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Existence of weak solutions up to collision
for viscous fluid-solid systems with slip

David Gérard-Varet* Matthieu Hillairet'

March 5, 2014

Abstract

We study in this paper the movement of a rigid solid inside an incompressible Navier-Stokes
flow, within a bounded domain. We consider the case where slip is allowed at the fluid/solid
interface, through a Navier condition. Taking into account slip at the interface is very natural
within this model, as classical no-slip conditions lead to unrealistic collisional behavior between
the solid and the domain boundary. We prove for this model existence of weak solutions of
Leray type, up to collision, in three dimensions. The key point is that, due to the slip condition,
the velocity field is discontinuous across the fluid/solid interface. This prevents from obtaining
global H'! bounds on the velocity, which makes many aspects of the theory of weak solutions for
Dirichlet conditions inappropriate.

1 Introduction

The general concern of this paper is the dynamics of solid bodies in a fluid flow. This dynamics
is relevant to many natural and industrial processes, like blood flows, sprays, or design of micro
swimmers.

A main problem to understand this dynamics is to compute the drag exerted by the flow on the
bodies. From the mathematical point of view, a natural approach to this problem is to use the Euler or
Navier-Stokes equations to model the flow. However, this generates serious difficulties. A famous one
is D’Alembert’s paradox, related to the Euler equation: in an incompressible and inviscid potential
flow, a solid body undergoes no drag [21].

But the Navier-Stokes equations also raise modeling issues. Let us consider for instance a single
solid moving in a viscous fluid. We denote by S(t) C R3, F(t) C R? the solid and fluid domains
at time ¢, and Q := S(t) U F(t) the total domain. We assume that the fluid is governed by the
Navier-Stokes equations. We denote ur and pr its velocity and internal pressure, pr its density, pp

its viscosity. Thus:

divup = 0, t>0,z€F(t), '
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with —prg the gravitational force. In parallel to the fluid modeling, we write the conservation of
linear and angular momentum for the body. Denoting x5(t) € R? the position of the center of mass,
Us(t) € R3 its velocity, and wg(t) € R3 the angular velocity at time ¢, these conservation laws read

d
mg —Us(t) = —/ Yrvdo — mgyg,
dt a5(t)
; (1.2)
GUsws®) = = [ (@-as(t) x (Sev)do + ps [ (o= ast) x (~g).
dt a5(t) S(t)
Following standard notations, ps and mg = pg|S(0)| are the density and mass of the solid (inde-

pendent of ¢ and x), X (t,x) € M3(R) is the newtonian tensor of the fluid:

Yr = 2urD(up) —prla),

and Jg(t) € M3(R) is the inertia matrix of the solid:
) = ps [ (lp—as@ Lo — @ ws(0) © @ ws(0) de
t

The vector v = v/(¢, ) is the unit normal vector pointing inside the solid S(¢). Note that the velocity
ug(t, z) at each point x of the solid reads

ug(t,z) = Us(t) + ws(t) x (z — zs(t)).

To close the system, one usually imposes no-slip conditions, both at the fluid-solid interface and

the cavity boundary:
urlasey = uslas) (13)
UF’@Q - 07

and one specifies the initial data: the initial position of the solid .Sy,
upo = Uple=o and ugp = Ugp+ws(0) x (z — zg,).

One could believe that system (1.1)-(1.2)-(1.3) is a good model for the interaction between a solid
and a viscous fluid. Far from it: in the case of a sphere falling over a flat wall

S(0) := es+ B(0,1/2), Q := {x3 >0},

it predicts that no collision is possible between the solid and the wall ! This no-collision paradox
has been known from specialists since the 1960’s, after articles by Cox and Brenner [4] and Cooley
and O’Neill [5] in the context of Stokes equations. Since then, the no-collision paradox has been
confirmed at the level of the Navier-Stokes equations (see [16, 17], and the preliminary result in [23]).

Of course, such a result is unrealistic, as it goes against Archimedes’ principle. It suggests that
the Navier-Stokes equations are not relevant to collisional and post-collisional descriptions. Hence,
many physicists have tried to find an explanation for the paradox. We shall focus here on one possible
explanation, namely the no-slip condition. The idea is that, when the distance between the solids gets
very small (below the micrometer), the no-slip condition is no longer accurate, and must be replaced
by a Navier condition:

{ (UF - us) 'V|as(t) =0, (uF - us) X V|aS(t) = —2B5(XFv) x V|8S(t)a (1.4)

UF V’ag = 0, Up X I/‘aQ = —2,89 (EFV) X I/‘aQ.
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In other words, only the normal component of the relative velocity of the fluid is zero, to ensure
impermeability. The tangential ones are non-zero, and proportional to the stress constraint, with
constant slip lengths Sg, 8o > 0. For a recent discussion of the Navier condition, notably in the
context of microfluidics, we refer to [19]. See also the seminal paper [18]. Let us point out that the
Navier-condition is sometimes used as a wall law, to describe the averaged effect of rough hydrophobic
surfaces [2].

The effect of slip conditions (1.4) on collision was investigated recently by the authors in article
[13]. More precisely, this article is devoted to a simplified model, in which

e The Navier-Stokes equations are replaced by the steady Stokes ones (quasi-static regime).
e The domain {2 is a half-space, the solid S is a sphere.

In this context, denoting h(t) the distance between S(¢) and the plane 02, it is shown that the dynam-
ics obeys the reduced ODE
io— D) + LEPs)
Ps
where the drag term D(h) satisfies D(h) = O(|Inh|) as h — 0. This is in sharp contrast with the
case of no-slip conditions (1.3), for which D(h) ~ % In particular, it allows for collisions in finite
time. We refer to [13] for all details and other results in the context of rough boundaries.

Hence, paper [13] provides a resolution of the paradox: one can a priori keep the Navier-Stokes
equations, up to considering the Navier boundary conditions (1.4). Nevertheless, the analysis in [13]
is limited to simple configurations and to Stokes flows. In the context of the full 3D Navier-Stokes
system (1.1), more complicated behaviors may occur. For instance, smooth solutions may exhibit
singularities prior to any collision. To describe the qualitative features of the collision, one needs to
consider weak solutions. The theory of weak solutions is well understood in the case of no-slip condi-
tions and many references will be given in the next section. However; the existence of weak solutions
with Navier conditions has been so far an open question, due to serious additional mathematical dif-
ficulties. To address this question is the purpose of the present paper. Broadly, we shall build weak
solutions for system (1.1)-(1.2)-(1.4), up to collision between the solid and the cavity ).

The paper is organized as follows. Section 2 contains the statement of our main result: we give
a definition of weak solutions, and state the existence of such solutions as long as no contact occurs.
We explain the main difficulties in proving their existence, in comparison to the results available for
no-slip conditions. We conclude Section 2 by an outline of our proof, to be carried out in sections 3
to 5. More precisely:

e Section 3 is devoted to an auxiliary nonlinear transport equation, which is crucial to our approx-
imation procedure.

e Section 4 is dedicated to the construction of solutions for well-chosen approximations of the
Navier-Stokes / solid dynamics.

e Section 5 describes the limit procedure, from the approximate to the exact system.



2 Main result and ideas

2.1 Weak solutions of Navier-Stokes with slip conditions

The aim of this paragraph is to define a weak formulation and weak solutions for system (1.1)-(1.2)-
(1.4), that is in the case of slip conditions of Navier type. We remind that in the case of no-slip
conditions, the theory of weak solutions has been successfully achieved over the last ten years, first
up to collision (see [8]) and then globally in time (see [23] in the 2D case, [10] in the 3D case). Let us
also mention the alternative approach in [3], and the recent result [14] on the uniqueness of 2D weak
solutions up to collision.

As usual, in order to derive a weak formulation, the starting point is formal multiplication by
appropriate test functions. These test functions must of course look like the solution itself. Notably,
they must be rigid vector fields in the solid domain S. This forces the space of test functions to
depend on the solution itself: it is a classical difficulty, already recognized in the no-slip case. A
key feature of the slip conditions is that these test functions, and also the solution, will be moreover
discontinuous across the fluid/solid interface. Indeed, the first line of (1.4) ensures the continuity of
the normal component, but the tangential ones may have a jump. It is a strong difference with regards
to boundary conditions (1.3), and it will generate many difficulties throughout the paper.

We first introduce some notation for the classical spaces of solenoidal vector fields. Let O be a
Lipschitz domain. We set

Dy(0) = {9 € D(0), divp=0}, D,(0) := {¢lo, ¢ € Ds(R%)},
L2(0) := the closure of D, (O) in L*>(0), H} ((9) = HY(O)Nn L1(0),
H(O) := the closure of D,(O) in H'(O)

We remind that elements v of L2 (O) satisfy u - v = 0 in H~/2(00).
We also introduce the finite dimensional space of rigid vector fields in R3:
R = {ps, @s(x)=V +wxxz forsome VeR3 weR3}.

Finally, we define for any 7" > 0 the space 7T of test functions over [0,7'):

Tr = {Lp € C([0,T]; L2(2)), there exists pp € D([0,7); D, (Q)), ¢s € D([0,T); R)
such that ¢(t,-) = pp(t,-)on F(t), ¢(t, ) = ps(t,-) on S(t), forall ¢t € [O,T]}.

Let us point out once again that this space of test functions depends on the solution itself through the
domains S(¢) and F(¢). Let us also notice that the constraint (¢, -) € L2(Q2) encodes in a weak form
the continuity of the normal component at 9.5 (t):

op(t,)-v=ps(t,-)-vat dS(t), Vtel[0,T).
Multiplying (1.1) by ¢ € Tp, integrating over F'(t), and integrating by parts, we obtain (formally)

d

— PFUF - QF —/ pPFUF - OppF —/ prur @up : Vop + / 2upD(ur) : D(pr)
dt Jr) F(t) F(1)

F(t)

:/ (ZFpv) - oF +/ (XFpv) - pr +/ pr(—g) - oF,
09 a5(t) F(t)



where the normal vectors v, in the integrals at the right-hand side, point resp. outside {2 and inside
S(t). Using (1.4):

1

[ @) or == [ e x ) or o),
1

/65(t) (Bpv) - or = " 2B8g /35(t)((uF —us) xv)-((¢gr —ps) x v) + /asoe) (Zpv) - s

Eventually, one can use (1.2) to write differently the last integral: tedious but straightforward manip-
ulations yield

d
/ (Zpv)-pg =—— pPSUS - Qs +/ ps ug - Oyps +/ ps(—g) - ¢s.
aS(t) dt Js() S(t) S(t)

Combining the previous identities and integrating from 0 to 7" entails

T T T
—/ /()pFUF'atSOF_// psUs-3t<P5+// prup @up : Vop
o JF
T
—|—/ / 2upD(up) : D // up X v) - (pp X v)
259 o0

o [ /m up — us) x v) - ((pr = ¢5) X ) e

:/0 L(t)pp(—g)-¢p+/0 /S(t)ps(—g)

+/ PFUF * SDF|t:O +/ pPSUS O - SDS|t=O
F(0) 5(0)

Equation (2.1) is a global weak formulation of the momentum equations (1.1) and (1.2), taking the
slip conditions (1.4) into account. Setting ¢ = w in the above formal computations yields that, for all
tel0,T]:

1 1
L 5pF|uF< o’ §Ps|us [ ., 2Dt s
S(t)
// lup x v* + // up — ug) x v|? (2.2)
259 09 28s a5(t)
< // pr(—9) - up + // ps(—9g) - us +/ pr |urol® +/ ps |us,ol*.
0 JF(t) 0 JS(t) Q\So So

This goes together with the conservation of mass, that amounts to the transport of S by the rigid vector
field ug. It reads

dexs +div (usxs) = 0inQ, xs(t,x) = lg(2),
or in a weak form: for all ¥ € D([0,T), D(Q)),

T T
—/ v — / / us - V¥ = / Uli—p. 2.3)
o Js o Js So

Pondering on these formal manipulations, we can now introduce our definition of a weak solution on
[0,T"). We fix once for all the positive constants pg, pr, ir, 3s, fq-



Definition 1 Let Q) and Sy C Q) two Lipschitz bounded domains of R3. Let upg € L2(2), usg € R
such that upg - v = ugo - v on 0.

A weak solution of (1.1)-(1.2)-(1.4) on [0,T) (associated to the initial data Sy, upo and usp) is a
couple (S, u) satisfying

o S(t) C Qis a bounded domain of R for all t € [0,T), such that
XS(tax) = 1S(t) (CC) € Lw((OaT) X Q)

e v belongs to the space
St = {u € L>=(0,T; L2(Q)), there exists ur € L*(0,T; H:(Q)), us € L(0,T; R)

such that u(t,-) = up(t,-) on F(t), u(t, ) = ug(t,-) on S(t), fora. e. t € [O,T]},

where F(t) :=Q\ S(t) forallt € [0,T).
e Equation (2.1) is satisfied for all ¢ € Tr.
e Equation (2.3) is satisfied for all 1» € D([0,T); D()).
e Equation (2.2) is satisfied for almost every t € (0,T).
Let us conclude this paragraph by a few comments on this definition of weak solutions:

1. As xg € L>((0,T) x ), the integrals over S(t¢) in (2.3) are integrable with respect to time:
namely,

tr—>/ atW:/Xsﬁt\I’ and t — uS-V\If:/XSuS-V\II
5(t) Q S(t) Q

belong to L'(0,T). Actually, by the method of characteristics, as ug € L>(0,T;R) (rigid
velocity field), it is easily seen that

S5(t) = ¢1,0(S0)

for an isometric propagator ¢; s which is Lipschitz continuous in time, smooth in space. It
follows that all integrals in equation (2.1) make sense. For instance, as 9S5(t) is Lipschitz for
all ¢ and fields ur, ug, F, @5 have at least L>H! regularity, the surface integral

/ ((ur - ug) x ) - (o — ps) x n)
8 (1)

can be defined for almost every ¢ in the trace sense. Moreover, it defines an element of L'(0, T').
This can be seen through the change of variable z = ¢ ¢(y): the surface integral turns into

/ ) (£ droy)) Tacs (y) dy.
0So

where
1t x) == ((up(t,x) —us(t,x)) x v) - ((pp(t,z) — ps(z)) X v)
and where

Jacr(y) = [[Voro(y)] ™' v(y)llz det(Vero(y)) (= 1)

is the tangential jacobian (see [15, Lemme 5.4.1] for details). This clearly defines an element
of L1(0,T).



2. Equations (2.1) and (2.3) involve fields vy, ug, ¢, ¢s defined over €2 and such that
u=(1—-xs)ur+xsus, ¢ =(1—xs)pr+xs¥s;
However, a closer look at equations (2.1) and (2.3) shows that they only involve
xsus, Xr(1, V)up, aswellas xs(1,0;)ps and xp (1,0, V)pr.

In particular, they only depend on w and ¢, not on the choice of the extended fields ur, ug and
PF,PS-

3. The condition u € L>(0,T; L2(Q)) implies that
up - V|gs) = us - v|as() forae.t
all terms being again understood in the trace sense.
4. It is easy to see that equation (2.3), that is the transport equation
drxs +div (xsus) = 0in D'([0,T) x Q)

can be written
Orxs +div (xsu) = 0in D'([0,T) x Q) (2.4)

and implies

dxr +div (xpu) =0in D'([0,T) x Q), xp(t,z) = xpe)(z) (2.5)

(remind that F'(t) = Q\ S(¢)). More generally, one can replace u by any v € L>°(0,T; L2())
satisfying
o(t, ") - V’aS(t) =u- V\as(t) =ug - V‘as(t) fora.e.t

where the last equality holds in the space H~'/2(9S(t)) (see [11, Theorem 3.2.2]). Note that
equations (2.4) and (2.5) should be replaced by

Ops +div (psu) =0, Opy +div (pru) =0

in the case of inhomogeneous solid and fluid, with variable density functions ps and py. See
[10] in the case of no-slip conditions. Extension of the present work (on a single rigid and
homogeneous solid in a homogeneous fluid) to more general configurations will be the matter
of a forthcoming paper.

5. Noticing that
D(u(t,-)) = D(us(t,-)) = 0in S(t), D((t,)) = D(ps(t,”) = 0in S(¢)

it is tempting to write (2.1) under the condensed form

_/OT/qu.(i)tSO_F/OT/qu@u:D(Lp)-i-/OT/QQ,UFD(U):D(‘P)

= "boundary terms” (2.6)



where p := prpXxr + psxs, coupled with the global transport equation
Op + div (pu) =0 in Q. (2.7)

This kind of global formulation, reminiscent of the inhomogeneous Navier-Stokes equations, is
used in the construction of weak solutions with Dirichlet boundary conditions: ¢f[23]. However,
it is not valid here: due to the discontinuity of the tangential components of » and ¢, neither
Oy nor D(u) and D(¢) belong to L?(£2). For instance,

Ovp = XFOpr + xsOips + us - v (pr — ¢s) das

where dyg is the Dirac mass along the solid boundary 0.S. This is why we keep the formulation
(2.1), distinguishing between the solid and the fluid part.

6. The definition of a weak solution that we consider can not be satisfactory after collision. Indeed,
we do not specify any rebound law. Moreover, in the case of Dirichlet conditions at the fluid-
solid interface, explicit examples show that the analogue of our weak solution is not unique
[26].

2.2 Main result

Our result is the following

Theorem 1 (Existence of weak solutions up to collision)

Let Q and Sy € Q two CY' bounded domains of R3. Let upy € L2(), us,o € R such that
Upo -V =1ug v on0Sp.

There exists T > 0 and a weak solution of (1.1)-(1.2)-(1.4) on [0,T') (associated to the initial data
So, ur,0 and ug,o). Moreover, such weak solution exists up to collision, that is

S(t)€Q forall t €[0,T), and lim dist(S(t),00) = 0.

t—=T—

The rest of the paper will be devoted to the proof of the theorem. Briefly, there are two main
difficulties compared to the case of Dirichlet conditions:

e The lack of a unified formulation such as (2.6).
e The lack of a uniform H' bound on solutions w.

These difficulties appear both in the construction of approximate solutions, and in the convergence
process.

Indeed, the approximation of fluid-solid systems is usually adressed by relaxing the solid con-
straint, through a penalization term. In this way, one is left with approximate systems that are close to
density dependent Navier-Stokes equations. Roughly, they read

{&g(pnun) + div (ppun ® u,) + ... = penalization 2.8)

Otpn + div (pruy,) = 0.

In the case of no slip conditions, in which a global formulation of type (2.6)-(2.7) already holds, to
build such approximation is quite natural. But in the case of Navier conditions, this is not easy.



Once an approximate sequence of solutions (py,, u,) has been derived, Dirichlet conditions allow
for uniform H' bounds on u,,. This simplifies a lot of convergence arguments, notably with regards
to the transport equation

Otpn + div (ppuy) =0

to which the classical DiPerna-Lions theory applies straightforwardly [9]. Also, it helps to provide
strong convergence of u, in L2((0,7) x ). In short, the lack of bound on &;(p,uy,) (due to the
penalization term) can be overcome by considering the fields Ps(t)u,,, where P(t) is the orthogonal
projection in H}(€2) over the fields that are rigid in a d-neighborhood of S(t). One can show that
Ps(t)u,, has good equicontinuity properties uniformly in ¢ and n.

In the case of Navier boundary conditions, no uniform bound is available in H'. This forces us to
use more the structure of the solution w, in particular the H' bounds on the fluid and solid domains
separately. This is also a source of trouble for the construction of approximate solutions, as one must
find an approximation scheme in which such structure is not too much broken.

2.3 Strategy of proof

Let us describe here briefly the main lines of our proof. Let So, ur 0, us,0 as in Theorem 1, and

po = pr(l—1s,) + pslsy, wo = (1 —1g))uro + ls,uso-
The keypoint is to consider approximate problems of the following type: find (S™,u™) such that

a) S"(t) C Qis a bounded Lipschitz domain for all t € [0,T), such that
X5(t,x) = lgny(x) € L((0,T) x Q)N C([0,T]; LF(2)), Vp < 400

b) u™ € L>®(0,T; LA(Q)) N L*(0,T; HL()).

¢) Forall p € HY(0,T; L2(Q)) N L*(0,T; H:(Y)) s.t. ¢|i=7 = 0:

T T
— / / Pt (urOp+ vt @u" V) + / / 2u"D(u™) : D(p)
0 Q 0 Q

1 T . 1 T . o )

T T
+n/ /XZ(U"—PSU")-(SO—PE@ :/ /Pn(—g)'ﬂﬂ—F/POUO'SO\tO
0 Q 0 Q Q

d) Oxs + P§u" - Vx5 =0, XS§li=0=1s,-

In above lines,
o p" = prp(1 —=x%) + psx4 is the total density function.
o " = pp(l—x%) + # X'¢ is an inhomogeneous viscosity coefficient.

e Pl = PI(t) is the orthogonal projection in L?(S™(t)) over rigid fields. This means that:



VO<t<T, Yus€R, YuelI2(Q), PitueR and / Xt ) (u—PE(t)u) - ug = 0.
Q

e Eventually,

o™ € L(0,T; L2(Q)) N L*(0,T; Hy ()

is a field that satisfies

v™(t, ) = PE(t)u"(t,-)in S"(t),

v"(t,-) = u"(t,-) outside a § neighborhood of S™(t), t € [0,T),

for some ¢ fixed and arbitrary in (0, dist(Sp, 9€2)/2). Moreover, v" will be chosen so that it is
close to u™ outside S™ (in LP topology). In this way, it will asymptotically coincide with the

limit u of »". Further details on the definition of v" will be provided in due course.

Let us make a few comments on such approximate problems:

1.

They rely on the use of the fields Pgu”, that were already introduced in [3] in the context of
Dirichlet conditions. These fields appear both:

1) in the transport equation for x's. They will allow for a good control of the trajectories of the
approximate solid bodies S™.

T
ii) in the penalization term n X&(u™ — Pgu™) - (p — P&y). Formally, as n goes to

0 JQ
infinity, this term will allow to recover the rigid constraint inside the solid.

Note that a contrario to the large penalization term, the viscosity term p™ vanishes asymptot-
ically in the solid part. Hence, there will be no uniform bound in H}(€2) for u™, as expected
(see the discussion in paragraph 2.2).

A specificity of these approximate problems is that the transport equation d) is nonlinear in
X's for a given u". Indeed, Pg depends on x'g (cf the formula in section 3). The whole sec-
tion 3 is dedicated to this auxiliary nonlinear transport equation, which is a keystone of the
approximation procedure.

Once the solution x'¢ of d) is found and seen as a functional of u™, equation ¢) can be written
as F(u™) = 0 for some functional F from L>L2 N L?H} into itself. In short, we shall solve
this equation by a Galerkin procedure: we shall look for an approximate solution u™ (¢, z) =
fozo ay(t)er(z) where (eg) is an orthonormal basis of L2(£2). We shall solve approximate
equations ™ (u™") = 0 by Schauder’s theorem and pass to the limit with respect to V. This
process is explained in section 4.

Note that the field v™ satisfies

v"(t,) Vlgsn@y = Pg®)u"(t,-) - v]asn(-
In particular, one can write

Oxe + 0" -Vxe=0, and 0" + v"-Vp"=0.

10



This will allow to obtain energy estimates in a standard way, in the spirit of the approximate
systems (2.8) used for Dirichlet conditions. The price to pay is the necessary control of u" —v",
which will exhibit strong gradients near 9S™ as n — +00. Moreover, a similar “boundary layer
behaviour” will be involved in the approximation of discontinuous test functions ¢ € 7T by
continuous test functions (™ (involved in ¢)). The whole convergence process will be analyzed
in section 5.

3 A nonlinear transport equation
Let T > 0,u € L>(0,T; L2(2)). This section is devoted to the equation

Oixs + Psu-Vxs, xsli=o=1s,,

where Psu is defined by the following formula

1
Psu = M/psxgu + <J1/p5XS ((x’—xs) xu) dw’)) X (x —zg) (3.1
Q Q

where the center of mass, total mass and inertia tensor of the solid are defined by

xg ;:/ psxs, M ;:/ PSXS, (3.2)
R3 R3

and
J = /3PSXS (|x—x5|21d— (x—:ﬂg)@(:ﬂ—:ﬂs)) dz. 3.3)
R

If x5(t,#) = 1g¢ () with S(t) a subdomain of €2, Ps(t) is the orthogonal projection in L*(5(t))
over rigid vector fields, see [3].

We start with the regular case, that is when u € C([0,7]; D, (9)). This case will be useful for
Galerkin approximations of a)-d).

Proposition 2 (Well-posedness)

Let v € C([0,T]; D, (2)).
i) There is a unique solution xs € L>((0,T) x R3) N C([0,T]; LP(R3)) (p < o0) of

dixs +div (xs Psu) = 0 inR3,  xs|i=0 = ls,. (3.4)

ii) Moreover xs(t,-) = g for all t, with S(t) a Lipschitz bounded domain. More precisely,
S(t) = ¢t,0(S0)
for the isometric propagator ¢y s associated to Psu : (t,s) — ¢r.s € CH([0,T]%; CP2(R?)).

Proof. We can suppose u € C([0, T|; Dy (R?)) with no loss of generality.

Assume for a moment that we have found a solution x g of (3.4). Then, we can see (3.4) as a linear
transport equation, with given transport Psu € C([0,T]; R). By the method of characteristics, we
get easily

XS(ta ¢t,0(y)) = 150 (y)7 (3.5)
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where ¢;  is the isometric propagator defined by

bss(y) =y, VyeR?
Ohdrs(y) = Psult, ¢rs(y) V(s,t,x) € (0,7)* x R?,

Now, we use (3.5) in the expression (3.1) for Psu. We obtain:

(3.6)

Psut.) = 57 [ ps1a(éno(w) ult. 6rov))dy

So

n (J*(t) [ ps1a(0na) Grats) - as(0) » u(t,¢t,o<y>>dy> < (z—x5(t) GD)
where M = [So|ps, xs(t) = /S psbuo(y)dy, and

a0 = [ ps(wt,o(y) s (OPTs— (dro(y) — 25() ® (Br(y) — xs<t>>>dy.

In particular, denoting Isom(R?) ~ R? x O3(R) the finite dimensional manifold of affine isometries,
we deduce from (3.6) and (3.7) that t — ¢, [0,7] — Isom(R?) satisfies an ordinary differential
equation, of the type

d
5@70 =Us(t, ¢10)s @00 = 1a, (3.8)

for a time-dependent vector field Us over Isom(R3). Namely, Us(t,¢) € T,(Isom(R?)) ~ R is
defined by the same formula as in (3.7), replacing everywhere ¢ o by ¢.

Conversely, if we manage to show existence of and uniqueness of a C' solution of (3.8) over
[0, T, then formula (3.5) will define the unique solution yg of the nonlinear equation (3.4), proving
Theorem 2.

Hence, it only remains to study the well-posedness of (3.8). We can identify Isom(R?) with
R3 x O3(R) C R? x R?, and identify all tangent spaces with R C R? x R?. By the Cauchy-Lipschitz
theorem, there is existence and uniqueness of a C'' maximal solution if Ug is continuous in ¢, ¢,
locally Lipschitz in ¢. Considering the expression of Ug, see (3.7), this follows from

Lemma 3 Letv € C([0,T]; C:.(R3)). Then, the function

loc

M :[0,T] x Tsom(R?) s R, M(t, ) = / Lo(6(y))o(t, 6(1))dy

SO
is continuous in (t, ¢), and uniformly Lipschitz in ¢ over [0,T].

Proof of the lemma. The continuity is obvious. Then, for two affine isometries ¢ and ¢’, we write

Mt.6) - Mt o) = [

So
= Ml(t) + MQ(t).

lo(o(y)) (v(t, ¢) —v(t,d'(v))) + / (La(e(y)) — 1a(¢'(y))) v(t,¢'(v)) dy

So

Clearly,

IMy(t)] < sup |Gpu(t,z)| [ |o(y) — &' (y)ldy < Couplld — ¢'llo-
te[0,T7, So
2| <[1(¢,9") || oo

12



As regards Mas, we write

My(t) < sup [o(t,z)| [ [la(o(y) —la(d'(y)| dy < C¢// 11a(6(y) — 1a(¢'(y))| dy
<l : :

For each y, the integrand is non-zero if and only if ¢(y) € Q and ¢'(y) € Q° or vice-versa. As

l6(y) — ¢ (y)] < ||d— @'||o, this is only possible if ¢(y) and ¢’ (y) are in a ||¢ — ¢’ ||o-neighborhood
(say V) of 0. Hence,

|Ma(t)] < Cyyr / dy+/ dy | < 2Csu|V] < Clylldp — ¢l]oo-
o= 1(V) '~ 1(V)
This concludes the proof of the lemma.

Last step is to prove that the maximal solution is defined over the whole interval [0, 7]. From
(3.6)-(3.7), one can write

bro(y) = xs(t) + Qs(t)y

where x5(t) is defined in (3.6) and Q) 5(t) is an orthogonal matrix. In particular, the only way that the
maximal solution is not global on [0, 7] is through a blow-up of xg. But, again, from (3.7),

d 1
@xS(t)\ =

[ 251660t o0@)ds| < €l oimyeny
0
which prevents any blow-up. This ends the proof of the theorem.

Proposition 4 (Strong sequential continuity) Assume that

n

u" —u in C([0,7); Dy (Q)).
Then with obvious notations, one has

X% — x5 weakly *in L>((0,T) x R3), strongly in C([0,T]; LY (R?)) (p < o0),

loc

as well as

PIu™ — Psu  strongly in C([0,T); CP2.(R?)), ¢" — ¢ strongly in C([0,T)?; C52(R?)).

Proof of the proposition. As u™ converges in C([0,T];D,(£2)), we have that P{u™ is bounded in
L*>(0,T; L*(£2)) . Similarly X is bounded in L°°((0,T) x €2). Furthermore, up to a subsequence
that we do not relabel, Pju™ converges weakly-* in L>(0,T; H (R?)) to some @g and x%(0)(=
1s,, for all n € N) converges strongly in L!(€2). Applying Di Perna-Lions theory, we obtain that X5
converges weakly-* in L>°((0,7") x ) and strongly in C'([0,77; L}, (2)) for all finite p. Its limit X g,
satisfies :

Orxs + div(ysus) =0.

Using the convergence of both x'¢ and «" in equation (3.1), we obtain that ug = Pgu, where
Py is defined similarly to Pgu, replacing xg by Yg. Moreover, the convergence of Pgu holds in
C([0,T]; C2.(R3)). Consequently, (Ys, Psu) is the unique solution of (3.4) so that Ys = ys and
Pgu, = Pgu, and all the sequence converges.

To derive the convergence of the propagators ¢™ from the convergence of the vector fields Pgu"

is then standard, and we omit it for brevity.
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Proposition 5 (Weak sequential continuity)
Let (u™, x'%) be a bounded sequence in L>(0,T; L2(2)) x L>((0,T) x ), satisfying

OX's + div (P§u™ x'g) =0 in R3, X5li=0 = 1g,.
Then, up to a subsequence, one has
u" = u  weakly *in L>(0,T;L2(Q))
X% = xs weakly *in L=((0,T) x R3), strongly in C([0,T]; LY (R?)) (p < o),

loc

with (ug, xs) a solution of
dixs +div (Psuxs) =0 inR?, xsli—o = 1s,.
Moreover, g satisfies condition ii) of Proposition 2, and the following additional convergences hold:
Pgu"™ — Psu weakly *in  L>(0,T; Ci2 (R?)),
o 0] weakly *in ~ Wh((0,T)% C2.(R?))  strongly in C([0, T)?; Ci2(R?)) .

Proof. The proof follows the same scheme as the previous one. We only sketch the arguments. First,
up to the extraction of a subsequence, we obtain that

u" —u  weakly *in L°°(0,T; L2(Q2))

Then, as before, we obtain that Piu™ is bounded in L>(0,7; C;°(R?)). This yields that

loc
Piu"™ — Puweakly *in L°°(0,T; H..(R?))

(still up to a subsequence). We then deduce applying Di Perna-Lions theory that, up to the extraction

of a subsequence, x% converges strongly in C'([0,7]; L7 (R3)) to some yg, which in turn implies

that ug = Psu and that (xg, Psu) is a solution to our tranport equation. Eventually, uniform bounds
on ¢" and 9;¢" (which imply weak-* convergence of a subsequence in W 1°°) follow easily.

4 Approximation

This section is devoted to the resolution of approximate fluid-solid systems. These approximate sys-
tems were introduced in paragraph 2.3, ¢f a)-d). The previous section has focused on the transport
equation d). It remains to examine ¢). At first, we explain a little how the field v™ connecting Pgu"
to u$ is defined. The detailed definition of v™ will be achieved in section 5.

4.1 Connecting velocity

We first remind a classical result on the equation div v = f, taken from [11, Exercise II1.3.5]:

Proposition 6 Let O be a bounded Lipschitz domain. Let f € L*(O) and ¢ € H'/?(O) satisfying

lhe C(?Hlpalibilily ( ()Ilal-ll-( n
/ ’ - / SD - V.
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Then there exists a solution v € H'(O) of
dvu=f in O, u=¢ at 00

with
lullinoy < Co (Iellmreo, + Iflzo)) -

The previous proposition yields easily

Corollary 7 (Extension of solenoidal vector fields)

There exists a continuous linear operator Eq : H:(Q) — HL(R3) satisfying Equ = u on .
Moreover, for all open subset w € (,

1Eq ullm@sne) < Collullm@e), Yue Hy(Q).

Corollary 8 (Connection of solenoidal vector fields)

For all § > 0, there exists a continuous linear operator
VO HY (R Sp) x HY(So) — HYR®), (U,Ug) — V°[U,Us]
such that

VU, Us) = Us in So,
VU, Us| = U outside a & neighborhood of So.

From there, we have the following

Proposition 9 For all § > 0, there exists a continuous mapping
00 L2(0,T; HX(R?)) x L®(0,T;R) — L*0,T; HX(R?)), (u,us) — v°[u, ug]
such that

Su,us)(t,-) = us(t,-) in S(t),
Su,ug)(t,-) = u(t,-) outside a & neighborhood of S(t), t € [0,T),

where, as usual, S(t) := ¢+0(So) and ¢ = ¢ is the isometric propagator associated to ug.
Moreover, v° can be chosen so that

T
HU(S[%uS]H%Q(O,T;Hl(R?’)) < C/o (Hu(t, ')Hfr{l(Ra\%) + HUS(t7')H%2(S(t))> dt,
where C depends on 6 and T.

Proof of the proposition. The proposition can be deduced from Corollary 8 using Lagrangian
coordinates. Namely, we introduce U and Ug through the relations

u(t,dro(y)) = doroly (Uty), wus(t droly)) = doroly (Us(t,y)) .
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Clearly, for all ¢, U(t,-) and Us(t, -) define elements of H}(R3\ Sp) and H1(Sp) respectively. Using

Corollary 8, we define v°[u, us] through the relation

ol us] (£,600(v)) = dénoly (VU (), Us(t,)]w)) -
It fulfills all requirements, which ends the proof.
Back to system c), the idea is to define
v = v°[Equ™, Pu"].
Clearly, for any time 7™ such that
dist(S™(t),00) > 26, te€[0,T"],
v"™|q will belong to L2(0, T™; H}(€2)) and will satisfy

V(1) = PEOW(L) in S(0),

v"(t,-) = u"(t,-) outside a d neighborhood of S"(t), ¢t € [0,T").

Let us stress that there is still some latitude left in the construction of v", through the choice of the
operator V7 in Corollary 8. As will be shown in section 5, this operator can be chosen depending on n
(V9 = V97m) so that v" is close to u" outside S™ (in LP topology). However, this additional property

will not be needed until section 5.

Last remark: the resolution of a)-d), and the whole construction of weak solutions, will be first
performed on a small time interval [0, T'], for a time 7" that is uniform in n. Existence of weak solutions
up to collision will follow from a continuation argument, to be explained at the end of section 5.

4.2 Galerkin approximation

As pointed out in paragraph 2.3, the resolution of a)-d) is carried out through a Galerkin scheme. Let
(ex)k>1 being both an orthonormal basis of L2 () and a basis of H1({2), with elements in D, ().
The aim of this paragraph is to find for all N, n and some T' > 0 a couple (S, u") satisfying

a’) SN(t) c Qis abounded Lipschitz domain for all ¢ € [0, 7], such that

XS (t.2) = Lo (@) € Lo((0,T) x Q) N CO([0, T]; LP(2) (p < o0)

N

b)) uN(t,- Zak e, with a = (ay,...,ay) € C([0, TV
i=1

¢’) Forall p € D([0,T); span(ey,...,eN))

—/T/pN (N - O+ 0N @uN : V) + /T/QMND(UN%D(@)

259/ /aQu V) (pxv) 255/ /asN ((u™ = Pgu™) x ) - ((

+n/ /x?(uN—PéVuN)-(tﬂ—PéVw) :/ /pN(—g)-thr/pouo-tp!to
0 Q 0 Q Q
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&) ox§ + PYu-Vx§ =0in Q, xF|im0 = Ls,-
In above lines, similarly to the original problem:
o N = pp(1 —x%) + psxd is the total density function.
o 1N == pp(l—x%) 4+ 5x% isaninhomogeneous viscosity coefficient.
° Pév = Pév (t) is defined by (3.1), adding the upperscript N everywhere.
e Eventually, v = v[u, PYu™], see paragraph 4.1.

Note that all quantities above depend on n, notably through the penalization term and the viscosity
coefficient. But we omit n from the notations to lighten writings. Also, note that u can be seen as
an element of L2(0,T; H}(R?)), as the ey, are defined globally. In particular, v = v [u", PV u™] is
well-defined.

The main result of this paragraph is

Theorem 10 There is T > 0, R > 0, such that for all n, N, a’)-d’) has at least one solution such
that |[u™ || L= 0,1;22(0)) < R.

To prove Theorem 10, we shall express our Galerkin problem as a fixed point problem, and will apply
Schauder’s theorem to it. Thus, we want to identify uV as the fixed point of an application

FNus a,

defined on By = {u € C([0,T7]; span(ey, ..., en)), lull oo 0,72 (02)) < R}. We proceed as
follows. Letu € Br .

e Step 1. Let xg be the solution of
Oixs + Psu-Vxs =0, xsl=o=1lgo,

given by Proposition 2. We know that x5(t,x) = 1g((x) with S(t) a bounded Lipschitz
domain, ¢ € [0, 7). We define accordingly:

1
p = pr(l=xs) + psxs, p = pr(l=xs) + 5xs, v(t,z) = v’[u, Psul.

e Step 2. We consider the following ODE, with unknown @ : [0, 7] — span(eq,...,en):

(/ ug - €k> €ks 4.1)
Q

in which A(t) = (a;;(t))1<ij<n, B(t) == (bij(t))i<ij<n and f(t) = (fi(t))1<i<n are
defined by

CLZ'J' = /pei-ej,
Q
1
bij = / pv-Ve;) - e + / 2pD(e;) = D(ej) + —/ (ei xv)-(ej xv)
Q Q 26a Joa
1

28¢5 /85(”((6@- — Pse;) x v) - ((ej — Psej) x v) + n/QXS(ei — Pse;) - (ej — Pse;)

fi = /Qp(—g)-ei-

WE

A(t)%a(t)JrB(t)a(t) = ft), a(0) = u) =
k=1
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We have identified here the function u with its coefficients in the basis eq,...,exn. Note that
the function p defined in step 1 has a positive lower bound, so that A(t) > min(pg, pr)Iy in
the sense of symmetric matrices, whatever the value of xg. Also, the continuity of A and B
over [0, T is easy and will be proved below. In particular, equation (4.1) has a unique solution

@ € CH([0,T]; span(eq, ..., en)).
In this way, we can associate to each u € Bg 7 some field
= FN(u) € C([0,T]; span(eq,...,en)).
The whole point is to prove

Proposition 11 There exists T > 0, R > 0, uniform in n and N, such that F N s a well-defined
mapping from By r to itself, continuous and compact.

Before proving this proposition, let us show how it implies Theorem 10. By Schauder’s theorem, it
yields the existence of a fixed point u" € B rT Of F N Let x? = 14~ be the corresponding solution
of the transport equation on [0, 7] x R3. As will be clear from the proof, the time 7" of the proposition

satisfies
dist(SN (t),00) > 26, Vte[0,T],

for some § fixed and arbitrary in (0, dist(Sp, 92)/2). Hence, a’) is satisfied, and v~ := v° [u®, P& u!]
satisfies vV - |y = 0, as well as
opN + 0N VoY =0 inQ

(see remark 4 after the definition of weak solutions, and remark 5, paragraph 2.3). Finally, we notice
that ODE (4.1) is equivalent to: for all ¢ € D([0,T"); span(eq,...,en))

/T/pNatuN"H/T/PN”N'WN'w+/T/2uND(uN):D(<p)
2/39/ /m“ x¥) (e xv) 255/ /BSN = P§u) xv) - (0 = P&0) x )

+n/ /x?(uN—PéVuN)-(tp—PéVsO) :/ /pN(—g)-tp—/pouéVw!to-
0 Q 0 Q Q (42)

Combining this equation with the previous one on p* leads to ¢’). Note that condition v - v/|5q = 0
is needed for the convective term to vanish through integration by parts.

Proof of the proposition.

Step 1: Definition of FN.

We first prove that 7% is well-defined from Bp 1 to C([0,T]; span(ey,...,en)) for any T and
R > 0. The only thing to check is the continuity of matrices A and B in (4.1) with respect to
time, which will guarantee the existence of a solution to the linear ODE (4.1). As xgs belongs to

C([0,T); LP(§2)) for all finite p, so does p, and A is clearly continuous. As regards B, the only
difficult terms are

10 = [ ptott) Ve I = g [ (e Psen) ) - (es = Po(tes) x )
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We remind that the propagator ¢ = ¢ ; associated to Psu satisfies
¢ € C ([0, T Ci(R?)

Hence, a look at the construction of v°, ¢f Corollary 8 and Proposition 9 (see also Lemma 16 in the
appendix A), yields
v € C([0,T); Hy (R%)).

It implies that ¢t — I(t) is continuous.

As regards J(t), we change variables to go back to a fixed domain. We set = ¢ o(y) to obtain

J(t) = %/@S 1t ¢eo(y)) Jace (y) dy,
where
1t @) = ((ei(x) = Ps(t)ei(z)) x v) - ((ej(x) — Ps(t)ej(x)) x v)
and where

Jacr(y) = |ldorol, " v(y)ll2 det(derol,)(= 1)

is the tangential jacobian. See [15, Lemme 5.4.1] for details. As j is continuous in ¢ and smooth in z,
we obtain that ¢ — J(t) is continuous.

Step 2: FN sends B R,T to itself.

Here, we need to restrict to small 7". More precisely, we fix 0 < § < %dist(So, 0%2), and consider
a time 7" such that
inf dist(S(¢),00) > 2§ >0 (4.3)
u€BR,T
Let us prove that such time T" does exist and can be chosen uniformly with respect to N and n. For
all u € B, we write

S(t) = ¢r0(S0)
with ¢ the propagator associated to the rigid field Psu = &g + wg X (x — zg) defined in (3.1). It is
enough that

dist(S,, 99) — 20
sup [Ordeo(t,y)| < (S0 )

, e [07T]7 yGSO-
t€[0,T] T

We find
0ot y)| < |us(t, gro(t,y)| <lzs®)] + |ws®)||ly — x5,

using that the propagator is isometric. Moreover, classical calculations yield
s + T ws(0) - ws(t) = | pslPout )P < [ pslutt )P < ps R
S(t) S(t)
We can then use the inequality

()] + lws(8)] [y — ws,] < V2 max(1, |y — ws,|) (J&s(t)]? + ws(t)?) "

Co (J8s(t)]* + J(t)ws (t) - ws ()

A
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where for instance

\/5 max (1, SUPyes, |y - $SO|)
min(1, )\0)1/2 ,
diSt(SQ, 39) — 29
Colps)/?R

Let now u be arbitrary in Bp 7. Thanks to (4.3), we have that v = ol [u, Psu] satisfies v-v|gg = 0,
and

Cy =

Ao : smallest eigenvalue of J(0).

Eventually, any T' <

will satisfy (4.3).

Ap+v-Vp=0inQ.

Mutiplying (4.1) by @, integrating in time, and combining with the last transport equation, we obtain
the energy estimate

Ipat )2, + /0 /Q 20 D(@)

1 t 1 t t
+ —/ / @ x v|* + —/ / \(a—Psa)xv!2+n/ /xS\a—PsaP (4.4)
260 Jo Joa 28s Jo Jos) 0 Jo

t
S//p(—g)-ﬂJr/ﬂolUévl2
0 Q Q

As min(pp, ps) < p < max(pr, ps), we deduce easily that

@]l oo 0,322 < R
for R = R(T, up) large enough. Hence, F sends Bp 7 to itself.
Step 3. Compactness of FN.

N
For any u© = Z ager, we get from equation (4.1):
k=1
d . _ _
pralOl I LB a)] + [FO] < RIATI@B@)] + |f()]-

Integrating with respect to time, we obtain
sup | [a(t)| +[a(t)] | < C
te[0,1] l

(where the constant at the r.h.s. may depend on N or n). In other words,

Sup HfN(u)HCl([O,T}; span(es,...en)) = c’
uGB}LT
which provides compactness in Br 7 by Ascoli’s theorem.

Step 4. Continuity of FN.

Let (u*) a sequence in B Rr,T, such that u* — win B g, (that is uniformly over [0,77]). We
want to show that 7V (u*) — FV(u) in Bg . First, we note that, as span(ey, . .., ey) is a finite-
dimensional subspace of D, () we have that u* converges to u in C([0,T]; Dy (2)). Then, we use
Proposition 4. With obvious notations,

X% — x5 weakly *in L°°((0,T) x R?), strongly in C([0,T]; L¥ (R?)) (p < o0),

loc
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as well as
PEu* — Pgu  strongly in L(0, T; C2(R3)), ¢ — ¢ strongly in WH((0, T)%; C2 (R?)).

From there, and the construction of v° (Corollary 8, Proposition 9, Lemma 17 in appendix A), it is

easy to see that
v® — wstrongly in C([0,T); HL(R?)).

By slightly adapting the arguments of Step 1, one can then show that the matrices in (4.1) satisfy
B* - B, AF - A strongly in C([0,T)).
From classical results for ODE’s, it follows that
i* = F(u*) — @ = F(u) strongly in C([0,T7]; span(ey,...,en)).

For the sake of brevity, we leave the details to the reader.

4.3 Convergence of the Galerkin scheme

In the previous paragraph, we have built for each n, N a solution v™% (denoted u” for brevity) of
a’)-d’). It is defined on [0, T'] for some time 7" uniform in n, N, satisfying (4.3). The next step is to let
N go to infinity, to recover a solution u" of a)-d). We remind the uniform energy estimate (see (4.2))

IV ||L29>+//2MN|D // [ x of?
259 o0
// u™ — PYu) XV|2+n//XS|uN PYuMN|? (4.5)
Qﬁs BSN(t

S//p(—g)-uN+/po\UéV\2
0 Q Q

(u™)nen  is bounded uniformly with respect to N in L°°(0,7; L2(Q)) N L0, T; H:(Q))

It yields that

The bound in H! follows from the L? bound on D (') and Korn’s inequality, see [22]. From there,
we will be able to show strong convergence both in the transport equation d’) and in the momentum
equation ¢’). As regards the transport equation, we rely on Proposition 5. Up to a subsequence, one
has

u™ — u  weakly *in L>(0,T; L2 () and weakly in L*(0, T; H:(Q))

for some u(= u™), and it follows from this proposition that
Xy — xs weakly *in L>®((0,7) x R?), strongly in C([0,T]; L (R*)) (p < o0),
as well as
PY¥ulN — Pgu weakly *in  L>(0,T; C° (R?)),
oV — ¢ weakly *in  Wh((0,T)* Ci(R?), strongly in C([0, T]; Cie(R?)) .

21



up to another extraction. We stress again that all limits depend on n.

It remains to study the convergence of equation ¢’). Therefore, we fix the test function: we take

p(t,x) = x(t)ej, x €D(0,T)).

for some fixed j. The point is to obtain as N — oo the limit equation ¢), still with ¢(¢,z) =
x(t)ej(z). But as j is arbitrary, and as (ey)x>1 is a basis of HZ((2), standard density arguments will
allow to extend the formulation to general test functions.

At first, we need to prove that,
vNg — v =1v°[Equ, Psu]lo in L*(0,T; HX(Q)).
It is enough to prove that
N = °[Equ’, PYuN] = © = v°|Equ, Psu

weakly in L2(0,T; H}

) Oc(Rg)). In view of Corollary 8 and Proposition 9, it is an easy consequence of
Lemma 17.

We are now ready to handle the asymptotics of ¢’) (with (¢, ) = x(t) ej(x)). As before, for the
sake of brevity, we focus on the two most difficult terms, those which involve

N = /QpN(vN(X)uN):Vej,
N = i uN — PY BN V) - ((e; — PY (t)e; v
IO = g [ PO )l = B 0ey) 5 )

As regards J™ (t), once again we change variables to go back to a fixed domain. We obtain

1

JN(t) = s

/ It 600(y)) Jac (y) dy,
dSo
where

Wtz) = (W (t2) = PY 0 (t,2) x v) - ((¢j(2) — P35 (t)ej(x)) x v)

and where
JacX (y) = |ldefol, " v(y)ll2 det(dgrply) = 1.

Let 7™ := Equ™ — P§'u, resp. ni¥ := e; — P{e; to which we associate R", resp. HI through
the change of coordinates:

N, oM (ty) =da [\ RY (ty), 0 (toN (ty)) = de | HY (ty) .

From the weak convergence of u”, we deduce that 7V converges weakly in L?(0,T; H. (R3)).
Given the strong convergence of ™V in C ([0, 7T7]; LP(£2)) we also have that njv converges strongly to
n; = ej — Psej in L*(0,T; H} (R3)). Furthermore, as d(b%\y is an isometric mapping for all N,
we get that :

JN(tv(m,O(y)):(RNXV)'(HJNXV)? VN eN
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where, because of lemma 17 :
RN — R weaklyin L*(0,T;H'(Q)), H," — H; strongly in L*(0,T; H'(9)).

with obvious notations. This yields corresponding weak and strong convergences of the traces of these
functions on 0.5p. Having in mind that J ac]TV = 1 for all V, and going back to the moving domain, we
obtain easily that JV converges weakly in L' (0,7) to :

1
J(t) = s /Bs(t)((u — Ps(t)u) x v) - ((ej — Ps(t)ej) x v).

We finally turn to the convergence of I'V, for which we will need some compactness on (p™Nu'V).
Therefore, we introduce some notations: we denote by P the orthogonal projection from L?(£2) onto
L2 (), respectively P, the orthogonal projection from L?(£2) onto span(e, .. ., ex). We also remind
that our strong, resp. weak, convergence results on p'¥, resp. u” imply that.

pNulN = pu weakly-* in L°°(0,T; L3(Q)).
In particular, we have for any fixed k:
Pi(pNu) — Pu(pu) weakly-* in L>(0,T; L2(Q))as N — oo. (4.6)
Moreover, equation ¢’) can be written: forall 1 < k£ < N,
O Pp(p™u™)+ PFN =0 in D (0,T;[HHQ)]*)
where FV € D' (0, T; [HL(2)]*)) is defined by the duality relation:

T T

N _ N, N N . . N uN :
1 T N NUN < ) - _ pN < v
" 255/0 /asN(t)((u P3u™) xv) - ((p — Pg @) x v)

T 1 T
N/ N N N N N
+ n/o /QXS(U - Ps'u )-(w—Pstp)Jr—%Q/O /m(u X V) (pxXv)

T
— / /pN(—g)-go, forall p € D (0,T; H:(Q)) .
0 Q

We remind that for f € [HL(Q)]*, Py is defined by duality: < P,f,¢ > := < f, Py >. From
the above expression for I’ and the various bounds already obtained, it is easily seen that for any
fixed k, (P,F™N) is bounded (in N) in L*(0,T;[HL(2)]*). Hence, the same conclusion applies to
(0 Py(p™Nu™)). Combining with (4.6), it follows that for any fixed F,

Pr(pNu) — Pu(pu) strongly in L>(0,T;[HL(Q)]*) as N — oo. 4.7
Now, we note that, for arbitrary k and N, and a.a. t € (0,7T) there holds
1PN - AN ) Ol = s [ (PON0) - AT 0] @
Il oy =1 €2

= sup / PNl (t)(p — Prp)
Il g (=1 /€2

IN

sup o — Pellrz | 0N u Iz r2q) -
||<P||[Hclr(g)]:1
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By a standard argument based on Rellich Lemma, one shows that

sup |l — Pepllrz) — 0
IISOHH(%_(Q):l

as k — co. With the uniform bound on p™¥u" in L>(0,T; L?(Q2)), we can conclude that

P(p™u) — P(pNulN) — 0 strongly in L>(0,T; [HL(Q)]*), as k — 400, uniformly in N.
(4.8)
Of course, with a similar but simpler estimate, we also have

Py.(pu) — P(pu) — 0  strongly in L°°(0,T;[HL(Q)]*), ask — +oo. (4.9)

Combining (4.7), (4.8) and (4.9), we obtain finally that : P(p™NuV) converges to P(pu) strongly
in L2(0,T;[HL()]*). Combining this strong convergence with the weak convergence of (u”) in
L?(0,T; HL(2)), we might apply the method of P.L. Lions [20, p.47] with the duality bracket [HL(€2)]*—
H(Q) to prove that v/pNu™ converges to ,/pu strongly in L>((0,7) x Q). Finally, we rewrite :

t) = / VoNul¥ @ /pNo : Ve,
Q
where :
e /pNu™ converges to \/pu strongly in L((0,T)) x )
e /p" converges to ,/p strongly in L>(0, T; L3(£2))
e v converges to v weakly in L?(0,T; L%(€2)) (thanks to the imbedding H'(Q) C L%(Q2)).

Combining these statements, we get that Iy converges to [ (with obvious notations) weakly in
L0, 7).

Such convergences result yield that (p™,u™) satisfy ¢’) for test functions ¢ of the form x/(¢)1
with x € D([0,T)) and ¢ € span({ex, k € N}). Via a classical density argument, the convergence
extends to all ¢ € H'(0,T; L2(Q)) N L?(0, T; HL(2)) such that o|;—7 = 0.

4.4 Energy inequality

We end this section by proving that the approximate solution (p™, u™) satisfies the further estimate :

IV 6, 2y + / [ 2 ipenp + / oo
260 Jo Joo
Qﬁ // |(u™ — Pgu") xy]2+n/ /Xg\u”—Pgu”\Q (4.10)
s aSN (1) 0 Jo
< / /P(—g)'un + /Po Juo|?
0 Jo 0

for almost all ¢ € [0, T']. For simplicity we drop exponent n in what follows.
First, we note that the solutions (p¥, u") of the Galerkin scheme satisfy (4.5) uniformly in N and
that, up to the extraction of a subsequence /pNu!¥ converges to \/pu in L?((0,T) x €2). Hence, we

may pass to the limit in (4.5) for almost all ¢ € [0, 7] . On the other hand, there holds:
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e By construction of the Galerkin scheme, u{’ — ug in L?(Q2) so that :

N—oo

lim Po\uéV\QZ/POIUO\Q-
Q Q

e Given the strong convergence of (u™) in L2((0,T) x ) :

jvliinw/OT/g)p(—g)-uNZ/OT/Qp(—g)'U"-

e Given the weak convergence of v in L?((0,T"); H!(£2)) and the strong convergence of X% in
C([0,T7; LP(2)) we get that /1N D(u™) converges weakly to /D (u) in L25((0,T) x Q).
In particular, in the weak limit, there holds :

/0 ' | #D@P < timint /0 : |,

With similar arguments, we obtain :

T T
/ / xs|u — Psul* < lim inf/ / Y u — PYuN 2.
0 Q 0 JQ

e Finally, we pass to the limit in the boundary terms. First, we introduce U” and U év associated
to the extension Eq[u”] and the rigid vector field Pév u!V respectively, computed through the
change of variable qﬁi\fo. As previously, we have:

T T T
J A R e e A BN (L Py A B (GRS S
0 JOSN(t) 0 JasN(t) 0 JaSo

Because of the weak convergence of vV and ud in L?(0,7; H(R)), we have that U and

UL converge also weakly in L?(0,T; H. (R?)) (see Lemma 17). Hence, we have also weak

convergence of the traces on Spy. The lower semi-continuity of the L?-norm on 9.y yields :

T T
// (u— Psu) x v = // (U = Us) x v]?
o Joasw) o Jas,

T
< liminf/ / (UN —UY) x v]?
0 S0

T
< liminf/ / |(u™ — PYu™) x v|?
0 JOSN(t)

Similar weak-convergence and semi-continuity arguments yield also :

T T
/ / lu x v|* < lim inf/ / [V x v|?.
0 JoQ 0 JoQ

This ends the proof of (4.10).
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S Convergence

In the previous section, we have obtained the existence of solutions u" of approximate fluid-solid
systems, namely satisfying a)-d). These solutions " are defined on some (uniform in n) time interval
(0,T) such that

dist(S™(t),00) > 26, for t €[0,T), for some fixed § > 0. (3.1

We must now study the asymptotics of ™ as n goes to infinity, and recover a weak solution at the
limit.
In what follows, we will often make use of the notation

(0), = {z e R?, dist(z,0) < n}

for O an open set and n > 0.

5.1 A priori bounds on u". Convergence in the transport equation

The density p" clearly satisfies the uniform bound

min(pr, ps) < p" < max(pr, ps). (5.2)
Combining (4.10) and (5.2) yields that

4™ 7o 0,7 £2(0) + PNV XE (W™ = P& T2 0.1y x0) + IVET D) |[T2(0,)x0) < C- (53)
for some constant C' depending only on pr, ps, ug and 7.
In particular, up to a subsequence, the first inequality gives
u" —u  weakly* in L>°(0,T; L2(Q)).

We can then pass to the limit of the transport equation d), using Proposition 5. The following conver-
gence holds up to a subsequence:

X% — xs weakly *in L>®((0,T) x R3), strongly in C([0,T]; L? (R3)) (p < o),

loc

with
xs(t,-) = 1s@, S(t) = ¢r0(So)

for an isometric propagator ¢ = ¢ s € WH((0,T)?%; C72 (R?)). Moreover, one has
PIu™ — Psu  weakly *in L=(0,T; C22(R%)), ¢" — ¢  weakly *in WH>((0,7)%; C22(R?)).

In particular, one recovers the transport equation (2.3) setting ug := Pgu.

Now, we can combine the second inequality in (5.3), that yields
X%(u™ — PSu™) — 0 strongly in L2,

with the strong (resp. weak) convergence of x'g (resp. u" and Pgu™). As n goes to infinity, we derive
easily:
xs(u—ug)=0. (5.4)
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Finally, the last inequality in (5.3) and Korn’s inequality imply that

T T
/0 1™ 11 o ey At < C/O (HD(un)H%Q(F"(t)) + HunH%Q(F”(t))) dt <C, F"(t) :==Q\S"(t).
We then introduce continuous extension operators
En(t): {ue H' (F"(t)), divu = 0in F™(t), u - v|gg = 0} — H(Q),

in the spirit of Corollary 7. As long as the S™(t) are 26 away from X2, it is standard to construct these
extension operators in such a way that

VB0l ey < Co, Wit € 0.7
Hence, if we set ul(t,-) = E,(t)u™(t,-), we have that
(uly) isbounded in L%(0,T; HL(Q)), (1 —x%)(ufp —u™) =0, Vn.
From the L?(0,T; H'(©2)) bound, we can assume up to another extraction that
upb — up  weakly in L?(0,T; H(Q)).
From above equality and from the strong convergence of x'§, we then get:

(1= xs)(up —u) = 0. (5.5)

Eventually, considering relations (5.4) and (5.5), we get that the limit u of u™ belongs to St.
Hence, back to the definition of a weak solution, it only remains to show that the momentum equation
(2.1) is satisfied by S(-), ug, up.

5.2 A priori bounds on v".

Prior to the analysis of the momentum equation, we must establish some refined estimates on the
connecting velocity v™. We remind that v"* was defined in Lagrangian like coordinates, see paragraph
4.1. More precisely,

0" (1 o) = dooly (VOIU™ (), US ().
where
Equ™ (t,¢70(y)) = dofoly (U™(ty)), Piu™ (t,é70(y)) = dofoly (UE(t,y)),

and V% = V°[U, Us] is some linear operator connecting U € HL(R?\ Sy) to Ug € H} (So) over
a band of width § outside Sy: see Corollary 8. We shall here specify our choice for the operator V.
Actually, we shall make it depend on n (V® = V%™), in order for the following additional assumption
to be satisfied:

VO™ U, Us)=Ull 1o((50)5\50) < Cop <||(U —Us) V| moasy) + 1P, US)HHl((SO)(;\SO)) ,
V2<p<6 (56)
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We postpone the construction of such operator V%™ to the end of the paragraph.

Back to v™, the additional assumption (5.6) implies easily that for all 2 < p < 6,

(1= x8) (" — u")z2 0,720 02))
T
< Cop ([ 1067 = P)8) - Wiy dt -+ 05 60

But we know that

T T
/0 (™ = PEu™)(t ) - Y1212 m ey < c/o (™ = PRt ) - w132 dt

Q

< — (5.8)

3

where the last bound comes from the second inequality in (5.3). We emphasize here that, as the
S™(t)’s are all isometric to one another, the constant C' does not depend on n, t. Interpolation with
the similar other bound

T
/0 [(u"™ — Pgu")(t,-) - VH?{W(asn(t))

T
< C/O <HU"HEI((Sn(t))an(t)) + HunH%Q(S"(t))> dt 59)
< C/OT (HunH%ﬂ(Fn(t)) + HunH%%S"(t))) dt < C |

yields that .

/O [(u" = PEu")(t,-) - v Enasn@y dt — 0, Vp <4 (5.10)

Eventually, we get that

(1= x8) (" —u" 2,7 =0, Vp <4 (5.11)

This will be much important in the treatment of the nonlinear terms.

We conclude this paragraph with the construction of the operator Von satisfying (5.6). We take
U,Us in H:(R3\ Sp) x H}(Sp). Up to an extension of Ug, there is no loss of generality assuming
that Us € H:(R?).

Step 1. We shall construct a field V' such that div V' =0,
Vlgsy =Us + (U = Us) -vv, and Vs, =U. (5.12)

Therefore, we introduce a system of orthogonal curvilinear coordinates (s1, s2, z) in a tubular neigh-
borhood of 0.5y: s1, s are coordinates along the surface 0.5y, whereas z denotes a transverse coordi-
nate. In particular, 0S5y = {z = 0}. We set

e L — ii e L — ii e =y = ié
L= h1 6817 2 hg(%g’ = - hzaz
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the associated orthonormal vectors, with scale factors hq, ho, h, > 0. We remind that
1 1 1
Vf=-—0sfer + —0s,fea + —0.fe. (5.13)
hy ho h
for a scalar function f, whereas

div f =

e (0 (hahft) + O(uhafy) + Ou(inhat.)) (514
17021tz

for any field f = fie; + foea + f.e.. We then set
Vii= (1=x(n2)) U+ x(nz)(Us + [(U = Us) - e-] e2)
for a smooth truncation function y : R — [0,1] equal to 1 in a neighborhood of 0. Clearly, for all
p<6,and ; +§ =,
VA = Ullio((so)s\so) < Cpo ™ YU, Us) |15 ((50)5\50)
< C s MU, Us) | 1 ((50)5\50) -

Also, V] satisfies (5.12). But it is not divergence-free: formula (5.14) yields

(5.15)

divVy = x(nz)div ([(U — Us) - ez]ez)
so that for all p < 2,
div Vil Lo (s)s\80) < C 27 VPIU = Usla ((50)5,50)-

To obtain a divergence-free field, we note that both U and Ug have zero flux through 0Sp and [11,
Theorem 3.1]: there exists a field V5 such that

div V2 = —div V1 in (50)5 \ So, V2|35’0 == VQ|3(SO)(s = 0,
and for all p €]1, 2],

IVallwio(sos\so) < Cs n** YPIIU = Usll 1 ((50)5\50) -

In particular, by Sobolev imbedding, one has for all p,, < 6

IVall Lo (50)5\80) < Co P (U, Us) | 11 ((50)5\50)- (5.16)
Finally, the field V' := Vj 4 V5 fulfills our requirements.
Step 2. We construct a field W such that div W =0,

Wilas, = (U = Us) - v]v, and Wy, = 0. (5.17)

In the same spirit as in the first step, we take

Wi = X)W~ Us) - vlamo] e

where  is again a truncation function: x = 1 near 0, and x = 0 outside [—1, 1]. A rapid computation
shows that

IWillze((s0)5\80) < Csll(U =Us) - voasy):  Vp (5.18)
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By Proposition 6, there exists a field W5 such that
div W2 = —div W1 in (50)5 \ So, W2|35’0 = W2|3(50)6 = 0,
and

IWallm1((s0)5\S0) < CslI(U = Us) - v L2 (as0)-
In particular, by Sobolev imbedding, one has for all p < 6

IWallze((s0)s\s0) < Cs (U = Us) - vl 12(as0)- (5.19)

Finally, the field W := W; 4+ W, fulfills our requirements.
Eventually, we set
VO[U,Us] = U outside (Sp)s,
VO[U,Us] = V —Win (Sp)s \ So,
VO[U,Us] = Ugin Sp.
Combining (5.15), (5.16), (5.18) and (5.19) leads to (5.6).

5.3 Approximation of the test functions

The weak formulation of the momentum equation involves discontinuous test functions ¢ € T:

¢ =(1-xs)pr +xsps, ¢r €D(0,T);Ds(Q)), ¢s€D(0,T);R),
with
or-vign =0, @r-V|ase = ¢s - vlesw Vit

On the contrary, the approximate momentum equation ¢) involves continuous (or at least H') test
functions. Hence, we will have to approach ¢ by a sequence (¢™) in L2(0,T; H}(€2)). Due to the
discontinuity of the limit, the ©" (¢, -)’s will exhibit strong gradients near 9S™(t). Precise estimates
are needed, that are the purpose of

Proposition 12 Let o > 0. There exists a sequence (¢™) in W1H>°(0,T; L2(Q)) N L>(0,T; H()),
of the form
P = (1= xs)er + X595,
that satisfies
o I/ XE(e% = es)llcqorir) = O(n=*/P) forall p € [2,6].
o " — pstrongly in C([0,T]; L°(Q)).

n/?),

1™ |0, m; 81 (02)) = O

X350 + Pgu™ - V) (¢" — 05) | Lo 0,1:18()) = O(n=/%).
(O + Piu™ - V)" — (04 Psu-V)p weakly *in  L>(0,T;L5(9)).
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Proof of the proposition.
The point is to build a good approximation ¢ of g over the solid domain. Broadly, we want
05t Nasnwy = er(t, asnw Vi,

and
0&(t, ) =~ ps(t,-) inS™(t) away from a n~“ neighborhood of 0S™(t) Vt.

Therefore, we proceed as for v™, by using lagrangian coordinates: we define &g and @z through the
formulas

s (L oro(y) = dopoly (Ps(ty)),  wr (t,dLo(y) = ddfoly (Pr(t,y)),

and the goal is to define properly some ®'¢, related to ¢’ by the formula

0% (070 (y) = dotoly (Ra(t,y)).

Note that ®g and ® i depend on n through the propagator ¢", but we omit it from our notations. The
only thing we have to keep in mind is that the bounds on ¢" guarantee that &g and ¢z are uniformly
bounded in W (0, T; HE (R?)) for all k.

Thanks to the change of coordinates, the problem is now in the fixed domain Sy. Roughly, we
want to build ¢ in such a way that

D5(t,+)]as, = Pr(t,-)]as, Vi,

and
DY(t, ) = Pg(t,:) inSyaway from a n~“ neighborhood of 95y Vt.

Note that time is only a parameter in the system. The construction of ®¢ follows the one of V,
performed in the previous paragraph, Step 1. We take @' under the form

5 = P51 + Poo
The first term has the explicit form
D51 = 5 + x(n"2) ((Pr — O5) = [(Ps — PF) - e2]ez).

Again, x is a smooth truncation function near 0, and z is a coordinate transverse to the boundary:
0Sp = {z = 0}. It is easily seen that Y , satisfies the right boundary condition at 0.Sy. Moreover,

H‘I)gtl - ‘bSHWLOO(o,T;LP(So)) < Cn_a/p Vp < oo, H‘I)gtl - (I)SHWLOO(O,T;Hl(So)) < C”Q/Q-
(5.20)
But it is not divergence-free. By applying formula (5.14), we get

div @5, = x(n®2))", )" = div (z = ((Pr — P5) — [(Ps — Pp) - e:]e.)).

In particular, j” is uniformly bounded in W1°°(0,T'; L?(Sy))

By Proposition 6, there exists some field ® , satisfying

div @2, = —divdq, in Sp, PYylas, =0,
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and
19 ol 01 (50)) < ClIx(n®2) )" lwee(0,m;22(50)) < Cn=o/2, (5.2D)
In particular,
Hq)g,QHWl*’O(O,T;LG(So)) < Cn=o/2, (5.22)

Back to the moving domain (in variable ), one can combine the estimates (5.20)-(5.21)-(5.22)
with the uniform bound on ¢™ in W1°°(0, T; C°°(2)). From there, one can deduce the estimates of
the proposition. For the sake of brevity, we only treat the two last items. Namely, we write

n mn,. . n n a n n
IX5(0% + Pgu™ - V) (¢" = @s) I, ryize@) < Cllgy détoly (5 — @) llzoe 0,15 (50))

where the last inequality involves (5.20) and (5.22). This bound implies in turn that
(Or+ PFu™- V)" = (1=x&) 0+ P¥u" - V)or + x50+ P§u™ - V)ps + O(n~ /%) in L5(Q)

The products at the r.h.s. are then easily handled using the strong convergence of X’ (and the weak
convergence of Pfu"). We obtain

(O + Piu™ - V)" — (0y + Psu-V)p weakly *in L°°(0,T; L5(Q))

as expected. This concludes the proof of the proposition.

5.4 Convergence in the momentum equation: linear terms

We now have all the elements to study the asymptotics of the approximate momentum equation c).
Given an arbitrary ¢ € Tp, we consider an approximate sequence (™) as in Proposition 12. We shall
take ¢ as a test function in ¢), and let n tend to infinity, so as to recover (2.1). We shall rely on the
fields v and up introduced in paragraph 5.1. We remind that

(1—xDup = (1 —xHu", up — urp weaklyin L?(0,T; HL()). (5.23)

To lighten notations, we shall write u'g := Pgu”, ug := Psu. We remind that these rigid fields
satisfy

u — ug weakly *in L>(0,T; W[ (R3)) VE. (5.24)

In this paragraph, we consider the asymptotics of all terms but the convection one.

e We write the diffusion term as:
T T 1
| [ 2epen: vt = [ (200 - 3008 + g0 ) D)
0 0

T T
:AAMM—@MWJWﬂ+%AA%M@JW%:W+@

From the strong convergence of x4 to x5 in C([0,T; L”(£2)), and the weak convergence of u},
to up in L2(0,T; H'(2)), we deduce

T
Iy —>/0 /Q2/~LF(1—Xs)D(UF)rD(<PF)-
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As regards I3, we use the bounds

IVE D) 7200y = O 19" 207501 (2)) = O(n*?)
established in the previous paragraphs. They imply

121 < —5 IIxs D)2 (0.myxe) 1D z2(01) <) < —=ay3

If we choose o < 2, then I goes to zero as n goes to infinity, and finally

ATAQM"D(u”):D(wn) N /OT/F@) 2%ur D(ur) : D(oF).

The boundary term at 0 reads

%/OT/E)Q(U”XV)-(QD”XV)Z%/OT/BQ(U%XV)‘(SDFXV)

1 /7
— — Up X V) (@ XV
2/89/0 /BQ( ) )
by the weak convergence of u'% in L?(0, T; H ().

We deal with the boundary term at JS™ as in the Galerkin approximation. We introduce v :=
Pgu™, vy = Pgo" = Py and capital letters to denote velocity fields when seen through
the change of variable. We then have, as in the computation for the Galerkin method :

1 T n ny v . LY AN
%/o /aSn(t)((uF_uS) V) ek =)

I w rn n
:—QﬂSA ASO((UF_US) XV)-((@F_RS) XI/),

where we used that ¢ = (p. We note here that ¢™ converges to ¢ in C([0,7]; L5(Q)) so
that combining with the strong convergence of X' it yields that rg converges to g := Psy in
L%(0,T; H},.(R3)). Through the change of variable, Lemma 17 yields that :

R% — Rg strongly in L2(0,T; H/2(85)).

Then, we combine the respective convergences of u,, u'g with Lemma 17 yielding, with obvi-
ous notations :

Up — Ur weakly in L2(0,T; H(Q)), UZ — Us weakly in L*(0,T; H'(Q2)) .

We apply these convergences together with the continuity of traces on 0.5y CC (2, and go back
to the moving geometry, to obtain finally :

1 ’ n n i n__,n v
55 ) g (=) 0 (=) v

T
7 %/0 /as(t)((w —us) xv) - ((pF = ws) X V).
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e to treat the penalization term we use the bounds

“H\/ Xg*(un - Pgun)H%Q((O,T)XQ) = O(1), H\/ Xg*(@g* - @S)HC([O,T];US(Q)) = O(n_a/Q)

established in the previous paragraph. We also remind that (g, as a rigid vector field, satisfies
vs = P§ps. From there,

T
w [ [ = Py - Py
0

| [ ! [ e = P (6 = o) - PG - o)

< opl/2-el?

T
= |n /0 /Q (™ — PRum) - (o — )

If we choose v > 1 (which is compatible with the former constraint o < 2), the penalization
term vanishes as n — +00.
5.5 Strong convergence of (u")

To show that (.S, u) is a weak solution over (0,7"), we still have to pass to the limit in the convection
term

T
conv” = / / Pl (u" - 0" V" @ U V") .
0o Jo
To compute this limit, we first prove
Proposition 13 Up to the extraction of a subsequence, (u™) converges to u in L*((0,T) x Q).

This result is obtained applying the method introduced in the reference [23] (see also [10] for the 3D
case). We first introduce some notations. Given 0 < s < 1 and S a bounded connected subset € (2,
we denote

R°[S] = the closure of {v € H, () such that v, € R} in H*().

As R*[S] is a closed subspace of H*(2) we denote P*?[S] the orthogonal projector from H*(€2)
onto this subspace. Given s’ > s, we recall that R*'[S] is a dense subspace of R*[S], and that the
imbbeding R*'[S] € R*[S] is compact. If s = 0, we shall drop exponent s. We emphasize that in the
case s = 0 the projector P[S] does not coincide with the Pg introduced in (3.1).

Our first step is the following approximation lemma :
Lemma 14 Let s < %

i) The sequence (uy,) is uniformly bounded in L*(0,T; H*(Q)). Moreover, there is ¢ = £(s) > 0
such that for all h < §/2,
T
| ) = PUST @ ) By < €+ 079). 529)
0

ii) One has u € L*(0,T; H*(Q)). Moreover, there exists ¢ = (s) such that for all h < §/2,

T
| e = PO e M oyt < € (5.26)
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where, in both cases, the constant C' depends only on initial data.

Proof of the lemma. We only prove the first item of the lemma, the second one being simpler. It
relies on the construction of a suitable approximation v’ of ", rigid in a h-neighborhood of S™. This
approximation will satisfy the following properties :

e (v) is bounded in L*(0,T; H*(12)) for s small enough
e vl(t,:) = Pgnu™(t,-) in (S™(t))s and v (t,-) = u™(t,-) outside (S(t))s fora.a. t € (0,T).
Note that it implies v} (t,-) € R*[(S™(t))p] fora.a. t € (0,T).
e for h sufficiently small and for a.a. ¢ € (0,7") there holds
Il (t,-) — o (4 ) 2@y snnny < ChS (IPE ™t )lz2) + 1" ) s ey
+ C|l(u™ — Pgu™) - v 2 (asm (1)) »

l_s mn n n
[ oh (8 s ) < CQA+h37%) ([IPGu”(t, )l 2 + u™ & )l ney)

+ C|(u” — Pgu™) - v||2(a5m(1))-
(5.27)

Before giving further details on the construction of v;’ we explain how the previous properties imply
Lemma 5.25. By interpolation of (5.8) and (5.9), we obtain

T
n mn, n C

We square the inequalities in (5.27) and integrate from O to 7'. Using (5.28) with the uniform bounds
(5.3), we end up with

T
</0 lu™ = ”mi?(wsn(t»h))

Moreover,

r 2
</0 lu™ = ”ZHL%(s"(t))h))
T
n n, ni 2
< </0 [u™ — Pgu ||L2(S"(t))>

Using (5.3), we get

1/2
1

S C <h1/3 + %> s ||UZ||L2(O,T;H5(Q)) S C, \V/S S 1/3

(5.29)

1/2

T 1/2
= </0 lu” —Pgun”%?((sn(t»h))

1/2 T 1/2
+ </0 " —Pg“"||%2<<sn<t>>h\s"<t>>>

T . - 1/2 C T . . 1/2
(/0 lu —”h”w(sn(t»h)) s =T (/0 [u” — Pyu ”L?((Sﬂ(t»h\sn(t»)
o T 1/2
< NG + CVh (/0 [[u” _PgunH%‘l((S"(t))h\S”(t)))
o . 1/2 c
< NG + CvVh </0 HU"—Pgun\ﬁfl(m(t))) = 7 + CVh
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Combining this last inequality with the first inequality in (5.29) yields

0o 1
[u"™ = vRllL20myx0) < C <h1/3+%> (5.30)

1/2

As regards the H® norm, s < 1/3, we use the second inequality in (5.29) to write
T 1/2
o = ey < ([ I = P8 oyt

T 2
+ </0 HunHHs(F"(t))dt>
1/2

T
; (/O va%{s(m))dt) < Jlu = PR g2 rasgsey) + O(1)

Finally, we have

IN

[u™ — Pgu™ |20, (sm)) < C|lu" — Pgu””p( o,1)xsm) 14" = PSU" [ 12(0.7,1 (smy)

1\ 1
<C|— n® < C assoonas s < —.
Vn 3
We end up with
1
[u™ = villz20,1m)) < € assoonas s < 3 (5.31)

One last interpolation between (5.30) and (5.31) shows that for all s < 1/3 and ¢ = (s) > 0,
"™ = vl 20,15 ) < C (RS +n7%).

As v (t,-) belongs to R*[(S™(t))4] for all ¢, by definition of the projection, the same inequality holds
replacing vj! by P[(S™(t))s], as expected.

We still have to achieve the construction of v;'. It follows the construction of v", ¢f paragraph
5.2. It is actually simpler, because we only look for a v’ with H?® regularity for small s. In particular,
jump on the tangential part at 9(S™); and 9(S™)s will be allowed.

As before, we go back to Lagrangian coordinates : we look for a v}’ under the form
o (t, dr0(y)) = ddroly Vi (8, ).
Also, we define U™ and Ug through
Equ™ (t7 ¢Zo(y)) = dﬁo‘y U"(t,y), Pgu" (t, ¢Zo(y)) = dqﬁ;fo’y Ug(t,y).

In this way, we are back to a static problem. For brevity, we shall omit temporarily the time dependence
in our notations. The point is to build a field V}" satisfying

th = Ug in (So)h, th =U" outside (50)5,
and suitable estimates.

Therefore, we follow paragraph 5.2. We parametrize (Sp);s\So by curvilinear coordinates (s1, s2, 2),
z being the distance at 9.Sy. Hence, 9(Sy), = {z = h}. Then, we introduce

= (1 (550)) e () @+ 0 - vy el e
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and the solution V;", of

{ divVy, = —diviy,  in (So)s \ (So)n
Vitg = 0 on 9(Sp)s and A(Sp)p,
Computations similar to those of paragraph 5.2 yield :
Vi = U z2((s0)5\(S0)n) < h%H(UnaUg)HHl((So)(g\(So)h)xR, (5.32)
Vil (so)s\soym) < R3O, US| 1 ((S0)5\(So)n) xR (5.33)
Vol (soys\son) < C U™ UG H1((S0)5\(S0)n) xR+ (5.34)

Let us emphasize that the constant C' in the last inequality can be chosen uniformly in A, see [11,
Theorem II1.3.1]. It follows by interpolation that

l7«3 n n
Vs + Vilallzs (s0)s\So)n) < CR3 72 [(U™, U H1((50)5\(So)n) xR - (5.35)

Finally, we build some W}' = VY,* where Y is the unique solution of :

AYr = 0 in (So0)s \ (So)n
2.Y," = (UZ—U")-e,, ond(So)n, such that / Y =0.
azYn =0 5 on 6(50)5 s (50)6\(50)h

we recall that v = e, on 9(Sp),. By standard elliptic regularity results, there exists a constant C'
independent of & such that :

Wiz soys\som) < IV T ((s0)s\50)n) < CNUS =U") - ezl g-1/2(a050),) -
Wl (sos\son) < IV 25005\ 500 < CllWUS = U") - ezl iz aso),) -
By interpolation, we get
IWR a2 ((s0)s\(5o)) < ClIlUS —U™) - exll2(a(50)1) (5.36)

Now, we write

H(UE‘L - Un) : ezHL2(a(so)h)
1 n " . .
<C (h2 \V(Us —U )HLQ((SO)(S\(SO);L) + |(Ug -U ).eZHLQ(aSO)) . (5.37)

Eventually, we set V;' = V;'y + V' — W', We stress that the normal component of V" is
continuous across 9(Sp)p, and 9(Sp)s. Hence, for any s < %, the H® norm of V;" over the whole
domain is controlled by the sum of the H*® norms over (Sp)n, (So)s \ (So)n and 2™ \ (Sp)s, where
Q" is a shorthand for ¢8¢(Q)- It follows from this remark and the previous inequalities that: for all
s<1/2

2—5s

Villirry < C (4 B (10" g ooy + U IR) + 1 (UF = U") - exll 2oy ) - 538)

Also, one has

Vi = U™ L2\ (So))
< C (W (Ul oy + 1UEIIR) + | (UF = U) - e2llp2os) ) - (5:39)
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Back to the moving domain, and accouting for time dependence, we obtain (5.27).

The second step in the treatment of the nonlinear terms is a control of the Hausdorff distance
between S™(t) and S(t') for close times ¢, ¢’ € [0, T)]. This is the purpose of

Lemma 15 Let h > 0.

i) There exists ng > 0 such that for all n > ny,
S*(t) < (S()nsa < (S"(O)ny2 VEE[0,T].
ii) There exists ) > 0 such that for all ty € [0, T, forallt € [to —n,to +n] N[0, T
(SE)ns2 € (S(to))n C (S(t))2n-
Note that condition (5.1) and point i) of the lemma (applied with A = 9) imply that

dist(S(t), 9Q) >

N | W

9, for t€0,7], forsome fixed § > 0. (5.40)

Proof of the lemma. We first treat i), focusing on the first inclusion (the other one is proved in
the same way). To this end, we recall that the associated sequence of characteristic functions x'g
converges to xg in C([0, T]; L*(£2)). This implies that

sup [8™(1) & S = sup_ [IXE(t) — xs(t )11y — 0 when n — 00,
te[0,T] te[0,T]

where we denoted A\ the symmetric difference of subsets of R?. Let us now take h > 0 and assume
a contrario that there exists a sequence of times ¢;, € [0, 7] and of integers nj going to infinity such
that

S™(tr) \ (S(tx))nsa 7 0-

As S"*(t3,) is isometric to Sy, which satisfies:
dr > 0s.t. for allx € Sy there exists a euclidean ball B with radius r satisfying x € B C Sy
there exists for all k& a ball Bj, with radius ' = min(r, h/16) such that
By, C 8™ (ty) \ S(t) ,

so that
4 |r!|?

sup [S™ () A S(t)] > ,
te[0,7] 3

which yields a contradiction. Consequently, there exists ng such that, for all n > ny,
S"() C (S, Vte[0,T].

The second item ii) is obtained in the same way. Let ~ > 0 and assume for instance that the first
inclusion does not hold. Arguing as previously, we are able to construct two sequences (t’g ) and (t*)
converging both to to € [0, 7 and such that S(t*) \ S(tF) contains a ball of fixed radius. Once again,
this contradicts the continuity in L*(£2) of xs at ¢o.
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Thanks to the previous lemmas, we can conclude the proof of Proposition 13, following very
closely [23]. At first, very minor adaptation of the proof of [23, Proposition 7.1] yields: for s €
(0,1/3), there exists ho, such that, for all h € (0, hg):

i [° [ pisene = [ [ e Pis@n 541

We remind that the main idea behind this limit is the following: thanks to Lemma 15, for any field
¢, the projected field P*[(S(t))n](€) is rigid in a neighborhood of S™(¢) for n large enough. Hence,
if one uses P*[(S(t))n](&) as a test function in the momentum equation, the boundary term at 0.5™(t)
and the penalization term vanish: roughly, one recovers a uniform bound on 9, P*[(S(t))](p"u™) in
a Sobolev space of negative index, and from there compactness. For all details, see [23, Proposition
7.1].

Then, one establishes that

T T
lim / / Pl = / / plul?, (5.42)
n—= Jo JQ o Ja

<p” =pr(1 —X%) +psxé, p=pr(l—xs)+ PSXS) . The idea is to write

/OT/Qp"m"F—/OT/meF
_ ( / : Lo pesnen - [ ' [ PS[(S(t»h](u))
+ /0 ' /Q P (u” — PPIS(E)n]u™)dt + /O ' /Q pu - (PE[S()n)u — u)dt

The first term at the r.h.s. is controlled using (5.41), whereas the last two are treated thanks to Lemma
13: note that (S(t)), C (S™(t))ap for n large enough by Lemma 15, so that

T

T
/0 [l (t,-) = P*[(S(8))n] u" (8. ) IErs () < /0 [u” (¢, ) = PI(S™(#))2n] u" (¢, M7gs o
< C(h* +n79).

The final step of the proof consists in showing that

T T
/ / Pl = / / pluf?
0 Q 0 Q

which yields the strong compactness of u” (p having positive lower and upper bounds). The idea here

is to write
4 2 2 4 2 2 4 2
[ ot —ps| < | [ ] e o) + | [ [ o= ppr].
0 Q 0 Q 0 Q

The first term at the r.h.s. goes to zero by (5.42). For the second one, we use that p — p strongly in
C([9,T7]; LP(Q)) for all finite p and that [”|? is uniformly bounded in L?" for some p’ > 1, thanks to
the uniform H*® bound on u". Again, we refer to [23] for all details.
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5.6 Convergence in the momentum equation: nonlinear terms

Thanks to the strong convergence of Proposition 13, we are now able to split conv”™ in a suitable way.
Let us first remind that v™ is identically equal to u'g inside S™, whereas (™ is identically equal to ¢
outside S™. This allows us to decompose the convection term as follows:

T
conv” = / /Qpp(l —X9)up - Orpr
0

T T
—i—/ / pr(1 —x5)v" @up : Vor + / psX (0 +ul - V)" - u" = 1P+ IY + 1Y
0 JQ 0
The convergence of I is clear:
T
5 [ ] pr=xs)ue-duer.
0 JQ
The convergence of I3’ follows from the fourth item in Proposition 12, which clearly implies that
T
I3 = / / psXe(Or +us - V)ps - u" 4 o(1).
Using the strong convergence of x'su" to xsug in L?((0,T) x Q), it is then easily shown that

Iy —/ /PSXSatSDS us+/ /PSXSUS Vs -ug + o(1).

Now, we write the second term at the r.h.s. as

T T
/O /Q Pl - Vi - ulk — /O /Q Pl @k : Vi
T
- /0 /Q psxuk @l - D(ps) = 0

as g is a rigid vector field.

It remains to study /5. We know from paragraph 5.2 that
(1= X8)(@W" —u") = (1 = x§)(v" —up) = 0in L*(0,T; LF()), Vp <6.

It follows that

T
3 = /0 /Qpp(l—xg)u%@)u%:chF—ko(l).

T
= / /PF(l—Xg)Un@’UniVSOF—l—O(l)-
o Jo

In this last identity we collect the strong convergences of u™ to u in L?((0,T)) x £2) and of % to y in
C([0,T]; L*(Q)), together with the uniform regularity of (u”,u) in L*(0,T; H'/5(Q)) (see Lemma
14), which yields that (u,,, u) are uniformly bounded in L?(0, T; L3%/13(£2)). We obtain then :

T T
lim / / pr(l —x5)u" @u" : Vop / / pr(l —xs)u®@u: Vg
n—eoJo  Ja 0o Ja

T
= / / pr(l = xs)ur @up : Vor
0 Q
This concludes our proof.
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5.7 Energy inequality and extension to collision time.

We pass to the weak limit in (4.10) and prove that the solution (p,u) satisfies the further energy
estimate (2.2). First, we note that (4.10) implies

IV pmu” (t, HLQ(Q //2'u D@ + 259/ /asz jur x v

for all n. As we have convergence of \/p™u™ in L>~¢((0,T) x ) we can pass to the weak limit in
this inequality for almost all ¢ € [0, 7. As S(¢) remains far from 0} we treat boundary terms in a
similar way as in paragraph 4.4. The only term which requires a new treatment is :

t
/ /2Iun|D(un 2
0 JQ

For this term, we note that, because of Lemma 15, there holds for arbitrary ~ > 0 and n sufficiently

large :
t t
L[ P < [ [ 2uipep
0 Jasw)n 0 Jo

If we let n go to infinity, and then h go to 0, we obtain :

t t
/ / 2ur|D(ur)* < liminf/ / 2u™| D (u™)|?
0o JF@) 0 Jo

for almost all ¢ € [0, T]. Hence, passing to the limit in (4.10) yields (2.2).

Our solutions are limited in time to avoid collision. Namely, the only shortcoming of our con-
struction is that it requires the distance between S(¢) and 9€2 to be larger than a fixed positive distance
§ through time. However, as long as we are given an initial data uy € L?(2) and an initial position S
such that Sy € €2, we are able to construct a small time 7" depending only on the inital position of Sy
in 2 and the L2 norm of uq such that the solution exists and satisfies this property on [0, 77]. As our
solutions satisfy also energy estimate (2.2) we might reproduce the arguments of [10, Lemma 2.2] to
concatenate solutions in time and prove existence of at least one weak solution until collision time.
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A Weak/Strong convergence and isometries
In this appendix, we study the influence of isometric transformations on weak and strong convergence
of sequences. First, we prove :
Lemma 16 Let ¢ € C([0,T]; Isom(R?)). Given w : (0,T) x R3 — R3 we define :
w(t, $(t,y)) = doely W (t,y), ¥ (Ly) € (0,T) x R, (A1)

Then

o Ifwe L*0,T; HY(R3)) then W € L?(0,T; H*(R3)).

o Ifw € C([0,T); H'(R?)) then W € C([0,T]; H' (R?)).

e The same assertions hold true replacing H'(R3) by H| (R3).

The proof of this lemma is based on the fact that formula (A.1) for fixed ¢ defines a unitary transfor-
mation of H!(IR?). The details are left to the reader. Second, we obtain :

Lemma 17 Let ¢™ : [0,T] x R? such that ™ (t,-) € Isom(R3) for all t € [0, T). We assume that
N converges to ¢ in C([0,T); C22.(R?)). Given a sequence (w™) : (0,T) x R? — R3 we define :

loc
wh (t, N (t,y)) = do [, WM (t,y).

Then, with obvious notations:
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o If (W) converges to w strongly (resp. weakly) in L*(0,T; H'(R3)) then (W) converges to
W strongly (resp. weakly) in L*(0,T; H'(R?)).

o If (w™) converges tow in C([0, T); H' (R®)) then (W) converges to W in C ([0, T]; H'(R?)).

e The same assertions hold true replacing H'(R3) by H} (R3).

Remark. We point out that w” and W satisfy symmetric relations:
w™ (t7 (ﬁév(y)) - d(ﬁév’y WN(tay) & wh (t7 [(ﬁz{,v]il(x)) - d[(ﬁév]illl‘ wN(tvx)7

so that fields W™ and w", resp. W and w can be switched in this lemma.

Proof of Lemma 17. We first remind that QS,{V is an affine isometry, so that (for all N, ¢)
|der 1y x| = lal,  |[dei'|,) 7" M dy'ly| = [M], ¥(z,y) €R®xR®, VM € Ms(R). (A2)

The same relations hold for ¢ instead of ¢*.

Strong convergence. We focus on convergence in C([0,T]; H'(R?)), the strong convergence in
L?H' being treated in the same way. First, we note that our previous lemma yields:

W e ([0, T); H'(R®)) forany N, W € C([0, T]; H' (R?)).
Then, we write
WY — Wlorr2@s) < Slipffv(t) +sup LY(1) +sup 1)

where
0 = /R Wt y) — oy o [ded T, Wt 16 o 6 ()] dy,

B OF = /[R a6~ o darly W (1, [o1] ™ 0 61 (1)) = W (e, [ox] ™ 0 6 ()" .

and

B OF = [ Wt o6 0) - Wit dy
Using (A.2), we have easily

FOF = [ 0" 66 @) - w6 ) dyds

= / {wN(t,x) - w(t,a:){Q dx,
R3
which tends uniformly to 0 when N — oo by assumption. We then get
I OF < supldoffodos ~ L [ Wit 00N )| dy
ty R3

2
< stup |d¢é\7]t odpto — Id‘ IWlleo,r); 11 (r3)) = 0
7y
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Finally, the continuity of W with values in L?(R?®) implies that:

/ W (t,y)|*dy
ly|>A

can be made arbitrary small uniformly in time, taking A sufficiently large. So, we apply the local
convergence of ¢ to ¢ to obtain that, for N sufficiently large, there holds :

1/2 1/2
13 (1) < </ZpArwwt4¢41o¢ﬁ<y»de> + (/LPA\wway>de>

, 1/2
+ </ (W (L, (o) 0 0r (y) — W(t,y)| dy)
ly|<A

' 2 . ~1 4 4N 2 12
gz(/o /y|2A/2|W(t,(y))|> + /Iy<A\W(t,[¢t] o () — W(t,y)| dy

The first term at the r.h.s. is independent of N and goes to zero as A goes to infinity. Moreover, for
fixed A, [¢;]~! o ¢¥ (y) converges to y uniformly in [0, 7] x {|y| < A}. Hence, for fixed A, the
second term at the r.h.s. converges to zero as N goes to infinity (continuity of translations in L?)
uniformly in ¢. We conclude that I2¥ goes to zero, so that W converges to W in C([0, T]; L*(R3)).
The convergence of VIV to VIV follows the same lines, which yields the result.

3
loc(R )
is similar. We assume here that (w”) converges to w in L?(0,T; H'(R3)) weak. Given x €
C°((0,T) x R?) there holds :

Weak convergence. Again, we only prove the convergence on R3. The convergence in H}

T T
/ Wt y) - x(t,y) dtdy = / / wN(t’¢iV(y))'d¢iYo’yX(t,y)dtdy
0 R3 0 s
T
N /0 /Rs w (k@) (o)) e (0] 7 @) dt dy,

where we applied again that d¢;¥ |y is a linear isometry. Because of the strong convergence of Y in
C([0,T); CL _(R3)) there holds :

loc

(dl) )™ el (687 (@) = (dlen] ™ ) ™ X(E [0 (@) strongly in L2((0,T) x R?)

so that with the weak convergence of w” we obtain :

T T
/’ w“mwxwww@%/ W(t,y) - x(ty) dt dy.
0 R3 0 R3

Similar arguments yield also that:

T T
/ VWN(t,y) : Vx(t,y) dt dy — / VW (t,y) : Vx(t,y) dt dy.
0 R3 0 R3

which ends the proof.

45



