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A slip model for micro/nano gas flows induced by body forces

Q. D. To - C. Bercegeay - G. Lauriat -
C. Léonard + G. Bonnet

Abstract A slip model for gas flows in micro/nano-
channels induced by extenal body forces is derived based
on Maxwell’s collision theory between gas molecules and
the wall. The model maodifies the relationship between slip
velocity and velocity gradient at the walls by introducing
a new parameter in addition to the classic Tangential
Momentum  Accommodation Coefficient. Three-dimen-
sional Molecular Dynamics simulations of helium gas
flows under uniform body force field between copper flat
walls with different channel height are used to validate the
model and to determine this new parameter.

Keywords Rarefied effect - Kinetic Maxwell model -
External volume force - Slip model -

Tangential Momentum Accommodation Coefficient -
MD simulation

List of symbols

A Mean free path

H.B. L Channel height, width and length

Kn Knudsen number

n p Number density, mass density

d Molecular diameter

L. L, Slip length, dimensionless slip length

xXowz Cartesian coordinate

Z Normalized coordinate

ay Tangential Momentum Accommaodation
Coefficient
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v,V Tangential velocity, normalized tangential
velocity

Vaip, Vaip  Slip velocity, nommalized slip velocity

Veef Reference velocity

N* Molecules going upward N* and downward
N~ with respect to the control surface s

N Total number of molecules passing through s

<vi> Average velocity of molecules going upward

<v}> and downward <v[> with respect
s

Vi Vi Gas velocity near the wall, velocity of the wall
<t>,C Mean collision time, thermal speed

kg T Boltzmann constant, absolute temperature

m, yx Molecular mass, acceleration along x-axis

o f Slip parameters of the present model

Vi Gas velocity at distance A from the wall
[T Gas viscosity, scaled viscosity, kinetic

theoretical viscosity
Vi Potential epergy of atom i

F. pe. @ Potential functions of Embedded Atom Model

Gu—b, €a—p  Parameters of Lennard Jones potential
between molecules @ and b

Ty Distance between two molecules i and j

1 Introduction

The velocity of a fluid close to a solid wall is always dif-
ferent from the wall velocity even if the latter is perfectly
diffusive. Especially, when the channel height is decreased
to that of MEMS or NEMS devices (Micro/Nano Electro-
Mechanical Systems), this phenomenon becomes highly
important and must be taken into account. The Knudsen
number Kn, the ratio between the mean free path 4 and the



characteristic length of the channel H. is the relevant
parameter to quantify the slip effects. The mean free path 4
is usually defined as the average distance that molecules
travel between collisions and equal to

1
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where n is number density, and d is the effective molecular
diameter. According to Maxwell's model (1879), the slip
length L in continuous fluid mechanics can be determined
via the Tangential Momentum Accommodation Coefficient,
also denoted by TMAC or g, as follows

(1)
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Ly=——m
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The slip velocity, vgip is calculated by the formula

o
"ap = La—| @)

The term, %ﬂw is the normal derivatives of the tangential
velocity component at the walls, assuming that the normal
to the wall is in the z-direction. If the velocity and
coordinate in Eq. 3 are scaled with a reference velocity, v,.¢
and the channel height, H, we have

-~ Oai} . Ll

Vap = L,§| , L= " (4)
where Vygip = Vitip /Veer and Z = z/H. The term L} is called
the dimensionless slip length and is equal to

2-o0,

L= Kn )
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when the Maxwell model is used. Consequently, for a
given accommodation coefficient, Eq. 5 predicts that L} is
proportional to Kn. When Kn tends towards zero, we
recover the no slip condition and when Kn increases, the
slip effect increases. The Maxwell model is widely used to
describe the slip at the walls because it only needs one
parameter only, a,.

The physical meaning of @, in (2.5) is that if M mole-
cules arrive at the wall, ¢, M of them are reflected diffu-
sively, and the remaining (1 — ¢,)M molecules are
reflected specularly. Based on Eq. 2, one can determine
TMAC by either experiments or Molecular Dynamics
(MD) simulations. Some experimentalists controlled mac-
roscopic quantities such as pressure and mass flow rate and
made use of the relationship with the slip velocity to find
TMAC (see e.g. Arkilic et al. 2001; Colin et al. 2004).
Arkilic et al. (2001) studied flows of nitrogen, argon and
carbon dioxide through rectangular silicon channels and
found TMAC ranging between (.75 and 0.85. Colins et al.
(2004) worked on the couples silicon-nitrogen and silicon-
helium and found a relatively high coefficient, 0.93.

Recently, Maali and Bhushan (2008) studied confined air
flow between a spherical glass particle glued to the canti-
lever of an atomic force microscopy (AFM) and a glass
plate. They let the cantilever oscillating and measured the
hydrodynamic damping factor. As a consequence, a value
of the slip length of about 118 nm was obtained. It corre-
sponds to an accommodation coefficient of 0.72. Direct
measurements of TMAC on the couple He-Cu by Seidl
(see Finger et al. 2007; Gad-el-Hak 1999) stated that the
coefficient depends on the collision angle between gas and
solid, ranging from 0.6 to 1.0. On the contrary, Cao et al.
(2004, 2005, 2006) using MD approaches to simulate
flows, revealed that TMAC at Ar-Pt interface can be as
small as 0.2 and influenced by temperature and surface
roughness. Arya et al. (2003) simulated directly the colli-
sions between gas and wall. Their results showed the
dependence of TMAC on the wall's lattice structure. It
remains constant as long as the drift velocity is small
enough (less than 100 m/s). Finger et al. (2007) used
similar method as Arya et al. (2003) to show that TMAC is
affected by the adsorbed layer, and their results matched
the previous experiment of Seidl on the couple copper-
helium. Speaking. in general, both experimental and MD
works gave a rather scattering results of TMAC and
reflected the dependency of TMAC on many factors.
Hence, this coefficient should be understood as an effective
one and must be used with caution.

Extensions of Maxwell's model to different configura-
tions have been considered in the past. When the Kn
increases, Beskok (see Karniadakis et al. 2005; Gad-el-Hak
1999 and the references cited therein) argued that higher
order of the Kn and higher order derivatives of velocity
must be used in the slip equations. For curved surface,
Lockerby et al. (2004) accounted for the contribution of
normal velocity in the viscous stress. In all the aforemen-
tioned studies, the gas molecules are not subject to any
external forces before arriving at the wall, which is not
applicable in the presence of volume force field such as
gravity, electrostatics, etc. With these force fields, the slip
velocity is different from flows driven by pressure gradient
and cannot be simply described by (2). In what follows, on
the basis of kinetic theory, we derive the new slip equation
that accounts for the external body force field.

2 Slip model for micro/nano gas flows induced
by body force

In the following derivation, the gas flow is assumed to be
isothermal so that the influence of temperature on the slip
velocity is not taken into account. Using the similar
approach of Beskok (see Karniadakis et al. 2005), let us
consider a control surface s near and parallel to the wall



Fig. 1 Collision model between gas molecules and a solid wall, N-
and N' are mspectively the number of molecules going downwanl
and upward and passing through the surface 5 near the wall within e
unit me. IF there is mo accumulation of gas near the wall, N- = N

{see Fig. 1). For a unit time, there are N gas molecules
passing through the surface which are composed of N™
molecules going downward and N© going upward with
respective average tangential velocities, <vy = and <vp> |
The gas average tungential velocity at the wall v, may be
written as
Nt vl - N vl =N, ()
The molecules that go upward are those that previously
went downward and were reflected at the surface 5. Since
the reflection is either diffusive or specular by the fractions
7, and | — m,. the following relation holds for a wall
moving at velocity v,
Nravlz> = (1 —mN <vi> + &N v {7
which is equivalent to

Ny, =N~ [::v;“:a +(l —m)=v > +|T‘.1’w] 8

Without external volume force. the N molecules
colliding with the wall come from one mean free path A
away from the wall without collision so that ther velocity
does not change <v > = v; We also assume that
N™ =N" = N2, It follows

ey =[(2— oy )vy +ouv) {9

The Taylor development of vy near the wall. vy =
Vy +,15{w_ gives the relation for slip velocity vy, defined
as vy — v, (fArst-order Maxwell's relationship)

o

% 2=y
Valip = Sd —
dz

with a=—"—""" (10)
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In the presence of uniform volume force, L.e.. in the case
where a constant acceleration ¥, is applied on each gas
molecule. <v, = is no longer equal to v When impinging
at the wall surface, the term y.ff <t> should be added to
the average tangential velocity
<Vv;> =wy+yfict> (11}

where <t2= is the mean time for the molecules to arrive at
the surface after the previous collision and s assumed to be
A/E where T is the thermal speed of the gas. For gases in
local equilibrium, the thermal speed is estimated by &=
o 2kgT/m. The constant f, introduced in the Tast term of

(11}, can be seen as a factor which accounts for the dif-
ferences between the idealized conditions used to derive
the slip model and the realistic ones. In reality, these
differences can be due to the following reasons:

the wall in the model is idealized as a surface and the
zas wall collisions only take place at this surface. In
fact. the wall also has an atomistic structure and the
interaction force must be taken into account at distance
of several molecular diameters.

after arriving at the wall. the gas molecules can stay near
the wall during a finite duration of time before leaving.

The value of # is expected to be close w unity, The slip
equation with the corrected term becomes

v,d_,p—cxpl[ﬁ%’+?i| } (12)

Equation 12 is the new slip equation for general flows in
which the body force is involved. In what follows, we study
a particular case where the gas flow of viscosity, u, is
induced by a constant body force, py,. along one directionx.
Without pressure gradient, the velocity profile is given by

(HTz—zz) + Vaips i13)

which when combined with the pew slip model Eq. 12
yields the dimensionless form

E‘?zshp 1 H
=+ —], f = 14
o [ﬁ ;:‘Kn} =t (14)

e
v(z) =
{z) B

In the above equation, _u‘ is the scaled viscosity, and Jtis
the kinetic theoretical viscosity (Liou and Fang 20X3;
Struchtrup 2005) defined as i = ;—pﬂ.E. The dimensionless
slip length Ly can be calculated accordingly:

L =aKn[fin'Kn + 1] with L =L/H {15)

We can deduce that the derived slip length is second-
order dependent of the Kn. The influence of the volume
force on the slip length becomes thus important when Kn is
large enough. The ratio L!/Kn is no longer equal to the
constant « but is dependent on the channel characteristic
dimenston H via a composite parameter (_L:‘Kn)_l. If Knis
increased and the variation of fuid viscosity pis small. we
shall observe an increase in the ratio L!/Kn. In what
follows. we use the molecular dynamics approach to valid
this prediction and determine as well the two new model
parameters & and B,

3 Molecular dynamics validation

In order to recover the dependence of slip velocities on the
Kn and volume force, we simulate a flow induced by



uniform extemal volume force. The gas-solid couple
investigated is helium (He) and copper (Cu). The choice of
the couple He~Cu is motivated by two reasons: first, the
accommodation coefficients derived experimentally and
numerically are shown to be in good agreement (see for
example ref. Finger et al. 2007) and. second the interaction
potentials between these atomic species have been widely
used (see ref. Foiles et al. 1986; Daw and Baskes 1984;
Plimpton 1995; Finger et al. 2007; Allen and Tildesley
1989). However, the present method can be applied to any
gas/wall system as long as the interaction potential between
the atoms is properly provided. Since the slip length
depends on what happens at the interface, the final results
are strongly affected by the choice of the system.

The channel is made of two parallel solid walls, each of
them containing nine layers (or 4 lattice units) of Cu atoms
placed at fce lattice sites. The lattice constant is chosen
initially equal to 3.615 A. The interaction forces between
Cu atoms are derived from the EAM potential (Foiles et al.
1986; Daw and Baskes 1984)

Vi= F[Z Pe(’i)] + %Z P(ry) (16)
J i#)

where V; is the potential energy of atom, i, composed of
the binary potential, ¢(r;). and embedded potential, F,
accounting for electron density contribution, p.. The
interaction forces for the couples He-He and He-Cu are
derived from the widely used Lennard-Jones potential

-2 ())]

The parameters used inthis article are those from Allen and
Tildesley (1989), Finger et al. (2007), &g = 0.00088 eV,
CHiete = 228 ;\. EHeCu = 0.0225 CV, O Heu = 229 A
The He-Cu parameters have been calculated using the
Lorentz-Berthelot mixing laws from the He-He and Cu-Cu
parameters in Allen and Tildesley (1989). The last atom layer
at the two walls is fixed (see Fig. 2). The remaining atoms of
the wall and the gas are maintained at the same temperature
120 K as usual by scaling method after removal of the mean
velocity. On average, the wall is keptimmobile, i.e v,, = 0.

In this study. the global number density of the gas is kes)(
constant: n = 00026 A~ (or p=1.78 x 107" pg/A")
while the channel height, H, and acceleration, y,, are varied
to obtain results for different global Kn and volume forces,
£ At the small density number and temperature of our
simulations (e.g.. 120 K), the helium is in gaseous phase.
Three values of H = 361, 260, and 174 A corresponding
respectively to Kn = 0.046, 0.064, and 0.098 are consid-
ered. These three Kn numbers are chosen to fall into the
range (0.01-0.1) in order to assure the slip flow regimes in

Fixed atom fayer

Fig. 2 One dimensional flow induced by external volume force. The
simulation domain is periodic in directions x, y. The external volume
force in direction x is produced by applying additional constant
acceleration, y,, on each gas atoms

our test cases according to Kamiadakis et al. (2005). The
two other dimensions of the simulation box along x-axis
(the flow direction) and along y-axis denoted shortly by
length L and width B are L = H and B = H/2. For each
channel height, the acceleration applied on each atom is
varied as y, = 0.0036,0.012, and0.024 A/ps®. The com-
putations are carried out by using LAMMPS, an open
source parallelized code (Plimpton 1995) on an IBM
Power6 machine. The equations of the particle motion are
integrated using a Leapfrog-Verlet algorithm with a time
step 0.002 ps. The steady state is achieved after 5 x 10°
time steps, and it takes another 2 x 10° time steps for the
average process. All the models are constructed in 3D with
the parameters given in Table 1. Due to the high density of
the solid wall, an important number of Cu atoms are con-
sidered. The largest model, case Kn = 0.046, involves
289.500 molecules and takes 8 h of computation on 512
Processors.

In order to obtain accurate solutions, the channel has
been divided in a sufficiently large number of layers for the
average procedure. For y, = 0.012 /“\/ps2 and different Kn,
the velocity profiles in the upper half channel are plotted in
Fig. 3. We find good agreement between analytical solu-
tion (Eq. 13) and the numerical results in the major part of
the channel. The global viscosity of the fluid g and slip
velocity, vgip. are obtained by fitting the numerical velocity
profiles (Fig. 3) with Eq. 13, given in columns 3, 4 of
Table 2. It is noted that the determination of y is based the

Table 1 Size of the simulation box and number of helium and copper
atoms for different Knudsen numbers

Kn H(A) L(A) B(A) Cuatoms  He atoms
0046 361 361 180 230,700 58,800
0064 260 260 130 51840 22680
0098 174 174 87 23040 6624
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*  Kne=0.046, Numerical results
e Kn=0.046, Curve fitting
0.2 *  Kn=0.064, Numsrkcal results
—— Kn=0.064, Curv fitting

4 Kn=0.088, Numerical results

01 = Kn=0.088, Curvs fiting
0
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Fig. 3 Velocity profiles for the upper half of the channel obtained by
MD simulation (marker line) and fitted by analytical formula (.rolld
line). In the figure, the acceleration y, is kept constant at 0.012 Alps
while the Knudsen number is varied. The vertical and horizontal axis

normalized A ZH and velocity, Wz)vaax, along the
ﬂuw direction. The velocity vy, is the maximal velocity found in the
middle of the channel

Table 2 Numerical results from MD simulations

Kn 7 (Apsh) ux 10° Pas) vay (A9 R ks It
0046 00036 189 0.18 1.87 1160 21.80
0.012 1.91 054 1.69 11.50 1940
0024 200 138 220 1130 25.00
0064 00036 195 014 197 805 15.80
0012 2m 043 191 777 1490
0024 211 089 210 744 15.50
0098 00036 203 008 190 508 941
0012 231 027 212 448 9.51
0024 227 138 226 454 10.03

curvature of the velocity profile and the average density, p.
regardless of the redistribution of density at the steady
state.

From the results reported in Table 2, it can be seen that
L!/Kn tends to increase with Kn. This trend cannot be
accounted for by the usual one parameter model. In order
to determine the two constants & and f in our proposed
model (see Eq. 14), we plotted two dimensionless quanti-
ties 51"7"- and (Kng*)™' from the last two columns of
Table 2 into Fig. 4. We found the straight line that best fits
these data. In the framework of our problem, the two values
2= 1.81 and f = 0.76 were determined. As expected, the
value f is of order unity while « corresponds to an
accommodation coefficient ¢, = 0.71 which is in the
experimental range [0.66, 1.0] by Seidl, reported in the
article of Finger et al. (2007) for the couple He-Cu. It is
noted that the two bound limits 0.66 and 1.0 of TMAC
correspond to the two extreme impinging at angles 70° and
10% of helium molecules at a copper wall in Seidl's
experiments (see Table 3).

® Kn=0.046
+ Kn=0.084 -
+ Kn=0.008
20 Bﬂ‘q’ Trend line, Beta <> 0
e -~ Trend line, Beta = 0

5

e 1/ (u*Kn)

0 2 4 6 8 10 12 14
Fig. 4 Relations b two di jonless quantities T2 t' and

1/(Kn i) The solid line represents the Bg. 14 which fits the
numerical results. This line makes an angle arctan « with the
horizontal axis and cuts the vertical axis at afi. The dashed line
represents (14) with f = 0 that fits the numerical results

The impact of parameter ff on slip velocity depends on
the relative importance between the two terms f and
(Knu*)™". For large Kn, the role of coefficient f§ becomes
important, e.g. up to 20% when Kn = 0.098 while for
small Kn, e.g. Kn = 0.046, this effect is almost negligible
(6%). In order to compare with the classical model that
involves a single parameter 2, the numerical results are also
fitted with a line passing through origin, the dashed line in
Fig. 4. The coefficient  predicted by the classical model
takes the higher value 2 = 1.95 and shows more discrep-
ancies with respect to the simulation results.

4 Concluding remarks and discussion

A pew slip model for flows with volume force has been
introduced. Two parameters with physical meanings that
relate slip velocity and velocity gradient at walls are sug-
gested. The first one is the traditional TMAC, as in the
widely used Maxwell model, while the second one accounts
for the additional velocity that a molecule encompasses
owing to the applied force before striking at a the solid
surface. Molecular dynamics calculations applied on the
He-Cu couple allowed to determine both TMAC and the
new parameter f§ introduced in the present work. TMAC is
found to be in good agreement with experimental data. In
the vy expression, the effect of parameter f§ increases with
Kn, i.e. when the limit of transitional flow is reached.

The present model is useful for the global analysis of
flows without knowing the presence of the Knudsen layer.
In our MD simulations, both higher density and slower
motion of gas molecules are observed near the walls and
cause deviation of the numerical velocity from the Navier—
Stokes solution. Similar phenomenon was encountered and
discussed in Cao et al. (2005) from molecular viewpoint.



Table 3 Seidl experimental

Seidl lower TMAC value Seidl upper TMAC value

data on the couple He—Cu (see Angle Seidl variability
Finger et al. 2007) where 10 0100
TMAC depends on the collision
angle of the gas molecules 20 0.080
30 0.065
40 0.050
S0 0.040
&0 0.030
0 0.020

0.86 106
081 097
077 0.90
073 0.83
0.71 0.79
069 0.75
066 0.70

In general, when a molecule reaches a surface, it does not
bounce back immediately but is often trapped by the
potential well. The molecule remains near the wall for
some time, interacts with many other solid atoms before
escaping. Accounting for the Knudsen layer should lead to
more accurate results (see Lockerby et al. 2005; Lockerby
and Reese 2008). A model involving body force as well as
Knudsen layer may be expected in the near future.
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