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Abstract

Motivated by isotropic fully developed turbulence, we define a theory of symmetric
matrix valued isotropic Gaussian multiplicative chaos. Our construction extends the
scalar theory developed by J.P. Kahane in 1985.

1. Introduction

In the pioneering work [16], J.-P. Kahane introduced the theory of Gaussian multiplicative
chaos. Given a metric space and a reference measure, Gaussian multiplicative chaos gives a
mathematically rigorous definition to random measures defined as limits of measures with
a lognormal density with respect to the reference measure. The main application of this
theory was to define the Kolmogorov-Obhukov model of energy dissipation in a turbulent
flow (see [18, 20]): in this context, the metric space is the euclidean space R? equipped
with the Lebesgue measure and the log density has logarithmic correlations. Since this
seminal work, the theory of Gaussian multiplicative chaos has found many applications
in a broad number of fields among which finance (]2, 11]) and 2-d quantum gravity (see
[10, 19] for the physics literature and [4, 12, 23, 3] for the mathematics literature).

Three dimensional fluid turbulence is an archetypal out-of-equilibrium system in which
energy is constantly injected at large scale and dissipated at the small viscous scales
in a stationary manner. A statistical approach has been rapidly adopted in order to
describe the complex multi-scale motions taking place in the flow. In the seminal work of
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Kolmogorov, known as the K41 theory [17, 14], focusing on fully developed homogeneous
and isotropic turbulence, it is shown from the Navier-Stokes equations that energy is
transferred from large to small scales at a constant rate, independently on viscosity: this
is the fourth-fifth law. Further phenomenological extensions of this theory [18, 14] took into
account the peculiar statistical nature of the dissipation field that implies intermittent (or
multifractal) corrections and probably more importantly, a long range correlated structure
of velocity fluctuations. At this stage, scalar multiplicative chaos appears to be a good
candidate to give a stochastic representation of the dissipation field, although nothing
is said on energy transfers that ask for a stochastic model for the velocity field itself.
Indeed, modern statistical studies underline the importance of defining a probabilistic
model for the velocity field. Ideally, one looks for a field as close as possible to an invariant
measure of the equations of motion (see for instance [13]). One of the first attempts
in this direction is proposed in Ref. [25] where the authors use a scalar multiplicative
chaos to disturb an underlying Gaussian velocity field. A great success of this work is to
propose an intermittent velocity field but unfortunately, the authors failed at proposing
an incompressible dissipative velocity field, i.e. a field that respects the fourth-fifth law
of Kolmogorov. One of the reasons is that the construction of the field does not include
a basic mechanism of the Euler equations, namely the vorticity stretching phenomenon.
This is the main novelty of the approach proposed in Ref. [7]. One of the key steps of this
construction is the introduction of the exponential of a Gaussian isotropic symmetrical
random matrix in replacement of the scalar chaos used in Ref. [25]. Heuristically, this
symmetric matrix is reminiscent of the deformation field S, i.e. the symmetric part of
the velocity gradient tensor, that stretches vorticity w = V A u, where u is the velocity
field, according to the Euler equations: Dw/Dt = Sw, with D/Dt = 0/0t + u.V the
Lagrangian derivative. It is easily seen that a Taylor development at short time 7 of the
former dynamics leads to a linear differential equation that can be solved using matrix
exponentials of the initial deformation field 75(0). Then, logarithmic correlations and
the free parameter 2 quantifying the level of intermittency are introduced by hands. A
numerical investigation of the obtained velocity field shows indeed a mean energy transfer
across scales.

As far as we know, there is no matrix valued theory of Gaussian multiplicative chaos
that would be crucial in further understandings of the mechanisms at the origin of this
energy transfer as observed numerically. The purpose of this work is thus to define such a
theory for Gaussian symmetric and isotropic matrices. In the next section, we present the
framework and the main results. Section 3 is devoted to the proofs of our main results.
In the appendix, we gather general formulas which are useful in our proofs.

Notations: we denote by M(R?) the set of measures on R% and by M,(R?) the set of
signed measures on R?. We denote by S(M(R?)) the set of symmetric matrices whose
components belong to M,(R%). The N-dimensional identity matrix is denoted by I and
Pn = (1)1 <4 < n stands for the N x N matrix filled with the coefficient 1 in each entry.

2. Framework and main results

We first motivate the structure of our Gaussian matrix-valued random field. We remind
that a random matrix X is isotropic if for any real orthogonal matrix O, the matrices X
and OX'O have the same probability law (where ‘O denotes the transpose of the matrix



O). If N is an integer and if one considers a centered symmetric isotropic Gaussian
N x N-random matrix (X; ;)1 <i,j < N, it takes on the following structure (see Lemma 4):

e the diagonal entries (Xii,...,Xn n) are independent of the off-diagonal entries
(Xij)i<ss

e the covariance matrix of the diagonal entries is given by (1 + ¢)o2Iy — co? Py where
c€] -1, 5] and 02 > 0,

e the off-diagonal entries (X ;)i<; are mutually independent with variance 0’2%.
Therefore, if one wishes to consider a general Gaussian field of symmetric isotropic matri-
ces, the natural construction of such a field is to introduce a spatial structure preserving
the above statistical structure. This is the main motivation for the construction of our
field, which we describe now.

We introduce a probability space (2, F, P) and denote expectation by E. We want
to define a homogeneous field of symmetric isotropic Gaussian matrices with logarithmic
spatial correlations. The spatial correlation structure will be encoded by a kernel K :
R? — R of positive type of the form

K(#) = 4*In, ﬁ +g(x)
where ¢ is some continuous bounded function (in the sequel, we set g(0) = m) and L > 0.
Due to the divergence of this kernel at x = 0, it is well known that the construction of such
a field requires a cut-off approximation procedure to get rid of this singularity. Therefore,
for € > 0 (which stands in a way for the cut-off approximation rate), we introduce a
covariance kernel K, : R? — R such that

e L
o2 = K. (0)=~*(In=+1), and afy K (z) = K(z) for all [z] >e. (1)
€

Then we consider an integer N > 2 and ¢ €] — 1, ﬁ] On this probability space,

for ¢ > 0, we consider a centered symmetric random matrix-valued Gaussian process
X¢(x) = (X{ ()1 <ij < n indexed by z € R%. We denote by

Z7j
Xcel(x) = (Xil(x)7 s 7X]EV,N(‘T))
the Gaussian vector made up of the diagonal entries of the matrix X¢(z). We assume:
€

e the diagonal entries (Xj(z)),cgre are independent of the off-diagonal entries ((X{ ;(7))i<j)perd,

e the covariance matrix kernel of the diagonal entries is given by
B[ X5(@) X4()] = (1 + )Ty = Py ) Kc(z — y).

e the off-diagonal entries ((X;;(2))i<;j)yecre are mutually independent, each of which
with covariance kernel given by

BIXE, (0) X5, (0)] = o Kol — ).




We also define
o aef 021+ 0)
«cT 2

L
||

for z small enough. In dimension 1 and 2 we can even choose K(z) = 7?In, |7L| In

Remark. The canonical example of such a kernel K is when it coincides with v2In

dimension greater than 3, we can use the constructions developed in [16, 24]: for examples
of such kernels, see Appendix A.1. Another approach is to use the convolution techniques
developed in [26]. This does not exactly fall into the framework set out above because the
convoluted kernel depends on e at all scales, i.e. for |z — y| > e. Nevertheless, this has
no significant influence on the forthcoming computations so that we also claim that our
results remain valid for such regularization procedures.

Remark. Note that the diagonal terms are independent if and only if ¢ = 0. In this case,
the above structure coincides with the usual Gaussian Orthogonal Ensemble (GOE) [1, 21].

Note also that the boundary case ¢ = NL corresponds to trace-free matrices.

-1

Remark. Application in turbulence. In the paper [7], the authors consider the following
boundary case as a building block of their random velocity fields

8 1 1
2 2
= —)\ s N = 37 = — = —
T3 CTN-1 2
where A\? is found to fit experimental data for A2 ~ 0.025 [7, 8]. Here, the zero trace
property is reminiscent of the incompressibility condition imposed on velocity fields.

We want to study the convergence of the following random variable which lives in

S(M,(RY))
Aﬂ@:l/J%%gACW, (2)

Ce JA

where ¢, stands for a renormalization constant. From the scalar theory, we know that the
constant ¢, is not trivial in order to avoid the blowing up of the above matrix integral. We
will show that we can choose ¢, so as to have E[M€(A)] = |A|Id where |A| is the Lebesgue
measure of A. Unlike the scalar theory, the explicit form of such a ¢, is not straightforward
due to non-commutativity of the framework. We will prove that the normalization constant

¢e has the following explicit form

1),
“= NTW2)!

0_2
)(N—l)/20,£\f—167

where I' stands for the usual Gamma function.

Theorem 1. Let 0 < 42 < d. Then there exists a random matriz measure M which lives
in S(Mg(R?)) and such that for all bounded A C R?

Eltr(M€(A) — M(A))?] — 0.

e—0
We also have the following asymptotic structure
F(N/Z)eﬂyz In L+m €2d—'y2
Eftr (M(B ] ~ N?
[tr (M(B(0,0))°)] (=0 Vi (14 ¢)V=D/21(1/2) (42 In )(N-1)/2 (3)
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with Vy = fwm' <1 %. Furthermore, we get the following limit for every integer
k>2 suchthatk<,2y—‘21

In E[tr (M (B(0,¢))*)]
o~ o S (R) @)

2 2
where ((k) = (d+ L)k — Lk2.

Note that it would be interesting to prove that this matrix-valued Gaussian multi-
plicative chaos admits a phase transition as in the scalar case, which is likely to occur at
2
v = 2d.

Conjecture 2. Let 0 < 2 < d. The power law spectrum of M is given by the following
expression: for all q €]0, 3—?[, Ve e (0,1],

(¢—1)(1—-N)

Eltr (M(B(0,£))1)] =~ C 6D (=Int) =

where Cy > 0 is a constant and the structure exponent is given by

2 2
g 7 2
=(d+ =)g— —=q".
(o) = (d+ 5 )a— 54
We give in the appendix a heuristic derivation of the above equivalent. If this conjecture
is true, this would show that noncommutativity yields an extra log factor in the power-law
spectrum of M.

Remark. Note that one can define a notion of “metric” (actually a measure) through the
quantity
A € B(RY) i trM(A).

Therefore we can define the notion of Hausdorff dimension associated to this “metric” (see
[4, 12, 23]). It would be interesting to prove a corresponding KPZ formula and relate it
with a KPZ framework .

3. Proofs of the N-dimensional case

Let us first mention that several results about isotropic matrices and related computations
are gathered in the appendix and will be used throughout this section.

3.1 Joint law of the eigenvalues of Gaussian isotropic matrices

We consider a symmetric random matrix X = (X; ;)1 <4,j < v made up of centered Gaus-
sian variables with the following covariance structure: the off-diagonal terms (X ;)i<;
are i.i.d. with variance o2. The diagonal term (X11, -+, XnN,n) is independent from the
off-diagonal and it has the following covariance structure

Ky = (BIXiiXj)1 <ij<n = (1+c)oily — cogPy



where Iy is the identity matrix, Py = (1); ; and ¢ €]—1, ﬁ [. By noting that P3 = N Py,
we get the following inverse for K if ¢ # ﬁ

1 c 1

Ky' = It Ty T rai= )

P
o2(1 +c) N

The density of the random matrix, with respect to the Lebesgue measure (dwz;;); < j, is
therefore given by

1~ ool D1 @i 50 (s i) = gaz Tics 73,
AW D 204 (1+c) = 'L i 20 (1+c) (1+C(1 N)) =177 202 1<J 1,7
F(@ig)i <) e

= 7

where
Zy = (2m)NWFV/AGN GNIN=D/2() L oy(N=D/2 /1 (N —1)c

is a normalization constant.
Therefore if we have the following condition

o3(1 +¢) = 202, (5)

as we have required in section 2, we can rewrite the above density in the following matrix
form

_ c 1 2 _ 1 2
1 203(1+c) (I+c(1-N)) (trX) 2od?(1+c)trX

o (®

with Zy = 2N/27TN(N+1)/40$7(N+1)/2(1 4 ¢)N=DIN+2)/4 /T ¢(1 — N). This shows that
the matrix is isotropic, namely that for any real orthogonal matrix O, the matrices X and
OX'O have the same probability law. Therefore by applying [1, Proposition 4.1.1, page
188], we get the density of the unordered eigenvalues

1 -2, )\i)z_m HEpY

i <i<n) = 7t d i A — Adl, (7)

and Zy = 2N(N_1)/4%ZN (notations of [1]). We

(k/2) (see [1, page 198]) and thus

N
Zn )N/ ( H oy WV W=D+ T TN, (8)

where a = 202 (14¢) (I+c(1-N))

remind that p(Ux(R)) = 2N/2(27T)N(N+1 /4 Hk 1T

The isotropic condition (Eq. 5) ensures also that the collection of eigenvectors (v;)1 < i< N
is independent of the eigenvalues (\;)1 < < n, and they are distributed uniformly on the
unit sphere according to the Haar measure [1, Corollary 2.5.4, page 53].

3.2 Computations of the renormalization

We consider here isotropic symmetric matrices X(z) = (Xf;(%))1 <i,j < N as defined in
section 2 and compute the renormalization of order 1, i.e. the constant ¢, such that

Eftr eX(®)]

E[eXe(m)] = CE[N = N IN.



The isotropic nature of the matrices ensures the proportionality of the former expectation
to the identity matrix Iy . We want more precisely an equivalent of ¢, as ¢ — 0. We have

1 SN DD Y) LIS S
Ce= — M= M) T g Xem 1H1<]|/\ ~NildAr - dw,
ZN
where a, = 552 (Cl +C) a +cd_ ) and the normalization constant Zy is given by Eq. 8 with

0’3:0’62:7(11& +1).

We set u; = J—Z and therefore we get

N(N+1)/2
o _ N w21 N 2
ce = € €U o a3l ui) 2(14-c) D im1 U7 Hi<j|uj _ Uz|dul e duN’
ZN RN
where o = -5 1 . We thus introduce

2(14+c) (1+c(1-N))

(
The function ¢ is maximal for u; = Sc(1+2a(14¢)(N—1)), i > 2: u; = —2aS(1+¢) with
Se = —2=—. We thus set u; = v1+Se(14+2a(1+¢)(N—1)), i > 2: u; = v; —2aS(1+¢)

to get

plur, -+ un) = ocur — a(Y i)’ -

2
N(N+1)/2 Ze
SN/, %

_ N )2 —=t SN 2
Ce = e (35 vi) 2(1+c) Dim1 Y Iy < z‘|U1 — v + (1 + C)UE|

Zn RN
X H2 < i<j‘Uj — Ui‘dvl s dUN.
Therefore, we get the following equivalent by using the Laplace method

2
N(N+1)/2 N-1_N-15% N N
Oc (1 "’:C) O €2 / e—a( izlvi)2—ﬁ2i:1v? I
RN 2 <1<y

Ce ~ |vj—v;|dvy - - - doy

e—0 ZN

By using equation (26) in the appendix, this leads finally to the following equivalent as
e—0

1 I'(1/2) (N=1)/2 _N—1 %
¢ S NTW LY e et )

3.3 Computation of the moment of order 2

In order to study the convergence, for e — 0, of the Gaussian chaos M“(A) (Eq. 2), we need
to consider first the second-order moment E(M¢(A)?) = C% Sasa E(eX @ eX W) dxdy,
that involves the following quantity

1

B @ W) = LB tr(exe(x)eXs(y))} In. (10)

We will show that E(M€¢(A)?) converges to a limit as € — 0. Similarly, one can also prove
that the sequence (M€(A))cso is a L? Cauchy sequence. Indeed, if €, ¢’ > 0 are two positive
real numbers, we can write:

Eftr ((ME(A) - ME'(A))Q)] = E[tr(M(A))’] + E[tr(M<(A))%] - 2E[tx(M(A)M* (4))].
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We can then conclude along the same lines as below that E[tr(M¢(A))?] and E[tr(M¢(A)M€ (A))]
converge to the same limit as €, € go to 0.

Again, the proportionality to the identity matrix in (10) comes from the isotropic
character of matrices and we will see moreover that, because the so-defined field of matrices
is homogeneous, the former quantity will depend only on |z — y|. The purpose of this
section is to compute this quantity. We will restrict to the case |y — x| > € as the case
ly — x| < €, once integrated, leads to vanishing terms in the limit € — 0. It requires first
the derivation of the joint density of the two matrices X(x) and X“(y). We will see indeed
that the quantity will depend only on |z — y|. We will also notice that, contrary to the
one-point density (Eq. 6) from which it can be shown that eigenvectors and eigenvalues
are independent, eigenvalues at point x are not only correlated to eigenvalues at point y,
but also with eigenvectors at point y. This intricate correlation structure is reminiscent of
the noncommutative nature of this field of matrices and is encoded in the so-called Harish-
Chandra-Itzykson-Zuber integral over the orthogonal group, or angular-matrix integral,
and its related moments. This is an active field of research in random matrix theory and
up to now, no explicit formula are known in dimension N > 3 (see for instance [6, 5, 9] and
references therein). Nonetheless, we will succeed to get an explicit result in the asymptotic
limit € — 0.

3.3.1 Joint density of two isotropic matrices

We consider here two isotropic symmetric matrices X(x) = (X{ ;(2))1 <ij < v and X(y) =
(X5 ()1 <i,j < v as defined in section 2. We recall that matrix components are logarith-
mically correlated over space. We note x;; = Xf . (z) and y;; = X; ;(y), and in matrix
form X = X¢(z) and Y = X(y).

Let us first consider the diagonal terms

(T1,1, S EN,NS Y11 S YNN)-

The covariance structure Koy of these elements is given by

where Ay = (1+¢)Iy — cPy and we recall that 02 = 4?(In £ 4 1) and 0|2m_y| =+%In ﬁ
We know that the inverse of Ky is given by

Kl 1 oAy _U|2y—9ﬂ|AXT1
i R w— 2 -1 2 41 )
N g4 0|4y_x| —0|y_x|AN oiAN
where A]_V1 = ﬁIN + 2aPy with a = 2(110) (1+C(1_N)) which leads to the following

density

fl@i)i<i<n; (Wijhi<j<n) =

02/ (1+e) Ty aF +2002 (T 24,2 102 /(140) B v +2002 (5, wi,0)2 ~207, 1/ (14€) T w5 40T,

e ly—=|
cNe Hoe=o)y _a)

a3 24,3) (5 vi,i)




where CN — m NOW, det(KgN) = (O'élt — O"Zly_x‘)N(l + C)2(N_l)(1 —|—C(1 — N))2

and therefore ¢y =

1 . .
R o7 e e s e e e A similar procedure can be

performed for the remaining N (N —1) off-diagonal terms of the two matrices. The density
of the couple (X = X(z),Y = X(y)) is thus given by, in matrix form

f(X7Y) =

2 2
o2 2 2 ao? 2 2 “ly—a| 2%y —a
~ —W(trX +trYy )—m((tr)@ +(trY’) )+(1+c)(a§—a‘4 B ‘)trXY+0§70‘4 - ‘trXtrY
cNe y—x y—= y—= y—x

(11)

where ¢y = ¢y WN(N*D/Z(1+C)N(N71)1/2(0-4_0—‘4 NRloeeE We can see in the expression of the
€ y—z
joint density of the two matrices X and Y (Eq. 11) two different contributions. The first

one, with terms of the form trX? + trY? and (trX)? + (trY)?, relates the density of two
symmetric isotropic matrices as if they were independent. The second contribution relates
an interaction term coming from the logarithmic correlation of the components. Indeed,
the former vanishes if the matrices are independent, i.e. a‘zy_ o = 0.

At this stage, it is convenient to introduce two i.i.d. random matrices M = (M, ;)
and M’ = (M];). These random matrices are taken to be living in the Gaussian Or-
thogonal Ensemble (GOE), namely they are symmetric and isotropic with independent
components with the following distribution: the components (M; ;); < ; are independent
centered Gaussian variables with the following variances

(1+¢)(o? — a|4y_m|)

C 0'4—0'4
E[M;] = i<j; E[MZ]= U+ 9o — ya)

b 202 , o2

With this, we get the following expression for E[F(X (x), X (y))], where F is any functional
of the two matrices X (z) and X (y)

E[F(X(x), X(y))]

1 —%((trM)2+(trM’)2)+%trMM’+%tthrM’
) F(M ‘2\4-/)e (o€ 70\@/—1\) (14c)(oe 7‘7\@/—1\) TE =%y
Z ’ )
where
ao-? M)2 M2 G‘Qy*z\ MM’ 20‘0’\2?!*1\ MtrM'
—m—)((tr ) +(tr ) )+W?—)tr +m—tr tr
Z=FE|e ¢ "ly-=l < y—al < y—al . (12)

By using classical theorems about isotropic matrices (see [1]), we know that M = OD(\)*O,
M’ = O'D(N)!O" where O (resp. O') is uniformly distributed on the orthogonal group of
RY and is independent of the diagonal matrix D()) (resp. D())) the diagonal entries of
which are the eigenvalues of M (resp. M’).

3.3.2 Joint density of eigenvalues of two correlated isotropic matrices

We are interested here in computing the renormalization constant Z (Eq. 12). To do so,
we diagonalize the matrices M and M’, and perform an integration over the remaining



degrees of freedom left by the eigenvectors (see [5] for instance). We define the eigenvalues
of M as A = (A1,..., \n) € R? and we denote the Vandermonde determinant by A(\) =

[Ti cicj < 1M = Aj]. We get

2

2
T AT L N —4—4—21 A2
=5 / IAN)|[AWN)[e 2HEeyap) T 20k i, !
R?V RN xRN
—m—«z AP+ MDD+ ;,—ﬁi(z A (2, A / /
x e ¢ ly-al <y J(D(X), DIX))dAdX,

where RS, is a renormalization constant such that

o? N y2_ o2 N

! T 2(1t0)(cd—gd )y Lwi=17N v
RS, IAN)|JAWN) e 2Ty T 20k (eia]

1

: dAdN = 1,

_ ly—2 o) T
RN RN xRN

and J is the following Harish-Chandra-Itzykson-Zuber integral [6, 5, 9], also called matrix
angular integral (dO stands for the Haar measure on Oy (R))

2
==l 4 p(AOD(V)O!
J(D(\), D(X)) = / I ap a0,
On(R)

obtained while integrating over the eigenvectors that enter in the term trM M’ of Eq.

1 . = ___ [ S / g
12. We make the change of variables u; m)\l, u) m)\ (set e

4

4 _
e 7Ty g

) and get:

O¢

N(N+1) o
7 — Ve / IAW)]|A(u )’e 2(1+c) Y u 2(1+c) POART
R?V RN XRN

(N ui)?+(2N ul)?)+ ‘y ﬂ”‘(ZZ L) (O )

X e J(D(u), D(u))dudu/,

where we have set
— 1 \?J JC\ uzu/_ i 2
J(D(U),D(u/))z/ elte o2 2= wiwjlO] dO.
On(R)

Therefore, since J(D(u), D(u')) converges pointwise towards 1 as € — 0, we can use the
Lebesgue dominated convergence theorem to get the following equivalent as € — 0

N(N+1) w'?
7 o~ J e / |A(u)||A(u) e iy Soiet U~ oy Lt ¥
RN RN xRN

e—0

—a((Liy wi)*+ (i w)) gya

that is straightforward to compute (see the appendix).
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3.3.3 Two-points correlation structure of the matrix chaos

We want to get an equivalent as ¢ — 0 of the quantity given in Eq. 10. To do so, we

consider the following quantity
2 o2
o ((trM)2+(trM’)2)+WtrMM’+MtthrM’
Ty 7é=y_a| ]

= N
Z = E[tr(eMeM )e (7Y —a))
In the same spirit as formerly, we diagonalize the matrices M and M’ and perform the

N N2

02 N 2
- < e A —4—4— i1 A
Z= 16/ AN [[AN)]e S, S N B, 2
Ry Jry xRN
a,;’ L (S AN ) o
1(D(A), DIN))dAdY,

integration over the eigenvectors. We get

S M)+ (I M)+

X e (067”\%
where [ is the following moment of the angular integral
02
N N #tr D(N)OD(N)O~
I(DO), DIN)) = / (PO 0PN o1y o, o
On(R)
064 Xiy uj = 04_0‘ ‘)‘/ (set ve =
€ y—x

We make again the change of variables u; = T
ey —al

Vv Jé_a\ély*ﬂf\)
N  N(N+1)
. / A ()| A () e~ 0 St v s X
RN xRN

Z:ZET%

27-]:1
ol w2 (N \yx\ w) (SN o )T
X e (Chmr we)?+ iy up)?)+ (Z k=1 1) (= k)e%(uﬁ_uj)li,j(D(u)’D(u/))dUdUI7
where we have set
-2
1 ly—a ng’:luku;v"ok’k,‘QdO

I;j(D(u), D(u)) :/ (034%™
On (R)

known as the Morozov moment [5]. We make the following change of variables in the
above integral: u; = v; + Ve, U = v — cye for k # i and v, = v + 7, uj, = v, — ¢y, for

k #£ j. We obtain the following equivalent
N N(N+1) 2 2(N-1) L2(N-1)
> € <(1 €
B S Ly [ 18040
e—0 1 RN RN xRN

27]:
1 N 1 N N
X e 2(+c) Skt Vi 2(1+c) S v —al((Xpmy k) +

(ZRo )20, (lhe@=N))? g

where [A;(v)| = [T,y pzi lvr — v and:
I, _/ 10142 T 02, N by (e (140 g (—e+ (140) 1 )| Oy | J0
n(R)

2 AN 2 2
= eg\yfz\(lJrc 20)/ ’0171‘260‘y71‘(1+c)|01’1| do,
On(R)

11



which is independent of 7, j. Therefore, we get

N(N+1) o2 (1+ C)2(N—1)O.€2(N—1)

7 ~ N2 I / AL (0)]|AL(V
ol R 11 RNxRN! 1()[[Ar (V)]

e ﬁ PO vlz_Q(li{Fc) Sl o —al(CRh )+ (2 vp)) 200, (14e(1-N))? dvdv’.

In conclusion, we get

0(1/2)
I'(N/2)

Z2)Z ~ (14N )260?0?(N_1)e_c"2yx/ 101,1\260‘2y*x\(1+c)‘01’1|2d0.
e—0 On ()

Including furthermore the normalization constant ¢, (Eq. 9), we get

Z/(Zc?) ~ N2e—c02yx/ ‘Ol,l’260‘29*”‘(1+C)|01’1‘2d0_
On(R)

e—0

3.3.4 Computation of the moment of order 2

From the above subsections, we deduce that

E(trM<(A)?) — N? / e hy—sl / 1011 2e%lo-21 1+ 40 gy
AxA OnN(R)

e—0

We recall that the law of |O;1|? is the one of the square of one component of a vector
uniformly distributed on the unit sphere, and has thus a density given by (see Lemma 3)

- T(N/2) . .
10 = Famr Y Lm0

We get the following equivalent as |y — x| — 0:

2
_00'2 0'2 C 2 F(N/2) eo—‘yix‘
N2e yz/ Op4 |2 lu-al 19100 g0 N2 ’
oN(R>‘ Al y=al=0" " T(1/2) (14 ¢)N-D/2051

which entails (3).

3.4 Computation of the moment of order &

We are interested here in studying the convergence, when ¢ — 0, of the Gaussian chaos
M¢<(A) (Eq. 2) for higher order moments such as, k € N,

1 €.
E(Mf(A))k:c—k/AkE [T ¥ ) do - da,

1<i<k
that involves the following quantity
€ 1 €
Xe(zs) | — & X<(xs)
E H e = |tr H e In. (13)
1<i<k 1<i<k

12



In this subsection, we will suppose that k is an integer greater or equal to 2 such that k& <
?Y—gl. This condition ensures that all the integrals we consider below are finite and that one
can apply the dominated convergence theorem to justify the inversions between limit and
integral we will perform with no further justification. To generalize the former calculations
in the case k = 2, we will first derive the joint density of k-matrices (X(z;))1 <i<k- A
generalized version to k-points of the Harish-Chandra-Itzykson-Zuber integral enters the
expression of the density. An exact evaluation of these integrals remains an open issue. As
far as we know, only their behavior in the asymptotic limit of large matrices (N — +00)
has been considered in the literature [9]. Nonetheless, a logarithmic equivalent of the
quantity of interest (Eq. 13) can be obtained and allows us to show the multifractal
behavior of the multiplicative chaos (i.e. {(k) is a non linear function of the order k, see
theorem 1).

3.4.1 Joint density of k isotropic Gaussian matrices

We consider here k isotropic Gaussian matrices (X(;)); ¢ ; < ;- The ensemble made of
the kN diagonal terms, i.e.

(Xil(xl)v"' 7X]€V,N(x1)7"' 7Xi1(‘7:/€)7"' 7X]€V,N(‘Tk))7

has covariance structure Ky

2062AN 0\2901—902|AN o o U\zﬂﬁl—rk\AN
J\xz—mlAN ocAN o o J\xz—xk\AN
Kin = ... :
0|250k71—x1\AN 0|250k71—502\AN o UEAN 0|250k71—90k|AN
U|$k—$1|AN U\wk—HDQ\AN o U\zwk—wkfﬂAN U?AN

where again, Ay = (14 ¢)Iy — ¢cPn. We know that the inverse of Kjy is approximately
given by (e — 0)

20-62‘(4]:71 . —0"2%12_m3|114]_vl T e _U\le—mk\A]E/'l
1 1 _0|5‘32_x1‘AN ocdy o o _J\m—xk\AN
KN_F 2 -1 - o 2 41 - -1
N AN T e AN oAy —Olar 1 —ai| AN
_0\29%—901\ N Ty~ N _Uﬁrk—rkfﬂAXfl U?A]_Vl

where A;,l = ﬁ[ N + 2aPy, with a = 2(13_6) T +C(}_ )y The density of diagonal com-

ponents, considering the N-dimensional vector X = (XT1 (@), s Xy y(21)), is thus
given by
f(X(l), . ,X(k)) — CNC_Tig nyj:l(57;7]‘0'2—(1—57;7]‘)0‘211_71]_‘)tX(i)((1}FC) IN+2aPN)X(j)

where cy = For the off-diagonal terms, the situation is simpler. If

1
(2m)*N/2\/det(Kyn)
i < j, the covariance matrix of the vector (X{;(z1), -+, X;;(2x)), which is independent

13



on all the remaining diagonal and off-diagonal components, is

2 2 . 2

205 U‘wlgmﬂ . .. -
O' O' PEEErY PEEErY O'
1+c |2 =1 € B
2 2 2 2 2 ’
o o e o o
lzp—1—21] 7 |2p_1—22] ) € Il‘kﬂz—xkl
o o e o o
|z, —z1] |z —z2| |z —2g—1] €
whose inverse is approximately given by (e — 0)
2 _g2 . . _g2
205 T2y —as| PR
2 " Olaz—a1] Te o o T Olwg—ay
— e . . . .
(I+c)od [ _ 2 e . o2 o2
|zg—1—21] |z —1—22] € [zk—1—2k]
—0 —0 e =0 o
|z —z1] |z —2] |z —2r—1] €

This leads to the following density, using the notations xg? = X7 j(:nr)

1 k 2 2 (r), (1)
(1) (k) — st =1 Or10i—(1=6r 1)o7, )T T
f(ml’]7 7:1;1,7‘7,) — kNe (14-c)oe T | 1 J J'

Therefore, we get the following density for the k matrices (we omit superscript € for the
sake of clarity)

_Z%éf nyl:l(5T7102—(1—5T71)o“2zr71l‘)tX(T)( Ty Iv+2aP) XD

f(X(‘Tl)7 ,X(.Z'k)) = E]\76
% e_ Zi<j m 25,1:1(57",!‘72—(1—5r-,1)0‘2x7.,xl‘)xz(',rj)xz('g’

which we rewrite under matrix notation

_ 1 k r mTQ_a k:7 r X (zr 2
f(X(xl), ,X(f]fk)) — ENC mzr:ﬁ (X( ) ) ;gz'r—l(t X( ))

1 2
y em o< U\zxr—xl ‘tT’X(xT)X(xl)-i-é o< U\zxr—xl ‘tT’X(xr)trX(:cl)

We introduce k i.i.d. random matrices M©®) = (Ml(l])) pertaining to the GOE ensemble.
These random matrices are symmetric and isotropic with independent components with

the following distribution: the components (Mz(l]))l < j are independent centered Gaussian
variables with the following variances

B = 5502 i< g BMYY] = (14 0)o?.

With this, we get the following expression for the expectation of any functional F'(X(x1), -, X(zk))
of the k matrices X¢(z1), -+, X(xg)

EIF(X(21), -+, X (2))]
E[F(M(l), o ,M(k))e_é Zf:l(trM(r))2+7(1+i)a§ o<l U\wazl\t’"M(r)M”)“‘% i afxr%”trM(r)trM(z)

Z )

14



where:

7 = Ele 5 TraatMO g T rMOMOL 2 3, of M OrM®)

By using classical theorems about isotropic matrices (see [1]), we know that, for each r,
M) = O(")D(A(T))tO(T) where O is uniformly distributed on the orthogonal group of
RV and is independent of the diagonal matrix D(A(")) the diagonal entries of which are
the eigenvalues of M ("),

3.4.2 Joint density of eigenvalues of k isotropic Gaussian matrices and com-
putation of the renormalization

We start by computing Z. For A = (Aq,...,A\n) € R?, we denote the Vandermonde
determinant by A(XN) =[[; ¢ ;; < & [N — Aj[- We get

Z- 2 / I A | sz Drm D= D (T T
Ry Jren

. l
« o3 Dot (TS A

JDAD), . DAFNAAD .. g\F),
where RS, is a renormalization constant such that

1
Ry

k N (")
/ I | AN ez S T D
REN

and J is the following angular integral: (dO(") stands for the Haar measure on On(R))

1 e J‘erix”tr o(r)D()\(r))to(r)o(l)[)()\(l))to(l)

/ e (1+c)od
On(R)®
() _ A"

We make the change of variables u; ' =

doW ... q0®).

N(N+1)k/2 , v
7= / TTE_ A ()¢~ 2 Sroa S 07 —a Sk, (0 )2
N R
« goF <t O Liu™Eh ugl))j(D(u(l)), -, D(uM))duV - - - duV,

where we have set

1 Zr'<l fo .4[\” o(r)D(u(r'))to(r')o(l)[)(u(l))to(l)

/ e (1+c)o2
On(R)*

Therefore, since J(D(uM),---, D(u®))) converges pointwise towards 1 as € — 0, we can
use the Lebesgue theorem to get the following equivalent as € — 0

doW ... q0®)

N(N+1)k/2 .
. O k- |A(u(r))|e—2(117+c) Sh N @)
e—0 R, REN =1

w e Tr (0N ™2 g ) L g )

15



3.4.3 k-point correlation structure of the multiplicative chaos

For 7 < j, we want to get an equivalent as € — 0 of the following quantity

We get

Zle / I Ao~ T7 Do EL 00 - T S ALY

!
28 108 oy (Z AT, A

% ol I(DAW), oo . DAFNGAD ... gA®)

where [ is the following angular integral

IDOD), - DOG) = [ (@, 00PN ),
On(R)

o TTFeeT Zrct Oz, —ay T OV DA ONOODAMYOW oy oy
()
We make the following change of variables ugr) = )‘;é
N N(N+1)k/2
> _ Oc . o T Tl (wf7)?
Z= Z TRy /RW Ty | A (u)) e 2050 2er=t 2t

(r)y2 N () N :
% e ()2 2 r-<lo-\2x7n7xl\( e ) (T v ) Ue(u§i)+"'+u§z))

Z
N . .
<> It (D) DE®)du® - du®,

loyla,ylk—1,lk
Iy ylg—1=1
lo=isly=3j

where we have set

B " A0
[y (DEW), - D)) _/ON(R) (at_,0" o)

2 (r) Ntor o) Myto)
y e—w)o Zr<l0\:cr7:cl\tro " D(u)tomoW Du®)to dO(l) )

. dOW).
We make the following change of variables in the above integral for 1 < r < k: uy) =

+ o, u]g = vg) — coe k # jr. We obtain the following equivalent

N N(N+1)k/2 kg2 /2 (N=1)k (N=1)k

— O¢ ere 1+c¢ Oe r

7 ~ E ( ) / I |4, (o))
RkN

e—0 | - Re
JiyJk=1

o~ Sret DL ) e SR (S o) 420 (41N, 0f,,

o

X
N
X Z Il]oljl.l:] Ae—1,lk dv(l) dv(k)’
by, lg—1=1
lo=isly=j

16
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where we have set

[ / at_,0" o )
05015 stk —1,5lk ON(R)k lr—1,jr ryJr
JrsJ N (r) (r) (1) (1)
e Ony,mq Ong,mq Ony,myOng,ms doW ... q0)

1 2 N
T+e) Zr<l Eir— Zml,m2:1 Bmq,mo ni,mo=1

with 857, = (—e+ (1+ )=, )(—c+ (1 4+ ¢)1,—;,). This leads to

(r)

IJl, 5Tk _/ ( 0(7‘) oY, )
l 7l [ l 7l =1 7‘ s l S Jr
0,01 k—15'k ON(R) 1,Jr rsJr

y eiﬂic) Zr<lU‘erixl‘(c2tr(O(’")tO(’")O(l)tO(”)+(l+c)2(t0(’")0(l))?r’jl)

% o C Tt Oy gy ((OIOVTOVOM); 5,

((1+C) 2) Z”"<lo\21r*zl‘ / ( O(:)l,]r Ol(;,)]r)
On (R)*
% €(1+C) Zr'<l 0—\2:07‘7:0[\(to(rl)o(l))?r’jl dO(l) e dO(k)

+(t0(l)0(r)t0(r)0(l))-7l’Jl)dO(l) o dO(k)

In conclusion, we get the following equivalent

N(N+1)k/2 ko2 /2 (N-1)k, (N=-1k )
e € (1+¢) Te / i Hf:1|A1(v(r))|e_ﬁ PRI DAY (1)

7~
RE

e—0

o () —cX, 00 |y — wz\F (:E1, ,xk)

N (M2

6_0421::1( i=1Y; ) dv(l)

where we have the following expression for F; ;(z1,--- ,z)

E,j(xh e ,.Z'k) =
e Eraiote, (OO G a0M ... qo®)

N
S [ oo

Jis k=111, g —1=1
lo=15l=J

_ k
= Z / 7]1 (1)0(2))j17j2 T (tO(k I)O(k))jkq,jkO](yj)k

1, ,Jk=1

« e(1+c) Z'r<l \x’,«fx \(tO(T)O(l))] J1 dO(l) dO(k)

We get thus the following expression

Z)(Zk) ~ Cpye “Er<tTo-alFy j(ay, - ap), (14)

where C}, v is a constant which depends only on k, N (we can compute this constant but
it is tedious and will not be necessary for the purpose of this paper)
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3.4.4 Computation of the moment of order k and of the structure functions

From relation (14), we get the following expression

N
E[trM(A)k] = llm E(trME(A)k) = Ck,N/ e_czf'<lo-\21r*zl‘ Z EJ(‘le e 7xk)dx1 v dxk
e—0 Ak

i=1
(15)
The main difficulty is to study the functions F; ;. If we take the trace, we get
N
S B o)
i=1
N

= > / (OO, -+ ((OFDOW), 4 ((0WOW);, 5,

1y =17 ON(R)
% e(1+c) Zr<lo’fwriz”(to(r)O(l))?njl dO(l) L dO(k) (16)

In particular, for k£ = 2, we recover that

S Fii(wr,a0) = Nz/ (FOWO@Y2 1908, . (OVODNR, o) 400)
= On(R)? ’

Here we suppose that L = 1 and m = 0 to simplify the presentation. Since for all
r < 1, we have (*O )O(l)) < 1, it is easy to see that

—C . 0'2 . 0'2
e Zr<l |z —az;| § Eﬂ(‘rly ,xk) < Nkle<l |z —az|

i=1
1
<SNILg———
|xr - $l|7
In view of (15), this entails that
— In E[trM (B(0,£))*
{—0 In 7
We have
) N
E[trM(B(0,0)"] = Ck,N/ e Tttt SO By, ) - da
B(0,0)

i=1

N
2k(k 1) - 2
gdk‘-ﬁ-C'Y / ) e CZr<lU\ur7uH Z E,i(gula . 7€uk)dul A dUk
B(0,1)

=1
N
c 2k(k 1) _
= ) e / (F0WO®); 4 --- (FOFDOW; 5 (FOWMOW); 5
Ji k=1 On(R)*

e(1+0)72 miy, ,(tomom)y / eZKl“\Qurfuz\((1“)00(")0(”)%@_C)dul o dug
B(0,1)k

doW ... qo0*)

18



In order to prove the other side of (4), we now study each term in the above sum.
We fix (j1,- - ,Jjk) and €, small such that e < §. We have

/O ®)* (t0(1)0(2))j1,j2 T (to(k_l)o(k))jkﬂ,jk (tO(k)O(l))jkdl
N

« OIS, (00002 / 2 <t gt (1HCODOON 520 g
B(0,1)*

doW ... qo0%)

= A+ Acs + As

where

A= o A= [
S (tomowyz s MEZD 25 Y, t0momy? g B e

2 2
Jrydp r Jrsdp

and Ags is the Zrd(tO(T’)O(l))?ﬁl < @ — § part of the integral. On the event

zr<l(t0(r)0(l))?hjl > k(kz_l) — ¢, each [FOMOW), .| is greater or equal to /T —e. In
particular, we have that |(*fOMOU+V); . | > /T—¢ for all » < k — 1. Notice that
to®oWy, . = (toMoR); . ...t0*=DO®), . + O(e). Therefore, we can con-
clude that (*OMO®)); o .- (tO*=DO®), . and (*OWOWM); . have the same sign.
Thus, we get

k

Ae
> e(l-i—c)’y2 In %(@—EMB(O’ 1)k|

g / k(k—1 (tO(l)O(2))j1,j2 e (tO(k_l)O(k))jk—lvjk (tO(’“)O(l))mﬁ
Sq(tomom2 > B

?7 sJ
l
dO(l) o dO(k)

_ -1
> 1 9 (1 - o 4 0(e)) | B(0, )P (Z(t()(”o(”)?ﬁjl > M- >

r<l

The only thing to check is that <l(tO(T)O(l))?mjl > k(kz_ U _ ¢ has a positive probability
but this can be seen easily by setting one chosen element of each O, say OY])-T, very close

to one. The condition k& < %%l ensures that
2
cp = / ezr<la‘“r*“l‘du1 <o dug < 00
B(0,1)F

Note that we have
1+c)y2In —k(kfl)—e k(k _ 1) r \2 k(k _ 1)
[Aesl < epel TR (T TS QOO < T e

Therefore, one can choose ¢ larger than e such that |A. 5| < %.
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Finally, for these choices of €, 9, we have

|A5] < cpeIte”’ In (AL g
We thus get the following
In(Ac + Ac 5 + As)

li > (14 c)y? -
Lim I L+ (= €)
Since this is valid for all €, we get that
In E[tr M (B(0, £))*

{—0 In 7

The desired result (4) is then a consequence of (17) and of (18).

A. Appendix

A.1 Discussion about the construction of kernels

In this subsection, we discuss in further detail the construction of the kernel K as sum-
marized in remark 2. In dimension 1 and 2, it is plain to see that

+oo
1n+%= /0 (t — o)) 4w (dt) (19)

where the measure vy, is given by (J, stands for the Dirac mass at u):

da 1

Hence, for every pu > 0, we have

L 1 L

+o0o
Iny —=—1In —:/ t — |x|*) v (dt).
+|II?| 1 -i-|$|/J 0 ( | | )+ L”( )

We are therefore led to consider p > 0 such that the function z — (1 — |x|*)4 is positive
definite, the so-called Kuttner-Golubov problem (see [15]).

For d = 1, it is straightforward to check that (1 — |z|)1 is positive definite. We can
thus consider a Gaussian process X ¢ with covariance kernel given by

L
Ke(w) =" [ (¢~ lasvi(ar)

Notice that

L :
Vo #0, +’Ing B lim Ke(z) (20)
and
L L
Ve<|z| <L, Kcx)= 72/ (t — |z])yvr(dt) = +* Iny Tl (21)
||
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In dimension 2, we can use the same strategy since Pasenchenko [22] proved that the
mapping = +— (1 — |z|'/2), is positive definite over R2. We can thus consider a Gaussian
process X ¢ with covariance kernel given by

/2
K.(z) = 2 / (£ — [2]"/2) vy o (),

€l/2

sharing the same properties (20) and (21).

In dimension 3, it is not known whether the mapping z +— In; ‘—i‘ admits an integral
representation of the type explained above. Nevertheless it is positive definite so that we
can use the convolution techniques developed in [26]. In dimension 4, it is not positive
definite [26] so that another construction is required. We explain the methods in [24]. We
set the dimension d to be larger than d > 3. Let us denote by S the sphere of R? and
o the surface measure on the sphere such that o(S) = 1. Remind that this measure is
invariant under rotations. We define the function

Ve RY,  F(z) =42 /S In, o(ds). (22)

L
[, 5)|

It is plain to see that F' is an isotropic function. Let us compute it over a neighborhood
of 0: for |x| < L, we can write x = |z|e, with e, € S. Then we have

xTr) = 2 H#U S) = 2 n£ H#O' S).
F@) = [ mprots = [ nesots

Notice that the integral [¢In ma(ds) is finite (use Lemma 3 below for instance) and
does not depend on x by invariance under rotations of the measure o. By using the
decomposition (19), we can thus consider a Gaussian process X¢ with covariance kernel
given by

L
K () = 42 /S / (t — (2, 8)]) 1 ve(dt)o(ds),

sharing the properties
Va # 0, lir% K (x)=F(x) (23)
e—

and I
Ve < |z| <L, K. (z)=F(z)=Mh Tl +C (24)

for some constant C.

A.2 Auxiliary results

We give a proof of the following standard result

Lemma 3. If (Z;)1 <i< N are i.i.d. standard Gaussian random variables then the vector
1

V= (Z,....2n)
S, Z2
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is distributed as the Haar measure on the sphere of RN . In particular, the density of the
first entry of a random vector uniformly distributed on the sphere is given by:

N-3

(X
G 2 1 (y) dy.

_1
o =Y 21 -y)
I(3)I(5F)
Proof. By using the invariance under rotations of the law of the Gaussian vector (Z;)1 < i < N,
the law of V' is invariant under rotations and is supported by the sphere. By uniqueness of
the Haar measure, V is distributed as the Haar measure. We have to compute the density

2
of (1 = % Notice that
=1 Z; v
(1=
Y+ 7
where Y, Z are independent random variables with their respective laws being chi-squared

distributions of parameters 1 and N — 1. Therefore

X 1 1 x 1 N-—1 Yy
- 22— ——9y 2 e 2dxd
sl = /nmf(ﬁy)ﬁn%):g T
1 1 1 _ oy N-2
— 20-wyy~ 2 dyd
ﬁr(%m%)/o VT /R s

&) ! _1 N-3

O
Next we characterize all the symmetric Gaussian random matrices

Lemma 4. Let X be a symmetric and isotropic centered Gaussian random matriz of size
N x N. Then the diagonal terms (Xi1,...,XnyN) have a covariance matriz of the form
o%(1+c)Iy —co®P for some 0 > 0 and ¢ €]—1, =], where P is the N x N matriz whose
214c
2

all entries are 1. The off-diagonal terms are i.i.d with variance o and are independent

of the diagonal terms.

Proof. If X admits a density with respect to the Lebesgue measure dM over the set of
symmetric matrices (see [1, chapter 4]), then the density of M is given by

e—f(M) dM,

where f is a homogeneous polynomial of degree 2. By isotropy, f must be a symmetric
function of the eigenvalues of M. Therefore it takes on the form

f(M) = atr(M?) + Btr(M)?

for some «, 8 € R. In this case, the result follows easily.

If M does not admit a density with respect to the Lebesgue measure over the set of
symmetric matrices, we can add an independent “small GOE”, i.e. we consider M + eM’
where M’ is a matrix of the GOE ensemble with a normalized variance independent of
M. The matrix M + eM’ admits a density so that we can apply the above result. Then
we pass to the limit as € — 0. O
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A.3 Some integral formulae

Let a,c > 0. We want to compute the integral
a3V 21N g2
/ e~ i= A e s AL (N — AgldA.
RN

We write the integrand in the form (7):

AN N2
e (Z’L 1 ) 20—2(1+c) =1 HZ<]’)\] o )\Z‘
where 0%(1 +¢) = (1 +¢) and a = 203(61+E) (1+E(}—N))' In that case, we have ¢ =

2a(1+c _
ety and 1+ (1 — N) = rparv—y - We deduce

\/1 + 2a(1 4+ ¢)N

N
/ e—a(Zij\LlA Y2 2(1+C) PRI ZH7,<]|>\ —\; |d)\ N' 271' N/2 H
RY i b

(25)
We also want to compute the integral
N N2 N
/N ¢~ *(Eim1 M) g Tt N <i<jlAj = Al dA.
R
We have
N yhy2 1 N
/N e—a(zz’:1 Ai)? 2(1+c) et z22 x |)\ -\ |d)\1 ~d\N
R
_ ( 6—20&\1(2?{:2 )\z‘)_(a-i-m) 1d)\1)e—a(2i:2 iF‘ﬁ Zf:z f ‘)\ _ )\ ’d)\2 d)\N
RN-1 2 < 1<j
—Vory [ ot (S Ao CE A i T 1\ - Afdhg- - dhy
1+C +1 RNI 2<7'<j
—\2r 11_:_6 +1/ ozt (Tice M)’ 5 i f H | — AiJdAs - dhy
C RN-1
— Vo 1+C / 20d(1+c) Ty (e 2)? WZZ 2N A — NildAa -+ - dAy
1 + C +1 RN-— 1 i<j
_ _ 20(1 14+2a(1
for 02(1+¢) = 1+cand e = % (or equivalently, 1+¢(2—N) = #&;&?1)
and 1 +¢= %) This leads to the following
c N N2 1 N
/ e 2050+0) (=) (Siz2 ) 202(1+c) =2 X \)\ —XildA\a---dAy = Zn 1
RN-1 2 < 1<

where Zy—1 = (N=1)}2m) VARG Hifgho ™ eIV TSR = ).
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In conclusion, we get:

N yy2__ 1 N
/ e—a(zz':1 Ai)? 2(11+c) Yt A I ‘)\j _ )\i’d)\l e dAN
RN 2 <i<y

k:/2 (1 + c)NIV=1)/4
=VI+c(N-— N2 (] | 26
ol oy T(1/2) \/1 +2a(1+¢)N (26)

A.4 Heuristic derivation of the conjecture

Let ¢ < 1. We can roughly write as £ — 0 (where &~ means equivalent to a random
constant of order 1)

M(B(0,0)) ~ ¢

N~ 1<1n e

where 2 is a random matrix whose density is given by (6) with Ufl = 1, and thus we get
(we forget terms of order 1)

E(d+ﬁ) ~vq4/In 10
(d+L)
G E Dya(N-1 )/2/ VI 1 =T ) ot TS Y, s — gy -
n- RN
where o = 55 1 Thus, if ¢ > 0

2(14c) (1+c(1-N))

o(d+%)q
(In 1)@ DN-1)/2

E[trM(B(0,0))7] ~
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