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Abstract
In this paper, we consider global solutions for the following nonlinear Schrédinger equation
iuy + Au+ Au/*u = 0, in RN, with A € Rand 0 < @ < %5 (0 < a < oo if N = 1). We show
that no nontrivial solution can decay faster than the solutions of the free Schrédinger equation,
provided that u(0) lies in the weighted Sobolev space H'(R™) N L?(|z|?; dx), in the energy space,
namely H'(RY), or in L*(R"), according to the different cases.

1 Introduction and notations

We consider global solutions of the following nonlinear Schrodinger equation,

)
L4 Aut Aul®u =0, (t,z) € [0,00) x RY,
ot (1.1)

u(0) = ¢, in RY,

1

where \ e R, 0 < a< (0<a<ooif N=1) and ¢ a given initial data.

N -2
It is well-known that if we denote by T'(¢) the Schrédinger’s free operator, then for every r € 2, o0

and for every ¢ € L (RN),
_ 1_ 1
vt e R\ {0}, [Tl < @rlt) NG ||l v, (1.2)

where 7" = 5. Note that for every r € [2, ]\QI—JL) (r € 2,00) if N =1), if p € L2 (RY) N L?(|z|?; dx)
then ¢ € L™ (RN) and ||¢|| ;v < C(|l¢llz2, ||z||£2). Furthermore, the estimate (1.2) is optimal in the

following sense. For every r € [1,00] and for every ¢ € S’(RY), if ¢ # 0 then

s s 1_1
timnf 1Y DT (0l 1 > 0. (13)
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For the proof, see Strauss [26] (r > 2) and Kato [22] (general case). In the same way, there exist
some solutions of the nonlinear Schrédinger equation (1.1) which have a linear decay (in the sense
of (1.2)). See for example Cazenave [3], Theorem 7.2.1; Hayashi and Naumkin [19]. In particular,
these solutions lie in H'(RY)N L?(|x|*; dz). On the other hand, we know that there exist solutions of
some heat, Ginzburg-Landau and Schrédinger type equations which have a decay rate faster than the
corresponding linear problem (Hayashi, Kaikina and Naumkin [17, 18]). Take an example. Let u be
a classical solution of the heat equation u; — Au+ |u|%u = 0, (t,x) € [0,00) x RV, with initial datum

1
)

up € L (RN), ug # 0 and ug > 0 a.e. Then we have by the maximum principle, ||u(t)|| 1~ < (at)

for every t > 0, whereas for every t > 1, |[e"®ug||p~ > Ct=%, for some constant C' > 0. Thus, if

A

0<ax< % then u(t) decays faster than e'®ug. So, it is natural to wonder if some solutions of the

nonlinear Schrédinger equation (1.1) may have faster decay than the solutions of the linear equation.
We will see that such solutions do not exist (except the trivial solution). There exist partial results
in this direction. This is the case for « = 2 and N = 1 (Hayashi and Naumkin [19]), for o = +
(Cazenave and Weissler [8], Theorem 2.1 (a)) or for some self-similar solutions for a > ag, where ag
7(N72)+W (

is given by ap = Cazenave and Weissler [10], Corollary 3.9).

This paper is organized as follows. In Section 2, we give the main results concerning the solutions
lying in H'(RY) N L?(|z|?; dr) and in HY(RY). In Section 3, we give the main results concerning the
solutions lying in L2(R%). In Section 4, we give several estimates for large times and establish Lemma
4.5, which asserts that the existence of a scattering state in L2(RY) implies a maximum rate decay
which is linear (in the sense that the solution satisfies (1.3)). Lemma 4.5 is at the heart of the results
of this paper. Finally, we will prove the results for solutions in H*(RY) N L%(|z|?;dx) and H*(RY)
in Section 5, and those for solutions in L2(RY) in Section 6.

We finish this section by giving some notations and we recall an embedding property of the
weighted Sobolev space L2(R™) N L2(|z|?;dx), which will be used to prove the results for solutions
lying in this space, and some results of the solutions of the nonlinear Schrédinger equation (1.1).

We design by Z the conjugate of the complex number z and A = g: a%zjz. For p € [1, 00], we denote

j=1
by p’ the conjugate of p defined by 1—17 + ﬁ = 1 and by LP(RY) = LP(RY;C), with norm | . ||L»,
the Lebesgue spaces. HY(RY) = H'(RY;C) with norm || .||z, is the well-known Sobolev space and
we use the convention WOP(RYN) = LP(RN) and HO(RY) = WO2(RY) = L2(RY). We define the

Hilbert spaces Y = {¢ € L*(RY;C); [¢|ly < oo} with norm [|¢||3 = ||¢||2L2(]RN) —l—R[V |z|? [ (z)|*dz



and X = (€ HNRYSC) [9llx < oo} with nom [91% = [0, + [ Pl Pde. For a
functional space E C &'(RY) with norm || . || g, we write || f||g = oo if f € S’HERN) and if f & E. We
design by (T'(t))er the group of isometries (e'*®);cr generated by iA on L2(RY;C) and by C' the
auxiliary positive constants. Finally C(a1,aq,...,a,) indicates that the constant C' depends only on
parameters ai,as,...,a, and that the dependence is continuous.

It is clear that Y is a separable Hilbert space and that YV < LT,(RN ) with dense embedding, if
re [2%) (r € [2,00] if N =1).

We recall that for every ¢ € H*(RY), (1.1) has a unique solution u € C((=T.,T*); H'(RY))
which satisfies the conservation of charge and energy, that is, for all t € (=T, T™), [|[u(t)||zz = ||¢ll L2
and E(u(t)) = E(p), where E(p) def HIVel2, — %Hﬂwﬂzji Moreover, for every admissible pair

(g,7) (see Definition 1.1 below), u € L]

loc

(=T, T*); WhT(RN))). In addition, if A < 0, if @ < &
or if ||¢][g1 is small enough then T* = T. = oo and |[ul|per;z1) < oo. Finally, if ¢ € X then
u € C((—=Ts, T*); X). See Ginibre and Velo [11, 12, 13, 14, 15], Kato [20, 21]. See also Cazenave and
Weissler [1, 6]. We are also interested by solutions in L*(RY). We recall that if 0 < o < + then for

every p € L2(RY), (1.1) has a unique solution u € C((=T%, T*); L2(RN))NL{

loc

(=T, T*); L***(RY)),

where ¢ = %, which satisfies the above conservation of charge. In addition, for every admissible

pair (¢,7), u € LL ((=T.,T*); L"(R")). Finally, if « < + then T* = T, = co. See Tsutsumi [28]. See

loc

also Cazenave and Weissler [5, 7].

Definition 1.1. We say that (¢, r) is an admissible pair if the following holds.

1) 2<r< L 2<r<xifN=2,2<r<0if N =1),

N2
(i) 3=NG-7)
4
Note that in this case 2 < ¢ < co and g = ‘N(TT_ 2)

Finally, we recall the Strichartz’ estimates. Let I C R, be an interval, let to € I, let (g,7) and (v, p)

be two admissible pairs, let ¢ € L2(RY) and let f € LY (I; L (RN)). Then the following integral
t

equation defined for all t € I, u(t) = T(t)p + z/ T(t — s)f(s)ds, satisfies the following inequality
to

lullLacr,ry < Collellz+Cill fll o 1,00y, Where Co = Co(N, 1) and C1 = C1(N,r, p). For more details,

see Keel and Tao [23].



2 Sharp lower bound

Theorem 2.1. Let A < 0,0 < a < 0<a<ooif N=1), p € H(RY) and u be the

N -2
4
corresponding solution of (1.1). If a < N then assume further that o € X. If @ #Z 0 then for every

r € [2,09,
.. N(l—%) .
htrg})r.}f [t 27 | u(t) || - > 0.

Theorem 2.2. Let A > 0,0 < a <

N3 (0<a<ooif N=1) and p € HY(RY) be such that
4
the corresponding solution u of (1.1) is positively global in time. If a < N then assume further that

p € X. If o £0 then for every r € [a + 2, 0],

L N(i-1) ) . < 4
liminf [¢ 727 Ju(®) - > 0, if a< &,
4
limsup|t|N(%_%)Hu(t)HLr >0, if a>—.
t—o0 N
And if there exists p € [o + 2, 00| such that lim sup |t|N(%_%)Hu(t)HLp < 0o then for every r € [2,00],
t—o0

liminf [¢{¥ (2 =) |ju(t)| - > 0.
t—o00

Remark 2.3. Theorems 2.1 and 2.2 assert that if u is a solution of (1.1) with A € R, a = 0 and

initial data ¢ € X, then for every r € [2, 00], litrninf |t|N(%_%)Hu(t)HU > 0.
—00

In the attractive case and when o > Niﬂ (e > 2 if N = 1), we may obtain an optimal lower

bound. Tt is sufficient to choose ||| x small enough (see corollary below).

Corollary 2.4. Let A > 0, < a<

4 4
N+2 N —2
corresponding solution u of (1.1). If ¢ £ 0 and if ||¢||x is small enough then u is global in time and

2<a<o0if N=1),pec X and u be the

for every r € [2, 00,
lim inf [¢[Y (2 =) |ju(t)| 1 > 0.
t—o0

When o = %, we may suppose that ¢ € H'(RY) instead of ¢ € X, as shows the following

proposition, provided that ||¢| 71 is small enough.

4
Proposition 2.5. Let A € R\ {0}, o = N PE HY(RY) and u be the associated solution of (1.1). If

© £ 0 and if ||| g1 is small enough then u is global in time and for every r € |2, 0],

lim inf [¢[Y (2 =) |ju(t)| 1 > 0.
t—o00



Remark 2.6. The lower bounds obtained in Theorems 2.1 and 2.2 are optimal with respect to the

decay. In particular, if v is any nontrivial solution of (1.1), then the following estimate never occurs.
vt >0, lul®)]z < Clt NG ()=, (2.1)

for some r > 2 and § > 0. This is very surprising since some above results are established for solutions
of some heat or Ginzburg-Landau equations (see the beginning of Section 1). For example, such

estimates are obtained for the solutions u of the Schrodinger equation
Ut — Uge +ilul>u =0, (t,2)€[0,00) xR,

if ||u(0)||x is sufficiently small (Theorem 1.1 of Hayashi, Kaikina and Naumkin [18]). Furthermore, if
o > % then Theorems 2.1 and 2.2 are optimal with respect to the assumption on the initial data ¢,
that is ¢ € HY(RY), in the sense that H'(RY) is the smallest functional space in which we must take
© to have a solution. On the other hand, when a < %, we have to make the additional assumption
on initial data ¢, that is ¢ € X. This request is very reasonable since this is in this functional space

that we obtain solutions of (1.1) which have a linear decay (see the references cited in Section 1).

Remark 2.7. Note that all the results of this section and Section 3 hold for ¢ < 0 as soon as the
solution u is negatively global in time. Indeed, it is sufficient to apply the case t > 0 to the solution

positively global in time @ of (1.1) with initial data @. Since u(t) = u(—t), the result for ¢ < 0 follows.

3 Main results in the Lebesgue space

As show the results of Section 2, if we suppose a suitable asymptotic behavior of the initial value
(u(0) € X if @ < #, u(0) € HY(RY) if a > ), then we have a sharp lower bound. In particular,
under the hypotheses of Section 2, such results do not allow estimates of type (2.1), for any nontrivial
solution of (1.1), for some r > 2 and § > 0 (see Remark 2.6). In this section, we establish some
lower bounds which eventually allow estimates on the above type, only if « is small enough (see
Theorem 3.5 below). The loss of sharp estimate is compensated by a weaker assumption on «(0), that
is u(0) € L2(RY) if a < %. As we can see, this hypothesis is optimal with respect to the integrability
of the initial data, in the sense that we make the minimal assumption on u(0) to have existence of a
solution. But when o > %, Theorems 2.1 and 2.2 are optimal with respect to the lower bound and to

the assumption on u(0). So we only have to consider the case o < %. On the other hand, if o > NLH



(a > 2 if N = 1), then the sharp estimate still holds (see Theorems 3.1 and 3.2 below). However, we

have to make an additional decay assumption on the solution u (u must satisfy (3.1)).

4
Theorem 3.1. Let A € R\ {0}, N2 < o<

the corresponding solution of (1.1). If « = N then assume further that u is positively global in time.

2<a<4ifN=1),¢9¢cL2RY) and u be

2|

Suppose that for every r € {2, %) (ref2,00) if N=1),
ae. t >0, [u(t)]| < Clt| NG, (3.1)
Then we have for every r € [2,00],

.. N(l—%) .
11g£f|t| 27 ||u(t)|| - > 0.

/N?T12N T4 4
Theorem 3.2. Let A\ € R\ {0}, let ap = 7(N72)+2JJ\>[2+12N+4, ap < a < N PE L2(RYN) and u be

4
the corresponding solution of (1.1). If a = N then assume further that w is positively global in time.

If there exists r € [o + 2,00] such that u satisfies (3.1) then for every r € [2,00],
mint VG D )5
htrglor.}f [t 27 | u(t) || - > 0.

Remark 3.3. When ¢ € L%(RY), the condition (3.1) makes sense. Indeed, we have by the Strichartz’
estimates that u € L ([0, 00); L"(RY)), for every admissible pair (g, 7). This yields, u(t) € L"(RY),

loc

for almost every ¢ > 0 and for all r € [2, %} (re2,00)if N=2,r¢€[200] if N=1).

Remark 3.4. As shows Lemma 4.3, Theorem 3.2 has less restrictive assumptions than Theorem 3.1
when a > «ag. Indeed, we do not have to suppose that u satisfies (3.1) for all 7. We may only assume
that it is satisfied for r = a4 2. Furthermore, estimates of type (2.1) do not occur. Finally, Theorem
3.2 can be extended for o = ayp in the following sense. If there exists r € [y + 2, 00] and € > 0 such

that for almost every t > 0,
()] < Ol NG, (3.2)
then for all ¢ € R, u(t) = 0. See the proof of Theorem 3.2 for the justification.

Remark 3.5. In the case where a < %ﬁ (o < 1if N = 1), we have the following result. Let

AeR\{0},0<a< (0<a<1if N=1), ¢ € L*(RY) and u be the corresponding solution

4
N+2



of (1.1). Let r € [2, 00]. If there exists € > 0 such that

()] 2. < Cl~(H=524e) - ip N >3,

LN-—2
lu(t)|pr < Cl72G-7) =555 if N =2, (33)
u(t)] e < Ot~ (35 +e), if N=1,

for almost every ¢t > 0, then for all ¢ € R, u(t) = 0. See the proof of Theorem 3.2 for the justification.
4

When N > 3 and a = N2 the result is the same if we have (3.3) for some r € [1\?—]_\’2, oo] . Indeed,

by Lemma 4.3 this hypothesis leads to (3.3) with r = 2. When a < ﬁ (a < 1if N = 1), estimate

(3.3) is a very strong assumption since it implies that u decays faster than the solution of the linear

equation. Furthermore, there is a gap between the admissible and the non-admissible powers of decay

(compare (3.1) with (3.3)).
4 Estimates at infinity

Proposition 4.1. Let A € R\ {0}, m € {0;1}, 0 < a < O<a<ocoif N=m=1 and

4
N —2m
if N >2and m = 1), p € H*(RY) and u € C((=T., T*); H™"(RY)) be the unique

4
N -2
corresponding solution of (1.1). Assume that T* = co. If there exist to > 0 and (v, p) an admissible

0<ac<

pairwith%<ooand2§%§ﬁ—]_v2(2§%<ooif]\]:2,2§%§ooif]\7:1)suchthat

u € L% ((ty, 00); L7-2 (RN)), then the following properties hold.

1. For every admissible pair (q,7), u € L((0,00); W™ (RN)),

2. There exists uy € H™(RN) such that tli)rgo 1T (=t)u(t) — ut| gm = 0.
A similar result holds for t < 0.

Proof. By remark 2.7, we only have to show the case t > 0. We proceed in 2 steps. Set f(u) = Au|*u.
Step 1. f(u) € L7 ((t0, 00); W™ (BY)).
We first show that u € L7((0,00); W™?(RY)). We already know that u € L{ ([0, 00); W™ (RY)),

loc

for every admissible pair (g, ). We have the following integral equation.

VS >0, Vt>0, u(t) =Tt —S)u(S) + i/T(t — 8)f(u(s))ds.
5



So we have by the Holder’s inequality (applied in space-time) and Strichartz’ estimates,

Hf(u)||Lv/((t0,t);Wm,p') < C”UHCLY%((to’oo);m%)HUHLV((OJ);W’""’)’ (4.1)
llull Lv((s,0);wmey < C + OO||U||3$%((S7W);LE%)”u”LW((S,t);Wm’P)a (4.2)

for every to < S < t < o0o. Since u € L7 ((tg,00); L72 (RN)), there exists Sy > to large enough
such that COHUH?/%((S(),OO);LE%) < 1/2, where Cp is the constant in (4.2). So with (4.2), we obtain
lull v ((s0,6);wmey < 2C, for every t > Sy. It follows that ||| 1y ((sy,00);wmr) < 2C and so we have
u € L7((0,00); W™*(RM)). Hence the result by letting ¢ oo in (4.1).

Step 2. Conclusion.

By Step 1 and Strichartz’ estimates, u € LI((0, 00); W™ (R™)), for every admissible pair (g, ). Then
1 follows. From the Strichartz’ estimates and by the fact that 7'(t) is an isometry on H™(RY), we

obtain for every 7 >t > to,

t,7T—00

IT(=t)u(t) = T(=m)u(r)|zm < ClF W v (1, mywmery =—— 0,

by Step 1. Hence 2. This concludes the proof. O

Remark 4.2. Note that by assumption, one always has % > 0. However, it may happen that

% < 1. This is clearly not a problem since the above proof still holds and that we do not use the

triangular inequality.

4
N —2m N -2
if N>2andm=1), p € H*RY) and u € C((=T, T*); H™"(RY)) be the corresponding solution of

Lemma4.3. Let \ e R,m € {0;1},0< a < 0<a<oifN=m=1and0 < a<
(1.1). Assume that T* = oo. If there exist r € (2,00], € = 0 and a constant C = C(t) > 0 such that
u(t) satisfies (3.2) for some t > 0, then for every p € (2,7], there exist €(p) = 0 and Co(t) > 0 such
that

)| e < Co(t)tNG=5) =), (4.3)

where the function p — €(p) is continuous from (2,7] to [0,00) and satisfies e(p) >0 <= ¢ > 0. If
C' is independent on t then Cy is also independent on t. Finally, if (3.2) is satisfied for every t > 0

then (4.3) is satisfied for every t > 0, and if litm inf C(t) = 0 then litrn inf Cy(t) = 0.
— 00 — 00

-2
Proof. Let p € (2,7]. Set 0 = L
pr—2

, e(p) = €0 and Cy(t) = C(t)?. Then § € (0,1] and 6 satisfies



1 1-0
— = —— + —. By Holder’s inequality and conservation of charge, we obtain
r

P 2
@) lze < [u® 20 @)l < C@)° [N E=DAONG=00=20 < (gt ~N (=570,
Hence the result. O
4
Lemma 4.4. Let A € R\ {0}, m € {0;1}, 0 < o < N _om 0O<a<xwif N=m=1

4
and 0 < o < N3 if N >2andm = 1), ¢ € H*RY) and v € C((=T., T*); H™(RY)) be

the corresponding solution of (1.1). Assume that T* = oo. If u satisfies (3.1) for every r € [2, %)
(ref2,00)if N=1) and if a > N+2 (o> 2 4f N = 1), then there exists an admissible pair (v, p) with

1<% <ooand2 < L5 < 22 2< 5 <xif N=1) such that uw € L7-2((1,00); L7-2 (RN)).

Proof. We distinguish 3 cases: N >3, N =2 and N = 1.

Case N>=38. Set p, = ﬁ%\f—%' Since 0 < a < ﬁ then 2 < p, < 13_1_\72 Let v, > 2 be such that
(7x,p«) is an admissible pair. For this choice of p., we have 2% = 2 and s = 4—o¢(4JV—2)'

2N

When a < w, we haVe Px < m

= a> Let p > p., p sufficiently close to p. to

N+2

have p”o‘ >2. Ifa< N” , then we also choose p < %

Since p > p, then ppTO‘Q < 13_1_\72 and so

there exists v > 2 such that (v, p) is an admissible pair. Then % = ﬁ@v—z)' By (3.1) we have,

o o 7 pa—2(p—2)
lul| 72 e = [ @72 dt<C [ TNFE D G < oo
L7=2((1,00);Lr=2) Ler—2
1

Indeed, if @ < 232 then N%M >1 < p< % and if o > M2 then we always have

N%(WN_QQ)) > 1. So, for this choice of (v, p), u € L33 ((1,00); L7-2 (RN)).
Case N=2. Since a > 1 is fixed, we can choose p > 2 sufficiently close to 2 to have o > @.

In particular, this implies that % > 2. Moreover, % = £ where v > 2 is such that (v,p) is an

admissible pair. By (3.1) we have,

HuH” ||u || o d t 7”""25”*”dt<oo,
2 ((1,00);L 2)

since %@2) >1 < a> 222 g6y e L72((1,00); L7-2(R2)) for this choice of (v, p).

Case N=1. Since o > 2 is ﬁxed, we can choose p > 2 sufficiently close to 2 to have a > %. In

particular, this implies that ppTO‘Q > 2. Moreover, ﬁ = m where v > 2 is such that (v, p) is an



admissible pair. By (3.1) we have,

o0

HUH7 72 /||u |"+2 dt < C/t_paipi(gim dt < oo,
L7771 J
since %0;2) >1 <= a> 3pp 2. So for this choice of (7,p), u € L7-2((0,00); L72 (R)). O

As seen in Section 1, the crux of the proof of results of this paper is based on the following lemma.
4

N —2m

if N >2andm = 1), ¢ € H*(RY) and u € C((—T.,T*); H™"(RN)) be the

Lemma 4.5. Let A € R\ {0}, m € {0;1}, 0 < a < O<a<o0if N=m=1 and

0 <ac<

4
N —2
corresponding solution of (1.1). Assume that T* = oo. If ¢ # 0 and if there exists uy € L*(RN) such
that tlim IT(=t)u(t) — us| L2 = 0, then for every r € [2,00],

— 00

.. N(l—%) .
htrglorgf|t| 277 |u(t)|| - > 0.

The proof of Lemma 4.5 is based on the pseudo-conformal transformation.
For every positively global solution u of (1.1) with initial data ¢ € L?(R"), we define the function
v e C([0,1); L*(RY)) by

t - z|?
vt €[0,1), a.e. z € RN, w(t,z) = (1 — t)f%u <ﬁ’ %) e T (4.4)

A straightforward calculation gives for every p € [1,00] and for all ¢ € [0, 1),
- —N(l— ) t
lo@)]zr = (1 =2)"712 u| —
1—t)|,

lo(®)llL2 = llellz2, (4.6)

T =

(4.5)

where the last identity comes from (4.5) and from conservation of charge for u. Note that (4.5) makes
sense as soon as u ( ) € LP(RY). When ¢ € X, we obviously have v € C([0,1); X) and so we may

define for all ¢ € [0,1),

1 4—Na« A o
Ev(0) = 51— Vo0l — sl
1 . A No a
Ex(t) = gl + 2000~ OVl — (1~ ) F (032
Then for all ¢ € [0, 1),

d_ . Na-4 o ,

9 m =20 = w3, (17)
d
% 5(t) = 0. (4.8)

10



For the proof, see Proposition 3.8 and formulas (3.20) and (3.21) of Cazenave and Weissler [9].

Proof of Lemma 4.5. We argue by contradiction. Let v € C([0,1); L*(R")) be the function defined

by (4.4). Assume that there exists r > 2 such that
i int G u(®) =
llggft 277 ) ||u(®) || = 0.

Then, we shall show that ¢ = 0.
By conservation of charge and Lemma 4.3, we may assume that 2 < r < % 2<r<ooif N=1).
Since u(t) € L"(RY) for almost every ¢t > 0, it follows that v(¢) € L"(RY), for almost every ¢ € (0, 1).

By (4.5), we have
hgn/llnf lo(t)||z- = 0. (4.9)

By hypothesis, tlim |IT(=t)u(t) — uyl/zz = 0 for some uy € L*(RY). From Proposition 3.14 of
—00

Cazenave and Weissler [9], this implies that there exists w € L?(RY) such that
%g{r} [lv(t) — w||L2 = 0. (4.10)

(Although Proposition 3.14 is given with « > 0, the result still holds for a = 0 since the proof applies
without any modification.) From (4.9) and (4.10) we deduce that }% [[o(t)]| L2 = 0, from which it

follows with the conservation of charge (4.6), |||z = 0. This is absurd since ¢ # 0. O

5 Proof of the results of Section 2

Our strategy is the following. We show that if a solution w of (1.1) has a decay rate too fast, then
the corresponding function v given by the pseudo-conformal transformation must converge to 0 in a
Lebesgue space LP(RY), for some 2 < p < oco. But these functions also satisfy the conservation of
charge. And by using the embedding Y < L? (RN) or the existence of a strong limit for v(t) in
L?(RN) ast /1, we deduce that v(t) = 0, that is u(t) = 0, for all t € R.

In order to show Theorems 2.1 and 2.2, we split the proof in 2 cases, which are a < & and a > %.

4
N

4
Lemma 5.1. Let A € R, 0 < a < N ¥ € X and let u € C((=T«,T*); X) be the corresponding

4
solution of (1.1). If o = N then we suppose that T* = oo. If o £ 0 then
liminf [¢[Y (2 =3)|Ju(®)| - > 0,
t—o0
for every r € [2,00] if A <0, and for every r € [a+ 2,00] if A > 0.

11



Proof. We argue by contraposition. Let v € C([0,1); X) be the function defined by (4.4). Assume

there exists r > 2 if A <0, and r > o+ 2 if A > 0, such that
it VG a0l =
htrggolft 27 ) |lu(t) || = 0.

Then, we have to show that ¢ = 0.

By conservation of charge, if r = 2 then ¢ = 0. So we may assume that r > 2. Furthermore, by
Lemma 4.3, we also may assume that r < 13—]7\72 (r<ooif N=1)if A< Oorifa=0,and r = a+2,if
A>0mﬂﬁa>asmmhggﬁﬂéfmmuhr:Qummwmmm@m)m%n$$mmwmrzo

Thus, there exists a sequence (t,)nen C (0, 1) satisfying ¢, —— 1 such that

lim ()] = 0. (5.1)

n—roo

If A < 0 orif @ =0 then by (4.6) and (4.7), we have sup (1 — t)||Vu(t)||r2 < oo, which leads with
te[0,1)
(4.8) and (4.6), sup [v(®)|ly < oo. If A > 0 and if & > 0 then by (4.7) and (5.1), we have for all
telo,1)

n €N, [|[Vo(ty)|lre < C(1 —ty)

Na

. Tt follows that,

% n—00

(I —=t)||IVo(tn)|re < CA —t,) T ——=0,

and with (5.1) and (4.8), we deduce that sup ||zv(¢,)]| L2 < co. This last estimate yields with (4.6),
neN

sup ||v(tn)]|y < oo. (5.2)
neN

It follows that for A € R and for « € [0, %} , we have (5.2). From (4.6), Holder’s inequality, from the

embedding Y < L™ (RN), from (5.2) and (5.1), we obtain

1 n—roo

1 1 1 1 1
lellez = llo(tn)llLz < llo(Ea)llf . lo(E)lE- < Cllo@E)lF vz < Cllo(ta)llE- —— 0.
So ||¢|lzz = 0 which is ¢ = 0. Hence the result. O

Proof of Theorem 2.1. If o < % then the result comes from Lemma 5.1. So we may assume that
o > x. Since A < 0 and o > %, there exists uy € H'(RY) such that tlim IT(—=t)u(t) — uy||lgr =0
—00

(Ginibre and Velo [16], Nakanishi [24, 25]). The result comes from Lemma 4.5. O

Proof of Theorem 2.2. We proceed in 4 steps. Let v € C([0,1); L2(RY)) be the function defined
by (4.4).

Step 1. If @ > + and if limsup tN(%_%H)HU(t)HLa+2 < C then there exists u; € H*(RY) such that
t—o0

lim | T(—t)u(t) — us ||z = 0. (5.3)

t—o00

12



(a+2)

Let ¢ = Then (g, + 2) is an admissible pair. Since u € C([0,00); H'(RY)) and that

H'(RN) < LO+2RN), then u € L7* ([0, 00); L+2(RV)). Since o > 2 then e 5 > 1and

loc

it follows that

oo
el 2, / @2, dt < C / =285 dt < oo
2 ((1,00);L0+2) L /

Therefore, u € L7-2 ((0,00); L*T2(RY)) and the result comes from Proposition 4.1.
Step 2. If ¢ # 0 and if @ < & then for all r > a + 2, lim inf tV(E =) Ju(t)]| - > 0.
The result comes from Lemma 5.1.

Step 3. If ¢ £ 0 and if o > % then for all r > o + 2, limsuptN(%_%)Hu(t)HLr > 0.

We argue by contraposition. Assume that there exists r > « + 2 such that

lim sup tN(%_%)Hu(t)HLT = 0.

t—o0
Then, we have to show that ¢ = 0.

By Lemma 4.3, we may assume that 7 = a+2. Step 1 implies that there exists uy € H'(R") satisfying
(5.3). Then ¢ =0 by Lemma 4.5, which is the desired result.

Step 4. If ¢ £ 0 and if there exists p > « + 2 such that limsup tNG=3) llu(t)]| e < oo then
t—o0

liminf Y (2 =%) u()|| - > 0,
t—o00

for all r € [2, o0].

If @ = 0 then Step 2 gives the result and so we consider the case o > 0. By Lemma 4.3, we may
assume that p = a 4+ 2. We argue by contradiction. Suppose that there exists r > 2 such that
1itrgi£ftN(%7%>||u(t)||Lr =0.Then 2 < r < 225 (2 < r < oo if N = 1). Indeed, this comes from

conservation of charge and Lemma 4.3. We obtain with (4.5),

sup |[v(t)||pa+ez < o0, (5.4)
t€[0,1)
llgrylnf [lv(t)|| - = 0. (5.5)

Note that since u € C([0,00); H}(RY)) and that the embedding H'(RY) — L"(RY) N LoT2(RY)
holds, then we have v € C([0,1); L"(RY) N LoT2(RY)).
Case 1 : 0 < a< %

From (4.6), (4.7), (4.8) and (5.4), sup [[v(t)|ly < oo. From (4.6), from Hélder’s inequality and the
tel0,1)
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embedding Y < L (RY), we have for all ¢ € [0, 1),
1 1 1 1 1
Ilellez = llo@)llze < lv@®l 7 M@z < Clo@I3v@I 2 < Cllo@)I £

1
Thus |||/ rz < Cligr}ilnf [lu(t)]|7- =0 by (5.5) and so ||¢||z2 = 0, which is absurd.
Case 2 : o > %.
By Step 1, there exists uy € H'(RY) satisfying (5.3), which gives ¢ = 0 by Lemma 4.5. This result

being absurd, Step 4 is true. This concludes the proof. O

Proof of Corollary 2.4. By Cazenave and Weissler [9], we know that if ||| x is sufficiently small,
then w is global in time and there exists uy € X such that T'(—t)u(t) % t4. Then, Lemma 4.5
— 00

gives the result. O

Proof of Proposition 2.5. It is well-known that if ||¢|| g1 is sufficiently small then w is global in

1 N
time and u € LoT2(R; L*T2(RY)) (Remark 7.7.6 of Cazenave [3]). Then T'(—t)u(t) HED, u, for

t—o0

some u; € H'(RY) (Proposition 4.1), and the result comes from Lemma 4.5. O

6 Proof of the results of Section 3

Our strategy is the same as for Section 5. However, we could give an other proof as follows, without
requiring the pseudo-conformal transformation. We would show that if a solution u of (1.1) had a
decay rate too fast, then u would have a scattering state u~, whose corresponding solution of the linear
problem (that is (1.1) with A = 0) would have a decay rate of the same order of . In particular, o > %
otherwise us, = 0 (Barab [1], Strauss [26, 27]). This rate being too fast, we would have u, = 0 (by
(1.3)). And from conservation of charge, we would deduce that u(t) = 0, for all ¢ € R. Furthermore,
in the case N = 1, we would have to make the additional assumption ¢ € X when 1 < o < 2 (in

order to apply the result of Barab [1]). But this case falls into the scope of Theorems 2.1 and 2.2

where there is a better result. It follows that in this case, the result would not be interesting.

Proof of Theorems 3.1 and 3.2 and Remarks 3.4 and 3.5. We proceed in 2 steps.

Step 1. There exists uy € L?(RY) such that Jim 1T (—=t)u(t) — uy|rz = 0.

Case of Theorems 3.1. Since u satisfies (3.1) for every r € [2, %) (r€2,00)if N =1), it follows
from Lemma 4.4 that there exists an admissible pair (y, p) such that u € L7-2((1,00); L7-2 (RN)).

The result follows from Proposition 4.1.

Case of Theorems 3.2 and Remark 3./. Set q = %. Thus (¢, + 2) is an admissible pair. By

14



Lemma 4.3, we may assume that r = a«+2in (3.1) and in (3.2). Let £ > 0 as in (3.2) (¢ = 0 in (3.1)).

We set g9 = 15e. And since #?{;_2) 1 < a > ay, it follows from (3.1) or (3.2) that,

No?
q 2 q 2 I—a(N-—2) 0
||U|| 2 (100 Lo+ /HU ||ch+2dt /t dt < oo.

Then u € La-2 ((1,00); L*T2(RN)) and the result comes from Proposition 4.1.

Case of Remark 3.5. Let r > 2 and € > 0 be as in (3.3). By conservation of charge, r > 2. Furthermore

when N = 2, we may assume that r < oo (Lemma 4.3). Let (v,p) = (a(NS_2), 2N_i](VN_2)) if

N>3,(7,p):(%,Tra)lfN—2and( p) = (00 )1fN—1Then—a=%ifN>3
ppTO‘Q =rif N =2 and ppTO‘Q = oo if N = 1. Applying (3.3), it follows that for these choices of (v, p),
u € L7-2((1,00); L7-2 (RN)). The result comes from Proposition 4.1.

Step 2. Conclusion.

The result comes from Step 1 and Lemma 4.5. This achieves the proof. O
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Note added in proof. Recently, a generalization of Theorem 2.1 has been established for a
large class of nonlinearities, as soon as the solution is bounded in time in H}(Q). Unfortunately, these
results do not apply in the case of L?—solutions (which is the case in Section 3 of this paper). For

more details, see [2].

References

[1] J. E. Barab. Nonexistence of asymptotically free solutions for a nonlinear Schrédinger equation.
J. Math. Phys., 25(11):3270-3273, 1984.

[2] P. Bégout. Maximum decay rate for finite-energy solutions of nonlinear Schrédinger equations.
Differential Integral Equations, 17(11-12):1411-1422, 2004.

[3] T. Cazenave. An introduction to nonlinear Schridinger equations, volume 26 of Textos de Métodos
Matematicos. Instituto de Matematica, Universidade Federal do Rio de Janeiro, Rio de Janeiro,
third edition, 1996.

[4] T. Cazenave and F. B. Weissler. The Cauchy problem for the nonlinear Schrédinger equation in
H'. Manuscripta Math., 61(4):477-494, 1988.

[5] T. Cazenave and F. B. Weissler. Some remarks on the nonlinear Schrodinger equation in the
critical case. In T. Gill and W. Zachary, editors, Nonlinear semigroups, Partial Differential
Equations and Attractors, volume 1394 of Lecture Notes in Mathematics, pages 18-29. Springer,
Berlin, 1989.

15



[6]

T. Cazenave and F. B. Weissler. Some remarks on the nonlinear Schrodinger equation in the
subcritical case. In J.-P. D. Ph. Blanchard and J. Stubbe, editors, New Methods and Results in
Nonlinear Field Equations, volume 347 of Lect. Notes in Phys., pages 59-69. Springer, Berlin,
1989.

T. Cazenave and F. B. Weissler. The Cauchy problem for the critical nonlinear Schrédinger
equation in H®. Nonlinear Anal., 14(10):807-836, 1990.

T. Cazenave and F. B. Weissler. The structure of solutions to the pseudo-conformally invariant
nonlinear Schrodinger equation. Proc. Roy. Soc. Edinburgh Sect. A, 117(3-4):251-273, 1991.

T. Cazenave and F. B. Weissler. Rapidly decaying solutions of the nonlinear Schrodinger equation.
Comm. Math. Phys., 147(1):75-100, 1992.

T. Cazenave and F. B. Weissler. Scattering theory and self-similar solutions for the nonlinear
Schrodinger equation. SIAM J. Math. Anal., 31(3):625-650 (electronic), 2000.

J. Ginibre and G. Velo. On a class of nonlinear Schrédinger equations. III. Special theories in
dimensions 1, 2 and 3. Ann. Inst. H. Poincaré Sect. A (N.S.), 28(3):287-316, 1978.

J. Ginibre and G. Velo. On a class of nonlinear Schrédinger equations. I. The Cauchy problem,
general case. J. Funct. Anal., 32(1):1-32, 1979.

J. Ginibre and G. Velo. On a class of nonlinear Schrodinger equations. II. Scattering theory,
general case. J. Funct. Anal., 32(1):33-71, 1979.

J. Ginibre and G. Velo. On the global Cauchy problem for some nonlinear Schrédinger equations.
Ann. Inst. H. Poincaré Anal. Non Linéaire, 1(4):309-323, 1984.

J. Ginibre and G. Velo. The global Cauchy problem for the nonlinear Schrédinger equation
revisited. Ann. Inst. H. Poincaré Anal. Non Linéaire, 2(4):309-327, 1985.

J. Ginibre and G. Velo. Scattering theory in the energy space for a class of nonlinear Schrodinger
equations. J. Math. Pures Appl. (9), 64(4):363-401, 1985.

N. Hayashi, E. I. Kaikina, and P. I. Naumkin. Large time behavior of solutions to the Landau-
Ginzburg type equations. In Mathematical and numerical aspects of wave propagation (Santiago
de Compostela, 2000), pages 315-319. STAM, Philadelphia, PA, 2000.

N. Hayashi, E. I. Kaikina, and P. I. Naumkin. Large time behaviour of solutions to the dissipative
nonlinear Schrodinger equation. Proc. Roy. Soc. Edinburgh Sect. A, 130(5):1029-1043, 2000.

N. Hayashi and P. I. Naumkin. Asymptotics for large time of solutions to the nonlinear
Schrodinger and Hartree equations. Amer. J. Math., 120(2):369-389, 1998.

T. Kato. On nonlinear Schrodinger equations. Ann. Inst. H. Poincaré Phys. Théor., 46(1):113~
129, 1987.

T. Kato. Nonlinear Schrodinger equations. In Schrédinger operators, volume 345 of Lect. Notes
Phys., pages 218-263. Springer, Berlin, 1989.

T. Kato. An L%"-theory for nonlinear Schrédinger equations. In Spectral and scattering theory
and applications, volume 23 of Adv. Stud. Pure Math., pages 223-238. Math. Soc. Japan, Tokyo,
1994.

M. Keel and T. Tao. Endpoint Strichartz estimates. Amer. J. Math., 120(5):955-980, 1998.

K. Nakanishi. Energy scattering for nonlinear Klein-Gordon and Schrodinger equations in spatial
dimensions 1 and 2. J. Funct. Anal., 169(1):201-225, 1999.

K. Nakanishi. Remarks on the energy scattering for nonlinear Klein-Gordon and Schrodinger
equations. Tohoku Math. J. (2), 53(2):285-303, 2001.

16



[26] W. A. Strauss. Nonlinear scattering theory. In J. Lavita and J.-P. Planchard, editors, Scattering
Theory in Mathematical Physics, pages 53-78, Reidel, 1974.

[27] W. A. Strauss. Nonlinear scattering theory at low energy. J. Funct. Anal., 41(1):110-133, 1981.

[28] Y. Tsutsumi. L2-solutions for nonlinear Schrédinger equations and nonlinear groups. Funkcial.
FEkvac., 30(1):115-125, 1987.

17



	Introduction and notations
	Sharp lower bound
	Main results in the Lebesgue space
	Estimates at infinity
	Proof of the results of Section 2
	Proof of the results of Section 3

