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Abstract

We asymptotically estimate from above the expected Betti numbers of random
real hypersurfaces in smooth real projective manifolds. Our upper bounds grow as
the square root of the degree of the hypersurfaces as the latter grows to infinity, with
a coefficient involving the Kéhlerian volume of the real locus of the manifold as well
as the expected determinant of random real symmetric matrices of given index. In
particular, for large dimensions, these coefficients get exponentially small away from
mid-dimensional Betti numbers. In order to get these results, we first establish the
equidistribution of the critical points of a given Morse function restricted to the ran-
dom real hypersurfaces.

MATHEMATICS SUBJECT CLASSIFICATION 2010: 14P25, 32U40, 60F10, 60B20
KEYWORDS: Real projective manifold, ample line bundle, random matrix, random
polynomial

Introduction

How many real roots does a random real polynomial have? This question was an-
swered by M. Kac in the 40’s and, for a different measure, by E. Kostlan and M. Shub
together with S. Smale in the 90’s. In higher dimensions, this question may become:
what is the topology of a random real hypersurface in a given smooth real projective
manifold? The mean Euler characteristics of such random real hypersurfaces in RP"
has been computed by S. S. Podkorytov [19] and P. Biirgisser [4], while the mean total
Betti number has been recently estimated from above by the authors [12] (see also
[11]). In the case of spherical harmonics in dimension two, rather precise estimations
have been obtained by F. Nazarov and M. Sodin [18].

Our aim is to improve our previous results [12] by getting upper bounds for all indi-
vidual Betti numbers of random real hypersurfaces. Let X be a smooth n-dimensional
complex projective manifold defined over the reals and let RX be its real locus. Let
L be a real ample line bundle over X. We equip L with a real Hermitian metric A of
positive curvature w and X with a normalized volume form dz. These induce an inner
L2-product on all spaces of global holomorphic real sections RH®(X, L?) for all tensor
powers L of L, d > 0, see §1.1. The latter spaces then inherit Gaussian probability
measures jg, with respect to which we are going to consider random sections, see



§3.1.1 of [12] for a discussion on this choice (previously considered in [14], [21], [19],
[4]) and on other possible ones (compare [20]).

For every generic section o € RH?(X, L), the real locus RC, of its vanishing
locus is a smooth hypersurface of RX, if non empty. For every i € {0,--- ,n— 1}, we
denote by b;(RC,) the infinimum over all Morse functions f on RC, of the number
of critical points of index i of f. This fake Betti number bounds from above all -
th Betti numbers of RC,, whatever the coefficient rings are, as follows from Morse
theory (see, e.g., [17]). We then denote by E(b;) the average value of this fake Betti
number, namely F(b;) = fRHO(X,Ld) b;(RC,)dur(o). Our aim is to prove the following
upper bound for this expectation (see Corollary 2):

Theorem 1 Let X be a smooth real projective manifold of dimension n > 0 and
(L,h) be a real Hermitian line bundle of positive curvature w over X. Then

1 1
limsup — FE(b;)) < —egr(t,n — 1 —1)Vol,(RX).
msup = (1) < —ex )V olu(RX)

Moreover, when n = 1, the limsup is a limit and the inequality an equality, so that

Length,(RX) Vi

E(by) ~ d.

d—o0 \/7_1'
In Theorem 1, Vol,(RX) denotes the Riemannian volume of RX for the Ké&hler
metric induced by the curvature form w of h. It turns out that Theorem 1, as well
as Theorem 2 and Corollary 1, does not depend on the normalized volume form dx
chosen on X to define the L-inner product on RH(X, L4), compare [20].

The coefficient eg(i,n — 1 — 4) is itself a mathematical expectation, namely the
average value of (the absolute value of) the determinant on symmetric matrices of
signature (i,n — 1 — i), see §1.1. More precisely, the space Sym(n — 1,R) of square
symmetric matrices of size (n — 1) x (n — 1) has a natural Gaussian measure that
we also denote by ugr. Let Sym(i,n — 1 — i,R) be the open subset of matrices of
signature (i,n — 1 — 7). Then, for every i € {0,--- ,n —1}

er(i,n—1—1i) = / | det A|ldugr(A) and
Sym(i,n—1—1i,R)

er(n—1) = /5 ( 1R)|detA|duR(A).
ym(n—1,

Here by convention, eg(0) = eg(0,0) = 1.

Note that when X = CP!, L = Oc¢pi(1) and h is the Fubini-Study metric,
Volps(RP') = /7, so that Theorem 1 recovers asymptotically the results of Kostlan
and Shub-Smale, up to which a random degree d real polynomial in one variable has
V/d roots for our choice of the probability measure. The initial result by M. Kac was
rather expecting %logd real roots, but for a different probability measure, see §3.1.1
of [12]. When X = CP? P. Sarnak and I. Wigman informed us in 2011 that they
were also able to bound E(by) from above by a O(d) term as in Theorem 1. This
Theorem 1 improves our previous results of [12], where the best upper bounds we
could get were by O(y/dlogd") in some cases.

Theorem 1 turns out to be the consequence of a more precise equidistribution
result. Namely, when n > 1, we equip RX with a fixed Morse function p : RX — R.

2



Then, for every generic section ¢ € RH(X, Ld), p restricts to a Morse function
on RC, and we denote by C’riti(pmca) the set of critical points of index 7 of this

restriction. We set
Vi(RC,) = 5,
\/— Z

zeCrit;( p‘RCU)

the empirical measure on these critical points, where 9, denotes the Dirac measure at
x and F(y;) = fRHO(X L4y Vedug(c). When n = 1, 1y denotes the empirical measure
on RC,. Then, we get (see Theorem 6)

Theorem 2 Under the hypotheses of Theorem 1, the measure E(v;) weakly converges
to ﬁeR(i, n—1—1i)dvol, on RX as d grows to infinity.

In Theorem 2, dvol;, denotes the Lebesgue measure of RX induced by its Riemannian
metric, which is itself induced by the Kéahler metric of X defined by w. Note that
we also establish such an equidistribution result for critical points of complex hyper-
surfaces, where the Morse function p on RX is replaced by a Lefschetz pencil on X
and RH®(X, L) by H°(X, L), see Theorem 5. Similar equidistribution results can
be found in [8], [9], [15], [12] or also [2], [6].

In order to prove Theorem 2, we roughly follow the approach of [21]. We introduce
the incidence variety &; = {(0,2) € RH°(X, L) xRX | z € Crit;(pjrc, )} and express
E(v,) as the push-forward onto RX of the Gaussian measure ugp of RH(X, L9)
"pulled-back” on ;. This push-forward measure is then computed asymptotically
thanks to the coarea formula and peak sections of Hormander. The latter indeed
make it possible to compute pointwise the measure in terms of the 2-jets of sections,
see §1.

Now, what are the values of the expectations eg(n), n > 0, and how do these
distribute between the different eg(i,n — i), 0 < i < n? We devote the second
paragraph to this question and get (see Proposition 6, Proposition 7 and Corollary 3):

Theorem 3 When n is odd, eg(n) = %F("T“), while when n is even,

n! o1 420! mi(—l)’“F(kH/Q)-

+(-)" ——
191 19n |
ml2 Vrml2 — k!

en(n) = (~1)"

In both cases, er(n) is equivalent to 2*/_1"("“) as n grows to infinity.

The odd case in Theorem 3 was known, see §26.5 of [16], but we could only find the
even case in terms of hypergeometric functions in the literature, see [7]. It turns out
that eg(n) is transcendental for odd n and algebraic in Q(v/2) for even n. We can
now rewrite the bound deduced from Theorem 1 for the expected total Betti number

E(b,) =>"", ' E(b;) as follows (see Remark 2).

Corollary 1 Under the hypotheses of Theorem 1, for every even n > 0,

, 1 2v/2 ( Vol,(RX) )
limsup — E(b,) < .
msup e Eb) < = (VolFS(RPn)

For odd n, this inequality holds asymptotically in n.O




In particular, for every even-dimensional projective space, the right-hand side in
Corollary 1 turns out not to depend on the dimension of the space. Finally, we get
the following exponential decay away from the mid-dimensional Betti numbers (see
Proposition 4):

Theorem 4 For every a € [0,1/2[, there exists ¢, > 0, such that

Lan]

Z er(i,n — i) < exp(—con?).

1=0

This concentration near matrices having as many positive as negative eigenvalues
actually follows from the large deviations estimates near Wigner semi-circle law es-
tablished in [3]. As a consequence of Theorem 4, for large values of n, the upper
bound for the expected total Betti number of RC, given by the right hand side of
Theorem 1 distributes between the different Betti numbers in such a way that it gets
concentrated around the mid-dimensional ones and exponentially decreases away from
them.

The first paragraph of this paper is devoted to Theorems 1 and 2. A key role
is played by Hormander peak sections, see §1.3. Note that we also prove along the
same lines the complex analogue of Theorem 2, which is of independent interest. The
second paragraph is devoted to Theorems 3 and 4 and the study of determinants of
random symmetric matrices.

Aknowledgements. The research leading to these results has received funding
from the European Community’s Seventh Framework Progamme ([FP7/2007-2013]
[FP7/2007-2011]) under grant agreement n° [258204].
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1 Expected Betti numbers of random real hypersurfaces

1.1 Notations

Let X be a smooth complex projective manifold of positive dimension n. When X is
defined over R, we denote by cx : X — X the associated antiholomorphic involution,
called real structure, and by RX C X the real locus of the manifold, that is the fixed
point set of cx. Likewise, let L be an ample holomorphic line bundle over X equipped
with a Hermitian metric h of positive curvature. We denote by w the curvature form
of h, so that for every local non-vanishing holomorphic section e of L defined over an
open subset U of X,

1
Wiy = %88 log h(e, e).

We denote by g = w(.,J.) the induced Kéhler metric on X, where J denotes the
complex structure of T'X.

When X and L are defined over R, we denote by c¢;, the associated real structure
of L and assume that h is real, so that c¢;h = h. The restriction of g to RX is
a Riemannian metric and we denote by Vol,(RX) the total volume of RX for the
associated Lebesgue measure dvol,. Note that the volume of X is independent of the
metric h and equals Vol(X) = [, < = L [ ¢;(L)". We denote by dz = +——w" the

Jxwm

normalized volume form of X, or any volume form on X with total volume one.

For every d > 0, we denote by L? the d—th tensor power of L and by h? the
induced Hermitian metric on L?. We denote by H°(X, L%) its complex vector space
of global holomorphic sections and by Ny the dimension of H°(X,L9). We denote
then by (.,.) the L?>-Hermitian product on this vector space, defined by the relation

Vo, 7€ H'(X, LY, (0, 7) = / hi(o, T)dx.
X

The associated Gaussian measure is denoted by pc. It is defined, for every open

subset U of HO(X, L9), by

L e
ALC((J)ZW/UG I o,

where do denotes the Lebesgue measure of H°(X, L4). When L is defined over R, we
denote by RH(X, L9) the real vector space of real sections of L, made of sections
o € H(X, L?) satisfying ¢, 0o 0 o cx = 0. Its dimension equals N;. The Hermitian
L2-product (.,.) restricts to a scalar product on RH®(X, L), which we also denote
by (.,.). The associated Gaussian measure is denoted by ur and defined for every

open subset RU of RH(X, L9) by

_ 2
el g

pr(RU) =
=(RU) VAt Jru

For every d > 0, we denote by A? (resp. RA?) the discriminant hypersurface
of H(X, L) (resp. RH°(X,L%)), that is the set of sections o € HY(X, L9) (resp.
o € RH°(X, L%)) which do not vanish transversally. For every o € H°(X, L?) \ {0},
we denote by C, (resp. RC,) the vanishing locus of ¢ in X (resp. its real locus when



o € RHY(X, LY)). For every o € H(X, L4) \ A%, C, is then a smooth hypersurface
of X. When o is real, RC, is of dimension n — 1 when non empty and we denote,
for i € {0,---,n—1}, by b;(RC,) the minimum number of critical points of a Morse
function on RC,. From Morse theory we know that b;(RC,) is bigger than any of its
i-th Betti number, whatever the coefficient ring is. When X is real (resp. complex)
and n > 1, we equip its real locus with a Morse function

p:RX —- R

(resp. with a Lefschetz pencil p : X --» CP'). We then denote, for every d > 0, by
RA? (resp. Af) the locus of sections 0 € RH(X, L%) (resp. 0 € H°(X, L)) such
that o € RA? (resp. A?) or the restriction of p to RC, (resp. C,) is not Morse (resp.
not a Lefschetz pencil). For every o € H°(X, L?) \ A%, we denote by Crit(pc,) the
set of critical points of the restriction of p to C, and set

1
v(Co) = = D
z€Crit(p|c, )

where 9, denotes the Dirac measure of X at the point x. When o is real, we denote
similarly, for every i € {0,---n—1}, by Crit;(pre,) the set of critical points of index
i of pire, , and set

vi(RC,) = 1d" > b

zeCrit; (p\]RCg )

When n = 1, we set likewise v(C,) = 2> - 6, and when 0 € RH(X, L) \ RAY,

1
v (RC,) = 7 > 6.

rz€RC,

For every n € N*  denote by Sym(n,R) (resp. by Sym(n,C)) the real (resp.
complex) vector space of real (resp. complex) symmetric matrices of size n X n.

n(n+1
2

These vector spaces are of dimension ) and we equip them with the basis B

given by the vectors E“ = /2E;; and Eij = F;j+ Ej, 1 <1 < j <n, where for every
1 < k,l <n, Ey denotes the elementary matrix whose entry at the i-th row and j-th
column equals 1 if (7,7) = (k,l) and 0 otherwise. We equip then Sym(n,R) (resp.
Sym(n,C) ) with the scalar (resp. Hermitian) product turning B into an orthonormal
basis and we denote by ||.|| the associated norm. We then denote by ug (resp. puc

) the associated Gaussian probability measure, so that for every open subset U of
Sym(n,R) (resp. V of Sym(n,C)),

1 ) . 2
1 (U) :m/elm dA and pc(V) = — / eIl g 4.
N v T2 Jv

where dA denotes the Lebesgue measure. For every p, ¢ € N, we denote by Sym(p, ¢, R)
the open subset of Sym(p+¢, R) made of non-degenerated matrices of signature (p, q).



We then set, for every integers p, ¢, n,

ccn) = EC(|det|2):/S (C)|detA|2du<c(A),
ymn,

er(n) = ER(\detD:/S ( R)|detA|duR(A) and
ymn,

cx(pq) — / | det Aldyiz(A),
Sym(p,q,R)

so that Z er(p, q) = er(n). By convention, eg(0) = ec(0) = eg(0,0) = 1.

p,q€N
ptg=n

1.2 Statement of the results

Using the notations of §1.1, we set, for every d > 0,
B0) = [ Y(Cy)duc(o)
HO(X,LA)\Ad

the average of the measure v.

Theorem 5 Let X be a smooth complex projective manifold of dimension n > 0 and
L be an ample holomorphic line bundle on X equipped with a Hermitian metric of
positive curvature w. Let p : X —-» CP! be a Lefschetz pencil. Then, the measure

E(v) weakly converges to ec(n — 1)y = w" as d grows to infinity.

The form “;L—T in Theorem 5 is the Kahler volume form defined by w. The equality
ec(n —1)(4r) = w™ follows from Proposition 5, see §2.2.1. By "weak convergence”
in Theorem 5 we mean that for every continuous function x : X — R, (E(v),x)
converges to [ + Xw" as d grows to infinity, where

<E(V)aX> - d_ln /HO(X Lip\a ( Z X(ZL‘))d/L(c(ZL‘)

zeCrit(p|c, )

Note that Theorem 5 slightly improves Theorem 3 of [12]. Note also that this result,
as well as the following Theorem 6 and Corollary 2, does not depend on the normalized
volume form dx chosen on X in order to define the L2-inner product on H°(X, L9), see
§1.1. Likewise, when X and L are real, we set for every d > 0 and i € {0,--- ,n— 1},

E(y;) = vi(RC,)dug(o)

/]RHO(X,Ld)\]RAg
the average of the measure v;.

Theorem 6 Let X be a smooth real projective manifold of dimension n > 0 and L be
a real ample holomorphic line bundle over X equipped with a real Hermitian metric
of positive curvature w. Let p : RX — R be a Morse function. Then, for every
i€ {0,---,n— 1}, the measure E(v;) weakly converges to ﬁeR(z’, n—1—1i)dvol, as
d grows to infinity.



Recall that dvol;, denotes the Lebesgue measure associated to the Riemannian metric
on RX induced by the Kahler metric g defined by w. Under the hypotheses of
Theorem 6 and using the notations of §1.1, we denote by

E(b;) = b;(RC,)dur (o)

/RHO(X,Ld)\RAg
the average value of the ¢-th Betti number.

Corollary 2 Under the hypotheses of Theorem 6,
1 1
limsup — FE(b;) < —er(t,n — 1 —1)Vol,(RX).
msup = B(5) < —ex( Vol (RX)
Moreover, when n = 1, the limsup is a limit and the inequality an equality, so that
Lengthy,(RX)
Note that this Corollary 2 substantially improves Theorem 4 of [12].
Proof. By definition, for every o € RH?(X, L%) \ RA?,

E(bo)

1
WMRCU) < /RX vi(RC,)

with equality when n = 1 (and 7 = 0). By integration over RH’(X, L?) \ RA{, we

deduce that .

with equality when n = 1. When n = 1, the result follows from Theorem 6 and from
the definition of Vol,(RX) = [, dvol,. In general, we know from Theorem 6 that
for every € > 0, there exists dy > 0 such that

1
Vd>d,/ Ey) <e+ —er(i,n —1—12)Vol,(RX).
o [ B0 < et el Vol (RX)

We get the result by taking the limsup on the left and having e converge to zero. O

Remark 1 When X is the Riemann sphere CP', L = Ocpi(1) and h is the Fubini-
Study metric, X equipped with its Kdhlerian metric is isometric to the round sphere
of radius ﬁ in the BEuclidian three-space, so that its volume equals 1. It follows that

Volrps(RX) = /7, and Corollary 2 then writes E(bp) B Vd, which is consistent
—00
with Kostlan and Shub-Smale’s results, see [14] and [21].

Remark 2 When X = CP", L = Ocpn(1) and h is the Fubini-Study metric, the

geodesics RPY of RP™ have length /7, so that RP™ is isometric to the quotient of

the sphere of radius ﬁ by the antipodal map. Hence,

1
Volps(RP™) = 2\/7_Tn\/0l(5") = v

where S™ denotes the unit sphere in R"*1,



1.3 Hormander peak sections

With the notations of §1.1, let = be a point of X (resp. RX). In a neighborhood
of z in X there exists a local holomorphic (resp. real holomorphic) trivialization e
of L whose associated potential & = —logh(e, e) vanishes at x, where it reaches a
local minimum with Hessian of type (1,1). Let (z1,---,x,) be holomorphic (resp.
real holomorphic) coordinates in the neighbourhood of x = (0,--- ,0) in X, such that
(aixlv cee %) be orthonormal at x for the Kahler metric g. In these coordinates, the
Taylor expansion of ® writes:

1.5 :
(y) = —5-00%(y, iy) + o([lylI*) = wlly[|* + o(lly]I"),

where the norm is induced by the Kahler metric g at the point .

The L*-estimates of Hormander make it possible, for every d > 0, and after a
small perturbation of e? in L?mnorm, to extend e? into a global holomorphic (resp.
real holomorphic) section of L¢. The latter is called a Hormander peak section.
Moreover, G. Tian (Lemma 1.2 in [23]) showed that this procedure can be controlled
up to every order, as long as d be large enough. We recall this result in the following
Lemma 1 where for every r > 0, B(x,r) denotes the ball centered at x and of radius
rin X.

Lemma 1 (See [23], Lemma 1.2) Let (L, h) be a holomorphic Hermitian line bun-
dle of positive curvature w over a smooth complex projective manifold X. Let x € X,
(p1,-++ ypn) € N" and p' > py + -+ + pn. There exists dy € N such that for every
d > dy, the bundle L? has a global holomorphic section o satisfying fX hi(o,0)dx =1

for the volume form dx = T 1wnw" and
X

1
/ hi(o,0)dr = O(W)' (1)
X\B(z, %1
Moreover, if (x1,--+ ,x,) are local holomorphic coordinates in the neighborhood of x,

we can assume that in a neighborhood of x,

, 1
o(xr, @) = A2l -2l + Oz ))ed(l + O(W)),
where
A= / |2ht P 2R (e, e da
B(z, "%
and e is a local trivialization of L whose potential ® = —logh(e, e) reaches a local

minimum at x with Hessian mw(.,1i.).

This Lemma 1 admits a real counterpart Lemma 2 which is obtained by averaging
the peak sections with the real structure:

Lemma 2 Let (L,h) be a real holomorphic Hermitian line bundle of positive curva-
ture w over a smooth real projective manifold X. Let x € RX, (p1,--- ,pn) € N* and
p' > py+ -+ pn. There exists dy € N such that for every d > dy, the bundle L has



a global real holomorphic section o satisfying fX h(o,0)dx = 1 for the volume form
dr = f —wW" and

1
hi(o,0)dr = O(—).
A\B($71%d) d2r
Moreover, if (x1,--- ,x,) are local real holomorphic coordinates in the neighborhood

of x in X, we can assume that in a neighborhood of x in X,

(@1, 1) = )\(xlfl"'xﬁ” +O(\:c|2p/)) (1 +O<d2 ,)),

where

2= / bt - aPr Ph (e, e da
B( logd)

and e is a local real trivialization of L whose potential ® = —logh(e,e) reaches a
local minimum at x with Hessian ww(.,1.).

Let 0g be a section given by Lemma 1 in coordinates (z1,- - ,x,) with p’ = 3 and
p1 = -+ = p, = 0. Likewise, for every j € {1,---,n}, let o; be a section given by
Lemma 1 with p’ =3, p; =1 and p, =0 for k € {1,--- ,n} \ {j}. Finally, for every
1 <k <Il<n,let oy, be a section given by Lemma 1 with p’ = 3, p; = 0 for every
jedl,---,n}\{k,1} and p = p, = 1 if k # [, while p; = 2 otherwise. All these
sections have their norms concentrated in the neighbourhood of x being close to 0

outside of a ball of radius logdd (from the mean value inequality, see Theorem 4.2.13

of [13] for instance). Likewise, by Lemma 1, the Taylor expansions of these sections
write:

oo(y) =
\V/] € {17"' 7n}70j(y) -

Vk,l € {17 7n}7k # l,O’kJ(ZJ) =

o+ Ol ) (5) (1 +0<d6>)
Mgy + Ol () (1 + O()) and
Aanyeyr + O(|yl| )) “(y )(1+O<_

Aoy + O(lyl*)e’(y) (1 +0(d6))

)), whereas

Vke{l,--- ,n}oekly) = (
The asymptotic values of the constants Ag, A1, A(1,1) and Az are given in Lemma 3

(compare Lemma 2.1 of [23]):

Lemma 3 Under the hypotheses of Lemma 1, let 6, = [y ¢1(L)™ be the degree of L.
Then

lim —— f =Vor o lim— \/Enﬂ = Vm/6L

1 . 1 T
dlgrolo N — A\ = 7V0L  and dlgrolo W)\(ZO) = ﬁ\/c&,

for the inner L*-product induced by the volume form dx = T lwn w™.
X

10



These values differ from the ones given in Lemma 2.1 of [23] by a constant 7™ since
our choice of the Kahler metric slightly differs from [23].

Proof. From Lemma 1, \;? is equivalent, as d grows to infinity, to

1 —drly]? 1 / INT 1
T dvol (y) = ———— A dvol(2) = —————
Jxwn /Cn c vol(y) [ drwr T Jen ‘ vol(2) [y drwn’

so that Ag v v/ Jx ci(L)rd™. Likewise, A7 is equivalent to
—r 00

1 2 4] 1 / 212l 1
7 dvol _ =11 quol - -
Jx w™ Jen vl vol(y) dr [ drwrm Jen e vol(z) dr [ drwn’
so that Ay o VdmAg. We obtain in the same way Aq ) o dm Mg, whereas )\(’210) is
—00 —00 ’
equivalent to
1 2 1 2 2
il duol(y) = [ falte P =
S w™ Jen (dm)? [y drwnn™ Jen (dm)? [y drwn

Hence, A e %)\0. O

Let V¥ be a torsion-free connection on TX and V¥ be a connection (resp. real)
on L. The connections V¥ and V¥ induce a connection denoted by VX% on T* X ® L.
We then set

Vie = VYE(Vie) € End(TX, T*X @ LY).
Now, the sections (0;)o<i<n and (oy;)1<k<i<n define a basis of a complement of the

subspace of sections of HY(X, LY) (resp. RH?(X, L)) whose 2-jets at x vanish, which
is denoted by

Hy, = {o€ H'X,LY | o(z)=0,V*0, =0 and V0, = 0} (2)
(resp. RHs, = {0 € RH(X,L%) | o(z) =0,V*0, =0 and V?0, = 0}). (3)

This basis is not orthonormal and its spanned subspace is not orthogonal to Hs,.
However, from Lemma 3.1 of [23], we know that it becomes closer and closer to being
orthonormal as d grows to infinity, see Lemma 4, as long as the chosen volume form

is dr = T 1w" w", see Remark 3.
X

Lemma 4 (See [23], Lemma 3.1) The sections (0;)o<i<n and (0p;)1<k<i<n have

L?-norm equal to one and their pairwise scalar product are O(é). Likewise, their
scalar products with every unitary element of Hs, are O(dg)%).

Remark 3 If the L?-scalar product is induced by a volume form different from dx =

T lwn w", say dr = f(a:)f lwnw", then Lemma 4 remains unchanged except that the
X X

L?-norms of the sections, instead of being one, would converge to \/ f(x) from (1).
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1.4 Incidence varieties and evaluation maps

Using the notations of §1.1, let us denote by Crit(p) (resp. Crit;(p)) the finite set
of critical points of p (resp. of index i) and by Base(p) its base locus. Under the
hypotheses of Theorem 5 (resp. Theorem 6) and following [21], we set

Y = {(o,x) € (H'(X, LY\ Ag) x (X \ (Crit(p) U Base(p))| « € Crit(pic,)},
(resp. ¥; = {(o,7) € (RH(X, Ld) \]RAg) x (RX \ Crit(p))| x € Criti(pre,)}),

and

mi(o,r) €Y = o€ HY (X, LY and my: (o,0) €L s 2 € X
(resp. 7 : (0,2) €%y = o € RHY(X, LY and 7y : (0,2) € %; — z € RX)

the associated projections on these incidence varieties.

For every (g, x¢) € X (resp. (09, x¢) € %;), there exists a neighbourhood U (resp.
RU) of oy in H°(X, L) (resp. RH?(X, L%)) and a neighbourhood V' (resp. RV) of
ro in X (resp. RX) such that for every o € U (resp. o € RU), the function pc,
(resp. pre,) has a unique critical point (resp. critical point of index ) in V' (resp.
RV'). We deduce from this an evaluation map at the critical point

CV(opae) 0 €U = x € Crit(pe,) NV
(resp. eVipyme) 1 0 € RU = x € Crit(pre,) NRV),

so that XN (U x V) (resp. 3 N (RU x RV)) is the graph of ev(y, 4,). This evaluation
map is constant on m (7?2 (w0)) NU, so that its differential d|,,ev(s 4, vanishes on
T,omi(my H(w0)) =~ m(my  (20)). When n = 1, we agree that 7T1(7T21(:E)) = {o €
HY(X, LY |o(x) = 0}. We denote by d|aoev(fm’x0) the restriction of d|y;ev(s,,40) to the
orthogonal complement of 7 (7, () in H°(X, L) (resp. RH°(X, LY)).

Proposition 1 Under the hypotheses of Theorem 5 (resp. Theorem 6),

1

B) = —(m).(riduc)

1 *
(resp. Bw) = —r(m).(xidus)).

Moreover, at every point x of X \ (Crit(p) U Base(p)) (resp. RX \ Crit(p)),

n

1

* w
() (midpe) = _( / gy | bt dnc() S

(resp. (ma).(idpe) = = / o et doetts o dua(o)dvo).
71"2 xr

Note that 7 is a map between manifolds of the same dimension, while pr and uc
are absolute values of volume forms, so that the pull-backs 7jdugr and 7jduc are well
defined.

12



Remark 4 The pointwise expression of (ma)«(widuc) (resp. (mo)«(midug)) is invari-
ant under dilation of the L*-inner product (.,.) on H°(X, L) (resp. on RH°(X, L%)).
Indeed, for every A € C (resp. A € R), (09, x¢) in X (resp. in ;) and o in a neigh-
borhood of 0o, €V(sy.20)(T) = €V(rg,20)(AT) 50 that dis,eV(0y.20) = Adroo€V(reo,z0)- We
deduce that

det dj,, ev(fm’xo) = N"det d)),, ev(%\ao’xo)
if both determinants are computed in the orthonormal basis for the same inner product

(.,.) at the source, but detd|,ev ) becomes equal to det d|,\ooev(%\oo,x0) when the

1

(70,70
latter is computed in an orthonormal basis for the inner product dilated by N\*. Since
under such a dilation the associated Gaussian measures are just push-forwards one

with respect to the other by the corresponding homothety, the invariance follows.

Proof. Let xy : X — R be a continuous function. By definition,

1
By = . Z X(az))(iﬂc(a)
HO(X,L4)\Ad zeCrit(pc, )
1 * *
B ﬁ/(ﬂzx)(ﬂld%)
b
1 *
= 2 | x(m)(riduc).
X

But from the coarea formula (see Theorem 3.2.3 of [10] or Theorem 1 of [21]), for
every x € X \ (Crit(p) U Base(p)),

1 w"
R

* — L [=2,=llol?
(m2)w(midpic) e = N, (/m(%l(x)) | det dj,evy, )| e da) oy

since the Jacobian of d|(,ev(t )’ which is C-linear and computed with respect to the

volume forms do at the source and “:L—T at the target, equals |det d‘oev(lo x)|2. We
deduce that

* 1 _ w'
il = ([ detdoen (o)) o
m(my (o

" n!jz

Under the hypotheses of Theorem 6, if x denotes now a continuous function x : RX —
R, we obtain likewise

(B)x) = ﬁ / (x3)(ride)

1
—= | x(m).(midp).
Vd Jrx '
The coarea formula implies now for every x € RX \ Crit(p) the relation

1
(72)*(7TTdMR)\x = \/7_Tn (/ () | det d|g€'U(LO7$)|_1duR(U)>dUOlh‘x.
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We are going to compute the Jacobian | det d‘aev(la x)\ appearing in Proposition 1. For
every z € X \ (Crit(p) U Base(p)) (resp. © € RX \ Crit(p)), we denote by

K, = kerd,pCcT,X
(resp. RK, = kerd,p C T,RX)

the kernel of d,p and set

H, = {o¢c HX, LY o(x)

=0}
(resp. RH, = {0 € RH(X,LY|o(z) =0

1)

We now assume that the torsion-free connection VX preserves the distribution K on
X \ (Crit(p) U Base(p)). This means that for every local vector field v of X taking
value in K, we assume that VXv also gets values in K. For every (o,7) € X, we set
/ VLU : 0 d
A =——0 € End(TmX/Kx,H (X, L )/HI),

(ca) = 5

where ¢ denotes any non-trivial element of H°(X, L%)/H,. We consider V2o as a
bilinear form on K, that is V2o € End(K,, K* ® L%). Hence,

det(VZ0) € End( A" K, A" KE @ LIeD),
Define also the bilinear form
vl (v,0) e K, x Hy/m(n;'(z)) — VEoe L2

which we consider as an element of End(K,, (H,/m(my"'(z)))" ® L) and denote
abusively by V. It follows that

det(V") € End( A" Ky, A" (H /m(ny (2) ® Li("*l))

and we set

, det V2o _ 1 o
/(m):deuvL) < End(/\ Ky A (Hm/ﬁ(% (37))))

Finally, we set

Aow) = Now) N Apa) € End( \" T, X, \"(H(X, L) /mi (75 (2))))

(0,2)

when n > 1 and Ay, = X(U",r

In the real case, VX denotes a torsion-free connection on TRX IRX\Crit(p) Which
preserves the distribution RK, while V% is real. For every (o,z) € X, Ao.s) belongs
then to End(T,RX/RK,,RH’(X, LY)/RH,) and V0 to End(RK,,RK;®@RL?), so
that

)Whenn: 1.

det(V?) € End( A" ' RK,, A" 'RK; @ RLI™D).

The bilinear form

(v,0) € RK, x RH, /7 (7y (z)) — VE o€ RLY
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is considered as an element of End(RK,, (RH,/m (' (z)))” ® RLY), so that
det(VY) € Bnd( A" RE,, A" (RH, /m (73 ' (2)))" ®@ RLI"),
Finally,

/(,a,x) € End( AVIRE,, AV (RHx/m(ﬂz_l(x))))
while A,y € End( A" T,RX, \"(RH(X, L%) /71 (5 (2))))

when n > 1 and Ay, = X( ) when n = 1.

Proposition 2 Under the hypotheses of Theorem 5 (resp. Theorem 6), let (0, zg) €
Y (resp. (09,x0) € ;). Then, det(d‘aoevéovxo))_l = (—=1)"Aoo,20)-

Proof. Consider neighbourhoods U and V' of g and xg respectively, such that the
evaluation map ev(s, 4 : U — V is well defined. Under the hypotheses of Theorem
5, XN (U x V) is the vanishing locus of the map

F:(o,y)€UxV(o(y), Vi) € LI x (K ® LY).

It follows that for every o € U, F(0, ev(s,4,)(0)) = 0. By hypothesis the connection
V¥ restricts to a connection on the subbundle K*. Hence, the connection VXr
restricts to a connection on K* @ L%, denoted below by D;". The latter makes it
possible to differentiate ' with respect to the second variable. After differentiation
we deduce that

dlﬂ(o’o,l‘o) + Dg(,LF](UO7$()) © d\aoev(ao,aro) = 07

where d F' and Dg( L denote the partial derivatives of F' with respect to the first and
second variables respectively. Hence the relation

d\ooev(oo,xo) = _(D§(7LF)_1 ) © dlﬂ(Uo,l‘o)'

[(o0,20
But the matrix of Dy " F € End(K} ® K,,, L3, @ (KX, @ LY))) at the point (0, 7)

0
VQUO) , so that

L
is trigonal of the form (V*UO
det Dy " Fl(gy 20y = Voo A det(V3ap).

Likewise, let 0 be a Bergman section at xq, that is a unitary vector in the orthogonal
complement of H,, in H°(X, L%). The restriction of

d1F € End( <d0> @on/ﬂ'l(’ﬂ'gl(l’o)),lgo ) (K;O (29 Lio))

at the point (o9, o) to the orthogonal complement of (7, *(20)) in H°(X, L?) has

the matrix (UO il’o) VOL>, so that

det dy F( 29) =00 (70) det(VF).

Taking the quotient, we deduce the result under the hypotheses of Theorem 5. The
proof goes along the same lines under the hypotheses of Theorem 6. O
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1.5 Proofs of Theorems 5 and 6

Lemma 5 Under the hypotheses of Theorem 6, let (o,z) € ¥;. Let ¢, : RL, — R be
an isomorphism such that ¢, o Vﬁrcr = —dp,. Then, ¢, 0 Vo, = V(pre, s S0
that the quadratic form ¢, o V20|Kx 1s non-degenerated of index 1.

Proof. Let v, w be vector fields on RC, at the neighbourhood of x. By definition,
0=V}(Vio)=V.,0+ Vi, o,so that

¢z 0 V%,wa =—@¢z0 Vévxwa = dplx(vi(w)'
Applying the same equality to the function p, we get
dy(dyp) = V* (dp)(v,w) + dp(Vyw) = dp(V w)

by hypothesis on VX, so that ¢, o V?)’wcr = d,(d,p). Finally, applying this equality
to the restriction prc,, we get

dy(dup) e = V3w R, 1 + dPRe, (V"W). = Vi (PR, ) e
where V% denotes any connexion on TRC,. Hence the result. O

Proposition 3 Under the hypotheses of Theorem 5,

1 — 1
— Aoz) N Moz dpc(o) = (ﬂ"ec(n - 1)+ O(—))dvolh,
A" Jry(nz @) Vd

whatever the normalized volume form dx chosen on of X to define duc is (see §1.1),

and where O(%) € LY(X,dvoly) denotes a sequence of integrable functions having
pole at Crit(p) (resp. Base(p)) of order at most 2n — 2 (resp. 2). Likewise, under

the hypotheses of Theorem 6,

V' / (5 @) Aowlduz(o) = (V'

er(i,n — 1 —1) + O(—=))dvoly,

<& g

€ LY(RX, dvoly,)
order at most

whatever the normalized volume form chosen on X is, and where O(

\

denotes a sequence of integrable functions having poles at Crit(p) o
n—1.

In Proposition 3, a function f € LY(X, dvoly) is said to have a pole of order at most
k along a submanifold Y if 7*f is bounded near Y, where r denotes the distance
function to Y.

Proof. Let z € X\ (Crit(p)UBase(p)) (resp. € RX\Crit(p)) and (z1,- -+, x,)
be local holomorphic (resp real holomorphic) coordinates in the neighbourhood of
x = (0,---,0) such that (Bx T B ) be orthonormal at z and (52 etk ,%) spans

ker(dp) at the point x. With the notations of §1.3, every element o € H°(X, L%)
(resp. o € RHY(X, L%)) writes

o= ZCLJJJ + Z briow + 7,

1<k<I<n
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where a;, by € C (resp. aj, by € R) and 7 € Hs, (resp. 7 € RHj,), see (2) (resp.
(3)). In the previous equality, o € m(m, '(x)) if and only if a; = 0 for every j €

{0,---,n}\ {1} and we assume that this holds true. Moreover, from Lemmas 1 and
3,
Aoe! !
7 = Moe’(@)(1+O(5),
1
Vje{l, - .n}, Vi, = Vrdhe(z)(1+ O(ﬁ))dxj and
d\ 1
Vi = — \/ﬁoed(x)(l—i—O(%))(Qd:L’j@dxj), while
Vi<k<l<n, VLU;C”J; = 0 and
1
Ve = mdioe’(z)(1+ 0(5)) (dzy, @ day + d; @ day,).
These equations do not depend on the chosen connexions V*, V. It follows that
1
v20'1‘Kx =V Wd)\o@d(.’lf)<1 + O(ﬁ))v‘x(dl’l) (4)

since by hypothesis, the restriction of dx; to K, vanishes. Likewise,

1 V2O"K - bjj V%MK bkl VQO'MH( aq V20'1|K
x — x x x 5
wd)\y e4(x) Z wd\y ed(x) * 2<kz<;<n wd\y ed(x) * wd\y ed(z) ’ 5)

Jj=2

so that this restriction writes

z 1
> Vobjde; @ duj+ Y b(dey ® dry + day ® dag) + O(—=).

2<k<I<n Vd

Using the notations of §1.1, let B be the matrix Z2§k§l§n bklﬁkl, and let us first

assume that dr = ——-w"
Jxw

Jj=2

, so that from Lemma 4, the sections (o;)o<j<, and

(0ri)o<k<i<n are asymptotically orthonormal. We deduce that pointwise on X \

(Crit(p) U Base(p)),

1 det<v20'|[(x)
vV deq det(Vifi Oljz)2<k<i<n

Tk

1

= |det Bl|dxy A - - Ndz,| + O(—).

| ||das | (\/&)
Moreover,

1 Vio 1

I A O(—

/_ﬂ'do'o(ff) a1ar; + (d6)7

so that
1

1 o
A o,x) N )\(0735) = (|a1|2| det B|2 + O(\/8

()™
Now, we decompose the space 7 (m, *(z)) as

m(nyt(x) = (He Nmi(my'(2))) @ (Hap Ny (2)))
(resp. m(my'(x)) = (RHs Nmi(my ' (2))) ® (RHs, Ny (7)) ), see (2) and (3).

))dvolh‘x.
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Denote by H' the vector space spanned by o1 and oy, 1 <k <[ <n and by
7 (Hse N W1<W;1<l’)))l — H'
the projection onto H' directed by Hs,(resp. RH3,). We deduce that
1 1

% ) )\(J,x) AN )\(U7m)duc(0) = % ) )\(071) A )\(J,x)d,u(c(a)
mi(my () (HzzNmy (" (2)))+

= [ ol det BP(rdpe) (. B)
H/

1

Vi

From Lemma 4, the pushforward measure 7/ ¢ coincides with the Gaussian measure
on the space with coordinates a; and (by;)1<k<i<n up to a O(%) term. Hence,

+0(—=)dvolp,

1

— ))dvolmx
A" J oy (1 @)

SV 1
)\(a,aﬂ) A )\(a,x)d,u(C<O-> = Wn(/ | det B‘Qduc(B) -+ O(—
Sym(n—1,C) \/E

1

Vd

This result remains unchanged if a different normalized volume form dz is used on
X to define the L?-scalar product, since from Remark 3, this asymptotically just
has the effect of dilating the scalar product on the subspace (Hs, N i (m; *(2)))*,
while from Remark 4 and Proposition 2, such a dilation does not affect the integral
Sttt @y Mo) N daadpic(0).

Since V¥ is not defined at the critical and base points of p, we have now to estimate
the singularities of VX (dx;) near these loci. In the coordinates (1, -, z,) around
z, let us write dp = > | audx;, so that at the point z, as(z) = - - = a,(z) = 0 and
a1 (2)| = ||dp,||. Then,

= (n"ec(n — 1) + O(—=))dvoly,.

0= V¥(dp)x, = on(V¥da1)jie, + > _(dov @ dzy) e,
i=1
so that ||[V*dayk, || = mH >oiy da; ® dxy, || has a pole of order one at z, since
by definition of a Lefschetz pencil, dp vanishes transversally at x. By developing the
determinant of V2o and using (5), we thus get that
1

1
— o -
(md) "

Vd

where for every d > 0, the singularities of the function O(%), which is polynomial

) Aoz = (Jar|*| det B|* + O(—=))dvoly,

in a; and by for 2 < k <[ <mn, are poles of order at most 2(n — 1) near the critical
points.

Near the base points, these are poles of order at most 2. Indeed, the normal form
for p near a base point writes p: (y1, - ,yn) € C" +— y;/y2 € C, so that

Yyodyr — y1dys

dp‘(ylv"'vyn) = y2

18



is not well defined along y5 = 0. Denote by § the numerator one-form ysdy; — y1dys,
which is well defined everywhere. When the point z lies in such a chart, there is no
obstruction in finding local coordinates around x which are orthonormal at x and
such that in these coordinates, § writes ajdx; + asdxy where aq, as only depend on
x1, Ta, as(z) = 0 and oy (z) is a function of x having a simple zero along the base
locus. Then, by hypothesis on V¥,

(h:VXmKI:chXMxﬂmr+Qg%m2®d@m}
8l‘2
It follows that V*(dz;)k, has a simple pole along the base locus, and by (4) the
matrix of V%o, in the basis (8%2, EE ,%) is elementary, with only one diagonal
coefficient having a simple pole along the base locus. After developing the determi-
nant, we deduce that the O( ) function has a pole of order at most 2 near the base
locus.

In the real case, finally we get likewise that

1 1
M| = (Jay|| det B] + O(——
1

where the singularities of the functions O(ﬁ) are poles of orders at most n — 1 near

))dvolmx,

the critical points. After integration, we deduce that

1
\/_ (o) ‘)\(o,x)‘dﬂR(U) / |ai|| det B|(7.dpg (a1, ))+O<7>)dU0lh|m,

where from Lemma 5, H] = {oc € H'| ¢, o V0|, is of index i}. Again, we deduce
from Lemma 4 that

1 n
Pealdns(o) = / lax|dpig(ar)
\/_ 7r1(7r2 x) R

1
det Bldugr(B) + O(—=)) |dvoly,
(/Sym(zn 1 i,R)| | R< ) <\/8))‘ " |

n—1 . . 1
= (ﬁ er(i,n — 1—2)+O(%

and this result remains unchanged if a different normalized volume form dx is used
on X. O

)) |dvoly),],

Proof of Theorems 5 and 6. From Proposition 3 follows that under the
hypotheses of Theorem 5 (resp. of Theorem 6), the measure
1

S 1
) A Aoe) N Aowydpic(o) (resp. Wp\(a,m)‘dﬂR(U))

weakly converges to the measure
m"ec(n — 1)dvol, (resp. V7 egr(i,n — 1 —1i)dvoly,).

Theorems 5 and 6 then follow from Propositions 1 and 2, whatever the normalized
volume form dz is chosen on X to define the L?-scalar product (.,.). O
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2 Expected determinant of random symmetric matrices

In §2.1 we study the asymptotic distribution of er(p, q) for large n = p + ¢q. We then
compute ec(n) in §2.2.1 and er(n) in §§2.2.2 and 2.2.3. We also give in §2.2.4 the
values of er(p, q) for p+ ¢ < 3.

2.1 Large random real symmetric matrices
2.1.1 The energy functional
Let
f:R? — RU{co}
3@+ ) —logle —y| ifz#y
2

Let M{ (R) be the space of probability measures on R and H be the energy functional
defined by the relation:

H:M{R) — ]RU{OO}
— { § [ e P p)dp(@)dp(y) i fylog(o] + Ddpu(x) < +oo

H otherwise.

This functional is lower semicontinuous, strictly convex and reaches its unique min-
imum at the semi-circle law py of Wigner, see §2.6.1 of [1]. Moreover, H(uw) =
23 +1og2).

For every 0 < a < 1, define

M1 o(B) = {p € M{(R) | u(RY) = a and p(R}) = 1 —a}.

Since the functional H is strictly convex and equals +oo on atomic measures, its
restriction to ./\/la |_., reaches its minimum at a unique measure j, € M which
has no atom. In partlcular, L= pw. For every 0 < o < 1, we set

a,l—a
me = min  H = H(u,).
le a(R)

Lemma 6 The function m : « € [0,1] — m, € Ry is strictly decreasing over [0,1/2]
and strictly increasing over [1/2,1]. More precisely, for every a € [0, 1]\ {1/2}, there
exists o > 0 such that V¢ € [0, 1], My, q_y1 < Mo + (* — 1)ca.

Proof. Let a € [0,1]\ {3} and f* € L'(R, dz) be the density of s, with respect to
the Lebesgue measure drz. We decompose f¢ = f,+ f; into odd and even functions, so

that f, = 2(f*+ f*o(—Id)) and f; = 3(f*— f*o(—Id)). Likewise, we set y, = f,dx
and u; = f;dx, so that u* = p, + p;. Then, for every ¢t € [—1, 1],

H(py +twi) = % / Rgf(:c,y)(dup(fc)dup(y)+tdup(:€)dm(y)+tdui(x)dup(y))

+§ //2 F (@, y)dpa()dpi(y) = H(pp) + #°H (1:)

from Fubini’s theorem, since [, (2? + y*)dpi(z) = [ 3(z* + y?)dp;(y) = 0 while
likewise [ log|y — x|dup( and Jg log |y — x|d,up( ) are even functions of y and
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x respectively. Since H is strictly convex, so does its restriction over the interval
{1y +tu;, t € [—1,1]}, so that H(p;) has to be positive. However, for every ¢ € [0, 1],
L+t belongs to ./\/lJr (1)L, (1) b—ta )(R) and we deduce that m,, ;_y1 < H(p,)+

t2H () = mg + (12 — 1)H(,ul) Hence the result. O

Remark 5 [t would be of interest to compute explicitely the function o € [0,1] —
My € [m%, oo] and in particular its asymptotics near « = 1/2. Likewise, we saw in
the proof of Lemma 6 that the functional H restricted to measures of type g(x)dx,
where g is an odd function in L'(R,dz) with fR+ gdx = 1, is positive, but does its
infinimum remain positive? Finally, what is the measure p,? (see [5] for the case

a=0)

2.1.2 Measure concentration around matrices of vanishing signature
Proposition 4 For every o € [0,1/2] , there exists ¢, > 0 such that

lan|
S exlim — ) < expl-can?)
i=0

and NR(Ui@o@J Sym(i,n —i,R)) < exp(—can?).

Proof. The orthogonal group O,(R) acts by conjugation on real symmetric matrices
and a fundamental domain for this action is given by diagonal matrices with stabilizer
{£1}". From the coarea formula (see Theorem 3.2.3 of [10] or Theorem 1 of [21]), we
deduce that for every 0 <1 < n,

. Vol(On(R)) "
GR(Z, n — ’L) = T a0 AL <A <0 H \/5)\2 H |)‘j - )\Z|d,u()\),
2ny/m 2 0<Aip1<<An |i=1 1<i<j<n

where the volume of O, (R) is computed with respect to the right invariant metric
for which the basis (E;; — Ej;)i<i<j<n of its Lie algebra is orthonormal, see §2.1.3,
and where du(\) denotes the Gaussian measure on R™. As a consequence, for every
0<1i<n,
. : Vol(O,(R))
6R<Z7 n— Z) = n(n+1)

NN
/)\1<---<>\Z~<0 eXp ( o Z)‘? + Z log‘)\j - )‘k“ 1_[1 |>‘ ‘d)‘
=

0< A1 << An Jj=1 1<j<k<n

1
= cnn!/m<___<%<0 exp( Y, logly—wml-5 > (F +)

o<%+1< <yn 1<j<k<n 1<j<k<n
eXp Y E :fyj H |71‘d71

where

Vol(O,(R)) ny "5 +n
n — n(n+1) (_

nlv/2" 2 /m 2

9
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and where we wrote, for every 1 < j <n, \; = \/gfyj. We now proceed as in §3.1 of
[3] (or §2.6.1 of [1]). Define, for every 73 < -+ <7 <0 < 91 <+ < Yy

1 n
Hn = ﬁ Z(s"{j < Mztn,l—i/nOR)’
j=1

so that

>y —wl —% Y () =-n //< f(@,y)dpn(x)dpn(y).

1<j<k<n 1<j<k<n

Let M > mg, f* = min(f, M) and

Vi€ M{(R), Hy(u) = %//}R FY (2, y)dp(e)duly).

By Lemma 6,
min Hy = min H.
Us<a MF1_5(®) Up<a Mi1_5([R)

As a consequence, for every 0 <i < |an|,

//< S (@, y)dpm () dpn(y) = Hy(px) — % > e — %

Moreover, by Lemma 8 (see §2.1.3 below) and Stirling’s formula, In(c,) = n®my s +
O(n). Hence, there exists a constant D > 0 such that

[an] 2 n
> ealion—0) < exp (=n(ma =)+ Do) ([ pleFan )
R

=0

and the first part of Proposition 4 follows. The proof of the second part goes along
the same lines. O

2.1.3 Volume of the orthogonal group

Let us equip the vector space of real antisymmetric matrices with the scalar product
turning the basis (E;; — Eji)1<i<j<n into an orthonormal one. This scalar product
on the Lie algebra of O,(R) induces on O, (R) a Riemannian metric for which the
multiplications on the right by elements produce isometries. We recall in the following
Lemma 7 the value of the total volume of O,(R) for this metric.

Lemma 7 For every positive integer n,

n(n+1) n(n—1)

n!\/%T 2 2
Vol(O,(R)) = [T T(1+5/2)

Proof. The coarea formula gives as in the proof of Proposition 4

n(n—1)
. Vi
f>\1<---<)\n H1§i<j§n(>‘j — Ai)dp(N)
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But

/ H (A = A)du(A) = n(nﬂ) / H A\ — ) HAQH "

1< < 1gici<n nlv?2 1<i<j<n

The latter integral can be computed using Selberg’s formula, see Theorem 3.3.1 of
[16], which writes

/\ T Ol ax = 2va T +5/2)

" 1<i<j<n
Hence the result. O

Lemma 8 The following asymptotic development holds :

1(O,(R 2] In 2
In (%) =—¥+n2(§+ 112 )+4nlnn+0( n).

V2'ymoe
Proof. From Lemma 7, when n = 2m is even,

n(n—3)

Vol(On(R)) _ nl/T'V2
VR IDAGITG +1/2)

From Stirling’s formula, n! is equivalent to n"e "v/27n as n grows to infinity and

I'(j+1/2) to (j — 1)Iy/j — 1. It follows that
m 1

(H TG +1/2) ) = QZjlnj—j+3lnj)+mlnm+O()

j=1 j=1
1

3

l(j +1)In(y +1)

= Y (G+1mG+ D =g -3+

7=1
+mlnm+ O(n)
n

2 n. 3 3n
= D@y 22 2 .
1 n(2) 8n + n(2)+0(n)
Finally, we obtain
Vol(O,(R)) n? n? 3, 3n
ln<ﬁ>—nlnn+ 1 ln2+zln2—zln( n) + 3" —Zln( n) 4+ O(n)

and the result when n is even. When n = 2m + 1 is odd, we have

Vol(On(R)) V2" "gmom?
o TS GG+ 3/2)
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But

(=12 n—1. 3 , n—1_ n—1

We deduce that

H(M>:n2n o nln(n)+n—21n2+§n2—ann+0(n)
VTR

4 8 4
and the result. O

n(n—1)

2.2 Determinants of random symmetric matrices
2.2.1 Complex symmetric matrices

For every n € N*, denote by .S, the group of permutations of {1,--- ,n} and for every
o € Sy, by Cycles(o) the set of cycles appearing in the decomposition of o into a
product of cycles with disjoint supports. For instance, if ¢ denotes the permutation

1 2345
(3 215 4) of {1,---,5}, then Cycles(o) = {(13), (2), (45)}.
Lemma 9 For everyn € N*, ec(n) =3 .o 9#Cycles()

Proof. For every A € Sym(n,C), denote by A = ZKKK” aijEij and set a;; = a;;
if + > j. By definition, -

ecln) = / et AT D4

= Y () Y () / GO

TESy €S, Sym(n,C)
Qo1 1r(1) * *  Ono(n) Gnr(nydpic(A),

since the diagonal entries of A have weight v/2. Now, the integral fc 227 dpc(z) van-
ishes when o # 3, so that for every o € S,,, the only permutations 7 € S,, which con-
tribute to the integral are the ones for which {ai,(1), -, Gnom) } = {@171),** , Gnrm) }-
This implies that for every j € {1,--- ,n}, {ajo(), @Go-10);} = {0jr(j), ar—10);}

If j belongs to a cycle of length 1 or 2 of o, we deduce that o(j) = 7(j). More
generally, we deduce that if ¢ is an element of Cycles(c), then either & or 671 is
an element of Cycles(7). In particular, €(o) = €(7). Conversely, every permutation

7 which can be written as a product of the form [] (o) o1 contributes to the

ceCycles
integral. There are 2#Cveles>3(9) such permutations, where Cyclessz(o) denotes the
set of elements of C'ycles(o) having length > 3. As a consequence,

ec(n) = Z o#Cycles (o / H ‘aw(z | duc(A),

€S, Sym(n,C) i=1

24



where C'ycleso(o) denotes the subset of elements in C'ycles(o) having length different
from 2. Now, [.|z]*duc(z) = 1 whereas [.|z|'duc(z) = 2. Every transposition of
Cycles(o) produces an element of this second type whereas the other elements of
Cycles(o) give rise to products of the first type. Hence the result. O

Lemma 10 For every n € N*, Y __ 2#Cveles(@) = (n 4 1)!

oESy

Proof. When n = 1, this equality is satisfied. Assume that it is satisfied up to a
rank n and let us prove it for the rank n 4+ 1. Let ¢ € S,y and 0 = ;-0 be
its decomposition into a product of cycles with disjoint supports. If we remove the
element (n + 1) of the cycle which contains this element, we get a permutation 7 of
Sy together with its decomposition into a product of cycles with disjoint supports.
We deduce from this a (n + 1) to 1 forgetful map f, : ¢ € S,11 — 7 € S, such
that #Cycles(o) = #Cycles(f,(0)) if (n+ 1) is not fixed by o and #Cycles(o) =
#Cycles(fn(0)) + 1 otherwise. Hence,

Z Q#Cycles(a) _ Z Z 2#C’ycles(a) — (’I’L + 2) Z 2#C’ycles(T) — (’I’L + 2)'

0ESn+1 TE€ESh gefr t(T) TESH
by induction. O

Proposition 5 For everyn € N, ec(n) = (n+ 1)!

Proof. This Proposition is a consequence of Lemmas 9 and 10 when n > 0 and of
our convention when n = 0. O
2.2.2 Real symmetric matrices of odd size

We recall here the values of eg(n), n > 0, distinguishing between the cases n even
and n odd, see §25.5 and §26.6 of [16]. The odd case turns out to be easier than the
even one:

Proposition 6 (Formula 26.5.2 of [16]) For every odd integer n,

).

2v/2 2
er(n) = T\/_F nt

( 2
Let us briefly recall the proof of this Proposition 6 as taken out from [16].

Proof. As in the proof of Proposition 4, it follows from the coarea formula (see
Theorem 3.2.3 of [10] or Theorem 1 of [21]) that

Vol(O,(R
eR(n) = % />\1<..~<>m

on m s

[1v2n

i=1

H A = Aildu(N),

1<i<j<n

where as before the volume of O,(R) is computed with respect to the right invariant
metric for which the basis (E;; — Ej;)1<i<j<n of its Lie algebra is orthonormal, see
§2.1.3, and where du(A) denotes the Gaussian measure on R". The integrand is a

25



Vandermonde determinant. Integrating the odd lines of this determinant and then
expanding by pairs of rows in the Laplace manner, we get the relation

er(n) = Vol(On(R)) det B.

n(n 1)

v2iym e

Here, writing n = 2m + 1, B denotes a square matrix of size (m + 1) x (m + 1) with
entries (b;;)o<i<j<m defined by

V0 <i <m, V0 < j <m, b =215 + n2m2j41)

and by, = 215; where

by = / yl(@2y — a2 dpa()du(y) (6)
0<z<y<4oo
and N .
& 1 + 2
= k+1g S
m= [ ) = 2T,

Using linear combinations of rows and columns of B with the help of the relations

. . 1 o
v’l,j Z O,wi+17j = (Z + 1>’l/}7,_] — Wf(l +j —+ 5/2)

and 7910 = (i + 1)ny;, we get

1
det B = det(T(i + 7+ 5/2))o<i i<m_
1

m—1
= — H (JIT(5/2 + 7)) (see formula A.18.7 in [16])).
\/7_1' \/i om(m+1) iy

When n = 2m + 1 we deduce from this that

B (n) _ VOl(On(R) H 'F 5/2 + ))
R n(n+1) m--1 j
N V2 om(m+2) 5

The result now follows from Lemma 7. O

The proof of Proposition 6 may also provide an alternative proof of Lemma 7 for
odd n’s, as suggested in [16].

Alternative proof of Lemma 7 in odd dimensions. Proceeding as in the
proof of Proposition 6, we get

1 = M/ H (A; — \)du(\) = Md (B,

n(n—1)
1< 1< j<n 2"\/_ 2

2ny/m 2

where B’ denotes a square matrix of size (m + 1) x (m + 1) with entries (b};)o<i,j<m

defined by

Y0 S 7 S m,‘v’O S j <m, b;] = 2(#);] + 772i—1772j)
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and b, = 2n9;_1, whereas
q/;zfj = / (xzzyzjﬂ _ y2ix2j“)du(x)d/i(y) = _Q/Jj(i_l)_
0<z<y<+oo

From linear combinations and the relation

o 21+ 1 1 .
Vi, j > 0,45, = (T)¢§j - Wr(l +J+3/2),
we get
m—1
1

det(B) = ——— TTGIT(3/2 + 5)).

(B) = oy L1624
Finally,

ﬁm(n+2) \/§m2m2+n
175 (GIT(3/2 + 5))

and eg(n) = %T("T’LZ), since T'(1/2) = /w. O

Vol(On(R)) =

Remark 6 The first values given by Proposition 6 are

er(l) = \/g, er(3) = \/32_7r and eg(b) = 2\1/527.

Moreover, from Stirling’s formula, er(n) is equivalent to %x/mm! asn = 2m+1
grows to infinity.

2.2.3 Real symmetric matrices of even size

When the dimension n = 2m is even, the value of eg(n) is given by the following
Proposition 7.

Proposition 7 For every even positive integer n = 2m,

n! 1 420! ’”Zl(_1>kr(k+3/z)

+(-1)
1on 1on |
ml2 Vrml2 o k!

The expression given by Proposition 7 can be rewritten as

ex(n) = (~1)"

—_

m—

L A/2nl e . —t)F
er(n) = (—1) W/o V(e _kz%(’f!) Jetdt.

The first term in the right-hand side of the expression given by Proposition 7 is
alternated and negligible for large values of n with respect to the second one which
is always non negative. The latter can be checked by pairing the terms of the sum,
see the proof of Corollary 3.
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Remark 7 The first values of eg(n) for even n’s are:

er(0) =1, er(2) = V2 -1/2, er(4) = §(V2+ 1),
eR(6) — 1?% o 1_85’ €R<8) 3x5x7<13\/__'_ )

Note that eg(n) is algebraic in Q[v/2] for even n and transcendental for odd values of
n.

Corollary 3 Whatever the parity of n is, er(n) gets equivalent to ¥F<HT+2> as n
grows to infinity.
Proof. For every odd n, eg(n) = ZT‘/ET("T“) from Proposition 6. When n = 2m

is even, the first term in the right-hand side given by Proposition 7 is equivalent to
n+2

(=1)™m™e~™4/2, that is (—1)”% from Stirling’s formula. Pairing the terms of

the sum in the second one, we get

m—1

Z k:+3/2) _1 25 +3/2)
— 2 & (25 +1)!
when m is even and
m-1_
mzl k+3/2) _T(m+1/2) 1 &= T2j+3/2)
— (m=1)! 2 = (2+1)

when m is odd. In both cases, this sum gets equivalent to (—1)™" “ﬁ

infinity, hence the result. O

as n grows to

In order to prove Proposition 7, we first compute in the following Proposition 8
er(n) in terms of a sequence (b,,)men which we now introduce. Let (a;);—o be the

sequence defined by the relations ay = 8f T and
47 42
Vi >0,a, =(=———=)a;_1 + 1.
] 7a’] (2]+3)a'] 1+

Let by = ap + 1 = (2v/2 — 1) and for every m > 1,

m—1
m 1— ]( _1)01]
- J

J

Proposition 8 For every even integer n = 2m > 0,
nL(*5*)bm

ml(m — 1)12n/7

Proof. As in the proof of Proposition 6, we establish that

Vol(O,(R))

/3" \/_nm )
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where C' denotes a square matrix of size m x m and entries (¢;;)o<ij<m—1 satistying

VO <i,j <m—1,ci; =2y + N2in2js1)
with
Vi = / |wy| (@ Y+ — 2 dp(x)dp(y)
0<z<y<4oo

and 7, = [ b dp(z) = sv=L(5?). Following §26.6 of [16],

-1 (M2j+1)0<j<m—1
det(C) = —2m st1)osis
et(C) (M2i)o<ism—1 (Vij)o<ij<m—1
—1 (M2j+1)0<j<m—1
_ _ogm|™ (%0j)o<j<m—1
0 (?/fz] 1 1 = 7;;ﬁ;ﬁéz))1gigm—1, 0<j<m—1
-1 0 |
(—1)m 2y 27 (47vpo; +T'(j +3/2))o<j<m—1
= ————=| 0 TI(/2) I'(j+5/2)1<j<m—1
T y/2 0 0  (D(i+j+3/2) = (i+1/2)T(+j+1/2)
= Jl(i +J+1/2))a<icm—1, 1<j<m—1
which equals
AT (4mibo; + F(j +3/2))o<j<m—1
CoS GG sy | L g
m—1 (1/(] - ]') )2<]<m 1 ,
wm2m?y/2 : o :
0 .. 0 1 1

so that the entry of the i-th row and j-th column, 1 <i<m—-1,0<7<m—-1
equals 1/(j —i¢+ 1)!if j —i+ 1 > 0 and 0 otherwise. Subtracting to the m — 1 first
lines multiples of the last one, we obtain zeros on the last column, whereas the entry
of the penultimate column on the ¢—th line, 1 < i < m — 2 equals mjz)f Then,
subtracting to the m — 2 first lines multiples of the penultimate one, we get zeros on
the penultimate column whereas the entry of the (m — 2)-th column on the i-th line,

1 <7< m-—3, equals % By recurrence, we get a lower triangular matrix
and
a 0 ... 0
m— m—1, - ) 1 L
det(C) = ()" T (GG +5/2) . =
ﬂ.m2m2 \/ﬁm—l i
: L
2
0 ... 0O 1 1
with

m—1 2]
Z ,FH]Z”%/JQ) (4mio; + (5 + 3/2)).
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We deduce then from Lemma 7 the relation

n|r(n+3

m!(m — 1)127/7

27 (M1
NZ ) J%/)Q)(M%ﬁF(JﬂLW?))

er(n) =

The result follows by setting, for every j € {0,--- ,m — 1},

2j+1\/§

2 VT Arbas + T 2)) —
a; F(j—|—5/2)< Wwoj—i_ (]+3/ ))
Indeed,
1

— V2 -1 8

wOO 8\/%< ) ( )

so that ap = 8\/;*7 and the recurrence relation satisfied by (a;);>¢ follows from the
relation

Vj> 0,00 = (1 +1/2)v0j-1 + 573
(compare formula 26.4.13 of [16]). O

1 :
T +3/2)

Remark 8 As in the alternative proof of Lemma 7, we may get that for every n =
2m > 0,

n(n+1)

2m(m+1)\/_ \/_

[T} (TG + 3/2))5’
where b, = ay+1 and for every m > 1, = ZT:_Ol(—l)m_l_] (m]_l)a;-. This sequence
(a})j>0 is defined by the relations ay =1 and Vj > 0,a; = (2j+1)a] 1+ L

— 1)

Y

Vol(O,(R)) =

Proof of Proposition 7. When m = 1, Proposition 7 is a consequence of Proposi-
tion 8 since b; = %(2\/5 — 1). From Proposition 8, when m > 1, we have to compute
the values of b,, € Q[v/2]. For every j > 0, we deduce from the recurrence relation
that

L (8vVI-T+ QZ%“ 1.

aj =
2j+3

" Jo2k41 _ U A VR 2j+5
Writing > 33 o 555 = (X 4—0 57 )ju1 = 6 — =5, we deduce

97 4
2j+3 2j+3

_ 4 i(—l)m—l—j <mj_ 1) 72\52;; L

Vj >0, a; = 8V2

and as a consequence

3

7=0
Now,
m—1 i m—1
, —1\2v22 —1 . 5\ - -1 - ,
( (_1)m717] <m . ) \/_ $2]+3> _ (_1)m71—] <m . )<2\/§2J o 1>x2]+2
= J 2j+3 p= J

= 22(2v2(227 — )™ — (2 — 1)),
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so that ) )
by, = 8\/5/ (22 — 1) — 4/ 23 (2% — 1) lda.
0 0

From the relations

—94 1 ,
Vi >0 fo (22 = 1)idz = 2 +‘73/0 2?(2® — 1)1 and
. -25 (! : 1
fol r?(22% — 1)dr = — J / (22 — 1) ——,
27 +3 Jo 27 +3

follows that

bm = (=1) T(m+3/2) Jl T(m+3/2)

k=0
Now, Proposition 7 follows from Proposition 8. O

Remark 9 An expression of eg(n) in terms of hypergeometric series can be extracted
from [7], whereas an equivalent in logarithmic scale can be extracted from [22].

2.2.4 Values of ¢(p,q) for p+¢ <3

We have not been able to compute the numbers eg(p, ¢) in general and only give here
their values for p + ¢ < 3.

Lemma 11

1

6[@(1,0) = €R(0, 1) = E,

er(2,0) = ep(0,2) = i(\/é — 1), er(1,1) = % and
3 (=1

Vpe{0,---,3},er(p, 3 — = — .
Proof. The multiplication of symmetric matrices by -Id preserves the measure of
Sym(n,R) as well as the absolute value of the determinant, so that for every p,q € N,
er(p,q) = er(q,p). As a consequence, eg(1,0) = er(0,1) = ser(l) = \/127 from

Proposition 6, since I'(3/2) = ? Proceeding as in the beginning of the proof of
Proposition 6, we get that

Vol(Oy(R)) / <|)\1| )\2)
2,0) = ————= det V) dp(M)du(X
eR( ) Qﬁ 0<A1<A2<+00 ¢ |)‘2| )‘% /L( 1) ,u( 2)
= 2v 27T¢007
by (6) and Lemma 7 up to which Vol(Og( )) = 472, But 1 = —(\/ﬁ —1) by

(8), so that er(2,0) = er(0,2) = 1(v/2 — 1). Likewise,

+oo 2
ex(1,1) = L2 02 / / det () du(n)du(n)
REIPY:

= 427w from (6)
1

7
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We get along the same lines that

er(3,0) = %(ﬁﬂ%o — NoY10 — M /0§x<y<+oo lzyl(y? — 2*)dp(x)du(y)).

From (7), Vol(O3(R)) = 2°v/272. From the recurrence relation given in the proof of

Proposition 6, we deduce that iy = # — %. Finally, V2 > 0,Vj > 0,

/ |zy|(2*y? — 2 y* ) dp(z)du(y) = j / |zy| (Y™ % — 2 2y dp(z)dp(y)
0<z<y<4oo 0<z<y<4oo

(i-+)!

Tt

so that f0<$<y<+oo lzy|(y? — 2?)dp(x)du(y) = 5= It follows that

V2-1) 1 7 1>

en(3,0) = ex(0,3) = 16 w( 4 _
3

1
- _'_ A
2V AN2r

Likewise,
Vol(O3(R
€R<27 1) = eR(L 2) = (73(3))( — No¥10 + M2%oo0 + N / |37y\(y2 - $2)dﬂ(:€)du(y))
vV 2T 0<z<y<4oo
V2-1) 1 7 1
= 16 ——+ +
ﬁ( 16721 167 6427 327T>
_ 3
N NorS
O
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