
SUPPLEMENTARY MATERIAL FOR ADAPTIVE WARPED KERNEL

ESTIMATORS

GAËLLE CHAGNYA ∗

Abstract. This supplementary material provides detailed proofs which are only sketched in
the main article for results stated in the case of unknown warping function Φ. We fully prove
Proposition 1 and Theorem 3, which necessitate some deviation results for the empirical cumu-
lative distribution function.

A. Notations and goal

For the sake of clarity, we further recall the main notations and the results we prove. We
consider warped kernel estimators for the four setting introduced in the main article: regression
estimation (with additive error term in Example 1 or heteroskedastic model in Example 2), c.d.f.
estimation from current-status data (Example 3) and hazard-rate estimation from right-censored
data (Example 4). The target function s has to be estimated from a sample (Xi, Yi)i∈{1,...,n} of

observations. The warping functions Φ and their estimators Φ̂n are de�ned in Table 1, for x ∈ A,
with F̂n is the empirical counterpart for FX computed from the sample (X−i)i=1,...,n, independent

of the Xi's, but distributed like them: F̂n : x 7→ 1
n

∑n
i=1 1X−i≤x. The collection of estimators

Φ(x) Φ̂n(x)

Examples 1-3 FX(x) F̂n(x)

Example 4

∫ x

0
(1− FX(t)) dt

∫ x

0

(
1− F̂n(t)

)
dt

Table 1. The warping functions and their estimators.

is de�ned by

(1) ŝh = ĝh ◦ Φ̂n, with ĝh : u 7→ 1

n

n∑
i=1

θ(Yi)Kh

(
u− Φ̂n(Xi)

)
, h > 0,
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2 SUPPLEMENTARY MATERIAL

and we select one of them, ŝ := ŝĥ = ĝĥ ◦ Φ̂n, among the collection of bandwidths Hn,1 =

{k−1, k = 1, . . . , [(n/ ln(n))1/5]} or Hn,2 = {2−k, k = 1, . . . , [ln(n)/(6 ln(2))]} by

(2) ĥ = arg min
h∈Hn,l

{
Â(h) + 2V̂ (h)

}
,

with

(3) Â(h) = max
h′∈Hn

{
∥ĝh,h′ − ĝh′∥2L2(Φ(A)) − V̂ (h′)

}
+
,

and V̂ (h) = κ′ ln2(n)/nh, where, κ′ > 0.
We recall and prove two results: the �rst one provides a bias-variance decomposition for the

estimators ŝh, h > 0 de�ned in (1), and the second one is an oracle type inequality for ŝ.

Proposition 1. (Proposition 1 of the main article) The following assumption are supposed to
be ful�lled:

(H1') The function s is continuously derivable on A.
(H2') The kernel K is twice continuously derivable, with bounded derivatives K ′ and K ′′ on R.
(H3') The set A can be written A = (0, τ) with �nite τ > 0, in Example 4.

If moreover h ≥ Cn−1/5 (C a purely numerical constant), there exists c > 0 such that

(4) E
[
∥ŝh − s∥2ϕ

]
≤ 5 ∥g − gh∥2L2(Φ(A)) + c

1

nh
.

Theorem 2. (Theorem 3 of the main article) Assume (H1')-(H2')-(H3') de�ned above, and also

(H1) The function s is bounded. Denote by ∥s∥L∞(A) its sup-norm.

(H5) There exists p > 2, such that E[|θ(Y )− E[θ(Y )|X]|2+p] <∞.

Then there exist two constants c′1, c
′
2 > 0, such that, for n large enough,

(5) E
[
∥ŝ− s∥2ϕ

]
≤ c′1 min

h∈Hn,l

{
∥s− sh∥2ϕ +

ln2(n)

nh

}
+
c′2
n
,

with sh = gh ◦ Φ, and for l = 1, 2. The value of c′1 is speci�ed in the proof.

B. Preliminary results: properties of Φ and Φ̂n

We need speci�c notations: we denote ŝh de�ned in (1) by ŝΦ̂n,Φ̂n

h . We have

ŝΦ̂n,Φ̂n

h = ĝΦ̂n
h ◦ Φ̂n, with ĝ

Φ̂n
h (u) =

1

n

n∑
i=1

θ(Yi)Kh

(
u− Φ̂n(Xi)

)
.

Moreover, ŝΦ,Φ
h = ĝΦh ◦ Φ with ĝΦh (u) = (1/n)

∑n
i=1 θ(Yi)Kh(u− Φ(Xi)) is the estimator studied

in the case of known Φ. Coherently, we also introduce ŝΦ̂n,Φ
h = ĝΦ̂n

h ◦Φ. These notations will also
be used for the estimator with the bandwidth ĥ selected by (2).

We introduce in this section properties which will be repeatedly used in the proof of Proposition
1 and Theorem 2. The idea is to use deviation inequalities for the empirical c.d.f., whatever the
deformation function Φ is. Thus, the �rst step is to show how we come down to the empirical
c.d.f. in Example 4, when Φ̂n is not directly equal to F̂n.
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ADAPTIVE WARPED KERNEL ESTIMATORS 3

B.1. Example 4. In Example 4, recall that the deformation is Φ(x) =
∫ x
0 (1 − FX(t))dt, and

that we assume A = (0; τ) with �nite τ . We �rst state the following equalities, which will be
useful, even though simple.

Lemma 3. Denote by Φ(x) =
∫ x
0 (1−FX(t))dt, x ∈ (0; τ), and Φ′ = ϕ. The function Φ satis�es

(1) Φ(x) =

∫ τ

0
(y ∧ x)fX(y)dy, x ∈ (0; τ),

(2) E[X] =
∫ τ
0 ϕ(x)dx.

Proof of Lemma 3

(1) Fix x ∈ (0; τ), and compute

Φ(x) =

∫ x

0
P(X > t)dt =

∫ x

0

(∫ τ

0
1y>tfX(y)dy

)
dt,

=

∫ τ

0
fX(y)

(∫ x

0
1y>tdt

)
dy =

∫ τ

0
fX(y) (y ∧ x) dy.

(2) To recover the expectation of X, we compute∫ τ

0
ϕ(x)dx =

∫ τ

0
(1− FX(x)) dx =

∫ τ

0

(∫ ∞

x
fX(t)dt

)
dx,

=

∫ ∞

0
fX(t)

∫ τ

0
1t>xdxdt =

∫ ∞

0
fX(t)tdt = E[X].

2

Now, consider the estimator Φ̂n =
∫ x
0 (1−F̂n(t))dt. It can also be written Φ̂n(x) =

1
n

∑n
i=1X−i∧

x. Thus it has no bias for the estimation of Φ (see the �rst point of Lemma 3). Moreover, since

A = (0; τ), we write, supx∈(0;τ) |Φ̂n(x)−Φ(x)| ≤ τ supx∈R+
|F̂n(x)−FX(x)|. By setting τ = 1 in

Examples 1-3, in any case we have

(6)
∥∥∥Φ̂n − Φ

∥∥∥
L∞(A)

≤ τ
∥∥∥F̂n − FX

∥∥∥
L∞(R)

.

B.2. Control of the di�erence Φ̂n− Φ̂. Inequality (6) permits to come down to the deviation

properties of the empirical c.d.f. F̂n. The following deviation result is known as the Dvoretzky-
Kiefer-Wolfowitz Inequality (see Dvoretzky et al. (1956)):

Proposition 4. There exists a constant C > 0, such that, for any integer n ≥ 1, and all λ > 0,

P
(
∥F̂n − FX∥L∞(R) ≥ λ

)
≤ C exp

(
−2nλ2

)
.

By integration, we deduce the following bounds:

Corollary 1. For any p ∈ N\{0}, there exists a constant Cp > 0 such that

E
[∥∥∥F̂n − FX

∥∥∥p
L∞(R)

]
≤ Cp

np/2
.

Corollary 2. For all κ > 0 and p ≥ 2, there exists a constant C > 0 such that

(7) E

[(∥∥∥F̂n − FX

∥∥∥p
L∞(R)

− κ
lnp/2(n)

np/2

)
+

]
≤ Cn−2

2−p
p κ2/p

.

As from now, C is a constant which may change from line to line.
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4 SUPPLEMENTARY MATERIAL

C. Proof of Proposition 1

C.1. Main part of the proof of Proposition 1. The following decomposition is the key of
the proof:

(8)
∥∥∥ŝΦ̂n,Φ̂n

h − s
∥∥∥2
ϕ
≤ 5

3∑
l=0

T h
l ,

with

T h
0 =

∥∥∥ŝΦ,Φ
h − sh

∥∥∥2
ϕ
+
∥∥sΦh − s

∥∥2
ϕ
,

T h
1 =

∥∥∥ŝΦ̂n,Φ
h − ŝΦ,Φ

h − E
[
ŝΦ̂n,Φ
h − ŝΦ,Φ

h |(X−i)
]∥∥∥2

ϕ
,

T h
2 =

∥∥∥ŝΦ̂n,Φ̂n

h − ŝΦ̂n,Φ
h − E

[
ŝΦ̂n,Φ̂n

h − ŝΦ̂n,Φ
h |(X−i)

]∥∥∥2
ϕ
,

T h
3 =

∥∥∥E [ŝΦ̂n,Φ̂n

h − ŝΦ,Φ
h |(X−i)

]∥∥∥2
ϕ
,

where E[Z|(X−i)] is the conditional expectation of a variable Z given the sample (X−i)i=1,...,n.

The term T h
0 has been bounded in (11) of the main article. For the three others, we set the

following lemmas. By applying them, and choosing h ∈ Hn,l (l = 1, 2), we end the proof.

Lemma 5. Under the assumptions of Proposition 1,

E
[
T h
l

]
≤ κ1E

[
θ2(Y1)

]
∥K ′∥L∞(R)C2

1

n2h4
,

with κ1 = 1 in Examples 1-3, κ1 = τ2E[X] in Example 4, and C2 de�ned by Proposition 1.

Lemma 6. Under the assumptions of Proposition 1,

E
[
T h
3

]
≤ κ

nh
+ 16κ1E

[
θ2(Y1)

] ∥∥K ′′∥∥2
L∞(R)C4

1

n2h6
.

with κ1 = τ2E[X] and

κ =


12 ∥K∥2L2(R)

(
2C2∥s∥2L∞(A) + 2 ∥s∥2ϕ +

(
1
4 + 3C2

)
∥s′∥2L2(A)

)
(Examples 1-3),

∥K∥2L2(R)

(
∥s∥2L∞(A)(E[X

2
−1] + 2C2τ

2)

+∥s′∥2L1(A)(E[X
2
−1] + C2τ

2) + E[X−1]∥s∥2L2(A)

)
(Example 4).

Remark 1. To prove Lemma 5, Assumption (H1') is not required and Assumption (H2') can be
weakened: it is su�cient to assume that the kernel K is continuously derivable, with bounded
derivative K ′.

2

C.2. Proof of Lemma 5. The �rst term to bound is

T h
1 =

∫
A

(
ĝΦ̂n
h ◦ Φ(x)− ĝΦh ◦ Φ(x)− E

[
ĝΦ̂n
h ◦ Φ(x)− ĝΦh ◦ Φ(x) |(X−i)

])2
ϕ(x)dx,

and its conditional expectation is

E
[
T h
1 |(X−i)

]
=

∫
A
Var

(
ĝΦ̂n
h (Φ(x))− ĝΦh (Φ(x)) |(X−i)

)
ϕ(x)dx.

For any x ∈ A, we compute
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ADAPTIVE WARPED KERNEL ESTIMATORS 5

Var
(
ĝΦ̂n
h (Φ(x))− ĝΦh (Φ(x)) |(X−i)

)
= Var

(
1

n

n∑
i=1

θ(Yi)
{
Kh

(
Φ(x)− Φ̂n(Xi)

)
−Kh (Φ(x)− Φ(Xi))

}
|(X−i)

)
,

=
1

n
Var

(
θ(Y1)

{
Kh

(
Φ(x)− Φ̂n(X1)

)
−Kh (Φ(x)− Φ(X1))

}
|(X−i)

)
,

≤ 1

nh2
E

θ2(Y1){K (Φ(x)− Φ̂n(X1)

h

)
−K

(
Φ(x)− Φ(X1)

h

)}2

|(X−i)

 .
The mean value theorem for the kernel K between to real numbers a and b leads to:

|K(b)−K(a)| ≤ ∥K ′∥L∞(R)|b− a|.

By choosing a = (Φ(x)− Φ̂n(X1))/h and b = (Φ(x)− Φ(X1))/h, we obtain

Var
(
ĝΦ̂n
h (Φ(x))− ĝΦh (Φ(x)) |(X−i)

)

≤ 1

nh2
E

θ2(Y1)∥K ′∥2L∞(R)

{
Φ(Xi)− Φ̂n(Xi)

}2

h2
|(X−i)

 ,
≤ 1

nh4
∥K ′∥2L∞(R)

∥∥∥Φ̂n − Φ
∥∥∥2
L∞(A)

E
[
θ2(Y1) |(X−i)

]
,

=
1

nh4
∥K ′∥2L∞(R)

∥∥∥Φ̂n − Φ
∥∥∥2
L∞(A)

E
[
θ2(Y1)

]
.

Thus,

E
[
T h
1 |(X−i)

]
≤ 1

nh4

∫
A
ϕ(x)dx∥K ′∥2L∞(R)

∥∥∥Φ̂n − Φ
∥∥∥2
L∞(A)

E
[
θ2(Y1)

]
,

and consequently

E
[
T h
1

]
≤ 1

nh4

∫
A
ϕ(x)dx∥K ′∥2L∞(R)E

[
τ2
∥∥∥F̂n − FX

∥∥∥2
L∞(A)

]
E
[
θ2(Y1)

]
,

with Inequality (6). Corollary 1 permits to obtain

E
[
T h
1

]
≤ τ2C2

n2h4
E
[
θ2(Y1)

] ∫
A
ϕ(x)dx∥K ′∥2L∞(R).

To conclude, it remains to compute
∫
A ϕ(x)dx: it equals 1 in Examples 1-3 and E[X] in Example

4 (see Lemma 3).

To deal with the second term, we �rst write

T h
2 =

∫
A

(
ĝΦ̂n
h ◦ Φ̂n(x)− ĝΦ̂n

h ◦ Φ(x)− E
[
ĝΦ̂n
h ◦ Φ̂n(x)− ĝΦ̂n

h ◦ Φ(x) |(X−i)
])2

ϕ(x)dx.
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6 SUPPLEMENTARY MATERIAL

We now argue as for T h
1 :

E
[
T h
2 |(X−i)

]
=

∫
A
Var

(
ĝΦ̂n
h ◦ Φ̂n(x)− ĝΦ̂n

h (Φ(x)) |(X−i)
)
ϕ(x)dx,

≤
∫
A

1

nh2
E

[
θ2(Y1)

{
K

(
Φ̂n(x)− Φ̂n(X1)

h

)

−K

(
Φ(x)− Φ̂n(X1)

h

)}2

|(X−i)

ϕ(x)dx,
≤

∫
A

1

nh2
E

θ2(Y1)∥K ′∥2L∞(R)

{
Φ̂n(x)− Φ(x)

}2

h2
|(X−i)

ϕ(x)dx,
≤

∫
A
ϕ(x)dx

1

nh4
E
[
θ2(Y1)

]
∥K ′∥L∞(R)

∥∥∥Φ̂n − Φ
∥∥∥2
L∞(A)

.

The conclusion is the same as for the �rst term.

2

C.3. Proof of Lemma 6. We have

T h
3 = E

[∫
A

(
ŝΦ̂n,Φ̂n(x)− ŝΦ,Φ(x)

)2
ϕ(x)dx |(X−i)

]
,

=

∫
A

(
E

[
1

nh

n∑
i=1

θ(Yi)

{
K

(
Φ̂n(x)− Φ̂n(Xi)

h

)
−K

(
Φ(x)− Φ(Xi)

h

)}
|(X−i)

])2

ϕ(x)dx,

=

∫
A

(
E

[
1

h
θ(Y1)

{
K

(
Φ̂n(x)− Φ̂n(X1)

h

)
−K

(
Φ(x)− Φ(X1)

h

)}
|(X−i)

])2

ϕ(x)dx,

since (Xi, Yi)i are i.i.d. given the sample (X−i)i. We apply the Taylor formula with Lagrange

form for the remainder term K: for b = (Φ̂n(x)− Φ̂n(X1))/h and a = (Φ(x)− Φ(X1))/h, there
exists α̂n,x,h between a and b such that

K(b)−K(a) = (b− a)K ′(a) + (b− a)2
K ′′ (α̂n,x,h)

2
.

This leads to the decomposition T h
3 ≤ 2T h

3,1 + 2T h
3,2, with

T h
3,1 =

∫
A

(
E

[
1

h
θ(Y1)

{
Φ̂n(x)− Φ̂n(X1)− Φ(x) + Φ(X1)

h

× K ′
(
Φ(x)− Φ(X1)

h

)}
|(X−i)

])2

ϕ(x)dx,

T h
3,2 =

∫
A

E

1
h
θ(Y1)


(
Φ̂n(x)− Φ̂n(X1)− Φ(x) + Φ(X1)

)2
h2

K ′′ (α̂n,x,h)

 |(X−i)




2

ϕ(x)dx.

We now bound each of the terms.
• Upper-bound for Th

3,1.
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ADAPTIVE WARPED KERNEL ESTIMATORS 7

Let us begin with the splitting T h
3,1 ≤ 2T h

3,1,1 + 2T h
3,1,2, where

(9)

T h
3,1,1 =

∫
A

E

1
h
θ(Y1)


(
Φ̂n(x)− Φ(x)

)
h

K ′
(
Φ(x)− Φ(X1)

h

) |(X−i)

2

ϕ(x)dx,

T h
3,1,2 =

∫
A

E

1
h
θ(Y1)


(
Φ̂n(X1)− Φ(X1)

)
h

K ′
(
Φ(x)− Φ(X1)

h

) |(X−i)

2

ϕ(x)dx.

⋆ Upper-bound for Th
3,1,1.

We have

T h
3,1,1 =

1

h2

∫
A


(
Φ̂n(x)− Φ(x)

)
h2

E
[
θ(Y1)K

′
(
Φ(x)− Φ(X1)

h

)
|(X−i)

]2

ϕ(x)dx,

=
1

h2

∫
A

(
Φ̂n(x)− Φ(x)

)2
h2

(
E
[
θ(Y1)K

′
(
Φ(x)− Φ(X1)

h

)])2

ϕ(x)dx.

We now need a slightly di�erent version the equality (8) of the main article. We replace Kh(u−
Φ(X)) by any function t ◦ Φ(X) such that the expectation exists, in the proof of Section 5.1 of
the main article, to obtain:

(10) E [θ(Y1)t ◦ Φ(X1)] =

∫
Φ(A)

t(u′)g(u′)du′ =

∫
A
t(Φ(x′))s(x′)ϕ(x′)dx′,

where the last inequality is the consequence of the change of variable x = Φ−1(x′). Here, with
t = K ′((Φ(x)− Φ(X1))/h), (10) leads to

T h
3,1,1 =

1

h2

∫
A

(
Φ̂n(x)− Φ(x)

)2(∫
A

1

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′

)2

ϕ(x)dx,

≤ 1

h2

∫
A

∥∥∥Φ̂n − Φ
∥∥∥2
L∞(A)

(∫
A

1

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′

)2

ϕ(x)dx,

≤ τ2

h2

∥∥∥F̂n − FX

∥∥∥
L∞(R)

∫
A
(Jx)

2 ϕ(x)dx,(11)

thanks to Inequality (6) and with Jx =
∫
A h

−1K ′((Φ(x) − Φ(x′))/h)s(x′)ϕ(x′)dx′. We anew

apply Corollary (1), which give E[T h
3,1,1] ≤ τ2C2/(nh

2)
∫
A(Jx)

2ϕ(x)dx. We now discuss two

cases, depending on the value of Φ(A) (see Table 1).

- Example 1-3 (Φ(A) = (0; 1)). By the changes of variables u = Φ(x) and u′ = Φ(x′),
the last inequality can be written

E
[
T h
3,1,1

]
≤ C2

nh2

∫
(0;1)

(Iu)
2 du, avec Iu =

∫
(0;1)

1

h
K ′
(
u− u′

h

)
g(u′)du′.
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8 SUPPLEMENTARY MATERIAL

An integration by parts permits to compute Iu (s, and thus g are assumed to be contin-
uously derivable):

Iu =

[
−g(u′)K

(
u− u′

h

)]1
0

+

∫
(0;1)

K

(
u− u′

h

)
g′(u′)du′,

= −g(1)K
(
u− 1

h

)
+ g(0)K

(u
h

)
+

∫
(0;1)

K

(
u− u′

h

)
g′(u′)du′.

Therefore,

E
[
T h
3,1,1

]
≤ C2

nh2

∫
(0;1)

(
−g(1)K

(
u− 1

h

)
+ g(0)K

(u
h

)
+

∫
(0;1)

K

(
u− u′

h

)
g′(u′)du′

)2

du,

=
C2

nh

∫
(0;h)

(
−g(1)K

(
v − 1

h

)
+ g(0)K (v) +

∫
(0;1)

K

(
v − u′

h

)
g′(u′)du′

)2

du,

≤ 3C2

nh

{
g2(1)

∫
(0;1)

K2

(
v − 1

h

)
dv + g2(0)

∫
(0;1)

K2(v)dv

+

∫
(0;1)

(
g′(u′)

)2
du′
∫
(0;1)

(∫
(0;1)

K2

(
v − u′

h

)
du′

)
dv

}
,

≤ 3

C2nh

{
g2(1)∥K∥2L2(R) + g2(0)∥K∥2L2(R) +

∫
(0;1)

(
g′(u′)

)2
du′∥K∥2L2(R)

}
,

≤ 3C2

4nh

(
2∥g∥2L∞((0;1)) + ∥g′∥2L2((0;1))

)
∥K∥2L2(R),

≤ 3C2

4nh

(
2∥s∥2L∞(A) + ∥s′∥2L2(A)

)
∥K∥2L2(R)

- Example 4 (A = (0; τ)). We also integrate by parts:

Jx =

[
−s(x′)K

(
Φ(x)− Φ(x′)

h

)]τ
0

+

∫ τ

0
s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′,

= −s(τ)K
(
Φ(x)− Φ(τ)

h

)
+ s(0)K

(
Φ(x)

h

)
+

∫ τ

0
s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′.

With similar computations as in the previous examples, but with variables x and x′ in
the integrals,

E
[
T h
3,1,1

]
≤ 3C2τ

2

nh2

{
s2(τ)

∫ τ

0
K2

(
Φ(x)− Φ(τ)

h

)
ϕ(x)dx

+s2(0)

∫ τ

0
K2

(
Φ(x)

h

)
ϕ(x)dx+

∫ τ

0

(∫ τ

0
s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′
)2

ϕ(x)dx

}
.

There are three terms to bound. First,

s2(τ)

∫ τ

0
K2

(
Φ(x)− Φ(τ)

h

)
ϕ(x)dx ≤ ∥s∥2L∞(A)∥K∥2L2(R),

s2(0)

∫ τ

0
K2

(
Φ(x)

h

)
ϕ(x)dx ≤ ∥s∥2L∞(A)∥K∥2L2(R).
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ADAPTIVE WARPED KERNEL ESTIMATORS 9

For the most complicated term, we apply the generalized Minkowski Inequality (see
Lemma 1.1 p.13 in Tsybakov 2009):∫ τ

0

(∫ τ

0
s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′
)2

ϕ(x)dx

≤

[∫ τ

0
|s′(x′)|

(∫ τ

0
K2

(
Φ(x)− Φ(x′)

h

)
ϕ(x)dx

)1/2

dx′

]2
.

Moreover,(∫ τ

0
K2

(
Φ(x)− Φ(x′)

h

)
ϕ(x)dx

)1/2

=

(∫ Φ(τ)

0
K2

(
u− Φ(x′)

h

)
du

)1/2

,

=

(∫ Φ(τ)/h

0
K2

(
v − Φ(x′)

h

)
hdv

)1/2

,

≤
√
h∥K∥L2(R),

and therefore∫ τ

0

(∫ τ

0
s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′
)2

ϕ(x)dx ≤ h∥K∥2L2(R)

[∫ τ

0
s′(x′)dx′

]2
,

≤ h∥K∥2L2(R)∥s
′∥2L1(A).

At the end,

E
[
T h
3,1,1

]
≤ 3C2τ

2

nh
∥K∥2L2(R)

{
2∥s∥2L∞(A) + ∥s′∥2L1(A)

}
.

Finally, whatever the example we consider, we have shown that

(12) E
[
T h
3,1,1

]
≤ 3C2τ

2

nh
∥K∥2L2(R)

{
2∥s∥2L∞(A) + Cs

}
,

with Cs = ∥s′∥2L2(A) (Examples 1-3), and Cs = ∥s′∥2L1(A) (Example 4).

⋆ Upper-bound for Th
3,1,2.

Recall �rst the de�nition of this term:

T h
3,1,2 =

∫
A

E

1
h
θ(Y1)


(
Φ̂n(X1)− Φ(X1)

)
h

K ′
(
Φ(x)− Φ(X1)

h

) |(X−i)

2

ϕ(x)dx.

By using that Φ̂n is measurable with respect to the sample (X−i)i, and by noticing that the Xi's
and Yi's are independent of (X−i)i, we can derive a conditional version of (10): for any function
t for which the expectation exists,

E
[
θ(Y1)t

(
Φ̂n(X1),Φ(X1)

)
|(X−i)

]
=

∫
A
t
(
Φ̂n(x

′),Φ(x′)
)
s(x′)ϕ(x′)dx′.

This leads to

T h
3,1,2 =

1

h2

∫
A

∫
A

(
Φ̂n(x

′)− Φ(x′)
)

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′

2

ϕ(x)dx.
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10 SUPPLEMENTARY MATERIAL

Now, Φ̂n(x
′) is an empirical mean of variables with expectation Φ(x′):

• If Φ̂n is the empirical c.d.f, it is the mean of 1X−i≤x′ , with expectation FX(x′),

• If Φ̂n(x) =
∫ x
0 (1−F̂n(t))dt, it is the mean of X−i∧x′, with expectation Φ(x′) (see Lemma

3).

Thus, we have

E
[
T h
3,1,2

]
=

1

h2

∫
A
Var

(
1

n

n∑
i=1

∫
A
T (X−i, x

′)
1

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′

)
ϕ(x)dx,

where T (X−i, x
′) = 1X−i≤x′ for Examples 1-3, and T (X−i, x

′) = X−i ∧ x′ for Example 4 (see
Table 1 and Lemma 3). Then,

E
[
T h
3,1,2

]
=

1

nh2

∫
A
Var

(∫
A
T (X−1, x

′)
1

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′

)
ϕ(x)dx,

=
1

nh2

∫
A
E

[(∫
A

(
T (X−1, x

′)− E [T (X−1, x)]
) 1
h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′

)2
]
ϕ(x)dx.

We must now separate the two cases, depending on the de�nition of T (X−1, x).

- Examples 1-3.
We set u = Φ(x) and u′ = Φ(x′) in the integrals. With FX(X−1) = U1, the last

inequality becomes

E
[
T h
3,1,2

]
≤ 1

nh2

∫
(0;1)

E
[
(IU1,u)

2
]
du,

with IU1,u =

∫ 1

0
(1U1≤u′ − u) g(u′)

1

h
K ′
(
u− u′

h

)
du′.

An integration by parts leads to:

IU1,u =

∫ 1

U1

g(u′)
1

h
K ′
(
u− u′

h

)
du′ −

∫ 1

0
u′g(u′)

1

h
K ′
(
u− u′

h

)
du′,

=

[
−g(u′)K

(
u− u′

h

)]1
U1

+

∫ 1

U1

g′(u′)K

(
u− u′

h

)
du′ +

[
u′g(u′)K

(
u− u′

h

)]1
0

−
∫ 1

0

[
g(u′) + u′g′(u′)

]
K

(
u− u′

h

)
du′,

= g(U1)K

(
u− U1

h

)
+

∫ 1

0
g′(u′)K

(
u− u′

h

)
1U1≤u′du′

−
∫ 1

0

[
g(u′) + u′g′(u′)

]
K

(
u− u′

h

)
du′,

= g(U1)K

(
u− U1

h

)
+

∫ 1

0
g′(u′)K

(
u− u′

h

)(
1U1≤u′ − u′

)
du′

−
∫ 1

0
g(u′)K

(
u− u′

h

)
du′.
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ADAPTIVE WARPED KERNEL ESTIMATORS 11

It follows that E[T h
3,1,2] ≤ 3/(nh2){E[T h

3,1,2,1] + E[T h
3,1,2,2] + E[T h

3,1,2,3]}, with

T h
3,1,2,1 =

∫ 1

0

(
g(U1)K

(
u− U1

h

))2

du,

T h
3,1,2,2 =

∫ 1

0

(∫ 1

0
g′(u′)K

(
u− u′

h

)(
1U1≤u′ − u′

)
du′
)2

du,

T h
3,1,2,3 =

∫ 1

0

(∫ 1

0
g(u′)K

(
u− u′

h

)
du′
)2

du.

We now show that the expectations of these three terms are roughly of size h. The main
argument is that h∥Kh∥L2(R) = ∥K∥L2(R). Precisely, for the �rst term,

E
[
T h
3,1,2,1

]
=

∫ 1

0

∫ 1

0
g2(u′)K2

(
u− u′

h

)
du′du,

≤
∫ 1

0
g2(u′)h ∥K∥2L2(R) du

′ = h ∥K∥2L2(R) ∥g∥
2
L2((0;1)) .

The second term is bounded by,

E
[
T h
3,1,2,2

]
≤

∫ 1

0
E
[∫ 1

0
K2

(
u− u′

h

)(
1U1≤u′ − u′

)2 (
g′(u′)

)2
du′
]
du,

=

∫ 1

0

∫ 1

0
K2

(
u− u′

h

)
u′(1− u′)

(
g′(u′)

)2
du′du,

≤ 1

4

∫ 1

0

(∫ 1

0
K2

(
u− u′

h

)
du

)(
g′(u′)

)2
du′,

≤ h
1

4
∥K∥2L2(R)

∥∥g′∥∥2
L2((0;1))

.

Finally, the same method leads to

E
[
T h
3,1,2,2

]
≤

∫ 1

0

∫ 1

0
g2(u′)K2

(
u− u′

h

)
du′du ≤ h ∥K∥2L2(R) ∥g∥

2
L2((0;1)) .

We have proved that

E
[
T h
3,1,2

]
≤ 3

nh
∥K∥2L2(R)

(
2 ∥g∥2L2((0;1)) +

1

4

∥∥g′∥∥2
L2((0;1))

)
,

=
3

nh
∥K∥2L2(R)

(
2 ∥s∥2ϕ +

1

4

∥∥s′∥∥2
L2(A)

)
.

We gather this inequality with (12):

E
[
T h
3,1

]
≤ 6

nh
∥K∥2L2(R)

(
2C2∥s∥2L∞(A) + 2 ∥s∥2ϕ +

(
1

4
+ 3C2

)∥∥s′∥∥2
L2(A)

)
.

- Example 4.
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12 SUPPLEMENTARY MATERIAL

The term to bound is

E
[
T h
3,1,2

]
=

1

nh2

∫ τ

0
Var

(∫ τ

0
X−1 ∧ x′

1

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′

)
ϕ(x)dx,

≤ 1

nh2

∫ τ

0
E



∫ τ

0
X−1 ∧ x′

1

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′︸ ︷︷ ︸

Jx


2ϕ(x)dx.

We can split Jx into two terms: Jx = Jx,1 + Jx,2, with

Jx,1 =

∫ τ

0
x′1x′≤X−1

1

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′,

Jx,2 = X−1

∫ τ

0
1x′>X−1

1

h
K ′
(
Φ(x)− Φ(x′)

h

)
s(x′)ϕ(x′)dx′.

We integrate Jx,1 by parts:

Jx,1 =

∫ X−1

0
x′s(x′)

1

h
K ′
(
Φ(x)− Φ(x′)

h

)
ϕ(x′)dx′,

=

[
−x′s(x′)K

(
Φ(x)− Φ(x′)

h

)]X−1

0

+

∫ X−1

0

[
x′s(x′)

]′
K

(
Φ(x)− Φ(x′)

h

)
dx′,

= −X−1s(X−1)K

(
Φ(x)− Φ(X−1)

h

)
+

∫ X−1

0

[
s(x′) + x′s′(x′)

]
K

(
Φ(x)− Φ(x′)

h

)
dx′,

and compute similarly Jx,2,

Jx,2 = X−1

∫ τ

X−1

s(x′)
1

h
K ′
(
Φ(x)− Φ(x′)

h

)
ϕ(x′)dx′,

= X−1

[
−s(x′)K

(
Φ(x)− Φ(x′)

h

)]τ
X−1

+X−1

∫ τ

X−1

s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′,

= X−1s(X−1)K

(
Φ(x)− Φ(X−1)

h

)
−X−1s(τ)K

(
Φ(x)− Φ(τ)

h

)
+X−1

∫ τ

X−1

s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′.

We add the two results:

Jx = −X−1s(τ)K

(
Φ(x)− Φ(τ)

h

)
+

∫ τ

0

(
1x′>X−1X−1 + x′1x′≤X−1

)
s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′

+

∫ X−1

0
s(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′,

= −X−1s(τ)K

(
Φ(x)− Φ(τ)

h

)
+

∫ τ

0
X−1 ∧ x′s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′

+

∫ X−1

0
s(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′.
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ADAPTIVE WARPED KERNEL ESTIMATORS 13

It follows that

E
[
T h
3,1,2

]
=

1

nh2

∫ τ

0
E
[
J2
x

]
ϕ(x)dx ≤ 3

nh2

(
E
[
T h
3,1,2,1

]
+ E

[
T h
3,1,2,2

]
+ E

[
T h
3,1,2,3

])
with

T h
3,1,2,1 =

∫ τ

0
X2

−1s
2(τ)K2

(
Φ(x)− Φ(τ)

h

)
ϕ(x)dx,

T h
3,1,2,2 =

∫ τ

0

(∫ τ

0
X−1 ∧ x′s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′
)2

ϕ(x)dx,

T h
3,1,2,3 =

∫ τ

0

(∫ X−1

0
s(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′
)2

ϕ(x)dx.

For the �rst term

E
[
T h
3,1,2,1

]
= E

[
X2

−1

]
s2(τ)

∫ τ

0
K2

(
Φ(x)− Φ(τ)

h

)
ϕ(x)dx,

= E
[
X2

−1

]
s2(τ)

∫ Φ(τ)

0
K2

(
u− Φ(τ)

h

)
du,

= hE
[
X2

−1

]
s2(τ)

∫ Φ(τ)/h

0
K2

(
v − Φ(τ)

h

)
dv,

≤ hE
[
X2

−1

]
∥s∥2L∞(A)∥K∥2L2(R).

For the second, we apply the generalized Minkowski Inequality (see Lemma 1.1, p.13 in
Tsybakov 2009),

E
[
T h
3,1,2,2

]
= E

[∫ τ

0

(∫ τ

0
X−1 ∧ x′s′(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′
)2

ϕ(x)dx

]
,

≤ E

{∫ τ

0

(∫ τ

0

(
X−1 ∧ x′s′(x′)

)2
K2

(
Φ(x)− Φ(x′)

h

)
ϕ(x)dx

)1/2

dx

}2
 ,

= E

{∫ τ

0
X−1 ∧ x′|s′(x′)|

(∫ τ

0
K2

(
Φ(x)− Φ(x′)

h

)
ϕ(x)dx

)1/2

dx

}2
 ,

≤ E
[
X2

−1

]{∫ τ

0
|s′(x′)|

√
h∥K∥L2(R)dx

′
}2

,

= hE
[
X2

−1

]
∥K∥L2(R)∥s′∥2L1(A).

And �nally,

E
[
T h
3,1,2,3

]
=

∫ τ

0
E

[(∫ X−1

0
s(x′)K

(
Φ(x)− Φ(x′)

h

)
dx′
)2
]
ϕ(x)dx,

≤ E
[
X−1

∫ τ

0

∫ X−1

0
s2(x′)K2

(
Φ(x)− Φ(x′)

h

)
dx′ϕ(x)dx

]
,

≤ E [X−1]

∫ τ

0

∫ τ

0
s2(x′)K2

(
Φ(x)− Φ(x′)

h

)
dx′ϕ(x)dx,

≤ hE [X−1] ∥K∥2L2(R)∥s∥
2
L2(A).
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14 SUPPLEMENTARY MATERIAL

At the end,

E
[
T h
3,1,2

]
≤ 3

nh
∥K∥2L2(R)

(
E
[
X2

−1

]
∥s∥2L∞(A) + E

[
X2

−1

]
∥s′∥2L1(A) + E [X−1] ∥s∥2L2(A)

)
.

We gather this inequality with (12), like for the �rst three examples:

E
[
T h
3,1

]
≤ 6

nh
∥K∥2L2(R)

(
∥s∥2L∞(A)(E[X

2
−1] + 2C2τ

2)

+∥s′∥2L1(A)(E[X
2
−1] + C2τ

2) + E[X−1]∥s∥2L2(A)

)
.

The upper-bound of T h
3,1 is thus completed in each of the examples.

• Upper-bound for Th
3,2.

We again split the term: T h
3,2 ≤ 4T h

3,2,1 + 4T h
3,2,2, with

(13)

T h
3,2,1 =

∫
A

E

1
h
θ(Y1)


(
Φ̂n(x)− Φ(x)

)2
h2

K ′′ (α̂n,x,h)

 |(X−i)




2

ϕ(x)dx,

T h
3,2,2 =

∫
A

E

1
h
θ(Y1)


(
Φ̂n(X1)− Φ(X1)

)2
h2

K ′′ (α̂n,x,h)

 |(X−i)




2

ϕ(x)dx.

The two terms can be bounded in the same way. We detail the computation for the �rst one:

T h
3,2,1 ≤ 1

h6

∫
A
E
[
θ2(Y1)

{(
Φ̂n(x)− Φ(x)

)4 (
K ′′ (α̂n,x,h)

)2} |(X−i)

]
ϕ(x)dx,

≤ 1

h6

∫
A
E
[
θ2(Y1) |(X−i)

] ∥∥∥Φ̂n − Φ
∥∥∥4
L∞(A)

∥∥K ′′∥∥2
L∞(R) ϕ(x)dx,

=
1

h6

∫
A
ϕ(x)dxE

[
θ2(Y1)

] ∥∥∥Φ̂n − Φ
∥∥∥4
L∞(A)

∥∥K ′′∥∥2
L∞(R) .

The conclusion is analogous as the one of the proof of Lemma 5 (see Section C.2). We obtain

E
[
T h
3,2,1

]
≤ κ1E

[
θ2(Y1)

] ∥∥K ′′∥∥2
L∞(R)C4

1

n2h6
,

where κ1 = 1 for Examples 1-3, and κ1 = τ4E[X] in Example 4. The same bound holds for
T h
3,2,2. At the end,

E
[
T h
3,2

]
≤ 8κ1E

[
θ2(Y1)

] ∥∥K ′′∥∥2
L∞(R)C4

1

n2h6
.

2

D. Proof of Theorem 2

In this section, we denote by Hn one of the collections Hn,1 or Hn,2.

D.1. Main part of the proof of Theorem 2. First, let us come down to the norm involved

in Â(h) (see (3)) by splitting ∥ŝΦ̂n,Φ̂n

ĥ
− s∥2ϕ ≤ 3T ĥ

2 +3T ĥ
3,bis +3∥ŝΦ̂n,Φ

ĥ
− s∥2ϕ, where T ĥ

2 is de�ned

by (8), and T ĥ
3,bis slightly di�erent from T ĥ

3 :

T ĥ
3,bis =

∥∥∥E [ŝΦ̂n,Φ̂n

ĥ
− ŝΦ̂n,Φ

ĥ
|(X−i)

]∥∥∥2
ϕ
.
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ADAPTIVE WARPED KERNEL ESTIMATORS 15

However, we also have, for any h > 0, T h
3,bis ≤ 2T h

3 + 2T h
3,ter, with

T h
3,ter =

∥∥∥E [ŝΦ,Φ
h − ŝΦ̂n,Φ

h |(X−i)
]∥∥∥2

ϕ
.

With a Taylor formula, like at the beginning of the proof of Lemma 6 in Section C.3, we again
split T h

3,ter ≤ 2T h
3,1,2 + 2T3,2,2,bis, with T h

3,1,2 de�ned by (9) and T h
3,2,2,bis very close to T h

3,2,2 in

(13): if ζ̂n,x,h is a random number (obtained in the Taylor formula),

T h
3,2,2,bis =

∫
A

E

1
h
θ(Y1)


(
Φ̂n(X1)− Φ(X1)

)2
h2

K ′′
(
ζ̂n,x,h

) |(X−i)




2

ϕ(x)dx.

The loss function is thus bounded by:

(14)
∥∥∥ŝΦ̂n,Φ̂n

ĥ
− s
∥∥∥2
ϕ
≤ 3T ĥ

2 + 6T ĥ
3 + 12T ĥ

3,1,2 + 12T ĥ
3,2,2,bis + 3

∥∥∥ĝΦ̂n

ĥ
− g
∥∥∥2
L2(Φ(A))

.

From the proof of Lemma 6, T ĥ
3 ≤ 4T ĥ

3,1,1+4T ĥ
3,1,2+8T ĥ

3,2,1+8T ĥ
3,2,2. Like in the proof of Theorem

2 of the main article, we also write, for any h ∈ Hn, ∥ĝΦ̂n

ĥ
− g∥2L2(Φ(A)) ≤ 6(Â(h) + 2V̂ (h)) −

2V̂ (ĥ) + 3∥ĝΦ̂n
h − g∥2L2(Φ(A)). We carry on splitting with the previous notations,∥∥∥ĝΦ̂n

h − g
∥∥∥2
L2(Φ(A))

=
∥∥∥ŝΦ̂n,Φ

h − s
∥∥∥2
ϕ
≤ 3T h

1 + 3T h
3,ter + 3T h

0 ≤ 3T h
1 + 6T h

3,1,2 + 6T h
3,2,2,bis + 3T h

0 .

Taking these two inequalities into account in (14) leads to∥∥∥ŝΦ̂n,Φ̂n

ĥ
− s
∥∥∥2
ϕ

≤ 18(Â(h) + 2V̂ (h))− 6V̂ (ĥ) + 27T h
1 + 54T h

3,1,2 + 54T h
3,2,2,bis + 27T h

0

+3T ĥ
2 + 24T ĥ

3,1,1 + 36T ĥ
3,1,2 + 48T ĥ

3,2,1 + 48T ĥ
3,2,2 + 12T ĥ

3,2,2,bis.

From Inequality (11) of the main article, E[T h
0 ] ≤ ∥g − gh∥2L2(Φ(A)) + C/(nh). Applying Lemma

5 gives E[T h
1 ] ≤ C/(n2h4) ≤ C/(nh) thanks to the assumption h ≥ Cn−1/3. The intermediate

results of the proof of Lemma 6 also leads to E[T h
3,1,2] ≤ C/(nh), and E[T h

3,2,2,bis] ≤ C/(n2h6) ≤
C/(nh) as soon as h ≥ Cn−1/5. Moreover,

E
[
T ĥ
2

]
≤ E

[
max
h∈Hn

T h
2

]
≤
∑
h∈Hn

E
[
T h
2

]
≤
κ1C2E[θ2(Y1)]∥K∥2L∞(R)

n2

∑
h∈Hn

1

h4
≤ C

n
,

where the last bound is obtained for Hn = Hn,l, l = 1, 2. Therefore, gathering these inequalities,
we get

E
[∥∥∥ŝΦ̂n,Φ̂n

ĥ
− s
∥∥∥2
ϕ

]
≤ 18E[Â(h)] + C

ln2(n)

nh
+
C

n
+ 27∥g − gh∥2L2(Φ(A)) + 24E

[(
T ĥ
3,1,1 −

V̂ (ĥ)

20

)
+

]

+36E

[(
T ĥ
3,1,2 −

V̂ (ĥ)

30

)
+

]
+ 48E

[(
T ĥ
3,2,1 −

V̂ (ĥ)

40

)
+

]

+48E

[(
T ĥ
3,2,2 −

V̂ (ĥ)

40

)
+

]
+ 12E

[(
T ĥ
3,2,2,bis −

V̂ (ĥ)

10

)
+

]
.
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16 SUPPLEMENTARY MATERIAL

Each term of the form E[(T ĥ− V̂ (ĥ))+] is roughly bounded by E[maxh∈Hn(T
h− V̂ (h))+]. More-

over, a bound for Â(h) is given by the following lemma, whose proof is deferred to Section
D.2.

Lemma 7. Under the assumptions of Theorem 2, there exists a constant C which depends on
E[θ2(Y1)] and ∥K ′∥L∞(R) such that

E
[
Â(h)

]
≤ C

n
+ (1 + ∥K∥L1(R))

{
18E

[
max
h∈Hn

(
T h
3,1,2 −

V̂ (h)

54(1 + ∥K∥L1(R))

)
+

]

+18E

[
max
h∈Hn

(
T h
3,2,2,bis −

V̂ (h)

54(1 + ∥K∥L1(R))

)
+

]

+9E

[
max
h∈Hn

(
sup

t∈S̄(0,1)
νn,h(t)−

V̂ (h)

27(1 + ∥K∥L1(R))

)
+

]}
,

with νn,h the empirical process de�ned by (26) of the main article.

Thus, the last splitting is

E
[∥∥∥ŝΦ̂n,Φ̂n

ĥ
− s
∥∥∥2
ϕ

]
≤ C

ln2(n)

nh
+
C

n
+ 27∥g − gh∥2L2(Φ(A)) + 24E

[
max
h∈Hn

(
T h
3,1,1 −

V̂ (h)

20

)
+

]

+36E

[
max
h∈Hn

(
T h
3,1,2 −

V̂ (h)

30

)
+

]
+ 48E

[
max
h∈Hn

(
T h
3,2,1 −

V̂ (h)

40

)
+

]
+ 48E

[
max
h∈Hn

(
T h
3,2,2 −

V̂ (h)

40

)
+

]

+12E

[
max
h∈Hn

(
T h
3,2,2,bis −

V̂ (h)

10

)
+

]
+ (1 + ∥K∥L1(R))

{
324E

[
max
h∈Hn

(
T h
3,1,2 −

V̂ (h)

54(1 + ∥K∥L1(R))

)
+

]

+324E

[
max
h∈Hn

(
T h
3,2,2,bis −

V̂ (h)

54(1 + ∥K∥L1(R))

)
+

]
+162E

[
max
h∈Hn

(
sup

t∈S̄(0,1)
νn,h(t)−

V̂ (h)

27(1 + ∥K∥L1(R))

)
+

]}
.

To bound the term depending on the process νn,h, we apply Lemma 5 of the main article. For
the other, use the following lemmas proved below.

Lemma 8. Under the assumptions of Theorem 2, there exists a constant C which depends on
E[θ2(Y1)] and ∥K ′∥L∞(R) such that

E
[
max
h∈Hn

(
T h
3,1,1 − V3,1,1(h)

)
+

]
≤ C

ln(n)

n
,

with V3,2,1(h) = κ3,1,1C(∥s∥L∞(R), ∥s′∥L1(R)) ln(n)/nh, with κ3,1,1 a purely numerical constant

and C(∥s∥L∞(R), ∥s′∥L1(R)) a constant which depends on ∥s∥L∞(R) and ∥s′∥L1(R).

Lemma 9. Under the assumptions of Theorem 2, there exists a constant C which depends on
E[θ2(Y1)] and ∥K ′∥L∞(R) such that

E
[
max
h∈Hn

(
T h
3,1,2 − V3,1,2(h)

)
+

]
≤ C

ln(n)

n
,

with V3,1,2(h) = 2(1+2 ln(n))C(∥s∥L∞(A), ∥s′∥L1(A),E[X2])/(nh), with C(∥s∥L∞(R), ∥s′∥L1(R),E[X2])

a constant which depends on ∥s∥L∞(R), ∥s′∥L1(R), and E[X2].
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ADAPTIVE WARPED KERNEL ESTIMATORS 17

Lemma 10. Under the assumptions of Theorem 2, there exists a constant C which depends on
E[θ2(Y1)] and ∥K ′∥L∞(R) such that

E
[
max
h∈Hn

(
T h
3,2,l − V3,2(h)

)
+

]
≤ C

ln(n)

n
,

for l ∈ {1, 2, {2, bis}}, with V3,2(h) = κ3,2C(∥s∥L∞(R), ∥s′∥L1(R)) ln
2(n)/(n2h6), with κ3,2 a purely

numerical constant and C(E[θ2(Y1)],E[X]) a constant which depends on E[θ2(Y1)] and also on
E[X] in Example 4.

By choosing the constant κ′ in the de�nition of V̂ large enough, and n large enough, we impose

V̂ (h)

20
≥ V3,1,1(h),

V̂ (h)

54(1 + ∥K∥L1(R))
≥ V3,2(h),

V̂ (h)

27(1 + ∥K∥L1(R))
≥ Ṽ (h),

with Ṽ is de�ned in Lemma 5 of the main article. The conclusion is that the lemmas give

E
[∥∥∥ŝΦ̂n,Φ̂n

ĥ
− s
∥∥∥2
ϕ

]
≤ C

ln(n)

nh
+
C ln(n)

n
+ 27∥g − gh∥2L2(Φ(A)).

The last step is to take the minimum over h ∈ Hn, since the last inequality holds for any h.

2

D.2. Proof of Lemma 7. We begin with a splitting similar to the beginning of the proof of
Lemma 4 of the main article:

∥ĝϕ̂h,h′ − ĝh′∥2ϕ ≤ 3∥K∥2L1(R)∥g − gh∥2L2(Φ(A)) + 3(1 + ∥K∥2L1(R))
∥∥∥ĝϕ̂h′ − gh′

∥∥∥2
L2(Φ(A))

.

We must also split the last term, like in the main part of the proof of Theorem 2. With notations
introduced in (8), in (9) and in (13), we have

∥ĝϕ̂h,h′ − ĝh′∥2ϕ ≤ 3∥K∥2L1(R)∥g − gh∥2L2(Φ(A))

+3(1 + ∥K∥2L1(R))
(
3T h′

1 + 6T h′
3,1,2 + 6T h′

3,2,2,bis + 3
∥∥ĝΦh′ − gh′

∥∥2) .
We substract V̂ (h′), and take the maximum over h′ ∈ Hn. Then, use

E
[
max
h′∈Hn

T h′
1

]
≤

∑
h′∈Hn

E
[
T h′
1

]
≤ κ1E

[
θ2(Y1)

]
∥K ′∥2L∞(R)C2

1

n2

∑
h′∈Hn

1

(h′)4
≤ C

n
,

with the assumptions on the bandwidth collection.

2

D.3. Proof of Lemma 8 and 10.

D.3.1. Proof of Lemma 8. First, E[maxh∈Hn(T
h
3,1,1−V3,1,1(h))+] ≤

∑
h∈Hn

E[(T h
3,1,1−V3,1,1(h))+].

Then, thanks to (11) (proof of Lemma 6) prove that

T h
3,1,1 ≤

1

h2
τ2
∥∥∥F̂n − FX

∥∥∥2
L∞(R)

∫
(0;1)

(Iu)
2du ≤ C(∥s∥L∞(R), ∥s′∥L1(R))

∥∥∥F̂n − FX

∥∥∥2
L∞(R)

1

h
,

for C(∥s∥L∞(R), ∥s′∥L1(R)) a constant which depends on ∥s∥L∞(R) and ∥s′∥L1(R). This leads to

E
[
max
h∈Hn

(
T h
3,1,1 − V3,1,1(h)

)
+

]
≤ C

∑
h∈Hn

1

h
E
[(∥∥∥F̂n − FX

∥∥∥2
L∞(R)

− κ3,1,1
ln(n)

n

)
+

]
.

ha
l-0

07
15

18
4,

 v
er

si
on

 4
 - 

31
 J

an
 2

01
4



18 SUPPLEMENTARY MATERIAL

From Corollary 1, Inequality (7) with p = 2, the last bound becomes: E[maxh∈Hn(T
h
3,1,1 −

V3,1,1(h))+] ≤ C
∑

h∈Hn
h−1n−κ3,1,1 . Taking into account the de�nition Hn, this ends the proof.

2

D.3.2. Proof of Lemma 10. The proof exactly follows the same scheme as for Lemma 8, since
T h
3,2,l ≤ κ1E[θ2(Y1)]∥K ′′∥2L∞(R)∥F̂n − FX∥4L∞(R)/h

6, from the computations to bound T h
3,1,l in

Section C.3. This inequality permits to similarly apply Inequality (7) of Corollary 1, with p = 4.
The conclusion is then the same.

2

D.4. Proof of Lemma 9. The quantity cannot be handled with the same method as the pre-
vious ones. We rather notice that T h

3,1,2 = ∥χ∥2L2(Φ(A)), with

χ(u) =

∫
A

1

h2

(
Φ̂n(x

′)− Φ(x′)
)
K ′
(
u− Φ(x′)

h

)
s(x′)ϕ(x′)dx′.

This gives T h
3,1,2 = supt∈S̄(0,1)⟨χ, t⟩2L2(Φ(A)) = supt∈S̄(0,1) µ

2
n,h(t), with µn,h an empirical process

de�ned by

µn,h(t) =
1

n

n∑
i=1

rt,h(X−i)− E [rt,h(X−i)] ,

with ψt,h(X−i) =

∫
Φ(A)

t(u)

(∫
A

1

h2
K ′
(
u− Φ(x′)

h

)
s(x′)ϕ(x′)T (X−i, x

′)dx′
)
du,

T (X−i, x
′) = 1X−i≤x′ in Examples 1-3 and T (X−i, x

′) = X−i ∧ x′ in Example 4. We apply the
Talagrand Inequality, recalled in Lemma 5 of Lacour (2008) (p.812), with

H2 = C(∥s∥L∞(A), ∥s′∥L1(A),E[X2
−1]), M1 =

C

h
, v = nH2,

where the constant C(∥s∥L∞(A), ∥s′∥L1(A),E[X2
−1]) in H2 is the one obtained in the bound of

T h
3,1,2 in Lemma 6. With a choice of ε = ln(n) (in Lemma 5 of Lacour 2008), we thus have∑

h∈Hn

E
[(
T h
3,1,2 − c(δ)H2

)
+

]
≤ C

∑
h∈Hn

{
1

nh
exp (−C ln(n)) +

1

h2n2 ln2(n)
exp

(
−
√

ln(n)
√
nh
)}

,

and this last bound is less than C/n, using the de�nition of Hn.

2
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