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STEIN’S METHOD FOR BROWNIAN APPROXIMATIONS

L. COUTIN AND L. DECREUSEFOND

ABSTRACT. Motivated by a theorem of Barbour, we revisit some of the classi-
cal limit theorems in probability from the viewpoint of the Stein method. We
setup the framework to bound Wasserstein distances between some distribu-
tions on infinite dimensional spaces. We show that the convergence rate for
the Poisson approximation of the Brownian motion is as expected proportional
to A™1/2 where X is the intensity of the Poisson process. We also exhibit the
speed of convergence for the Donsker Theorem and for the linear interpola-
tion of the Brownian motion. By iterating the procedure, we give Edgeworth
expansions with precise error bounds.

1. INTRODUCTION

Among the classics in probability theory, one can cite the approximation in dis-
tribution of a Brownian motion by a normalized compensated Poisson process of
intensity going to infinity or the celebrated Donsker theorem which says that a sym-
metric random walk conveniently normalized also approaches a Brownian motion
in distribution. Though the topology of the convergence in distribution is known
to derive from a distance on the space of probability measures, to the best of our
knowledge, we are aware of only one result precising the speed of convergence in
one of these two theorems. In [2], Barbour estimated the distance between the
distribution of a normalized compensated Poisson process of intensity A and the
distribution of a Brownian motion. The common space on which these two pro-
cesses are compared is taken as the space of rcll functions, denoted by ([0, 1], R)
equipped with the distance:

do(w, 1) = %H;ﬁf(w’l])(l\w 0P —1lfos + [|® — Id ),
where Hom([0, 1]) is the set of increasing homeomorphisms of [0, 1]. It is proved in
[2] that the speed of convergence is not A™1/2 as expected but that there exists a non
negligible corrective term. This additional term exists because the sample-paths
of the two processes do not really belong to the same space: Continuous functions
are a rather special class of rcll functions and sample-paths of Poisson process
even normalized are never continuous whatever the value of the intensity. Thus
there is an unavoidable gap between the two kind of trajectories in the considered
approximation. Actually, the additional term is related to the modulus of continuity
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2 L. COUTIN AND L. DECREUSEFOND

of the Brownian motion, i.e. in some sense, it measures the cost to approximate a
continuous function by a purely discontinuous one.

We circumvent this problem by considering Poisson and Brownian sample-paths
as elements of the same space. In fact, the Poisson sample-paths, like the trajec-
tories of the other processes we are considering in this paper, belong to a much
smaller space than D([0, 1], R). They all are piecewise differentiable, i.e. of the
form }° - 7n(t —tn)lp, ¢, ,) Where (t,, n > 1) is an increasing sequence of real
and r,, are differentiable functions. An indicator function is not continuous but it
has more property than being rcll. In particular, it belongs to Zg,, for any p > 1
and any 8 < 1/p (see Appendix A for definition). On the other hand, Brownian tra-
jectories are (1/2 — ¢)-Holder continuous so that they belong to Zz , any p > 1 and
any 3 < 1/2. Therefore, the natural candidates to support both the distribution of
piecewise differentiable processes and that of the Brownian motion are the spaces
I3, o for any B < 1/2. The original problem is then reduced to the computation
of the distance between between a given distribution and a Gaussian law on some
Hilbert space.

The Stein method is known for a long time to give the speed of convergence of
many Gaussian approximations (see for instance [5] and references therein). The
usual approach requires some sort of coupling to derive the pertinent estimates. It
is only recently that the mixing of Stein approach and Malliavin calculus proved
its efficiency (see [18] for a thorough analysis of this line of thought): The search
of ad-hoc couplings in the Stein method is there bypassed by using integration by
parts formula in the sense of Malliavin calculus. In particular, it has been used
for approximations of point processes functionals [7, 8, 20]. But to the best of
our knowledge, up to the notable exception of [2], all these investigations consider
finite dimensional Gaussian random variables. We here develop the framework for
a Stein theory on Hilbert spaces. It requires two types of Malliavin gradients : One
used to characterized the target (Gaussian) measure, one built on the probability
space of the measure to be compared to the Gaussian measure, used to perform
the necessary integration by parts. We show that our method is applicable in three
different settings: Whenever the alea on which the approximate process is built
upon is either the Poisson space, the Rademacher space or the Wiener space.

Since [1, 13|, it is well known that Stein method can also lead to expansions
of higher order by pursuing the development. We here generalize this method to
infinite dimension and give the exact values of the bound coefficients.

This paper is organized as follows. We first construct the Wiener measure on
the Besov-Liouville spaces. In Section 3, we transfer this structure to [?(N) for
the ease of computations. Section 4 is devoted to the development of the abstract
version of the Stein method for Hilbert valued random variables. In Section 5
to Section 7, we examplify this general scheme of reasoning successively for the
Poisson approximation of the Brownian motion, for the linear interpolation of the
Brownian motion and for the Donsker theorem. For the former two examples, we
iterate the procedure and derive an Edgeworth expansion with explicit error bounds.
In Section 8, we show that by a transfer principle, similar results can be obtained
for other Gaussian processes like the fractional Brownian motion, extending some
earlier result [9]. Technical proofs are deported to Section 9.
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2. (GAUSSIAN STRUCTURE ON BESOV-LIOUVILLE SPACES

In order to compare quantitatively the distribution of a piecewise differentiable
process with that of a Brownian motion, we need to consider a functional space to
which the sample-paths of both processes belong to. Ordinary Brownian motion
is known to have sample-paths Holder continuous of any order smaller than 1/2.
Thus, Theorem [A.1] ensures that its sample-paths belongs to Zg oo C g 2 for any
B <1/2.

Moreover, a simple calculation shows that 1(, o) = I&+ (€q)- Since for any € > 0,
Ifr/2+672 is embedded into Hol(e) and since €, belongs to the dual of Hol(e¢), it follows
that €, belongs to If/2+672 =
e > 0. This implies that random step functions belong to Zg s for any g < 1/2.
The space of choice may thus be any space Zg o for any 8 < 1/2. The closer to 1/2
[ is, the most significant the distance is but the the greater the error bound is.

To construct the Wiener measure on Zg, o, we start from the It6-Nisio theorem.
Let (X,, n > 1) be a sequence of independant centered Gaussian random variables
of variance 1 defined on a common probability space (2, A, P). Let (e, n > 1) be
a complete orthonormal basis of £2([0, 1]). Then,

B(t) =Y Xl (en)(t)

n>1

Z_1/2-e,2- Hence 11, 1) belongs to Zy /5 o for any

converges almost-surely for any ¢ € [0, 1]. From [14], we already know that the
convergence holds uniformly with respect to ¢ and thus that B is continuous. To
prove that the convergence holds in L?*(Q; Zg, ), it suffices to show that

1— 1—
(1) Yo lgenlz, , = D I enllze = 1157 llus < oo
n>1 n>1

From [24], we know that I'=# is an Hilbert-Schmidt operator from £2 into itself if
and only if 1 — 8 > 1/2,i.e. 8 < 1/2. Thus, for 8 < 1/2, the distribution of B
defines the Wiener measure on Zg ». We denote this measure by pg. Note that (1)
implies that the embedding from Z;_g, o into £? is also Hilbert-Schmidt and that

its Hilbert-Schmidt norm is ”101;[3 |las. For latter purposes, we set

5 (ars)
MA-p) \(U-B)(1/2=5))
according to Theorem A.3. By the very definition of the scalar product on Zg o,
for n € Zg,2, we have

1—
cs = IT57 " llus =

Eﬂﬂ [exp(i<77a w)Ig,z)] = IEP eXp(i Z/O (I1er © I()_+B)77(S) en(s) ds Xn)

1 g .
= exp(f§ Z (/ (]11713 o ]Of)n(s) en(s)ds) )
n>1 /0
1 _ _
= GXP(—§||(111— o IO+B)77H%2([0, 1]))

= expl—g [ (7 0 () i) ds),
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where 7) is the unique element of £2 such that n = Ing?']. Thus, pg is a Gaussian
measure on Zg o of covariance operator given by

Vo=1 ol o' =P oI5 f.
This means that

By, [expliln, @)z, .)] = exp(—5 (Vi )z, ).

We could thus in principle make all the computations in Zg 2. It turns out
that we were not able to be explicit in the computations of some traces of some
involved operators the expressions of which turned to be rather straightforward in
I2(N). This is why we transfer all the structure to (>(N). This is done at no loss
of generality nor precision since there exists a bijective isometry between Z3 » and
I2(N).

3. GAUSSIAN STRUCTURE ON [?(N)

Actually, the canonical isometry is given by the Fourier expansion of the S-th
derivative of an element of Zg 5. As is, that would not be explicit enough for the
computations to come to be tractable. We take benefit from the dual aspect of a
time indexed point process. On the one hand, as mentioned above, the sample-path
of a point process is of the form

t— Z 1.1 (1)
n>1

where (t,, n > 1) is a strictly increasing sequence of reals, all but a finite number
greater than 1, and thus belongs to Zg o for any 5 < 1/2 as shown above. On the
other hand, it can be seen as a locally finite point measure defined by

feL(o.n)— 3 fita).

Said otherwise, we have the following definition.

Definition 1. For (h,w) € Z;_4, x IZ{,Q

1
| o) i=< I @) > =< BT L) e
0

1-8,2° “Bg—1,2

Recall that (e,, n € N) is a complete orthonormal basis of £2([0, 1]) and set

h, = Illfﬂ(en). Then (hn,n € N) is a complete orthonormal basis of Z,_ g ,.

Consider the map Jg defined by:
Jp: Iy, — P(N)

1
s ( | n)dls) = en, @heaqo, s = 1) -
0

Theorem 3.1. The map Jz is a bijective isometry from Zg 5 into 1*(N). Its inverse
is given by:

351 P(N) — Ts.0
(an, n € N) — Z oznloﬁ+ (en)-

n>0
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We thus have the commutative diagram.
Ts,s —— 1%(N)
Vfgl lSﬁ::‘TElOVBOﬁﬁ

T2 —2 s 12(N)

According to the properties of Gaussian measure (see [15]), we have the following
result.

Theorem 3.2. Let pg denote the Wiener measure on Ig o. Then Jzus = mg,
where mg is the Gaussian measure on 1?(N) such that for any v € 1*(N),

1
/ exp(iv.u) dmg(u) = exp(—=Spv.v)

with the following notations.

Hx||l22(N) = Z |z,|? and z.y = Z TpYn, for all z,y € I*(N).
n=1 n=1

In view of Theorem [3.1], it is straightforward that the map Sp admits the
representation:

S« IP(N) — I*(N)
u=(tp, n €N) — (3 (hn, hy)> uj, n €N),

Jj=1

By CE(12(N); X), we denote the space of k-times Fréchet differentiable functions
from [2(N) into an Hilbert space X with bounded derivatives: A function F belongs
to CF(I*(N); X) whenever

HFHC{?(P(N);X) = ?uP keSS'SUPzelZ(N) ||V(j)F(x)||X®l2(N)®j < oo0.
J=1, 0,

A simple calculation with characteristic functions shows that a probability measure
m on [?(N) is equal to mg if and only if for any F € C*(1*(N); X),

/ APF(z)dm(z) = 0 where APF(z) = 2.VF(z) — trace(Ss o VP F(u)).
12(N)

We are thus led to introduce the Markov process the infinitesimal generator of
which is A®. More precisely, we consider its semi-group, usually called Ornstein-
Ulhenbeck semi-group as its stationary measure is that of the Brownian motion (in
fact the image of this measure on [*(N)).

Definition 2. The Ornstein-Uhlenbeck semi-group on (12(N), mg) is defined for
any F € L*(I*(N), F,mg; X) by

PPF(u) = / F(e7'u+ V1 —e~2tv) dmg(v),
12(N)

where the integral is a Bochner integral. It is well known that this semi-group is
ergodic in the sense that

P F(u) 1o, /f dmg, mg — a.s.
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Moreover, if F € CF(I>(N); X), the function (u — P.F(u)) is (k + 1)-times differ-
entiable and we have (see [15]):
e—(k-{-l)t

CVI—e P e
Lemma 3.1. If F belongs to CF(I(N); X), then, for any integer k,

(2) VED(P,F)(u) (VO E) (e tu+ V1 - e~2t0) @ v dmg(v).

/O ess-sup,cp2 () |V (PLF) (w) |12 oy o0 @ x dt < Br1llFller 2 vy: x)»

where
(1-28)"12(2-28)"12 Kk 1

Br = oT(1 - B) B 3)

and B is the Beta function.

In the sequel, we need to apply A? to Hilbert valued functions. We thus introduce
the notion of partial trace. For any vector space X, Lin(X) is the set of linear
operator from into itself. For X and Y two Hilbert spaces, the partial trace operator
along X can be defined as follows: it is the unique linear operator

tracey : Lin(X ® Y) — Lin(Y)
such that for any R € Lin(Y'), for any trace class operator S on X,
tracex (S ® R) = tracex(5) R.
For Hilbert valued functions, we define A? as follows.

Lemma 3.2. The domain of A contains C2(I1*(N); X) and for F in this space,
we have:

(APF)(u) = u.(VF)(u) — tracejz(n) (S V2 F (u)), for all z € I’(N).

4. STEIN METHOD

For p* and v* two probability measures on RN, we define a distance by

pz(V*, u*) = sup /qu* —/qu*.
IFll=<1

where ¥ is a normed space of test functions (the norm of which is denoted by ||.||z).
If T is the set 1-Lipschitz functions on [2(IN), then pz corresponds to the optimal
transportation problem for the cost function c(z, y) = ||z —ylli2(n), =, ¥ € RN (see
[25]). For technical reasons (as in [21]) mainly due to the infinite dimension, we
must restrict the space T to smaller subsets. We thus introduce the distances p;
for j > 1 as

pi (V" w) = sup /qu*—/qu*.
I es 12 oy ) S
However, these weaker distances still metrize the space of weak convergence of
probability measures on [*(N).

Theorem 4.1. Let (v, n > 1) be a sequence of probability measures on [*>(N) such
that some j > 1,

* n— 00

pj(l/na IU*) 0.
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Then, (vi, n > 1) converges weakly to pu* in 1>(N):
/Fdl/;';i——)(io%/qu*,
for any F € CY(I*(N), R).

Proof. As Hilbert spaces admit arbitrarily smooth partition of unity [16], for j > 2,
one can mimick the proof of [10, page 396] (see also [4]) which corresponds to p;. O

Say that pu* = mg is our reference measure, that is the measure we want the
other measures to be compared to. Stein method relies on the characterization of
mg as the unique measure on [?(N) such that any F sufficiently regular,

/ APF(z)dm(z) = 0.
12(N)

It follows that the Markov process of infinitesimal generator A® has mg as sta-

tionary measure. Since its semi-group (PtB ,t > 0) is ergodic, by the well known
propoperties of Markov processes [11], one can write, for F sufficiently regular,

/ F(z)dmg(z) — F(z) = / b APPPF(z)dt, v*-as.
12(N) 0

Thus,
p2(V*, mg) = sup / / APP,F(z)dt dv*(z).
<1JizaNny Jo

¥l eg 02 o) my
Thanks to the integration by parts induced by Malliavin calculus, we can control the
right-hand-side integrand and obtain bounds on p2(v*, mg). To be more illustra-
tive, the Stein method works as follows: construct a process (¢t — X(z, t)) constant
in distribution if its initial condition z is distributed according to mg. Moreover,
for any initial distribution, the law of X(z,t) tends to mg as t goes to infinity. Stein
method then consists in going back in time, from infinity to 0, controlling along the
way the derivative of the changes, yielding a bound on the distance between the
two initial measures. Other versions (coupling, size-bias, etc) are just other ways to
construct another process X. In these approaches, for every v*, the couplings are
ad-hoc whereas Malliavin calculus gives a certain kind of universality as it depends
only on the underlying alea. Malliavin structures are well established for sequences
of Bernoulli random variables, Poisson processes, Gaussian processes and several
other spaces (see [22]). In what follows, we show an example of the machinery for
each of these three examples.
The core of the method can be summarized in the following theorem.

Hypothesis I. For X a Hilbert space, H € I?(N) ® X and o a non-negative real,
we say that Hyp(X, H, «) holds whenever for any G € CZ(1*(N); I?(N))

(3) |Eu« [Id.G] — E,~ [trace(tracex (H ® H) o VG)]‘

< al|Glleza2 vy ey 1H e x-

Theorem 4.2 (Stein method). Assume that Hyp(X, H, ) holds, then,

(4) p2(v*, mg) < Ba |trace(tracex (H ® H) — SB)‘ + afBs |\HH?2(N)®X.
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Remark 4.1. The two terms in the right-hand-side of (4) are of totally different
nature. The trace term really measures the effect of the approximation scheme
whereas the second term comes from a sort of curvature of the space on which is
built the approximate process. As will become evident in the examples below, this
term is zero when the Malliavin gradient satisfies the chain rule formula and non-
zero otherwise.

5. NORMAL APPROXIMATION OF POISSON PROCESSES

It is well known that for a Poisson process N, of intensity A, the process

NA() = —— (N (1) — At)

VA

converges in distribution on ® to a Brownian motion as A goes to infinity. For any
B < 1/2, we want to precise the rate of convergence for the distance dg, where for
two measures p and v supported on Zg o,

dg(p, v) = sup /qu - /Fd,u.
IlFHcg(IB’Q;R)Sl

By isometry, this turns out to be equivalent to estimate p2(Jgva, mg) where vy is
the distribution of Ny on Zg, ».

Let x[o,1] the space of locally finite measures on [0, 1] equipped with the vague
topology. We identify a point measure w = »_ _n0d:, with the one dimensional
process

t
N :telo,1] r—)/ dw(s) = Z 1j0,4(tn).
0 neN
The measure vy is the only measure on (x[o, 1], B(X[0,1])) such that the canonical
process N is a Poisson process of intensity Ad7. It is customary to define the
discrete gradient as

D.F(N)=F(N +¢;)— F(N), for any 7 € [0, 1],
where N + ¢, is the point process N with an extra atom at time 7. We denote by
Do ;1 the set of square integrable functionals F' such that E Uol |D,F(N)? dT:| is
finite. We then have the following relationship:

1 1
(5) E,, {F/ g(T)(dN (1) — )\dT)] =AE,, {/ D, F g(T) d7':| ,
0 0
for any g € £%(]0,1]) and any F € D5 ;. Moreover,
1
D, ([ atsxan(s) - 2a9) = (o)
0
It is clear that
1
JpNy = <—/ hn(s)(dN(s) — Ads), n € N) .
’ VA Jo
For the sake of notations, we introduce
1 )
Ry ZﬁﬂN,\ and H) = (ﬁ hj, VRS N) R

so that 35(]\& —I—G-,—) =3ﬂN)\+H,\(T) = R) —l—H,\(T).
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Theorem 5.1. We denote by v} the distribution of 33Ny in [*(N). The measure
vi satisfies Hyp(L£2([0,1]), Hy, 1/2v/)). Hence,

(6) palvi my) < 2

Remark 5.1. It is remarkable that by homogeneity, the partial trace of Hy ® Hi
is equal to Sg. The only remaining term in Theorem [4.2] comes from the fact that
the discrete gradient does not satisfy the chain rule.

One could also remark that the choice of the space in which we embed the Poisson
and Brownian sample-paths (i.e. the choice of the value of ) modifies only the
constant but not the order of convergence, which remains proportional to X=1/2.

As is clear from the proof, we may expect to obtain a refined approximation if
we go further in the Taylor expansion of the discrete gradient. By doing this, we
obtain the so-called Edgeworth expansion.

In what follows, we make the convention that a sum like >
(afr, k),m > 0, k > 0) be a family of real numbers such that

0

r—1--- is zero. Let

a(0,0)=1, a(r, k) =0ifk—r&2{1, -, r}
and for any r € N, any m € {1, --- , r}
7 92 — 1 - 1 . o 1
(7) a(r, r+ m)—r+2mz(j+1)!a(r—3,r—3+ (m —1)).

j=1

Consider also the sequence (s, s > 0) given by the recursion formula:

s+1 1 CZ+3
(8) Vs = ; 7 Vot1—j Bos+5—5 + i) Bs+3-

Theorem 5.2. Let s be an integer. For F € Cg(SH)H(ZQ(N); R), we have

O P wi = [P s

12(N)

s 1 r T 1
+ —= afr, v+ 2k) / AREI (D) / Hy(r)®U ™) dr - dmg(u)
;1 <\/X> ; 2(N) 0 ’
+ Rem(s, F, \)
where the remainder term can be bounded as
—(s+1)/2
[Rem(s, F, A)| < 76 A" 2Pl 2o g () -

Corollary 5.1. Let s be an integer. For F € CZ*T'(12(N); R), we have

/IZ(N) F(u) dvy(u) = /IZ(N) F(u) dmg(u)

+Z (%)Tk_ alr v+ 26) /F(N) F(u)Hy 2 / Hy(r)dra) dms(w)

+ Rem(s, F, \),
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where (Hy, k > 0) is the family of Hermite polynomials defined by
d*®
_ k—1
Hi(2)®(z) = (1) W(ﬂﬁ)a
with ®(x) = exp(—22/2)/v/2n.

Remark 5.2. In [3, 13|, the following polynomials are introduced. For any u € R,
there exists a family of real polynomials (Q,(.), r > 1) such that

(10) exp (Z (:7—:_2 ) ZUTQT

In particular, Qo = 1. For r > 0, it is well known (see [3]) that @, has degree 3r,
we denote (q-(k), k =0, ---, 3r) its coefficients. For a function F, we introduce
the formal polynomial Q,(F) defined by substituting t* by [ F(u)Hy(u) dmg(u) in
the expansion of Q.(t). According to [3, 13|, if we choose as functional F(Ny) =
fo s) dNx(s) where ¢ € C>([0, 1]; R) and fo 2 ds = 1, their asymptotic Edge-
worth expansion coincides with (9) for any order By zdentzﬁcatzon, it follows that
alr, k) = ¢ (k) for any r and k. Thus, Equation (7) gives a recursive but simple
method to compute the Edgeworth coefficients up to any order.

6. LINEAR INTERPOLATION OF THE BROWNIAN MOTION

For m > 1, the linear interpolation B}, of a Brownian motion B is defined by
Bi (0) =0 and dB},(t)=m Z (BY(i + 1/m) — BT (i/m)) 1 m. (ie1)/m) (t) dt.

Thus, J gB}Ln is given by

m-1 (i+1)/m
3Bl = |m Z(BT(Z'Jrl/m)—BT(i/m))/ " ho(t)dt, n > 1

=0 i/m
Consider the £2(]0, 1])-orthonormal functions
GT(S) = \/El[i/m, (i+1)/m)(5>a 7=0,---,m—1,s¢€ [0, 1]
and Fl, = span(e}”, Jj=0,---, m—1). We denote by p.+ the orthogonal projection
over Ff . Since B], is constructed as a function of a standard Brownian motion,
we work on the canonical Wiener space (C°([0, 1]; R), Z;, 2, m'). The gradient we

consider, D', is the derivative of the usual gradient on the Wiener space and the
integration by parts formula reads as:

(11) B, {F/Ol (s)dBT(s) ] U DIF u(s }

for any u € £2([0, 1]).

Theorem 6.1. Let v, be the law of JsB), on I>(N). The measure v}, satisfies
Hyp(£2%, H}, 0) where

Hjn = (pFLhn, n>1).
Moreover,

2
f < (s B3 s
pQ(V’r‘rw mﬁ) = 3/2 _ ﬁ ml/2-8"’
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where
= sup  |flluolo(1/2-5)-
I|f|‘117B,2:1
Remark 6.1. For this example, the constant « of Hyp(X, H, «) is zero because
D' satisfies the chain rule for derivation. It follows that the Edgeworth expansion
has a completly different flavor from that established for Poisson approximation.

Let

TigﬂBS C%

32— 8 M T s )0

Theorem 6.2. For any integer s, for any F € CgSJrQ(lQ(N); R), we have the
following expansion:

Z 2] ]' /12(N) v(2J)F ) (SJ;*L - Sﬂ)®j>12(N)®2j dmﬂ(u)

+RemT(F, s, m),
where S§, = traces2(Hf, ® H})) and Rem'(F, s, m) can be bounded by

o ||FHC§S+2(12(N);R).
m(s+1)(1/2-6)

’Rem (F,s m)’ <

7. DONSKER THEOREM

The same approach can be applied to have precise asymptotics for the Donsker
theorem. Let X = (X,,n € N) be a sequence of independent and identically
distributed Rademacher random variables, i.e. P(X,, = +£1) = 1/2 for any n. For
any k in N, we set

X=Xy, o, X1, 1, Xpg1 )
and X;~ = (Xy, -+, X1, =1, Xppgr -++).

The discrete gradient on this probability space is given by

S (FXE) = FOXD))

Then, the integration by parts formula reads as

DiF(X) =

> upDiF(X X))y ukxkl
keEN keN
for any u = (ug, k € N) which belongs to [?(N).
Consider
[mit]

ZXk Z\/— L /m, 1 (t)-

Since the derivative of Bfn with respect to ¢ is a sum of weighted Dirac measures,

we have
m

k:l

n(k/m), n>1).

%\H
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Theorem 7.1. We denote by v¥, the distribution of JgB%, on I>(N). The measure
vt satisfies Hyp(12(N), HE,, 1) where

1
Vm
Furthermore, for any € > 0, there exists mg such that for m > my,

2

,mg) < (1l+e¢) 73/2245 3 mP=1/2.

Remark 7.1. For this example, the Edgeworth expansion would be the sum of the
previous Edgeworth expansion as neither the trace term nor the constant o are null.

H! = (

m

hn(k:/m) 1[11n](k), neN, ke N)

pa(VE,

8. TRANSFER PRINCIPLE

For X and Y two Hilbert spaces and © a continuous linear map from X to Y.
Let p and v two probability measures on X and py (respectively vy) their image
measure with respect to ©. Since O is linear and continuous, for F' € F € Cf (Y, R),
F 0 © belongs to Cf(X, R), hence, we have

sup /quy—/FdVy— sup /FOGd,u /FO@dV
FeCk(Y,R) FeCk(Y,R)

sup /Fd,u /qu.
Feck(x R)

As an application, we can precise the convergence established in [9]. Note that
in this paper, the key tool was also a matter of Hilbert-Schmidt property of some
operator.

The fractional Brownian motion of Hurst index H € [0, 1] may be defined (see

o] by t
B (1) = /O Ku(t,s)dB(s),

where

(t—r)H-2 1 1 1 t
~ — __F(--HH--H+=1--)1 .
I(H+1) ( Tl Pl

2 ’ 2’ 2
The Gauss hyper-geometric function F(a, 8,7, z) (see [17]) is the analytic continu-
ation on C x C x C\{-1,-2,...} x {z € C, Arg|1 — z| < 7} of the power series

Ky(t,r) =

+§ (@) (B)k zk’

= (Vrk!

and
(a)o = 1 and (a)y = %

Furthermore, according to [23] Ky is a continuous map from £2 in to Ty /2,2

=ala+1)...(a+k—-1).

hence the map Oy = KHoI + can be defined continuously from Zg 2 to Zpy_(1/2-p), 2-
Since ©y B = BY | we have the following result.

Theorem 8.1. For any H € [0, 1], for any 1/2 > € > 0,

pa (o[ Kntt, 9 V0. e8] < et
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9. PROOFS
Proof of Theorem [3.1]. The norms on I[;FQ and IBZLQ are defined such that
lwllzs, = llwllzs

It follows that I+2 and Z7_, o are isometrically isomorphic. Since IB 1,2 1s an
Hilbert space, Parseval equahty implies that

. o 2
||w||1g7172 - Z<hnaw>1* T+

g2 Ls 12’
n>1

for any CONB (hy, n > 1) of I 4o and Og is an isometry. The inverse of Jg is
clearly given by

05! P(N) —1Ij,
(an, n € N) — Z oznfoﬁ+ (hp)-
n>0
The proof is thus complete.
Proof of Corollary [3.1]. By a change of variables, it is straightforward that
k1
———=dt=- B(=, =
/0 V11— e 2t 2 (2’ 2)’
where B is the Beta function. Furthermore, since Jg is an isometry, according to
Theorem [3.2], we have

/ loll dms(y)
12(N)

/I+ 12wl 2210, 1 dies ()
: 1 et 1/2
= _ 5P 2
e (Lo rmora)
R — 1/2(9 1/2
F(l —p 2072287

1
1/2
S <// (t—s) 2'6dsdt>
The result then follows from (2).

Proof of Theorem [4.2]. For F € C}, we have
(12) Ey« [F] = Ep, [F]

= f/ / 2. VPP F(z) — trace (SgV@)PfF(z)) dt dv* (z).
12(N)
Applying Hyp(X, H,«a) to G = VPt’ﬁF, we have
|Ey [F] = Enm, [F]| < ‘EV* [/ trace(tracex (H @ H) — Sg) o VA PP F) dt}
0

T o | oy Eve [ / ||v<3>P‘*F|oodt]

< Bo|| VF|| oo trace(tracex (H @ H) — Sp)| + CYBSHHH??(N@XHV(Q)FHOO,
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according to Lemma [3.1] and to the relation (see [15]) | trace(AoC)| < |trace(A)|||C]|.

Proof of Theorem [5.1]. For G € C}(I*(N)), we have

1
E,}; [RAG] = Ey;\ |:/O <HA(T), DTG(R)\)>12(N) Adr| .
According to the Taylor formula,

D,G(Ry) = G(Rx + Ha(1)) — G(R»)

= (VG)(R»).Hx(1) +/O (1 —7)(V?G(Ry\ +7H)), H\(1) ® HA(T)>Z2(N)®2 dr
Hence,
Ey; [RA.G] = AE,; [/0 ((VG)(Ry), HA(T) ® HA(T)>12(N)®2 dr}
+ A [/0 /0 (1—7)(V*G(Rx +rH)), 1‘[,\(7‘)®3>l2(1\1)®3 dr dT:|

On the one hand, we have

/01 Hy(7) ® Hy(1)dT = <§ /01 hi(s)h;(s)ds, i, j € N> .

On the other hand, since V2@ is bounded, we have

1 1
Eys [/0 /0 (1—7)(V’G(Rx + TH,\),H,\(7')®3>IZ(N)®S deT:|

1 2 3
< s3I VGl iy
Hence,
1 2 3
[Bug (RG] ~ Bug [irace(VVG))| < 5= IVG el Ei o

which is Equation (3) with a = 1/2v/A. The formula (6) then follows from the
remarks that trace,z(Hy ® Hy) = Sp and that ||H1l[;2(n) = cs-

Proof of Theorem [5.2]. We proceed by induction on s. Theorem [5.1] boils
down to (9) for s = 0. Assume that the results holds for s. According to the Taylor
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formula, we have

B PN = [ Flu)dms(u)

12(N)
s+2 1 Jj—1
+ — / / / VU P, F(u).(H, (1)U +) dr dt dvi(u)
j; <\/X) 12(N) A
)\7(5+2)/2
+
(s+2)!

/ / // — 0)*T2V ) Py + 0H, (7). (H (7)2E+ do dr dt dvi (u)
12(N)

:/ F(u)dmg(u) + A1 + As.
12(N)

In view of the recursion hypothesis, we have

s+2 )\7(]-71)/2 s—j+2 1 ror
(13) A1:Z% Z (ﬁ) Za(r,r—l—Zk)X

|
j=2 J: r=0 k=0

oo 1
/ / / VUK p (). (H,y (7)) 2028 A7 dt dmg (u)
12(N)

SH2\-(G-1)/2 oo .
+ Z / Rem(s + 2 — j, VITUPF, \)dt = By + B,
0

Now then, according to the very definition of the Ornstein-Uhlenbeck semi-group,
for any integer |, VO P,F = e~ P,V() F. Moreover, since mg is P; invariant, for
any integer [,

/ /OO /1 VO P, F(u).(Hy (7)®W dr dt dmg(u)
2Ny Jo o Jo
_1 1(l)u )8 dr dmg(u
L Lo ] 7O dr s

We proceed to the change of variables r < r+j—1,j+ j—1,m«+ k+(j+1)/2
n (13) to obtain

s+1 r T r
1 1 1
B :E — E —a(r—gr—j+2m-1 X
1 T_l(\/x) m:17"+2m = (]+1)' ( J J ( ))

1
/ / VT+H2m) B (Hy (7)20 2™ dr dmg (u).
12(N) Jo
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Moreover, we have

s+2

1. % 4
Rem(s + 1, F, \) = Z __')\—(J—l)/Q/ Rem(s + 2 — j, VItDPF, \)dt + A,
j=27" 0
+2 | _(«
N~ (542)/2 o
<> BT eSS'Supuezz(w/O |VEHT=D P F (u)] dt
=2 '
—(s+2)/2 4 00 A
o HJ/ i () dr iy esssup ey [ IVOHIRE @) de
S + 0
)\ (s+2)/
S T75+2*j525+7*jHF”CSS*J*G

Jj=2

—(s+2)/2 s
S+3 ||/ Hl dTHlQ(N)ﬁS+4HF||C§+3.

We remark that for s > 0,
s+3<  max 2(257j+6):2s+4:2((s+1)+1).

=2, -, s+
Furthermore,
1 1
0 neN W0 neN
According to Lemma [3.1], it follows that
Rem(s + 1, F, )
s+2 1 s+4
< )\—(s+2)/2 Z F ’Ys+2—jﬁ2s+7—j + ( + 3) 65-‘,—4 HF||C§S+4.

j=2
In view of (8), the proof is complete.
Proof of Corollary [5.1]. We need to introduce an auxiliary space, namely
l%(N) = Vﬁl/QZQ(N) equipped with the scalar product
—-1/2, 1,—1/2
(u, v)%(N) =Vj /u.Vﬁ /2y,

Following [15], the couple (12(N), I#(N)) can be viewed as an abstract Wiener space
where l%(N) plays the role of the Cameron-Martin space.

Let D? denote the gradient on this space: For any Hilbert space X, for any

v € 3(N), any z in X, any wy, -+, wy, in [3(N), any u € I*(N),
Dﬁf(<w17u>l%a o a<w17u>l%) T
=D 0 f(wiu)z, - (wiu)z)un @z € F(N) @ X.
=1

We denote by ]D)gﬁl(X ), the completion of the set of such cylindric functions with
respect to the norm

nma:/ F%mew/ D8 ()% 0y s (1),
12(N) 12(N)
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The n-th power of D? and Dy 1 (X) are defined inductively. Note that if F' belongs
to CF(I?(N), R), it belongs to the domain of Dy j(R). Moreover, it is well known
(see [19, 22|) that

Eong {<(Dﬁ)(k)F, ’U®k>(l2)®k:| = /z?(N) F(u) Hi(uv)dmg(u)

for any v € l%(N). By a density argument, if v € [?(N) and F € Dy (R), then we
have

Enn, [(DP) M, 0582 eyon | = /IZ(N)F(U) My (.0) dms (),

hence the result.

Proof of Theorem [6.1]. For G sufficently regular, according to the definition of
B™ and to (11), we have

(14)
(i+1)/m
B, [[d.G]=Epi | Y m Z (i +1/m) — B(i/m)) / () dt G (W™)
neN 1=0 i/m
(i+1)/ (i+1)/m
=my Z / t)dt E,, / DIG,(W™)ds
neN i=0 7? ifm

(i+1)/m
/ HI (t)dt.E,, / DIG,(W™)ds| .
0 i/m

Since DT obeys the chain rule formula,

DIG, =Y ViG,(W™)DIW;"

keN
m—1 (I+1)/m
15 .
( ) = Z Van(W )(m Z l[l/m, (l+1)/m)(s)/ hk(s) dS)
keN 1=0 l/m

= VG, (W™).H] (s).
Combining (14) and (15), we get

i [1d.G) =mE, lz > Z VG, /(Hl)/mh (t)dt/

keEN neN i=0 vm
=E,: [trace(tracesz (H! @ HI)o VG)|.

(i+1)/m

hi(s) ds]

It follows that v, satisfies Hyp(£2, H},, 0). To conclude, it remains to estimate
trace(trace 2 (H;, @ HJ ) — Sp).

In view of the definition (g, for any integer n, h, is of norm 1 in 7Z;_g 2, we thus
have

|hn () — s (s)] < Clt — s|Y/27P, for any ¢, s € [0, 1].
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Thus,

1 m=1 .(i41)/m
< / hy(s)?ds —m (/ By (s) ds)?
nenN [/0 0 Ji/m
m—1 .(i+1)/m (i+1)/m
= hn(8)(hn(s) —m hn(r)dr)| ds
neN i=0 vi/m i/m

< G7= 53U2ﬁ§)mny

neN

The result follows from the definition of cg.

Proof of Theorem [6.2]. For s = 0, the result boils down to Theorem [6.1]. We
proceed by induction on s. According to the induction hypothesis, for F' sufficiently
regular,

/‘ meﬂmn—/‘ F () dimg (u)
12(N) 12(N)
:/‘ /wwwﬂFw»w S wyen di v ()
lZ(N)

— Z 27 4! /zz(N) (VEFTDPF(u), (Sf, - S5)EIH2) 12 (nyo2i+2 dmg (u)

+/ / Rem (V@ PF, s, m) dtdvf, (u).
2(N) Jo

Since VW P, F(u) = e ' P,V F(u) and since mg is invariant under the action of
P, we obtain

Fuw)dvt (u) = F(u)dmga(u
Lm)()qA) Lm)<> o(u)

S 1 ‘ |
27+ (5 +1)! (2J+2)F L ®i+2 2 2542 d
+ jgo 2+ (j+ 1)! /12(N)<V (w), (ST, —S5) Vo2 (22 dmg (u)

+ / / (Rem" (VO P,F, s, m), (SI, — S5)%%) 2 (nye2 dt v, (u).
0

By a change of index in the sum, we obtain the main part of the expansion for the
rank s + 1. Moreover,

|Rem'(F, 5+ 1, m)| < vi/ IVEHD P F|oo||SF, — Spllizyes dt
0

i IF ez en gamy )
2((s+1)+1) ml/2—=8 ’

hence the result.
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Proof of Theorem [7.1].

m

E [3sB:,.G] = \/1% ;hn k/m)DiG(35BE,)
Let
HE, (B) = (<= hu(/m). n € N).

According to the Taylor formula,

DiG@sBE) = 5 (G5B} + HE(K) — C@s B, — HE (1))
= (VG)(@5BL,). HE (K)o

(1 1) (V235 Bh, + rHE (K)), Hi(K) @ H, (k) o g 00 dr

(1 - T) <VQG(3ﬂB§n - Tan(k)), Hﬁn(kj) ® Hﬁn(k)>l2(N)®2 dr.

E [3,55,.G] — E [z (VG)@s B, HE () & Hw»p(w]

keN
+2 E

z==1

Z/ (1 =) (V2GQsB, + 2rHp, (k). Hi (k)5) 0 o0 dr]
keN
According to the definition of V; , we get

[E [35B5,.G] — E [trace(V,; V2G)|| < V2G|l ullfs a0

which is (3) with & = 1. Furthermore, we have

m

1 m
|trace(tmcelz(N)(HEI ® HE) — Sg)| < Z(/ hi(s)®ds — 1 Zhi(k/m)Z)
i=1 V0 =
+ 37 il 2

i>m
By the very definition of (g, we have ||hy||c < (s for any n € N. Thus,

/01 s——Zh (k/m)?

(k+1)/

< Z/ (ke /m)?| ds

m=1 .(kt1)/m
<2, ) / ha(s) — h(h/m)| s
k=0 k/m

(k+1)/m
< 2¢3 Z / |s — k/m|/?*7P ds

2@%

< 2B 8-
=32-8"
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We can choose h,, = ﬂ]g:ﬂ(cos(%m.)) as a CONB of Z;_g 5. According to Par-

seval formula,
|hngz§:</ C%@mgd>

Recall that for any 8 > 0,

2

x
sup / 5P cos(2ms) ds < oc.
zeR+ JO

Since, I'=Pf can be expressed as a convolution product, there exists ¢ > 0 such
that

1
|/ ) cos(2nls) ds| < c|/ B cos(2nls) ds. / cos(2mns) cos(2mls) ds|

=c P 1|/ c0827rs ds|1nl<cl'6 M,

Hence,

Z hnlZe < e Z n?P=2 < em?Pt

n>m n>m
On the other hand,

m 3/2

VL e oosemn = —— (3 —=—= 3 h2(k/m)

mlI2(N)®12(N) vm \ - mom i
i€EN k=1
< & (1§k/m ) Sl
>~ T — - L2
\/ﬁ m k=0 i€EN
ez 1

<__>Pb -
= 2-207 Vm
Thus, as m goes to infinity, the dominating term is that corresponding to the power
mP~1/2 hence the result.
APPENDIX A. BESOV-LIOUVILLE SPACES

This part is devoted to the presentation of the so-called Besov-Liouville spaces.
A complete exposition can be found in [23].
For f € £1([0,1]; dt), (denoted by L for short) the left and right fractional integrals
of f are defined by :

(15 1)0) = g | £ =0 a0
(I f) /(f —x)* 7 ldt, v <1,

where o« > 0 and Ij, =1} =1d. For any @ >0, p,¢ > 1, any f € £ and g € L
where p~! + ¢! < a+ 1, we have :

(16) / F(5)(I5g)(s) ds = / (I f)(s)gls) ds.
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For p € [1, +00], the Besov-Liouville space I§, (L?) := I} is usually equipped with
the norm :

(a7) Mg fllz = 1 fller-

Analogously, the Besov-Liouville space I7 (£?) := I is usually equipped with
the norm :

M2l = 1 len
We then have the following continuity results (see [12, 23]) :

Theorem A.1. i If0<a<1,1<p<1/a, then I is a bounded operator
from LP into L with ¢ = p(1 — ap)~!.

1. Forany0 <a <1 and anyp>1, I;';p is continuously embedded in Holy(aw —
1/p) provided that a—1/p > 0. Holy(v) denotes the space of o Hélder-continuous
functions, null at time 0, equipped with the usual norm.

iwi. For any 0 < a < B < 1, Holo(B) is compactly embedded in Ly oo.

. By I\*, respectively I,"*, we mean the inverse map of 1§, respectively I7.
The relation Ig;]oﬂf = Igfﬁf, respectively 1T Ilﬁ,f = If‘fﬁf, holds whenever
B>0, a+B>0and f €L

v. For ap < 1, the spaces I;r,p and I, ., are canonically isomorphic. We will thus
use the notation I, , to denote any of this spaces.

We now recall the definition and properties of Besov-Liouville spaces of negative
orders. The proofs can be found in [6].

Denote by D, the space of C* functions defined on [0, 1] and such that ¢®*) (0) =
0, Vk € N. Analogously, set D_ the space of C* functions defined on [0, 1] and such
that ¢(*)(1) = 0, Vk € N. They are both equipped with the projective topology
induced by the semi-norms py(¢) = Zj<k|\¢(j)||oo, Vk € N. Let D/, resp. D”_, be
their strong topological dual. It is straightforward that D, is stable by Ig . and D_
is stable I 15,, for any 8 € R™. Hence, guided by (16), we can define the fractional
integral of any distribution (i.e., an element of D’ or D', ):

For TeD ; I)T: ¢ €D_<T, I} ¢ >p p_,
ForTeD,; I! T: ¢ €Dy < T, I} ¢ >p1 D, -
We introduce now our Besov-Liouville spaces of negative order as follows.

Definition 3. For 8 >0 andr > 1, Ifﬁm (resp. I:ﬁ,r) 1s the space of distributions
T e D_ (resp. T € Dy) such that IéiT (resp. Ilﬁ,T ) belongs to L7. The norm of
an element T in this space is the norm of IéiT in L7 (resp. of If, T).

Theorem A.2. For 8 > 0 and r > 1, the dual space of IJFT (resp. I[;T) 18
canonically isometrically isomorphic to Il_,ﬂ(ET*) (resp. IO_f(LT*),) where r* =
r(r—1)71

Moreover, for 8 > a >0 andr > 1, 115, is continuous from I_, . into T

T B—a,r:

The first part of the next theorem is a deep result which can be found in [24]. We
complement it by the computation of the Hilbert-Schmidt norm of the canonical
embedding . from Z7, into £?.
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Theorem A.3. The canonical embedding K~ from I;F,Q into L2 is Hilbert-Schmidt
if and only if v > 1/2. Moreover,

1 1 1/2
bl =555 (5= 7m)
Proof. Let (en, n > 1) be a CONB of £? then (hy, = I],(en), n € N) is a CONB
of I,;CQ and

s llfzs = > MAnllze = 15 (en)liZe = 13 s
n n

1 // 2y-2
= — t—s) 7" “dsdt,
['(7)? [0,1]2( )

and the result follows by straightforward quadratures. (I
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