N
N

N

HAL

open science

Gaussian multiplicative Chaos for symmetric isotropic
matrices

Laurent Chevillard, Rémi Rhodes, Vincent Vargas

» To cite this version:

Laurent Chevillard, Rémi Rhodes, Vincent Vargas. Gaussian multiplicative Chaos for symmetric

isotropic matrices. 2012. hal-00714919v1

HAL Id: hal-00714919
https://hal.science/hal-00714919v1

Preprint submitted on 5 Jul 2012 (v1), last revised 11 Nov 2012 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00714919v1
https://hal.archives-ouvertes.fr

Gaussian multiplicative Chaos for symmetric isotropic
matrices

LAURENT CHEVILLARD*, REMI RHODES', VINCENT VARGAS?

*Laboratoire de Physique de I’ENS Lyon, CNRS
46, allée d’Italie, F-69364 Lyon Cedex 07, France

¥ ¥ Université Paris-Dauphine, Ceremade, UMR 756
Place de Maréchal de Lattre de Tassigny
75775 Paris Cedex 16, France

July 6, 2012

Abstract

Motivated by isotropic fully developed turbulence, we define a theory of symmetric
matrix valued isotropic Gaussian multiplicative chaos. Our construction extends the
scalar theory developed by J.P. Kahane in 1985.

1. Introduction

In the pioneering work [15], J.-P. Kahane introduced the theory of Gaussian multiplicative
chaos. Given a metric space and a reference measure, Gaussian multiplicative chaos gives a
mathematically rigorous definition to random measures defined as limits of measures with
a lognormal density. The main application of this theory was to define the Kolmogorov-
Obhukov model of energy dissipation in a turbulent flow (see [17], [19]): in this context,
the metric space is the euclidean space R? equipped with the Lebesgue measure and the
log density has logarithmic correlations. Since this seminal work, the theory of Gaussian
multiplicative chaos has found many applications in a broad number of fields among which
finance ([2], [10]) and 2-d quantum gravity (see [9], [18] for the physics literature and [3],
[11], [22] for the mathematics literature).

The main motivation of the Kolmogorov K41 theory ([16]) and it’s extensions ([17])
is to define a realistic statistical theory of an incompressible, homogeneous, isotropic and
fully developed turbulent flow (see for example [12, 13]). This ambitious program consists
in defining a probabilistic model for the velocity field which satisfies the main statistical

*e-mail: laurent.chevillard@ens-lyon.fr

fe-mail: rhodes@ceremade. dauphine.fr

fe-mail: vargas@ceremade .dauphine.fr



signatures observed experimentally, such as the mean energy transfer towards the small
scales and the intermittency (or multifractal) phenomenon ([16]). Ideally, one looks for a
field as close as possible to an invariant measure of the equations of motion. In [6], the
authors propose a probabilistic construction of such a velocity field. Their construction,
which requires a limiting procedure, is mathematically non rigorous and is based on the
short time dynamics of the Euler flow, as well as further multifractal considerations. One
of the key step of this construction is the introduction of the exponential of an isotropic
trace-free matrix whose entries are Gaussian variables with logarithmic correlations. Un-
fortunately, as far as we know, there is no matrix valued theory of Gaussian multiplicative
chaos. The purpose of this work is thus to define such a theory for a class of Gaussian
symmetric and isotropic matrices.

In the next section, we present the framework and the main results. Section 3 is
devoted to the proofs of our main results. In the appendix, we gather general formulas
which are useful in our proofs.

Notations: we denote by M(R?) the set of measures on R% and by M,(R?) the set of
signed measures on R?. We denote by S(M(R?)) the set of symmetric matrices whose
components belong to M,(R%).

2. Framework and main results

We consider an integer N > 2 and ¢ €] — 1, ﬁ] We introduce a probability space

(Q,F, P) and denote expectation by E. On this space, we consider a symmetric random
matrix-valued Gaussian process X(z) = (Xf;(¥))1 <i,j < v indexed by z € R where the
covariance structure is given for € > 0 by:

L L
E[X;;(2)’] = 7*(In —+1), BlX(2)Xj,(@)] = —7*(In s, i#]
and for |y — z| > e

BIX;,(2) X5, (y)] =K (z —y),
BIX;(x)X;,;(y)] =—cK(z—y), i #]

for some constant L > 0 and some kernel of positive type K (z) = v2In |7L| + g(x) where
g is some continuous bounded function. In the sequel, we set g(0) = m.

We also set 02 = v%(In £+1), a‘zy_w‘ = K(y—x). We assume that the off diagonal terms
2 _ o2(l+c)

e — — o9

are independent of the diagonal terms and mutually independent of variance &
and covariance for |y — z| > e

BIXE ()X, ()] = T2

K(x—vy), i<}

In fact, the above structure is the most general situation that ensures that, for a given
z € R?, the Gaussian random matrix X¢(z) is isotropic (see Lemma 4 in the Appendix).

Remark. Notice that the diagonal terms are independent if and only if ¢ = 0. In this
case, the above structure coincides with the usual Gaussian Orthogonal Ensemble (GOE)
[1, 20]. Notice also that the boundary case ¢ = ﬁ corresponds to trace-free matrices.



Remark. The canonical example of such a kernel K is when it coincides with v2In |7L|
for z small enough. In dimension 1 and 2 we can even choose K (z) = 72?In, |7L| In
dimension greater than 3, we can use the constructions developed in [15, 23]: for examples
of such kernels, see Appendix A.1. Another approach is to use the convolution techniques
developed in [24]. This does not exactly fall into the framework set out above because the
convoluted kernel depends on € at all scales, i.e. for |z —y| > €. Nevertheless, this has a
non significant influence on the forthcoming computations so that we also claim that our
results remain valid for such regularization procedures.

We want to study the convergence of the following random variable which lives in S(M (R?)):

Aﬂ@:i/J%%gACW, (1)
Ce JA

where ¢, is chosen such that E[M¢(A)] = |A|Id where |A] is the Lebesgue measure of A.
We will prove that the normalization constant c. has the following explicit form:

1 1r@a/2) (N=1)/2 _N—1_%
CE_NP(N/Q)(1+C) o, ez

Theorem 1. Let 0 < 2 < d. Then there exists a random matriz measure M which lives
in S(My(R%)) and such that for all bounded A C R?:

E[tr(M¢(A) — M(A))?] — 0.

e—0

We also have the following asymptotic structure:

F(N/2)672 In L+m €2d—~/2
E[trM(B(0,0))?] ~ N?V, 2
[trM(B(0,6))7] £—0 N(l + ) N=D/21(1/2) (42 1n%)(N—1)/2 (2)
with Vy = f\v\ < 1 %. Furthermore, we get the following equivalent for k > 2:

In E[trM (B(0, £))¥]
n? 2 ¢) )

k(k—1
where ((k) = dk — 72¥.

Notice that it would be interesting to prove that this matrix-valued Gaussian multi-

plicative chaos admits a phase transition as in the scalar case, which is likely to occur at
2
v = 2d.

Remark. Application in turbulence. In the paper [6], the authors consider the following
boundary case as a building block of their random velocity fields:
8 1
2 2
TR CTN-1T 2
where \? is found to fit experimental data for A2 ~ 0.025 [6, 7]. Here, the zero trace
property is reminiscent of the incompressibility condition imposed on velocity fields.



Conjecture 2. The power law spectrum of M is given by the following expression: for
all ¢ < 2, VK C B(0,L),( € (0, 1],

1-N
2
)

E[trM(B(0,£))7] =~ C,¢5@ (~n¢)
where Cy > 0 is a constant and the structure exponent is given by

= (d+ D) T

If this conjecture is true, this would show that non-commutativity yields an extra log factor
in the power-law spectrum of M.

Remark. Notice that one can define a notion of "metric” (actually a measure) through the
quantity
A € B(RY) — trM(A).

Therefore we can define the notion of Hausdorff dimension asociated to this "metric” (see
[11, 22]). It would be interesting to prove a corresponding KPZ formula and relate it with
a KPZ framework .

3. Proofs of the N-dimensional case

Let us first mention that several results abouts isotropic matrices and related computations
are gathered in the appendix and will be used throughout this section.

3.1 Joint law of the eigenvalues of Gaussian isotropic matrices

We consider a symmetrical random matrix X = (Xj;)1<ij<n~ made up of centered
Gaussian variables with the following covariance structure: the off-diagonal terms (X j)i<;
are i.i.d. with variance o2. The diagonal term (X11, -+, Xn,n) is independent from the
off-diagonal and it has the following covariance structure:

Kn = (E[X:;X; 1)1 <ij<n=(1+c)ojly — cogPy

where Iy is the identity matrix, Py = (1) ; and ¢ €]—1, 5= [. By noting that P3 = NPy,
we get the following inverse for K if ¢ # ﬁ:

1 7 c 1
2010 N T EAr 0Tl -N)

Kyl = Py
The density of the random matrix, with respect to the Lebesgue measure (dw;;); < j, is
therefore given by:

1 N 2 1 N 2 1 2
. _ L Tt T T T 0 (g (et (=1 Ta)” 5,7 Xy Ty
F(@ig)i<j) = e

ZN

where

Zy = 2r)NIWNFV/AGNGNIN=D/2( 4 o)(N=D/2 /1 (N —1)¢



is a normalization constant.
Therefore if we have the following condition:

o3(1+¢) = 202, (4)

as we have required in section 2, we can rewrite the above density in the following matrix
form:

1 - < 617 (trX) tr X2
F(wg)s ) = e B0 T 2 T o)

ZN

with Zy = 2N/2pN(N+1)/4 N(N+1)/2(1 4 ¢)N=DINH2)/4 /T ¢(1 — N). This shows that
the matrix is isotropic, namely that for any real orthogonal matrix O, the matrices X and
OX'O have the same probability law. Therefore by applying [1, Proposition 4.1.1, page
188], we get the density of the unordered eigenvalues:

1 _a(ZiI\Ll i)? mzllf

fii<i<nN) = € - I | A — Al (6)
N

c ~ — U NN
353(150) (1+Cd vy and Zy = NIV 1)/4%&\/ (notations of [1]). We

remind that p(Uy (R)) = 2V/2(2r)NND/A TN F(k/2) (see [1, page 198]) and thus:

where o =

2

N = N!(27)

N+1>/2(1 4 o) WD/ TECT N, (7)

The isotropic condition (Eq. 4) ensures also that the collection of eigenvectors (v;)1 < i< N
is independent of the eigenvalues (\;)1 < < n, and they are distributed uniformly on the
unit sphere according to the Haar measure [1, Corollary 2.5.4, page 53].

3.2 Computations of the renormalization

We consider here isotropic symmetric matrices X“(z) = (X;;(%))1 <ij < v as defined in
section 2 and compute the renormalization of order 1, i.e. the constant ¢, such that:

. X<(x)
E[eX ({E)] — CE_[N — E[tr]e\[ ]IN

The isotropic nature of the matrices ensures the proportionality of the former expectation
to the identity matrix Iy . We want more precisely an equivalent of ¢, as ¢ — 0. We have:

SN a2

— Qe ]\i i2 i
1 Az M) SN A — AildAg - d),

I S
Ce = = eMe 202 (1+c)

ZN

where a, = and the normalization constant Zy given by Eq. 7 with

1
202(cl+c) (I4+c¢(1—N))
ol=02=7*lnL+1).

We set u; = 2_2 and therefore we get:

O_é\/(N+1)/2

- N 32— _1 N 9
Ce = —a—— et o~ (im1 W) arrrey L1 % icjluj — wilduy -+ - dun,
ZN RN

5



where a = 2(1C+C) (1+C(}_N)). We thus introduce
N
— — 2

Pur, -, un) = oeu azuz 1+C)Z;uz
The function ¢ is maximal for u; = S¢(1+2a(l+c)(N—1)), i > 2 : u; = —2aS(1+c¢) with
Se = m We thus set u1 = v1 +Sc(14+2a(1+¢)(N —1)), ¢ 2 D u; = v;— 208 (1+c¢)
to get:

N(N+1)/2 % Po_ 1 s
Cez / Y= 101 mzi:lvinggﬂ’ul—Ui+(1+C)O'E|
RN

x 11z < i<j|vj —v;|dvy - - doy.
Therefore, we get the following equivalent by using the Laplace method:

o2
UN(N+1)/2(1 + o) N-1gN-17%

- N 0)2——-L SN 2
e ~ € _ € e a2z vi) 2(1+c) 2im1Y I "Uj—?}i’d?fl <oodoy
e—0 ZN RN 2 <1<y

By using equation (25) in the appendix, this leads finally to the following equivalent as
e —0:

1 I'(1/2) (N=1)/2 _N—1_%
o~ — 1 .
c S0 NT(V)2 (1+¢) o, ez (8)

~—

3.3 Computation of the moment of order 2

In order to study the convergence, for € — 0, of the Gaussian chaos M¢(A) (Eq. 1), we
need to consider first the second-order moment:

E(M¢(A)?) = iz E(eX @ eX W) drdy,
AxA

that involves the following quantity:
€ € 1 € €
E(eX @eX W)y = NE [tr(eX @)XW Iy 9)

We will show that E(M€¢(A)?) converges to a limit as ¢ — 0. From this convergence,
one can easily deduce that the sequence (M€(A))eso is a L? Cauchy sequence. Again, the
proportionality to the identity matrix in (9) comes from the isotropic character of matrices
and we will see moreover that, because the so-defined field of matrices is homogeneous, the
former quantity will depend only on |x — y|. The purpose of this section is to compute this
quantity. We will restrict to the case |y — x| > € as the case |y — x| < ¢, once integrated,
leads to vanishing terms in the limit ¢ — 0. It requires first the derivation of the joint
density of the two matrices X¢(z) and X¢(y). We will see indeed that the quantity will
depend only on |z —y|. We will also notice that, contrary to the one-point density (Eq. 5)
from which it can be shown that eigenvectors and eigenvalues are independent, eigenvalues
at point x are not only correlated to eigenvalues at point y, but also with eigenvectors at



point y. This intricate correlation structure is reminiscent of the non-commutative nature
of this field of matrices and is encoded in the so-called Harish-Chandra-Itzykson-Zuber
integral over the orthogonal group, or angular-matrix integral, and its related moments.
This is an active field of research in random matrix theory and up to now, no explicit
formula are known in dimension N > 3 (see for instance [5, 4, 8] and references therein).
Nonetheless, we will succeed to get an explicit result in the asymptotic limit € — O.

3.3.1 Joint density of two isotropic matrices

We consider here two isotropic symmetric matrices X(x) = (X{ ;(2))1 <ij < v and X(y) =
(X5 ;W) <i,j < v as defined in section 2. We recall that matrix components are logarith-
mically correlated over space. We note z;; = Xf;(x) and y;; = X{;(y), and in matrix
form X = X¢(z) and Y = X(y).

Let us first consider the diagonal terms

(T1,1, »EN,NS Y11 S YNN)-

The covariance structure Koy of these elements is given by:

2 2
ly—z|

where Ay = (1+¢)Iy —cPy and we recall that 02 = 4?(In£ +1) and o 72 In ﬁ

2 _
lz—yl —
We know that the inverse of Koy is given by:

-1 -1
K_l o 1 O-€2AN L _O-|2y—:c|‘ilN
- 2 - 2 A— )
N gt~ O'|4y_m| Oy a AN oAy
where A]_V1 = ﬁIN + 2aPy with a = 2(110) (1+cd_N)) which leads to the following

density:

fl@ii<i<n: Wijhi<j<n) =

02/(1te) oy wf 2002 (T )2 402 /(14e) B v 142002 (S vi,0)7 —207, 1 /(1) Sy g v i =0T, 104 2i,4) (54 vi,0)

T_ 1
cNe Hoe=oy o)

_ 1 (A _ 4 N 2(N—-1) _ A2
where ¢y TRV T Now, det(Kan) = (0F O"y_x‘) (I14+¢) (I4+¢(1—N))

and therefore ey = GGt AR DTN

performed for the remaining N (N —1) off-diagonal terms of the two matrices. The density
of the couple (X = X¢(z),Y = X¢(y)) is thus given by, in matrix form:

A similar procedure can be

fXY) =
el e X24aY?)— 0T (4 X)24(6rY)2)+ ly—a| trXY + 22, o trXtry
2(1+0)(ed—ol _ ) (od—ct ) (1+e)(cd—at oot

CNE ly—z| ly—a| ly—a| ly—z|

(10)

where ey = CNWN(Nfl)/Z(1+C)N(N71)1/2(0-4_0‘4 s We can see in the expression of
€ y—x
the joint density of the two matrices X and Y (Eq. 10) two different contributions. The



first one, where is entering terms of the form trX? + trY? and (trX)? + (trY)?, relates
the density of two symmetric isotropic matrices as if they were independent. The second
contribution relates an interaction term coming from the logarithmic correlation of the
components. Indeed, the former vanishes if the matrices are independent, i.e. a‘zy_ o = 0.
At this stage, it is convenient to introduce two i.i.d. random matrices M = (M; ;) and
M" = (M ;). These random matrices are taken to be living in the Gaussian Orthogonal
Ensemble (GOE), namely they are symmetrical and isotropic with independent compo-
nents with the following distribution: the components (M; ;); < ; are independent centered
Gaussian variables with the following variances:
1 4 4 1 4 4
(1+ C)(Je U|y_m|) i < js E[Mzz,z] _ (1+ C)(052 U|y_m|).

EIM2.] =
M) 202 ’ o2

27.]

With this, we get the following expression for E[F(X (x), X (y))], where F is any functional
of the two matrices X (z) and X (y):

E[F(X (), X(y))]

2 02

ao 2 2 ly—a| ’ \y z| ’

1 T A A ((GrM)*+(er M) )+ ——— 5 trtMM +7tthrM
=B | F(M,M)e Ty AFE=ly—ap) 7yl 7
where
0402 M M2 G%yfﬂc\ MM’ 2ao"2y7m‘ MtrM'’
R e — )((tr )2+ (trM’) )+—4—4—(1+C)(U — b o trMtr

Z=FE|e ¢ "ly-=l < y—al € y—al . (11)

By using classical theorems about isotropic matrices, we know that M = OD(A\)!O, M’ =
O'D(X)O" where O (resp. O') is uniformly distributed on the orthogonal group of RY
and is independent of the diagonal matrix D(X) (resp. D()')) the diagonal entries of which
are the eigenvalues of M (resp. M').

3.3.2 Joint density of eigenvalues of two correlated isotropic matrices

We are interested here in computing the renormalization constant Z (Eq. 11). To do so,
we diagonalize the matrices M and M’, and perform an integration over the remaining
degrees of freedom left by the eigenvectors (see [4] for instance). We define the eigenvalues
of M as A\ = (A1,...,An) € R? and we note the Vandermonde determinant as A(\) =

[Ti cicj< v 12 = Ajl. We get:

2 Z 2 ZN )\/2
i=1 7, 2(1+C)(O.€70.‘4y7 ‘) i=1"

‘ :Rle / AWIIAW) e X )
N JRN xRN

—L((Z?m HEN L A2+ L(Z%A)(Z%A;)

o

(o2=2fy—a| < ly-al J(D(X\), D(X))d\dN,

X e

where RS, is a renormalization constant such that

0'2 N 0'2
- % _ yN o2 % = $N 2
L AW|AN)|e T == N e e

AN = 1,
RY JrN N



and J is the following Harish-Chandra-Itzykson-Zuber integral [5, 4, 8], also called matrix
angular integral (dO stands for the Haar measure on Oy (R))

02
T tr DAOD(N)O !
HOW).DX) = [ T a0,
On(R)
obtained while integrating over the eigenvectors that enter in the term trM M’ of Eq.
11. We make the following change of variables u; = ——2——X\;, uj = ——2——X\] (set
ey —a 7%y —a|
[od _ o4
_ S ] .
Ye = ————) and get to:
N(N+1)
2=2— [ IA@a)e T S
RN RN xRN

(N w;)? N W2+ \y x| w) (N ul)—
X e ((Zz:l ) +( =1 7,) ) (Zz 1 )(Zz_l Z)J(D(u),D(u/))dudu/,

where we have set:

< : 1 %ﬂ w1012
T(D(u), D)) = / L)
On(R)

Therefore, since J(D(u), D(u')) converges pointwise towards 0 as e — 0, we can use the
Lebesgue theorem to get the following equivalent as € — 0:

N(N+1) 2
Z i [ @A)l e B 2
e—0 R?V RN xRN

—a((ON wi)?+(0L, uf)? )dudu’7
that is straightforward to compute (see the appendix).

3.3.3 Two-points correlation structure of the matrix chaos
We want to get an equivalent as ¢ — 0 of the quantity given in Eq. 9. To do so, we

consider the following quantity:

2 o2

aog 2 2 ly—z| / \y z| /

= T oA A ((brM)2+(trM") )+THMM +7tthrM
Z — El:tr(eMeM/)e (o¢ J\y—z\) (14-c)(o¢ J\y—z\) O'e \y z|

In the same spirit as formerly, we diagonalize the matrices M and M’ and perform the
integration over the eigenvectors. We get:

2 o2
_ s S e S
7 — 1 ‘A()\)HA()\/)‘G 2(1+C)(057U‘y7‘r‘) 1 2(14c) (o2 Ty ‘ 1
R RN xRN
2002
—m—«z” DN, MDD+ =L (5, AN (S, ) , ,
xe ¢ ly-a| € ly—xl I(D(X\), D(X'))dAdX\,



where [ is the following moment of the angular integral:

/ %tr D(\)OD(X)O~!
[(D()\),D()\/)) = / tr(eD()‘)OeD()\)O_l)e( +C)(‘76*‘7‘y,z‘) dO
On(R)

We make the following change of variables u; = \/ﬁ)\i, u, = #‘4‘)\; (set
€ y—x € y—zx

4__4
o;:—0
¢ Tly— w\)

Oe¢

Ye =

N N(N+1)
— I\l ™ 2(Fe) Lokt YR~ 3(1Fe) Dot U
. [A(w)[[A(u)]e

N RN

—« N wr)? N m ‘y | u N o’ S
s ¢ S ) = SR ) R ) )T, (D), Do)

where we have set:

_ 1 ‘?J x| N , /, O, .12
I; j(D(u), D(u')) = / (015 2T a7 Tk Ol gy

ONn(R)
known as the Morozov moment [4]. We make the following change of variables in the
above integral: u; = v; + Ve, ur = vy — ¢y for k # i and u; = v; + Ve, u), = v, — ¢, for
k # j. We obtain the following equivalent:

i N N(N+1) 42 2(N-1) ,2(N-1)
Z ~ Z - St +eC) o fi,j/ |Ai(v)]] A (V)]
5—)0 i1 N RA RN

N 1 N N N
% e—m k=1 vi_m Sh—1 v —a((Ch=y ve)? (= v;c)z)+2ao—‘2y—x‘ (1+C(1_N))2d'l]d'l]/,
where [A;(v)| = [T,y przi lvr — v and:
I = / ‘Oz j’2eﬁ0‘2y,x‘ nglzl(_c+(1+c)lk:i)(_C+(1+c)1k’:j)lok,k"2d0

2 AN 2 2
= eo\yfw\(lﬂ 2) / |0171|2eo-\yfac\(1+c)|01,1| dO,
On(R)

which is independent of 7, j. Therefore, we get:

7 N2,Y€N(N+1)eog(1+C)2(N—1)0.€2(N_1)

e—0

: L NG N
CN RN xRN
e~ 72(117%) 25:1 v}%_f(l{‘,c) Zi\rzl ”2-2_0‘((25:1 vk)2+(2i\f:1 v;c)z)"'zag\zy—ac\ (1+c(1-N))? dvdv’.

In conclusion, we get:
I'(1/2)
I'(N/2)

Including furthermore the normalization constant c¢. (Eq. 8), we get:

Z)Z ~ (14N )260203(N_1)e_c"2yx/ 101,1\260‘2y*x\(1+c)‘01’1|2d0.
e—0 On ()

e—0

Z/(ZC?) ~ N2e_602y””/ ‘011’26 ‘y <l 1+c)|O1,1\2dO.
On(R)

10



3.3.4 Computation of the moment of order 2

From the above subsections, we deduce that:

e—0

E(trM<(A)?) — N? / e hy—sl / 01,1 2211491011 40 gy
AxA On(R)

We remind that the law of |01 1]? is the one of the square of one component of a vector
uniformely distributed on the unit sphere, and has thus a density given by (see Lemma 3)

B T(N/2) _ )
IO = e Y Lm0t

We get the following equivalent as |y — x| — 0:

2
—co? o2 c 2 F(N/Q) ea\yﬂf\
N2e™ / Or 12T 1F901AP g0 2 ,
ON(R)‘ ’ | ly—z|—0 '(1/2) (1—|-c)(N—1)/20-‘]Z__$‘

which entails (2).

3.4 Computation of the moment of order &

We are interested here in studying the convergence, when ¢ — 0, of the Gaussian chaos
M¢€(A) (Eq. 1) for higher order moments such as, k € N,

1 (o,
E(ME(A))’“:C—,C/AkE IT @) | day---day,

1<i<k

that involves the following quantity:

El ] e :%E tr [ €@ In. (12)

1<i<k 1<i<k

To generalize former calculations in the case k = 2, we will first derive the joint density
of k-matrices (X(x;))1 <i<k- A generalized version to k-points of the Harish-Chandra-
Itzykson-Zuber integral enters the expression of the density. An exact evaluation of these
integrals remains an open issue. As far as we know, only their behavior in the asymptotic
limit of large matrices (N — +00) has been considered in the literature [8]. Nonetheless,
a logarithmic equivalent of the quantity of interest (Eq. 12) can be obtained and allows
to show the multifractal behavior of the multiplicative chaos (i.e. ((k) is a non linear
function of the order k, see theorem 1).

3.4.1 Joint density of k isotropic Gaussian matrices

We consider here k isotropic Gaussian matrices (X(7;)); ¢ ; < - The ensemble made of
the kN diagonal terms, i.e.

(Xil(xl)v"' ’X;V,N(xl)v"' ’Xil(:nk)v"' ’XJEV,N(:Ek))7

11



has covariance structure Kjy:

2 2 ... . 2
20’6 Ay J\xlgleAN J\xl—xk\AN
O"ZEQ—"E1|AN UeAN O"ZBQ—IE]C‘AN
Ky = . :
2 2 2 2
U|9Ek71—$1\AN U|$k71—I2\AN ) ocAN O’|5Ek71—$k|AN
0|~’L‘k—1‘1|AN J\xk—xz\AN O-‘xk_xkfﬂAN oeAN

where again, Ay = (14 ¢)Iy — ¢Py. We know that the inverse of K}y is approximately
given by (e — 0):

2 -1 2 -1 2 -1
O¢ AN . _O-\xl—:c2|1‘4N T e _O-\xl—:ck\ANl
2 - 2 A~ —
1 1 _U|m2—x1\AN UEAN _U‘wg—.’ﬂk‘AN
Y=
O¢ _ 2 -1 _ 2 -1 . 241 _ 2 -1
U\$2k71—I1|A1¥ U|9E2k71—902\A1¥ ) o AN ) U|$k§1—$li|AN
_O-\xk—xl\AN _O-\xk—:c2|AN T _O-|:ck—:ck,1|AN O¢ AN
—1 _ 1 . o c 1 . .
where Ay = =) Iy 4+ 2aPy, with a = 500 (Fe(I=N)) - The density of diagonal
components, considering the N-dimensional vector X = (X{,(x),---, X§ n(21)), is
thus given by:
__1 sk 2 (1.8 N2 tx () (1 _ @)
f(X(l), . ,X(k)) = cye 207 1,3:1(51,305 (a 51,3)0‘%,%‘) X ((1+C) In+2aPn)X

. 1 . . . . .
where cy = TRETEY A For the off diagonal terms, the situation is simpler. If

i < j, the covariance matrix of the vector (X;;(z1),---, Xf;(2x)), which is independent
on all the remaining diagonal and off-diagonal components, is:

2
Te e 0\2961 —Tg]
14+¢ Tlawg—a1| e Ty
2 2 2 2 2 ’
o o e o o
lze—1—21] 7 |TK_1—72] € lzk—1—2k]
o o e o2 o?
|zg—z1] |z —z2] lz)—k—1] €
whose inverse is approximately given by (e — 0):
2 — o2 . e —o2
O O-|:E1—x2‘ O-‘xl—-’ﬂk‘
_0'2 O' ... .. —O'

2 |2 —21] € |zo—z]
— e . . e .
(I+c)od [ _ 2 e . o2 o2

|g—1—1] |g 1 —2| € |21~
—0 —0 R o
|z —1] |zg—z2| |z —2k—1] €

This leads to the following density, using the notations xg? = X7 j(:nr):

_ 1 k 2 (1_ 2 (r) (1)
f(xz(lj)v”‘ L2y = ke oot 2ot Ora e =(I=0n )0,y )05

i,J

12



Therefore, we get the following density for the k& matrices (we omit superscript e for the
sake of clarity):

f(X(:El) e, X (xk)) - CNE ‘74 Z = ( ™t (- 67 l) \x x”)t}( (T)((lJrlC) N 2(XP)X(Z)
’ ’ 2 1 In+
(r) (l)

1 k 2 2
% 6_ Zi<j (1+C)U€Z Zr,l:1(5r,l0's_(1—5r,l)0"zT,z”)mz 545
)

which we rewrite under matrix notation:

r Ty a ok rX(z,))2
F(X(1),-++ , X(ay)) = ae Hrvaat 2r=s X @I S (o)

2a 2
(1+—c)a§ Zr<t U‘ZTiz”trX(xr)X(xl)—l-o—g Zr<t o‘zriz”trX(xr)trX(ml).

We introduce k i.i.d. random matrices M) = (M (¢ )) pertaining to the GOE ensemble.
These random matrices are symmetrical and 1sotroplc w1th independent components with
the following distribution: the components (Ml(lj))z < j are independent centered Gaussian
variables with the following variances:

= %03, i<j; E[(MD)?] =1+ c)o?

0

With this, we get the following expression for the expectation of any functional F(X¢(z1),- -

of the k matrices X(z1), -+, X(zy):
BIF(X(z1),-+ , X (k)]

E[F(M®, ... M®F)e 2

1 2 n_2 2 !
& 3 (teM ()2 t 5ot Zr<la\x,,«fxl\trM(r)M( )"‘ﬁ 7‘<lo—\xr7m”trM(r)trM()

VA

where:

k 1 1 2 l
7 = E[e_f? Z’tl(trM(T))%’m—c)azf Pt Oy trM ) M ”ﬁ 2 <t Oy gy oM i M )].

By using classical theorems about isotropic matrices, we know that, for each r, M (r) =
O(’")D()\(T’))tO(T’) where O() is uniformly distributed on the orthogonal group of R and
is independent of the diagonal matrix D()\(T)) the diagonal entries of which are the eigen-
values of M ().

3.4.2 Joint density of eigenvalues of k isotropic Gaussian matrices and com-
putation of the renormalization

We start by computing Z. For A = (A\q,...,Ay) € R? we note the Vandermonde deter-
minant as AA) = [[; ¢, < n [N = Ajl- We get:

z:}zl / b [ A Trarz Do Z = o (2 )

28 108 oy (ZR A, A

% ea JDAD), -, DOAFNAAD .. gAF),

13



where RS, is a renormalization constant such that

1 | k Ny (r)y2
o Tl ATz B E Ty
N

and J is the following angular integral: (dO") stands for the Haar measure on On(R))
J(DOAW), -+, DAM)) =
/ e(1+6)04 o<t a \trO(T)D(’\(T))tomO(Z)D(’\(l))to(”dO(l) oo dO®)
On(R)*

(r)
We make the following change of variables uzm = )‘;é :

N(N+1)k/2
Oe T u(r) —aSk_ N u{™)?
7 = T/R 1‘A( () )’6 2(1+c) PIMD DAY (RS EE D DU DA i)

N N 1
b= DORSTL NN DAREED [0 DARE L)

% 0?2 J(DW), -, DY) du® ... du,

where we have set:

j(D(u(l)) -, D(u (k))) =

/ e—f(uc)o ZKZafmrﬂl‘trou)D(u@-))to(r-)o(z)D(uu))tou)dO(l) . do®
On(R)*

Therefore, since J(D(uM),---, D(u®))) converges pointwise towards 1 as € — 0, we can
use the Lebesgue theorem to get the following equivalent as € — 0:
N(N+1)k/2 )
7 T [T A e e R
e—0 RS, REN

6—025:1(2?71 i ) du(l) du(k)

3.4.3 k-points correlation structure of the multiplicative chaos
For 7 < 7, we want to get an equivalent as € — 0 of the following quantity:

7 _ E[(Hk ) Mw)‘ . = _, (trM ()2 +m Zr<lafxrix”trM(T)M(l)+ifg ZKZafxrﬁl‘trM<r>trM<l>]
- r— Z,] .
We get:

_ k N (rh\2_ o k N (r)\2
7 = 1 /k H7If:1|A()\(r))|e 27(1:6)02 Yo i (G)? o2 PO DD O

r l
b= DO ) DARP L (O DARPIL

% ool I(DAW), oo DAFNGAD ... gA®)

where [ is the following angular integral:
IDOD), -+ DOG) = [ ([, 00PN o),
On(R)

et <t Ol \trO(T)D(A(”)tO(T)O(”D(A(”)to(”d0(1)me(k).

X e (1+c)o’

14



(r _ A"

We make the following change of variables u; * = <
N N(N+1)k/2 r
7 = e I ’A(u(r))‘e—g(%ﬂ) POAED ASIORENE
€ r=1
Jue k=1 N REN

0T CL WP T ot (L w6 o)l
N - .
X Z Igoly’l'l';""]']flk—lylk (DM, - D) du® - .. du®,
Iy elg—1=1
lo=i3lp =3
where we have set:
g (D), D)) = /ON(R)k(HrﬂOl:1,erl:,jr)

S Zr<l - ‘trO(r)D(u(r))to(r)o(l)D(u(l))to(l)dO(l) . dO(k)

X e(1+c)o
We make the following change of variables in the above integral for 1 < r < k: ug) =
v](-:) + O, u,(C N~ v,(;) — coe k # jr. We obtain the following equivalent:
N N(N+1)k/2 ko2/2 N—1k _(N-1)k
7 Oe ekoc/2(1 4 o) N —Dkge ok A, (U(r))’
e—0 R¢ kN =1 Jr
Jiydk=1 N R
o o~ T Tt S 02 SR (S o) 420 (e (1-N)) B,y 0,
N
T91,7 5] 1 k
x Y I g Aot d®,
by lg—1=1
lg=i5l);=7
where we have set:
[Jl, 5Tk Hk_ O(T’) ) O(T)'
loli, o sle—1,le On(R )k( r=1"1._1,jr lry.?'r)
57 r r l l
X e (1+c) Zr <19 \:cr N Zml mo=1 63”1{5”2 71:]1,7@:1 Ogbl)vml 022))’"1 Ogll))mz O7(L2) m2 dO( ) O(k)

with B, = (—e+ (1 + €)1l =j, ) (—c+ (1 4+ ¢)1y,—;,). This leads to

mi,m2 —

71 dk k (r) (r)
Lo b e = /()N(R)k(ﬂv”:lOlr1,erzr,jr)

1 r r T
% o(+0) zmokam(c%r(o( 1t OWtOM) 4 (1+4¢)2(tO( >O(z))§ml)

o Tty ((OMOWIOWOM); i +(FOWOMONOW); 5y) 45 (1) | 4o k)
((1+c) 2c) Zr<lgﬁxr*$l‘ / ( 10(:)1,]7 Ol(j,)]r)
On(R)*
y e(1+c) S J‘Zxr,,xl\(tO(T)O(l))?T'vjl dO(l) . dO(k)
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In conclusion, we get the following equivalent:

B UéV(N+1)k/2eko§/2(1 + C)(N—l)kU(N—l)k

~ € k (r) —ﬁ S YN ")
’ 0 Ry /]szv —|Ar(v™)le

w e XE (DN o

)2d'U(1) ce dv(k)e—CZr<LUfmrle\ﬂ’j(xlj e ’xk)

where we have the following expression for F; j(z1,--- ,zg):
E,j(xly"' ,Ill‘k):
N N

l’r7j'r

Z Z / (Hf—loz(r) ; o) )e(1+c) Zmofzr,,”(fo(r>o(”)§r,,jldO(l)___dO(k)
ON(]R)k - r—1,Jr

- k
— Z /O ) O;lj)1 (t0MO®@), . ... (tok-D o) o)

Jk—1:0k 5,5k
=1 Y ON )
2 t r 1)\2
O OD DAL ] oMotz doW ... q0®)

We get thus the following expression:
— — 0—2
Z/(ZCI:) ~ Crne e \zrle\Fi’j(xlj L ag), (13)

where C}, v is a constant which depends only on k£, N (we can compute this constant but
it is tedious and will not be necessary for the purpose of this paper).

3.4.4 Computation of the moment of order £ and of the structure functions

From relation (13), we get the following expression:

N
e <t ey > Fiilwy,-ap)day - doe (14)

i=1

E(trM(A)*) = Ciy /

Ak

The main difficulty is to study the functions F; ;. If one takes the trace, we get:

N
Zﬂ,i(gjlv T 733]6)
i=1
N
- Z /O (R)F (t0(1)0(2))j1’j2 o (tO(k_l)O(k))jkfhjk (tO(k)O(l))jk,jl
G, gr=1 N
% €(1+C) Zr<l Jfrr-fxl‘(to("“)o(l))?ﬁjl do(l) . do(k) (15)

In particular, for k = 2, we recover that:

)

N
S Fiilan,z) = Nz/ (OWOD ) (97 (OVODR 451 40,
i=1 On (R)?2
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In order to prove (3), we want to study the asymptotic of Zf\il F;i(bxy,--- lxy) as
¢ — 0 with (z1,--- ,zy) fixed. Since ), _ l(tO(T’)O(l))im < k(kz_l), it is obvious that:

Tim ID(ZZ 1F‘Z Z(éxh ,fl‘k)) < (1 + C)’y2k(k - 1)
£1—0 Inl vi 2

(16)

To get an inverse inequality in (16), we will study the asymptotic of each term in the
sum (15). Here we suppose that L = 1 and m = 0 to simplify the presentation. We fix
(1, ,Jjr) and €, small such that e < §. We have:

/O (R)k(t0(1)0(2))j17j2 - (foR oWy, L oMoy,

N

% 6(1—1—0)72 ln%Zr,d(to(”o(l))?rme(1+0) ZT'<IU‘21T © ‘( ot )O(l))] 1 dO(l) O(k)
=Ac+ A5+ As

where

4= / T /ﬁ(kl) P
Zr<l(t0(r)0(l))jr’jl > =€ 5——06 < Zr<l(t0(r)0(l))jr’jl < —5—~—«€

< k(kgl) 0 part of the integral. Omn the event

and As is the Y, ,(fOM0OW)? -
S, o )O(l))]“]l > k(kz U _ ¢, each f'OMO );..,] is greater or equal to /T —e. In
particular, we have that |(*fOMOU+V), . | > /T—¢ for all » < k — 1. Notice that
to®oW)y; . = (toWo@), ;... (tO(k_l)O(k))]kfmk + O(e). Therefore, we can con-
clude that (*OMO®); . - (FO*=DO®), . and (*FOMOP); . have the same sign.
Thus, we get:

Ac

> (e g LkEZD o)

x / ((0MOD);, 4, - ((OWDOW),; 4 (FOMOW);, 5

Coq(tomomy o> HED

o O et 0f, (00U o) L gok)

> e TSI (1 - g+ 0fe))

e(1+C) Zr<l 0-‘21-7. x ‘(to( )O(l))] 21 dO(l) O(k).

X /
. k(k—
S,q(tomom)? s D

k(k—1)

The only thing to check is that 3, _,(*fOMO")? i.j, 2 — 3~ — € has a positive probability
(r)

but this can be seen easily by setting one chosen element of each O, say Oy ;. very

close to one. Now, one can choose ¢ larger than e such that |A¢ | < %. Finally, for these
choices of €, 9, we have:

45| < o (52 -0)

LHI ot ((0MONT 5 oM L got)

X /
k(k—1
Srat0MOM)? < M =5
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We thus get the fOHOWngZ
In Ae + AE + A
li ( ,0 5)

1
/=0 In 5

> oD g

Since this is valid for all €, by combining with (16), we get that:

li 111(25\;1 Evi(exh Tt 7€xk))
1m 1
£—0 In 7

Jk(k — 1)
2

=1+
The desired result (3) is then a consequence of (17) and of the limit (14).

A. Appendix

A.1 Discussion about the construction of kernels

In this subsection, we discuss in further details the construction of the kernel K as sum-
marized in remark 2. In dimension 1 and 2, it is plain to see that

+o0
e = [ =l (18)

where the measure vy, is given by (J, stands for the Dirac mass at u):

dt 1
v (dt) = 1[0,L}(t)t_2 + Z(SL(dt).

Hence, for every pu > 0, we have:

L 1 L+
ln+— :—ln_;’_—uz
lz| 7 o

+0o0
/0 (t— o)) v (d).

We are therefore led to consider p > 0 such that the function x — (1 — |z|*); is positive
definite, the so-called Kuttner-Golubov problem (see [14]).

For d = 1, it is straightforward to check that (1 — |z|)4 is positive definite. We can
thus consider a Gaussian process X ¢ with covariance kernel given by

L
Ke(w) = [ (¢~ [al) o).

Notice that

L :
Vo £0, 27 Ing Ein lim Ke(x) (19)
and
L L
Ve<|z| <L, Kcx)= 72/ (t — |z])yvr(dt) = +* Iny l (20)
||

In dimension 2, we can use the same strategy since Pasenchenko [21] proved that the
mapping = +— (1 — |z|'/2), is positive definite over R2. We can thus consider a Gaussian
process X ¢ with covariance kernel given by

/2
K.(z) = 27 / (t — [2]Y2) 4wy (dt),

(1/2
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sharing the same properties (22) and (23).

In dimension 3, it is not known whether the mapping z +— In; ‘—i‘ admits an integral
representation of the type explained above. Nevertheless it is positive definite so that we
can use the convolution techniques developed in [24]. In dimension 4, it is not positive
definite [24] so that another construction is required. We explain the methods in [23]. We
set the dimension d to be larger than d > 3. Let us denote by S the sphere of R? and
o the surface measure on the sphere such that o(S) = 1. Remind that this measure is
invariant under rotations. We define the function

Ve RY,  F(z) =42 /S In, o(ds). (21)

L
[z, 5)|

It is plain to see that F' is an isotropic function. Let us compute it over a neighborhood
of 0: for |z| < L, we can write x = |z|e; with e, € S. Then we have

z) =2 niL 0(9:211£ Ilil(fs
Fw) = [0 otas) =1 \:cﬁ/sl Temr sy ” )

Notice that the integral [¢In ma(ds) is finite (use Lemma 3 below for instance) and
does not depend on x by invariance under rotations of the measure o. By using the
decomposition (18), we can thus consider a Gaussian process X¢ with covariance kernel
given by

L
K (2) = /5 / (t — (&, 8))vr(dt)o(ds),

sharing the properties:
Yz # 0, lir% K (z) = F(x) (22)
[ d

and

Ve < |z| < L, K.(z)=F(z)=\ ln% +C (23)

for some constant C.

A.2 Auxiliary results
We give a proof of the following standard result:
Lemma 3. If (Z;)1 <i< N are i.i.d. standard Gaussian random variables then the vector

1
V=—-rr———(Z1,...,Zn)

VL 2

is distributed as the Haar measure on the sphere of RN . In particular, the density of the
first entry of a random vector uniformly distributed on the sphere is given by:

r
INENNEES!

N-3

y2(1—y) 7 1oy(y) dy.
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Proof. By using the invariance under rotations of the law of the Gaussian vector (Z;)1 < i < N,
the law of V' is invariant under rotations and is supported by the sphere. By uniqueness of
the Haar measure, V is distributed as the Haar measure. We have to compute the density
2

of (1 = va il Notice that

Y

=5

+Z
where Y, Z are independent random variables with respective laws chi-squared distribu-
tions of parameters 1 et N — 1. Therefore

sl = [ [ () e ey e e

1
= (u) / ¢ W u)y T dydu
ﬁr(%)r(%% Vil —u)? Jz,
rg ! 3

O
Next we characterize all the symmetric Gaussian random matrices:

Lemma 4. Let X be a centered Gaussian symmetric random matriz of size N x N. Then
the diagonal terms (X11, ..., XNN) have a covariance matriz of the form o?(1+4-c)ly —co?P
for some 02 > 0 and ¢ €] — 1, ﬁ], where P is the N x N matrix whose all entries are 1.

21tc
2

The off-diagonal terms are i.i.d with variance o and are independent of the diagonal

terms.

Proof. If X admits a density with respect to the Lebesgue measure dM over the set of
symmetric matrices (see [1, chapter 4]), then the density of M is given by

e~ T qpr,

where f is a homogeneous polynomial of degree 2. By isotropy, f must be a symmetric
function of the eigenvalues of M. Therefore it takes on the form

f(M) = atr(M?) + Btr(M)?

for some «, 8 € R. In this case, the result follows easily.

If M does not admit a density with respect to the Lebesgue measure over the set of
symmetric matrices, we can add an independent "small GOE”, i.e. we consider M + eM’
where M’ is a matrix of the GOE ensemble with a normalized variance independent of
M. The matrix M + eM’ admits a density so that we can apply the above result. Then
we pass to the limit as € — 0. O

A.3 Some integral formulae

Let a,c > 0. We want to compute the integral:

N yhy2 1 N
/N e~ A 5 D N — Al
R
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We write the integrand under the form (6):

N
—a(Xii A% sz 1 A7

e 2<Q|A —)\|

where 03(1 +¢) = (1 +¢) and a = 203(614-5) (1+E(1—N))‘ In that case, we have ¢ =
2a(1+c) _ . 1 )
o= ad 1+¢(1 = N) = ogmrgmv=yy- We deduce:

\/1 +2a(l1+c)N

N
/ e~ g TR - AdldA = NI(2m) N2 H
RY i T

(24)
We also want to compute the integral:
N yhy2 1 N
/N o~z X = 5oy 22:1)‘?1'[2 <icilAj — AidA.
R
We have:
N yy2_ 1 N
/RN e—a(zz':1 Ai)? 2(1+c) iz )‘122 <1_£<j‘)\j _ )\i’d)\l e dAN
N / ( / ¢ 20N (EE )~ (oA g e~ EE A g T N [T\ AldAg - d)y
RN-1 2<i<j
— \/% 1 + C / 2a 2&(1+c)+1(27« 2 ) _a(zz 2 ) 2(11+c) Z’f\;Z )‘22 H |)\,7 — A2|d)\2 . d>\N
2a0(14+¢)+1 RNl 2 <4<y
_ Vo 1+e / o mrtar (T A0 ek S A 1y~ Afdhe - dAy
1—|—C —|—1 RN-1 2<Z<]
1 +c 2 (1+ 3 (1+c(2 N)) (Zf\r 2 Ai )2 m 7{\;2 )‘12
=/ S S ogite 7atite IT [N — AildAg -+ - dA
™ 2a( + o) +1/RN1 ’ ’ o J1o P Aildde o ddy
_ _ . _ 142a(1
for 03(14_0) =1l4candé= % (or equivalently, 1+¢(2—N) = #&;&?_1)

and 1 +¢= %) This leads to the following:

c 1 N N2 1 N 2
/ e_ 202 (1+¢) (1+2(2=N) iz M) 202(1+2) Yiza A
RN-1

1A = Adldhg - dAy = Zy_

2 <<y

where Zy_y = (N-DI2m) ™ D[RS fyghoy ™ (e ¥ 0D T4 EE = N),
In conclusion, we get:

/ 6—0(2£1Ai)2—ﬁ2£1)‘? I[N\ — NfdA - dA\y
RN

2 <<y
N 2 N 1 k/2 1 + C)N(N_l)/4
=V1+ce(N - / H (25)
ooy T(1/2) \/1+2a (1+c)N
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