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Estimation of a cumulative distribution function

under interval censoring “case 1”

via warped wavelets

Christophe Chesneau! and Thomas Willer?

Abstract: The estimation of an unknown cumulative distribution function in
the interval censoring “case 1”7 model from dependent sequences is considered.
We construct a new adaptive estimator based on a warped wavelet basis and
a hard thresholding rule. Under mild assumptions on the parameters of the
model, considering the Ly risk and the weighted Besov balls, we prove that
the estimator attains a sharp rate of convergence. We also investigate its
practical performances thanks to simulation experiments.

Key words and phrases: Adaptive estimation, Strongly mixing, Interval cen-
soring, Warped wavelets, Hard thresholding.

AMS 2000 Subject Classifications: 62G05, 62G20.

1 Introduction

The mathematical context of the interval censoring “case 1”7 model can be described as
follows: let (&;,U;)icz be a stationary process where, for any ¢ € Z,

0 = 1{Xz‘§Uz‘}’

1 4 is the indicator function on any random event A, (X;);ez and (U;);ez are independent,
and (X;);ez is a stationary process with common unknown cumulative distribution F'.
We assume that U; admits a density, denoted by ¢, and we denote by G its cumulative
distribution function. Our goal is to estimate F' under mild assumptions on g from n ob-
servations (01, Uy), ..., (6n, Uy) of (6;, U;)iez. This model has applications in Demography
and Biology. See e.g. [9] and [13], and the references there in.

For recent statistical results, we refer to [19] and [1]. In particular, considering the
independent case, [1] have constructed adaptive penalized minimum contrast estimators
built on trigonometric, polynomial or wavelet spaces. Using the L, risk over Besov balls,
under some boundedness assumptions on g, [1, Corollary 3.1] proves that it attains the
standard rate of convergence “n~2%/(2st1)” where s characterizes the smoothness of F.

However, the independence assumption on (0;, U;);cz is often stringent in applica-
tions. In this study, we investigate the adaptive estimation of F' in a dependent setting
(including the independent one). The so-called strong mizing case is considered. Exam-
ples and applications of this kind of dependence can be found in [3] and [11].

Assuming that ¢ is known but with no boundedness assumptions on it, we develop
a new adaptive estimator based on a warped wavelet basis and a hard thresholding rule.
The features of this basis consist of a standard wavelet basis and of the definition of G
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related to the model. This enables us to give a significant stability to our thresholding
algorithm. Such a technique has been already used with success in the framework of
nonparametric regression with random design by [14]. Recent works on warped wavelet
basis in nonparametric statistics can be found in [4], [5], [2] and [18].

Considering the L, risk over weighted Besov balls, we prove that our estimator
attains the rate of convergence “(Inn/n)?/(?s*D” where s characterizes the smoothness
of F'. This rate of convergence corresponds to the one attained in the i.i.d. case (see [1])
up to an extra logarithmic term. Finally, we explore the numerical performances of the
estimator.

The rest of the paper is organized as follows. Section 2 introduces notations and
assumptions on the model. In Section 3, we describe warped wavelet bases on [0, 1] and
weighted Besov balls. Our adaptive wavelet estimator is defined in Section 4. Theoretical
and practical results are presented Section 5. The proofs are postponed to Section 6.

2 Notations and assumptions

2.1 Assumptions on the dependence structure of the process

For any m € Z, we define the m-th strongly mixing coefficient of (9;, U;);cz by

Uy = sup |P(An B) —P(A)P(B)|, (2.1)
(A,B)eFC I x Fi )

where FS‘ZO({ % is the o-algebra generated by the pairs of random variables . .., (6_1,U_1), (d, Up)

and f},f;é? is the o-algebra generated by the random variables (8, Upn), (6ms1s Uns1)s - - -
We consider the exponentially strongly mixing case: there exist two known constants
v > 0 and ¢ > 0 such that, for any integer m > 1,

A < yexp(—cm). (2.2)

This assumption is not very restrictive; some examples of processes satisfying such con-
ditions can be found in e.g. [20], [11], [17] and [3].

2.2 Assumptions on the densities

For the sake of simplicity, we suppose that all the considered random variables take their
values in [0, 1].

In the main part of the study, we assume that g is known. The unknown case will
only be explored in the simulation study in subsection 6.2.

We suppose that, for any interval [a,b] C [0, 1], there exists a constant C' > 0 such
that

1/2

(bia /abg(”’”)de) = Cbia /abg(x)dx- (2.3)

This “reverse Holder inequality” is related to the Muckenhoupt weights theory. It in-
cludes a wide variety of densities, non-necessarily bounded from above and/or below. For
instance, g(x) = (u+ 1)z*, z € [0,1] and u € (0, 1) satisfies (2.3). Further details can be
found in [14, subsection 4.1].




For any m € {1,...,n}, let f5, vy.6,.,0..) be the density of (6o, Uy, 0, Un), f(5,,00) the
density of (8o, Up) and, for any (y, z, y., x.) € [0,1]%,

hm(y, .I', y*7 33'*) =
£ (50,00, Um) (U5 T3 Yy Ts) — E50,00) (Y, ) E50,00) (Y, To).- (2.4)

We suppose that there exists a known constant C' > 0 such that

1
sup sup |hn (Y, T, Yy )| < C. (2.5)

me{l,...n} (y,z,y«,x+)€[0,1]4 g(l’)g(l'*)

Note that, in the independent case, we have h,,(y, z,y., z.) = 0 and (2.5) is satisfied.
Moreover, functions g satisfying (2.3) and (2.5) are not necessarily bounded from below
and above. Hence our conditions are less restrictive than [1, Assumption Al].

3 Warped wavelets and weighted Besov balls

Let N be a positive integer. We consider an orthonormal wavelet basis generated by
dilations and translations of a ”father” Daubechies-type wavelet ¢ and a "mother”
Daubechies-type wavelet ¢ of the family db2N. In particular, ¢ and 1 have compact
supports, [ ¢(z)dx =1 and, for any r € {0,..., N — 1}, [a"(x)dz = 0.
Set
din(x) = 22p(x — k),  Pip(z) = 27220z — k).

Suppose that (2.3) holds and recall that
G(x)=PU, <x)= / g(u)du, r eR.
0

Then, with an appropriate treatment at the boundaries, there exists an integer 7 satis-
fying 27 > 2N such that, for any integer j, > 7, any h € Ly([0, 1]) can be expanded into
a warped wavelet series as

27% —1 co 27-1

h(z) =Y s s(G@) + DY Biwthin(Glx),  x€0,1],
k=0 J=Jx k=0
where
k= /0 WG (2)pju(x)de, By = /0 WG (@) k() da. (3.1)

See [14, subsection 3.3].

Let M > 0 and s > 0. We say that a function A in Ly([0, 1]) belongs to the weighted
Besov ball BY_ (M) if there exists a constant M > 0 such that the associated wavelet
coefficients (3.1) satisfy, for any integer j > 7,

27 —1

S e < M2,
k=0



where
(k+1)/27 1
Wk :/ ————dx. (3.2)
Ty 9(GTN()
In this expression, s is a smoothness parameter. Details concerning the warped wavelets

and the analytic definition of weighted Besov balls can be found in [14, Section 7]. For
the standard wavelet basis on [0, 1], see e.g. [16] and [6].

4 Estimators

For any integer 7 > 7 and any k& € {0,...,2/ — 1}, we estimate the unknown warped
wavelet coefficients of F'i.e. o) = fol F(G Y (x))¢; x(x)dx and B; ) = fol F(G Y (2)Yx(x)dx
by respectively

] — . ] —
OAéj,k - 5 Z 5@¢],k(G(Uz))a ﬁj,k = 5 Z 5zwj,k(G(Uz)> (4‘1)
=1 =1

Some of their statistical properties are investigated in Propositions 6.1, 6.2 and 6.3 below.
We estimate F' by the following hard thresholding estimator F"
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F@) = 3 sl G@) + 303 By, mupny UsslG2)). (4.2
k=0 j=r k=0
where z € [0, 1], &, and Bj,k are defined by (4.1), 7; is the integer satisfying
1 . n
——— <2t <L 4.3
2 (Inn)3 SOs (Inn)3’ (43)

K is a large enough constant (the one in Proposition 6.3 below) and p, denotes the

“universal threshold”, i.e.
Inn
= A/ —. 4.4
Vi (4.4)

Naturally, for z < 0, we put F'(z) = 0 and, for z > 1, F(z) = 1.
Note that F is adaptive: its construction does not depend on the smoothness of F.
The general idea in the construction of Fis to apply a term-by-term selection on the
unknown wavelet coefficients of F: only the most significant are kept. The reason is that
only these few coefficients contain the main characteristics of F. For the construction
of hard thresholding wavelet estimators in the standard nonparametric models, see e.g.

[10], [8] and [12].

5 Performances of F

5.1 Theoretical results

Theorem 5.1 Suppose that the assumptions of Section 2 hold. Let F be (4.2). Suppose
that F' € BY (M) with s > 0. Then there exists a constant C' > 0 such that

B ( /O 1 (F) - F@)) dx) <c (1%”)23/(23“) |
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Figure 1: Four target cumulative distribution functions

The proof of Theorem 5.1 uses a suitable decomposition of the L, risk including some
geometrical properties of the warped wavelet basis and the statistical properties of the
wavelet coefficients estimators presented in Propositions 6.1, 6.2 and 6.3.

Theorem 5.1 shows that, under mild assumptions on the dependence of the obser-
vations and on g, F' attains a rate of convergence close to the one for the i.i.d. case i.e.
n~25/@s+1) The difference is the “negligible” logarithmic term (Inn)2s/s+1).

Let us recall that, if we restrict our study to the independent case, contrary to [1,
Assumption Al], Theorem 5.1 holds without boundedness assumptions on g.

5.2 Practical results

This section is devoted to the numerical performances of F.

5.2.1 Target functions and data

We consider four target functions F' which correspond to the following formula with
values ¢ = 0.2, 1, 5, 50:

 f2riye, t € [0,0.5],
Folt) = {1 — 20711 —t)9,  te0.5,1]. (5.1)

These four functions are plotted in Figure 1, and their wavelets detail coefficients are
plotted in Figure 2. One can remark that F|, has high detail coefficients near the edges of
the interval [0, 1] when ¢ is small, and at the middle of the interval [0, 1] when ¢ is large
(see Figure 2).

An example of the data on which the estimators are based is given in Figures 4 and 5
(for the cdf F5o and for a uniform distribution of the U;s). Figure 4 represents the couples
(Ui, 6;). Figure 5 gives the detail wavelet coefficients of the sequence (6, 3))icq1,...n}5
where oy is the following permutation: oy (i) is the index j such that U; is the i* largest
element of the sequence U. These coefficients are approximations of the ones given in
equation (4.1), as their construction consists in replacing G' by the empirical pdf G
in their expressions. Then the estimation consists in trying to select the coefficients
corresponding to the signal F', and to put to zero those corresponding to the "noise”. We
consider first the case of a known uniform density of the U;s, then the case of a known
varying density, and lastly the case of an unknown density.
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Figure 2: Detail wavelet coefficients of each target function: the first row relates to Fp 2, the second

to FY, the third to F5 and the fourth to Fjg.
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Figure 3: Data with (U;)s
for the Fyq function.
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(uniformly distributed) on axis 1, and their corresponding (J;)s on axis 2,
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Figul"e 4: Detail wavelet coefficients of the data (0;) generated thanks to the F5g cdf in the uniform

case.



5.2.2 Uniform density of the design

First let us look at the performances of the main estimator presented in Section 4, in the
case of a uniform distribution of the U;s. The calibration of the threshold xp, and of
the cutoff level j; are important practical issues. The values given by the theory are not
useful in practice. Indeed the thresholds are defined up to some intricate ”large enough
constant”. Moreover the cutoff level j; defined in (4.3) is too small in practice, as it is even
lower than the minimal coarsest level value. Thus we try £ = v/2 (universal thresholding)
and 7; = log,(n) — 1 (the maximal possible level), hoping the high resolution "noise” is
filtered thanks to thresholding.

We give an example of the performances for F5,. Figure 5 represents the true co-
efficients above, and the noisy ones below, along with the thresholds (horizontal bars).
Figure 6 represents the target function (dashed line) and the estimator (solid line). One
can see that the estimator fails to recover F' properly in the middle of the interval, as
it leaves a lot of noise unfiltered in the high resolution scales. On the other hand the
estimator behaves properly outside of the middle of the interval.

The main problem with this estimator is that high resolution scales contain huge noise
coefficients that one cannot filter with thresholding, except if we put huge thresholds as
well, but then low scale information would be lost. Thus one may ask oneself if the results
could be improved by using other calibrations of x and j;. For this purpose, one can
compute some "oracle” estimator in the sense that it uses the threshold and the cutoff
values which minimize the mean square error among all estimators of the type of Section
4, except with x and j; left free. Of course this estimator is completely inaccessible in
practice. In the case of the Fjq distribution, simulations show that this oracle estimator
is obtained approximately with a threshold ¢ = 0.5 and a cutoff level j; = 3. This means
that only some of the coarsest resolution detail coefficients should be kept. As can be
seen in Figure 7, this oracle estimator is better than the previous one.

We briefly look at the performances of the estimator for the three other distributions
F,. The high resolution noise problem is far more present than for F, (first row of Figure
8). The oracle strategy consists in cutting all the details. The functions obtained this
way are plotted in the second row of Figure 8.

5.2.3 Non-uniform density of the design

We now investigate the performances of the estimators for non-constant densities of the
U;s. We consider the four densities plotted in Figure 9, named Bumpl, Bump2, Pit1 and
Pit2. They correspond to the following formulas (up to normalization constants):

e Bumpl g(z) = exp(—(100 * (z — 0.5)?)) + 1,

e Pitl g(z) = —exp(—(100 * (z — 0.5)%)) + 1.05,

e Bump2 g(z) = exp(—(100 * z2)) 4+ exp(—(100 * (x — 1)?)) + 1,

e Pit2 g(z) = — exp(—(100 % 22)) — exp(—(100 x (z — 1)2)) + 1.05.

The effects of non uniformity seem to be multiple for the performances of the esti-
mator. Let us focus on the two cdf F5 and Fyy, and the Bumpl and Pitl density. The
Bumpl density implies a surplus (resp. a lack) of observations in the middle of the inter-
val, where most important wavelet coefficients are located. On the one hand, low scale
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Figure 5: Theoretical thresholds (horizontal bars), wavelet detail coefficients of Fyq (first row of graph-

ics), wavelet detail coefficients of the (4;)s (second row of graphics).
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Figure 6: Target function (dashed line) and the estimator of section 4 (solid line) for Fjq in the uniform
case for U;.
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Figure 7: Target function (dashed line) and the oracle estimator (solid line) for Fo in the uniform

case.



Figure 8: Target functions (dashed line), estimator of section 4 (solid line top), oracle estimator (solid
line bottom) for Fyo, Fi, F5 (from left to right) in the uniform case.
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Figure 9: Densities of the (U;)s.
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Figure 10: Realizations of the estimator of Section 4 (top) and oracle estimator (bottom) for respec-
tively (from left to right): F5 and Bumpl density, F5 and Pitl density, F5o and Bumpl density, F5o and
Pitl density.

coefficients are better estimated thanks to a bump than to a pit (see the second row of
Figure 10). For the Pitl density, the lack of observation in the middle of the interval
causes the estimator to fail locating the jump of the target function. But on the other
hand, the bump attributes numerous data near the median of F', which creates much
variability in the observations. Thus many artifacts appear in the middle of the interval
for the bump density, while no artifact remains for the pit density for the cdf Fsq (see
the first row of Figure 10).

Moreover, the two other functions F} or Fy, remain very hard to estimate by the
techniques of Section 4. We consider the Bump2 (resp Pit2) density, which attributes
more (resp less) observations to the beginning and to the end of the interval (where
important detail coefficients lie for these two target functions). Then one really cannot
distinguish the true function in the first row of Figure 11. The oracle estimators are
plotted in the second row. Once again simulations show that the oracle strategy consists
in putting all the detail coefficients to zero. The oracle estimator behaves similarly
whether we use the Pit2 or the Bump2 density.

5.2.4 Unknown density of the design

When g is unknown, an intuitive adaptive estimator of F'is (4.2) but, instead of G, we
consider its empirical version:

. 1 —
1=1

This plug-in method yields the hard thresholding estimator

271 j1 29—-1

Fr(2) = 37 65 0ri(Gale) + 30 3 Bl g5,y Cib(Gnl),

j=7 k=0
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Figure 11: Realizations of the estimator of Section 4 (top) and oracle estimator (bottom) for respec-
tively: Fpo and Bump?2 density, Fp o and Pit2 density, F; and Bump?2 density, F; and Pit2 density.

x € [0, 1], where

Ak 1 - A Ak 1 - ~
Ok = E Z 5i¢j,k(Gn(Ui>>v ﬁng - E Z (511/1“{((;”([]@))
=1 i=1

Like previously, we look at the performances of the estimator for the F5q and Fj target
functions, with three different densities g (Bumpl, Uniform, Pit1). The results are given
in Figure 12. We obtain similar performances to the ones in the case of known g, the
main general remarks remain true here.

6 Proofs

In this section, we suppose that the assumptions of Section 2 hold. Moreover, C' denotes
any constant that does not depend on j, £ and n. Its value may change from one term
to another and may depend on ¢ or .

6.1 Auxiliary results on (4.1)

Proposition 6.1 Suppose that the assumptions of Section 2 hold. For any integer j > T
such that 22 < n and any k € {0,...,27 — 1}, let o, = fol F(GY(2))¢; x(x)dz and &jy,
be (4.1). Then &y, is an unbiased estimator for oy, and there exists a constant C' > 0
such that

R 1
Var(é; ;) < Cﬁ’

Mention that Proposition 6.1 holds with 3, . (4.1) instead of aj , and §; , = fol F(G Y (2)Y(x)dx
instead of o .
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Figure 12: Target function (dashed line), estimator of section 4 (solid line) for the cdf Fyq (first row)
and F5 (second row) with unknown g equal to Bumpl, Uniform, Pitl (from left to right).

Proof of Proposition 6.1. We have
B(d) = E(0i16;4(G(h))) = E(l{“m}m(G( D))
- / / £(2)634(G () g () drcu = / F(u)5(G(w))g (u)du
:/0 (G () () = .

An elementary covariance inequality yields

Var (1) ZZcov (0,0, 1(G(U)), 600 1(G(U))) < S+ T, (6.1)
v=1 =1
where 1
S = E\/ar (010;£(G(U1)))
and .
T — % Cov (0,0, x(G(Uy)), 5£¢j,k(G(U£)))‘ ~
v=2 (=1
Since 0; < 1, we have
S < B (B0 GO))) £ - B (654(G0))

- 1 [ e roaan =1 [Guwyiar - (62

n n
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It follows from the stationarity of (d;, U;);ez and 27 < n that

n

T = % Z(n—m)Cov(5O¢jyk(G(Uo)),5m¢j,k(G(Um)))
< —Z|Cov (0095,1(G(Uo)), 0mdjx(G(Un)))| = T1 + T, (6.3)
where 2] )
Z|COV (600jk(G(Uo)), 0mdjx(G(Un)))|
and

Z\COV (900;4(G(U0)), Omj 1 (G (Um)))| -

m27

Upper bound for Ty. Using (2.4), (2.5) and the change of variables y = 2z — k, we
obtain

|Cov ( 50¢Jk mm( (Unm)))]

< / / / / o (9 Yo )y 5(G () (G22)) | dyddysd,

< o / ydy) ( / 654Gl >dx) <c(/ 1|¢j,k<x>|das)2s02-j.

Therefore
1 .. 1
T, <C-2772 =(C-. (6.4)
n n

Upper bound for Ty. Applying the Davydov inequality for strongly mixing processes (see
[7]), for any ¢ € (0, 1), we have

Cov (Buss (GUN), b3 G(U)
< cu, (B (oGP ))

< Cal, << sup |y¢j,k<a<x>>l) (E ((5o;.(G(T))2) .

z,y)€[0,1]2

Observe that ‘
sup  |yoi(G(2))] < sup |¢ju(z)] < C20/

(z,y)€(0,1]2 z€[0,1]
and, by (6.2),
E ((600;4(G(U0)))*) < 1.

Therefore

|Cov (00¢.1(G(Uo)), 0 (G (Um)))| < C2%af,.
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Hence

1 = ] — 1
T, < =29 < O= igd < C'=. 6.5
2 > n Za’m— nzma’m— n ( )

m=2J m=27

It follows from (6.3), (6.4) (6.5) that
1
T <CO-. (6.6)
n
Combining (6.1), (6.2) and (6.6), we obtain
. 1
Var (G, 5) < Cﬁ'

The proof of Proposition 6.1 is complete.
O

Proposition 6.2 Suppose that the assumptions of Section 2 hold. For any integer j > T
such that 29 < n and any k € {0,...,29 — 1}, let B, = fol F(GY(2))x(x)dz and By
be (4.1). Then there exists a constant C' > 0 such that

E ((BM - 5j,k)4) < 023%.

Proof of Proposition 6.2. Observe that

Qe — ajrl < aye] +lage] < sup |ydin(G(x))| +C
(z,y)€[0,1]2

< sup |gu(z)| +C < 0272 (6.7)
z€[0,1]

Using (6.7) and Proposition 6.1, we obtain

E (a5 — ajp)') < C2YE (G — ajp)’) < 021%.

The proof of Proposition 6.2 is complete.
O

Proposition 6.3 Suppose that the assumptions of Section 2 hold. Foranyj € {7,...,j1}
and any k € {0,...,29 — 1}, let Bj) = fol F(G Y)Y, 1(x)dx, B;y be (4.1) and p, be
(4.4). Then there exist two constants, k > 0 and C > 0, such that

3 1
P <Wj,k — Bjk| > ﬁpn/2> < Cﬁ‘

Proof of Proposition 6.3. We shall use the Bernstein inequality for exponentially
strongly mixing process presented in Lemma 6.1 below. The proof can be found [15].
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Lemma 6.1 ([15]) Let v > 0, ¢ > 0 and (Z;)icz be a stationary process with the m-th
strongly mizing coefficient (2.1). Let n be a positive integer, h : R — R be a measurable

function and, for any i € Z, V; = h(Z;). We assume that E(V1) = 0 and there exists a
constant M > 0 satisfying |V1| < M. Then, for any m € {1,...,n} and any XA > 0, we

1 n

For any i € {1,...,n}, set

have

) M
>\ <4 _ 32" na,,
= ) = eXp( 16(Dm/m+/\Mm/3)> osyna

.....

Vi = 051 (G(Us)) — Bk
Then

p (|Bm — Bkl = H/)n/2> =P <|%;Vz

Vi,...,V, are identically distributed, depend on the stationary strongly mixing process
(0;, U;)iez satistying (2.2), Propositions 6.1 and 6.2 give

> ﬁpn/2> ) (6'8>

EWV) =0,  E(V) SE((ho;n(G())°) <1,
using similar arguments to (6.7), |Vi| < C2//2 < 021/2 < C(n/(Inn)*)'/2, and, proceed-

ing as in Proposition 6.1 with [ instead of n, we have

!
max Var (Z VZ-> <(C max [<Cm.
i=1

le{1,....2m} le{1,....2m}

It follows from Lemma 6.1 applied with these Vi, ..., V,, A = kCpy, pp, = (Inn/n)'/?,
m = ulnn with u > 0 (chosen later), M = C(n/(Inn)?)"/? and (2.2) that

1% (Wm — Bixl > Hﬂn/Q)

K2p2n nl/2
< C P v _
= (eXp( 1+npan>+pn<mn>3/2”eXp< Cm)>
k2 Inn

< _ _
= ¢ (exp ( C(1 + k(Inn/n)2ulnn(n/(In n)3)1/2> Fnexp(—culn n))
< C (n—C,@Q/(lJ,-nu) + nl—cu) )

Taking # and u large enough, we obtain
3 1
P <|ﬁjk — Bkl = lipn/2> < Cﬂ'

This ends the proof of Proposition 6.3.
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6.2 Proof of Theorem 5.1

Proof of Theorem 5.1. Since F' € Ly([0, 1]), we can write

271 oo 29-1
= Z ar,kaT,k(G(x)) + Z Z ﬁj,kwj,k(G(l’)), z € [0,1],
k=0 j=7 k=0

where o, ), = fol F(G Y (2))prr(x)dx and B, = fol F(G Y (2)Y;(x)dx
We have, for any x € [0, 1],

27-1 J1 271

= Y (s — )b G) + 30D (Bl oy — i) G3x(G (@)

k=0 j=7 k=0

oo 20-1

— > ) Bistu(Gl

Jj=j1+1 k=0

We now need the following lemma which is an immediate consequence of [14, Lemma 2]
and the Minkowski inequality.

Lemma 6.2 ([14]) Suppose that (2.3) holds. Then, for any sequences (u;;) € lo(N?)
and any integers jo and 71 such that j1 > jo > 7, there exists a constant C' > 0 such that

2

1/2
1 21 21
[R5 9 STRERET) PRV D or T Do N B
0 J=jo k=0 J=Jo
where wj, is defined by (3.2).
It follows from Lemma 6.2 and the Cauchy-Schwarz inequality that
L, 2
E ( / <F(a:) - F(x)) dx) <C(F+G+H), (6.9)
0
where
271
F=2 E ((@T,k ar k;) ) Wr I,
k=0
2
J1 ' 271 . 9 1/2

> 2| e ((5Jvk1{|3j,k|zmpn} ~ B ) Wik

Jj=T k=0
and

1/2\ 2
291
o | Y o 2 P
Jj=j1+1
Using Proposition 6.1 and Zi;l w- = 1, we obtain
R 2s/(25+1)
Inn
F<Ct < C <C . 6.10
PO () (6.10)

k=0
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Since F' € BY (M), we have

00 2 1 3\ 28
H < C ( Z 2js> < 0272]'13 <C (( Iln) )
n

J=j+1

| 2s/(25+1)
< C (ﬂ) , (6.11)
n

Let us now bound the term G. Observe that

G <C(G1+Gy+G3+ Gy, (6.12)
where
2
J1 291 9 12
_ j/2 3. _ 4. R
Gi=|) 2 E <<5J7k @vk) 1{|ﬁj,k|zfepn}1{\6,7,k\<npn/2} Wik )
j=T k=0
J1 27 -1
_ j/2
Gy= | % E (<5Jk B k) Lo15, ni2r0 1 {wgk\>npn/2} Wik
Jj=T k=0
J1 27 -1
— /2 2 R
Gs = ZQJ 2 (ﬁjvkl{\ﬁj,kl@pn}1{|/3j,k\22f@pn Wik
Jj=7 k=0
and
i 271
/2
> E Jkl{m]k|<npn} {185.k1<2rpn } Wik
J=T =0
Upper bounds for Gi + Gs. Note that
{‘/B]k‘| < Kpn; Bkl = QHpn} - {\B]k — Bkl > ﬁpn/Q},
{13k = kpns 183l < ipn/2} € {18k = Bisl > ipu/2}
and ) )
{|5j,k| < Kpn, Bkl = QH,On} C {|5j,k| <2[Bjx — 6j,k|}~
So
1/2\ 2

27 -1

Ji . . 9
G +G3<C ZQJ/Z E ((B]k - Bj,k) 1{Bj,kﬁj,k>npn/2}) Wj

j=r k=0
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It follows from the Cauchy-Schwarz inequality, Proposition 6.2, Proposition 6.3 and 2/ <
291 < n that

E ((Bjk - ﬁjv’f)Q 1{3,7,k—5j,k>ﬁpn/2})
) AN 1/2 R 1/2
< (E ((5“C _ 5].7,9) )) (P (\Bj,k — Bl > ﬁpn/2>>
AN N
<o) (w) =cm

. 2 1
Since ),y w;r = 1, we have

2

1 J1 27 -1 1/2 1 1 2
o L
G +G; < Cﬁ Z2J/ ij,k :Cﬁ (ZQ]/ )
J=T k=0 j=r
2s/(2s+1)
< cta<cl<o (ln—") . (6.13)
n n n
Upper bound for Go. Using again Proposition 6.2, we obtain
A 2 1 Inn
Hence
1 J1 27 -1 1/2\ 2
nn ,
mn /2 .
G2 < ¢ n Z 2’ Z 1{‘ﬁj,k|>npn/2}w]=k
Jj=T k=0
Let 75 be the integer defined by
1 n \1/(@2s+1) . n \ 1/(2s+1)
5 \Inn <2< (—) : 6.14
2 <1Hn> - lnn ( )
We have
Gy < C(Gay + Gap),
where
, . 1/2\ 2
Inn [ & /2 -1
G2,1 N n Z 2 Z 1{|5j,k\>ﬁpn/2}w],k
J=T k=0
and
1/2\ 2

27 -1

Inn 2Ny 9
Goa=——| D, 2P D g opy) Wik

j=ja+1 k=0
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. 29—1
Using 1{|5j7k‘>ﬂpn/2} <land ), , wjx=1,

2
1/2
271 /

, 2

2s/(2s+1)
< Cln—"Qﬂ <C (m")

n

and, since F' € BY (M),

2

, , 1/2 : 2
Inn = /2 iy ) o
G = 2| S0 (] | e 30
o\ j=j2t1 k=0 J=j2+1
2s/(25+1)
< (027 < (0 ln_n )
B B n
So
1 2s/(2s+1)
G, <C (ﬂ> . (6.15)
n
Upper bound for G4. We have
2
J1 27—1 1/2
/2 2 .
Go< | D27 | D B (s, apcamp Wik
j=T k=0
Let jo be the integer (6.14). Then
G, < C(Gyn+ Gyp),
where
1/2\ 2
21
2
ZQJ/ Zﬁjk {|5]k|<2,.;pn} Wy k
and
, . 1/2\ 2
ji 271
Gua=| D 2P X Bl s, comp,) Win
Jj=j2+1 k=0
Using 8741115 | canp,} < Cp;, and Sily wik =1, we have
2
21 1 1/2 lnn 72 ' 2
ot ST B <Z )
J=T J=T

25/(2s5+1)
< Cln_n2j2 <C (ln_n) .
n



20

Since F' € BY (M), we have

1/2\ 2

Ji 271 J1 2
Gz < | X 27X ] | < ( > )
Jj=ja+1 k=0 Jj=ja+1
2s/(2s+1)

< 02—2j2s <C (ln_n) .

n
So
1 2s/(2s+1)
G,<C (ﬂ> . (6.16)
n

It follows from (6.12), (6.13), (6.15) and (6.16) that

1 2s/(2s+1)
G<C (ﬂ> . (6.17)
n
Combining (6.9), (6.10), (6.11) and (6.17), we have
1 ) 9 ] 2s/(2s+1)
B (/ (F() ~ F@)) dx) <C (ﬂ) |
0 n
The proof of Theorem 5.1 is complete.
U
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