Supplementary Material I:
Proofs of results in “Parametric estimation of Ordinary Differential
Equations with Orthogonality Conditions”
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1 Ordinary Differential Equations

Cauchy-Lipschitz theory for non-autonomous ODE. If the vector (t,x) — f(t,x,0) satisfies the following
conditions on [0,1] x X:

(a) f is L?>-Caratheodory, i.e. x +— f(t,z,0) is continuous for t a.e in [0,1], t — f(t,z,0) is measurable for
allz € X and Ve > 0, 3h(-,0) € L2\ |z| < ¢ = |f(t,x,0)| < he(t,0),

(b) f is L?>-Lipschitz, i.e. Ja(-,0) € L?/Vx,2' € X, |f(t,z,0) — f(t,2',0)| < a(t,0) |z — 2’|

Then, there exists a unique solution to the Initial Value Problem (theorem 3.4 in [4])

o) = Fto0).6)
{<z><o> . e

2 Assumptions

Condition C1 (a) © is a compact set of R? and 6" is an interior point of ©, X is an open subset of R? ; (b)
(t,x) > f(t,x,0%) is L-Lipschitz and L?-Caratheodory.

Condition C2 (a) (Y;,t;) are i.i.d. with variance V(Y|T =t) = ¥, = 0215 ; (b) For every K, there is a non-
singular constant matrix B such that for PX = B[ (t); (i) the smallest eigenvalue of E [P*(T)P*(T)7]
is bounded away from zero uniformly in K and (4i) there is a sequence of constants (o(K) satisfying
sup;, |PK(t)| < (o(K) and K = K(n) such that {o(K)?K/n — 0asn — oo ; (c) There are o, ¢ k, €2 x
such that H(ﬁj - pKCJVKHoo = Supjoq !qu(t) —p"(t) s k| = O(K™).

Condition C3 There exists D > 0, such that the D-neighborhood of the solution range D = {x € R?|
3t € [0,1], |z — ¢*(t)] < D} is included in X and f is C? in (x,0) on D x © for t in [0, 1] a.e. Moreover, the
derivatives of f w.r.t x and @ (with obvious notations) f., fo, fe, feo and fgg are L? uniformly bounded
on D x O by L? functions h,, hg, heg,hee and hgy (respectively).

Condition C4 Let (¢),~, be an orthonormal sequence of C'! functions in Hj.

Condition C5 ¢* is the unique global minimizer of Q% and infjy_g«~. Q% () > 0.



Condition C6 There exists Lo such that for L > Lo, Jg., (g,0) is full rank in a neighborhood of (¢*,0*).

Condition C7 (a) The times T1,...,T,, have a density = w.r.t. Lebesgue measure such 0 < ¢ < 7 < C' < o0;
(b) E [¢'] < oo.

Condition C8 For / =1,...,L, § € O, there exists ff, in RX* with ||M - BITQpK‘HLz — 0.

Condition C9 (a) The series estimator is a regression spline with a uniform knot sequence (71 k..., Tng i)
defining the spline basis p¥ satisfies max; |7;41 ¢ — x| — 0 as K — 0 ; (b) For all § € O, for
(=1...L v : t+s Ja (8,07 (£),0) 00 (t)+oe(t) is O1.

m(t

3 Consistency

Theorem 3.1. If conditions C1 to C6 are satisfied, then

en,L - 92 = OP(l)

and the bias By, = 07 — 0 tends to zero as L — co.
In particular, if we use the sine basis and if £ (¢*,0) is in H' for all 0, then By = o (%)

Proof. The classical proof for the consistency of an M-estimator én, L = argmingee Qp,(0) such as the or-
thogonal conditions estimator relies basically on two stages: the uniform convergence of @, r(¢) towards
Q3 (0) = 25:1 le¢ (¢*,0)]° for 0 in ©, and the fact that the true parameter én,L is a unique isolated global
maximum (by theorem 5.7 in [6]). In a first step, we assume that @7} (6) has a unique global minimum de-
noted 67, and we will show that this is indeed the case, and that 67 is not very far from the true parameter
0*. We have to show that supy |Qn,(8) — Q% (6)] — 0 as n — oo. From the simple additive expression

N
of Qn,r(8), we see that it suffices to show the uniform convergence of ’6@ (¢,9)‘ to |ee (¢*,9)|2. From the
inequality |a? — b%| < |a — b| (Ja| + |b]), we have

e (30 =16 0] < e (8.6) 0] (1 (3.6) et

As ¢ is such that for j = 1,2 we have ‘éj - ¢; L= Op (CO(K) (M+K‘a)> this means that ¢(t) €
D={zeR?3te(0,1],|z — ¢*(t)| < D} with a probability tending to 1. This shows that with a probability
tending to 1, we have ’f (t, B(t), 9)‘ < h(t,0) < H(t) (because f is uniformly L2-Caratheodory), moreover ¢ is
also bounded by M + D > 0 (because ¢* is bounded as a continuous function on [0,1]) and

lec (6,0) |+ lex (67,0

IN

|(£8:0), 00)| +[(d:66)| + E(8",0), 00} + 16", )]
2 |1Hll= + Ilell 2 (2M + D)

N

Hence ‘ez (g%, 0)’ + |ee (¢*,0)| is uniformly bounded in probability, so that the uniform convergence of the
criterion boils down to the uniform convergence of ’65 ((;37 9) — e (9*,0) ‘ We can re-write ey (q@, 9) —ep (9%, 0) =

<8(qz3, 0) — E(9*,0), <pz> + <(;A5 — ¢, gbg> and it is clear that the second right-hand side term converges uniformly

to zero in probability for all £ > 1. Consequently, we just have to check that &£ (qAS, 0) — E(¢*,0) converges
uniformly in 6 to 0 in probability. First of all, we remark that g — (€(g, ), ¢¢) is a continuous function from
By (¢*,D) ={g € C([0,1])||lg — ¢*[|. < D} to R (w.r.t the sup-norm), because

[(£(9,0),00) — (E(d,0),00)] < (a(-0)|g—d'|, )
< (a(0),90) llg— 4|l

with a(-,0) € L? for all 0, as the vector field is L2-Lipschitz. By the continuous mapping theorem, we get the

point-wise convergence of <8 (é, 0) — E(9*,0), (pg>, and the hard part consist in the uniform convergence. This



can be proven by controlling the oscillations in 6 of the process £ = (£(0))yco = (<8(¢3, 0) — E(¢*,0), (pg>>9€®

and by using theorem 18.11 in [6], as convergence in probability towards a constant is equivalent to weak
convergence. In order to show that the process £ converges weakly to 0 in the space C(©) of continuous

functions on © equipped with the supremum norm, we have to check that for all k£ and all #4,...,0; in ©
()., E0)) ~ (0...0) (2)
and that for all €, « > 0 there exists a partition of O1,...,0x of © such that
lim sup P (sup sup |E(0) — E(8)] > a> <e. (3)
n— 00 k 0,00cOy

The first condition (2) is a direct consequence of the point-wise convergence in probability of £(4) in ©.
Concerning the second condition, from we have for ¢ in [0,1] a.e.

1 (1900.0) — £ (1600.0)| < 3 [fu (150.5,00) || o
i=1
~< af(t)‘a—e"

with a probability tending to 1 (6, (t) being a parameter between 6 and 6’). As a consequence the following
inequality

£(0) - £ = (a0 -0

SV

is true with a probability tending to 1. Since O is a compact set, it is possible to find a finite partition 4, ...,0k
of © such that the diameter of ©; is smaller than an arbitrary « independently of n. This ensures that condition
(3) is also satisfied and the uniform convergence of Q,, 1(6) to Q3 (0) can be claimed. Now, we relate 85 — 6* to
the approximation quality of Ex(¢*,0) by the basis (¢¢),~,. We remark first that we have |Ez(¢*,0)| < 2h(t):
this implies that for all £, and all 6 we have |e}(6)| < 2h, with hy = (h, ¢,). The global rate of convergence of
the series ), e;%(6) is controlled uniformly by the rate of >, H7, denoted r¥ = >",. ; H7. By orthogonality,
we can write

|EF(6".0)72 = | EL(6",0)lIZ2 + | RL(6".0) -
which means that is ||EL(¢*,9)||i2 is a perturbation of the function 6 — ||E}‘(¢*,0)Hiz by the function
0 — —||RL(¢*, 9)||i2 This perturbation || Ry, (¢*, 9)||2L2 is uniformly dominated by 71, hence it becomes possible

to relate the two minima. From assumption C5, we know \|RL(¢*,9)||iz is differentiable and we compute a
series decomposition of its gradient thanks to g Rz (¢*,0) = >, Ooer (¢*,0) e:

3 |RL(6%,0) |32 = 2R (6",0)06 R (", 0).

and we recall that Ry (¢*,0) converges uniformly to 0 and 9pRp(¢*,6) is uniformly bounded in 6 on © (as
a continuous function on the compact set ©). Starting from this last remark, we use the Implicit Function
Theorem to the continuously differentiable function G(e, 8) = 9y | E (¢, 0) Hig —2edy Ry, (¢*,0), in order to get
a Taylor expansion. We denote 6. the solution to G(e, 6.), and we remark that in particular G(0, 6*) = 0. Thus,
there exists €g, g > 0 and a function ¢ : |—eg, eo[ — B(6*,dp) such that (e) = 0, (i.e. G(e,¥(e)) =0). We can
also compute the first order variation of 9: () = 1(0) + ey’(0) + o(€) where

0(0) = 2 (0 |BR(6" 0)IE:)  DoRe(6,0%).

Since Ry, (¢*,0) converges uniformly to 0, there exists Ly > 0, such that for L > Lo, |[R(¢*,0)| < €g so that we
can apply the linearization above to G(Rp(¢*,0),0) = 0p | Ex(¢*,0)||7. — O | R1(¢*,0)|/ 7. We obtain that
the minima 67 and 6* are such that

0, = 0"+ Ru(6".0)2 (900 |EF0" 0I5 BRL(6".0%) +olrs).

This implies that |07 — 0%| = O(rz). If we use the sine basis, this means that PxH =}, hyv/2sin(7lt) but it
is also in H{ (as it is in H'), then we have D> 0?h? and r? = o (). O



4 Asymptotics

The asymptotics of the estimators én, L are obtained by two (successive) linearizations of the orthogonal condi-
tions ey, (cﬁ, én,L) around (¢*, 0*). We detail the proof of proposition 4.1 and theorem 4.1.

Section 4.1: Proofs
Proposition 4.1. If conditions C1-C6 are satisfied, then

A AT~ 17 oA AT _
|:J9,L (¢,9n,L) JG,L} Jo,r <¢79n,L) LMy = [‘]31 o) 1JZ,TL (4)

where the matriz jg’L is the Jacobian Jo 1, evaluated at a point 0 between 0* and ényL. Moreover, we have

On,p — 07, = —M7er(d,07) +op(1). ()

Proof. If conditions C1-C6 are satisfied, then

{JH,L (Qg, én,L) ! je,L]

-t A T P * * T 1% T
Jo.r (¢a 9n,L> — M = [J; 350 Tk (6)
and we have . X

On1 — 05 = —Mier(d,0%) + op(1). (7)

The first order condition implies that OAM 1, satisfies

Jor (6.001) er (8.0.1) =0, Q

We develop a Taylor expansion of f(t,¢(t),0) around 6* of order 1 for ¢ a.e. in [0, 1]: the orthogonal condition
eg(qAS, 6) can be decomposed as 6[(927), 0*) + <f9 (-, b, é) ,(pg> where 6 is on straight line between 6* and émL. We

can write it in vector form . R _ X
er (6,0n.) = e1(9,0%) +To,0(0n — 7). (9)

- . . T
Jo.1 is a matrix REXP with entries <f91, (-,qb,&) ,(pg>. Thus, if we premultiply (9) by Jo,r, (¢,9n7L> , we get
the asymptotic expansion

A A T A A A T~ A
0=To.1 (60n2) €(6,07) + oL (6,002) To.s(Bus —07). (10)

This shows that the key result for relating the behavior of (6, — %) to the behavior of ey (¢,6*) is the
. T
convergence in probability of Jg 1, ((b, O, L) . This is indeed the case because the matrix value function (g, 6) —
Jo,1.(g,0) is continuous w.r.t the uniform norm on D x © (because functions Bié’i f are uniformly Lipschitz) and
(QAS, 9,; L) converges in probability to (¢*, 8*). Finally, since the matrix J g,TLJ 5.1, is nonsingular, by the continuous
mapping theorem, we see that
o NT~ 178 R

|:J0,L <¢, 9n,L> JL:| JozOnr)"
—1 .

J;TL = M. Thus, this implies that 6, , —07 = —Mj e, (%) +op(1).

O

converges in probability to {J;LJ;,L}



section 4.3: Proofs

For ease of reading, we restate theorem 4.1, and we give a sketch of the proof that relies essentially on the
properties of plug-in estimators for series estimators obtained in [3]. First, we give a preliminary result about

the asymptotics of the Orthogonal Conditions ey, ((257 9) — ey (¢*,0) for all § € O.

Proposition 4.2 - Asymptotic Normality of Orthogonal Conditions for general series estimators.
Under conditions C1-C3, C7 and C8 and if K is taken such that /nK~* — 0 and

1. f is linear (in state x),

2. OR, f is nonlinear (in state x) and %41{2 — 0,

then for all 6 € O,
Vit (ex (6,0) — eL(6,0)) ~ N (0, Ve..(0))

Moreover, the asymptotic variance can be estimated by VTL(\) A(p*,0)V ( 1)A(¢*,0) T +B(¢*, 9)‘7(6\2)B(¢*, 0)".

Proof. We have to show a kind of “delta method” result. Hence we need to compute the Fréchet derivative of
the functional g — ey (g, 8) around ¢* for each 6. For simplicity, we consider the scalar functional e,(g, ). From
section 4.3, we know that the Fréchet derivative for the sup norm in D = {z € R?3t € [0,1], |z — ¢*(t)| < D}
is given, for all h € L?

Dex(g,6 / (s (6.9(0), 6) o(t) + (1)} h(t)dt

Hence, the Fréchet derivative can be represented as a scalar product with a gradient vector v(g), w.r.t. the
L?inner product with respect to the distribution 7 of times 7' (bounded away from 0, see condition C7), i.e

Dey(g.6).h / {f2 (gt 22)0( VEO iyt

>L2( )

with v(g)(t) = {f“”(t’g(t)f();‘)’(t)ﬂb(t)}. Moreover, this gradient is in L?(7), because f, is dominated, ¢, and 7!
are bounded above.

It is possible to derive a central limit theorem if the gradient function v(¢*) can be itself approximated
by a series expansion in the same basis prx, & = 1,..., K as the function ¢*. We need to be sure that the
approximation is still valid under a random design, which is immediate, as 7 is equivalent to Lebesgue measure
c <7< C . Indeed, let ok = B5pX being an approximation of v (according to condition C8), then we have

T
/(v(t) (1)) dt<C/ ) — ()2 dt —> 0
0

In section 4.3, we have checked that the Fréchet derivative satisfies the following properties (thanks to the
regularity of the vector field, condition C3):

1. 0 €6, [ec(g +h,0) = ex(9,0) — Dea(g, 0)-h| < C[|h], and
2. |De¢(g,0).h — Dey(g',0).h| < Clhl o llg — ¢'llo, with C, a constant independent of 0, € and g, ¢’

The same conditions are satisfied for the vector of conditions ey (¢,6), so conditions of theorem 3 in [3] are

satisfied, and we can claim that even for a nonlinear functional, we have a root-n rate. Let v () be the Jacobian

Fu (20" 0)ortée
s

of the vector of orthogonal conditions er (g, #) evaluated at ¢* , with entries vy(6) = . Then, we

can claim that
Vit (es (6.6) —e1(¢",6)) = N 0.V..0(9)

and the asymptotic variance is given by Ve () = E [v.(0)v.(0)"0?]. Moreover, the asymptotic variance
can be estimated by the plugin estimate as described in section 4.3 i.e V. (0) = A(¢*,0)V(e1)A(¢*,0)"
B(¢*,0)V(e2)B(¢*,0)". O



When splines with a uniform sequence of knots on [0, 1] are used for estimating ¢*, it is possible to replace
condition C8 by an easier condition to check based on classical regularity assumptions. Indeed, splines are good
universal approximating space for smooth functions: typically, if the meshsize §x of the knots of the splines
basis p¥ is such that g — 0 and the function v, : t — fz(t’¢*(t)’g2£‘(t)+‘b‘(t) is C', then one can find a
sequence of splines s such that ||v, — sfHL2 — 0 as K — o0, see theorem 7.3 in [1]. In that case, we can
replace condition C8 by condition C9.

Proposition 4.3 - Asymptotic Normality of Orthogonal Conditions for splines. We suppose that the
function ¢* is C* with s > 3 and that conditions C1, C2(a), C8, C7 and C9 are satisfied, then if /nK~° — 0
and

1. f is linear (in state x) and KTQ — 0,

2. OR, f is nonlinear (in state x) and If—f —0

then for all 6 € O,
Vit (e (8,6) e (6,0)) ~ N (0,V.,.(9))

and the asymptotic variance can be estimated by m) = A(q{)*,H)V/(é\l)A(qb*,Q)—r + B(¢*,9)V/(é\2)B(qb*,9)T.

Proof. This proposition is an application of proposition 4.2 to splines with uniform knots. It corresponds also
to theorem 9 in [3], which is a general theorem for root-n consistency estimation of functional estimated with
(uniform) splines. With this series estimators, conditions C2 is satisfied, as the condition C8 (with condition
C9). O

With propositions 4.1, 4.2 and 4.3, the proof of the theorem 4.1 is rather straightforward as it follows the
lines of classical proof for Generalized Moments Estimators.
Theorem 4.1 - Root-n consistency & asymptotic normality of OC Estimators. If either the following
conditions are satisfied:
K

p* is a general series estimators Under conditions C1-C8 and if f is a linear vector field or, f is a non-

linear vector field and K is chosen such that W — 0

pX is a uniform knot splines Under conditions C1-C2(a),C3-C7,C9 and if f is a linear vector field and
KTZ — 0, or f is a nonlinear vector field and KT‘I —0

Then én,L is such that

Vi (= 01) ~ N0, V) (11)
with
Vi =MV, M. (12)

~ - ~ T
where V| =V, 1. (07). The asymptotic variance can be estimated by M Ve 1(05,1)M |, L, V7. In particular,
if we use regression splines and t — f(t,¢*(t),0) is C° on [0,1] with s > 3, then (11) holds with K such
that /nK~° — 0 and n"'K* — 0. Moreover, if L = L(n) — oo,n — oo is chosen such that the bias
B (n) = O(n~Y/2), then we have

én,L(n) -0 = OP(n_1/2) (13)

In particular, this is the case when the test functions @, are the sine basis, and L(n) = O(n%) with o > 1/2.

Proof. We start with the asymptotic representation given in proposition 4.1:

on,L - 02 = *MEGL(Q& 02) =+ OP(l)

As the parameter 67 is the global minima of 0 — Q7 (0) = |ler (¢*, 9)||§, the first order condition implies that
Jor (d)*,HE)T ey, (¢*,0%) = 0. By definition of M7, we obtain that M7ey (¢*,603) = 0 and we can write

(0= 01) = =M (e1(6.67) — er.(67.67)) +0p(1)



and the application of proposition 4.3 gives directly the root-n consistency and normality of én 1 and the asymp-
totic variance lim,, v/nV (0, 1) is directly derived from the asymptotic variance of the orthogonal conditions i.e it

equals M}V, 1(03)M’T. The latter can be estimated by the plugin estimates V, 1 (6,.1) and M} is estimated
by using the observed Jacobian matrix Jp, (9, ém 1) (following the estimator of proposition 4.2).

Finally, we can include the bias rp = 67 — 6*, given in theorem 1, in the asymptotics by assuming that we
can chose L = L(n) such that r, = o(n~'/?). From lemma 5 (and theorem 1), we can have an estimate of the
bias due to the truncation of the Fourier expansion and r;, = o(+) i.e r, = o(n~1/2). Then, the influence of the
bias is negligible as

Onim) =0 = Onpm) = Oy + 01y — 0"
_ OP<n—1/2) +0(n—1/2)
— Op(n_l/2)
and asymptotic behavior (13) can hold. O

5 From optimal Weighting to a practical algorithm

Theorem 4.1 is of practical interest as it provides a closed-form expression for the asymptotic variance of QA,L 1, for
general ODE. We can make a parallel between the orthogonal condition estimator and the weighted nonlinear
least-squares:

oW ELS = argminzw(tmyi — o(ti, 0c)|?
i=1

where w(-) is a (positive) weight function and 6. = (¢g,6). 65 is consistent and \/ﬁ(éZVLS —0:) s

N (O, VAWLS) under classical regularity assumptions on f, see [5]. The asymptotic variance VAW LS is directly

computed from the sensitivity equations, and the optimal weight function w(-) is proportional to the variance
function ¢2(-), meaning that the unweighted least-squares estimator is optimal in the homoscedastic case. It
is clear that Vi # VAWLS which means that we are sure that the orthogonal condition estimator is not an
efficient estimator (at least in the Gaussian case, because NLS and MLE are the same in that case). A striking
difference between V3 and VAWLS is that the least squares involves the Jacobian of the solution w.r.t. the
initial values and parameters, whereas the orthogonal conditions involve the Jacobian of the vector field. It is
then hard to compare these two matrices in generality and to evaluate the loss of efficiency. Nevertheless, we
can compare the influence of a weight matrix for the minimization of the orthogonal conditions. Indeed, if we
introduce a positive definite matrix W in RX*L, we can define the weighted criterion

XKL (9) = eL(dA)v H)TWEL(Q% 9)

and the corresponding estimator

Oz = argmin Q) (6).

The results of theorems 3 and 4 are then still true under straightforward adaptations. In particular, éTVLV 1, is consis-

tent and asymptotically normal with asymptotic variance My, , Vi | My | where My, = [J3TWJ} ] Tw.
Eventually, we can then ask for the best weighting matrix W giving the smallest asymptotic variance. This is a
classical result for Generalized Moment Estimators that we recall in the following proposition (see for instance
section 3.6 in [2]):

Proposition 5.1. Optimal weighting matriz
The minimal asymptotic variance for GKL is obtained with WPt = V:ll and

Vo) = (BLViz i) (14)

Even if we have an homoscedastic model, we have an interest in using a weighted estimator. Interestingly,
the problem of choosing the best weighting matrix is directly related to the choice of the best set of test
functions ¢1, ..., pr. Indeed, the diagonalization of V{ ;| = UAU " permits the introduction of the eigenvalues



A = diag(A1,...,Ap) (with Ay > -+ > Ap > 0) and U = (uq|...|uy) is an orthogonal matrix. If A is
nonsingular, QZPE(Q) = QKZM 0) = er($,0)TA"teL (¢, 0), with er($,0) = U er(¢,0). By linearity, the new
orthogonal conditions EZ((;AS, 6) can be written as orthogonal conditions with the test functions 1, . .., ¥, derived
from the eigenvectors of V7 ; as ¢y = Z£=1 ukepr. The use of the optimal weighting matrix is then equivalent
to choose the best test functions in F, and the diagonalization show that some care must be taken (typically
L have to be reasonably small to avoid Ay = 0).

The optimal weighting matrix W°P! given in proposition 4.2 is depends on the true unknown parameter:
obviously, this makes this result is hard to use in practice. We suggest to approximate V(:_Ll by computing a
sequence of weighted estimates, as described in Algorithm 1.

Algorithm 1 Iteratively Reweighted Orthogonal Conditions - IRWOC

Require: ¢, finie € ©,¢ > 0,
Compute the unweighted estimator

0}, = arg min Qy,r.(0)-

Compute the asymptotic covariance of e, (g?), éflo)L) with equation in Proposition 4.3.
while [0 — 6 V| > € do

— —1
W = (ve,wajf)L)) 15
0 = argming QYY" (6)

end while

This is known as iterated Generalized Method of Moments (GMM), and consists in successive re-weighting,

—

by using the consistent estimator of the variance Vi r(f,.1), [2]- There is no theoretical guarantee for the
(numerical) convergence of this algorithm but if the model is correct, this sequence of iterations tends to
ameliorate the quality of the GMM estimator. Possibly, during this stage, it could be necessary to select

appropriately L, as Ve,L(OAka)L) can be close to be nonsingular at an iteration k.
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