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Abstract. In this paper, we give rates of convergence in the strong invari-
ance principle for non-adapted sequences satisfying projective criteria.
The results apply to the iterates of ergodic automorphisms 7' of the d-
dimensional torus T¢, even in the non hyperbolic case. In this context,
we give a large class of unbounded function f from T? to R, for which
the partial sum foT 4 foT? +--.4 f oT™ satisfies a strong invariance
principle with an explicit rate of convergence.
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1. Introduction and notations

Let (Q,.A,P) be a probability space, and T : Q — Q be a bijective bimeasur-
able transformation preserving the probability P. For a o-algebra F{ sat-
isfying Fo € T~ 1(F), we define the nondecreasing filtration (F;)iez by
F; = T7%(Fp). The LP norm of a random variable X is denoted by || X||, =
(E(X|"))77.

Let X be a real-valued and square integrable random variable such
that E(Xy) = 0, and define the stationary sequence (X;);cz by X; = XooT".
Define then the partial sum by S, = X1 + X2 + -+ + X,,. According to
the Birkhoff-Khinchine theorem, S,, satisfies a strong law of large numbers.
One can go further in the study of the statistical properties of .S,,. We study
here the rate of convergence in the almost sure invariance principle (ASIP).
More precisely, we give conditions under which there exists a sequence of
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independent identically distributed (iid) Gaussian random variables (Z;);>1
such that

k
(Xi — Zy)
=1

=o(n'?PL(n)) almost surely, (1.1)

sup
1<k<n

for p €]2,4] and L an explicit slowly varying function. Let us recall that, in
the iid case, Komldés, Major and Tusnady [13] and Major [18] obtained an
ASTP with the optimal rate o(n!/?) in (1.1) as soon as the random variables
admit a moment of order p.

Since the seminal paper by Philipp and Stout [25], many authors have
considered this problem in a dependent context, but most of the papers deal
with the adapted case, when Xy is Fy measurable (for instance, Fy is the
past o-algebra o(X;,i < 0)). Unfortunately, it is quite common to encounter
dynamical systems for which the natural filtration does not permit the control
of any quantity involving terms of the type [|E(X,|F0)|,-

In this paper, we shall not assume that X, is Fp-measurable, and we
shall give conditions on the quantities [|[E(X,,|Fo)|lp, |X—n — E(X_n]|F0)|lp
and ||E(S2|F_) — E(S2)]|,/2 for (1.1) to hold (see Theorems 3.1 and 3.2 of
Section 3). These conditions are in the same spirit as those given by Gordin
[7] for p = 2 to get the usual central limit theorem. Our proof is based on the
approximation

ZXi:Mn+Rn

i=1

by the martingale M,, = dy+ds+- - -+d,,, where d; is the martingale difference

di = S (E(X|F) — E(X4|Fio))
kEZ

introduced by Gordin [7] and Heyde [10]. In the adapted case, similar condi-
tions are given in the recent paper [2], together with a long list of applications.

In the non adapted case, it is easy to see that our results apply to
a large class of two-sided functions of iid sequences, or two-sided functions
of absolutely regular sequences. But they also apply to very complicated
dynamical systems, for which such a representation by functions of absolutely
regular sequences is not available. In the next section, we consider the case
where T' is an ergodic automorphism of the d-dimensional torus T¢, and P
is the Lebesgue measure on T?. In this context, we use the o-algebras F;
considered by Le Borgne [14]. As a consequence of Theorem 2.1, we obtain
that (1.1) holds for p = 4 and X; = f o T?, where f : T — R, as soon as the
Fourier coefficients (cx)geze of f are such that

d
1
<A
ol < Al e e R

for some o > 13/8.
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We also get that there exists a positive € such that
k

> (Xi—7Zi)

i=1

= o(n'/?7%) almost surely,

sup
1<k<n

as soon as .
1
ck| < A ————  for some 6 > 1/2.
ad=All g /

These rates of convergence in the almost sure invariance principle complement
the results by Leonov [16] and Le Borgne [14] for the central limit theorem
and the almost sure invariance principle respectively. Let us mention that
Dolgopyat [5] established an ASIP with the rate o(n'/2~¢) (for some £ > 0)
valid for ergodic automorphisms of the torus and f a Hoélder continuous
function. Thanks to the decorrelation estimates obtained in [15], the rate for
Holder observables can be improved by applying the general result of Gouézel
in [8] to get the rate o(n'/4*+) for every ¢ > 0, and by applying the results of
the present paper to get the rate o(n'/*L(n)). To our knowledge, the present
work gives the first strong approximation results for such partially hyperbolic
transformations T for unbounded (and then non continuous) functions f.

To conclude, let us mention some previous works in the context of dy-
namical systems: several results have been established with the rate o(n'/2=¢)
for some £ > 0 (see [11, 4, 5, 24, 19]). Results giving a rate in o(n'/4*¢) for
every € > 0 can be found in [21, 6, 20, 8]. Most of these results hold for
bounded functions f.

Let us reiterate that we can reach the rate o(n'/*L(n)) instead of
o(n'/4*¢) for every e > 0. Moreover, our conditions giving the rate o(n'/?L(n))
are related to moments of order p of f. Such results are not very common in
the context of dynamical systems (let us mention [8] in the particular case of
Gibbs-Markov maps, and [3, 23| for generalized Pommeau-Manneville maps).

2. ASIP with rates for ergodic automorphisms of the torus

A probability dynamical system (Q,F,P,T) is given by a probability space
(Q, F,P) and a measurable P-preserving transformation 7' : Q — €. Such a
dynamical system is said to be ergodic if the only A € Fsuchthat T™'A= A
a.s. are the sets of probability 0 or 1.

If (Q,F,P,T) is ergodic, the study of the stochastic properties of the
stationary sequence (f o T%) k>1 starts with the Birkhoff-Khintchine theorem
[1, 12]. This theorem ensures that, for every integrable function f : Q — R,
the sequence n=1 37| f o T* converges almost surely to E(f). This means
that (f oT");>1 satisfies a strong law of large number. A natural question is
then to investigate further stochastic properties of (f o T*)g>1.

We illustrate our general Theorems 3.1 and 3.2 by a concrete example
of invertible non hyperbolic dynamical system, which is actually partially
hyperbolic. We shall prove a strong invariance principle for a large class of
unbounded functions f, with a rate depending on the rate of convergence to
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zero of the Fourier coefficients of f. In this context, we use the o-algebras F;
considered by Le Borgne [14]. The stationary sequence (7%);cz is non adapted
to this filtration (F;);cz, in the sense that T¢ is not F; measurable. This is an
important difference with the classical probabilistic situation, where the study
of stationary sequences can often be done with the help of a natural “past”
filtration (think of stationary Markov chains, or of causal linear processes).

Let d > 2. We consider a group automorphism T of the torus T¢ =
R?/Z%. For every = € R?, we write 7 its class in T?. We recall that T is the
quotient map of a linear map 7 : R? — R< given by T(m) =S x, where S is
a d X d-matrix with integer entries and with determinant 1 or -1. The map
x +— S - x preserves the infinite Lebesgue measure A on R? and T preserves
the probability Lebesgue measure A. We suppose that T is ergodic, which
is equivalent to the fact that no eigenvalue of S is a root of the unity. In
this case, it is known that the spectral radius of S is larger than one (and
so S admits at least an eigenvalue of modulus larger than one and at least
an eigenvalue of modulus smaller than one). This hypothesis holds true in
the case of hyperbolic automorphisms of the torus (i.e. in the case when no
eigenvalue of S has modulus one) but is much weaker. Indeed, as mentioned
in [14], the following matrix gives an example of an ergodic non hyperbolic
automorphism of T4 :

00 0 -1
1 0 0 2
5= 01 0 O
001 2

When T is ergodic and non hyperbolic, the dynamical system (T?, T, \) has
no Markov partition. However, it is possible to construct some measurable
partition [17], to prove a central limit theorem [16]. Moreover, in [14], Le
Borgne proved the functional central limit theorem and the Strassen strong
invariance principle for (X = f o T*); under weak hypotheses on f, thanks
to Gordin’s method and to the partitions studied by Lind in [17].

We give here rates of convergence in the strong invariance principle for
(X = f o T*);, under conditions on the Fourier coefficients of f : T¢ — R.
In what follows, for k € Z¢, we denote by |k| = max;eqq,..dy |Kil-

Theorem 2.1. Let T be an ergodic automorphism of T% with the notations
as above. Let p €]2,4] and q be its conjugate exponent. Let f : T — R be a
centered function with Fourier coefficients (ck)xeze satisfying, for any integer
b>2,

2
-2
Z le|? < Rlog=?(b)  for some 0 > . , (2.2)
s p(p—1)
and
—4
Z lex|? < Rlog™?(b) for some 3 > 3P . (2.3)

k| >b
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Then the series

o = M(f = M)+ 2D M = Af)fo T

k>0

converges absolutely and, enlarging T? if necessary, there exists a sequence
(Z:)i>1 of iid gaussian random variables with zero mean and variance o2 such
that, for any t > 2/p,

k k
sup o — Zl‘ = o(n"/?(logn)“*t1/2) almost surel , s n — 0Q.
e ;f ; i ( (logn) ) Y

(2.4)

Observe that (2.3) follows from (2.2) provided that 8 > (3p—4)/(2p—2).
Hence, (2.2) and (2.3) are both satisfied as soon as

3p—4

9 < Rlog™’(b) f 0> — .
Z|Ck| < Rlog™"(b) for some >2(p—1)

k| =b

Example. Let p €]2,4]. If we assume that the Fourier coefficients of f are
such that
d

1
< A 2.5
ol < AL prnegm @ s i 25)

for some positive constant A, then the conditions (2.2) and (2.3) are both
satisfied provided that o > (2p? — p — 2)/p?.

Let us now compare our hypotheses on Fourier coefficients with those
appearing in other works. In [16], Leonov proved a central limit theorem
(possibly degenerated) when

S

1
<A f 2. 2.
ol < AL e a ey orsome > ¥ (26)

In [14], Le Borgne proved the functional central limit theorem and the Strassen
strong invariance principle when (2.3) holds true with 8 > 2 (and when f is
not a coboundary), which is a weaker condition than (2.6). Observe that, as
p converges to 2, (p? —2)/(p(p — 1)) and (3p — 4)/p both converge to 1.

3. Probabilistic results

In the rest of the paper, we shall use the following notations: Ex(X) =
E(X|Fk), and a,, < b, means that there exists a numerical constant C not
depending on n such that a, < Cb,, for all positive integers n.

In this section, we give rates of convergence in the strong invariance
principle under projective criteria for stationary sequences that are non nec-
essarily adapted to F;.
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Theorem 3.1. Let 2 < p < 4 and t > 2/p. Assume that Xy belongs to LP,
that
nP=1
; n2/p(10gn)(t Dp/2 (HEO( n)”g + Han - EO(an)Hg) < 00, (3.1)

and that
n3p4 p/2 p/2
> 75 (IE X, — Eo(X_, <oo. (3.2
n>2n2(1og )(t 1p/2(|| 0( )” H 0( )”2 ) ( )

Assume in addition that there exists a positive integer m such that

[Bon(S7) ~E(SDs <00 (33)

1
Z 2 (t—1) 2‘
o (logn) p/
Then n~'E(S2) converges to o = Y, ., Cov(Xo, X}) and, enlarging Q if
necessary, there exists a sequence (Z;);>1 of iid Gaussian random variables
with zero mean and variance o2 such that

S — /p (log n)(t+1)/2) almost surely, as n — oo.

sup
1<k<n

(3.4)

Theorem 3.2. Let t > 1/2. Assume that Xo belongs to L* and that the con-
ditions (3.1) and (3.3) hold with p = 4. Assume in addition that

> n(logn)* 7 ([Bo(Xa)lI3 + [ X—n — Eo(X—n)[l3) < o0. (3.5)

n>2

Then the conclusion of Theorem 3.1 holds with p = 4.

Of course, if (X;);cz is a sequence of iid random variables in P, then,
taking F; = (X, k < 9), all the conditions (3.1), (3.2), (3.3) and (3.5) are
satisfied. In that particular case, we obtain an extra power of log(n) compared
to the optimal rate n'/?.

The conditions (3.1), (3.2) and (3.5) are similar to the conditions given
by Gordin [7] when p = 2 for the central limit theorem, and hence Theorem
3.1 and 3.2 have the same range of applicability as Gordin’s result.

For the proof of Theorems 3.1 and 3.2, we shall use the approximating
martingale M, introcuded by Gordin [7], and we shall give an appropriate
upper bound on R,, = S,,—M,,. The next step is to get a strong approximation
result for the martingale M,,. This will be done by applying Proposition 5.1
in [2], which itself is based on the Skorohod embedding for martingales, as in
[26].

3.1. Proofs of Theorems 3.1 and 3.2
Proof. We first notice that since p > 2, (3.1) implies that

D PIEs(Xu)lly < oo and 3 n7HPIX_y — Eo(X-n)l, < oo
n>0 n>0
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(apply Holder’s inequality to see this). Let P (X) = Ex(X)—Eg_1(X). Using
Lemma 5.1 of the appendix with ¢ = 1, we infer that

D IPo(Xi)lp < o0 (3.6)
kEZ

In addition the condition (3.6) implies that n~'E(S?) converges to the quan-
tity 0% = 3", oz Cov(Xo, X).

Let now do := 3,5 Po(X;). Then dy belongs to LP and E(do|F_1) =
Let d; := dg o T® for all i € Z. Then (d;);cz is a stationary sequence of
martingale differences in IL”. Let

M,, :Zdi and R, =S, — M,
=1

The theorems will be proven if we can show that
R, = o(nl/p(log n)(t+1)/2) almost surely as n — oo, (3.7

and that (3.4) holds true with M, replacing Si. Since E(d2) = 02 and t > p/2,
according to Proposition 5.1 in [2] (applied with ¢ (n) := n*?(logn)!), to
prove that (3.4) holds true with My replacing Sk, it suffices to prove that

1 2 2\ ||P/2
> WHEO(M) —EQL)||), < o0 (3.8)
n>2

By standard arguments, (3.7) will be satisfied if we can show that

3 | maxi<o<or [Rel|l}

or ¢ (t+1)p/2 (3.9)

r>0

Now, by stationarity, || maxi<e<ar |Relllp < 277 31 _o 27%/P|| Ryk ||, (see for
instance inequality (6) in [27]) and for all 4,5 > 0, || Rixjllq < [|Rillq + | R;llq-
Applying then Item 1 of Lemma 37 in [22], we derive that for any integer n
in [27, 27T,

max |Ry|

1/p (1+1/p)
1<e<2r << n Z k™ Bkl - (3.10)

k=1

Therefore using (3.10) followed by an application of Holder’s inequality, we
get that for any o < 1,

[| max1<e<or |Rell[} 1 N (141/p) »
Z or p(t+1)p/2 < Z n (log n)(t+1)p/2 (Z k ||Rk||p)

r>0

n

logn p 1)(1—a) (p—1)
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Hence taking o €]1 — p/(2(p — 1)), 1] and changing the order of summation,
we infer that (3.9) and then (3.7) hold provided that

> R[5
n2(log n)(t—1)p/2

n>1

< 0. (3.11)

On an other hand, we shall prove that condition (3.8) is implied by:
there exists a positive finite integer m such that

1 2y(|P/2
Y e [Bonm (M7) = EQL)|7) < oo (3.12)
= (log n)(t=1p/
For any nonnegative integer i, we set V; := |[Eo(M?2) — E(M2)||,/2. Using

that M, is a martingale, we infer that, for any nonnegative integers i and 7,
Vies SVi+ V. (3:13)
Let now n € [2%,2F*1 — 1] NN, and write its binary expansion:

k
HZZQZbg where b, =1 and b; € {0,1} for j =0,...,k—1.
=0

Inequality (3.13) combined with Holder’s inequality implies that, for any
n >0,

Vé’/zé(ivy) <<2’7P’“+1/2Z(¥§Z) . (3.14)
£=0

Therefore
1 onp(k+1)/2 Ve \ /2
Z log n)(t 1)p/2 P« Z ok L (t— 1)p/2 (W) :
n>2 =0

Changing the order of summation and taking 7 €]0,2/p], it follows that (3.8)
is implied by

1 12
> Sz 1B (M) = E(MG) ||, < o0 (3.15)
E>1

(actually due to the subadditivity of the sequence (V;) both conditions are
equivalent, see the proof of item 1 of Lemma 37 in [22] to prove that (3.8)
entails (3.15)). Now, since (M,,) is a martingale,

k
Eo(Mj.) - = >~ (Bo(Mys = Mys-1)?) — E((Mas — Myi:)?))

j=1
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which implies by stationarity that

1
B2 (M3;) — E(Ms3,)]|
0

k—
[Eo(Mz) —E(M0)|, <
J

p/2

+ || Eo(d}) — E d:{)Hp/z.

Therefore by using Holder’s inequality as done in (3.14) with n €]0,2/p[, we
infer that (3.15) is implied by

1 p/2
> srgnrys [Ber (M3) — B[}, < (3.16)
k>1
Notice now that the sequence (W),),so defined by

Wi = [E—n (M) — E(M)|,

is subadditive. Indeed, for any non negative integers ¢ and j, using that M,
is a martingale together with the stationarity, we derive that

Witj = [[E(ig) (M7) — E(M?) + E— (i) (Mitj — ) )
—E((Miy; = M;)*)]|
+ [[E=;(M;)%) — E(M;)?)||

p/2
< |[E_s(MP) —EB(M7)||

P/2 p/2
Therefore Wf_(]2 < 21’/21/1/1-1’/2 + 21’/2Wf/2. This implies that, for any integer ¢
and any integer 0 < j < ¢, W;’/Q < QP/Q(WJP/z + ngg) in such a way that

4
2 /2
(C+1)WP2 < 22N /2 (3.17)
j=1
Therefore using (3.17) with ¢ = 2, we infer that condition (3.16) is implied
by
3 L IE_.(M2) —EQ2)|"? < (3.18)
— n?(logn)—Dp/2 1" p/2 ' '

It remains to prove that (3.12) implies (3.18). With this aim, we have, for
any positive integer m,

M, Z Mk [nm~— (k 1)[nm_1]) + M, — Mm[nm_l] :

Using that M,, is a martingale together with the stationarity, we then infer
that

HEfn(M ) E(M2)|p/2 <2p/2mp/2HE M[nm })_E<Mﬁnm—1])’p/2

0 p/2
—’_217/2”]:E n m[nm 1]) ]E n— 77l nm-— Hp§§7
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which, together with the fact that n — m[nm~1] < m, implies that

[E_.(M2) — B(M2)|"2

p/2
2
< 29722 (272 | dg|[2 + || (ME y17) = E(ME,)[272)
2
< 2P/2mp/2 (2”/ 2(ldol[% + | B g1 (MP,pr)) — E(MZ,,,, )] j;jQ) :
(3.19)

where for the last line we have used the fact that n > m[nm™=1]. We notice
now that due to the martingale property of (M,,) and to stationarity, the
sequence (U;);>o defined for any non negative integer ¢ by

o 2 2 p/2
Uy i= [|Bomi(M2) — E(MR)|12

satisfies, for any positive integers ¢ and j,

Uiyj < (||E—m(i+j)(Mi2) _E(ME)HP/?

p/2
+ | B i) (Migy — M;)?) — B((Mig; — Mi)2)Hp/2)
< 2P/2Ui + 21’/2Uj .

Hence by (3.17) applied with Wip/2 =U,,

[nm ™1 [nm~1]
1+p/2 -1 -1 1+p/2 Uk
Upim-1 < 27775 (Inm™ 7] 4+ 1) g_l U, < 21t gzl - (3.20)

Therefore starting from (3.19), considering (3.20) and changing the order of
summation, we infer that (3.18) (and so (3.8)) holds provided that (3.12)
does. To end the proof, it remains to show that under the conditions of
Theorems 3.1 and 3.2, the conditions (3.11) and (3.12) are satisfied. This is
achieved by using the two following lemmas. O

Lemma 3.1. Let p € [2,4]. Assume that (3.1) holds. Then

> maxy <¢<n || Rell} -
2 —1)p/2 ;
s (logn)®—1p/

and (3.11) holds.

Proof. Since (3.1) implies (3.6), Item 2 of Proposition 5.1 given in the ap-
pendix implies that, for any positive integers ¢ and N,

Sk = Erx(Se)llp + €72 Y IPo(X)1lp-
§1=N

1Bellp < moax |[Eo(Sk)llp + max,
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Next, applying Lemma 5.1 given in the appendix with ¢ = 1, and using the
fact that by stationarity, for any positive integer k,

k
Eo(Sk)llp <Y IBo(Xe)llp and [|Sk — Ex(Sk)llp < Z [X—¢ —Eo(X-0)llp,
=1
(3.21)
we derive that for, any positive integers N > n,
N—1
max || Refly < Z Eo(Xi)llp + D Xk = Eo(X-r)llp
k=1 k=0
1/2 [Eo(Xi)llp | 172 [ Xk — Eo(X_1)llp
+nt? N vl > RV . (3.22)
k=[N/2] k=[N/2]

The lemma follows from (3.22) with N = [n?/2?] by using Hélder’s inequality
(see the computations in the proof of Proposition 2.2 in [2]). O

Lemma 3.2. Let p € [2,4] and assume that (3.1) and (3.3) are satisfied.
Assume in addition that (3.2) holds when 2 < p < 4 and (3.5) does when
p=4 . Then (3.12) is satisfied.

Proof. Let m be a positive integer such that (3.3) is satisfied. We first write
that

IE i (M2) ~ E(M2)] < B (52) — E(S2)]),
+ 2| E—nim (SnRn) — E(San)”p/Q + 2||Rn||12; :

By using Lemma 3.1, and since (3.3) holds, Lemma 3.2 will follow if we can
prove that

p/2

1 /2
N i 1B (SuRa)|P)3 < 0. (3.23)
2 t—1)p/2 /2
et n?(log n)( p/ P
With this aim we shall prove the following inequality. For any non negative

integer r and any positive integer u,, such that w, < n, we have that

||E—T(S7LRYL)HP/2 < \/’lTn(H]EO(Sn)HZ + ”Sn - ]En(Sn)HQ)

+ k:{ﬁln%}—(u } HRk||;2) + \/ﬁ(H]Efun (Sn)“Q + ||Sn —Eniu, (Sn)”Q)

n 1/2
(B (5P~ BSD e +va( X 3 Ro);)
={nun k=1 |j|>k+n
(3.24)

Let us show how, thanks to (3.24), the convergence (3.23) can be proven.
Let us first consider the case where 2 < p < 4. Notice that the following
elementary claim is valid:

Claim 3.1. If F and G are two o-algebras such that G C F, then for any
random variable X in 1LY for ¢ > 1, | X — E(X|F)|, < 2] X —E(X|G)|l4-
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Starting from (3.24) with » = nm and u,, = n, and using Claim 3.1, we
derive that

||E—nm(San)”p/2 < ”E—nm(szL) - E(S’IZL)HP/Q
+ VA (IBo(Su)llz + 190 = En(Sa)ll2) + [Rall2 +1 > [[Po(X)]l2-

l71=n

This last inequality combined with condition (3.3) and Lemma 3.1 shows that
(3.23) will be satisfied if we can prove that

S e (IEo(Su)lla + 15 — Ea(S))"? < (3.25)
(T N(t—1)p/2 0\Pn )2 n* .
2= n?(logn)(t=1p/2
and i
n’ p/2
Y i e (O (X)) (3.26)
=i (log n)t—1)p/ =

To prove (3.25), we use the inequalities (3.21) with p = 2. Hence setting
ag = [[Eo(Xe)ll2 + [ X—e41 — Eo(X—g41)|l2, (3.27)
and using Holder’s inequality, we derive that for any a < 1,

np/4 9
> iog my=iira (oSl + 180~ Ea(su)l2)"

n>1

np/4

n p/2
< Z 2 t—1)p/2 (Z aé)
el (log n)(t=1p/ —

np/4p(1—a)(p/2-1)
(p/2—1) p/2
<<Z n2 logn t 1)p/2 Zfo{p

Taking « €](3p — 8)/(2p — 4),1] (th1s is possible since p < 4) and changing
the order of summation, we infer that (3.25) holds provided that (3.2) does.
It remains to show that (3.26) is satisfied. Using Lemma 5.1 and the notation
(3.27), we first observe that

np/2

_ p/2
> iog e ( 2 IRCI)
lil>n
np/2 )
/2
< Zn2 (log 1) (-~ 1)p/2( > ae)
£>[n/2]
Therefore by Holder’s inequality, it follows that for any a < 1,
np/2 o2
Y a2 1P(X)])
= (log n)t=1p/ =

/2, (1=0) (p/2-1)

a(p/2—1) y—p/4 /2
<<Zn210gn(t Dp/2 P

£2[n/2]
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Therefore taking a €]1,2[ and changing the order of summation, we infer
that (3.25) holds provided that (3.2) does. This ends the proof of (3.23)
when p €]2,4].

Now, we prove (3.23) when p = 4. With this aim we start from (3.24)
with 7 = nm and w,, = [y/n]. This inequality combined with condition (3.3),
Lemma 3.1 and the arguments developed to prove (3.25) and (3.26) shows
that (3.23) will be satisfied for p = 4 if we can prove that

1 2
Y s (B (Sw)ll2 + [1Sn = By (v (Sn)ll2)” < 00, (3.28)
= n(logn)2(t-1)

and

1 2
2 i nyea D B () ~ E(SEm)ll; < o0 (3.29)
n>2

We start by proving (3.28). With this aim, using the notation (3.27), we first
write that

n+[v/n]
By (Sa)llz + 180 = By (Sl < > ax.
k= (vl +1

Therefore by Cauchy-Schwarz’s inequality

1 2
Z W(H]Ef[m (Su)ll2 + 1150 = Eppy 1y (Sn)l2)
n>1

ogn "
2
<<Z n(logn)2@—1 > kai

1 klogk o
< n > (log k)2(t—1) k-

Changing the order of summation, this proves that (3.28) holds provided that
(3.5) does. It remains to prove (3.29). With this aim, we set for any positive
real x,

and we notice that, for any integer n > 0,

B (52 ) — E(SZ )2 < h([v/n))
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In addition, if z € [n,n+ 1], then [y/n] = [/z] or [/n] = [/x] — 1. Therefore

1 1
3 e w1V < 3 pva) /H[de
< /3 Wh([ﬁ])dx +/3 W}l([ﬁ] —1)dz

o 1 1
<, e O < 3 e

For the last inequality, we have used that if y € [n,n + 1], then [y] = n.
Therefore condition (3.3) implies (3.29). This ends the proof of (3.23) when
p=4.

It remains to prove (3.24). With this aim, we start with the decompo-
sition of R, given in Proposition 5.1 of the appendix with N = n. Therefore
setting

A= > P(X)+ ) > Pu(X_y),
k=1j>2n+1 k=1j>n
we write that
R, =Eo(Sn) —Eo(Sp) o T +E_,,(Sp)oT" 4+ S,, — E,(Sn)
Starting from (3.30) and noticing that
1B (Sn(E_n(Sn) o Tn)||p/2 < |Eo(Sn(E_n(Sn) 0 Tn)Hp/2
< [ Eo(Sn)llplEo(S2n — Su)llp
and that E_,.(S,(S, — E,(Sp)) = E_.((S,, — En(S,))?), we first get
+ ”Efr(SnEn(S% - Sn))”p/Q
F|E_r(SnEn(Sn o T™" = Eo(Sn o T7"))lp/2
+ ||E7T(SnAn)Hp/2 (331)

Next, we use the following fact: if X and Y are two variables in P with
p € [2,4], then for any integer u,

[Eu(XY) 2 < [Eu(X?) —E(X*)[p2 + IV + VEX)Y 2. (332)
Indeed, it suffices to write that
B (XY )lp/2 < B2 (X)EL (Y22
< B (X?) = EQXC)[V2E2(Y2) /0 + (B2 EY (Y )l 2
< EL(X?) = E(X®) /2 + Y115 + EX)2IEL2 Y )2
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and to notice that, since p € [2,4], ||E11/2(Y2)||p/2 < ||]E11/2(Y2)||2 = ||V 2.
Therefore, starting from (3.31) and using (3.32) together with E(S2%) < n,
we infer that

”E—T(San)Hp/? <<||E0(Sn)||;2) + HSn - En(sn)”;za
+ H]E—r(SnEn(SZn - Sn))Hp/2
+ H]Efr(SnEn(Sn o™ — EO(Sn © Tﬁn)))“p/Q
+ B (S2) = E(SDI, 5 + 14all} + 0/ An]l2,

and since [[Eo(Sn)llp < [|Bnllp, [[Sn — En(Sn)llp < 2[[Rullp and [|An|, <
8||Rn||p, we have overall that

HE—T(SHRW)H;D/Z <<||Rn||12) + HE—T(SnEn(SQn - Sn))||17/2
=+ ”E—T(SnEn(Sn ol — EO(SH © Tﬁn)))HPﬂ

+ B (S7) —E(SD], o + 0 Anllz. (3.33)
By orthogonality and by stationarity,

Il < (3 | & nonf)” (3] = aecf)”
< (X[ = peoll) 4 (2] X nocall)

k=1 (>k+ k=1 (>k+n

(3.34)
Now for any integer u,, such that u, <n,
JE(SuEn(San — Su)llpj2 SIE—((Sn = Sucu, )En(S2n = 8u))llpy2
+ 1B (Sn -2, En (S2n = Sn))llp2
<|E-(S3,) = ESE )|,/

+ ”]EO(Sn)”12) + VunHEO(Sn)”2
+ ||E—T(Sn—unEn(52n - Sn))”p/Q ’ (3~35)

where for the last inequality we have used (3.32) together with E(S2 ) < up,.
Next, we write that

||E7T(Sn*un]En(S2n - Sn))”p/Q
SHE—T((Sn—un - En—un(sn—un))En(S% - Sn))”p/2
+ B (B, (Sn—u,, ) En (S2n = Sn)) /2
§||Snfun - Enfun (Snfun)”p”EO(Sn)Hp
+ ||E7T(En7un (Snfun)Enfun (SQn - Sn))”p/z
<[Sn-un = Enun (Sn—u, )7 + 1o (Sn)ll;
+ ||E7T(SnEn7un(52n - Sn))”p/?
+ ||E,r((5n - Snfun)Enfun (SQn - Sn))”p/Q .
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Therefore using (3.32), we infer that

||Efr(snfun]En(S2n - Sn))”p/Z < kz{glgxu } ||RkH§ + \/ﬁ||E7un (Sn)H2

n—

+ max }HJE_AS,%) —E(SP)llp2- (3-36)

k={n,un

We deal now with the third term in the right-hand side of (3.33). With this
aim, we first write that

||E—T'(Sn]En(Sn oT™" —Eo(Sn o T_n)))”p/Q
SNE - (SnEn(SpoT™" — Ey, (Sno Tﬁn)))”p/Q
+ |E-(SpEy, (SpoT™" —Eo(Sy 0 T_”)))Hp/g. (3.37)

By using (3.32) together with E(S2 ) < n, stationarity and the fact that
IS — Entu, (Sn)ll2 < 2||Ry||p, we infer that

||E—T(SnEn(Sn oTT" — Eun (Sn o T_n)))||p/2 < H]E_T(S’Vzl) - E(Si)np/?

On the other hand,

||Efr<SnEun (Sn oTT" — EO(Sn © T_n)))||p/2
< ||E_T(SunEun (SpoT™" —Eo(Sy 0 T_n)))Hp/2
+ |E—r(Ey, (S — Su,, )Ey, (Sp o T™™ —Eo(Sp 0 Tﬁn))”p/Q .

n

We apply (3.32) to the first term of the right hand side together with the fact
that E(S7 ) < n. Hence by stationarity and since ||S, —Eq,,(Sn)lp < 2[|Ral[p,
we derive that
||E7T(SunEun (SpoT™™ —Eo(Sy o T_n)))”p/Q < ||IE,T(SZ”) - E(Sﬁn)llp/Z
+ ||Ran2; + Vun||Sn — En(Sn)ll2 -
On the other hand, by stationarity,
H]Efr(Eun (Sn - Sun)Eun(Sn oTT" — EO(STL © T_n>))||p/2
< NEu, (Sn = Su)lplEu,, (Sn o T™" = Eo(Sn o T7"))llp
< ||E0(Sn—un)”p‘|sn - ]En(Sn))”p'
< [ Eo(Sn—uw)7 + 1 Rall; -

Therefore we get overall that

IE—(SnEu, (Sn 0T —Eo(Sp o Tﬁn)))”p/Q < HRn||;2) + ”EO(Sn—un)H;Z;
B (S2.) — E(S2) 2 + vnlISn — Ea(Sa)ll2. (3:39)
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Starting from (3.37) and taking into account (3.38) and (3.39), we get that

||E—T(SH]EW,(STL o™ — ]EO(SVL o Tﬁn)))Hp/?

< Vup||Sn = En(Sn)ll2 + vVl Sn — Entu, (Sn)ll2
E_.(5%) — E(S; Rel2. (3.40
b max B, (5}) < B(SDlye +_max Rl (340
Finally, starting from (3.33) and considering (3.34), (3.35), (3.36) and
(3.40), we conclude that (3.24) holds. O

4. Proof of Theorem 2.1

4.1. Preparatory material

Let us denote by E,, E. and E, the S-stable vector spaces associated to
the eigenvalues of S of modulus respectively larger than one, equal to one
and smaller than one. Let d,, d. and ds be their respective dimensions.
Let vy, ...,04 be a basis of R? in which S is represented by a real Jordan
matrix. Suppose that vi,...,vq, are in Ey, vgq,+1,...;Vd,+d. are in E, and

Vdy+d.+1s - Vd are in Fy. We suppose moreover that det(vy|vg]---|vg) = 1.
Let us write || - || the norm on R? given by

= max |xl\
and do(-,-) the metric induced by || - || on R% Let also d; be the metric
induced by dy on T?. We define now B,(8) := {y € E, : |jy|| < 4},

B.(0):={y € E. : |ly|] <0} and Bs(6) ={y € Es : ||ly|| < I}. Let | -| be
the usual euclidean norm on R<.

Let r, be the spectral radius of .S ‘;31 . For every p, € (74, 1), there exists
K > 0 such that, for every integer n > 0, we have

Vhy € By, [|S"hu|l > Kpy™[|hul| (4.41)
and
V(he,hs) € Eo x By, ||S™(he 4+ hs)|| < K(1 4+ n)% (4.42)

Let py, € (74, 1) and K satisfying (4.41) and (4.42). Let us denote by m,,, m,
ms the Lebesgue measure on E, (in the basis v, ...,v4,), E. (in the basis
Vdy 41y - Vd, +d, ) and Es (in the basis vg, +d,+1, ..., Va) respectively. Observe
that dA(hy, + he + hs) = dmy (hy)dme(he)dms(hs).

The properties satisfied by the filtration considered in [17, 14] and en-
abling the use of a martingale approximation method a la Gordin will be
crucial here. Given a finite partition P of T¢, we define the measurable par-
tition P§° by :

v eT!, P(z) =) TFP(T ()
k>0
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and, for every integer n, the o-algebra F,, generated by

vieT!, Px,(z):= () TFP(T*(@) =T7"(P5°(T"(x)).
k>—n

These definitions coincide with the ones of [14] applied to the ergodic torus
automorphism 7~'. We obviously have F,, C Fny1 = T-1F,. Let rog >
0 be such that (hy,he,hs) — hy + he + by defines a diffeomorphism from
By (r0) X Be(rg) x Bs(rg) on its image in T?. Observe that, for every z € T,
on the set Z 4 By () + Be(ro) + Bs(ro), we have dA(Z 4 hy + he + hy) =
dmy, (hy)dme(he)dms(hs).

Proposition 4.1 ([17, 14] applied to T—'). There exist some Q > 0, Ko > 0,
a € (0,1) and some finite partition P of T% whose elements are of the form
Z?zl 1,77 where the I; are intervals with diameter smaller than min(rg, K)
such that, for almost every & € T?,

1. the local leaf P§°(Z) of P§° containing T is a bounded convexr set T +
F(z), with 0 € F(Z) C E,, F(Z) having non-empty interior in E,,
2. we have

E.(f)(@) = !

mu(S—"F(T"7)) /SnF(TnI) f(@ + hy) dme,(ha), (4.43)

3. for every v > 0, we have
mu(9(F(7))(7)) < Q7, (4.44)

where
OF(B) ={y e F : d(y,0F) < p}.

4. for every k € Z4\ {0}, for every integer n > 0,
Ko

E_, (%)) (z) < m|k|de+dsan7 (4.45)
5. for every B € (0,1),
3L >0, Yn >0, A(my(F(-)) < g") < LE™/ 4. (4.46)

Proof. The first item comes from Proposition II.1 of [14]. Item 2 comes from
the formula given after Lemma II.2 of [14]. Item 3 follows from Lemma III.1
of [14] and from the fact that the numbers a(P§°(+)) considered in [14] are
uniformly bounded. Item 4 comes from Proposition I11.3 of [14] and from the
uniform boundedness of a(P§°(+)). Item 5 comes from the proof of Proposition
IL1 of [14]. O

According to the first item of Proposition 4.1 and to (4.41), there exists
¢y > 0 such that, for almost every z € T¢ and every n > 1, we have

sup || < cupl. (4.47)
hu€S—nF(T™(2))
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Proposition 4.2. Let p > 2 and q be its conjugate exponent. Let 8 > 0 and
f:T% — R be a centered function with Fourier coefficients (cx)xecza satisfying

> lal” < Rlog™(b). (4.48)
k|>b

Then
IEo(f o T, = [E—n(f)ll, = O(n~0@=1/P).

Proof. Recall first that Eo(foT™) =E_,(f)oT™. Let us consider « satisfying
(445) Let ,6 = O[l/27 v = max(ap/27ﬁl/du) and

Vo i={zeT? : m,(F(T"(z))>p"} .
Let b(n) := [y~n/@pld+detd))] | Let us write

[ = fin+fo,n where f1, = Z ace?™ %) and fy, = Z creim k),

[k|<b(n) [k|>b(n)
(4.49)
We have
_ . P
/ |E7n(f1,n>‘pdA§e§55uP( Z |Ck||]E7n(e2Zﬂ-<k">)(:f)|)
n TEVn k| <b(n)
P
< (X ladKoB K| am )
[k[<b(n)

according to (4.45) and thanks to the definition of V,,. Now, since § = al/?,
we get

/ B (f1,n)[P dX < 3%|| fI[FEE s (b(n))P(ttdetde),
Vn
Hence

/ [E—n(fra)l? dX = O(y" (b(n) P40y = O(y"/2). (4.50)

n

Moreover, thanks to (4.46), we have
- p
[ P <imn( 3 lad)
" K| <b(n)

= O((b(n))** ") = O((b(n))"7") = O(y"/?)

Since p > 2 and since p/q = p — 1, thanks to (4.48), we have

/
IEn(fo)lls < 1ol < (30 fel?)™

|k|=b(n)
< RP"(log(b(n))) 0P~ « p=0@=b = (4.52)
Combining (4.50), (4.51) and (4.52), the proposition follows. O
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Proposition 4.3. Under the assumptions of Proposition 4.2,
[Eo(foT™") = f||, = [En(f) = fll, = O(n=*@=1/7).

Proof. We consider the decomposition (4.49) with b(n) defined by b(n) =
[pl"/@(dﬂ))] We have

”En(fl,n) - fl,n“p S ||]En(f17n) _ fl,nHoo
< Z x| || En (27 — g2imlle) ||

[k|<b(n)
< Y led2nlklew]
[k|<b(n)
according to (4.43) and to (4.47). Therefore

IEn (1) = frnll, < (b(n)) o < o/, (4.53)

Moreover, thanks to (4.48), we have

r/q
1Ba(f2n) = fonlly < 27 ol < 2°( 3 lewl?)
k| =>b(n)

< 2P RP(log(b(n))) 0P~V « p=0r-1) (4.54)
Considering (4.53) and (4.54), the proposition follows. O
Proposition 4.4. Let p € [2,4] and set S, (f) ==Y p_, foT* with f : T - R

be a centered function with Fourier coefficients satisfying (4.48) with 6 > 0
and

Z le|? < Rlog™"(b) for somen > 1. (4.55)
[k|>b
Set
4(d + ds) log(r)
log(a)

where r is the spectral radius of S. Then

HE—n7rL(S721(f)) - E(Sg(f))”p/2 < n2*29(p*1)/p + n(Bin)/Q .

m = {f +1. (4.56)

Proof. Let 8 := al/2, V= {2 € T? : my (F(T~""(z)) > g"™}, v =
max(a?/8, 31/4w) and

b(n) := [771 m/<p<2d+de+ds>>} , (4.57)

We consider the decomposition (4.49) with b(n) defined by (4.57) and we set

S1a(f) =Y fimoT* and Spn(f) = famoT*.
k=1

k=1
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First, we note that

B i (S5 () ~E(S7 (P2
<IE—nm (ST (£)) = E(ST 1 (f))llp/2
+ B (53 () = E(S3 0 ()lp/2
+ 2B (S1,0(f)S2,n () = E(S1,n(f)S2,n(£))Ip/2
<IE—nm (8% ,(f)) — E(ST n(f))||p/2

Next using (3.32), we get that

B i (S1.0 (F) Sz (I lps2 NE—rin (ST 10 () = E(ST 1o ()2
+ 182 (DI} + 1510 (Hl2l1S20 ()2

<IE—nm (ST (f)) = E(ST 1 (f))llp/2
+ 20820 (HIlp + 150 (Hl2llS2n (F)ll2

By Propositions 4.2 and 4.3, (4.55) implies that

[E—n ()2 If —En(H)l2
Zinwz < oo and Z 1/2 < 00,

n>0 n>0

which yields (3.6) with p = 2, and then ||S,(f)||2 < v/n. Therefore, we get
overall that

IE—nm (S5 () = E(SH (D lp/z < NE-nm(S5 5 (f)) = E(ST 0 (f))llp/2
+ 1920 (Hllp + vVl S2n(f)ll2 - (4.58)

Since p > 2 and p/q = p — 1, (4.48) implies that

1/q
182 (Dllp < nllfonlly <0 D lexl?)
[k|=b(n)
< nR(pf1)/p(10g(b(n)>)79(p71)/p < pl=oe-1/p (4.59)
Similarly using (4.55), we get that
152, (f)ll2 < 1l fanllz < '3 (4.60)

We deal now with the first term in the right hand side of (4.58). With this aim,

we first observe that, for any non negative integer ¢, 2T (kT () = e2i”<tsék>'>,
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where *S? is the transposed matrix of S¢. Therefore,

/ (B (Finfrn 0 T) = B fun-fr.n 0 T dX
V'n,m

. t ol p/2
< esssup Z |ck\|cm|}E_nm(62ur<k+ S m))(@’)
FEVRm Y k] [mn| <b(n)ok+ S¢m£0

p/2
D S e O
[k|,|m|<b(n)

according to (4.45) and to the definition of V,,,,. It follows that

/ B (i frn © TY) = E(fin-frn o T[* dA
Vim

—nm Cnm p/2
= ( > IfIFKeBT ™ (K| + rm]) %t )
[k[,m|<b(n)

<« Q" FE pPUdetda) /2 (p () P (2d+detds) /2

Hence, since v > o/8, m > 4(d, + ds)log(r)/log(1/c), and according to the
definition of b(n), we have

¢ NG
o5 | B fin 0T = Blfinfun o T 2
€{0,...,n

< a3nmp/16rpn(de+ds)/2 < ,_)/nm/? (461)

Moreover, for any non negative integer ¢,

w0 ledienl)”

|k|,/m|<b(n)
< (b(n))dpﬁnm/d“ < <b<n))dp,ynm < ,7nm/27 (4.62)

/ ’E—nm(fl,n~f1,n OTZ)
Vim

according to (4.46) and to the definition of b(n) and of . Combining (4.61)
and (4.62), we then derive that

s

IIEfnm(an(f)) E(ST 0 ())llp/2

n—

22 ”E*nm flnoT fl OTH_j) _E(fl,nOTifl,noTi+j)||p/2

1=1 j=0

S 7’L2 {Sup } ”E—nm(fl,nfl,n o Te) - E(fl,nfl,n o Te)”p/z < n2fy"m/p
Le{0,...,n
(4.63)

Considering (4.59), (4.60) and (4.63) in (4.58), the proposition follows. [
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4.2. End of the proof of Theorem 2.1

Proof. Propositions 4.2 and 4.3 give (3.1) provided (2.2) is satisfied. Proposi-
tions 4.2 and 4.3 give (3.2) (when p €]2,4]) and (3.5) (when p = 4), provided
(2.3) is satisfied. Finally, Proposition 4.4 gives (3.3) provided (2.2) and (2.3)
are satisfied. The proof follows now from Theorem 3.1 when p €]2,4[ and
from Theorem 3.2 when p = 4. (]

5. Appendix
As in Section 3, let Py(X) = Ep(X) — Ex_1(X).

Lemma 5.1. Let p € [2,00[. Then, for any real 1 < q < p and any positive
mteger n,

[ Eo (Xk) I
Z [ Po(X5)[I7 < Z Wp

k>2n k>n

[ Xk — Eo(X_x)2

and Y |Po(X_p)lll <> kq/p .
k>2n k>n

Proof. The first inequality is Lemma 5.1 in [2]. To prove the second one, we
first consider the case p > ¢ and we follow the lines of the proof Lemma 5.1
in [2] with P, (X)) replacing P_;(Xo). We get that

q/p
S IRE-IlE< > k(Y IRX-)
k>2n k>n+1 >k

Now, we notice that, by the Rosenthal’s inequality given in Theorem 2.12 of
[9], there exists a constant ¢, depending only on p such that

Do IPX_o)l = 1P Xo)

1>k >k

> Pu(X0)|[| = eyl Ko ~ E(Xo)llp = epll Xk~ Eo(X-pll5. (1)
>k

<cp

Now when p = ¢, inequality (5.1) together with the fact that by Claim 3.1,
for any integer & in [n+1,2n], || Xo — Eg, (Xo)[5 < 2P| Xo — Ex(Xo)l[5 imply
the result. Indeed we have

2n
D IPX 0B < epll Xo = Ean(Xo)[lh < D k[ Xo — Ex(Xo)ll5 -
k>2n k=n+1
The proof is complete. O

Proposition 5.1. Let p € [1,00[ and assume that

the series dg = ZPO(X,-) converges in ILP. (5.2)
i€Z
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Let M, := Z?Zl dooT? and R, :== S,, — M,,. Then, for any positive integers
n and N,

Ry =Eq(Sn) —Eo(Sn) o T" +E_,(Sn) o T" = > > Pu(X))
k=1j>n+N+1

+ Sp — En(sn) - (]En-i-N(SN - ]EN(SN)) o T_N - Z Z Pk(X—j) ’
k=1j>N
and
IRAIE < |Eo(Su)lIZ + IEo(Sn)IE + [1Sn — En(Su)[IZ + ISy — En(Sn)|E
P’ p’
+y 0> Pl +Z|| > Pxp|r,
k=1 j>k+N k=1 j>k+N
where p' = min(2,p).

Proof. Notice first that the following decomposition is valid: for any positive
integer n,

P (L SO B 5B SIS 3 Ut S8
k=1 j=1 k=1j>n+1 k=1 j=0
= Rn71 + ng R (53)
where
Rn15—]EO Z Z Pp(X5), Ry 2= Sn_ETL(Sn)_ZZPk(X—j)'
k=1j>n+1 k=1 35=0

(5.4)
Let N be a positive integer. According to item 1 of Proposition 2.1 in [2],

Rn,l = ]EO(Sn) - En(sn+N - Sn)

n

+Eo(Snin = Su) =Y. Y, Pu(X;). (5.5)

k=1j>n+N+1

On an other hand, we write that

iPk(X_j) = z_: Pu(X_j) + Y Pu(X-).

j=N

Therefore

Ruo=Sn—En(Sn) = (Enyn(Sy —En(Sy))oT™N Z > Pu(X_;). (5.6)

k=1j>N

Starting from (5.3) and considering (5.5) and (5.6), the first part follows. We
turn now to the second part of the proposition. Applying Burkholder’s in-
equality and using stationarity, we obtain that there exists a positive constant
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¢p such that, for any positive integer n,

’
p

Hzn: P 10.6) Z<CpZH (Xj)p
k=1j>n+N+1 k=1 j>ntN+1
_C”ZH Y P(x H . (5.7)
= j>N+k
and
XS ne)| <aX |3 ae)]

oY ¥ e T

k=1 j>N+k

The second part of the proposition follows from item 1 by taking into account
the stationarity and by considering the bounds (5.7) and (5.8). O
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