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Abstract. Exact results on particle-densities as well as correlators in two models
of immobile particles, containing either a single species or else two distinct species,
are derived. The models evolve following a descent dynamics through pair-
annihilation where each particle interacts at most once throughout its entire
history. The resulting large number of stationary states leads to a non-vanishing
configurational entropy. Our results are established for arbitrary initial conditions
and are derived via a generating-function method. The single-species model is the
dual of the 1D zero-temperature kinetic Ising model with Kimball-Deker-Haake
dynamics. In this way, both infinite and semi-infinite chains and also the Bethe
lattice can be analysed. The relationship with the random sequential adsorption
of dimers and weakly tapped granular materials is discussed.

PACS numbers: 05.20-y, 64.60.Ht, 64.70.q], 82.53.Mj

1. Introduction

Exactly solvable models have been playing an important réle in understanding the
complex behaviour of strongly interacting many-body systems, see [41, 35, 6, 45, 48, 27]
and refs. therein. With very few exceptions, exactly solvable models have only been
found in one spatial dimension. Such restricted dimensionalities not only present
particular challenges, since standard mean-field schemes are inadequate for their
description but the importance of strong fluctuation effects for the correct prediction
of their long-time behaviour has been confirmed experimentally. Classic examples are
the kinetics of excitons on long chains of the polymer TMMC = (CHjz)4N(MnCls)
[33], but also in other polymers confined to quasi-one-dimensional geometries [40, 32].
Alternatively, one may study analogous phenomena on carbon nanotubes, for example
the relaxation of photo-excitations [43] or the photoluminescence saturation [46]. All
these systems have in common that particles move diffusively on an effectively one-
dimensional lattice and upon encounter of two of them, at least one of the particles
disappears with probability one. These models are solvable, for example through the
by now classical method of empty intervals [6, 7, 3], and one finds for the average
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Figure 1. Parameter space of kinetic Ising chains as parametrised by v and § in
(2). The usual Glauber dynamics corresponds to 6 = 0 and the KDH dynamics is
given by v = 26 (dashed line). The zero-temperature line corresponds to v = 1+4§
(thick line) and the infinite-temperature line to v = 0. The full circle at 6 = 1
and v = 2 corresponds to the dynamics analysed here.

particle concentration c(t) ~ t~1/2 [49], in agreement with the experimental results
and distinct from the mean-field prediction cypp(t) ~ 1.

Similarly, one may consider the kinetics of magnetic systems. For theoretical
analysis, it is often thought to be more simple to study phenomenological systems
such as simple Ising models, with a probabilistic dynamics described in terms of a
master equation, as is the case in the celebrate Glauber-Ising model [23]. We point
out that such models are relevant for the description of the slow relaxation dynamics
of real systems such as the single-chain magnet Mny(saltmen)2Ni(pao)a(py)2](ClO4)2
[11]. The configurations of the Ising chain are {o} = (01,09,...0L), with the Ising
spins o; = +1 attached to each site ¢ of the chain. The master equation describes the
sequential time-evolution of the probability P({c};t)

0

5 Poht) = Z [wi(—0)P(... —0s..5t) —wi(0)P(...0i...5t)] (1)
where the ...means that all other spins are not affected and the choice of the rates
w;(0;) selects a specific model. The most general form of the transition rates for
the Ising chain which do not impose explicit conservation laws, keep the global Zo-
symmetry o; — —o; and which only take into account the spin o; and its two nearest
neighbours ¢;41, is given by

1
wi(o;) = 3 [1 - %Ui(ai—l +0oit1) + 60‘1‘—10'1'4-1} (2)

where the parameters v and ¢ are restricted to the intervals 0 < v < 1446 and |§| < 1.
This parameter space is illustrated in figure 1. One requires these transition rates to
obey the detailed balance condition

wi(oi)Peq(. .05 ) = wi(foi)Peq(. .— 0 .. ) (3)
where Pog(...0;...) = Z ' exp[—H][o]/T] is the equilibrium probability distribution
where T" denotes the temperature of the heat bath and H = —J Zl 0i0i+1 is the Ising
chain Hamiltonian with an exchange coupling J. Then detailed balance implies

v = (1+6) tanh(2J/T) (4)
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The Glauber-Ising model is specified by the choice [23]
0=0, v=tanh(2J/T) (5)

Here, we shall rather consider an alternative form, proposed by Kimball [31] and Deker
and Haake [14] (KDH), namely
5= _ tanh(2J/T) (©)
2 2—tanh(2J/T)

We remark that along the zero-temperature line v = 1 + § the detailed balance
condition (3) is trivially obeyed, since both sides of equation (3) vanish (for 7' =0 all
stationary states are absorbing states).

Physically, the Glauber-Ising and KDH models are very different. This may be
understood first from the exact relationship between the relaxation time 7 and the
spatial equilibrium correlation length &, viz.

- |2 Glauber [23]
T~ Z‘{ 4 ; KDH [14, 25, 18] (7)

which in both models can be established from the exactly calculable time-dependent
average spin. Second, and more crucially, at 7" = 0, the Glauber-Ising model has
only two absorbing states (a feature typical of a relaxing simple magnet), whereas

the KDH-model has ~ ((1+ \/5)/2)L [10, 13] absorbing states on a chain of L sites
(a feature more typical of a relaxing glassy system, such as the Frederikson-Andersen
model [22]). While almost any quantity of interest can be computed explicitly in the
1D Glauber-Ising model, see e.g. [41], for the KDH-model only global averages [31, 14]
or certain global correlators and responses have been found [18]. In the KDH-model,
often the corresponding equations of motion only close for certain classes of initial
conditions and in the L — oo limit [18].

Our work started from an attempt to find more exactly computable averages for
the KDH-model. For the remainder of this paper, we shall restrict to zero temperature
T =0, hence § = 1 and v = 2 for the KDH-model. Then one can define the dual kink
variable n; € {0,1} and the rates (6) become

1 —0i0it1

1
= wi(o;) = 5(1 —0i0i-1) (1 = 030i41) = 201 (8)

Single-spin flips 0; — —o; are associated to the annihilation or creation of a pair of
kinks

Niei — 1—mi1 , mi — 11— 9)

The only allowed transition is thus the annihilation of a pair of kinks. Neither creation
nor diffusion of kinks are allowed. Therefore, the 1D KDH-model at T = 0 is dual to a
model where the sites are either empty or else occupied by a single immobile particle
of a single species A, which can undergo pair-annihilation A + A — 0 + 0 with their
nearest neighbours and with rate 2.

Besides being of interest in its own right as an abstract problem in many-body
physics, there exist several physical motivations for the study of this model:

(i) Random sequential adsorption (RSA): In the usual RSA defined on a regular
lattice, an atom adsorbed in a site excludes the adsorption of atoms in the
neighbouring sites. Instead of single atoms one may define RSA of dimers on
a regular lattice in which the two atoms of a dimer occupy two nearest-neighbour
sites of the lattice. In one dimension the two versions are equivalent. One
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then investigates quantities such as the density of particles in the stationary
state [21]. If we define the variable 7}, that takes the value 0 or 1 according
to whether the site i is empty or occupied by on atom of the dimer, then the
relation between this variable and the kink variable 7; is simply 7, = 1 — n;
and the transition rate of the RSA-model is that given by equation (8). A kink
(n; = 1) corresponds therefore to an empty site (77, = 0) in the RsA-formulation.
Notice that not any state {7,} is a possible configuration of dimers. However,
if the initial state is a dimer configuration then any future state will also be a
dimer configuration. Random sequential adsorption is a commonly encountered
mechanism when macromolecules or colloidal particles deposit on solid surfaces
and when gravity effects can be neglected. It goes much beyond the often
inadequate mean-field-like descriptions based on the Langmuir equation. See
[44, 42] for recent reviews, including experimental tests and applications.

(ii) Granular matter: the particles making up granular materials rapidly relax into
one of the very many blocked configurations of these systems. Under the effect of
a gentle tapping, they may jump from one of these blocked states to another.
These question has been raised how to formulate a statistical description of
granular matter in terms of an ensemble of these blocked states. The Edwards
hypothesis states that all blocked configurations (‘valleys’) with the same energy
should be equivalent and that their number can be counted simply in terms of the
configurational entropy (or ‘complexity’) [19]. While this proposal seems to work
very well for mean-field-like models, one of the interest of exactly solvable models
such as the one considered here is that because of their large number of stationary
states, they have a non-vanishing complexity and hence permit a precise test of
these concepts without appealing to mean-field schemes. Indeed, it has been
shown that although the Edwards proposal is numerically quite accurate, it leads
to predictions different from what is found in exactly solved one-dimensional
systems [38, 39, 13, 8, 47, 9]. For reviews, see e.g. [24, 12].

Therefore, we shall present here exact derivations for particle-densities and some
correlators, for two models undergoing a ‘descent dynamics’ where each individual
particle only reacts once through the entire history. The first one simply is the pair-
annihilation model A + A — 0 + () of diffusion-less particles, with the rate (8), and
dual to the Ising model with KDH-dynamics, see sections 2 and 3. The second model
describes the pair annihilation A + B — 0 + 0 of two distinct species of diffusion-less
particles, see section 4. A possible application of the two-species model is related to
the fact that it could be used to distinguish the two types of kinks in the Ising model,
namely 1] = A and |1 = B, such that one would have the duality correspondences

(HP—111) = (AB — 00) , (IH—L) = (BA — 0D)

While the reaction-diffusion processes mentioned above can be treated via the
empty-interval method, the diffusion-free models we shall be considering here can be
treated by its converse [21], which is sometimes called the full-interval method [30]. A
central quantity will be F, := P( 0o .. .0 ), the probability of having n consecutive

n particles
sites occupied by a particle. It turns out that the Fj, satisfy closed linear systems of
equations of motion, to be derived from (8).f Here, we shall go beyond the calculation

1 In contrast with the full-interval method as used in [30, 3], we do not require the condition Fy(¢) = 1,
but shall rather analytically continue the equations of motion to the case n = 0 which will then be
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of mere densities. Since in the context of the empty-interval method, an efficient way
to generate correlators and responses is to consider probabilities of pairs of empty sites
[15, 5, 6, 13, 16, 17], we shall derive correlators by solving the equations of motion
of the probabilities of pairs of groups of occupied sites, separated by a gap. Rather
than restricting to rather special initial conditions such that the solutions of motion
can be guessed my making an appropriate ansatz, we shall present a very general
and easy-to-use generating function method which allows to derive systematically all
quantities of interest for arbitrary initial conditions. The usually considered situation
of initially uncorrelated particles is recovered as a special case.

This paper is organised as follows. In section 2, we consider the diffusion-free pair
annihilation model with the simplifying technical assumption of spatial translation-
invariance. Particle densities and pair correlators are derived exactly, for arbitrary
initial conditions, via a generating function method. We shall study both the cases of
an one-dimensional chain [29, 37, 38, 13] and as well the Bethe lattice [20, 34, 2] as
an example of an effectively infinite-dimensional lattice. In section 3, we generalise to
the case where spatial translation-invariance is no longer required. In particular, our
treatment includes the case of an one-dimensional, semi-infinite system so that one can
study the cross-over from the boundary towards the bulk. In section 4, we illustrate
further the versatility of our generating function technique by deriving densities [34]
and correlators of a two-species pair-annihilation model of immobile species A, B of
particles undergoing the reaction A+ B — () + (. Section 5 gives our conclusions. An
appendix outlines the enumeration of stationary states in the two-species model.

used to define Fo(t) by this differential equation. In this respect the full-interval and empty-interval
methods are quite distinct, although the respective equations of motion look very similar.
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2. The pair-annihilation model without diffusion

Consider the diffusion-free pair-annihilation model, consisting of particles of a single
species A, which sit motionless on the sites ¢ of an infinite linear chain and which may
undergo the only admissible reaction A + A — 0 + 0 with rate 2 between nearest-
neighbour sites. From the master equation (1), with the rates (8), one can derive
the equations of motion for the averages of interest. In general, any average (f({n}))
satisﬁes the evolution equation

P = X Fny) o P}
{n}
:ﬂE:ZNHﬂﬂO*mﬂﬂ*mW(~ﬂ*mﬂhﬂfm%wﬂ
i {n}

— ni—lniP(- .. 771'—1; 771' ceey t)i|
=23 > [ @ =nica), A =n) ) = fF{nD]mamPComicr,mi 3 t)
i
=2 Z (T =nia (), @ =mi(®) - ) = FEnD]mi—a (E)ni(1)) (10)

2.1. Density of n-strings

We shall concentrate on n-strings of n consecutive particles ee...e (or kinks in the
——

n particles
spin formulation of the KDH-model at 7' = 0). Their time-dependent density is

Cu(t) = (m&)n2(t) -1 (2)) (11)
According to (10), the C,,(t) satisfy the equations of motion

L) = — 2m0mBm) ... mn (1)

dt
=2(n = D)m@)n2(t) - .1 (t))
= 2(m ()2 (t) - 1 ()41 (2)) (12)

where we used the relations n? = n; and (1 — 7;)n; = 0 which follow since n; € {0, 1}.

2.1.1. General solution Throughout this section, we shall assume that the initial
conditions display translation-invariance. Since we shall later follow essentially the
same approach towards finding the solution, we explain it here, for the most simple
case, in a little more detail, although the end result for the n-string density C,,(¢) is
well-known, at least for uncorrelated initial conditions [29, 20, 21, 36, 37, 38, 48, 13].
The evolution equation (12) now becomes, for n > 1

%Cn(t) — AC () — 2(n— 1)Ca (D) (13)
To eliminate the last term in (13), let

Cp(t) = Up(t)e 2=t (14)
so that we are left with

d Un(t) = —4U, 1 (t)e™ (15)

dt
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The exponential factor can be removed by setting U, (t) = u,(s), where

-2t _ 1 1
s=2 = o t=-—ZIn(2s+1) (16)
2 2
so that, for all n > 1
d
—Un(8) = duny1(8) (17)

ds
In order to simplify the following computation, and all those shall follow later, we now
define an auxiliary quantity wuo(s) such that (17) is valid for all n > 0. We shall show
below that ug(s) does not enter explicitly into any physical observable of interest.
Equation (17) is now solved by introducing the generating function

L - Un(s) n
F(z,s) = ZOT:E (18)
which in turn satisfies the equation

%F(m s) = Z 74%”1 i

n=0

0
= 4% (x,8) (19)

(n—
which has the general solution F'(x,s) = f(x +4s). Herein, the last unknown function
f is fixed from the initial condition f(x) = F(z,0). We ﬁnally have

F(z,s) = f(4s+x) = F(x +4s,0) (20)

Since the generating function F' is analytic at = 0 by construction, we can expand
it according to (18) and find

_ % (Z 7“’";;!(0) (43)M> " (21)

where we also exchanged the order of summation and performed a change of variable
in the index k. Comparing coefficients of z, it follows that for all n > 0

un(s) = 3 L@ gy (22)

Reconverting this to the function U, (t) = uy(s), the n-string density C,, () is finally

— 2" - m o
Co(t) = —Cmn(0) (72 —1)™ 2=t (23)
m=0
since consideration of the ¢ — 0 limit shows that u,(0) = C,(0) for all n > 0.
Clearly, the physically relevant n-string densities C),(¢) with n > 1 are independent
of the initial value Cy(0), as it should be. Eq. (23) will become an important initial
condition when we shall compute correlators below.
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Figure 2. (a) Time-dependence of the probability Cy(t) of n consecutive
occupied sites, for n = [1,2,3] from top to bottom and for an initially fully
occupied lattice with p = 1. (b) Stationary particle-density C s¢(p) =
lim¢— 00 Cn (t) as a function of the initial density p (full line). The dashed/dotted
lines gives the stationary particle-density on the Bethe lattice for several
coordination numbers z.

2.1.2. Specific initial conditions Eq. (23) is our first result, and gives C),(¢) in terms
of the all initial n-string densities C,,(0). In order to illustrate the physical content,
we consider the case of initially totally uncorrelated particles, with average density p,
such that, for n > 0

Ca(0) = p" (24)
Carrying out the sum in (23) is straightforward, hence

Cn(t) _ pne2p(e’2"71)72(n71)t (25)
and shows the characteristic double exponential in the time-dependence [29, 21, 38,

48, 13].§
Two values of p have a particular interpretation for the KDH-model at 1" = 0.

L. this corresponds to random initial conditions for the Ising spins so that the

probability of a kink is %

p:

[N~}

p = 1: this corresponds to an ordered anti-ferromagnetic state o; = (—1)*, and all bonds
are occupied by a kink.

In figure 2a, we show the time-evolution of the n=string density. While for n = 1,
the density rapidly converges towards a finite value in the limit of large times t — oo,
larger n-strings (with n > 2) do not survive. In figure 2b, we show the dependence
of the stationary density Cjst.(p) = C1(00) = pe~2F on the density p. The decrease
of that density when p — 1 is intuitively accounted for by observing that for p large,

& We point out an important difference with the fairly similar empty-interval method, which considers
the probability E,(t) of finding n consecutive empty sites, see [6]. If in addition one assumes that
Ey(t) = 1, the Ey(t) obey equations of motion quite similar to (13) and which are consistent with
Ey(t) = 1 remaining valid for all times [16]. However, for the diffusion-less case under study in this
paper, even if one starts from a fully occupied lattice initially, viz. p = 1 and admits Cp(0) = 1

Vn > 0, one has Cq(t) = e2t—2(1—e" %) £1.
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Figure 3. Stationary particle-density C gt (a) (full line) which corresponds to the

initial conditions Cp (0) = (n+a)~! (dashed line), as a function of the parameter
a.

many more particles will find a partner for reaction whereas for smaller values of p,
more isolated particles will remain. The maximal stationary density is achieved for
pm = %, where Cyst.(3) = 1/(2e) ~ 0.1839.. .

Usually the initial condition for the RSA of dimers is taken as an empty lattice
which corresponds to all bonds occupied by a kink. In this case C,(0) = 1 and the
well-known results for RSA in one dimensions can be off from (25) with p = 1, including
the stationary density C;(co0) = e~2. It is worth to consider distinct initial conditions
for the RSA of dimers. For instance, consider a configuration of dimers constructed
by placing dimers at a chain as follows. Let us denote by AB a dimer so that a
configuration of dimer will be ABABJABODAB ... where () denotes an empty site.
Walking along the sites of the chain, starting from the origin, if site ¢ — 1 is empty or
occupied by a B atom the probability of site being occupied by an A atom is p and
to remain empty is ¢ = 1 — p. If site 4 — 1 is A, then site ¢ will be B. This defines
a Markov chain whose stationary solution is such that the density of vacant sites is
p = q/(2 — q) and the probability of a sequence of n empty sites is C,,(0) = ¢"/(2 —q)
which we consider to be the initial condition. From equation (23), it follows

2
54 exp [2(](6*215 —1)—2(n— 1)t} where ¢ = ?pp

n

Cn(t) =

(26)

so that Cy(c0) = qe29/(2 — q) = pe~**/0+P) which is a monotonically increasing
function of p. The usual initial condition for dimers is recovered for g = 1.

In order to illustrate what might happen for correlated initial conditions, we
consider the example C,,(0) = (n + a)~! which allows for far more correlated initial
clusters. Then Cy,(t) = [[(a+ n) — T'(a + n;2(1 — e~ 2)] e2aD)(2(e2 —1)) -2~ 2y
1Fi(a+1,a+2;-2)/(a+ 1) and where I'(a, 2) is an incomplete Gamma function [1].
The stationary density is shown in figure 3. This example illustrates that because
of the large number of stationary states, of the order ~ 1.62” on a lattice of L sites
[10, 13, 18], macroscopic quantities such as mean particle-densities depend on the
precise form of the initial condition.
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A physically motivated example for a correlated initial condition is the two-species
irreversible pair annihilation A+ B — @) + () of immobile particles A and B. If Ch,4(t)
and Cq,p(t) denote the average densities of the particles A and B, it can be shown [34]
that C1(t) = 1 (C1,4(t) + C1,p(t)) is part of a set of quantities C, (2t) which satisfy
Eq. (13), but with the initial conditions

P ; N pair
Cr(0) = . . = 27
(0) { Lpa+ps)p™! i nimpair ° P VParB (27)

and where p4 p are the initial average densities of the A, B-particles, respectively. We
shall return to this model in much detail in section 4.

2.2. Correlation of two n-strings

We search for exact correlators of a n-string with a m-string, separated by a
certain distance r, which leads us to compute the averages for observables such as
oo ..o 1 |ee. .. e where the state of the 7 central sites is unknown. We shall also
—— ——

n m
refer to this as a ‘string with a hole of r sites’.

2.2.1. String with an one-site hole In order to extend the methods of the previous
bsecti begin with th f a single-site hole of the fi ..ol 1
subsection, we begin wi e case of a single-site hole of the form e e ooo °

n m

and the average

Cé,m(t) = (m (t) <o Tn (t)nn+2 (t) - -77n+m+1(t)> (28)

For spatially translation-invariant initial conditions, the equation of motion is
d
7 Cnn® = =2[Cri1m(®) + Coa () + (0 +m = 2)Cp () + 2Cnsmia (B)] - (29)
In the same way as in Eq. (14), we set
Cr(t) = un(s)e 2V O (1) = g,y (5)e 200 Fm =200 (30)

and use again the change of variables (16). The equations of motion (29) become

d
Eu}z,m(s) = 2[u7lz+1,m(8) + u}z,erl(S) + 2(28 + 1)un+m+1(8)] (31)

and the definition of the w, m,(s) are extended such that they hold true for all
n,m > 0. We stress that u, o(s) # un(s) # uon(s) are unrelated to the density
of an unbroken n-string, they are rather a computational device without an obvious
physical interpretation. We now introduce the generating function

o~ Unm(9)
Fi(z,y,5) = Z anym (32)
n,m=0 ’ ’

and in order to derive its equation of motion, we compute
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%Fl z,Y,5) =2 ZO n+1, m “}z,erl(S) +2(2s+ 1)un+m+1(8)} n!m!
y —1
=2 Z tn lml +2 Z Yn 7—1)
kel un+m+1(5) (n+m) n, m
+4(2s+1)n20 TR
B 9 0\ — Uk y1(s) k
_Q(ax—l—a)F(m,y,s)+4(28+1)kz_0 T (@)
(242 ) oy
2<6m+a )F<x,y,s>+4<2s+1> oty (33)

k=1

The last term involves the derivative of the generating function F’(x,s) = 0, F(x, s),
see eq. (18), of the n-string density without a hole. We are left with

0 0 0

aFl(ﬂc,y, 5)=2 (% + 8_y) Fl(z,y,8) +4(2s + DF' (2 + 5, 5). (34)

Equations of this kind are conveniently solved by an appropriate change of variables.
We choose Fl(s,z,y) = g'(a,3,s) where a = 2s +x and 3 = 2s + y.|| With our
choice, eq. (34) becomes an ordinary differential equation

0 0 0 1 73_5]1 B , -
(52— 20 ) Fleans) = ol bus) = 425+ D@+ G- 1s9) (39

where «, 8 only enter as parameters. Using eq. (21) for F', we obtain

69( B,s) = 4(25 + 1) ZZ e+ )( + B — 4s)F1(4s)!

o
k= 110

Ukl
4(2s +1) ZZ JE|JI;1| (4s) (a + B — 4s)*

k=0 1=0

4(25 4+ 1) ZZ“"“ nil) (4s) (a4 B — 4s)""

n=0 [=0

=425+ 1)) “"21!(0) (a+p)" (36)

n=0
Remarkably, the dependence on s is merely the rather simple explicit one, such that
the integration readily gives

o) = st 493 280 g 4 a0

n=0
=4(s* +s) Z LH;( ) (a4 8)" + Z LZ'";?E?) ampm (37)
n=0 n,m=0 T

|| To find these, recall that the homogeneous equation (0s — 20, — 20y)F = 0 admits any function
F = f(2s + x,2s + y) as solution, see e.g. [28].
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where the integration constant appears as the additional term g'(a,3,0). We next
express this generating function in terms of the original variables x,y and s:

n+1(0 i u}lmO
Paas) =42 +9) 3 006 g v 3 2O ooy gy
n=0 ’ n,m=0 ’ ’
o~ Uktitmt1(0 m
=4(s>+s) > %gﬂ()@s)“
k,l,m=0 B

0
- Z Z Z EICE 'z(v : l)!(zs)"*’“m’“(%)m*lyl (38)

k,l=0 n=k m=I1
The identification with the definition of the generating function (32) leads to
ul o (s) = 4(s*+5) > “’””*7’”“ ko Z Ul )(2s)k+l (39)

k! k!
k=0 k=0

the unique solution of eq. (31). We also see that neither u, 4(0), nor ug ,,, (0) nor ue(0)
enter into the observables u,lhm(s) with n,m > 1, as it should be. After performing
the changes (16) and (14), the desired correlator becomes

C}l,m(t) = (6_4t — 1) i MQIC (6_2t . 1)k 6—2(n+m_2)t

|
= k!
n+k ml1 ) — k+l _o(ntm—
L I

k,1=0
Finally, since the first line can be expressed in terms of C,(¢), using (23), and since
C} 1 (0) = u}, ., (0), the final solution is

Cé,m(t) = (1 - e4t) Cram+1(t)

> ! 0
+ Z n+k, m-H( ) (e,Qt _ 1)k+l 672(n+m72)t (41)

k!
k,1=0

In the special case of a set of initially uncorrelated particles, with average density
p (or uncorrelated kinks in the KDH-model), we have C}, , (0) = p"*™, C,(0) = p"
and the (n, m)-correlator for a hole of size r = 1 reads

CLon(®) = p7 [p (e = 1) 1] )22t g
As expected, a finite value in the stationary limit ¢ — oo is only found for n = m = 1.
2.2.2.  String with a hole of r sites We now counsider the (n, m)-correlator of two

strings of particles (kinks) separated by a hole consisting of r > 1 sites and define
the average

Crom (@) i= (. (t) - 0 ()42 () - - emegr () (43)
Assuming translation-invariant initial conditions, the equation of motion is, see also
(13]

d r T T r r— r—
Ecn,m(t) = 72[ n+1,m(t)+cn,m+1(t)+(n+m72)cn,m(t)+cn+},m(t)+cnm%+1(t)} (44)
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As before, we split off an exponential factor. The same changes as before are applied:
O (1) =ty 1y (5)e 72 Fm =200 (> 1) (45)
and change the time according to (16) such that the equations of motion become

d T T T r— r—
Eun,m(s) = 2[un+1,m(8) + un,erl(S) + unJrll,m(S) + un,n}qul(s)} (46)

We also introduce the generating function

. — Unm(s) , .,
Fr(e,,s) = Y Sy (47)
n,m=0 ’ ’

whose evolution equation is, for r > 2

0 r r r—1 r—1 xnym
%F x,Y,5) = 2n;0 n+1 m un,m-{-l( ) + unJrl m(s) + Up, m+1( )} nlm)
e 1 > T ym 1
=2
m= 0 m=
) 5 T ym 1
. Z O R Z e
m= 0 m= 1
0 0
25+ a—) (F (9,5 + F"~(2.,5) (48)

As before for the case r = 1, this is solved by changing variables according to o = 2s+x
and B = 2s 4+ y such that the function F"(z,y,s) = ¢"(a, 3,8) obeys the recursion
relation

0 0 7] ag” 7] 7]
(32— 25 ) Freans) = Do) =2 (5t o5 ) Habis) (49

op

We express this recursion in integral form for g"(«, 3, s)

a8, =2 [as (ot 2) 7 Hass) (50)

In order to evaluate this, we consider first a few special cases. In the special case
r = 2, the expression (37) of ¢g'(a, 3, s) leads to

3 2
g*(a,B.s) = 16 (%+%)n§%“"f( ot
+2s Z on(0) b (0] "
o "+ m nm+ n!m!
9*(a, 8,0) (51)
since
9 Un ( ) - ne1 _ e Un2(0) n
5 2 By :g a+ﬂ) 1:;%@%@ (52)
Expanding ¢2(a, 3,0) as
P50 = Y w05 (53)
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and applying (50) once more, we find

4 3

g (o 5, )—64( : +§,)2%“”jf( Ja+ )"

anﬂm
2 Z n+2 m + 2u'}1+1,m+1(0) + u7ll,m+2(0)} W
n,m=0 ’ ’
anﬁm
+ 2s Z n+1 m u?z,erl(O)} W
n,m=0 ’ ’
9*(a, ,0) (54)

By further iterating the procedure, we conclude that the general result is

Sr+1 5" Uptr
QT(Q,B,S)Z4T(2(T+1)!+E)Z) 120 o 1 gy

r s r—1 %) r—I1 r— ) o B
N [Z e )| S (55)
=1

nlm)!
n,m=0 Li=0

and one can indeed check that this solves the recursion (50). Next, we express this
result in terms of z, y and s:

r+1

F(2,y, ) = 47 (2(57 N j_') 3 “nz(o) (ds+ o+ y)"

r+1)! =
+ 2(25)’”71 Z
=1

(2s+ )" (2s +y)™

—1 1
TZ un-l—i,m-i—r—l—i(o)

o | itr—1—1)! n!m!
- st 5"\ o= Uatbtetr(0) ) =%y°
= 4" — T 7 (48)¢
( ( (7’+1)!+7’!)Z Rl By
a,b=0 c=0
%) r (%) r—1i 1 _ _
U . 77_(0) (28)" a(2s)m b Z.ayb
9 r—1 n+i,m+r—Il—1i 56
+bzo ;( °) leo W —l— | n—aim—0 ) aor Y
a’ = = Tn:l; =

in order to identify the coefficients, after an additional rearrangement of the sums

i, . S’l“ ST+1
Uy, (8) =4 (p, + 2m> Untm+r(8)
s)k+t r—1
q ) (2s)
3 G S im0 () G 6
q=0q'=

For any fixed initial condition, this gives the unique solution of eq. (46). The final
correlator is obtained after performing the transformations (16) and then (45) and
relating the initial coefficients C7, ., (0) = uj, ,,,(0)

( —2t 1)k+l+q

oo r—1 gq
r _ 2(n+m—2)t q € —
Chlt) = (DI o B o I U

k,1=0 q=0 ¢'’=0

67% —1)r 67% —1 r+1
+T« rl )+(v+&

) R S () (58)
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Figure 4. Stationary connected particle-particle correlator Cl,l;conn., ot (a)

Dependence on the initial density p, for several values of the particle distance
r. (b) Continuous interpolation of the dependence on the particle distance r, for
several values of the density p. The full dots give the values for r integer.

where we also used the explicit expression (23) for the n-string density C,,(t). This
exact expression of the (n, m)-correlator C,Thm(t) of two strings, separated by a distance
r, for any initial condition, is the main result of this section.

In the special case of initially uncorrelated particles with average density p, one
has C}, ,,(0) = p"*™ so that evaluation of the sums in (58) leads to

n+m
Cr (1) = Co(t)Con (1) = P22 (9 (72 — 1))
—2t
% exp (2p (e—2t — 1)) -1 F (TW +1;2p (1 _ e—2t)) (59)

where 1 Fy is the confluent hyper-geometric function [1], in agreement with earlier
results [13]. For a fixed time ¢, we observe a factorial decrease with 7 of the connected
correlator, which is one of the main differences with what would have been predicted
for weakly tapped granular matter using Edwards’ hypothesis which gives a more
slow exponential decay [19, 13, 24]. For r > 1 large, we find once more the double
exponential time-dependence. For the first few values of r, we illustrate in figure 4
some aspects of the connected correlator Cy, ,,, () — Cp(t)Cy,(t) in the stationary limit
t — oo. In figure 4a the dependence on p is indicated for some small values of r,
whereas in figure 4b, the dependence on the distance r is continuously interpolated
from (59). Clearly, the non-trivial correlations decay very rapidly with increasing r
such that in the stationary state, only very short-ranged correlations persist.

2.3. Densities of n-strings on Bethe lattices

We now consider a Bethe lattice§ with z links per node, see figure 5, and we are
interested in n-string averages C.,(t) := (n;(t)n; (t)nk(t) ...) composed of a string of
n contiguous kinks. The evolution equation for C,(t) involves three kinds of terms

q Following [4], the term ‘Bethe lattice’ denotes the deep interior of the Cayley tree such that the
strong surface effects of the latter do not arise for the Bethe lattice.
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Figure 5. A small portion of the Bethe lattice with z = 3 neighbours.

(34, 48]: two terms (z — 1)Ch41(t) due to the action of the transition rates on the
tail or the head of the string, (n — 1) terms C,,(¢) corresponding to the action of the
transition rates on two neighbouring kinks of the string and (n — 2) terms associated
to branching of the string. In the following, we shall make the important assumption
that these last terms can be approzimated by Cy11(t), i.e. that the correlation depends
only on the number of kinks and not on their relative arrangement. This holds true
if this condition is realised by the initial conditions. The equation of motion then
reduces to

d

dt
We see that the special case z = 2 reduces to the case of the linear chain studied
above. To eliminate the first term in (60), let

Co(t) = —2(n — 1)Cp — 2 (n(z — 2) +2) o1 (60)

O (t) = up (s)e 2=t (61)
and with the change of variables (16) we have the equations of motion, for all n > 0

d

EU"(S) =2(n(z—2)+2)upt+1(9) (62)

As in previous subsections, we introduce the generating function

I - un(s) n
F(xz,s) = ZO v (63)
Applying the equation of motion (62) we find analogously to the chain the equation

%F(m,s) = QZ[n(z -2)+ 2]%271'(8)90”
n=0
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This PDE is solved by separation ansatz F(x,s) = f(x)g(s) so that Eq. (64) becomes

76 [ @ @]
Mﬁ_%( ”fuf”ﬂm} A (65)

~A$ and an equation for f(x)

leading to g(s) =e
2(z = 2)zf"(x) +4f (x) + \f(xz) =0 (66)

that can be recast as a Bessel equation whose solution is

oy BadE) ) L ( e ) NI N ( Z2ix2> (67)

==2 z—2

where J and Y are the Bessel functions of the first and second kinds. The Bessel
function z7"Y,(z) is always non-analytic at the origin z = 0. Such a behaviour
is incompatible with the analyticity built into the generating function F(z,s) by
construction. Hence we must have C\ = 0 for any A\. Moreover, negative values of A
are not allowed since they would induce a complex generating function. It remains

o0 2
F(z, 5) :/ A Bt (=%) g, ( _2) e (68)
0 Z

Introducing the series expansion of the Bessel function

0 ca [ A TP | (-1 o \"| Ly
F(x,s) = / d\ Byz2G=2 [7} ( ) e
0 2(2 - 2) ;nlr (n—i—%?) 2(z - 2)

B e S () e e

we can identify the coefficients wu,, of the generating function
_1)» o0
Un(s) = (=) — / A\ ByA"t sz T3 (70)
D (n+ 25) 20— 2P =t o

We note that, since s € [—1; 0], the convergence of the integral requires that B) decays
sufficiently fast (at least exponentially). In the following, we shall relate the B) to the
initial conditions u,(0). First, note that the initial time coefficient u, (0) is given by
_1)n oo
u, (0) = (1) — / AABy AR (71)
=) e

Expanding now the exponential in the time-dependent coefficients (70) and identify
1, (0), we obtain

—1)" o0 11| (—Xs)k
Un(s) = (=) A B AR Y (=)
2 nt+1i5—% 0 k!
r (n + z72) [2(z —2)]" == k=0
0 (71)n+ksk %

1

P )y (n + %2) [2(z — 2)t =3

= [2(z—2
:Zﬂ(mﬂ

k=0 F(n+232

_ / d\ B, )\n+k+z—i27
0

kD (n iy )2) 0 -
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Because of the asymptotic relation 2°~¢T'(z+a)/T(z+b) = 1+0(1/x) [1, Eq. (6.1.47)],
in the limit z — 2 one recovers the result (22) or the linear chain. The final density
of the n-string is obtained after performing the transformations (16) and (61):

(-2
C"(t)_kzzo o r(n+232)

since u,,(0) = C,,(0). This is the main result of this subsection.
For the special case of initially uncorrelated particles such that C,(0) = p™, we
reproduce the well-known form [20, 34, 2]

Cn(t> _ pn672(n71)t [1 4 (Z o 2)p (1 o 672t):| —(2+(z=2)n)/(2—2) (74)

which in the limit z — 2 indeed reproduces (25). We also see that for z > 3,
the characteristic double-exponential time-dependence becomes a simple exponential
behaviour. This means that the double-exponential forms we have found are a
peculiar feature of one-dimensional diffusion-free systems. In figure 2b we illustrate
the dependence of the stationary particle-density C) gt(p) on the initial density p, for
several values of z. Upon increasing z, this becomes increasingly like the mean-field
result.

Cogi(0) (€72 = 1)F e720=Dt - (73)

3. Pair-annihilation model: the semi-infinite case

We now extend the considerations of section 2 to the case when the initial conditions
are no longer required to be translation-invariant. At the end, we shall use this to
derive densities and correlators of n-strings for a semi-infinite system.

3.1. Densities of n-strings with inhomogeneous initial conditions

When initial conditions are no longer invariant under translation, one has to keep
track of the first site of the string

Casn(t) = (Ma(O)Nat1(t) - - Natn—1(t)) (75)

where n € N as before and a € Z runs over all sites of the infinite chain. The evolution
equation (12) reads

d

Eca;n(t) = —2(n — 1)Cq;n(t) — 2Ca—1;n41(t) — 2Ca;n+1(t) (76)
Following the same steps as in the previous section, we set

Casn(t) = uam(s) e 21! (77)

and change time according to (16) such that the equations of motion read, for all
n>0

d
E“am(s) = 2ua—15n+1(8) + 2Ua;n+1(s) (78)

Assuming for the time being a spatially infinite system, we introduce the generating

function
) 00 Uain(5) 4
Flpa,s) =S 3 Henls) e, (79)

n!
n=0a=—o00
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The evolution equation becomes

ang’zS*QZzua 1n+1 +222Uan+1 a,n

a=—o00n=0 a=—o0n=0
_22 Z Uan a+1 n— 1+22 Z U’U«" a P 1
n=0a=—oc0 n=1a=—00
=2(1 +p)((%F(p,x,s) (80)

where the variable p appears only as a parameter. Consequently, and taking the initial
condition into account, the generating function has the form

F(p,x,s) = F(p,2(1+ p)s + z,0) (81)
Expanding according to (79) and using Newton’s multinomial formula

F(p,x,s) Z Zua" 1+p)s+x)

a=—o00 n=0

- Z Z%%!(O)pa[m;_o5n,m+k+lﬁ(25)m(2ps)kxl:|

a=—o00 n=0

Ugq; m+k+l ) m+k, k.l
Z Z ml k]! p*(2s) px

a=—00 m,k,l=0

oo oo a l oo
P Ua—ksm+k+1(0) (0 otk
DD > 29 (82)

a=—o00 [=0 " om,k=0

By comparison with eq. (79), we find

> Ua—k;m~+k n(o) m
wanls) = 3 Ymtmten @) 3
m,k=0

and we finally obtain the desired n-string density

o0

Ca—k;m-i—k-l-n(o) - m+k  _o(p—
Can(t) = Z e (e 2t _1) e~ 2(n—1)t (84)
m,k=0

As seen above in section 2, only for n = 1 a non-vanishing particle-density persists.
The particular case of homogeneous initial conditions (23) is recovered when setting
Coa—kym+k+n(0) = Crtk1n(0) and rearranging indices.

We illustrate the physical content by considering the initial condition

. 1 ;ifa>0
Ca;n(o) = @(a)p ’ @(a) = { 0 s ifa<0

which describes a semi-infinite system confined to the positive half-axis a > 0 and with
uncorrelated particles of average density p. First, our result gives an interpolation

(85)

between the particle density Co;1(t) = pexp (p (e72' — 1)) 2 pe~ P right at the

surface and the form (25) Coo;1(t) = pexp (2p (e7% — 1)) 2% pe=2 deep in the
bulk. Right at the surface, the stationary particle density varies monotonously with p
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Figure 6. (a) Stationary particle-density C; g (p,a) on a semi-infinite chain,
as a function of the initial density p for the distances a = [0,2,4,3,1] from the
boundary at a = 0, from top to bottom (dash-dotted lines for a > 1). (b)
Continuous interpolation of the dependencies of C st (p; a) on a, for several values
of p. The full dots give the values of C g (p,a) for a integer.

which is no longer the case if one penetrates into the lattice, see figure 6a. From (84),
we find for the stationary particle density

a Nk
Crst(pia) i= lim Cy(t) = pe™” > (k—p[)
k=0
= pe P [14 (1) 1 Fi (a+1,a+2;p) /T(a+2)] (86)

In figure 6, several aspects of this stationary density are displayed. Figure 6a
shows the dependence on p for several distances a from the boundary. The asymptotic
bulk form is rapidly reached, a few lattice sites away from the surface are sufficient.
However, the approach towards to bulk is not monotonous. The approach towards the
bulk becomes considerably slower with increasing initial particle-density. Figure 6b
shows the dependence of the stationary density on the penetration depth a, for a fixed
value of p. We clearly observe an oscillatory behaviour as a function of a. This is
natural, since in the stationary state both nearest neighbours of an occupied site must
be empty, which leads to an effective anti-correlation of the particles.

3.2. Correlation of two n-strings with inhomogeneous initial conditions

8.2.1. String with an one-site hole Analogously to section 2, it is useful to consider
first a (n, m)-correlator of two strings which are separated by a hole of a single site.
Consider the averages

C;;n,m (t) :== (MaMat1 - NatnNatnt2 - Natntm) (87)
which satisfies the equation of motion

d o

E asn,m

)= —2(n+m—2)CL. ..(t)

a;n,m

- 20;—1;n+1,m(t) - QCi;n,m-l—l(t) - 4Ca;n+m+1(t) (88)
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which naturally generalises (29). As usual, we define CJ.,, . (t) = ul., ,(s)e2(rm=2)t
and also use (16) to obtain

d

&u}z;n,m(s) = utllfl;nJrl,m(S) + urlz;n,erl(s) + 2(28 + 1)’U/am+m+1(8) (89)

The next step is the definition of the appropriate generating function

Fl(p,z,y,s) : Z Z anT: :ﬂ pray™ (90)
a=—o0n,m=0

which can be shown, after a calculation analogous to the ones in section 2, to satisfy
the equation

1OFY(p,z,y,s) OFY(p,z,y,s) OFY(p,x,y,s)

- ) ? ) — ) ) ? ) 9y ) 2 2 1 F/ 91

5 s p o + 9y +22s+ 1) F'(p,x +y,5)(91)
where F' = F(p,x,s) is defined in (79) and F' = 9, F. To solve this, we perform the
change of variables

G'(p,a, B,5) = F'(p,x,y,8) , a:=2(0+p)s+a+y , f:=a—py (92)
and find the simplified equation

l@Gl(p,a,ﬁ,s)

=22s+ 1)F'(p,a —2(1 + p)s,s) = 2(2s + 1)F'(p, «,0) (93)

2 ds
where in the last step eq. (81) was used. Integration gives
G'(p,a, B,8) = 4s(s + 1) F'(p, , 0) + G (p, o, 3, 0) (94)
and from the initial condition and the definition of G, we also have
+5 a—p
G (p, o, ,0F1<,p0‘ : ,0) 95
(p.0,5,0) = ' (p B2 S (95)

Inserting and converting back to the original variables, a straightforward but just a
little tedious computation leads to

Nt Nt Ua;m 0 m _a
F (.., 5) = 25(s + 1) Z S Lm0 o1 4 p)s gy

a=—o00 m=0

+ Z Z ainm() 2p5+$] (25 4+ y]" p°

a=—o00 n,m=0

>R [i (4 | o
n! m! il Ua—kintkm—e+k

a=—o00 n,m=0 (=0 k=0

oo

> ety (2s ke k
+2S(S+1) Z pn! WZ’JL' [ k/") Z ( / >Ua ln+k+m+1(0)]

a=—oo n,m=0 k=0

and from which we can read off the coefficients

1 = (25)e+k 1
ua;n,m(s) = Z 0 k! ua—@;n-ﬁ-@,m—i—k(o)

£,k=0
00 k k
+2s(s+1) Z k' ( ) Ua—t;n+k+m+1(0)
k=0 =
> l+k
Z f‘ k" utlz—é;n-i-ﬂ,m—i-k(o) +25(s + Duain+m+1(s) (97)
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At this point, it is an useful exercise to check that this is indeed the unique solution
of the equation of motion (89).

3.2.2. String with a hole of r sites We are looking for the general (n,m)-correlator
of two strings, separated by a hole of r sites, defined by

Cg n m( ) = <77a77a+1 -+ Ma+nMNa+n+r+1 - - - 77a+n+m+r> (98)

and which satisfies the equation of motion, with r > 2

d
—C t
dt Ca,n,m( )

- 2C¢7zwflm+1,m(t) - 2Cg;n,m+1( ) CT ! ( ) CT ! (t) (99)

an+1,m a;n,m-+1

—2(n+m —2)Cl

anm()

This may be simplified as usual by defining C7., .,
using (16), we obtain, for r > 2

d r r r
&ua;n,m(s) = ua—l;n+1,m(s) + ua;n,m-{-l( ) + ua n+1 m( ) + ua n m+1( ) (100)

In principle, we could again define a generating function and solve the corresponding
differential equation. However, the great similarity between the results of sections 2
and 3 allows us to write down immediately the expected solution

[e’e) é+k r—1 q
. q ) (25)
W) = >0 B zz st O (5 ) B

|
£,k=0 q=0q'= 7
r ST+1
(Z 2 ) U 101
v (G (Hl)!)u,H(s) (101)

valid for n,m € N, a € Z and all integers » > 1. Here, we have also used the solution
(83) for string-densities without a hole. Indeed, it is a straightforward matter to verify
that this expression indeed solves eq. (100) and it obviously satisfies the required initial
condition for s = 0. Hence we have found, for any fixed initial condition, the unique
solution of (100). For a rapid check, note that in the case of spatially translation-
invariant initial conditions, we recover our previous result (57). Finally, we find the
desired (n,m)-correlator, valid for all n,m € N, a € Z and r > 1

e—2t _1)" e—2t _ 1)L
an m( ) =2" <( 7l ) + ( (7“ ¥ 1))| 62(T+1)tca;n+m+r(t)

,2( + 2)t > q (e—2t _ 1)k+€+q
S Z Z Z €n+l+q q' m+k+q’ (0)< q/ ) W (102)

0,k=0 q=0 q’=0

which is the second central result of this work.

We illustrate the physical content of this result for initially uncorrelated particles
of average density p, confined to the right half-plane. Then the initial correlator is
Cirnm(0) = p"™O(a) and the initial density was given in (85). The stationary
connected particle-particle correlator is read off from (102), where I'(a,z) is an

incomplete Gamma function [1],
2;1,1 - Ca;l(oo)ca-i-r-i-l;l(oo) (103)
_ pe2l0ta—p) [T +r—2) e T(1+rta—p) 2(-p)
I'(l1+a) INGREY F'l+r+a) I'(r+2)
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Figure 7. Stationary connected particle-particle correlator C” from

1,1;conn., st

eq. (103), for the initial densities (a) p = 1/2 and (b) p = 1, and for several
penetration depths a, counted from the boundary. The full symbols give the
values for r integer.

and depends not only on the distance r between the particles but also on the
penetration depth a of the leftmost one. This connected correlator therefore describes
correlations between a particle close to the surface and another one more deeply
situated in the bulk. In figure 7, the connected stationary particle-particle correlator
and its factorial spatial decay is displayed for two values of the particle-density. It
shape strongly evolves with changes of the penetration depth a.

4. Two-species annihilation model without diffusion

We now consider two species of immobile particles, denoted by A and B that can
occupy the nodes of an infinite chain. The only admissible reaction is the pair-
annihilation between nearest-neighbour particles: A + B — () + (), with rate 1. As in
the single-species model treated above, the number of stationary states on a chain of
L sites grows exponentially with L and is of the order ~ (\/5 + 1)L, see eqs. (A.5,A.7)
in the appendix for details. If n; € {0, A, B} denotes the occupation of the i-th site,
the transition rates in the master equation (1) read

Wi({ﬁ} - {77/}) = Z [577i7A5"7i+1-,B + 5771;73577#1714} 5n§,@5n£+1,@ H 677]‘-,77]/' (104)
i jé{ii+1}

4.1. Probability of a n-string ABABAB ...

4.1.1. General solution Since reactions occur whenever AB-pairs meet, we consider
the probability of having sequences of n particles, consisting of uninterrupted pairs
ABABAB...or BABABA...
A, = P(ABABAB . ) = (0n,,40n,,B0n5,400,.B - - -)
n sites
B, =P(BABABA...) = (0,,,861,,A005,80n.,4 - . .) (105)

n sites
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Starting from the master equation

d

TPkt =D Pl twi({n'} = {n}) = P({n}st)wi({n} — {n'})] (106)
{n'}

the evolution equation of A,, is

%An = Y Snadns - [PU N thwi{n'y = {(n}) = Pn}hwil{n} — {n'})]

{n}tAn'}
= — Z (6771114677273 . 6771114677;73 .. ) wi({n} — {n/})P({n};t)
{n}.An}
== Y S (b — Gy abuyn--) { 11 5,”7,7;}
{ntAn'} ¢ Jj{i,i+1}
X (0,40 1,B + O BOni i1 ,4) O 00y 0 P({0}i1) (107)

The two terms in the parenthesis cancel unless j = or 7 =i+ 1. When it is the case,
the second term vanishes because of the factor d,/ pd,,  ¢. It remains

n+1

d
EATI = - Z Z 57717145772,3 cee (5771'714577#173 + 5777;73577#1,14) P({U}; t)
{n} =0
n+1
= Z<57717A5772»B - (5"7i7A577i+17B =+ 577i7B577i+11A)>
1=0
= 7Bn+1 — (TL - 1)An - AnJrl (108)

where the first term is due to a transition rate acting on the first site of the string
(meaning that a B was present in front), the second to transitions in the bulk and
the last to an annihilation involving only the last site. Analogously, B, satisfies the
evolution equation

d

EBH = 7An+1 — (TL - 1)Bn - Bn+1 (109)
We obtain a set of two coupled differential equations similar to (13). The method of
solution close follows the one used in the previous sections. We perform the following

change of variables
Ap(t) = un(s)e™ ™Vt B (t) = vp(s)e” TV si=eTt— 1 (110)

so that the equations of motion become, for all n > 0

d d
gun@) = Un+1(8) + vn41(s) gvn(s) = Vpt1(8) + un+1(s) (111)
These two equations can be decoupled by the further change of variables
Xn(8) :=un(s) —vn(s) , Yo(s) :=un(s) +vn(s) (112)
for which the evolution equations read
d d
Xn(s) =0, Yo (s) =2Y,41(s) (113)

ds ds
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The first equation gives trivially X,,(s) = X,,(0) while the second one reduces to (17),
up to a time-rescaling so that we have Y,,(s) = C},(s/2), with the proper identification
of the initial condition. Adapting (23), we find

oo

1 1 1 om _ m
Up(s) = 5(Xn(s) +Yn(s) = 5Xn(0) + 5 Z:O Y in(0) (et —1)
1 1 1 > 2m ¢ m
Un(s) = 5(Yn(s) — Xn(s)) = ~5%n(0) + 3 > — Yo 4n(0) (e7t—1) (114)
m=0 ’

and the probabilities of the two n-strings finally are

_ 1 o 2" —t m| —(n—1)t
An(t) = 5 An(O)an(O)quZ:OW(An+m(0)+Bn+m(0)) (e7t —1) ‘|e (n=1)

. 1 > 2m —t m —(n—1)t
Bu(t) = 5 | Ba(0) = 4n(0) + mZ:O — (Ansm(0) + Buym(0) (et —1) ] e

(115)

This is the first main result of this section.
As a preparation for the computation of the correlators below, we also define the
generating functions

F(z,s) = Zun(S)% , G(z,8) = Zvn(s)g ’
n=0 ) n—0 .

oo

X(z,s):= an(s)% , Y(x,s) = Zyn(s)i—r: (116)
n=0 : n=0 ’

which are to be found by solving the differential equations
OF _OF 0G _0G X _ oy _ 0¥
ds Ox Ox ds = Os " Os Ox
In particular, we see that the equations for X (z,s) and Y (x,s) decouple and we
recognise those already treated in section 2. We are thus back to (115).

(117)

4.1.2. Homogeneous initial conditions We assume that A and B particles are initially
randomly distributed on the lattice without any correlation among them. If the
densities are denoted ps and pp (such that 1 — py — pp is the initial density of
vacant sites) then

. . e[l (=D 1—(=1)" [p
An(0) = g = (papyr | IR fon
2 2 PB

. N e [T+ (=D 1= (=)™ [p
B (0) = DVl = (papmy? | FE 4 A2 fon] (115)

where [z] is the largest integer smaller than 2. The densities of the n-strings follow
from (115)

1 1 + —t_ 1 —
() = gloapa) e [ (14 G2 TR YT (1) 4 002l |
1) Kl N EM) o—2vFaTE (e =1) _ EM} }
2 \/paps 2 \/pars
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Figure 8. (a) Time-dependence of the particle-concentrations a(t) = Aj(t)
(full lines), with a = 0.5 and 8 = [0.1,0.3,0.5] from top to bottom and

b(t) = Bi(t) (dashed lines) with &« = 0.5 and 8 = [0.1,0.3,0.5] from bottom
to top. (b) Stationary particle-densities a(oo) = Ay gt (full lines) and b(c0) =
B & (dashed lines) as a function of the initial density p4 and for the ratios
pBypA = [0.25,0.50,0.75,1.00] from top to bottom for the A-particles and from
bottom to top for the B-particles.

1 1 —t 1 —
Bu(t) = 5(papp)"/2e V! { [(1 + 5%) (VAP (e~ -1) 5%]

1pA+pB) 9 (e t-1) 1/)A—PBH
+(=D)" |1 - L2 ) e72Vrars (e + - — 119
=) [( 2 \/pAPB 2 \/papB (119)

and which for n = 1 reproduces the known result [34].

In figure 8a, the relaxation of the particle-densities A;(t) and Bi(t) towards
their stationary values is illustrated. In figure 8b, the stationary densities are shown
themselves, as a function of the initial parameters p p.

4.2. Correlations between two strings ABAB ... separated by one site

We now consider the probability to observe two strings separated by a single-site hole

AL, =P(ABABAB.. [ 1]...ABABAB..,)

n sites m sites
_ { (001, 4005.B - - Onp A Onpio A0y 5. BOny A ---) 3 if n impair (120)
(01,4005, -+ O B Onpy0, B0, AOn, s, B -+ -) : if n pair

By definition, the leftmost particle is A (thus the name of this quantity). The first
block consists of n particles of alternating species A and B. The second block similarly
consists of m particles of alternating types. The important point is that the last
particle of the first block is the same as the first of the second one. The particles on
even (odd) sites are all of the same type. The state of the site in the hole is unknown.
In the same manner, we also define the quantity
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B!, :=P(BABABA.. [ 1|...BABABA..,)

n sites m sites
_ <57711357721A s 577an 577n+213577n+3114577n+4,3 - > ; if n impair (121)
<57711357721A s 57771114 577n+27A57]n+313577n+47A .- > ; if n pair

but here, the leftmost particle is B. By exchanging A and B particles, A}Lm is
transformed into B}, ,,,. The equations of motion are obtained using (107)

d o

E n,m _B711+1 m (n - 1)A'}z,m - 2A"+m+1 - (m - 1)A'}z, A}z m+1
d
E 711,m = _A711+1,m - (n - 1)B711,m - QB"'HTH‘l - (m - 1)B'r117 B'rlz ,m—+1 (122)

where A,, and B,, are the correlations of a string of particles without holes previously
calculated. Next, we perform the habitual change of variables s = et — 1 and

A (1) = g 4 (8) €TI0 BL L (8) = g (s) e (R (123)
while for the non-interrupted 4,, and B,,, we use again (110). This leads to

d 1 1

gun m(s) = UnJrl,m(S) + 2(5 + 1)’U,n+m+1(8) + un,erl(S)

d

T3 Ve (8) = a1 m(8) + 205 + 1)vntmi1() + Uy gy (5) (124)

This set of equations cannot be decoupled at this point by defining linear
combinations of them as in (112). We therefore introduce the generating functions

1 — 1 z"y™ 1 — 1 z"y™
F (:anas) = n;:()un,m(s) lml G (:anas) = n;:O vn,m(s)m (125)

and recall the definition (116) of F(x,s) and G(z, s) for the correlation without hole.
Multiplying the evolution equations by TT and using the fact that

Z un+m+1 Zuk+1 :c+y Z Uk~ Ny :c+y - [Z Uk~ z+y (126)
n,m=0
we obtain (with F'(x,s) = 0, F(x, s) and G'(z,s) = 9,G(x, s))

aa_zzl = aa_Gl+2(s+1)F,(x+y)+aa_1;1

86—21 = 88—1;1+2(s+1)G'(:c+y)+ 86—(21 (127)

Letting now

X' (a,y,8) = Fl(z,y,5) — G'(2,9,5),

Yi(z,y,s) = F'(x,y,s) + G (z,y,s) (128)
the set of equations decouples

0s X' = (=0, +0) X  +2(s + VX' (z + v, 5)

O Y = (0, +0,))Y' +2(s + )Y (x + v, 5) (129)
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where X (z,s) = F(z,s) — G(z,s) and Y (z,s) = F(z,s) + G(z,s). The solutions of
the homogeneous PDEs are

Xl('rvyas) = Xl(s -8 +y) ) Yl(.CC,y,S) = Y1(5+1‘55 +y) (130)

In the following, we denote avy := s + x and 3 := s 4+ y and we perform the following
change of variables

Since
da_ da_ ds dp
X —(— X' =gl 4 [ —= + == 1, (48 4b 1 5..1(139
Os (—0x+0y) OsT +( s + T )aax +(ds dy) Jpx' = Osz (132)
and
d & (z+y)"
/ _— —_—
X'(z+y,s) = dxnz%Xn(O) p
n 1
n—l)
x-i-
72Xn+1 y)

:ZXn—i-l — ?—ﬁ)

= Y D Km0 (1)
n,m=0 ’ ’

because X,, does not depend on s according to (113), the equation of motion for x!
becomes

1 _ - _1\n nﬁm

wHa, B,8) = 2(s+1) 20< D" Xk 1 (0)— (134)

This is readily integrated and gives
[e%s) B Ckr_lﬁm

at(a-, B,s) = (s* + 2s) ZO(*U Kntm41(0)—rr + zt(a-, 8,0) (135)

The last term is written as a series
%) . Oézﬁm
2'(a-,B8,0)= > (-1) Xrll,m(o)m (136)

n,m=0

The presence of the oscillating factor (—1)™ is required for X}Lm(O) to be equal to the
initial value of X', as can be verified a-posteriori. Its origin can be found in the fact

that a— = s — z leading to a factor (—z)™ in the serie when ¢ and thus s vanishes.

The generating function X! is now

XY (z,y,8) =2 (s — 2,5 +y,5) (137)
3 (s —x)"(s+y)"

= > (D" [(s* +25) Xamr1(0) + X1 1, (0)]

n,m=0

n!m!
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_ i n+k S +28)X (0) +X1 (0)] sk+l(—$)nym
T e ntmkri notkymet nl kI m! !
B oo (_S)ksl - Sk-i—l xnym
- = |:(S + 28)X771+m+k+l+1(0) ]{J' l' + ( ) Xn+k m+l(0) k' l' n' m'
o o SkJrl xnym
- H;ZO (S + 25) n+m+1 + kgo n+k,m+l (0) k) nlm)!
where we have used the fact that
k n—k __ - QAp n __
D IL 5 DY TS D 9 LT C
k,1=0 n=0
Similarly, the second equatlon (129) gives
(2s)'(z +y)"
= 2(5 + 1) Z Yn+l+1(0)T
n,l=0
& (25)! ey + B — 25)"
=2(s+1) Z Yit141(0) T
n,l=0
(25)10/;57”(—25)’C
1) Yiim 0
2(s+ nm;l o metii41(0) nlm! k!
=2s+1) Y Yorm41(0)— (139)

n,m=0

where we have used (114). Again the s-dependence disappears and the integration
leaves

1 .2 S aypm 1
) (O“ra ﬂa S) - (S + 25) H;ZO YnerJrl(O) nlm) +y (O“ra ﬂa 0) (140)
The last term is written as a series
an ﬂm
yl O[+,/3, Z TLTm' (141)
n,m=0 ’ ’
The generating function Y'! is thus
z5y7s :y S+x7s+y7s
yl 1 142
=3 (57 4 29)Yarma (0) + Y, (0] B EY)
= ’ n!m!
0 k+l n,m
Yy
= > [+ 29)Yarmirrr1(0) + Vg g (0)] PPy
n,m,k,l=0
0 0 k-+1 n,,m

2 S 2
Z (s +2s) ZYn-i-m-‘rk-i-l 0 k:' + Z whm (0 k'l' n!m!
n,m=0 k=0 ky1=0
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Taking the sum and the difference of (138) and (143), we recover the generating
functions F! and G' and then the coefficients u}c’l and v,iﬁl by identifying the

n,m
coefficients of £
n:m

1 52+ 2s = 25)k
U (5) = 2 (Xnm9) 4 V() = 22 Koin(0) 4 3 Vasiin (02 ]
k=0 )
1 & . SkJrl
+ 5 Z ((71) X7ll+k,m+l(0) + Y n—+k,m+l (0)) kN
k,1=0
(143)
and
1 52 4+ 2s = 2s)F
Uy (8) = 5 (Ynm(s) = Xnm(s)) = 5 ~Xntm+1(0) + Z Yn+m+k+1(0)(T
k=0 ’
1 & SkJrl
+5 2 (DX a0+ Yl (0) 75
ke, 1=0
(144)
Applying now the transformations s = e~ — 1 and (123), we finally obtain
1], _ > 2k (et —1)"
A,lhm(t) =3 [(e t_ 1) (e b4 1) (Xn+m+1(0) + Z Yn+m+k+1(0)(k7!)
k=0
> (et —1)""
+ Z (“1)* X g mr1(0) + Yok st (0)) T e (mtm=2)t (145)
k,1=0
and
1], - _ > ok (e=t —1)"
B () = 2 [<e 1) (et ) (xn+m+1<o> + kzoynmmo)%
- k+1y1 (' - 1)k+l 2
+ k; (D X1 (0) + Yok st (0)) T T em(mtm=2t - (146)
=0

4.8. Correlations between two strings ABAB ... separated by r sites

We now consider the probability to observe two strings separated by a hole of » > 2
sites and define

Ar = P(ABABAB.. [T ]...ABABAB..,) (147)
n sites m sites
(001, 40058 - - On A Onpri 1 Ay i0.BOniris A ---) 3 if n impair, 7 impair
B ( 7711A67727 OnnB O . BOnnsryn, AOnsris.B --+) 5 if m pair, r impair
o (001, 40058 - - Onp A Onpsri 1. BOnyt 0, AOniris,B ) 5 if n impair, 7 pair
(01, A005.B - - - Oyt B Onpyri1, AOns i, BOns s, A - ) 5 if m pair, r pair

The leftmost particle is again A (thus the name of this quantity). The first block
consists in n particles of alternating types A and B. The hole corresponds to r sites.
The second block consists in m particles of alternating types. The important point is
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that the particle types in the second block is completely determined by the first block.
If n+ 7 is odd, the first particle of the second block is B while it is A if n + r is even.
The state of the r sites in the hole in unknown. In the same way, we also define the
quantity

B, =P(BABABA. [T]...BABABA..)) (148)
n sites m sites
(01, BOns,A -+ Onp B Onpsri1, BOnsr 0, AOnsyis,B ---) 5 if mimpair, » impair
_ (01, BOns, A -+ Onp A O A0, BOnsrig A --2) 5 if mopair, r impair
B <5n1 35772 A 6nn,B 57771+T+11A5nn+7‘+27B5nn+r+31A > 3 if n impair, T pair
(001, 40058 - On B Onppsr i1, BOnri0, AOnsryn, B ---) 5 if m pair, 7 pair

In spite of these complex-looking definitions, the equations of motions have the
relatively simple form, found by using (107)

d T T T T— T— ks T

EAn,m = 7Bn+1,m - (TL - 1)An,m - An+11,m - An,’n}ﬂrl - (m - 1)An,m - An,erl

d T K T T— T— T T

EBn,m = 7An+1,m - (TL - 1)Bn,m - BnJri,m - Bn,’n}LJrl - (m - 1)Bn,m - Bn,erl
(149)

As before, a first simplification is obtained by making the change of variables

AL (t) = ()™ DB () = oy (s)e” TP s =Tt -1 (150)

and we have
d r—1

_uz,m(s) = ’U:H-l,m(s) + unJrl,m(S) + u:z,_niJrl(S) + U:L,m-l-l(s)

d -1 —1
T U (8) = Unpam () +0n 3 () +0n 501 (8) + 0 g (5) - (151)
As before, we assume these equations to be valid for all n,m > 0 and emphasise that
Up o 7# Uy 7# Up, and similarly for the v. We then can introduce the generating
functions

" T i - o 2
Frays)= Y whn) ol Gy = Y o) Sl (152)
n,m=0 n,m=0
Multiplying the evolution equations by %, we obtain
OsF" = 0,G" + Oy F" + (0 + 0y) F" 1
0sG" = 0, F" + 0,G" + (0, + 0,)G" " (153)

Letting now

X"(z,y,8) = F"(z,y,5) — G*(z,9, s),

Y7 (x,y,s) = F"(z,y,s) + G*(z,y, ) (154)
the set of equations decouples

s X" = (—0p + 0y) X" + (0p + 0y) X" !

QY™ = (0p +0,))Y" + (0 +0,)Y" ! (155)

As before in the case r = 1, and following standard techniques [28], we denote
a4 := stz and 8 := s+ y and we perform the following change of variables

Xr(z’y7 S) :xr(af’/g’s) Y Yr(z’y7 S) :yr(a+7ﬂv S) (156)
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Since the relation (132) holds also for X", the PDE for 2" is

2" (a—,B,8) = (0r + 0y) X"t = (=04_ + 0p)a"* (157)
The case r = 2 is obtained from (135):
xQ(a_,ﬁ, s)
= (B +00) D [+ 29) () K (0) + ("KL, (0] SO0 158)
n,m=0 ’ ’
= 3 2+ 29) (1) Kmsal0) — (KL 0) + (1)KL (0)] S
n,m=0

which leads after integration to

2*(a-, B,s) = 2*(a-, 5,0)

a gm
2 0 2 (54 97) Kurmea0) + XL 0+ XL 0] S (159
n,m=0
where
) . O/iﬂm
2*(o, B,0) = Z (-1) Xgm(o)m (160)
n,m=0
We can infer the solution for a general r :
. L, ST s" N a gm
X (Oé_,ﬁ,s) = n;:02 (m + F) (—1) Xn+m+r(0)m
> L Hm Am
X l S a76
> (-1 ZZ Xtpomst-pO St (161)

n,m=0 =0 p= 0

Expressing now this quantity in terms of the original variable x and y leads to

XT(:L',’%S) = SCT(S*;L',S+y,S)

R A S L W (s —a)"(s +y)"
- > (5 +r!)< DX (0)

n!m!

W r+1)!
0 l n m
- s' (s —x)"(s+y)
+ 2 ZZ O
n,m=0 =0 p= 0 ! ’ T
0o ST+1 s" a+b nym
= 2" ——— 4+ — | (= 1) X tmta P(0)—————
Zm <(r+1)!+r!>( )Xntmtatorr (00
a,b=0
! ca+b,.n,m
X l s S Yy
* Z ZZ Xotpram+i-proO) T T
I =0 p=0"
e SrJrl s" znym
= 2" ———— + — | Xooemar (0
n;O ((T+1)!+7’!) * +()n!m!
e l l a+b n,,m
a X l s S Yy
2 lz;pz;pv zf Xotprami—proO) 7 Trormy - (162)
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where we have used (138).
The same procedure has now to be applied to the calculation of y". Similarly to
(132), the PDE for y" is

sy (0, B,5) = (O + 0,)Y" ™ = (O, + 0p)y" ™ (163)
The case r = 2 is obtained from (140):
> a™ Bm
8sy2(a+a /85 S) = (aGHr + 8ﬁ) n;:o [(52 + QS)Yn+m+1(O) + Ynl,m(())] n—"'_m|
oo a™ ﬂm
= 3 2429Vt msa(0) + Y (0) 4 ¥ (0] S (164)
n,m=0 ’ ’

which leads after integration to

yQ(aJrvﬂvS) = y2(a+,ﬂ,0)

o] 83
+ Z {2 <§ + 52) Yoimt2(0) + Y,y (0)s + Y, 1 1(0)s

n,m=0

alt g™

n!m!

(165)

where

an ﬁm
y O[+, /85 Z nTm' (166)
n,m=0

We can infer the solution for a general r :
; o i, Sr—i-l s" O/Jlrﬂm
Yo fs)= 3 2 ((—) n ﬁ> Vi (0) 25

r—+1)! n!'m!
n,m=0

& I ,nAam
yr— l S Oé+ﬂ
+ > E:E: ST ermesi=o O (167)

n,m=0 =0 p= O
Expressing now this quantity in terms of the original variables = and y leads to
Y'(z,y,8) =y (s +z,5+y,s)
T (s+x)"(s+y)™

e} S Sk
-2 <m+—) PO )

n,m=0

> st (s —x)"(s m
+ Z ZZ | 7f+15,m+l p(O)F( 7)l|7(71'+ y)

n,m= OlOpO

S i, Sr—i-l s" (28)cxnym
Z 2 (7) + ﬁ) Yn+m+c+r(0)7

(r+1)! nlm!c!

n,m,c=0

| ca+b,.n,m

o0
yr— l s S Ty
+ Z ZZ ) Y pramti- p+b(0)ﬁm (168)
n, WL 1=0 p= 0
Finally, the original generating functions F" = 2(X"+Y") and G = 1 (= X"+Y")
can be formed and the coefficients wy ,, and vy . extracted from their series
expansions. We find
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i 1 i r+1 s” & (28)6
un,m = 5 [2 ((T ¥ 1)! + F) {Xn-i-m-i-r(o) + Cz:(:)yn-i-m-i-c-i-r(o) ! } (169)
r—1 I Sl+a+b

ayr—I r—I
+ Z Z p! (l _p)! [(71) Xn+p+a,m+l—p+b(0) Yn+p+a m+l— p-‘,—b(O)} Nalb!

c!
c=0

0
[QT (ﬂ ' S_T> { = Xnmer(0) + i Yotmetetr(0) (28)0}

! gltatb
a+1 yr—I r—I1
+ Z Z p! (l _ p)! [( ) Xn+p+a m+l— p+b(0) + Yn+p+a m+l— p+b(0)} Dald!

The correlations follow, for all integers r > 1

1 (eft o 1)r+1 (eft o 1)r
An () =2 |2" 1

=3 2 (S + (170)
= 2¢(e”t —1)°

X {(An-i-m-i-r (0) - n+m+T + Z n+m+c+T ) + Bn+m+c+T (0)) %
c=0 ’

oco r—1 1
+ Z Z 1 + A:L-‘rlp-'ra m+l— p+b(0)

a,b=0 =0 p=0
(e—t _ 1)l+a+b

o r_l & =) | —(n+tm=2)t
+ (1= (=D) B tamtips(0)] Pl (1 — p)lald! ] ¢

and
1 (e—t _ 1)T+1 (e—t _ 1)7"
BT — 27‘ 1 1
() 2{ ( G I )
= 2¢(e~t —1)°
x {B"erJrT (0) - ”JFmJFT + Z n+m+c+r ) + Butmtctr (0)) 7( o ) :|
c=0 :

r—1

l
Z Z A;Jrlera m-+l— p+b(0)
=0

p=0

+ 2
a,b=0
r—1 (6715 - 1)l+a+b —(n+m—2)t

+(1+(-n° )Bn+p+a mAl— p+b(0)] Pl (I —p)lald! €

which is our last result. In the stationary state, only the density-density correlations
AY; and Bf ; survives.

4.8.1. Homogeneous initial conditions As before, we assume that A and B particles
are initially randomly distributed on the lattice without any correlation among them.
The densities being denoted p4 and pp, the initial correlations reads

A7 (0) = (papp) /2 [1 - (271)" b (271)71 \/%] (172)

" {1+(21)m N 1*(2*1)’” <1+(21)"+’“ /p)_er 1(21)71”\/%)]
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Figure 9. Stationary connected particle-particle correlator Al,l;conn., st (open
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symbols) and BT &t (full symbols) with respect to the distance r between

1,1;conn.,

the two particles. The different symbols correspond to different values of the

initial densities.

B}, (0) = (papp) "t/ [1 - (2—1)" + = (2—1)" \//pzj]

T+ (=1)™ 1—(=1)™ /(14 (=1)"*"
X{ 2 T ( 2

PB4

pA

1 (—1)m+7

2

Voo

The connected density-density correlations in the stationnary state, as given by (170)
and (171) in the limit ¢ — +o0, are plotted in figure 9. Qualitatively, the behaviour
is similar to the one found above in the single-species model.

5. Conclusions

We have been studying densities and correlators in interacting-particle models with
immobile particles and irreversible reactions which have an exponentially large number
of stationary states. These models are relevant in the context of RSA or else for weakly
tapped granular systems, since they have a non-vanishing configurational entropy (or
‘complexity’). The main results are as follows. In the case of a single type of particle
with the annihilation reaction A + A — () 4+ (), we have computed exactly:

(i) the density (23) of the n-strings on the infinite chain

(i) the string-string correlator (58) of two n-strings on the infinite chain

(iii) the density (73) of the n-strings on the Bethe lattice with arbitrary coordination

z>2

(iv) the density (84) of the m-strings without translation-invariance, including the

semi-infinite chain

(v) the string-string correlator (102) of two n-strings without translation-invariance,

including the semi-infinite chain

In the case of two species of particles A and B evolving through the reaction

A+ B — 0+ 0, we obtained the
(i) density (115) of AB-strings of total length n,



Ezact correlation functions in particle-reaction models with immobile particles 36

(i) the string-string correlator (170,171)

All these results are given for arbitrary physically admissible initial configurations.
Setting n = 1, they include explicit expressions for the average particle-densities
and their correlators. In the special situation of initially uncorrelated particles of
prescribed densities, we reproduce all previously obtained results [29, 20, 21, 34, 36,
37, 38, 48, 13, 2] as special cases.

In general, one observes a rapid relaxation in time, typically described by a
double exponential form when considering particles on a chain; and by a factorial
(rather than exponential) decrease of the connected spatial correlators. In the vicinity
of a boundary, the results deviate strongly from what is found deep in the bulk.
In comparison with the KDH model which originally motivated this work, the kink
densities and correlators under consideration here are distinct from the slowly relaxing
global observables examined before [18]. It would be interesting to see whether one
might identify a ‘dual’ to the two-species annihilation model of which global variables
could be treated in a way analogous to the KDH-model. The two-species model offers
the further possibility to analyse segregation phenomena.
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Appendix. Number of stationary states in the two-species model

Generalising the discussion of the single-species model [10, 13, 26, 27], we briefly
outline the analogous computation of the number of stationary states on a chain of
L sites in the two-species pair-annihilation model of section 4. The counting is based
on the observation that stationary states cannot contain neither AB nor BA pairs on
nearest-neighbour sites.

First, consider an open chain. Let S be the number of stationary states for a

chain of L sites, and let Ay, := N (A) denote the number of stationary states
on a chain of L sites where the leftmost site is occupied by an A-particle. Similarly
define By, = N (B[L-L]) and Oy, = N ([L-1]), such that S, = Ay + By, + Oy For
small lattices, one has Sy :=1 and S; =3, S; =7, S3 =17, Sy =41 .... The three
contributions to Sy, satisfy the recursions

0, =N (fL-1]) = N (00L-2]) + N (84[L-2]) + N (0B[L-2])

=0, 1+Ar1+Br1 = St (A1)

Ay =N (A1) = N (A0L2]) + N (44[L2]) = 01 + Ap (A.2)
B, =N (BL1]) = N (BIL2)) + N (BBL2]) = 01 + B (A.3)

and collecting terms, we have the recursion
S, =251+ 0r,_1 =251+ Sr—» (A4)
The solution is readily found, for all L >0

SL=%(1+\/§)LH+%(1—\/5)LH Lé>11.207(1+\/§)L. (A.5)

Second, consider a periodic chain. The number of stationary states is denoted by
S; =A; + B +Op, where A := N (AH) denotes the number of stationary

states on a periodic chain of L sites where one of the particles is of species A and the
trait indicates the periodic boundary conditions. By and Oj, are defined similarly.
For small lattices, one has S; =3, Sy =7, S5 = 15, S4 = 35,.... Now, if one of the
sites is empty, this opens the chain so that the number of stationary states is equal to
the one of an open chain of L — 1 sites, hence Oy, = S;,_1 = Oy,. Furthermore

N (A - ~ (A2 - (L]
v (o] (2]
=A;_ 1 +N (AH) = A1+ AL (A.6)

since for the counting of the stationary states the pair AA acts in the same way as a
single A-particle. Similarly, By = Br_1 + Br_1. Adding these contributions, we find
Sp=8SL1+AL, 1 +Br1+AL 1+ Br1
=Sr-14+2(Sp—1—SL-2)

:1+(1+¢2_)L+(1—\/§)LL§?1(1+\/§)L (A7)

where the expression in the last line, valid for L > 1, is obtained by using (A.5).
As found previously for the single-species model [10, 18, 27], the number of
stationary states is on an open chain about 20% larger than for a periodic chain.
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