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INVARIANCE PRINCIPLES FOR SELF-SIMILAR SET-INDEXED SUMS OF
DEPENDENT RANDOM FIELDS

HERMINE BIERME !2 & OLIVIER DURIEU 2

ABSTRACT. For a stationary random field (Xj)jezd and some measure p on R%, we consider the

set-indexed weighted sum process Sn(A) = 3, cza p(nAN R]')%Xj, where Rj is the unit cube
with lower corner j. We establish a general invariance principle under a p-stability assumption
on the X;’s and an entropy condition on the class of sets A. The limit processes are self-
similar set-indexed Gaussian processes with continuous sample paths. Using Chentsov’s type
representations to choose appropriate measures p and particular sets A, we show that these
limits can be Lévy (fractional) Brownian fields or (fractional) Brownian sheets.

1. Introduction

Let (X;);jeze be a centered stationary random field with X, € L?. One can naturally associate
to (X;)jeze a set-indexed process by considering, for A € B(R?),

S(A) =>X;.
jEA
When the X's are independent and identically distributed with Var(Xp) = 1, the Central Limit
Theorem ensures that, for convenient sets A, the normalized sequence (n*d/ 28 (nA))n>1 converges
in distribution to a centered Gaussian variable with variance given by A\(A), where A is the Lebesgue
measure on RY. In order to establish invariance principles Alexander and Pyke [1] consider a
”smoothed” version defined as

(1) Su(A) =Y baj(A)X;,

jezd
where b, j(A) = A(nA N R;), with R; the unit cube with lower corner j, and restrict the process
to a sub-class A of Borel sets satisfying a metric entropy condition. The limit process (W (A)) ac
is a Brownian process indexed by A which is a centered Gaussian process with

Cov(W(A),W(B)) = AANB), A,B¢c A

When d = 1 one recovers the classical Donsker Theorem, with Brownian motion at the limit, by
considering the class R = {[0,];t € [0,1]}. For dimension d > 2, it is usual to consider the class
R = {[0,t];t € [0,1]¢} with [0,¢] = [0,t1] % ... x [0,t4] for t = (t1,...,tq) € [0,1]¢ such that
(W([0,2]))ecioa)2 = (B(t))icra where (B(t));cjo,1)« is the Brownian sheet characterized by

d
1
(2) Cov(B(t), B(s)) = [Tt + Isil = It — si]), for all £, s € R™.
i=1
Contrarily to the Brownian motion, the Brownian sheet does not have stationary increments. The
independence property is also lost. A second generalization for d-dimensionally indexed Brownian
field was introduced by Lévy [19] as a centered Gaussian random field (W (t));cra with

1
Cov(W(t), W(s)) = §(|t| + |s| = |t — s), for all t,s € R,
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where | - | denotes the Euclidean norm. Such a field has stationary increments and is linearly
additive [21], which means that (W (a + rs)),cr has independent increments. Then, a natural
question is to find a class A and weights (b ;j(A))aca to get the Lévy Brownian field W as the
limit of an invariance principle. To our knowledge this question was only raised by Ossiander
and Pyke [23] but their construction does not fit the setting of (1). The main ingredient is the
geometric Chentsov construction of the Lévy Brownian field [7], which allows to identify (W (t));cpa
as (M (A¢))iera, for some convenient Borel sets A; and M a Gaussian random measure with control
measure p given in a specific way (see Section 8.3 of [25]).

In this paper, we also deal with dependent data (X;);cze. Central limit theorems for stationary
random sequences have been extensively studied under several dependence assumptions, see Hall
and Heyde [14], Dedecker et al. [10], Bradley [5]. Extensions to stationary random fields are often
more difficult due to the lack of order of R?. Nevertheless, limit theorems for dependent random
fields can be found in the literature. Bolthausen [4] proved a central limit theorem for c-mixing
random fields. Goldie and Greenwood [13] gave an invariance principle for the set-indexed process
(1) with b, ;(4A) = A(rAN R;) in case of uniform ¢-mixing random fields (see also Chen [6]).
Later, Dedecker [9] (see also [8]) obtained the invariance principle under a projective criterion.

Here we adopt the setting of physical dependence measure (p-stability) introduced in Wu [31]
in dimension 1 and extended by El Machkouri, Volny and Wu [20] to general dimension d > 1.
Several limit theorems are proved under p-stability, see [32] and references therein. An invariance
principle for the set-indexed process (1) with b, j(4) = A(nA N R;) is obtained in [20].

In Section 2 we recall the definition of p-stability and its main properties. We also give sev-
eral examples of random fields satisfying p-stability. In Section 3, we consider Central Limit
Theorem for weighted sums Z by, ; X; of 2-stable random fields, under appropriate assumptions

jeza
on weights. A similar result was already obtained by Wang [30], but its proof, based on an m-
dependent approximation and on a coefficient averaging procedure, requires asymptotic properties
for averaged coefficients (named regular property in Definition 1 of [30]). Following [20] we use an
my,-dependent approximation and a result of Heinrich [15] which enable us to state the Central
Limit Theorem under conditions that only depend on the coefficients. In Section 4, we prescribe

the coefficients to be of the form
bn,j(A) =/ u(nAN Ry),

for some measure p defined on (RY, B(R?)) absolutely continuous with respect to the Lebesgue
measure and depending on a Borel set A in a particular class A. We provide general assumptions
on both p and A which ensure the convergence for finite dimensional distributions of the normal-
ized set-indexed sequence (S, (A))aca defined in (1) to a centered set-indexed Gaussian process
(cW(A)) aca with o > 0 and

Cov(W(4), W(B)) = u(AN B) = 5 (u(4) + n(B) ~ (AAB))

An invariance principle is obtained under an additional entropy assumption on the class A, which
may be obtained using Vapnik-Cheronenkis dimension of 4. Section 5 illustrates previous results
with particular examples of self-similar processes. Our setting allows on the one hand to recover
classical results for Brownian sheet considering g = A the Lebesgue measure and A = R. On the
other hand, it allows more flexibility and we can use Chentsov random fields representations. The
Lévy Brownian field may be obtained as a particular case of field defined for a Chentsov measure
on (RY, B(R?))

dz
p(dx) = i for some H € (0,d/2]

and considering D; the Euclidean ball of diameter [0,¢]. The limit random field are H-self-similar
but does not have stationary increments except when H = %, which corresponds to the Lévy
Brownian field. Chentsov’s type construction for self-similar fields with stationary increments has
been considered by Takenaka in [27] and generalized to a-stable fields in [28, 26]. This construction
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involves Borel sets V; of R? x R, identified in our setting with R4t!, indexed by t € R?, and a
Takenaka measure on (R? x R, B(R? x R)) defined by

p(dz, dr) = r*1 =711 _odxdr for H € (0,1/2).

The limit field (Bg(t));ere is the well-known Lévy fractional Brownian field of Hurst parameter
H, satisfying

1
Cov(Bg(t), Bu(s)) = §(|t|2H + 52 — |t — s*H), for all t,5 € R%.

Note that such a field is well defined for any H € (0,1). However Chentsov’s construction is
only possible when H < % The case H = % corresponds to the Lévy Brownian field, whose
construction was previously considered. Generalizations to others self-similar Brownian sheets are
studied using products of Lévy Chentsov or Takenaka measures. Invariance principles are obtained
using a tightness criterion which involves entropy conditions on the considered class of sets. These
entropy conditions may be obtained using Vapnik-Cheronenkis dimension of the class, which are
computed for the different class of sets considered for theses examples in the last section of this

paper. Some technical proofs are postponed to Appendix.

2. Measure of dependence

Let (£j),eza be a sequence of i.i.d. random variables, g be a measurable function from Z%to R
and consider the stationary random field (X;);czqa defined by

(3) Xj=glejn:ke?), ez

Such a process is called Bernoulli shift in [11]. The following measure of dependence has been
introduced by Wu [31] (see also [32]). Let j be a copy of ¢ independent of (g;);cza and define
(€7)jeze by €5 = €y and €} = ¢; for j # 0. For every p € (0,+o0], if Xo € LP, the physical
dependence measure 6, ; of X; is given by

61373‘ = ||Xj - X;”p

where (X7)jcze denotes the stationary random field defined by (3) with (¢});eze instead of
(€j)jeze. Then, a random field (X)), ez is called p-stable if it is defined as above and

Ap=>" 0, <+o0.
Jjezs
Note that p-stability implies p’-stability for any p’ € (0,p]. Let us also remark that when X is
only assumed to be in L' and X; — X7 € L? for all j € 7% with A, < +o00, Lemma 1 of [20]
implies in fact that X, € L? and thus (X}),cza is p-stable. The following proposition is proved in
El Machkouri et al. [20] for a finite set I' C Z9. Its generalization to infinite set is straightforward,
as remarked in [30], using the convention that Z = M1—1)m+oo Z , with |j| the Euclidean norm
Jer JETlI<M

of j.

Proposition 1. Let (X;);cza be a centered p-stable random field with p > 2.

(i) For allT C Z% and for all real numbers (a;)jer such that Za? < 400,
Jjer

Zanj S \/% Za? Ap.
jer » jer

=

(i) The random field satisfies the short range property

Z | Cov(Xo, X1)| < +o0.
kezd



Let us give some examples of fields satisfying such an assumption.

Ezample 1. (linear random fields) This example is the first example given in [20] or [31] in
dimension 1. Let (g;),ez4 be a sequence of i.i.d. centered random variables with eg € L for some
p > 2 and consider a filter a = (a;);eze such that Z a? < +00. Then one can define in L the
Jjez?
centered linear random field
X;= > argjg, JEI
kezd

This follows from Rosenthal’s inequality (Theorem 2.12 of [14]). Note that X = (Xj);czq¢ is a
stationary second order centered random field with

Cov(Xjy1, Xi) = Z aRag—;.
keZa

Moreover, one has 0, ; = |aj|||eo — €5]|p so X is p-stable if and only if

Z laj| < o0,

jezd
which is equivalent to the 2-stability of X.

Ezample 2. (functional of a linear random field) One can consider more general fields obtained as
functionals of linear random fields. More precisely, let Y = (Y});cz¢ be a centered linear random
field with filter a = (a;) ez« as introduced in the previous example and consider

Xj:f(}/j)v jeZda
for some real function f : R — R. As remarked in [20], when f is a Lipschitz continuous function,

the p-stability of Y implies the p-stability of X. More generally, when f is H-Hdélder continuous
with H € (0,1], X is p-stable if
Z ‘aj‘H < +o00,

jeza

which implies the p-stability of Y.

Another interesting example is given by considering for Y a Gaussian stationary process, assuming
g0 ~ N (0,1). Normalizing Y in such a way that Var(Y;) = Z a? = 1, one can consider the first

kezd
Wiener chaos (or Gaussian space) H1, defined as the closed linear subspace of L? generated by the
family {Yj,Yj*;j € Z4}. Then, for every q > 2, the symbol H, stands for the gth Wiener chaos,
defined as the closed linear subspace of L? generated by the family {H,(Y;), Hy(Y;);j € Z7},
where H, is the qth Hermite polynomial given by
22 d? 22

@ Hy(2) = (~1)1e T (7).

We write by convention Ho = R. In this framework, we have for all ¢,¢’ > 1 and j, j' € Z%, (see
Lemma 1.1.1 of [22]),

Cov (Hy(¥), Hy (V) ) = 0!8 Cov(¥5, V)%,
where §, 4 is the Kronecker symbol and Y is either Y or Y*. It follows straightforwardly that
14 (Y5) = Ho (Y715 = 2q! (Var(Y;)? — Cov(Y;, 7)) < qlql|Y; = Y7'[[3,

since Var(Y;) = Var(Y;") = 1. Moreover using Hypercontractivity properties (see [18] p.65) one
also has

1Hq(Y;) = Ho(Y])lp < (0= D72 Ho (V) — Ho(Y])l2
< (0= 1D"*Val4llY; = Y -
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It follows that 2-stability of ¥ implies p-stability of Hy(Y) = (H¢(Y}));cgq, for ¢ > 1. More
generally, considering f(Y) = (f(Y}));cza such that f(Yo) € L? and E(f(Yp)) = 0, according to
the chaos expansion (see Theorem 1.1.1 of [22]) one has for all j € Z? the following equality in L2

+oo

(5) FO5) = cq(f)Hy(Y),

q=1

+oo
with ¢,(f) = %]E(f(YO)Hq(YO)) satisfying Zq!cq(f)2 < 4o00. Assuming that f is such that

q=1

+oo
(6) > Vade = 1)7le(f)] < +oo,

we obtain that, on the one hand (5) holds also in L?, and on the other hand that
+o00
1F(Y5) = F(Y)lp < (Z Vagl(p — 1)“/2|Cq(f)|> Y5 = Y72
qg=1

Therefore, under Assumption (6), the 2-stability of Y implies also the p-stability of f(Y").

Ezample 3. (Volterra field) Another example, quoted in [20], is given by Volterra fields defined by

X; = Z ke 1€5—kEj—1s
k,lezd
where (g;);eze is a sequence of i.i.d. centered random variables with &g € L? for some p > 2
and a = (ap,)ez¢ 1S a sequence vanishing on the diagonal (ax,, = 0 for all k& € 7%) and such
that Z aiJ < +o00. These assumptions ensure that X; is well defined on L? and (Xj)jeza is a

k,l€Zd
stationary second order centered random field with

Cov(Xjijr, Xj) = Y arg(@r—ji—j + @) -
k,lez2

One can easily compute X; — X = (e0—¢p) Z (aji+ aij)ej—1 |- Then, by Rosenthal inequality
lezd
(see Theorem 2.12 of [14]), one can find C), > 0 such that

P/2
E(1X; — X;|P) < CoE(leo — <olP) | lleolly > laju + arl? + lleols | Y laju + argl?
lezd ez
Hence, X; — X7 € LP and
1/2
I1X; = X7 llp < Cp/Plleo — e5llp (leolly + llgoll2) | D laj + aul? ;
lezd
1/p 1/2
using Z laji + ar ;[P < Z la;i + al,j|2 , since p > 2. Then under the additional
leza lezd
assumption that
1/2

(7) S D laju + al? < +o0,

jezd \lezd
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we obtain that A, < 4oo which implies that Xo € L? and (X}),cza is p-stable. Finally, let us

remark that, in particular, (7) is implied by the assumption that Z lak,| < +o0.
k,lezd

3. A central limit theorem for weighted sums

In this section we establish a central limit theorem for normalized weighted sums of 2-stable
random fields. This situation arises for example when one works with linear random fields Y; =
Z a;—;X; for which the partial sum Z Y; on T, = {0,...,n}? can be written as Z bn,i X
jezd iel, jezd
where b, ; = Z a;—j. It is the case in Wang [30] or in Peligrad and Utev [24] for linear random

icly,
sequences.

It also arises when one considers the smoothed partial sum process indexed by sets S,(A) =

Z A(nA N R;)X;, where X is the Lebesgue measure on R? and R; is the unit cube with lower
Jj€ln

corner j, as in [1], [9] or [20]. In this paper we are interested in the second situation but replacing
the Lebesgue measure by different ones. Let us start with the following general result.

Let ¢2(Z%) be the space of all sequences a = (a;) jezs indexed by Z¢ such that ||a||* := Z a? <
jezs
+00. For k € Z¢, we denote by 7, the shift of vector k on elements of ¢2(Z%) defined by (1xa); =
jik, j € 2%
Theorem 1. Let (X;),cza be a centered 2-stable random field (i.e. Ay < 400) and by, = (by 5) jeza,
n € N, be sequences of real numbers in (*(Z%). Then S, = Z bn,; Xj is well defined in L*. If

jezd
further
(i) sup bn.5| —0
jeza |lbn]| n—oo”
.. . HTebn - bn”
(ii) for all e € Z¢ with |e| = 1, 0,
bl noo
then ||b, || =2 Var(S,) — 0% as n — +oo and
Sn D

e ——— N(0,0?
Tonl] e’ (0297,
where 0® = Z Cov(Xo, Xk) and L, means convergence in distribution.
kezd

Remark. Note that Wang [30] in Theorem 2 proved a similar result. The dependence assumption
is the same but our assumptions (i) and (i) on the coefficients do not involve averaged coefficients
as in Definition 1 of [30]. However when ||b,| — oo, our conditions (i) and (i) are equivalent to
Wang’s ones. Its proof is based on an approximation by m-dependent random fields, a coefficient-
averaging procedure inspired by Peligrad and Utev [24], and a big/small blocking summation in
order to apply a central limit theorem for triangular array of weighted i.i.d. random variables.
Our proof is inspired by El Machkouri et al. [20] and based on a theorem of Heinrich [15] for
my-dependent random fields.

Proof. 1) By stationarity, we have
Var(S,) = Z Z bn,jbn,k Cov (X, Xi)

kezd je72

(8) = Z Z bn,jbn,j+k COV(Xo,Xk).

kezd \jez
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Thus, using Cauchy-Schwarz inequality, Var(S,) < ||b,||? Z | Cov(Xo, X%)| which is finite by

kezd

Proposition 1. By assumption (i) and triangular inequalities, we obtain that for all k € Z9,

Hkan - an

[bnll - oo

Writing ||7ibn — b ||? = ||76bn|? + [|bn]* — 2 Z bp, ;b j+k, we infer
Jjez?

e 22 b 7
jezd
Therefore, by (8) and the dominated convergence theorem,

(9) Var <|§”|> = > Cov(Xo, Xi) = 0’

kezd

2) We will apply a theorem of Heinrich [15] for m,,-dependent random field.

Theorem (Heinrich, 1988). Let (V,,)nen C Z% be a sequence of finite sets such that |V;,| — +oo
and (my)nen be a sequence of positive integers such that m, — +o0o. Assume for each n € N,

(Un,j)jeza is an my-dependent random field with E(Uy ;) = 0 for all j € 74 which satisfies:

. 2
e Var Z UnJ m} o < +00,
JEVn
e there exists a constant C > 0, such that Z E(Uij) < C, for alln € N,
JEVR
m2d
o foralle >0, Ly( > E (U2 o, memsty) 2 0-
JEVR
Then Z Un,; converges in distribution to N'(0,02).
JEVR

We will have two steps of approximations of S, first by a sum on a finite set V,, and then by

a sum of m,,-dependent variables.

3) Let Vi, = {j € Z* : |j| < ¢(n)} with ¢(n) — +o00 such that

2 jeva b
[1bn 1>

| n—»o0

and set Sy, = Z by, ;X;. Using Proposition 1, we obtain
Jevﬂ

N

|Sn — Sv,, I|2 2 2
10 n < > b2, Ay——0.
(10) ol = floall \ &= ] T e
JELZNV,

4) For m € N and j € Z% we consider the o-field 7, ; = {e;4+; : |i| <m} and we define the
random variable X, ; = E(X;|F,, ;). We denote S,, v, = Z bpn,jXm ;- In the same way, we

JEVn

introduce Fy, ; = {er,,; : il <m}, Xy o =E(X|Fy ), j € Z%, and we define the coefficients

Ompg = 1Xj — Xm,j — (X]* )Hp and Ay, p = Z Om,p,j»
jez
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for all p € (0,400]. By Lemma 2 of El Machkouri et al. [20], A, < +oco implies A,, , — 0 as
m — +o0o. Thus, by Proposition 1 for p = 2, we get

1Sv,, — Sm.v,, I|2
(11) <20y — 0
n [[on | m—00
5) Fix a sequence (my)nen and define U, ; = \llj;rjl Xm, j- We will show that assumptions of

Heinrich’s theorem are satisfied.
We have Z Un.j = |bnl = S, v, and equations (9), (10), (11) show that

JEVR
Var <Sm” V") — o2
[ball /) nee
We also have, using E(X7, ) < E(XO),

Y E(UZ;) < b 5 > b2 E(XG) < E(XG) < +oo.
= 1onl? &

On the other hand,

2
Z by i mn Jl{bnam“\an,j\ZEanH}) :

L,(e) 5
=i, H P

Thus by Jensen inequality and for a fixed sequence (a,)nen, wWe get

2 2
E (X7, 51 (b0 m2a1 X0, s12ellbnll}) < B (X5 b, sm2aix,., 12elball})
<E (ijl{\lezau}) + aiP (bn,jmid|Xmmj| > Ean”)

Therefore,
Yy b2 b2 . mad
2d £~j€Vn "1,j n,J 2
Ln(E) < my W E (X01{|X0|>an}) + an ||b ||2 E(XO)
mGd b2
< mp'E (X381 x012a0)) + Sup T apE(XF).
g2 jEZL ” H
By assumption (), we can choose the sequence (a,, )nen such that a,, — +o00 and sup |||l;”||| an — 0
JEL n
as n — +o0o. Then we can choose m,, — +0o such that L,(g) — 0 as n — +oo.
Thus by Heinrich’s theorem, we have |7|7;)’“|T” -2, N(0,0%), and by (10) and (11) we obtain
n n—oo
Sn
—2  N(0,0?). O

]| n—ee

Theorem 1 will be used in the next section to derive limit theorems for set-indexed sums of
random fields.

4. Invariance principle for some set-indexed sums

Let d > 1 be a fixed integer. Let (-,-) denotes the Euclidean inner product and | - | the
associated Euclidean norm on R?. For each j € Z?, we denote by R; the rectangle of R? given by
[j1, 51 +1) X =+ X [ja, ja+ 1) for j = (j1,...,ja). We consider a o-finite measure y on (R%, B(R%))
absolutely continuous with respect to the Lebesgue measure. In this section we focus on weighted
sums where the weights are indexed by a Borelian set A as

(12) bus(A) = \/u(nAN R)).

We are mainly interested in two kind of measures related to Chentsov random fields (see [25]
Chapter 8). The first one is defined on R¢ by u(dr) = Wiﬁ for some H € (0,d/2]. The
Lévy Chentsov random field is defined by considering a random Gaussian measure with p as
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control measure for H = 1/2. The second one is used as control measure for the construc-
tion of Takenaka random fields on R? x R (identified with R?*! in the sequel) and defined by
w(dr,dr) = r?H=4=11 _odzdr for H € (0,1/2). Both of these measures satisfy the following
general assumptions (see Section 5).

Assumption 1. p is a o-finite measure on (R%, B(R?)), absolutely continuous with respect to the
Lebesgue measure, and such that:
(1) There exists 3 > 0 such that u(nA) = nPu(A), for alln € N and A € B(R?).
(2) Let us denote w(x) = 121'1301 |(x,e:)|, for x € RY and (e;)1<i<a the canonical basis of R?,

(2a) limsup p(R;) < 4o0.

w(j)——+o0
(2b) For all e € Z with |e| = 1 one has
p(Rjre) = p(Ry) + 0 (u(R;)).
w(j)——+oo
Here, condition (1) of the assumption guarantees that the set-indexed process (S, (A)) acp(ra)

defined in (1) with respect to (12), that is

(13) Su(A) =" \/u(nAn R;)X;,

jeza
is self-similar of order /2.
In the following, we need the notion of regular Borel set. We call A a regular Borel set if

A(OA) = 0, where DA denotes the boundary of A and \ is the Lebesgue measure on R%. Since p
is absolutely continuous with respect to the Lebesgue measure, if A is regular, then u(9A) = 0.

4.1. Central limit theorem. We have the following central limit theorem for weighted set-
indexed sums of 2-stable random fields.

Theorem 2. Let (X;),cza be a centered 2-stable random field (i.e. Ay < +00) and p be a measure

on R? satisfying Assumption 1. For all regular Borel set A in R, with u(A) < +oo, the sequence
Sn(A) defined in (13) verifies

1 D
where o = Z Cov(Xo, Xi).-
kezd

It is a direct consequence of Theorem 1 and of the following proposition.

Proposition 2. Let u be a measure on R? satisfying Assumption 1. For all reqular Borel set A in
R? with 0 < pu(A) < 400, set by j(A) = p(nANR;)z, j € Z%, and by, (A) = (b j(A))jeza. Then
bn(A) € (2(Z%) for alln € N and
(i) [1ba(A)[]* = n’p(A),
(i) sup L L 0,
jeza |bn(A)]| n—oe
[7ebn(A) — ba(A)]l

16 (Al n—+00

(iii) for all e € Z with |e| =1, 0.

Proof. Fix a regular Borel set A in R? with 0 < p(A4) < +oco. First, observe that by (1) of
Assumption 1,

Iba(A)1? = > w(nAn R;) = u(nd) = n’u(A).
JjezZd
This shows that b, € ¢2(Z%) and (3).

Further, by condition (2a) of Assumption 1, one can find M > 0 such that sup p(R;) < 400
n(§)>M
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b (A
and thus sup (4) — 0 as n — +00. Moreover,
x()>M [bn(A)]l

sup p(nANR;) < p[nAn U R,
m()sM n()<M

< nPu(An{zeR%n(z) <n H(M+1)}),
using (1) of Assumption 1. Since y is absolutely continuous with respect to the Lebesgue measure,

b, i(A
by the dominated convergence theorem, we obtain sup —=2 (4)
<(G)<m |[bn(A)l

— 0 as n — +o00, which ends
to prove (ii).
Let us now check condition (iii). Let e € Z? with |e| = 1 be fixed and define the sets:
Vin(A)={j€eZ' RjURj . CnA},
Von(A)={j €Z%: (Rj URj1c) NnA# 0 and (R; UR;i.) N (nA)° # 0},
where A¢ denotes the complement of A in R?. We have

Irebn(A) = ba (AP = D (bugre(A) =bag(A)* + D (bagre(A) = bu(A))
JEVin(A) JEVa.n(A)

= (In) + (Un)

Let us start to deal with the term (II,,). For all € > 0, we denote the e-inside-neighborhood of
0A by

(14) DA = {xeRd inf |z —y ggx/a}ﬂA,
yeEOA

where v/d comes from the euclidean norm and is here to simplify the notations. We have

(L)< Y pnAN(RjUR;.))
JEVa,n(A)

=u|nAn U R | +p|ndANn U Rjte
JEV2,n(A) JEV2,n(A)

< 2u(By(nA))
=202 A).
By regularity of A and absolute continuity of u, we have ,u(éEA) — 0 as € — 0, using dominated

convergence theorem. Thus, (II,,) = o(n”).
On the other hand, using (v/a — vb)? < |a — b|, we have

(15) (I) = > (u(R)? —n(Rise)?)* < D [u(Ry) = n(Ryse)|
JEVI,n(A) JEVL n(A)
Let € > 0. Remark that by (2b) of Assumption 1, there exists M > 0 such that for =(j) > M,

[1(Rj) — i(Rjye)| < ep(R;)

Therefore
> l(Rj) — p(Rjre)| < ep(nA).
JEVI n(A)m(5)>M
Moreover
> W(Rj) = n(Rjze) <2u [nAn | | R
JEVIn(A)m(5)<M m(§)<M+1

< 2fp(An{z e R m(z) <n”H(M +2)}),
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using (1) of Assumption 1. Since y is absolutely continuous with respect to the Lebesgue measure,
by dominated convergence theorem, one can find n,; such that for all n > njy,

I (Aﬂ {z eRYw(z) <n Y (M + 2)}) <e.
Hence, it is now clear that (I,,) = o(n”) and condition (iii) follows. O

In the following we consider the set-indexed process and extend the central limit theorem to a
functional central limit theorem (or invariance principle). We first discuss the finite dimensional
convergence.

4.2. Finite dimensional convergence. Again, let ;1 be a o-finite measure on (R?, B(R%)) and
(Xj)jeze be a stationary R-valued random field with E(Xo) = 0. For a class A of regular Borel
sets of R?, we define the A-indexed process

Su(A) = > pnANR;)EX;,  AcA
jezd
As before, we will use the notation b, (A) to designate the Z%-indexed sequence by, ;(A) = u(nAnN
R;)%,j e 7%
We have the following finite dimensional convergence for the normalized set-indexed process
(Sn(A))aca.

Theorem 3. Let (X;);cza be a centered 2-stable random field (i.e. Ay < +00), let i be a measure

on R satisfying Assumption 1 and let A be a class of reqular Borel sets of R? with u(A) < 400
for any A € A. Then

(S 2 W) e

dd . . . L .
where %% means convergence for finite dimensional distributions, (W(A))aca is a centered
Gaussian process with covariances

Cov(W(A),W(B)) = W(AN B),
and 0% = Z Cov(Xo, Xk).
kezd

Remark. If the class A is stable by scalar multiplications, then Assumption 1 (1) shows that
(W(A))aea is a self-similar process of order 5/2.
To prove the theorem we will use the following lemma which is a complement to Proposition 2.

Lemma 1. For all regular Borel sets A and B with p(A) < 400 and u(B) < +00, as n — 0o,
(bn(A), bu(B)) = n (A N B) + o).
Proof. We define the sets
Vaa={j€Z":R; cn(ANDB)},
Va2 =1{i€Z :RjNn(ANB)#0}\ V,1,
Vas=1{j€Z:RjnnA+#0and R;NnB #0}\ V1.
We can write

(bn(A), bn(B))

> w(ANB)NR)+ Y p(nANR;)Zu(nBNR;)?

JEVn1 JE€EVn 3

=u(n(ANB) — > un(ANB)NR;)+ Y. pnANR;)2u(nBNR;)?.
JEVn,2 J€EVn,3
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Now, if j € V,, 2, the set n(A N B) N R; is contained in the 1-inside-neighborhood of d(n(A N B))
as defined in (14). Remark also that 01(n(AN B)) = nd1 (AN B). Therefore,

> wn(AnB)NRy) <p|n(AnB)n | R,
JEVn 2 JEVn 2
< u(ndy (AN B))
= nﬁu(éi(A N B)) = o(n”).

In the same way, if j € V,, 3, n(AU B) N R; is contained in the 1-inside-neighborhood of d(nA) or
in the 1-inside-neighborhood of d(nB), and

> wnANR)Eu(mBNR)* <u|n(AUuB)n | R,
JEVn,3 JEVL3
nﬁu@% A)+ nﬁ,u@% B) = o(n”).
O
Proof of Theorem 3. We will use the Cramér-Wold device and for simplicity only consider the

case k = 2. Let A and B be two regular Borel sets of R? with u(A) < +oo and u(B) < +o0, and
fix A1, A2 € R. We have

A1Sn(A) + X28n(B) = Y cn i X
JEZA
with ¢, ; = A1by j(A) + Aaby, j(B), j € Z%. We can assume pu(A) > 0 and p(B) > 0, otherwise the
result follows from Theorem 2. Denoting ¢, = (cp ;) ezd, We can write
llenll® = X3 [1bn (A)I1Z + AZ[on(B)II* + 20122 (ba (A), b (B)).
Thus by Proposition 2 and Lemma 1, we get

2
% — = M u(A) + A3u(B) + 2\ (AN B) >0

n n—oo
When ¢ = 0, since Var(A1S,(A) + A2S,(B)) < |lcn||?0?, the random variables nfg()\lSn(A) +
25y, (B)) converge to 0 in L.
Now assume ¢ > 0. We will show that the assumptions of Theorem 1 are satisfied for the sequence
cn = (Cn,j) jeza. For all j € Z¢, we have

Icn,g| <In ‘II n(A)] fon (A e |||b n (B [bn,;(B)]

llen| llenll [1bn (Al lenll NIon (B
bn(A by, .
Since the sequences 1o (A)] d 16 (B)Il converge respectively to u(A)2¢™2 and /J(B)%C_%, and

an
llenll llenl

so are bounded, Proposition 2 shows that condition (i) of Theorem 1 holds.
Further, since for all e € Z4,

[ Tecn — cal| | [Tebn(A) — by (A)] | | Tebn(B) — bn(B)]|
l[enll llenll llenll ’

the same argument shows that condition (i) also holds. Then Theorem 1 shows that

n~? Var(A1 .S, (A) + A\2S,(B)) — o?c

<M + | A2

as n — +oo and
1
—(MSn(A) + X25,(B)) —2— N(0,5%¢).

b n—oo

3

We derive the convergence
1

3 (Su(4),5(B)) 2> o (W (A), W (B)),
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where the Gaussian process W verifies

Cov(W(A),W(B)) = HETOO 27;02 [Var(S,(A) + Sp(B)) — Var(S,(A4)) — Var(S,(B))]

%[M(A) +u(B) +2p(AN B) — p(A) = p(B)]
w(ANB).

O

4.3. Invariance principle. We keep the notations of the preceding section. We will establish
an invariance principle for the set-indexed process (S, (A))ac4 under an entropy condition on the
class A.

We equip the Borel o-field B(R?) with the pseudo-metric p defined by p(A4, B) = u(AAB)z.
For a class A of Borel sets, we define the covering number N (A, p,e) as the smallest number of
p-balls of radius € needed to cover A and N (A, p,e) = +oo if there is no such finite covering.

We denote by C(A) the space of continuous functions on A equipped with the supremum norm.

Our main result is the following.

Theorem 4. Assume that p is a measure on R? satisfying Assumption 1. Let A be a class of
reqular Borel sets of R such that u(A) < +oo for any A € A. If there exists p > 2 such that
(Xj)jeza is a centered p-stable random field (i.e. A, < +00) and

1
(16) / N(A, p, )b de < +oo,
0

then (n_gSn(A))A |, converges in distribution in C(A) to (cW(A))aca, where (W(A))aca is
€
the centered Gaussian process with covariances
Cov(W (A), W(B)) = (AN B),
and o0® = Z Cov(Xo, X).
kezd

Remark. We could extend our theorem to weaker integral condition on the covering number but it
is not relevant for our applications in Section 5. For example, when A, < +00, as in El Machkouri
et al. [20] Theorem 2 (7i3), we could relax condition (16) to the condition fo (A, p,e)2de < +o0,
where the entropy H (A, p,€) is the logarithm of N (A, p,¢).

Proof. The finite dimensional convergence of the process (n‘gSn(A)) AeA I8 a direct consequence
of Theorem 3. To prove the tightness, we will use the following lemma.

Lemma 2. If (X;);ecza is a p-stable random field for some p > 2, then for all Borel sets A and
B,
_B
n”2[|Sn(A) = Su(B)|lp < /2pApp(A, B).
Proof. We have S,,(A) — Sp(B) = Z (bn,;(A) — b, ;(B))X; and by Proposition 1,
JEZL
_B _B

n” 2 ||Sp(A) = Sn(B)llp < V/2pApn~ 2 [[bn(A) — bu(B)]]-

Now,
n_Ban(A) - bn(B)||2 = u(A) + u(B) — 2n_ﬁ<bn(A)> bn(B)),

while

(ba(4).b0(B)) = D p(nAN Rj)*u(nB N R;)*

JEZA
>Z n(ANB)NR;) = pu(n(AN B)).

JEZA
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Thus, n4|b, (A) — b, (B)||?> < u(A) + u(B) — 2u(AN B) = p(A, B)? and the proof of the lemma
is complete. O

Note that condition (16) implies that N(A,p,e) < +oo for all ¢ > 0, i.e. (A,p) is totally
bounded. By Theorem 11.6 in Ledoux and Talagrand [18], as a consequence of Lemma 2 and
condition (16), we obtain that for all € > 0 there exists § > 0 such that for all n > 1,

E ( sup nfg\Sn(A) — Sn(B)|) <e.

A,BEA, p(A,B)<é

This last property implies that the process (n_%Sn (A))aca is tight in C(A) and completes the
proof of the theorem. O

To apply Theorem 4 to particular classes of Borel sets, we will need an upper bound of the
associated covering number (in order to establish condition (16)). In the next section, we introduce
the so-called Vapnik-Chervonenkis dimension which provides a useful tool to derive such bounds.

4.4. Vapnik-Chervonenkis dimension and covering numbers. Let F be a set and A a class
of subsets of E. If C is a finite subset of E of cardinality k, we denote

ANC ={ANC: Aec A}

and we say that A shatters C' if Card(ANC) = 2¥. The class A has a finite Vapnik-Chervonenkis
dimension if there exists & € N such that no set of cardinality k& can be shattered by A. The
VC-dimension V(A) of A is the smallest k¥ with this property.

For example the VC-dimension of the collection of all intervals of the form (—oo,¢] in R is 2.
More generally, the VC-dimension of the collection of all rectangles (—oo,t1] X ... X (—00,t4] in
R? is d + 1.

In some situations, a bound of the covering number can be derive from the Vapnik-Chervonenkis
dimension:

If (E, &) is a measurable space, p is a probability measure on (E,€) and A C &€ is a class of finite
VC-dimension, then for all 0 < € < 1, we have:

)

1\ 2V (-1
(17 N(Ap.2) < KV(A) (1) (1)
where p(A, B) = u(AAB)? and K is a universal constant (see van der Vaart and Wellner [29]

Theorem 2.6.4).

The computation of the VC-dimension of the classes we consider in application of Theorem 4
is the object of Section 6.

5. Particular examples

5.1. Brownian sheet. Here we consider the case u = A the Lebesgue measure on R%. It is clear
that A(nA) = n?\(A) and since A(R;) = 1 for all j € Z¢, Assumption 1 holds. Thus by Theorem 4,
if a class A of regular Borel sets satisfies (16) for some p > 2 and if (X;);cza is a centered p-stable
random field then the process

1
—Sn(A) = — Y AnANR)*X;, AcA,
nz nz

jez

converges in distribution in C(A) to the process (68(A))aca where (B(A))aca is the A-indexed
standard Brownian motion, i.e. the centered Gaussian process with covariances

Cov(B(A),B(B)) = A(AN B), A/ Be A
The same result has already been proved by El Machkouri et al. [20] with the difference that they

used the weights A\(nA N R;) instead of A(nA N Rj)%. In fact, in this situation, the number of

coefficients A(nA N R;) which are not 0 or 1 is asymptotically negligible compared to n%. This
explains that the limit process remains the same in both cases.
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Let us recall that the standard Brownian sheet indexed by R? is the centered Gaussian process
(B(t))¢cre with covariances given in (2). Since (B(t))iere = (B([0,t]))tcre, the Brownian sheet
may be obtained as the limit in the invariance principle. Indeed, it is well known that the class
R = {[0,1], t € [0,1]*} has the finite VC-dimension V(R) = d + 1. Then, since \ is a probability
measure on [0, 1]¢, by (17) we get the bound

N(R7 Py 8) < K€_2d7
where p(A, B) = A(ANB)2 and K only depends on d. Thus (16) holds for p > 2d, and if (Xi)ieza
is a centered p-stable random field for such a p, the process (n_%Sn([O,t])) 0.1 converges in
telo,
distribution to (0B(t)):e[o,1)¢, where (B(t));c[o,1)« is the standard Brownian sheet.

We will see that one can obtain different limit processes by choosing different measures p and

classes of sets.

5.2. Lévy Chentsov random fields. Another generalization of the Brownian motion to multi-
dimensionally indexed Brownian motion, introduced by Lévy [19], is the so-called Lévy Brownian
field (W (t));cre defined as the mean zero Gaussian field with covariances

Cov(W(t), W(s)) = % (|t|+ |s| = |t —s]), t,s €RY,

where |- | is the Euclidean norm on R?. Note that this field is self-similar of order % with stationary
increments in the strong sense, see [25] Section 8.1. Chentsov [7] (see also [25]) gave a construction
of the Lévy Brownian field as a set-indexed random process. Let D be the class of all balls of
diameter [0, ], t € R, the Lévy Brownian field can be seen (up to a multiplicative constant) as the
set-indexed Gaussian process (W (A))aep with mean zero and covariances Cov(W (A), W (B)) =
(AN B), where the control measure is p(dz) = |z|!~9dz. In this section we show that using
weights depending on p, Theorem 4 leads to a Lévy Brownian field as limit.
More generally, we define the Lévy Chentsov measure on (R%, B(R?)) as
dx
‘Lt(dx) = W for some H € (O7d/2]

Lemma 3. The Lévy Chentsov measure p satisfies Assumption 1 with = 2H.
The proof is postponed to Appendix.

Here we are interested in the class of subsets of R? given by

_ tolty d . t
DtB<2,2){xER ‘x .

i.e. the class of balls of diameter [0,t], t € R%. This class has the same VC-dimension than the
classical class of rectangles (the proof is postponed to Section 6).

Proposition 3. The VC-dimension of the class D = {Dt, te Rd} isd+ 1.

The set-indexed Gaussian process (W (Dy));cgra obtained as a limit in Theorem 3 has covariances
given by

t
<|2}, t € R4,

1
Cov(W(Dy), W(Ds)) = w(Dy N Ds) = 5 (u(Dr) + u(Ds) — (D ADs)).
Remark that in polar coordinates, D; = {(r, ) eRy xS 0<r< <H7t>}, where S9! is the
sphere of R? (S = {—1,1}), and that u(dz) = r*#~1drdf. So,

1
_ 2H—1 _ b 2H
w0 = [ [ Ve i = g [ o nrtas

Therefore, using rotation invariance, one has pu(Dy) = C%I)d\tFH with C?{’d = 157 Jga—r [(0,€) > df
for any fixed e € S%~1. Note that, when d = 1, we have C%I,l = 5. One can define the standard
centered Gaussian random field (W (t));cre with covariances

1 _
Cov(Wia(8), War(s)) = 5 (1t12 + |5/ = Ci2u(DesD,))
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such that (W(Dy))iere = (Cr,aW(t))sera in distribution.
Note that, when d = 1, one simply computes

Cov(Wa(t), Wi (s)) = Cp(Dy 0 Dg) = 2727 ([t + [s] — [t — s])*"".
When d > 2, for s,t € R?, we have

—+oo
(DN D) = / / Lig.sy<r<ioyr T2 drde
si-1 Jo

1
- ——/’ Kmﬁﬂwﬁmww+/ 6.1)2Hdg ) .
2H 0<(0,s)<(0,t) (0,s)<0<(0,t)

Similarly, by a change of variables,

1
WDy D) = / \@mw—wwﬁw+/ (0. )*do |
2H (0,s)<(0,t)<0 (0,s)<0<(0,t)

As a consequence, when H = % we have the explicit formula, for ¢, s € R,

p(Ds, Ds)2 = u(DtADs) = (D) = C;d“ — 5
Thus, we see that (W% (t))icrae is the Lévy Brownian field (W (t)),cpa-

Now, let us restrict the class to the sets indexed by the unit ball BY = {t eR?: |t < 1} and
set
(18) D={D, teB"}.
In this case one can find a constant C' > 0 such that for all ¢, s € B,
p(Dy, D,)? = (DyADy) < C?t — s|min(ZH1),

We infer that the e-covering number of the class D with respect to the pseudo-metric p is bounded
by the (C*IE)*I/ min{H’%}—covering number of B¢ with respect to the Euclidean norm. Thus,

N(D,p,e) <N (Bd, |-, (C*le)fl/min{H,%}> -0 (gfd/min{H,%}>

which leads to the condition p > max{%, 2d} in application of Theorem 4.
As mentioned in Section 4.4, another way to bound the covering number is to use the VC-
dimension of the class D. It is clear that the VC-dimension of the class D = {Dt, te Bd} remains

the same than the one of D = {Dy, t € R?}. Thus V(D) = d + 1. Since u(B?) is finite we can
normalize p to get a probability measure. Using (17) and V(D) = d + 1, we obtain

1 2d
N(D7p75) S K (€> ’

where K is a constant which depends only on d and H. We thus obtain the condition p > 2d
which is independent of H and is better than the previous one in the case H < 1/2.

To summarize, in this setting, Theorem 4 becomes:

Corollary 1. Let H € (0,%], u(dz) = m:}% and D be the class defined in (18). Assume

)
that (Xj)jeza is a centered p-stable random field for some p > 2d and set S, (t) = Sp(D;) =
Z p(nDyN Rj)%Xj. Then the random field (n*HSn(t))teBd converges in distribution in C(B?)
jezd
to the random field (cWg (t)),cps where o = C?{yd Z Cov(Xo, Xy). In particular, for H = 1,

kezd
(W% (t))iepa is the Lévy Brownian field.

Let us remark that the random field (W (t));cga is H-self-similar, but for H # 1/2 it does not
have stationary increments.
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5.3. Takenaka random fields. For H € (0,1), the only H-self-similar Gaussian random field
with stationary increments in the strong sense is the Lévy fractional Brownian field (By(t))icra
defined as the centered Gaussian field with covariances

1
Cov(Bu(t), Bu(s)) = 5 ([t + [s|*" — |t — s]*"),

see [25] Section 8. The Chentsov representation for such field is only possible when H < 1/2 and
was given by Takenaka [27] in the case H < 1/2.
We consider the Takenaka measure defined on R? x R (identified with R4+1) by

p(dz, dr) = r*1 =411 _odxdr for H € (0,1/2).
Lemma 4. The Takenaka measure satisfies Assumption 1 on R4 with = 2H.

The proof is postponed to Appendix.
We now define a class of cones in R? x R,.. For t € R?, set

Co={(z,r) eRI"x Ry : [z —t|<r}

and C = {C;, t € R}. Note that for each ¢t € R?, we have p(C;) = +o0 but u(C;ACy) < +00. We
set V; = C;ACy and define the class

V={V,teR'}.
In Section 6 we show:
Proposition 4. The VC-dimension of C is d + 2 and the VC-dimension of V is also d 4 2.

Computations (see [25] Lemma 8.4.2) show that there exists a positive constant cg 4 such that
(Vi) = cfy gt and

1(ViAVy) = n(CACs) = p(Vies) = ¢y 4lt — s

Therefore the set-indexed Gaussian process (W (V}));cra obtained as a limit in Theorem 3 is equal
in distribution to (cu,qBmu(t))scra-
Now, let us restrict the class V to

(19) V={V, te B}

where B is the unit ball of R?. Since p(V;, Vi) = cralt — s|¥, we get
NV, p,e) <N (Bd, |-, (c;{)ldg)*l/H) —0 (Efd/H> ’

which gives p > d/H in Theorem 4. Contrarily to the preceding section, we are not able to improve
this bound by using the VC-dimension of the class. Actually, we have p (UycpgaVi) = +00 and we
cannot use (17).

To summarize, in this setting, applying Theorem 4 with d + 1 instead of d we get:

Corollary 2. Let H € (0, 3), p(dz,dr) = r*#=9711,_odzdr and V be the class defined in (19).
Assume that (X;);cza+1 is a centered p-stable random field for some p > d/H and set S,(t) =
Sn(Vz) = Z wnVyN Rj)%Xj, t € B, Then the random field (n=S,(t))
jezd+
distributio]n in C(B?) to the random field (0 Bg (t))iepe where (B (t))iepa is the H-Lévy fractional
Brownian field and 0* = c%,,d Z Cov(Xo, Xk)-
kezd+1

repd Converges m
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5.4. Fractional Brownian sheets. In [30], Wang obtain an invariance principle for fractional
Brownian sheet, considering sums indexed by rectangle and a stationary random field obtained
as the convolution of a filter and a p-stable centered random field. Let us recall (see [2, 17]) that
for H= (Hy,...,Hy) € (0,1)? the fractional Brownian sheet (B (t));cpe is defined as a centered
Gaussian random field with covariances

d
1 , ) .
Cov(Bu(t), Bu(s)) = 5d H ([t P+ (s 2 — |t — s 2H7)
i=1
Now, for i = 1,...,d, let us consider the Takenaka measure defined on R x R (identified with R?)
by
1
HH; (dl‘z,d’/’z) = §T1~2H’iid7117~i>0d5€id’/’i for Hi S (0, 1/2),

and Vi, = Ci, ACy, where Cy, = {(z,7) e Rx Ry : |x —t| <7}, for ¢; € R, and remark that for all
t=(t1,...,tq) and s = (s1,...,84) € R

Cov(Bu(t), Bu(s)) = n(V: N Vi),
with ¢ = pp, ® ... ® pg, a measure on R2d and V, = Vi, x...x VWV, C R2¢. Now it is clear
that u satisfies Assumption 1 on R?? with g = 22‘;:1 H;. Then, restricting to the class of set

V = {V;, t € [0,1]}, according to Lemma 8 of [3], for any t,s € [0,1]? one can find ¢ > 0 such
that

d
p(Vi, Vi) = n(VidVy) = Var(Bu(t) — Bu(s)) < ¢y |t — s: .
=1

d
1
It follows that with Q = E o
i=1 1

N(V,p,e) = 0(e9),
which gives the condition p > @ in Theorem 4 to get the invariance principle.
Another self-similar sheet may be obtained by considering, for the index H = (Hy,...,Hy) €
(0,1/2)%, the measure ug defined on R? as the product of Lévy Chentsov measures

d
pr(de) = @ |z;*Hda,
i=1

which still satisfies Assumption 1 on R? with 3 = 2 Zle H;. Theorem 3 shows that, if (X;);czq
is a centered 2-stable random field, then the finite dimensional convergence holds
_8 dd
(n=u(l0.) L (@Wr() g

teERE n—oo

d
where o2 = H2Hi Z Cov(Xo, Xi) and (W (t))ere is a self-similar Brownian sheet with co-

=1 kezd
variances
4
H;
Cov(Wa(t), Wa(s)) = [ | o (sl + [sil = [t — sil)”
i=1
d
= [ [ min(t:l, [si))*" Le, 5,205
i=1
for all t = (t1,...,tq) and s = (s1,...,54) € R In particular, this random field also generalizes
Brownian sheet obtained for H; = ... = Hy = 1/2 since in this case the measure ug is the

Lebesgue measure. This generalization is clearly different from the fractional Brownian sheet
defined above. It is also different from the set-indexed fractional Brownian motion introduced by
Herbin and Merzbach [16].
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Further, restricting to the class of sets to R = {[0,¢], ¢ € [0,1]?}, if (X;);eza is a centered
d

1
p-stable random field with p > @, where Q = Z 7 8 previously, Theorem 4 gives that the
i=1 1

random field (n’gSn([O,t])) 0.1 converges in distribution in C([0,1]%) to the random field
telo,
(oW (1))e(0,1)0-

6. Vapnik-Chervonenkis dimension computations

This section is devoted to the computation of the VC-dimension of the class of balls introduced
in Section 5.2 and of the class of cones introduced in Section 5.3. We thus give the proofs of
Proposition 3 and Proposition 4. To do these computations, we will use the following general
result, see Dudley [12] Theorem 7.2.

Theorem (Dudley, 1978). If G is an m-dimensional vector space of real functions on a set E
and G ={{z € E: g(x) > 0},9 € G}, then V(G) =m + 1.

Proof of Proposition 3.
1) First consider the class H of closed half-spaces delimited by hyperplanes which contain zero.
For each z € R?, we define

Hy={yeR’: (x,y) >0}
and H = {H,, z € R‘}. By Dudley’s theorem, it is easy to see that V(H) =d + 1.
2) Recall that here, D is the class of balls D; of diameter [0,¢]. Let S be a finite set of points in
R?. We shall see that S is shattered by D if and only if it is shattered by H. Together with the
preceding result, this proves the proposition.
2.1) Let assume that H shatters S, fix an arbitrary subset B of S and write C = S\ B. First,
remark that 0 does not belong to S, otherwise the empty set cannot be obtained as the trace of
an element of . Now, since H shatters S, there exists x € R? such that for all y € B, (z,y) <0
and for all z € C, (x, z) > 0. It is then clear that there exists a ball D, which contains B and such
that D; \ {0} is contained in the open half-space {y: (x,y) < 0} (take t = —ax with a > 0 big
enough). Thus points of C are not in D; (recall that C' does not contain 0). Therefore D shatters
S.
2.2) Let assume that D shatters S and fix an arbitrary subset B of S. Again write C = S\ B.
There exists t and s such that D; NS = B and D; NS = C. As a consequence B C D; \ D, and
C C D; \ D;. But there exists a hyperplane containing 0 that separates D; \ Ds and D, \ D; and
so separates B and C. The set B being arbitrary, we showed that H shatters S. O

Proof of Proposition 4.
1) In R? x R we consider the class H of closed half-spaces delimited by hyperplanes containing
the last direction,

Hyo={(y,r) eR*xR: (2,y) —a >0}, zreRYaeR.

Writing g,..(y) = (z,y) — a, since {grva cx€eR%ac R} is a vector space of dimension d + 1,
Dudley’s theorem shows that V(H) = d + 2.

2) Recall that C is the class of cones C; = {(z,r) € R xRy : [z —t| < r}. Assume that there
exist a set S of d + 2 points which is shattered by C. Then for all subsets B and C' of S such
that BNC =0 and BUC = S, there exist ¢ and s such that C; S = B and C;, NS = C. Thus
B CC\Csand C C Cs\ Ci. But C;\ Cs and C; \ C; can be separated by a hyperplane containing
the last direction. This shows that H shatters S which is a contradiction because V(H) = d + 2.
Hence V(C) < d+2.

3) To show that V(C) > d + 2 we have to find a set S of cardinality d + 1 which is shattered by
C. We denote by e; the i-th vector of the canonical basis of R?, i = 1,...,d, and by ey = 0 the

null vector in RY. We will show that the subset S = {(eo, d=2),(e1,1),..., (eq, 1)} of R4 x R, is
shattered by C. First, remark that S is contained in Cy and that the empty set can be obtained as

the trace of C_1, _1y. Fort = —(4,..., 1), since |eg —t| = |t| = ﬁ and |e; —t|> = 1+ 2, we have
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C:NS = {(eg,d2)}. Now for each k € {1,...,d} and each choice of distinct iy, ..., ix € {1,...,d}

set s = s(,i1,...,0) = 0‘2?:1 e, with & > 0. Then [s|* = ko?, if i € {i1,... i}, |e; — s|* =

ka? —2a 41, and if i ¢ {0,41,... .4}, |e; — s> = ka® +1 > 1. So, we can see that for a = 2,
_1

Co NS = {(ei, 1), (€5, 1)} and for @ = o, €S = {(e0,d7 ), (e, 1), (e, 1) |-

4) We get the VC-dimension of the class {CtACO, te Rd} as a consequence of Proposition 5 which

follows. 0

Proposition 5. Let E be a set and A a class of subset of E with finite VC-dimension. Let Agy be
a subset of E and set
Ao = {AAAgy, A€ A}.
Then V(Ap) = V(A).
Proof. 1) We will show V(Ag) > V(A). Let S be a set of cardinality V(A) — 1 which is shattered

by A. Fix BC S and C = S\ B. Denote By = BN Ay and Cy = C N Ag. Since A shatters S,
there exist A such that

D:=(B\By)UCyC A and An(S\ D) =19.

Then B\ By C A\ Ag and By C Ap\A. Thus B C AAAp. On the other hand, C\Cy C X\ (AUA)
and Cy C AN Ag. Thus C N (AAAg) = 0. Therefore Ag shatters S.

2) We will show V(Ap) < V(A). Let S be a set of cardinality V(A), so it cannot be shattered
by A. Assume that 4, shatters S and fix arbitrary subsets B C S and C = S\ B. Again set
By =BnNAyand Cy = CN Ay. By assumption, there exist A € A such that

D:=(B\ By)UCyC AANAy and (AAAg)N(S\D)=10
and we can see that B C A and ANC = . The set B being arbitrary, we infer that A shatters
S, a contradiction. O
Appendix

Proof of Lemma 3.
Consider the Lévy Chentsov measure u(dx) = ‘Ilffﬁ for some H € (0,d/2].

1. For each Borel set A in R? and for all n > 0, we have pu(nA) = n?7 y(A). Indeed,

dx dy
Hence (1) of Assumption 1 is satisfied with 8 = 2H.

2. (a) Note that for any j € Z? with |j| > 2 we have p(R;) < A(R;) = 1 since H < d/2 which
proves (2a) of Assumption 1.

(b) Let e € Z% with |e| = 1.

1 1
w(R;) — u(Rjye) = /Rj (|x|d—2H - |I+e|d—2H> dzx

e ()
= 1-— dx
R, |@|*2H |z + €l

Now, as |z| goes to infinity, we have

1 || G2 _9H Jate n 1
— = —_— 7’6 0} —_— .
|z + e] |z +¢e| \|z+ e |z + e]

Since by Cauchy-Schwarz inequality, \(ﬁ, e)| <1, for all € > 0 there exists M > 0 such that for
|7] > M and x € R;, we have

|{,C| d—2H
e <
|z + el

d—2H + ¢
|z +el
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Fix such an ¢ > 0 and so M > 0. For all j € Z%, with |j| > M, we obtain

1

)= w(Rise)| < (d—2H S —
Ry~ Byl S @28 +2) [ e

It follows that p satisfies (2b) of Assumption 1 since u(R;) = fR,- W%de. O

Proof of Lemma 4.
Consider the Takenaka measure p(dz,dr) = r2#=4=11,_odxdr for H € (0,1/2).
1. For each Borel set A in R*! and for all n > 0, we have u(nA) = n?7 u(A). Indeed,

p(nA) = / Lpa(z, ) =471, odadr

- / La(y, 5)n™ (ns) 21 =11 dydr = 0?7 py(A).

2. Note that we may have u(R;) = +oo for some j € Z4*!. However, let e411 = (0,...,0,1).

(a) If j € Z*! is such that |(j,eqs1)| > 1, one has pu(R;) < A(R;) = 1, which proves (2a) of
Assumption 1.

(b) Let j € Z4*! with |(j,eqs1)| > 2. Then, for all e € Z*! with (e,eq11) = 0, one has
#(Rjte) = p(R;). Therefore it only remains to consider the case e = te4y1. As previously we
can write

N(Rjied+1) - N(R]) = / (]. — (1 + ’r‘_l)d+1_2H) 712H_d_117~>0dxd7“.

R;
For ¢ > 0 one can find M > 0 such that |1 — (1 £ r~1)4*+1=2H| < ¢ for any (x,r) € R; with
|{j,€q+1)] > M and therefore

|M(Rj:|:€d+1) - M(RJ)| < EN(Rj)'
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