined with (17) and (32).

The proof of propositions proposed in this section are written in Annex E.

5.1. Periodic boundary conditions for the advection-diffusion equation with constant velocity

We are now interested in the advection-diffusion equation

0 + updp = vo> p,
(69)

p(0, x) = p’(x)
where uy € R is a constant velocity. We prove the following result:

Proposition 5.1. Let us suppose that the boundary conditions are periodic and that u(x) is constant and
equal to uy. Then, under the condition

min(1,2Cy) v
Ca lutol |

Ax € ]o, (a)

a €[0,1], (b) (70)

B=0 or B=min(l -a,a), (c)

forany Cy > 0:

i) The LBM scheme (35)(44) and the LBM* scheme (38)(44) converge in L™ and verify the discrete maximum
principle

Vi, ¥n>0: minp!} < pf < max p). (71)
J J

ii) The LEFCCDF scheme (45)(47) converges in L™ and verifies (71).

iii) The error of the schemes (35)(44), (38)(44) and (45)(47) is of order Ax* if and only if @ = B = %
18



The case C; = 0 is particular since the schemes satisfy p?*z = p; when Cy = 0: see Lemma 7.1. Neverthe-
less, this property allows to write that the schemes are stable in L™ for any Ax > 0, « € Rand 8 € R, and
for any non-constant periodic velocity u(x) when C; = 0. Moreover, when u(x) is also a constant uy, it is
proved in [33] with a von Neumann stability analysis that the LFCCDF scheme (45) is stable in L? under

A
the CFL condition At < _x| (see (16¢) in [33]). Here, we obtain the stability in L™ for any Ar > 0 when Ax
Uuo

is enough small (see (70)(a), which can be seen as a low Reynolds number condition). At last, let us note
that when 1y = 0, we obtain the convergence in L* for any Cy; > 0, for any Ax > 0 and for any « € R: see
below Proposition 5.2.

5.2. Periodic, Neumann and Dirichlet boundary conditions for the diffusion equation

We are now interested in the diffusion equation

o = vc'))%xp,
(72)
p(0, x) = p%(x).

In the periodic, Neumann and Dirichlet cases, the LBM scheme (50)(52) and the LBM* scheme (51)(52)
are equivalent to the Du Fort-Frankel scheme (54) when the first iterate is given by (56) that is to say by

p;’zl = a/,o?_1 +(1- a)p?+1 where aeR

(see Lemmae 4.1, 4.2 and 4.3). This will allow us to obtain for any C; > 0, firstly, the stability in L™ and,
secondly, the convergence in L™.

For the sake of simplicity, we forget the boundary condition in x = xp,x in the cases of Neumann and
Dirichlet boundary conditions. We have the following result:

Proposition 5.2.
i) The LBM* scheme (51)(52) with periodic, Neumann or Dirichlet boundary conditions converge in L™ and
verifies:

(73)
19

>0
Periodic:  max |p}]| < 2max(|1 — a|, |a]) - max |p(.)| when Ca 20,
i ! i ! a € R.
1=
max o7 < 2max(1 - al, lal) - max oY1 + 212 - 1|II_TTm|p?| when { Sd;l\f’
Neumann:
Cis>0 Cs=0
n+l 0 d=Y, d ’
il < - . (
r?zalx lo; "'l < 2max(|1 - al, |al) rrilzalx lo;|  when { _ % or { 2R,
n
2(1-3)
max o) < 2max(|1 - o, al) - max (max 0] oyl )+ T2l when 4 070
o i>1 1 i>1 1 min 1 _ |77 _ 1| min a € R
Dirichlet:
C;=0
l.’l+1 < _ . O d b
max lo; ™| < 2max(|1 - al, |al) max loj|  when { g R

(a)

(b)

(c)



We have the same results for the LBM scheme (50)(52) by replacing a with & = g +a(l —n)in(73).

ii) The Du Fort-Frankel scheme (54) with periodic, Neumann or Dirichlet boundary conditions converges
in L™ when the first iterate is given by (56), and verifies (73).

iii) The error of the LBM schemes and of the Du Fort-Frankel scheme is of order Ax when a # % and is of

order Ax* if and only if @ = %

It is known since 1953 that the Du Fort-Frankel scheme with periodic boundary conditions is stable
— and, thus, is convergent — in L? for any C; > 0 (this result is obtained with a von Neumann stability

analysis). Since the Du Fort-Frankel scheme may be written with

ot = (1= 2) o (1= 2) ot = 1)
(see (155) with u(x) = 0), we have also the stability in L* under the stability condition i € [1, 2] that is to
say when 0 < Cy < 1/2 (for a reasonable choice of the first iterate: with (49) for example). Here, we obtain
the stability in L™ of the Du Fort-Frankel scheme — and, thus, the convergence in L* — for any C; > 0 when
the first iterate is defined with (56).

Moreover, when the boundary conditions is a Dirichlet boundary condition in x = xp,j;, and a Neumann
boundary condition in x = xp,x, due to the linearity of the scheme, we easily deduce from the proof of
Proposition 5.2 that we simply have to replace (73)(b,c) by

n
2(1-=
( 2) |1 —n]

max [p"!] < 2 max(|]1 - a, -max(max I, ,)+ 422 = 1]———— |0
lo; ™| (1 = al,lal) 1sisN|p’| 10 x| . 1||mem| 2 |1 TR loyl

1<i<N
(when C; > 0 and @ € R) where N is the number of cells. The other possible cases are similar. At last,
let us remark that (73)(b,c) with C; = O (that is to say when Ar = 0) is studied because the schemes do not
verify p = p? when C; = 0: we will discuss about this question in §7.1.

6. Discrete maximum principles for the LBM schemes applied to the diffusion equation

It is easy to obtain a discrete maximum principle for the Du Fort-Frankel scheme (54) when C, € [0, %]

2 . . .
(we recall that At := CdATX). Indeed, this scheme can be rewritten with

n n _
ot = ply, (1 - 5) +piy (1 - 5) +oi = 1)

(see (155) with u(x) = 0) which allows to obtain discrete maximum principles when 77 € [1, 2] that is to say

when C,; € [0, %] since n = c;

a+3
On the other side, we proved in Proposition 5.2 the stability in L™ for any Cy > 0. Thus, we may think that
we could also obtain discrete maximum principles for any C; > 0. Unfortunatly, Inequalities (73) do not
allow to conclude. Moreover, when C,; goes to the infinity (that is to say when n = 0), the constants in the

right hand sides of (73)(b,c) go to the infinity (except when a = % in the Neumann case).
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Moreover, the LBM schemes are often applied in complex porous media which may contain areas where the
number of cells is low. Thus, it is important to obtain discrete maximum principles (to preserve for example
the positivity of the temperature or of the mass fraction when these quantities are solution of a diffusion
equation) and, by the same time, to have C, at least greater than % to justify the use of the LBM schemes
(or of the Du Fort-Frankel scheme) instead of the classical three-points finite difference type scheme (which
satisfies discrete maximum principles when Cy € [0, %]).

We show below that it is possible to obtain discrete maximum principles for any C; > 0 with the LBM
scheme (50)(52) and with the LBM* scheme (51)(52) in the periodic and Neumann cases. Thus, this is also
the case for the Du Fort-Frankel scheme. In the Dirichlet case, we will show that we have to change the
boundary conditions (63) and (65) to obtain a discrete maximum principle for any C; > 0. Unfortunatly,
we will lose in that case the equivalence between the LBM schemes and the Du Fort-Frankel scheme, and
the error of the LBM schemes will not be of order Ax? but should be of order Ax. As a consequence, this
modified Dirichlet boundary conditions will have to be applied only in areas where the number of cells is
low. This point underlines the utility of the LBM schemes to obtain robust schemes.

As before, for the sake of simplicity, we forget the boundary condition in x = xp,x in the cases of
Neumann and Dirichlet boundary conditions.

The proof of the results proposed in this section are written in Annex F.

6.1. Periodic and Neumann boundary conditions

We have the following result:

Proposition 6.1. For any C; > 0:

i) When a € [0,1], the LBM scheme (50)(52) and the LBM* scheme (51)(52) with periodic boundary
conditions verify the discrete maximum principle

Vi, Vn>0: mjnp?- <pi< maxp?. (74)
J j

ii) When a = % the LBM scheme (50)(52) and the LBM* scheme (51)(52) with Neumann boundary condi-
tions verify the discrete maximum principle

Yi>1,Vn>0: min p? < p? < max pY. (75)
=1 I~

Thus, this is also the case for the Du Fort-Frankel scheme (54) with periodic or Neumann boundary condi-
tion when the first iterate is given by (56).

Let us note that the Du Fort-Frankel scheme is equivalent to

n n -
ot = ol (1= 2) o (1= 2) i = 1)
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(see (155) with u(x) = 0). Thus, when p?=! := ap? | + (1 — @)p?, |, we obtain

p} = [ap) + (1 - @)p),,] (1 - g) +[ap) , + (1 - a)p)] (1 - g) +p0( - 1)
= Taply + (1=l (1= 2) + 02,

This proves that min p? < pf < max p? for any Cy; > 0 in the periodic case when « € [0, 1]. Nevertheless, it
J J

is a priori more difficult to obtain a similar result for p;’23 without using the equivalence between the LBM*

scheme and the Du Fort-Frankel scheme. This remark shows that the LBM schemes may also be seen as a
numerical analysis tool to study properties of classical finite difference schemes.

6.2. Modified Dirichlet boundary conditions
We have the following result:

Lemma 6.1. For any C; € [0, %] and when a = %, the LBM scheme (50)(52)(65) and the LBM* scheme
(51)(52)(63) verify the maximum principle

Yi>1,V¥n=0: min(py__, minp?) < p" < max(p, . , max p?). (76)
min jZl J 1 min 121 J

Thus, this is also the case for the Du Fort-Frankel scheme (54) with Dirichlet boundary conditions when the
first iterate is given by (56).

Lemma 6.1 is less interesting than Proposition 6.1 since the discrete maximum principle (76) is satisfied
under the condition Cy; € [0, %]. Nevertheless, by modifying the Dirichlet boundary conditions (63) and
(65), we obtain the following result:

Proposition 6.2. For any C; > 0 and when a = %, the LBM* scheme (51)(52) with the modified Dirichlet

boundary condition
_ P xnin

VYn>0: 80 = > (77)
verifies the maximum principle
Viz 1, ¥n20:  min(py,, min P < P} < max(py,» max P (78)
Jjzl Jj= .

We have the same result for the LBM scheme (50)(52) with the modified Dirichlet boundary conditions

p min
Ynz0: gl o=80= 2 . (79)

Let us remark that when Cy = a = %, the modified Dirichlet boundary condition (77) is equivalent to the
Dirichlet boundary conditions (63) firstly proposed and which make equivalent the LBM* scheme and the
Du Fort-Frankel scheme (see Lemma 4.2). This is coherent with the fact that it is possible to easily prove
that the Du Fort-Frankel scheme with Dirichlet boundary condition satisfies the maximum principle when
a€[0,1]and 0 < C; < 1/2.
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By supposing that Expansion (13) is valid near the boundary x = xni, — which is not proven since the
boundary conditions are periodic in Corollary 2.1 —, we obtain that

g — £, = O(VAr) = O(Ax)
since & = O(A?) (cf §3.2) and At = O(Ax?). In the same way, we obtain that

A
304(f) = 0Ax)

As a consequence, by using (20) and since p,,;, — P!, = O(Ax), we obtain that

(B~ g1, )= = 1 = pocax) (80

Although this term goes to zero when Ax goes to zero, it is important in the Dirichlet boundary con-
ditions (63) to obtain the equivalence between the LBM™ scheme (51)(52)(63) and the Du Fort-Frankel
scheme (54)(56) with Dirichlet boundary condition. Moreover, when a = %, the error of the LBM™* scheme
(51)(52)(63) is of the order of Ax? (see point iii of Proposition 5.2).

Thus, when we replace (63) by (77) in the LBM* scheme:

e The error of the LBM* scheme with a = % should be of the order of Ax instead of Ax2.

e Near the boundary x = xpi,, we lose the equivalence between the LBM* scheme and the Du Fort-
Frankel scheme. This avoids to obtain the convergence in L™ for any C; > 0 of the LBM* scheme
with modified Dirichlet boundary condition by using the Lax Theorem.

Of course, we have the same remarks when we replace (65) by (79) in the LBM scheme. Nevertheless,
Proposition 6.2, estimation (80) (which remains to be proven) and the fact that the equivalence with the Du
Fort-Frankel scheme remains valid far from the boundary x = xp;, incite us to conjecture the following
result:

Conjecture 6.1. For any Cy; > 0 and when a = %, the LBM* scheme (51)(52) with the modified Dirichlet
boundary conditions (77) converges in L™ with an error of the order of Ax. We have the same result for the
LBM scheme (50)(52) with the modified Dirichlet boundary conditions (79).

Numerical results proposed in §10.1 will justify this conjecture.

7. Limitations of the LBM schemes

7.1. Preservation of the initial condition

We have the following result:

Lemma 7.1. When C; = 0, the LBM* scheme (38)(44) with periodic boundary conditions preserve the
initial condition in the sense
Vi, ¥n>0: p*?=pl

Thus, this is also the case for the LBM scheme (35)(44) and for the LEFCCDF scheme (45) when the first
iterate is given by (47).
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In the case of the diffusion equation with Neumann or Dirichlet boundary conditions, we obtain the
following lemma:

Lemma 7.2. When C; = 0, the LBM* scheme (51)(52) with periodic, Neumann, Dirichlet or modified
Dirichlet boundary conditions preserve the initial condition in the sense

Vi, ¥n>0: p*?=pn

Thus, this is also the case for the LBM scheme (50)(52) and for the Du Fort-Frankel scheme (54) when the
first iterate is given by (56).

These lemmae show that the proposed LBM schemes do not satisfy p:’” = p; when Cy = 0 i.e. when

At = 0. Nevertheless, we deduce from (47) that p! — pexaer(At, x;) = O(AXP) with § = 1 when @ # 3 and
with 8 = 2 when a = % Thus, the proposed LBM schemes preserve the initial condition when Az = 0 with
an error of order Ax®. As a consequence, we cannot say that this property is an important limitation of the
proposed LBM schemes.

Proof of Lemma 7.1: When C; = 0, we deduce from the LBM* scheme (38) that

n+l _ n n+tl _ n
81, T 82,-1 and 82 T 8lLi+1-

As a consequence, we have
n+l _ _n-1 n+1 n—1

81, =81, and 82 = 82

which concludes the proof. We obtain the result for the LBM scheme and for the finite difference type
scheme (45) by using Lemma 4.1.0]

Proof of Lemma 7.2: The proof in the case of periodic boundary conditions is a direct application of
Lemma 7.1.

o The case of Neumann boundary conditions:

For the LBM* scheme, we deduce from (53)(a) that g5t' = g"*! — (g5, — &} ) when C4 = 0. On the other

’1’31 = g5 forany i > 1 by using (51) with Cq = 0. Thus, we obtain g%l = g}, that
n+1 n

istosay g5, = &7, = gz_ol which allows to obtain the result. We obtain the result for the LBM and Du
Fort-Frankel schemes by applying Lemma 4.2.

side, we have also g

e The case of Dirichlet boundary conditions:

For the LBM* scheme, we deduce from (63)(a) that g%l = 8111,1 when C; = 0. We conclude as in the
Neumann case. We obtain the result for the LBM and Du Fort-Frankel schemes by applying Lemma 4.3.

e The case of modified Dirichlet boundary conditions for the LBM and LBM* schemes:

Since the boundary conditions (77) and (79) do not depend on the time, we obtain the result as in the other
cases.[]
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7.2. Consistency condition
We proved in Lemma 4.1 that the LBM scheme (35)(44) and the LBM* scheme (38)(44) are equivalent

to the finite difference type scheme (45) (when the first iterate is defined with (45)(47)). On the other side,
we know that the consistency error E of the Du Fort-Frankel scheme (54) is given by [35]

2

At
E= —VA—xza,%p + O(AX). (81)

As a consequence, the (first order) equivalent equation associated to the Du Fort-Frankel scheme is the
telegraph equation

o> 0 . Ax
0o = v(éfm - %) with c= A (82)
which implies that the Du Fort-Frankel scheme is consistent with the diffusion equation if and only if
At =0  with B> 1. (83)

As a consequence, the LBM scheme (35)(44) and the LBM* scheme (38)(44) cannot be consistent with the
convection-diffusion equation (1) when O(C4Ax) > 1.

The consistency condition (83) limits the range of the unconditionnal stability in L* of the LBM schemes
(50) and (51) obtained in the case of the diffusion equation (see Proposition 5.2; see also the discrete
maximum principles obtained in §6) and which makes robust these LBM schemes. Let us note that the
LBM schemes (50) and (51) are equivalent to

n+1

81i = &1t (@)
el =g5i 1, (b) (84)

n+l _ _n+l n+1
P =81 +& (©

- =
dt3
(51) cannot be consistent with the diffusion equation when O(C;Ax) > 1 since (84)(a,b) are two convective

schemes with CFL = 1.

1
when n := c = ( that is to say when Cy — +oo. This confirms the fact that the LBM schemes (50) and

8. LBM schemes applied to the convection equation with periodic boundary conditions
By linking Ar and Ax with

A
At:=Co—2 _ with  C.=0() (85)
max |u(x;)|
J

(C. is the CFL constant) instead of (17), and by replacing n defined with (32) with

. 2 2
]7 = =
C.+1 At
¢ A—xmjaxlu(xj)l +1
25
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we now explain that the results obtained in the case of the convection-diffusion equation (1) allow to prove
without any new difficulties that the LBM schemes (35)(44) and (38)(44) solve the convection equation

0o + 0x(up) = 0,
(87)
p(0,x) = p"(x),
and that these LBM schemes are now equivalent to the finite difference type scheme
n+l _ n-1

Pi P 1 max [u(x;)| , , el el
2At +2Ax[ IAx (pi+l_pi — P +,0i_1). (88)

In particular, when u(x) is a constant uq in (88), the previous results allow to obtain the convergence in L™
and a discrete maximum principle under a classical CFL condition.

u(xiy 1P} — M(Xi—l)p?_l] =

8.1. Link with a finite difference type scheme
The following result is a corollary of Lemma 4.1:

Lemma 8.1. In the periodic case:
i) The LBM scheme (35)(44) with n replaced by 1 is identical to the finite difference type scheme (46)(838).
ii) The LBM* scheme (38)(44) with n replaced by ) is identical to the finite difference type scheme (47)(88).

iii) The LBM scheme (35)(44) and the LBM* scheme (38)(44) with n replaced by 1} are identical if and only
ifa=8= %

Before proving a convergence result in L™, we can already say that Lemma 7.1 is also verified by the LBM
schemes (35)(44) and (38)(44) with i replaced by 7}, and thus by the scheme (47)(88).

Proof of Lemma 8.1: We just have to apply the proof of Proposition 4.1 with
A
y 1= max Iu(xj)l—x. (89)
j 2

In particular, (17) and (85) with (89) imply that C. = 2C;, which means that (32) has to be replaced by
(86).

8.2. Convergence in L™ and discrete maximum principle with constant velocity
We are now interested in the advection equation

0 + updyp = 0,
(90)

p(0, x) = p°(x)

where uy € R is a constant velocity. Let us note that when ug > 0, the LBM schemes (35)(44) and (38)(44)

are respectively given by
n+1

81; =@ =1Dg5

gl =2 -Mgy,  +8l 1)
r_l+l n+1 n+1

P =81 T8
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and
n+1

gl = (- Del, ).

& = Q=g + 8 (92)
pn+1 — g n+1 + gn+l
1i
(we have similar formulae when uy < 0). The following result is a corollary of Proposition 5.1:

Proposition 8.1. Let us suppose that the boundary conditions are periodic and that u(x) is constant and
equal to uy. Then, under the condition

C.€10,1], (a)
€ [0,1], (b) (93)

B=0 or B=min(l -a,a), (c)

we have:

i) The LBM scheme (35)(44) and the LBM* scheme (38)(44) with n replaced by j converge in L™ and verify
the discrete maximum principle

Vi, ¥n >0 minp! < pf < max p). (94)
J J

ii) The scheme (47)(88) converges in L™ and verifies (94).

iii) The error of the schemes (35)(44) and (38)(44) with 1 replaced by 1j, and of (47)(88) is of order Ax for
any (a,B) € R2.

The LBM scheme (35)(44) with constant velocity ug and with g Mo (that is to say witha = 8 = 1/2:
see (44) and (48)) is also proposed in [18] to solve the advectlon equatlon (90). It is proved in [18] with
the von Neumann stability analysis that this LBM scheme is stable in L? under the condition |ug| < 1 (see
Theorem 2 in [18]): this condition is the CFL condition (93)(a) since At = Ax in [18] (which implies that
C. = |up|). At last, let us note that (86) implies that the CFL condition (93)(a) is equivalent to the condition
71 € [1,2] (the link between 7} — noted w in [18] —, At and Ax is not detailed in [18]).

Proof of Proposition 8.1: We just have to apply the proof of Proposition 5.1 with v given by (89) and by
noting that the condition (70)(a) is now given by

in(1,2

2C,

which is satisfied if and only if C; €]0, 1/2] that is to say if and only if C. € ]0, 1] since C, = 2C;. We
conclude the proof of points i and ii by noting that the case C. = 0 is a consequence of Lemma 7.1. At last,
we prove the point iii by showing that the consistency error E is given by

Ax
= |M0|7 (1 - Cf) (9)26xp +O(AX?)
(see §8.3) and by noting that the error of the first iterate (47) is also of order Ax for any (a,8) € R? and any

C.>0.0
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8.3. Consistency error with constant velocity

When the solution p(¢, x) of the advection equation (90) is enough regular, it also satisfies

np |”0|28xxp =0. (95)

On the other side, the consistency error of the centered discretization of uyd,p in (88) is of order Ax2. Thus,
by using the consistency error (81) of the Du Fort-Frankel scheme, the relations (89) and (95), we obtain
that the consistency error E of (88) with u(x) = ug is given by

At\?
|uol — {6)25 (Ec) ttp

|u0|— (1-C2) % p +0(AX)

E + O(AXY)

which implies that the (first order) equivalent equation associated to the scheme (88) with u(x) = ug is
8P + Uudyp = Iuol— (1-C2)d2p. (96)

This result underlines that (88) with u(x) = ug is a first order scheme applied to (90), and is coherent with
the CFL condition (93)(a). Let us note that by using (33) (with 7 instead of 1) and (89), we can write that
E = (l -3 - Cf) %Gixp + O(Ax?). This formula is exactly the one obtained in [18] (see (23)-(25) in
[18] with w := 77 and |a| = C.; we recall that At = Ax in [18], which implies in particular that the velocity
|up| noted |a| in [18] is equal to our CFL constant C.).

8.4. Exact solution with constant velocity

The equivalent equation (96) suggests that when C. = 1 (i.e. At = Ax/|ug|), the scheme (88) (and the
LBM schemes) with u(x) = ug solves exactly the advection equation (90). Indeed, we have the following
property:
Property 8.1. Let us suppose that the boundary conditions are periodic and that u(x) is constant and equal
to ug. Then, when C. = 1:

i) For any («, B) € R?, the LBM scheme (35)(44) with i replaced by #j and the finite difference type scheme
(46)(88) verify
,0’“rl =p!, when ug > 0,
o7
ot =pl when ug < 0.

ii) When a = 8 = % the LBM* scheme (38)(44) with n replaced by i and the finite difference type scheme
(47)(88) verify (97).

Let us recall that when C,. = 1, (97) is also satisfied by the classical upwind scheme applied to (90).

Proof of Property 8.1: Let us suppose that C,. = 1, that is to say 7 = 1. We also suppose that ug > 0 (the
proof is identical when ug < 0).
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e Proof of point i: We deduce from (91) that

n+l _
g1 =0,

n+tl _ _n n
8 =8i-1 T 811

n+1 n+l n+l

P =81 T8

which implies that p/*! = g .1 81,1 =pi,- We obtain the result for the scheme (46)(88) by using the

i
point i of Lemma 8.1.

e Proof of point ii: This is a consequence of points ii and iii of Lemma 8.1.0]

9. Probabilistic interpretation of the LBM schemes for the diffusion equation

We now propose two Monte-Carlo algorithms deduced from the LBM scheme (50) and from the LBM*
scheme (51) in the case of periodic boundary conditions. To obtain these Monte-Carlo algorithms, we define

K
g0 v) =w > 8(x = X}) - 60w = V)
k=1

where the numerical particles k € {1, ..., K} are characterized by the position X} € {xi,...,xn} (x; € Q),

the velocity V}! € {—i—f, i—’[‘} and the weight w € R supposed to be constant, (X3 1 {V} }k) being a random

process which will be defined below and 6(-) being the Dirac distribution. The weak formulation of g"(x, v)

is given by
Ax Ax
n _ n o n R
LXR 80 VIptx, Vidxdy = Z [gl’i(p (x,, At) * 8% (x,, At )] Ax
with
w Ax
grll’i = A—xcard ({k/XZ = X; and V]? = —E}),
w Ax
gg’i = Ecard ({k/XZ =x;and V} = E})

The density p} = g}, + &5 ; is thus given by
no_ w n _ ..
p; = Ecard ({k/Xk = x,}).
Moreover, we initialize the particles with the random process

0, x;) — mi 0,
x; with the discrete probability P(X,? =Xx;) = p(0, xi) mm,l PO, ) ,
210, x;) — min; p(0, x7)]

e
o
[

A (98)
Vo = Kj with the probability a,

A
_ _—A’; with the probability 1 — @
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which is a consequence of the initial condition (52), p(0, x) being the initial condition (due to the random
nature of (98), we only have p? =~ p(0, x;)). The random process (98) implies that we have to impose

a €[0,1].

At last, the weight w is defined with

oY
w=%Ax

which comes from the conservation constraint

g (x,v)dxdv = p?Ax.
»L;XR :g:

9.1. Monte-Carlo algorithm for the LBM scheme
The LBM scheme (50) can be written with the following splitting collision-transport:

Collision:

* n n n ]7
81, = gl,i(l - 5) + 825>
(99)

n

" n n
82, = gg,i(l - 5) + 81iy-

Transport:

n+l _ _*
81i = 81410

(100)

n+l _ _*
8 T 821"

This incites us to approach (99)(100) with the random algorithm

n+1
Vk

V" with the probability 1 — g

. |
-V} with the probability > (101)

n+1 n n+1
X; X} + AtV

where

B 1
7 (jd + %.

We recall that At := CdATX2 with C; > 0. Let us underline that since n €]0, 2], the random process (101)
is always defined. Moreover, it describes a 1D Brownian motion. Let us note that a similar Monte-Carlo
algorithm has been proposed in [41] for the telegraph equation (82).
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9.2. Monte-Carlo algorithm for the LBM* scheme

In the same way, the LBM* scheme (51) can be written with the following splitting transport-collision:

Transport:
81 = 8>
(102)
8= &1

Collision:
" n « 1
8'1131 = 81,i(1 - _) t 825
(103)

& = g2,i(1 - 5) + 81i5-

This incites us to approach (102)(103) with the random algorithm

Xt X\ + AtV

vl V! with the probability 1 - g (104)

V" with the probability g

We show below the relation between the Monte-Carlo algorithms (98)(101) and (98)(104).

9.3. Some properties of the Monte-Carlo algorithms
We present some properties satisfied by the Monte-Carlo algorithms (98)(101) and (98)(104).

9.3.1. Discrete maximum principle
We have the following result:

Lemma 9.1. For any C; > 0, the Monte-Carlo algorithms (98)(101) and (98)(104) verify the discrete
maximum principle

Vi, ¥n>0: mjinp(j)- <pr< mj‘glxp?. (105)
We recall that the Monte-Carlo algorithms (98)(101) and (98)(104) are defined when @ € [0, 1]. Lemma 9.1
is coherent with the fact that the LBM schemes (50)(52) and (51)(52) with periodic boundary conditions
verify the discrete maximum principle (105) when « € [0, 1] (see point i of Proposition 6.1).

Proof of Lemma 9.1: We have p!' = NI”AK where N is the number of particles in the cell i at the time #".
X

. ijo . Nln 0 .
Since w = =+ Ax, we obtain p = 2 3; P; that is to say

Nn
i 0
s 27
J

since K = }; N!'. Thus, p! is a convex combination of {p?} ; which allows to conclude.[]
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9.3.2. Link between the Monte-Carlo algorithms

We can remark that the Monte-Carlo algorithms (98)(101) and (98)(104) are similar. More precisely,
the LBM scheme (98)(101) can be rewritten with

(0, x;) — min; p(0, x;)

XY = x; with the discrete probability P(X? = x;) = : ,
BT P YT A= S 1000, x)) — ming p(0, )]
— A
Ve = Kj with the probability a,
A
- _I); with the probability 1 — @, (106)
0 —0 . . 1
Vi =V, with the probability 1 — oA
= —V, with the probability g
and |
n n
X = XD+ AV
v+l = V7 with the probability 1 — g (107)
= -V with the probability g
But, the random process
—0

A
V, = K); with the probability a,

A
= _X)tc with the probability 1 — «,

VO =V, with the probability 1 — 1,

= -V, with the probability g

is equivalent to the random process
A
Vo= K’; with the probability &,

A
- —If with the probability 1 — £
: _ Ui n . .
with &€ = a(l - 5) +(1 - a/)i that is to say with

¢=T+al-n)

which belongs to [0, 1] since a € [0, 1] and 5 €]0,2]. To summarize, the LBM scheme (98)(101) is equiv-
alent to the LBM* scheme (98)(104) by replacing a with & in (98). This result is coherent with the fact
that the LBM schemes (50)(52) and (51)(52) are equivalent to the Du Fort-Frankel scheme whose the first
iterate is respectively given by

pi~! = ol + (1= Oppy
and by

P~ = aply + (1= a)pl,
(see Lemma 4.1).
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9.3.3. Other properties
Let us suppose that C; = 0. Thus, we have n = 2 which implies that the Monte-Carlo algorithms (101)
and (104) are deterministic and verify V]’(1+1 = —V}. As a consequence, we obtain

Vi, YVn>0: Pt = or

i
which corresponds to Lemma 7.2.

We now suppose that C; — +oco. In that case, we have n = 0. Again, the Monte-Carlo algorithms (101)
and (104) are deterministic but verify now V]:’“ = V. Thus, the particles move to the left or to the right
without changing their initial velocity: in that case, the Monte-Carlo algorithms (98)(101) and (98)(104)
do not converge toward the solution of the diffusion equation. This situation is related to the consistency
condition of the LBM schemes described in §7.2.

At last, let us suppose that C; = % In that case, we easily verify that the Du Fort-Frankel scheme is
equivalent to the classical three points finite difference scheme for the diffusion equation (see (155) with
n = 1 and u(x) = 0). On the other side, the Monte-Carlo algorithms (101) and (104) describe a discrete
brownian motion which is the Monte-Carlo version of the three points scheme for the diffusion equation.
These remarks are coherent with the fact that the LBM schemes (50) and (51) are equivalent to the Du

Fort-Frankel scheme and, thus, are equivalent to the three points scheme when Cy = %

9.4. Convergence of the Monte-Carlo algorithms

It remains to prove that the Monte-Carlo algorithms (98)(101) and (98)(104) converge to the solution of
the diffusion equation with probabilistic tools, which would be a probabilistic version of Proposition 5.2 in
the periodic case. More generally, it would be interesting to extend the Monte-Carlo algorithms (98)(101)
and (98)(104) to the Neumann and Dirichlet cases, and to verify the convergence of these schemes with
probabilistic tools. Moreover, it would be also interesting to prove the convergence of the LBM schemes
(50) and (51) with modified Dirichlet boundary conditions (see Conjecture 6.1) by using a probabilistic
approach. At last, the case of the LBM schemes (35) and (38) with u(x) # 0 should be also studied with a
probabilistic approach. A starting point could be [41, 42].

10. Numerical results

We now present numerical results which illustrate some of the results presented before in the case of

the diffusion equation. In the following test-cases, we choose xXmax = —Xmin = 10 and v = 1. Moreover, N

is the number of cells: in the periodic or Neumann cases, we have NAX = Xmax — Xmin and in the Dirichlet
1

2
case, we have (N + 1)Ax = Xpmax — Xmin. At last, we recall that Ar = Cd% and that n = oaT
dty

10.1. LBM* scheme

e Test-case 1: Discrete maximum principle with Dirichlet boundary conditions

We test the the LBM* scheme (51)(52) with @ = % when we apply the Dirichlet boundary conditions
P(t, Xmin) = P, a0d P(F, Xmax) = Px,,..- At the discrete level, we use the Dirichlet boundary conditions (63)
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in X = Xpjp and its extension in X = Xmax that is to say

g;;io = % + (F% - g?,i:l)(l -1,

3% = =g, .
(108)

g?;ilvn = Px;m + (Px;ax - 8g,i:N) (I-=m),

grlljgzvﬂ = by

We also use the modified Dirichlet boundary conditions (77) in x = Xy, and its extension in x = Xpyqax that
is to say

n _ p-xmin
82i=0 = 75 »
VYn>0: (109)
n _ pxmax
81,i=N+1 = 2

We recall that the boundary conditions (109) allow to satisfy a discrete maximum principle for any C; > 0
which is not the case of (108): see Lemma 6.1 and Proposition 6.2. To illustrate this result, we choose
N = 10 — that is to say a low number of cells —, we define the following initial condition

1
oY 7 ifi¢ (5.6}

— %ifie{5,6}

and we choose C; = 4. Figures 1-2 show the results respectively withp, . =p, =landp, . =ps =0
when we use (108) (Figures 1-2 show also the initial condition and the stationary solution). Figures 3-4 show
these results when we replace (108) by (109). We see on Figures 1-2 that the discrete maximum principle

; . : : 0 n 0
Vie{l,...,N}: min(oy ,Pxnue lglg}vpj) < P! <max(Ox i P 121,@‘\;”1)

is not satisfied, and that it is satisfied on Figures 3-4: this is coherent with Lemma 6.1 and Proposition 6.2.

Let us underline that although the discrete maximum principle is not satisfied on Figures 1-2, these fig-
ures show that the LBM* scheme (51)(52)(108) is stable in L™ although C; = 4, which is coherent with
Proposition 5.2.

o Test-case 2: Convergence order of the modified Dirichlet boundary conditions (109)

The test-case 1 shows that to make robust the LBM* scheme when the number of cells is low, it is better to
use (109) than (108). Nevertheless, we may think that (108) is more accurate than (109). Indeed, the error
of the LBM* scheme using (108) is in Ax* since & = % (see Proposition 5.2) and we conjectured that the
order of the LBM* scheme using (109) is in Ax (see Conjecture 6.1). To verify these convergence orders,
we use the exact solution pexact(?, x) of the diffusion equation

X — Xmi
Pexact(t, X) = erf[ —

4 Vav(t + 1)
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Fig. 6: LBM* scheme with (109)
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with the unstationary Dirichlet boundary conditions
{ pﬁmin = Pexact(t", Xmin),

n — n
Pxmax = Pexact (1", Xmax)-

Moreover, we choose Cy = 2, ffi,qr = 15 and the number of cells N € {50, 100, 200}. Figure 5 shows the
function y = x? and the normalized L? error

Z |P:’ = Pexact (1", x)PAx
i
\/Z [Pexact(t", X)) PAx
i

in function of Ax in (log-log scale) when we use (108); Figure 6 shows the function y = x and e(Ax) when
we use (109). These figures confirm that the error is in Ax? when we use (108) and that it is in Ax when we
use (109).

e(Ax) :=

o Test-case 3: Influence of the first iterate p?zl on the Du Fort-Frankel scheme in the periodic case

We know that the LBM* scheme (51)(52) and the Du Fort-Frankel scheme (54) are equivalent when the first
iterate p?zl of the Du Fort-Frankel scheme is given by

pl’.‘zl = ap?_l +(1 - a)p?Jr1 where aeR (110)

(see Lemma 4.1). Moreover, these schemes verify the discrete maximum principle when a € [0, 1] in
the periodic case (see (74) in Proposition 6.1). Here, we verify the influence of the choice of (110) when
a € [0, 1] on the Du Fort-Frankel scheme by comparing with the results obtained by replacing (110) with

of=t = p). (111)

Let us underline that the Du Fort-Frankel scheme (54) is not equivalent to the LBM* scheme (51)(52) when
the first iterate is given by (111) instead of (110). As a consequence, the discrete maximum principle may
not be satisfied when we use (111). To verify this, we choose C; = 4 and a number of cells N equal to 100,
and we define the initial condition with the discrete Dirac distribution

P 0if i # 50

= 1ifi=50.

Figures 7-9 show the results after some time steps when we use the Du Fort-Frankel scheme (54) with (110)
by choosing respectively « = 0, @ = 1 and o = %: these figures confirm Proposition 6.1. Figure 10 shows
the result when we replace (110) by (111): this figure shows that the discrete maximum principle is not
satisfied by the Du Fort-Frankel scheme.

These results underline the importance of the choice of the first iterate pl’.‘:1 to obtain for any C; > O the

stability in L™ and a discrete maximum principle with the Du Fort-Frankel scheme.
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10.2. Monte-Carlo algorithm

We now test the Monte-Carlo algorithm (98)(104) which is the random version of the LBM* scheme
(51)(52). The initial condition p(¢ = 0, x) is a gaussian function centered in x = 0, the boundary conditions

are periodic and we choose a = %

Figures 11-14 show the result after some time steps obtained with 100, 1000, 5000 and 10000 particles
when Cy = 2 and when the number of cells N is equal to 100 (we also represent on these figures the initial
condition and the result obtained with the LBM* scheme). These results confirm that the Monte-Carlo
algorithm converges to the LBM* scheme when the number of particles goes to the infinity.

Figures 15 shows the result when C; = 2, when the number of cells N and the number of particles K are
equal to 1000: by comparing Figure 12 (N = 100 and K = 1000) and Figure 15 (N = K = 1000), we see
that K has to be greater than N to obtain a good convergence of the Monte-Carlo algorithm. This behaviour
is classical and can be justified by the fact that when K < N, there exists at any time ¢* at least one cell
where the number of particles is equal to zero.

10.3. On the consistency condition

Figure 16 shows the result of the test-case presented in §10.2 when C; = 100, N = 100 and K = 1000
(we also represent on these figures the initial condition and the result obtained with the LBM* scheme when
Cy4 = 2). Figure 17 show the result obtained with the LBM* scheme when C; = 1000.

Figures 16 and 17 show that when C; — +oo, the Monte-Carlo algorithm and the LBM* scheme do not
approach the solution of the diffusion equation. This confirms the importance of the consistency condition
At = C422 (see §7.2 and §9.3.3).
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11. Conclusion

In order to construct and to justify LBM schemes for the 1D convection-diffusion equation, we have
firstly studied the fluid limit of a discrete velocity kinetic system whose kinetic velocities belong to a discrete
and finite set {vg}4e(1,2) and whose the collision term is a BGK-type operator characterized by the collision
time €. This fluid limit — which is the 1D convection-diffusion equation — has been formally obtained with
a Chapman-Enskog expansion and with a Hilbert expansion. The originality of this kinetic system relies on
the fact that the kinetic velocity vy is proportional to 1/ Ve.

Then, we have constructed two LBM schemes for the 1D convection-diffusion equation by discretizing the
kinetic system with a third order integration formula. With periodic boundary conditions, we have shown
that theses LBM schemes are equivalent to a finite difference type scheme (initiated by a particular first
iterate) which is named LFCCDF scheme. This equivalence has allowed us to obtain the convergence in L™
of the LBM and LFCCDF schemes. For the diffusion equation, we have also obtained discrete maximum
principles with periodic, Neumann or Dirichlet boundary conditions. These discrete maximum principles
are thus satisfied by the Du Fort-Frankel (DFF) scheme since the LFCCDF scheme is a DFF scheme in
the pure diffusive case. We underline that these results in L™ are new for the LBM schemes but also for
the LFCCDF scheme and, thus, especially for the DFF scheme which has been known for a long time
to converge only in L? in the periodic case [35]. Moreover, by modifying the diffusion coefficient of the
proposed LBM schemes, we obtained LBM schemes in the pure advective case and we again obtained
stability results in L. In [18], one of these LBM schemes has been studied. Nevertheless, only stability
results in L? in the periodic case were proved in [18].
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In the same spirit, we have proposed two Monte-Carlo algorithms for the resolution of the diffusion equation
coming from a probabilistic interpretation of the proposed LBM schemes in the periodic case. Discrete
maximum principles are also obtained. These results encourage us to think that it will be possible to obtain
theoretical results for the LBM schemes by also using probabilistic tools.

At last, we expect that it will be possible to analyze the properties of LBM schemes applied to more compli-
cate equations as non-linear equations of the type 8,0 = ®(t, x, p, d,p, 3> p) where ®(-) is a given function
by using an approach similar to the one proposed in this paper. Beyond the potential existence of links
between LBM schemes, finite difference type schemes and Monte-Carlo algorithms for simple PDEs, we
also expect to find links between LBM schemes applied to the incompressible Navier-Stokes system and
theoretical works on discrete velocity kinetic systems [43].

Acknowledgements: We wish to thank Frang¢ois Drolet, David Vidal and Dominique Diplomate for helpfull
discussions. We wish also to thank Christophe Le Potier who helped us to prove the equivalence between
the proposed LBM schemes and the Du Fort-Frankel scheme.

A. Proof of Proposition 2.1

We now give two (formal) proofs which allow to write that the fluid limit of the kinetic system

1 . . v
Vg€ {l,2}: Oufy +Vy0xty = E(M; ) with vy = (=11 \/; (112)

is the equation
8,0° + 0.(up®) = vd* p® + O(e), (113)

X.
and, thus, is the convection-diffusion equation (1) since we can neglect the error of the order of £ in (113).

One of the difficulties is linked to the fact that the kinetic velocity vy := (=1)7 \/g depends on the collision
time & which is not at all classical in the framework of the kinetic theory.

The first proof is based on a Chapman-Enskog expansion; the second proof is based on a Hilbert ex-
pansion. The proof based on the Chapman-Enskog expansion is easier than the one based on the Hilbert
expansion. Moreover, the Chapman-Enskog expansion allows to obtain

p° u 0.p°
2(t = |1+ (=11 L\
e = G [1ecorE( - Wi
(114)
8}( £y _ 62 & 82 & 63 &
+(_1)q83/2 (% . (up )ng o \/; xx;zp ) +y302 xxzp ) +O(82).
With the Hilbert expansion, we only obtain
& 8}( &
£, = % 1+ (1)1 \/5(% - Wp—f) + 032 (115)

which is less accurate than (114).
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The fact that the Chapman-Enskog approach is easier than the Hilbert approach is classical in the kinetic
theory. In fact, the compressible Navier-Stokes system — which is the fluid limit of the classical Boltzmann
equation — is obtained with a Chapman-Enskog expansion and not with a Hilbert expansion which is too
complicate to give the result. Here, it is possible to obtain the fluid limit with a Hilbert expansion because
the kinetic velocity set is a discrete and finite set, which implies that the linear operators are simple 2 X 2
matrix. Moreover, it seems to us that the Hilbert expansion is more adapted than the Chapman-Enskog
expansion to clearly justify the fluid limit (113) of the kinetic system (112) because the Hilbert approach is
based on a sequence of PDEs that we can study a posteriori (we do not try to do such theoretical study in the
present paper). At last, the Hilbert expansion can also be seen as a (formal) justification of the Chapman-
Enskog expansion since both expansions give the same result. That is why we also write the proof based on
the Hilbert expansion.

At last, let us note that in the following analysis, we forget any possible influence of boundary conditions
on 0Q: in other words, we suppose that Q C R is periodic. Any analysis of the influence of non-periodic
boundary conditions on 02 on the fluid limit of (112) is really complicate because of possible Knudsen
layers in the vicinity of 9 where the distribution f7 is not close to the maxwellian M7 even when & < 1.
As a consequence, we can only expect that the fluid limit (113) is valid far from the boundary 6Q2 when the
boundary conditions are not periodic.

A.l. Proof based on a Chapman-Enskog expansion
Let us suppose that the solution f7 of (112) can be expanded with the Chapman-Enskog expansion

£2= M5 (1+ Vegi + g5 +&%75 )+ O) (116)
under the constraints
> M, + Vegs ) =0 (117)
q€{1.2}
and
Z MEg5, =0 (118)
q€{1,2)

where g} ; is supposed to be of order one. We recall that the maxwellian M is given by

Mg;zp_g(ui):p; 1+(—1)"\/7-u]

E
1 p°
M = . (119)
2L ()

q
It is important to note that the constraint (117) is not classical in the framework of Chapman-Enskog expan-
sions. Indeed, we should a priori impose

> Migi, =0  and > Mg =o0. (120)
q€{1,2} q€{1,2}

<™

where p® := ff + f7 and verifies

Here, we replace (120) by (117) because the set of kinetic velocities {V‘;}qe{l,z} depends on /e which implies
that M;jg‘l9 q has a term of order /e (and, thus, of order \/Egg q) since gf p (and g5 q) is of order one.

By injecting expansion (116) into (112), we obtain:
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e Order \Je~': We obtain the equality

that is to say

since M; =

1+( l)q\/7 u}.

& & _
Mgy, =

—Vevio M = —(=1)! Vo.M,

c & 0,0° 0(up?®)
ngl,q = _(_l)q \/;XTp - \/ng

<I0‘)

e Order \/€°: We obtain the equality

£ & _
Mg, =

e Order +/e: We obtain the equality

Moreover, by summing (112) over the set {VZ}qe{m} and by injecting the expansion (116), we obtain

01p% + 0,(up®)

E & —
ng3,q -

—[0:ME + VeviouMigs ).

—|ouMigs )+ VeviauMEgs ).

(121)

(122)

(123)

(124)

~0, Z A (since 3, ufé=up’and 3 L(ME-f5)=0)

| ge{1.,2} q€{1,2} qell1,2)
—0| Y (- wME| - Ved, Z (Ve — )M, g‘iq‘ — 0| Y. (V- Mg, | +Ole)

| g<{1,2} | Lg<{1,2} qe{1,2}
-0, Z V5 —wM; | - \ed, Z vfIM(‘;g‘f’q}—sax{ Z vZMég;q}

| g<{1,2} Lg<{1,2} qe{1,2}
+ Vo, { D Mg, + Vegh)| + 0.

qe{1,2}
(125)

By taking into account (119), (121) and (123), we obtain

€0, [

2"

q€{1,2}

VM85, q]

—sax{

= —862t(up8) + &0,

2

q<{1,2}

v [a,Mg + Vevid(MSgh q)]}

2

q€{1,2}

vz svzax( \/EVZHXMZ)‘

= —0%(up®) + evd _(up®) = O(e).
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Thus, by also taking into account (117), we obtain

Oup® +O(up®) = - «/Eax[ IR +0()

q€{1,2}

+0(g) = sax[ Z (vfl)z M,

qe{1,2}

+0(g) = w?ixpg +O(¢)

Vo2, [ Z My

q€{1,2}

which gives (113) that is to say
8,0° + 0.(up®) = vd p° + O(e). (126)

We deduce from (122), (123) and (126) that

Migs, = —0Mg+ v M,

O O (up®) . 0r.p° 0%, (up®)
- _(l)q\[ IR R S Gl (127)

£ £\ _ 2 &
_ Ox(up®) 4 (1) \/Eu 0 (up®) = vO3,p 4 (L1 ey D) 0%, (up®) +0)
2 v 2 2

(we also use the fact that u(x) does not depend on the time ¢). This last equality encourages us to take

gy _ 2 &
Mg, = Ox (u,o ) 1y \/7 0x(up )2 v3.p° RN~ 5xx(2up ) (128)

since the term of order € in (127) is a term of order & in (116) and, thus, of order € in (126). We deduce
from (122) and (128) that

3/2

0 a€ .
+(=1) \/1_/

(ups) - Vaxxp (—1)q83/2 \/; . a)zcx(ups)

ps
My - (Vegt , +e85,) = = [—(—Dq
q Lgq 24 2 o P

which verifies the constraint (117). We deduce from (122), (124) and (128) that
07 p° ( up®)
Migs, = (=D == = (1) W= %) | (e

which allows to obtain

Va?cx i —8}2”(1/! ‘) 8)2cx (up®)
Migs, = (1t Wyt 2 1 0(ve)
(129)
6x X &
= OB 1R, () + OB)
by using (126). This last equality encourages us to take
MEoS = q 3/28xxxp q &
085, = (=D = (=D W%, (up®) (130)
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since the term of order +/¢ in (129) is a term of order £% in (116) and, thus, of order & in (126). Let us note
that (130) verifies the constraint (118). Thus, by taking into account (126), we obtain

ps
2

PV LI T

Mg - (\/Egiq +egs,+ 83/2g§q) =

2 0(up®) - vagx
I/l .

N b 1yt yy ) ”(”p )

)

+(_1)qg3/2v3/2M _ 2(_1)qg3/2 WM]
pe 0F

that is to say

& & & P p‘9 u 8;{/)8
Mg (Vegi +eg5, + 8785 ) = = 1+(—1>q«/2($— W p )
2 3
Hye? (L D) V0" xx(“’” 3/2%,)8)]
W pe pe

which gives (114) by using (116).

A.2. Proof based on a Hilbert expansion
Let us suppose that the solution f7" of (112) can be expanded with the Hilbert expansion

2
f;=m2'(g8’q+ \/g‘g‘iq+ \/;;g;q+...) (131)
where
u e
mZ::l V—Z—1+( l)q\/; u.

The density pf := fZ + f¢ is given b
y | TJ188 y

p° = pf+ Nept + VEpS +

with
Yn: pp= Z mggy, .- (132)
q€{1,2}
And, the maxwellian M; defined with
g

L
ME =

1+ 1+ (=14

oi
2

m

p
2

u
Vg
whose density is equal to p® is given by
2
Mg = mi - (o5 + Vep§ + Ve ps +

In the sequel, we will prove that when the Hilbert expansion (131) is valid, the density p® is necessarily
solution of (113). Moreover, by computing g o g7 g and g5 s Ve will obtain (115).
Ol 202,



Let us note that the difference between the Chapman-Enskog expansion (116) and the Hilbert expansion
(131) can be underlined by comparing the constraints (117)(118) and the relations (132) which are not
constraints, p? being unknows which are solution of a sequence of PDEs (see below).

By injecting expansion (131) into (112), we obtain:

e Order £~': We obtain the equality

801 = 802 = Po(t, ). (133)

e Order (\e)"V? (n € N): We obtain the following PDEs whose {gj, q}nZO is solution:

(\/_)I’l 8l(mqgn q) + vgax(mqgnq = 8( V_)n ! [ Z mkgn+1 k gn+]’q] . (134)

ke{l1,2}

We recall that O(Jvi)]) = 1/ v/€ which implies that ( v/€)"v Vo0, (mpgy ) and mi( Vey! ( Mgk~ giﬂ,q)

8nq) to obtain
PDEs (134) can be written with the equivalent formulation

ke{1,2}
are formally of the same order. Moreover, we keep the unstationary term ( v/€)";(m¢

an initial value problem for mggy, .
Yn>0: A® -G, =BG (135)

where G = (¢, gfl’z)T, B¢ = (b5, b5)" and where
& _ —m‘; m;
w2 @
(136)
b(G)) =

Lg_ [af(mqgn q) + Vsax(mqgn q)] (b)
q

Since the matrix A? is not invertible, we have to study carrefuly linear system (135). By applying the
Fredholm alternative, we obtain the following result:

Lemma A.1. Let G° | = 0 and

G; =( | )pg. (137)
Then, Equation (135) has an unique solution under the constraints
Vn>0: 0p; +0.(up}) = F(G:_)) (138)
where
Yn=0: FUG ) =0, { D08 —wmibiGh 1)‘ (139)
ge(1,2}

Moreover, {G5},>1 is given by the recurrence relation

Vnx1: G = —BS(g;_l)wi( | ) (140)
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Thus, the construction process to obtain {G?},>0 is the following:

secondly, we compute pg with (138);
thirdly, we compute G with (137).

Firstly, we note that ##(G® ) = 0 since G°| = 0; { Firstly, we compute ¥°(G;) with (139);
H

thirdly, we compute G with (140).

secondly, we compute p? with (138); - ...

Firstly, we compute #°(G;_,) with (139);
_)
thirdly, we compute G2 with (140).

By using (138), we obtain that
c'),pg + E)x(upg) =0 (constraint (138) with n = 0), (a)
0,05 + 0x(up?) = F4(G;) (constraint (138) withn = 1) (b)

005 + 0x(ups) = F4(G7) (constraint (138) withn = 2) (c)

that is to say
9ip° + 0x(up®) = NeF4(G}) + eF°(G)) + O(e)

secondly, we compute p{ with (138);

(141)

(142)

(143)

since p® = po + Vepy + gpa + O(3/?). Let us note that the term of order & in (143) is obtained by supposing
that F4(G%) = O(1/ V&) (¥n > 0) because of the velocity Vg in (139). Thus, we obtain (113) by using the

following lemma:

Lemma A.2. We have

FE(GE) = éaﬁxpg +0(Ve), (a)

TG = i+ 00 ()

Moreover, we have the following result which will allow us to obtain (115):

Lemma A.3. We have

Ay (mep?
, = Veduuph) = (=1 W% vt (a)
q
O (mgp
g5, = —v|0npf - @ - (D7 (q )+p2+0(\/_) (b)

Thus, by using (145), we obtain
8(8+\/_8+ 8)_11+(_1)q fx
mg(85., 81,185, = 5 U
EvV
X {pé + Vep§ + epf - (—l)qi—g_ax |mé (05 + Vers)|
q

5%x (mfng) } + 0(83/2)
mg ’

+80,(upf) — &v | %00 —
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’

D we deduce from the previous equality that

By noting that ,m{, = (~1) \/% z

1 &
3 (1 + (1) \/;u) X
X

mg(85, + Vet , +e85,)
u'(x )

,00 + \/_101 + ‘9,02 - (=1 ‘/_ax(P() + \/_PT) ‘9,00 m x(upo) + 0(83/2)
_ 1 £ \/_ £ £ 1 1 q &
= §(p0+ 8p1+8p2) +(-1) u
' (x)
—(-1)7 == ‘/_ 0x(pG + Vepf) - —[ 03, * U0+ Oxlupp) | + O™?)
q
that is to say
° & Vev u'(x)
=5 (1 + (=1 \ﬁ ) (110 - 2 [p g 10365 = Bs(ugf) | + O,
Since pf 5 + udupf = Ox(upf) + O(Ve), we obtain
0
fr =5 1+ -1y xf(”m - WL ) + 0 (146)
& I
which is exactly the expansion (115).
It remains to prove Lemmae A.1, A.2 and A.3:
Proof of lemma A.1: The matrix A® is not invertible and its kernel is given by
KerA® ={X € R* suchthat X =pu(1,1)", peR}.
Moreover, A® admits the eigenvalue A = —1 whose eigenspace is given by
g1 = {XeR? suchthat X =pu(ms,-m)T, peR} (a)
(147)
= {X €R* suchthat Y X,mf = 0}. (b)
qefl.2)

Let us note that E5=~! depends on & — which is not the case of KerA® —, that KerA® ® &1 = R? and
that 541 | (mf,mg)r. The linear application A® : X + A? - X defines a bijection from &*4=~! into
&>%="1_ Thus, we can solve linear system (135) if and only if

Vn>0: B9G°)e&t1, (148)

This corresponds to the Fredholm alternative in finite dimension. Thus, by using (147)(b), the vector 8%(G%)
has to verify the constraint
Vn>0: ) mibiGh =0 (149)
qe{1,2}
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that is to say

Vn=0: 3 [a0mEes )+ vidxmegs )] =0
q€{1.2}
which is equivalent to

Yn>0: 0,0; +0.(uph) = —ax[ Z (v —wmgg, q} (150)
q<{1.,2}

by using (132). Moreover, we have
n+l —

YVn>0: A®-G°  =8B%G,) and BG,) et — G = —B‘g(g‘fl)+yn+1( i )

where 41 € R. Thus, by using (132) and (149), we obtain p? | = >
qe{1,2}

mggfl i = 0+ ;41 which implies

that G¢ | is given by (140). As a consequence, we have

0, [ D og- u)mqgnq} —ax{ D0 —wms [-biGE ) +p§]}

gel12) gell.2)

FeG:_)+0

Z e | Mg =
qe{l,Z}( Vg “

and Definition (139), which allows to obtain (138) by taking into account (150). Finally, we have proven
that (135) admits a solution {G%},>0 under the constraints (138). Moreover, this solution is unique since
(138) are linear PDEs which admit an unique solution.[]

by using the fact that

Proof of Lemmae A.2 and A.3: We firstly prove (144)(a) and (145)(a); then, we prove (144)(b) and
(145)(b). We have

8{ Z (v‘; —M)m;bs 8} Ved, [ Z (v —wym? 8,,00

qell.2) qel12)

7(Go)

+ Ved, [ Z (v‘; —u)vzax(m‘;pg)

q<(1.2}

0+ «/Eax[ D vEZaumeps)

~ Ved, [uax[ > v;mgpg]
}

q€{1,2) qe(1,2
12
= —=0x| D 0u0miph)| — Ved, [ud(uph)| = —=5%p5 + O(Ve)
qe{1,2} \/E
which gives (144)(a). Moreover, we have
at 0 x spe a mps
by(Gy) = \/5—( al Ve, 2liet) 5005 + (1) \ (mj d
q mg q
0y msps
= —VEduupf) + (—1) W—(mj 0
q
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by using (142)(a). We obtain (145)(a) by using (140). In the same way, we have

FeG

{Z v —u)m%j(gn} Ved, lz v u)msatg]q + Ve, Z (v — w)VEa(me g cp}

qe{1,2 qe{1,2} Lg€{1,2}

\/Eax Z (V M)mgatglq + ‘/Eax{ Z szax(mqgl q) - \/gax ”ax[ Z Vsng‘;; q”

[9€{1,2} q€{l1,2} q€{l1,2}

= Ve, Z 0 u)mSa,g1 ‘ { D gt )|+ 0D
| g€{1,2} q€{1,2}
v
= e, Z v u)msa,glq Taixpi +0(1).
[4e(1.2) &
But, by using (145)(a), we have also
0 \mip;
x/Eax[ N u)m;atgjq} = Ved, ) 05— wm l V0. (upf) - (~1)? W% 05
qe{1,2) qe{1,2) 4
= 0- Vovdy, > (=105 —wd, (mépf) = O(D).
q€{1,2}
Thus, we can write that y
FoG) = \—Eaixp"f +0(1)
which gives (144)(b). Moreover, by taking into account (145)(a), we obtain
o mags ax mags
bé(g‘?) _ \/E t( qg 1,4) i \/EVZ ( ‘L 1,4)
my my

d, (mept
Ved, ( Ved(upp) = (=1)7 W% + pTJ
q

q

Ox (mgp
d. {mq ( VEd (upf) — (—1)1 % +p1”
+H=1)7

&

ny

2 £
\/_51,01 _ Va ( qu) +( l)q \/—6 (m ) +O( \/_)
mé mé

q q

0y Ox(mg
V3.5~ % (DT (m )+O(«f>

q fI

by also using (142)(b) and (144)(a). Then, we obtain (145)(b) by using (140). [
48



B. The LBM scheme written in function of f;, when u(x) = 0
When u(x) = 0, the LBM scheme (35) is given by

1 n n
81 =8l (1 - 5) 824175

n+1 n n n n
& =81 (1 - 5) t 815 (151)
pn+l — gn+1 +gn+l
i 1i 2,
. . At )
On the other side, by using (20), we have g, = f; — Z_g(Mq — fg) that is to say
1 S,
= 1+ —- ==,
81 f1( 4Cd) ac,
(152)
1 fi
= 1 4+ — - —
82 fz( 4cd) ACy
since € = Cy4At and M| = h ; f2. By injecting (152) in (151), we obtain
1
fl )I’H—
A =b
( ),
with
1+ ! !
4Cy 4Cy
A=
1 " 1
4Cy 4Cy
and P P
1 2,i+1 n 1 Li+l | 7
n 1 __’_.(1__) n 1+ — |- = .=
[flsl“( " 4cd) 4Cy ] 2)”" [fl’“( " 4cd) 4C, ] 2
b=
1 it n 1 L] n
=] - = -(1——)+ === <=
[f i ( 4Cd) 4Cy 2) ") T e | 2
By using the fact that
| Ci+1/4 1/4
Al = ———
Cat120 44 cy+1/4
1
and that p = m, we obtain
Cy+1/4 1 Hia] 1 1 i
n+1 d n St n »
; = ————<C , 1 R — . 1 —_ =
Li (Ca+ 1727 { "[f““( " 4cd) acy | P22 \M e ae

1 1 1ic1 1 1 il
3Gl L+ — |-+ =l |+ — |-
4(cd+1/2)2{ "[fll—l( 44%1) 4Cd] 2[]"1,1_1( 4Cd) 4C,



that is to say

AC, + 1 { 8C2+2C,-1 cd+1/2}
Li+l '’

n+1
K _ + X _—
ut 4(Cq+1/2)2 8Cy 4,

4(Cq +1/2)% |72 8Cy behae,
By noting that 8C3 +2C;—1=2(4C;—1)-(Cy4 + 1/2), we finally obtain

n 2 n n n
n+l _ fl,i+l(l6Cd -D+ fz,i+1(4cd +1)+ f2,i—1(4cd -D+ fl,i—l
L 16C4(Cq + 1)

which gives (36)(a). We obtain (36)(b) by symmetry.

C. Proof of Property 3.1
The scheme (37) is equivalent to the scheme
gl = & A =i+ M,
gy =gt =i+ My

that is to say to the scheme

Al A
+ 55! 2 (1 - A_xu(xi))7

Y Y;
g’ll,i+1 = g’ll::l [1 - 5 (1 + A—xu(xi))

7 At
+ g"“g (1 + —u(x,-))

1 U At
shi = [ 13 1 - oo |+ i 3 1+ 5

81+ 82,i

At
> (1 + (—l)qA—u(xi)). We end the proof by noting that
X

since My; =

which comes from the fact that 77 + n = 7.

D. Proof of Lemmae 4.1, 4.2 and 4.3

In the following proof, we firstly focus on the LBM* scheme. Then, we focus on the LBM scheme
which is less easy to study.
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Proof of Lemma 4.1:
o Study of the LBM* scheme:

We deduce from the LBM* scheme (38) that p?“ = 8lis1 T 85,y (n 2 0). Thus, by applying again (38),
we find

- At
P?H = g’f,,iz [1 - g(l + _M(Xi+1))

At
vl (1 - —M(Xi+1))

Ax ) Ax
(153)
_ At - At .
+g’§’i12 [1 - g(l - A—xu(xi_l)) + gl’ilg (1 + A—xu(xi_l)) with n>1.
By noting that
_ on-1 -1
Piv1 = 812 * 82 »
with n>1, (154)
P =817 + 8l
we deduce from (153) that
-1 n -11 -1 n -1
Pt = (o — &5 )(1 - 5) + 85, 5t (Oi_y — 815 )(1 - 5) +81; 5
At .
—g Ax [u(xi+1),0?+1 - M(xi—l)p?_l] with  n2>1
that is to say
_ At .
ot =l (1 - g) + i (1 - g) +oi =1 - g A |uCrie)pfy —uCxinp, ] with  nx L
(155)
1
By using the fact that » = ——, we obtain
Cd + 3

_ At .
(2Cq+ D™ = 2Caply + 01 + (1 =200 = = [kl —uCxioply | with >

that is to say
n+1 n—1 n n+1 n—1 n At n n :
;i —p; =2Capi — P —pp T P — Ax [M(xi+1)Pi+1 - ”(xi—l)P,'_l] with nx1
which is equivalent to
r}+l _ r}—l

Pt = pl v ne 1 i
lZ—At = E(P?H ot = ) - Ax [M(Xi+1)/3?+1 - u(xi—l)p?_l] with  n>1

We conclude the proof by noting that

B

0 — 0. 1—on_ g2
81, = Pi [(1 @) ,BAXM(X:)

0 _ 0
82 =Pi -

At
a+p E”(xi)}
51



coupled to the LBM* scheme (38) implies that

- At
P = apl g + (L= )y = B [ofhutien) = o utnion)).
o Study of the LBM scheme:

We deduce from the LBM scheme (35) that

Ui n At
Pt = (g 1 T8 1)( 2) + (81 8, z+1)_ T3 Ax [”(xiH)P?ﬂ - “(xi—l)f’?—l]-
Thus, by applying again (35), we find
- -1 n—1
_ n n P At n o PL At
P;-Hl = grll,,'iz (1 - 5) + g;,iizz - 152 A_”(XHZ) + 821 2 (1 5) + g'f ,izz lT2 775”(%’—2) (1 -5

[ -1 n—1
- n Py At _ n n P At n
gl (1 - 5) AT e el b COR (v (1 - —) Hgly T ) |

At .
-0 el —uGpl, | with =

which is equivalent to

n At -1 -1 n
p7+1 = [(81 2+ &2 )(1 - 5) + (811 +85 z+2)— Ta Ax(u(xi+2).0?+2 = u(x)p; )] (1 - 5)
n N/ -1 -1 n
+[<g11 w0 (1= 2) s et + g2 - 2 - S ! —u(xi_2>p?_2)](1 -
At . . .
+(g11 + gz, )(77 --= A_x(u(xiﬂ)p”l - u(xi—l)pi_l) with n>1.
(156)
Moreover, we have
) non n-1
P = (87 + 855 )( - _) +@& + 8 z+2)_ T3 Ax [”(xt+2)Pz+2 u(xi)p; ]’
with nx1
W1 on At n- n-
Py =@l + g5t 2)( )+ @i+ 835 1 [uGee™ = u(xi2)p)5; |

which allows to obtain (155) by using (156). We conclude the proof as for the LBM* scheme by noting that
At
0 0
81i=Pi " [(1 - ) _'BA_xu(xi)} s

0 _ 0
82 =Pi "

a+p %M(Xi)}
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coupled to the LBM scheme (35) implies that

+pl 1°

a/+ﬁ u(x, 1)]}(1 - g)

a'+ﬁ u(xl+l)]} 7_27

pl = {p?+1 [(1—00 B u(x,+1>

0
T Piy1-

A
+ {p?_l : [(1 —a) —ﬁ;iu(xi_n

I 2ty — el |
= [a(l—g)ﬂl—a) ]p, 1+[(1—6¥)(1—g)+02].0,+1
0 o= 8 3 2 1= 2) -5

that is to say

t
pi = &oy + (1 =6pY —v [p?+1u(x,'+1) _p?‘lu(xi_l)]

A

Ax
_n _n

where & = 3 +a(l —np)andy = 3 +B(1 —n).J

Proof of Lemma 4.2:

o Study of the LBM™ scheme:

To prove Lemma 4.1 in the case of the LBM* scheme (38), we used (153) and (154) which come from an
application of the LBM* scheme in the cells i and i + 1. Thus, to obtain the equivalence between the LBM*
scheme (51) (obtained when u(x) = 0) and the Du Fort-Frankel scheme (54) in the cell i = 1, the LBM*
scheme has to be applied when i = 0, i = 1 and i = 2. When i = 2, we do not have any difficulty to apply
the LBM* scheme (51). Nevertheless, wheni = O andi = 1, gg,_l and g’io have to be defined. When the
boundary conditions are periodic, gg,_l and g;’o are defined. But, when the boundary conditions are not
periodic, gg’_l and gg’o are not defined a priori. We will define these quantities in such a way the discrete
Neumann boundary condition

Plo =Py (157)
is satified. Let us apply the LBM* scheme (51) when i = 0. We have

n+1

Py =811 T8
which implies by using (157) at the time #**! that
S =P -l

But, we have also
n+1

n n
80 =8 -1 (1 - 5) + grll,li'
Thus, we have

n
gg,t)l: - 11)( 2) 87,15-
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Let us now apply the LBM* scheme (51) when i = 1. We have

n+1 n n
P =812t 820

This means that

n+1
820

n n
(81, +850—811) (1 - 5) + 8'11,15

g’11,2 (1 - 5) + g202 + (gzo 87,1)(1 —-1).
But, we have also

1 _ n n
g =81 (1 - 5) + 8505

Thus

n+l1 n+l1

80 =811 +(g§,o—g’f,1)(1 -1

which gives (53)(a). We conclude by noting that (53)(b) is a consequence of (52)(b) and (55).

o Study of the LBM scheme: Let us apply the LBM scheme (50) when i = 0 and i = 1. We have

n
n+1 =811 +8&._ 1)( )"‘ (874 "‘83,1)5

and
n+l

n n
(g12+g20)( 2)"‘(8’11,0"‘8;,2)5-

Thus, by taking into account (157) at the time #"*!, we obtain

n n
@i+ (1-2)+ @+ = @+ i (12

We have also 7
gl =g, (1 - 5) + 8205

and . .
T (S P}
Thus, we deduce from (158) that

n+l n+l

n n
8o =811 T80~ grf,l)(l - 5) + (80— gg,l)z

that is to say

n

ggBI = g'1’+11 + (g’21,0 - grll,l)(l -m+ [(8’21,0 - grll,l) + (g,11,() - ggl)]z
_ n+1 n n ﬂ
= g1 +(&o— &0 —m+ (g —p)) 5

which gives (57)(b) by taking into account (157). By using (57)(b), we obtain

n+l1 n+l1 n+l n+l

810 *+ 80 =810 +8&11 + (80— &1 —m.
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Thus, by using (157) at the time #"*!, we obtain

n+l n+l1 n+l1 n+l

gl + & =80 t&11 t&o—g )1 —n

which gives (57)(a). Moreover, (57)(c,d) is a consequence of (52) and (55). At last, we obtain that

pi =é&p) + (1 =p),,

as in the periodic case.l]
Proof of Lemma 4.3: The proof is similar to the one of Lemma 4.2.
o Study of the LBM™ scheme:

Let us apply the LBM* scheme (51) when i = 0. We have

n+l _ n n
Po =811t 8& -1

Thus, by applying the boundary condition
Pi=0 = Pmin (159)

at the time /*!, we obtain that
n

n —
gz,—] = Pxmin _gl,l'

But, we have also
n+l

n
80 =8 -1 (1 - 5) +38

Thus, we have
n+l _

n n
820 = POxmin — 87,1)(1 - 5) + 87,15

that is to say

1 pxmin pxmin
g =Py (B )=

which gives (63)(a). We conclude the proof as in the periodic case.
o Study of the LBM scheme:

Let us apply the LBM scheme (50) when i = 0. We have

1 n n
8o = & (1 - 5) t8.15

which gives (65)(a). We obtain (65)(b) by appling (159) at the time #"*!. We conclude the proof as in the
periodic case.[]
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E. Proof of Propositions 5.1 and 5.2

E.1. Proof of Proposition 5.1

To prove Proposition 5.1, we use the following lemma:

Lemma E.1. Let us define

=0 ._ 0

8= 81,~ K,
Yi:

=0 ._ 0

8, =8, K

and let us apply the LBM* scheme (38)(44) with the initial conditions (g(l) i gg ). Then, we have
Vi, Vn>0: pl=p!-K

with p} 1= g|, + &, and K := K| + K».

Proof of Lemma E.1: We have by construction
P =pi — K.

Moreover, we have also
=1 _ =0 =0
8; = a8 41 T 08,y

gé,i =(1- “)g(l),m +(1 - b)gg,i—l

with

n At
—1-Ifp 4 2
¢ 2( +_Ame’

(160)
n At

=T - 28,
b 2( Ax”@

Thus, we can write

g},i = ag(]),i+] + bgg,i—l - (aKl + sz),

g, = -ag),  +1-bg), | —[(1-ak +(1-bK,]

that is to say 1 1
gu =81~ (aKy + DK>),

8y, = &, — K+ (K +bKy)
This allows to obtain
pi=p! - K.
We now prove that
Pt =p - K,
Vi : (161)
pr=pi-K
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implies that

~n+1

We know that p//~ L P} and p!"" are linked through the relation (45) applied to p, that is to say

~n+1 ~n—1

P —p; L Mo
2At 2Ax

(Pr1 — P = Ax 2(Pz+1 15:”1 /5?_1 + P
Thus, by using (161), we can write that

p;ﬁl _p;:L—l +K N Uy
2At 2Ax

On the other side, we have also

1 1 1 ~n+1
(O =Py = (p,+1 P =P )+ (p’“ Pt

n+1 n—1

bi TP Yo o n
2At 2Ax Tl

n+1

v -1
—P) = g Wi — P P P

by using again (45). This allows to write that
1 v
~n+1 n+1
+ K| —+ =
@i =i )(2At+Ax2)
which proves (162). We conclude by noting that (161) is verified when n = 1.0J
Proof of Proposition 5.1:
o Stability in L™ of the LBM* scheme with periodic boundary conditions:

Let us define C := C"Axlu | > 0. We have by construction At = Clﬁxl Thus, we have

n n At n
-0 <21+ =ul<a
2( C)_z( +Axu0)_2( +0)

since &uo = +C and n > 0. Moreover, Condition (70)(a) is equivalent to

C € [0, min(1,2Cy)].

1£C
Since g(l +C) = 1+2C, by using (163) and (164), we obtain
n At
0< =1+ —uy|<1.
= 2( + Axuo) =
In the same way, we obtain
n At
0<=|1-—u) <.
= 2( Ax”‘)) =

As a consequence, we can write that a and b defined with (160) verifies

0<a<l,
0<b<l.
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Let us now define

with
At 0
Ky = |1 -a) - pB—up|maxp;,
Ax i

(166)
K + AL o | max o
=|la+B—u XpP5.
2 Ax 0 ¢ P
We now suppose that @ € [0, 1] and 8 = 0 or 8 = min(]l — @, @). In these two cases, we have
At
1—a)-B—uy =0,
( a) ,BAXMQ >
At
+B—upy > 0.
a ﬁAxuo >
Thus, since (g9 , g5 ) is defined with (44), we obtain
g(l),i <0,
Vi:
@, <0
And, by using the fact that
g”f;l =ag) . +b8,
g’g;l = -a)g],, +0-b5,
and (165), we can write that
7, <0,
Vi, Vn>0:
#,<0
which implies that
Vi, Vn>0: p?<0. (167)

On the other side, by using Lemma E.1, we obtain that
Vi, Vn>0: pil=p!-K

with K := K| + Kp = maxp?. By using (167), we obtain
J
Vi, Vn>0: pf< maxp?.
J

We obtain
Vi,Vn>0: : pl> minpg
j

with the same approach.
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e Stability in L™ of the LFCCDF scheme with periodic boundary conditions:

By using the stability result in L* of the LBM* scheme (38)(44) and by using Lemma 4.1, we obtain the
stability in L™ of the LFCCDF scheme (45)(47) under the condition (70).

o Stability in L™ of the LBM scheme with periodic boundary conditions:

By using the stability result in L™ of the LFCCDF scheme (45)(46) and by using again Lemma 4.1, we
obtain the stability in L™ of the LBM scheme (35)(44) under the condition (70).

e Consistency and order of the error with periodic boundary conditions:

A 2
When n > 2 and when At = Cd—x (C4 = 0), the LFCCDF scheme (45) is consistent and its consistency
%

error is of order Ax? [33]. Let us study the first iterate (47). We have

At
a/p?_l +(1- a’)ﬂ?ﬂ _BA_X [p?+1u(xi+l) _P?_lu(xi—l)]

p;

= Pexact(0, x;) + O(Axa)

Pexact(AL, X;) + O(At, Axg)

with
{ (a,B)#(1/2,1/2) = 0=1,

(@.p)=(1/2,1/2) =6=2
where pexact 1S the exact solution of the convection-diffusion equation. Thus, the consistency error is of
order Ax when (a,8) # (1/2,1/2) and is of order Ax? when (a,B) =(1/2,1/2).

e Convergence in L™ with periodic boundary conditions:

We obtain the convergence in L™ of the LFCCDF scheme by applying the Lax Theorem. Thus, by using
again Lemmae 4.1, we also obtain the convergence in L™ of the LBM and LBM* schemes.[]

E.2. Proof of Proposition 5.2

Firstly, we prove the stability in L™ for any C; > 0 of the LBM* scheme (51). Indeed, it is more simple
to analyze this scheme than the LBM scheme (50). Then, by applying Lemmae 4.1, 4.2 and 4.3 (and the
Lax Theorem), we easily obtain the other results.

e Stability in L™ of the LBM™ scheme with periodic boundary conditions:
Since 7 €]0, 2], we deduce from (51) that
n+l n+l1

max((g}}'1, ¢35 ') < max(lgf | lg5 ) (168)
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which proves the unconditionnal stability in L™ as soon as the initial condition is bounded. Moreover, since

Pl = g’l’,i + gg,l., we have
max |p| < 2max(lgy I, g5 ,1)-
l l

Thus, we deduce from (168) that
max |of| < 2max(gy . Ig3,)

that is to say
max |p}| < 2max(|1 - al, ) - max |}
1 l

by using the initial condition (52).
o Stability in L™ of the LBM* scheme with Neumann boundary conditions:
Since 1 €]0, 2], we deduce from (51) that

1 1
m>al><(|g’f§ L 1ghs D) < max[|g5 o, max(lej 1. 1g5 ,DI-
1= [ 2

(169)

(170)

Inequalities (168) and (170) are different because of the boundary term |g} ;| in (170) which does not exist
when the boundary conditions are periodic. The difficulty to obtain the stability in L* comes from this term.

We deduce from the boundary condition (53)(a) that

n+l  _ n+l1

gg,() - gl,l + (1 - 77)83,0 - (1 - 77)8'17,1

n+1

= gl + (=g + (A =mghy = (1 =mei'] - =gl

n+1

= g+ -mleyy - -nig

= g ygd — (-l

that is to say

n+l1 n+l

820 811 +(1 - 77)”“(8(2),0 - 8(1),1)-
On the other side, we have

1 n n
& =81z (1 - 5) + 8207
Thus, by using (171), we obtain

n+l

ghe! < max(lg] ,l. g5 o) + 1 = ™!

1830 ~ 81,11
By injecting this inequality in (170), we find

n+1

1 1 1
max([g35'l, max(g;'1, ¢35 D] < max | max(lg] I lgh o) + 11 ="
=

Let us now define
G" := max]|gh | max(lgy i1, 83,D]-

(171)

0 0
160~ 1h 3 oh max(lgt 1. g2,

172)

(173)



We deduce from (172) that
GG L=l gy - 81

that is to say

G <GP+l -nIS, - 183, — &1, (174)
where .
S, = Zu — k. (175)
k=0
Let us now suppose that 7 € ]0,2[ that is to say Cy > 0. By noting that §,, < 1= — In T when 1 € ]0,2[, w
obtain |
G"! sc°+—1| l;’" 1820 =811 (176)
—1-n|°% ,

which proves the unconditionnal stability in L™ as soon as the initial condition is bounded. Moreover, by
applying the arguments used to obtain (169) in the periodic case, we deduce from (176) that

1—
max [p!"!| < 2max(]1 — o/, |a]) - max |0¥] + 2]2¢ — 1|i|p?|
>0 ! >0 ! 1—-11-n
that is to say
n+1 0 IL—nl o
max |o;" | < 2max(|1 — al, |a]) - max |o;| + 2|2« — 1|—————|p]]
izl ! izl ! 1-11-n|
when 1 €]0, 2[ since pj; = p}. When n7 = 2 that is to say C; = 0, we obtain
max o] < 2max(|1 - al,la) - max ]| (177)
[ 24

by using Lemma 7.2. At last, when @ = % and for any n €]0, 2], we have g(z)o = g(l) , Which implies that
G <G° by using (174). Thus, (177) is also astisfied.

o Stability in L™ of the LBM* scheme with Dirichlet boundary conditions:
Inequality (170) is still satisfied. Moreover, we deduce from the boundary condition (63)(a) that
18551 < (1= 2ol + = 11-Ig 1

Thus, by using (170), we obtain

max(lgsy' 1, max(} g1 D < max | (1= 2)low 41 = 11185, b hoh maxef Llgs.b| . (178)
We deduce from (178) that

G"! < max [(1 - g) lox,: | + 117 — 1|G",G"] . (179)

where G" is defined with (173). Thus, we have also

6" < max| (1= 2iosul + 17— Himax (1= 2) ol + = 167,67 (1= 2ol + 10 - 167671
1



that is to say

G < max (1= 2ol (14 1= 10 + = 1P6", (1= 2l + 1 - 1167 67,

The previous inequalities incite us to prove that
¢ < max (1= 2)ipulSw+in- 111G,
(1 - g)lpxmin|Sm_1 Flp— 16 (180)

(1= D) ralso + - 16" G|

where S, is defined with (175). We know that (180) is verified when m = 0 and m = 1. Let us now suppose
that (180) is verified at the rank m. By injecting (179) in (180), we obtain

G < max {(1 = D) 0 lS i+ = 117 max [(1 = 2 0l + - 1|G"—m—1,Gn—m—1],
— Q — 1™ _ Q _ n-m—1 ~n—-m—1
1 > |0x,1 1S m-1 + I7 — 1" max || 1 5 ol + 11— 1IG ,G
1 n n—m—1 n—-m—1
U= D)ol +ln = 1imax (1= 2) oy, +1n = 116" 6,

max [(1 - g) |mem| + |T] — llGnimfl,anm—ljl}

which gives
Gt < max (1= D) lonlSu o+l = 17D 4 1= 117267 (1= D)oy [+ b = 171G
(1
(1
(

1= g)lp-xmm|+|n_ llGn m—1 Gn m— 1]

Nld

)Ipxm.nl(sm LI =1 + - 1 G 1,(1 - —)|pxmm|Sm U i o N

NI:‘)

Yoo+ 1= 1+ 1= 1P, (1= 2oy 80 + I = 116"

that is to say
Gn+l < max [(1 _ g)|pxminlsm+l + |77 _ 1|m+2Gn—m—l7

(-
(1

l\)ld

)pxmm|S + =1t

NIQ

)|pxmm|so g - 161, Gl



Thus, (180) is also verified at the rank m + 1, which proves (180) for any m € {0,...,n — 1}. Let us now
suppose that € ]0, 2[ that is to say Cy > 0. By applying (180) at the rank n — 1, by noting that §,, < ﬁ
and that [ — 1] < 1 for any m € N, we obtain that

n

2

G}’l+1£—
= 1]

1l + G° (181)

which proves the unconditionnal stability in L™ as soon as the initial condition is bounded. Moreover, by
applying the arguments used to obtain (169) in the periodic case, we deduce from (181) that

-3

1 0
max [0 | < 2max(|1 — al, |¢|) max |p;| + ———=—|p,..
na lo; | (I [, le[) na lo; | e 1||mem|

that is to say

-3

max 7| < 2 max((1 - a}lo) - max (max o] puy ) + 20
i>1 i>1 1 —1|p—1]

|pxmin |
since p} = py,;,- When n =2 that is to say Cy = 0, we obtain (177) by using Lemma 7.2.

e We prove the other statements as in the proof of Proposition 5.1 (that is to say by using Lemmae 4.1, 4.2
and 4.3, and the Lax Theorem).

F. Proof of Propositions 6.1 and 6.2, and of Lemma 6.1

Proof of Proposition 6.1:

We focus on the LBM* scheme (51) since this scheme is more simple than the LBM scheme (50). Then, by
applying Lemmae 4.1 and 4.2, we obtain the results for the Du Fort-Frankel scheme and, then, for the LBM
scheme (50) (this approach was also used for the proof of Proposition 5.2).

e Discrete Maximum principle with periodic boundary conditions for the LBM* scheme when a = %
The LBM* scheme (51) implies that
min(g} ;. &5 ) < gy <max(g} g5 )  (g€(l,2))
j J
since 77 €]0, 2].Thus, we have
min(gy ;85 ) < g5 <max(g] g9 ) (g €{l,2)), (182)
J J
Thus, by using (52),we obtain

min[(1 - @), @] - minp < g ; < max[(1 - @),a] - maxp) (g €{1,2) (183)
J ’ J
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when a € [0, 1]. Since p} = g, + g5 ;, we deduce from (183) that

2min[(1 — @), a] -minp? <pf <2max[(1 - @), o] -maxp(j).. (184)
J J

Thus, we deduce from (184) that the discrete maximum principle (74) is verified when o = %

e Discrete Maximum principle with periodic boundary conditions for the LBM* scheme when a € [0, 1]:

The discrete maximum principle (74) cannnot be deduced from (184) when a # % Nevertheless, we now
prove that (74) is still satisfied when « € [0, 1]. To obtain this result, we prove that

Zr g(]) ! +Zrkg2 5, (a)
Zr & +Zrkg2 2 (D)

- 1

Z(rz +T0) =1, (©) (185)
k

>0, (d)

i:k >0 (e)

where {i,i}k et {ii}k are two sequences which depend on i, and where {I'}}; and {fZ}k are two positive real
sequences. It is obvious that (185) is verified when n = 1 since

1 _ 0 Ui o 7
81, = 81,i+1 (1 - 5) + 82i-175>
1 0 n o 7
82, = 82,i-1 (1 - 5) + 81i+15

Let us suppose that (185) is satisfied at the rank n. Then, the LBM* scheme (51) can be written with

n+1 —(1——)(Zrkgll 141 +Zl"kgzl +1] g Zrkgl 1 1+Zrkg212 '

-

1 n
82 = {ZFkgl i1+l +ZFkg2 2+1] (1_5) ZFkgl ! 1+Zl"kg2 21

that is to say with

n+1 n 0 0
81, _Z[(l_z)rk 1z+1 kgl il 1]+Z[( ) kgz,i§+1 2Fkg2 i2 1]
k

k

1 n n
ggt - Z [2rkg11 1 + (1 - ) kgl 1] 1] + Z[ kg21 +1 (1 2)rk8212 l]
k k
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But, (186) can be written with (185)(a,b) at the rank n + 1 after a reorganization of the sequences. Moreover,

we have _ _ _
> [(1 - g)rk + grk] Yy [grk + (1 - g)rk] = >+ =1
k k k

and

(1 - g)rk >0,

gﬁ>a

gmza

(1—3)?220

since i €]0,2]. Thus, (185) is satisfied for any n > 1. By using the fact that p} = g}, + g, and by using
(52), (185)(a,b) implies that

o= T +TH(° , +85 )= > (ML + TPl - )l + apl]
7 Tk 'k Z k k

since p} = g, +g&5 ;- Thus, because of (185)(c,d,e), we obtain that p is a convex combination of {p?} j when
a € [0, 1] which allows to obtain (74).

e Discrete Maximum principle with Neumann boundary conditions for the LBM* scheme when a = %

A priori, the proof in the periodic case when @ € [0, 1] is not valid in the Neumann case because of the
boundary conditions (53) in x = xp;,. Nevertheless, when a = %, the boundary conditions (53) are given by

Yn>0: 850 =811 (187)
: _ 0 _,0 _#~ 0o _~ ~ 0 _ 40 -
sincea =3 =8, =8, =7 and 8&o=7% that is to say 80 = &),1- As a consequence, the proof in the
periodic case with @ = % becomes valid in the Neumann case.[]

Proof of Lemma 6.1: In the Dirichlet case, the bounday conditions (63) in x = X, can be rewritten with

n p min n
Shito = Q-+l - D, @
(188)

ggjg() = apxmin . (b)

We deduce from (188) that when 1 € [1, 2] that is to say when Cy € [0, %], we have

min [

pxm'n n n+1 pxm'n n
21 »81,i=1 | = &,i=p < Max 21 »81,i=1]"

Thus, the proof in the periodic case with a = % can be applied.[]
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Proof of Proposition 6.2: The proof is identical to the periodic case with @ = % by replacing (182) with

| Proin . P xmin
min , I}lzl{l(g’f’j, gg’j)] < gﬁl < max [ 5 r?glx(g’i P g5 DN
]
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