N
N

N

HAL

open science

On the equivariant cohomology of Hilbert schemes of
points in the plane

Pierre-Emmanuel

» To cite this version:

Pierre-Emmanuel Chaput, Laurent Evain.

Chaput, Laurent Evain

On the equivariant cohomology of Hilbert schemes of

points in the plane. Annales de UInstitut Fourier, 2015, 65 (3), pp.1201-1250. 10.5802/aif.2955 .

hal-00713204

HAL Id: hal-00713204
https://hal.science/hal-00713204
Submitted on 6 Mar 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00713204
https://hal.archives-ouvertes.fr

arXiv:1205.5470v1l [math.AG] 24 May 2012

On the equivariant cohomology of Hilbert schemes of
points in the plane

Pierre-Emmanuel Chaput, Laurent Evain

October 31, 2018

Abstract

Let S = A? be the affine plane regarded as a toric variety with an action of the 2-dimensional
torus 7. We study the equivariant Chow ring A% (S™) of the punctual Hilbert scheme S
with equivariant coefficients inverted. We compute base change formulas in A% (S between
the natural bases introduced by Nakajima, Ellingsrud and Strgmme, and the classical basis
associated with the fixed points. We compute the equivariant commutation relations between
creation/annihilation operators. We express the class of the small diagonal in S in terms
of the equivariant Chern classes of the tautological bundle. We prove that the nested Hilbert

scheme S([)"’"H} parametrizing nested punctual subschemes of degree n and n + 1 is irreducible.

Introduction

If S is a quasi-projective smooth surface, let SI™ be the Hilbert scheme parameterizing the
zero dimensional subschemes of degree n in S. Following Nakajima and Grojnowski, a first
tool to study the Chow ring A*(S( Q) is to consider the direct sum @,enA*(S™ Q) and
operators acting linearly on this direct sum. Then, a lot of structure and information lies in
the commutation relations of the various operators. In the case S = A?, this approach yields a
basis of A*(SI", Q) that we call Nakajima’s basis and a description of the ring structure on it
[Na99l Le99).

When S = A2, another approach is the use of the equivariant Chow rings. The 2-dimensional
torus T acts on S, The equivariant Chow ring with respect to the action of the full torus
T has been computed in [Ev07] in the case S = P? but this is a purely equivariant approach
independent of Nakajima’s framework. Similarly Bialynicki-Birula’s theorem [BB76] yields a
basis of the classical and equivariant Chow rings which has been studied in [ES87] and which
we call Ellingsrud-Strgmme’s basis.

There are equivariant analogues of the operators introduced by Nakajima et al which act on
the equivariant Chow ring. Following Vasserot [Va0l], it is natural to compute these equivariant
operators. In his paper, Vasserot does not consider the full action of the torus 7', but the
action of a non-generic one-dimensional subtorus 77 C T. He computes several operators in
T’-equivariant Chow rings and their commutators. As a consequence, he obtains a description
of the T'-equivariant and of the classical Chow ring of the Hilbert scheme of A2
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On the other hand, Schiffmann and Vasserot study an algebra of operators acting on the
equivariant K-theory of Hilbert schemes [SV09]. Since the correspondences defining ¢; for i > 1
are singular, they do not define operators on the K-theory, this is the reason why the authors
only consider the operator algebra generated by ¢;,¢_; and multiplication by some tautological
bundles.

In this work we consider the action of the operators ¢; for all 7 on the T-equivariant Chow
rings. The apparent difficulty coming from the non projectivity of A? is not severe : we have
all the standard constructions and properties of intersection theory that we need (pushforward,
correspondences, composition of correspondences...) provided that we work in the tensored
equivariant Chow ring A%(S") ® Axpty KK, instead of A%(S "), where K is the fraction field of
Ak (pt), the equivariant Chow ring of a point (Section [I).

However this construction also has its drawback: the pushforward of a contractant non proper
morphism does not need to vanish (see Lemma [0 for an example) and some key arguments
of the classical situation are not valid in our equivariant context. Let Sgﬂ denote the set of
subschemes z, of length n supported as the origin, and let Sg” ‘J denote the similar set of
couples of nested subschemes (z, C z,). When one wants to compute the composition of two
correspondences, the ubiquitous local situation that one has to understand are the classes ,[C],
where C' is some subvariety in S and 7 is the projection to S or to S!9. The geometry is
under control when both z, and z, are curvilinear for the generic pair (z,, 2,) € C. In the other
cases, the restriction of m to C' is contractant and therefore m,[C] is zero in the classical Chow
ring [Na99, [Le99]. However m,[C] need not vanish in the equivariant Chow ring. Our remedy is
to prove that S is irreducible and well understood (Theorem 9, Section ) (whereas SP
is not in general, Proposition [I§)). Then follows our construction to compute the commutators:
we use algebraic arguments to reduce to the case when one of the operators adds only one point.

In Section @], we consider the classical operators acting on Agx = @penA5(S ["]) @ Az, (pt) K,
namely the creation/destruction operators ¢;, the boundary operator 9, and an auxiliary opera-
tor p. All these operators are defined by a correspondence. Provided that the correspondence is
smooth, the computation is easily done with the Bott formula. This is the strategy to compute
¢1 and ¢_; in the fixed point basis (Proposition 27 and 28]). All the other correspondences are
singular at some points and a turnaround is needed to compute the corresponding operators.

Computing restriction to fixed points, we prove the formula 0 = —2¢;(Ox|[n]), where Ox|n]
denotes the tautological bundle. Following Lehn and Schiffmann-Vasserot’s ideas, we consider
various commutators starting with ¢;,g_; and 0. We end up with recursion formulas for the
¢i’s, |i| > 1 (Theorem [B4]). In particular this yields base change formulas between the fixed
point basis and Nakajima’s basis (Example [30)).

To compute the commutation relations between the ¢;’s (Theorem [52]), using once again the
same general idea as in [SV09], we use algebraic computations to reduce to the case of operators
of conformal degree one. The algebraic reduction leads to Proposition [43], a formula apparently
new even in the non equivariant context. We use geometric arguments to get rid of the excess
intersection components which appear in this case.

The class 6, € A" (S of the small diagonal A, C S parameterizing the subschemes
supported on a single point has an expression in terms of the equivariant Chern classes of the
tautological bundle: 6, = (=1)""'nc,_1(Ox[n]). The originial proof by Lehn [Le99, Theorem



4.6] remains true in our context. We give a new proof which relies on an algebraic expression
for the operator ¢, (Theorem [B3]).

Finally, we give an application of our equivariant computations at the level of classical Chow
rings. We investigate the base change between Nakajima’s basis and Ellingsrud and Strgmme’s
basis. Our theorem asserts that these bases are equal up to sign (and a normalisation constant
with our conventions) in classical Chow rings (Theorem [64]). Our strategy of proof is to interpret
the Bialynicki-Birula cells in terms of operators: we introduce new creation operators g; x such
that the basis introduced by Ellingsrud and Strgmme is obtained applying these operators on
the vacuum. We express the ¢; x in terms of the creation operators ¢; and we get a base change
formula in the equivariant Chow ring. Projecting this relation in the usual Chow ring gives the
asserted formula.

Acknowledgements: We thank the Institut Henri Poincaré in Paris and the Mathematisches
Forschungsinstitut Oberwolfach where part of this reaserch took place. We thank the developers
of the Sage project for their software.
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1 Pushforward with non proper morphisms

We work over an algebraically closed field k of any characteristic. Let T" be a 2-dimensional
torus. The T-equivariant Chow ring A%(pt) of a point is isomorphic to a polynomial ring in
two variables U, V. We denote by K = Q(U, V) the field of fractions of A%(pt). Moreover, if
X is any T-variety, we denote by A% (X) the tensor product A%(X) ®zw,v) K. We denote the
product of two classes x,y in a Chow ring indifferently by z.y or by x U y.

In this section f: X — Y is an equivariant morphism between smooth varieties. Moreover,
we assume that X and Y are filtrable, in the sense of Definition 3.2 in [Bri97].

When f : X — Y is a proper equivariant morphism, there is a well defined pushforward
fe t AL(X) — A%(Y). Since we shall work with the affine plane, we are in a non projective
setting and we have to deal with non proper morphisms.

The goal of this section is to explain that a good notion of pushforward fX exists, when f is
a non proper morphism, provided that the restriction to fixed points f7 : X7 — Y7 is proper.
This notion is applied to define correspondences. We show that these correspondences defined
using non proper morphisms satisfy formal properties similar to the correspondences defined in
the usual setting when f is proper.

Definition 1 If f is as above, fT : XT — YT will denote the restriction of f to T-fized points.
The morphisms f5 : Ai(X) — AFmY=dmXGY tphen f s proper) and fi @ A(Y) —
A (X) are derived from the standard morphisms fI : An(X) — AprdmY=dmXyy) gnd fr .
AL(Y) = A%(X) after tensorisation over Z[U, V| by K.

Let f : X — Y be any T-equivariant morphism, and consider the following commutative
diagram:

X7 4 X
A (1)
yr oy

Since ¥ is an isomorphism by [EG98, Theorem 1], the following definition is meaningful:

Definition 2 If f7 is proper, define
. . -1 * *+dim Y —dim
FER = GE(MEGE) T AR(X) = Agramy=dmX(y)

If f is proper, then f*¥ = fK by the functoriality of the pushforward in the proper case. Since
there is therefore no possible confusion, we will denote f7*¥ simply by fX.

Theorem 3 The morphism fX satisfies the following properties:

1. Functoriality: if we have T-equivariant morphisms X Ly % 7 such that T and g7 are
proper, then (go f)K = g& o fK.

2. Projection formula: assume here that X andY are smooth, so that A3 (X) and A3 (Y) are
rings. For any o € A3(X) and B € A (Y), we have the equality fX(a)-8 = fE(a-f(8)).



3. We have the equality g= fi = U;hE if f,9,h,1 are as in the following diagram:

XxYxZ & vyxZ
Lf Ll

Xxy & vy

Proof.

Functoriality. Consider the following diagram:

i

X < X
LT
yT 4y
Lg" lg
7t Loz

Then we have

(gof) = ki((go N))I @)™
= k(g ()™
= k(g () o

gE o fE .

g ()™

Projection formula. Let a € A (X) and 8 € A5 (Y). By commutativity of the diagram (),
we have:
afilf = o (i) (F)iikh
KR
= i) e () (U kdRB
KKy —1
= () i @G T (idRB),

where the last equality is due to the usual projection formula for iX. Applying (i%)~! to both
sides of the equality we get: (iX)"'(a - f8) = (if)La - (f1)%j% 3. Therefore,

fla-B = GE(FHEEE )‘la B
= () (@) e (fF)kikB)
= g (F (@) ( - f&P))
= ffa- fiB)

(the second equality follows from the projection formula for j o fT.)
Property 3. Consider the following diagram:

XTxYTlxzl &% XxyxZ % vxz & yrixgr
il 1f Ll Wit

a h c

XT xy”T — X xY AN Y — YT



The property that we want to prove holds when the pushforward maps are taken with proper
morphisms, so that for example b5 (f7)% = fralX. The second following equality is a conse-
quence of this remark, the third and the fourth equalities are similar:

Tl R A (/L L (A I
= )E(

O

In practice, fX can be computed by a “Bott formula”, as in the proper case. Assume that X
is smooth. Since X7 is smooth, A%(XT) = @ A% (X;) where the sum runs through the irreducible
components X; of X”. We denote by ¢;,,(Nxr x) the operator which acts on A% (X?) through
multiplication by the equivariant Chern class ¢g4, of the normal bundle N, x on the component
A7(X;), where d; is the codimension of X; in X. Similarly, there is a class cip(Nyry). In
A (X) (or A% (Y)), the Chern class ¢4 is equal to the sum of an invertible element and a
nilpotent element, according to the proof of [Bri97, Proposition 3.2(i)]. Therefore it is invertible
and cop(Nxr x) is an invertible operator.

Lemma 4 Assume that X is smooth. Leti: X7 — X be the natural inclusion. The pullback

13 15 invertible with inverse i, o Ner )

Proof. For v € A5(X7T), the self-intersection formula reads
Z; ZZ o = Ctop(NXT,X) a .

Thus the lemma follows from the fact that iX is invertible by the localization theorem [EGOS|
Theorem 1]. O

Theorem 5 (Bott Formula) Recall the diagram (1) and assume that X and Y are smooth.
Let o € A5(X). Then

TP (@) = ) (O (i) ).

NXT7X

In particular, when both X andY have a finite number of fixed points x1,...,Tpn, Y1,...,Yp, the
formula expresses fX in terms of the localization at these fized points:

(o) = 3 Collw) -

T..
f(zi)=yx CtOp( x“X)

where T, y and T, x are the tangent T'-representations.



1

Ctop(IN

» %k
K Then,

Proof. By Lemma [, the inverse of i¥ is

Jeffa = jiKUMEGES e
= Cop(Nyr ) (FDEE)

i) (P (it )

Ctop(NXT,X

O

Definition 6 An equivariant correspondence is a closed T-stable subvariety C C X XY such
that CT — YT is a proper morphism. Let wx and my be the projections from C to X and Y
respectively. The classes of such varieties C' generate a subspace in Al (X xY) and we still call
equivariant correspondence a class in this subspace. An equivariant correspondence C' yields a

morphism f : Aje(X) = A5 (Y) defined by f(a) = (my) (mx)jc ().

Proposition 7 Assume that X,Y,Z are smooth varieties. Let C C X XY and D C Y X Z
be two equivariant correspondences, and f and g the associated morphisms. Let w9, T3, mo3 the
projections from X XY x Z to X XY, X x Z and Y x Z respectively. Then the (m13)5 ((m12)%[C] U
(793)% [D]) is an equivariant correspondence with associated morphism g o f.

Proof. When f : C — Y and g : D — Z are proper, the proof is classical and relies on
functoriality of the pushforward, on the projection formula, and on the third property of The-
orem [3l Thus the proof is mutatis mutandis the same as in the proper case if we check that
E = (m13)5 ((m12)%[C] U (ma3)% [D]) € A3 (X x Z) is well defined and if we can associate to F a
morphism fg : A% (X) — A5 (Z) with the help of the standard formulas of intersection theory.

Let L = (m,'C Ny D). Since DT — Z7 is proper, so is XT x DT — XT x ZT. Tt follows
that LT = (CT x ZT) N (XT x DT) — XT x ZT is proper and that (m;3)5 (L) is well defined.

We now prove that h: LT — Z7 is proper. In particular, there is a well defined morphism
(ThE A (L) — A (Z). We consider the factorization of h : LT — ZT as g o f with
f: LT — DT and g : DT — ZT. The morphism g is proper since D is an equivariant
correspondence. The morphism f : LT — D7 is the extension of the proper morphism C7 — Y7
by the morphism DT — Y. Then h is proper as a composition of proper morphisms.

When the intersection L is proper, then E = (m13)" (L) and fg is defined to be the composite
morphism (m£)~ o (1£)}; : A% (X) = A(L) — A%(Z).

When the intersection L is not proper, then (m2)5[C] U (ma3)) [D] is representable by a
refined intersection I, ie. by a linear combination of classes I = > o;[L;], with L; C L a
closed subvariety. In particular, L7 — ZT is proper as a composition of the proper morphisms
LT — L7 — Z7. Similarly LT — X7 x Z7T is proper since it factorizes through LY. Then the
pushforward E = (m3)" (3. a;L;) is well defined. The associated morphism is fr = 3 a;fy,

with fr, = (W?fl)* © (ﬂ-lLl)K‘ O

Definition 8 Suppose thatw : XT — Spec k is proper. Then there is a well-defined pushforward
map & A% (X) — K. This yields a K-bilinear product on A3 (X) defined by (o, B)x =
T&(aUp).



When (., .)x and (., .)y are both non degenerate (for instance when X and Y have a finite number
of fixed points), then every map f : A5 (X) — A5 (Y) admits a dual map f¥ : A5 (V) — A5 (X).

Definition 9 If C C X x Y is a correspondence, the dual correspondence CV is the corre-
spondence in Y x X which is canonically identified with C under the natural isomorphism

X xY ~Y x X. In particular, if CV is an equivariant correspondence, it yields a map
A (Y) = A (X).

Proposition 10 Assume that X and Y are smooth. Let C' C X XY be an equivariant corre-
spondence and f : A5 (X) — A5 (Y) the associated morphism. Suppose that C¥ CY x X is an
equivariant correspondence and that (.,.)x and {.,.)y are non degenerate. Then the dual map
1Y is defined by the dual correspondence C".

Proof. In the classical setting, the proof relies on the functoriality of the pushforward and on
the projection formula. Both arguments remain valid in our context. O

Restriction to fixed points does not commute with the bilinear product (see Lemma 26]). This
remark is important when one wants to compute [V on fixed points.

2 Tangent space to SI+1

We denote by S the affine plane A2, Let n > 0 be an integer, we denote by S the Hilbert
scheme parameterizing length n subschemes of S [Gro61] (S = Spec k). Given z € S we
denote by I, C k[X,Y] the corresponding ideal, of codimension n. Given p,q integers with
0 < p < q, we denote by SP4 the “nested” Hilbert scheme, namely the subscheme of S x Sd
consisting of pairs (s, b) such that I, D I,. The torus (k*)* will be denoted by T'. It acts on the
plane S: we use the convention that an element (u,v) € T acts on a monomial X*Y? € k[X,Y]
by (u,v) - X°Y? = (uX)?(vY)?. This induces an action of T on each Hilbert scheme S
and SP9. We will denote by aU + bV the weight on T' defined by (aU + bV)(u,v) = u®o’.
Given a monomial m = X*Y? we denote by wt(m) = alU + bV its weight. Any character of
T defines naturally an element in A'(pt), thus our notation is compatible with the notation
A*(pt) = Z[U, V] in Section [

Several arguments in the present paper rely on a tangent space argument. In fact, at a T-fixed
point z € S the tangent space T,S!" has several combinatorial descriptions. One [Ev04] is
in terms of significant cleft pairs and another [Na99] in terms of boxes of the corresponding
staircase. We recall in this section the necessary material to be comfortable with these two
notions. We give two applications. First, we compute the tangent space at a toric point in
St as a representation of 7. Then Theorem [[d proves the irreducibility of S ] ghnnt)
parameterizing the pairs of subschemes s C b with the support of b equal to the origin.

2.1 Tangent space to the Hilbert schemes
First, observe that a T-fixed point z in S is defined by an ideal

= P k-xv

(a,b)¢E
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where £ C N? satisfies (N> \ £) + N> C (N?\ E). Such (finite) subsets E C N? will be
called staircases. A partition A = (A > ... > N\, > 0) is by definition a finite sequence of
non increasing positive natural numbers, [ is called the length of A\, and |A| = 22:1 A; is the
weight of A\.  We denote by P, the set of partitions of weight n. If E is a finite staircase
associated with a T-fixed point z € S there exists a unique partition A with weight n such
that (a,b) e E< a+1<1,b< Agi1.

We begin by recalling the description given in [Ev04] of 7,5 when z € S is a T-fixed point.
e A monomial ¢ € I, is called a cleft whenever X' -c & I, and Y '.-c ¢ L.

e A Laurent monomial is called positive (resp., negative) if it belongs to Y "'k[X, Y 1] (resp.,
XX YY)).

o A weight aU + bV with a > 0 and b < 0 resp. a < 0 and b > 0 will be called positive resp.
negative.

e A cleft pairis a pair (¢, m) such that c is a cleft, m is a monomial not belonging to I, and
m/c is either positive or negative (in which case, we say that (¢, m) is positive or negative,
respectively).

Now let C := {cy, ..., ¢} denote the set of clefts, which we order following the convention that
¢iv1/c; be positive for 1 <i <[ —1.

For each positive (resp., negative) cleft pair (¢;, m), let s := s; denote the least common multiple
of ¢; and ¢;q (resp., ¢; and ¢;_1). We say that (¢;, m) is significant if ms/c; € I,. To (¢;,m) we
associate the vector ¢ = @, ) in 7,5 ~ Homyxy)(1., k[X,Y]/I.) defined by

pleg) =me;fe it j<i o(c;) =0if j <i
p(c;) = 0if j > i YR\ oley) = mes e if § >

According to [Ev04, Theorem 3], the set of elements ¢, ) for all significant cleft pairs (c,m) is
a basis of TS,

On the other hand, Nakajima gives a combinatorial description of the weights occurring in
T.S™M [Na99, Proposition 5.8]. Given a staircase E and e € F, let a(e) := max{i | X’ -e € E}
and let b(e) := max{j | Y7 -e € E}. The set of positive weights in 7,S" counted with
multiplicities, is the set of weights of the form w, (e) := a(e)U — (b(e) + 1)V, and the set of
negative weights is the set of weights the form w_(e) := —(a(e) + 1)U + b(e)V'.

We now give a bijection h, resp. h_ between the staircase E and the set of positive resp.
negative significant cleft couples, preserving the weights, meaning that wt(p(n,())) = w+(e).
The bijection hy resp. h_ is defined as follows: given e € E, we denote ¢; = Y’ - e resp.
c; = X?-e, where b resp. a is the minimal integer such that Y®.-e & F resp. X%-e¢ & E.
We denote c; = X% - e resp. ¢y = Y- e, where a resp. b is the maximal integer such that
X% e€ Eresp. Y’-e € E. We let i resp. j be the maximal integer such that X - ¢; & E resp.
Y7 -c; € E (thus X" ¢ resp. Y77 - ¢ is a cleft). Finally we set hy(e) = (X" ¢, X7+ )
resp. h_(e) = (Y7 -¢;, Y77 - ¢y): by construction of (c;,cy) this is a significant cleft couple.



Proposition 11 The map hy resp. h_ is a bijection between E and the set of positive resp.
negative significant cleft couples, and we have wt(pn, (o)) = wi(e) and wt(Qn_(e))) = w-(e).

Proof. By symmetry, we give the proof only in the positive case. With the notations before
the proposition, we have wt(¢, () = wt(coc; "), which is readily w, (e). Thus to prove the
proposition it suffices to describe the inverse of h,.. Given a positive significant cleft couple
(c,m), let i be the maximal integer such that X*-m € E. The inverse of h, maps (c,m) to the
greatest common divisor of X? - ¢ and X* - m. U

2.2 Computation of the tangent space of S+

Let (s,b) € (ST (5 and b stand for small and big). We denote by Ej, Ej their staircases.
Let g : S+ — S+ denote the natural projection, and let dg denote its differential at (s, b).
There is a natural exact sequence

0 — ker dq — T(o S+ X 7 5l+1)
The following is immediate:

Lemma 12 The tangent space T(SJ,)S[”"]} of SPl at (s,b) is the set of couples of homomorphisms
(o, ) € Homyxy)(Ls, k[ X, Y]/ 1) x Homuyx v (Ly, k[ X, Y]/ 1) such that for all f € I, we have

w(f) = »(f) mod L.

Proof. This tangent space is included in the tangent space T(,) (S [Pl Slal)which is the direct
sum Homyx,y)(Is, k[ X, Y]/ L) ® Homyx vy (L, k[ X, Y]/I,,). Consider the ring k[e], where €2 = 0.
Identifying the tangent bundle of S resp. S!9 with the k[e]-points of SP! resp. Sl@, we see that
(0, 9) € Tisp)S Pl if and only if the restriction of ¢ to I is equal to the quotient of ¢ modulo
I,. O

The following propositions [I3] and [[4] describe the infinitesimal deformations of b that admit
a lift to a deformation of (s,b). There are two cases, depending on the geometry of the staircases
involved.

If m is a monomial, we denote by z(m) its exponent for the variable X. In other words
r(X?Y?) = a. Similarly y(X2Y?) = b. We denote by ci,...,¢ the clefts of s, and by k the
index such that ¢, € E}.

Proposition 13 Assume that y(cx—1) > y(c) +1, resp. x(cgs1) > x(ck) +1. Then the positive,
resp. negative part of Im dq is the subspace of Ty,S"™ generated by those p(.m) with (c,m) #
(Yo, X Ley),i >k, resp. (e,m) # (Xep, Y ley),1 < k.

Proof. By symmetry, it suffices to describe the positive part of Im dg when y(cx_1) > y(cx) + 1.

The fact that many cleft pairs of s are also cleft pairs of b is a potential source of confusion.
Consequently, given a pair (¢, m) of both s and b, we will use Plem) TESD- cp?jnll) to denote the
corresponding tangent vector in T,S™ resp. TS+, Moreover we will use the convention that

if m & FE, then Plemy = 0. Let (¢,m) be a positive significant cleft pair of b.

10



First note that if ¢ = ¢; with ¢ # k, then g0"+1) € Im dq. In fact in this case it is clear that

(Plemy» gp?jnll)) is a tangent vector of SI™"*+1 (recall our convention that Plemy 18 0 if m = ).

Next consider the case where ¢ = Xc¢,.. We also see that <p”+1) € Im dq since the pair
(P X1y go?;clk m)) 18 & tangent vector of Sl by Lemma T2

Now, if ¢ = Y¢y, the fact that (¢, m) is a significant cleft pair implies that Xm € I,. If m # X !¢
for any i > k, then XY ~!'m € I, and thus Pl y—1my (X ) = 0, so that ([, y-1,,, @Z‘;(}k my) 18
a tangent vector of Sn+1l.

n+1
(Yck,Xflci
To this end, let (¢", ") be a tangent vector to the incidence variety. Considering ™ resp.
"1 as an element of Homy,x y|(Is, k[ X, Y]/I,) resp. Homyx y)(Iy, k[X,Y]/1,), we see that the
coefficient of Y~!¢; in ¢"(X¢;,) is equal to the coefficient of X~ l¢; in ¢"(Y¢i) (namely, those

coefficients equal the coefficient of X'V !¢; in ¢"(c;)). It follows from Lemma [I2 that ¢"*!

has the same property. On the other hand, among all the basis vectors <g0?c+%)) go?;rclk X-lep)

It remains to show that the ¢ )—coeﬂicient of any vector in Im dg vanishes, for all ¢ > k.

n+1
(Yer,X1ey)

©" ! vanishes. O

is the only vector for which these coefficients are not equal. Thus the ¢ -coefficient in

Proposition 14 Assume that y(cx—1) = y(ck) + 1 resp. x(cxr1) = x(cx) + 1. Then the positive
resp. negative part of Im dq is the subspace of TS generated by those p(.m) with (c,m) #
(Cp, XTler-)m2(eR)=1 e i >k resp. (¢, m) # (cpar, YY) 78eR)1 ) 1§ < k.

Proof. The argument is similar to that used in the proof of the preceding proposition. For any

positive significant cleft pair (¢;,m) with ¢ > k or ¢ < k — 1, the vector (¢, ., <p?+1 ) belongs

to (s S whence, <p?+1 belongs to the image of dq.

Similarly, if (¢, m) is a positive cleft pair and ¢ = X ¢, then the pair (go?% X—1m); <p?c+;b)) belongs

to Tisp) S we deduce @?H € Im dg.

We now consider positive significant cleft pairs of the form (c;_1,m). Assume that ¢ > k is such
that y(c;—1) > y(m) > y(¢;). Since (¢x—1,m) is significant, we have

xz(m) > z(¢;) + x(cp-1) — x(cx) — 1.

When x(m) > x(c;) +x(ck-1) — z(cx), the pair (o[, ., go?;k'll my) Delongs to the tangent space
Tis S+l so go?jl € Im dq. When z(m) = z(¢;) + 2(cx—1) — z(cx) — 1 and y(m) > y(c),

the pair (<P( X =2k 1)y —1p) ‘P?CJ;I ) belongs to T(s ) S™ "t so <p?+1 my € Im dg.

n+1
( 1’Xx(ck71)fx(ck)flci)

is the only vector ¢ in our basis of

Finally it remains to show that the ¢ -coordinate of any vector in Im dq
vanishes. To this end, note that ¢"!

(Ck Xz(ckfl)fz(ck)flci)
T, S+ for which
Y~ elp(Xer) # [Xelp(Yer),
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while
Y e]p(Xer) = [X el (Yey)

for any v € Hom(I;, k[X,Y]/1;), where [m]p(n) denotes the coefficient of m in ¢(n). O

While the description of Im (dq) given in Propositions [I3]and [I4] depends on the shape of the
Young tableau corresponding to s, the weights of the T-representation 75! /Im dq have a
more uniform description. This space measures the obstructions to lift a deformation of b to a
deformation of (s, b).

Proposition 15 The weights of the T-representation T, S+ /Im dq have multiplicity one and
are given by

(2(c:) = a(ex) = DU + (y(es) — ylew) = DVii # k.

These weights are the weights of chk , i F£ k.

Proof. By symmetry, it suffices to consider only the positive part of the quotient 735"+ /Im dg.

Assume first that y(c,_1) > y(cx) + 1. By Proposition 3] the positive weights of T, S+ /Im dq
are the weights of % Thus the proposition is proved in this case. Assume now that

y(ck_(l) = y((c;i) + 1. By Proposition [ the positive weights of T3,S"*! /Im dq are the weights
Of Xac cp—1)—z(cy —1

= % Since ¢_1 = X*-1)=#)Y ¢, the proposition follows in this case too. O

Proposition 16 The weights of ker dq have multiplicity one and are the following:
—(y(cimr) —ylew) + DV + (x(e;) —x(ew) = DU i >k
—(@(cx) — 2(civa) + DU + (y(c) —ylew) =V i <k

These weights are the weights of the arrows from ¢, to the corners of the partition corresponding
to s.

Proof. This kernel consists of those morphisms ¢ € Homyx yi(Is, k[X,Y]/I) for which ¢(1,) =
0, by Lemma If follows that if (¢, m) is a cleft pair with ¢ # ¢, we have
[QO?Qm)]QO =0

for every ¢ € kerdq. On the other hand, if (cx, m) is a cleft pair and ¢ has a non-vanishing
Pler m)—coeﬂicient, the fact that

o(Xcp) = Xp(er) =0 and o(Yer) = Yo(cr) = 0 mod I

implies that m is a corner of s. Conversely, for m a corner of s, it is clear that Plepm) € ker dgq.
Thus ker dq is generated by those elements Plerm) for which m is a corner of s. The proposition
now follows immediately. U

The last two propositions and the exact sequence together describe the tangent space
Tisp)S [nn+1] a5 a linear T-representation. This will be useful later on to compute equivari-
ant Chern classes. Considering only the dimensions of these spaces, we recover the following
well-known result of Cheah [Che98, Theorem 3.2.2] about the smoothness of Sn+1l:

Proposition 17 The incidence ST+t is a smooth irreducible subvariety of S x S+1,
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2.3 Application to the irreducibility of S([)"’”H]

We consider the subvariety S([)p 4 of Gl parameterizing incident schemes (s C b) with respective
length p and ¢ both supported at the origin. Recall Briangon’s theorem which asserts the
irreducibility of the variety S([)"] C SI" parameterizing the subschemes of length n and support
the origin. The corresponding theorem for pairs of incident schemes is not true, as shown by
the following example.

Proposition 18 The scheme 552’4} is not irreducible.

Proof. As 552’4} is a strict subscheme of the irreducible 4-dimensional product qu X S([f], any
component has dimension at most 3 and any irreducible F' C S([)2’4] of dimension 3 is an irre-
ducible component. One irreducible component of dimension 3 is birational to S}f‘} . its generic
point parameterizes the couple (s,b) with b the generic curvilinear subscheme of length 4 and
s the unique subscheme of b with length 2. An other 3-dimensional family is constructed as
follows. Let (f, g) be two distinct linear forms and b the subscheme of S with equation (f?, ¢%).
Let s be any scheme of length 2 supported at the origin. Since s C b, the set of such (s,b)
describe a subvariety F' C 552’4} of dimension 1+ 2 = 3. O

Although the general incidence S(Q” 4 s wild and difficult to describe, the case (p,q) =
(n,m + 1) behaves nicely. The rest of this section is devoted to the proof of the following
theorem:

Theorem 19 The incidence S([)"’nﬂ} is irreducible of dimension n. At the generic point (s,b),
the subschemes s and b are curvilinear.

We start the proof with a weaker version of the theorem, in the next proposition.

Proposition 20 We have dim S([]"’"H] =n and there is only one irreducible component Hy in

S([]"’"H] of dimension n. At a generic point (s,b) € Hy, the subschemes s and b are curvilinear.

Proof. Once again this result is a consequence of the detailed study of S([)"’"H]
Cheah [Che98| Proposition 3.4.11]. We give a short proof.

To apply Bialynicki-Birula’s decomposition theorem in SU»"*1 which is not compact, we
first compactify S™"*U. So consider the inclusion S™"+1 c (P2?)l»n+1 Since S+ is smooth
for all values of i, (P?)""*1 is smooth. Consider the action of k* induced by the action on the
affine plane defined by ¢t - X =t*X | t-Y = tY, where a is any integer strictly greater than
n+ 1.

Let O denote the origin of A2 C P2. Let Z be a subscheme of P2. If Z is not supported
on O, then the limit at ¢ = 0 of ¢ - Z is also not supported on O. For (s,b) a k*-fixed point in
(P2t et Cis ) be the corresponding Bialynicki-Birula cell: we have

@yt = I Cuw -
(sD)e (s )’

performed by

Thus to prove the proposition it is enough to show that all the cells C, ;) with s and b supported
at the origin have dimension at most n and that exactly one has dimension n.

13



Let (s,0) € SI"™™Y be a given k*-fixed point. Let us say that a tangent vector = €
Tisn)S 1] is contractant if it is an eigenvector for the k*-action of positive weight. It is
well-known that the dimension of (' is the number of independent contractant tangent vec-
tors.

Let v € Tis)S [+l be a T-weight vector which is contractant and let w = alU + bV be its
weight. Its weight for k* is aa + b and this is a positive integer. Since o > n + 1, we have
a > 0 so w is a positive weight (recall the definition of positive weights in Subsection 2.1]). In
particular, the vector space W generated by such contractant tangent vectors x satisfies dim W <
dimT* = n + 1, where T* C T(,p)S (41 §s the vector space generated by tangent vectors
with positive weight. Recall the description of T(,)S [nn 1] given in terms of the projection
q : Strtll 5 St and its differential dg. By Proposition [I5] all the tangent vectors of
T, S" 1 of positive weight —V are in the image of dgq but are not contractant. Since there is at
least one such vector, we get dim W < dim T — 1 = n. Moreover, if we have equality, there is
exactly one vector in 7,5+ of weight —V. This implies that the partition corresponding to
b is a rectangle: A = (m,m,...,m). But, if m > 1, the eigenspace of weight —V" in Im dq has
dimension 1, as well as the eigenspace of weight —(m — 1)V in ker dg, by Proposition Since
these vectors are not contractant, we get dim W < n — 1 and a contradiction. Thus the only
possibility is A = (1,1,...,1), and the proposition is proved. O

The next proposition describes the Bialynicki-Birula cells of dimension n — 1 introduced in
the proof of the previous proposition.

Proposition 21 A Bialynicki-Birula cell C(sp) has dimension n — 1 if and only if the height of
the partition A associated to b is 2.

Proof. We keep the notations of the previous proposition. If the height A of A\ is 1, then
dim C(s) = n by the above. If h > 3, since there are at least h independent vectors in Im(dq)
of weight a positive multiple of —V/, there are at least three tangent vectors in T, ;S [r.n+1]
which are positive non contractant, hence dim C,p) < dimT* —h < n —2. If h = 2, then
A = (22,17) and the partition u of s is pg = (2271, 1°*1) or pu; = (2%,1°71). Let us denote
by T..n: the subspace of a vector space T' generated by the contractant tangent vectors. Then
dim 7,5 = n — 1.

Our description of the kernel ker(dg) and the coimage colm(dq) of dg (Propositions [[4] and
I6) show that when g = uy or f = 0, then dim colm(dq)cons = dimker(dq)eons = 0. When
i = pio and 8 # 0, then dimcolm(dq)cons = dimker(dq)cons = 1. Summing up, dim Csp) =
dim(7Ty) cont — dim colm(dq) cons + dim ker(dq)cons = n — 1 as required. a

Proposition 22 Let L, C S the set of (s,b) such that s is punctual. Then every compo-
nent of L, has dimension at least n + 3.

Proof.

Following Gaffney and Lazarsfeld, if f : X — Y is a finite morphism between irreducible
varieties we define the ramification locus R; C X containing the points = for which f~!(f(z))
is a scheme whose support on x has length at least [ + 1. When X is normal, ¥ non-singular
and f surjective, then the components of R; have codimension at most [ [GL80, p.58],[Laz80].
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We apply this theorem with X = U, the universal family over Y = S»"+1 whose fiber

over (s,b) is the scheme s. It suffices to prove that U, is normal. We shall prove that U, is
Cohen-Macaulay and smooth in codimension one, which implies normality according to Serre’s
criteria.

U, is Cohen-Macaulay as it is flat over the smooth base Sm+1,

For any A = (Aq,..., \) ordered k-tuple with > )\; = n + 1, we denote by Ay C S+ the
stratum of subschemes z of type A, ie. z = 2 I... Il 2 with length(z;) = Ay and z;, punctual.
Since any punctual z;(p) supported by p is the translation of a subscheme z;(0) supported by
the origin, dim A, = dim(S* x Sg\ﬂ X ... X SB”)

For i <k, let p;(A) = (A1, ..., Nic1, A — L, A, . ..). For p € A with ¥y, = nlet D, C
S+l be the image of the generically well defined quasi-finite map

Sk « ngh} < % S([)Hky)\k] _y Ghnt]

((p1y- -y pr), (b1, w1), .oy (e, wi))  — (Lt (ps), Hw;(p;))-

Let D, C S+l denote the inverse image of A, by the natural projection S+l — gr+1l,
Then Dy = U<k Dy For A # (2,1,...1) and A # (1,...,1), the codimension of D, in
St i at least 2 according to Proposition In particular, no smoothness condition is
required for the universal family U, over D). When A = (1,...,1), the smoothness of U, is
obvious.

We consider now the case A = (2,1,...1). Let (s,b) € D,.

If (s,0) € D, with u = (1,...,1), then locally around (s,b), S™"*1 is isomorphic to
S2 % §n=1 The universal family U, over D, , is locally a disjoint union of sheets. The sheets
coming from the universal families over S are obviously smooth. The last sheet Z coming from
the factor S is such that the projection Z — S is an isomorphism (the fiber is zero
dimensional with length 1), so this last sheet is smooth too.

If (5,b) € D, with g = (2,1,...,1,0,1,...,1), then locally around (s,b), S is iso-
morphic to S x S"~'. The universal family U, is smooth since it is the disjoint union of the
pullback of the smooth universal families over S and S.

]

Corollary 23 Fvery irreducible component of S([]"’"H] has dimension n orn — 1.

Proof. Moving the subschemes of S([)"’"Jr” with translations, the product S([)"’"Jr” x S parameter-
izes the set L of pairs (s,b) € S+ with s,b punctual with any support p € S. We need to
prove that the components of L have dimension n+ 1 or n+ 2. Consider the residual morphism
Res : S+l — S that sends a pair (s,b) to the point ¢ defined by the ideal (I, : I). Let
A, L, — k, (s,b) = x(s) — xz(Res(s, b)), where z(s) denotes the x coordinate of the punctual
subscheme s. Define similarly A,. The components of L, have dimension at least n + 3 by
Proposition From the equality L = L, N A;*(0) N A;*(0), we conclude that any component
of L has dimension at least n + 1. The components of L have dimension at most n + 2 by
Proposition 201 O

We now conclude the proof of Theorem For the proof, we need to produce some universal
families over Bialynicki-Birula cells. They are constructed from the description of the tangent
space by a procedure similar to the one used in [Ev04].
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Proof. By Corollary 23], the components of S([)n’"H] have dimension n or n — 1. The Bialynicki-

]

Birula decomposition of S([)"’"Jrl is a partition into irreducible sets. It follows that the irreducible

components of S([)"’"Jr” are the maximal sets for the inclusion among the closure of the Bialynicki-
Birula cells. Since we already proved that there is a unique maximal component of dimension
n, it remains to prove that the closure of the cells of dimension n — 1 described by Proposition
21 are not irreducible components of S,

Let Cyypy C S0 be a Bialynicki-Birula cell of dimension n — 1, (so,b) € SI"™"" the
corresponding fixed point, A = (2%, 1) and u be the partitions of by and sg. Let po = (2071, 17+1)
and p; = (2%,1°71). We have u = g or g1 = pu;.

First, we remark that the irreducible components of S([)n’"H] are invariant under GLs, the
group of linear automorphisms of the plane. In particular, if we prove that the generic point of
Cso.po 18 not invariant under G Lo, it follows that the closure m is not a component of S([)"’"H}.
Moreover we will use the following notation: we denote by k[X, Y], the space of homogeneous
polynomials of degree d and by 74 : k[X,Y] — k[X, Y], the natural projection. Given an ideal
I, I; will denote the subspace mq(I) C k[X,Y]s. Let us finally say that an admissible cleft
couple for [, is liftable if the corresponding infinitesimal deformation of I, can be lifted to a

infinitesimal deformation of the pair (I, ).

o If @ > 1 and B = 0, then consider the ideal I, = (X Y? + > ., . ¢;X'Y7) and
I, = I+ (Y X !). The variables ¢;; are the (n — 1) coordinates on the Bialynicki-Birula cell C
and I, are the corresponding universal ideals. If (I, [;) is the generic element in this cell, we
have (1), = k- X, thus this generic point is not G Ly-invariant.

elfa>1 4=1and p = pu, we again have ([,); = k- X for the generic pair (I, I,), and
this is not GG Ly-invariant.

elfa=1and =0, then I, = (X,Y?) and I, = (X,Y), so this point is not G Ly-invariant.
Similarly, if « = 1,8 =1 and p = py, then I, = (X,Y?), and this is not G Ly-invariant.

o If @ > 1 and 8 > 2 then the cleft couple ((2,0),(0,2)) is not admissible for I,. It follows
that the generic element (b, s), (1), has dimension one and is generated by a polynomial divisible
by Y. In particular, the generic element of the cell is not G Lo-invariant.

elf o > 1,8 =2and u = g, then the cleft couple ((2,0)(0,2)) is admissible, but not
liftable, by Proposition [I5 Thus for the same reason the cell is not G Ls-invariant.

It remains to consider the cases (f =1 and p = po), (a = 1,6 > 1, u = po), (a = 1,8 >
1, =), and (« > 1,8 = 2 and p = pq1). For these cases, we will see that the closure of the
Bialynicki-Birula cells are invariant under G Ly, and thus we cannot apply the same arguments

as above. Instead, we will prove that the closure C, ; of the cell under consideration is not an

irreducible component of S([)"’nﬂ} as it is included in the unique (“curvilinear”) component of
dimension n. To this end, we apply a change of coordinates to obtain simple equations for the
generic point (s,b) of the cell Cy ;,, and we express (s,b) as the limit of (s(t),b(t)) € S([]"’"H]

with s(t) and b(t) curvilinear.

0,b0

e Consider the case f = 1 and p = po. The universal families over Cy,;, are described
by coordinates ¢;;,d and universal ideals I, = (X*"', Y X*Y?+ 3., e G XY I =

322,(i,9)
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I, + (YX° ' 4+ dX*). Note that I, contains all the monomials of degree o + 1. The element
in I, with initial term Y? vanishes on a curve locally reducible around 0 as a union of two
distinct smooth curves when the coefficients are generic. Up to a change of coordinates, one
may suppose that the two branches have equations X = 0 and Y = 0. Then [, contains XY
and all the monomials of degree o + 1. Thus [, = (X**! Y*T1 XY because of the inclusion,
and both ideals have the same colength. The ideal I has codimension one in [, thus the general
element has the form Iy = I, + (X“ + dY®). Up to a linear change of coordinates of the form
Y — ¢Y, X — X, one may suppose that Iy = I, + (X* 4+ Y“). For a generic pair (s,b), b is
the union of two curvilinear schemes of length o + 1 supported at the origin, and s a colength
one subscheme of b: this cell is invariant under automorphisms.

For t # 0let I(t) = (XY +t(X +Y), X2 Y2y and [,(t) = (XY + (X +Y), X2 Y?*).
Let (15(0), I,(0)) be the limit at t = 0 of (I5(t), [,(t)). Obviously XY = lim; ,c XY +t(X+Y) €
1,(0).

Since b(t) (resp. s(t)) has length 2o+ 1 (resp. 2a) with support the origin, every monomial
of degree 2a+ 1 (resp. 2a) is in I,(t) (resp I,(t)). Since X +Y = = modulo I,(t), we obtain
X(X+Y)* € L(t) and Y(X+Y)* € I(t). Summing up, [,(0) D (XY, X (X+Y)*, YV(X+Y)*) =
(XY, Xt Yorl) This inclusion is an equality since the two ideals have colength 2a:+ 1. The
same reasoning with the curvilinear s(¢) instead of b(¢) shows that I,(0) D (XY, X! ya+l),
Modulo I(t), (X +Y)* = (=5%)* = 0. Thus L,(0) D (XY, X*™ Y (X +Y)*) and the
equality follows by length considerations. We have proved I, = I,(0) and I, = I(0), as expected.

oelfa>10=2u = p, we can perform as above a change of coordinates in order to
reduce to the case I, = (XY, X" Yot) and I, = ((XY, X2 yor2 Xofl 4 yotrl) For
a generic pair (b,s), b is a colength one subscheme in the union ¢; U ¢s of two curvilinear
subschemes of length o + 2, and s is the union ¢} U ¢}, where ¢, C ¢; is the unique colength
one subscheme: this cell is invariant under automorphisms. The same computation as above
now shows that I, = lim I,(t), I, = lim I(¢) with I,(t) = (XY + (X +Y), X2t y2ot1) and
I(t) = (XY + t(X +Y), X2at2 y2ot2),

elfa=1,0>1pu=pg, then I, = (X" XY + 3,0, X/, Y+ 3,50, Y X71)
and I, = I + (Y + >, ;c50;X77" + dXP). Up to the coordinate change X — X, Y
Y 4+ 3 g X+ dX”, one may suppose that [, = (X? XY, Y?) and I, = (X*4Y).
It follows that for a generic pair (b,s), s is a curvilinear scheme and b the union of s and
the 2-fat point: this cell is invariant under automorphisms. Consider the curvilinear ideals
c = (X*PY), and the automorphism ¢; : X +— XY s tY + X1 The ideals I,(t) = ¢:(c)
and I4(t) = ¢4(Is) = I, are such that lim;_,o I5(¢) = I and lim;_,o I,(t) = I.

elfa=1,4>1p=p, then I, = (X" XY +3, 50, X7, Y?+3, 50,V X/ +dX7)
and I, = I, + (X?). Up to the two coordinate changes X — X, Y =Y + 3, . ,a;X/~", and
then X — X,Y ~ \Y, one may suppose that I, = (X% XV, Y24+ X?) and I, = (X?, XY, Y?).

For a generic pair (b, s), b is a colength one subscheme in the union ¢; U ¢y of two curvilinear
subschemes of length 3 and n—1, and s is the union ¢} Uc), where ¢; C ¢; is the unique colength
one subscheme: this cell is invariant under automorphisms.

Fort # 0let I,(t) = (XY —t2Y +t° X, XP+2 YF*2) and [,(t) = (XY -2V +1P X, XL YA+,
Let (1,(0), I(0)) be the limit at ¢ = 0 of (I,(t), I;(t)). Obviously XY = lim; ,o XY —#*Y +t° X €
[b(o) M ]S(O>
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Since b(t) (resp. s(t)) haslength 5+2 (resp. S+1) with support the origin, all the monomials
in k[X,Y] of degree B+ 2 (resp. S+ 1) are in [,(t) (resp Is(t)). A straigthforward induction
shows that

VE>1, Y =tP2X +t979X2 4 P72 XP 4 7R XY mod 1,(t) N 1(t).

In particular, e(t) .= Y —t72X — ..t P2XPH € [ (4), f(t) ==Y P2 X — . . —tPXP € [ (1),
and

XA = lim 7 2e(t) € 1,(0),

XP =Tlimt?f(t) € 1,(0).

t—0
Since Y? = (Y —e(t))? mod I(t) and Y2 = (Y — f(t))* mod I,(t), we get

g(t) :=Y? =X .. (B 1)XP - ptT2XPT € I(1),
h(t) :=Y? —#¥P71X%2 — ... — (- 1DXP e L(1).

It follows that
Y24 XFP = lirrolg(t) — Bte(t) € 1,(0)
—>
Y?= lim h(t) — (8 — NP f(t) € 1,(0)
—>

Summing up, these limits prove that I,(0) D I and I,(0) D I,. The equalities follows from the
inclusions by length considerations. 0

3 Bases of the equivariant Chow ring

We now present three natural bases fix(\), nak()),es()\) of the K-vector space A% (SM). Our
three bases of A% (S) are naturally parameterized by the set P, of partitions A of weight n.

Let n > 0 and let ¢ > 0 be integers. We define some correspondences following Nakajima
[Na99):

Definition 24 Let Q7 C S x S+ be the closure of the set of pairs (2, 2nyi) where z, € ST
is arbitrary and zn.; € S is the disjoint union of z, and a punctual scheme of length i.

The T-invariant correspondence II, Q7 induces an operator (called “creation operator”)
G : ©n Ap(SM) = @, ARSI on Chow groups. Assume now that i < 0. The “destruc-
tion operator” ¢; is defined either as the dual of ¢_; or with the correspondence Q7 C S x Sln+il
which is dual to the correspondence Q™! in the sense of Definition @ By Proposition [0, both
definitions lead to the same operator. For any i, ¢; has conformal degree i and cohomological
degree @ — 1. We make the convention that ¢y = 0.

Given a partition A\ of length [, we will denote by nak(\) the equivariant class obtained

applying ¢, © - -+ o gy, to the vacuum ¢, where the vacuum is the fundamental class on S
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Since by [Na99], the classes nak(\) for A € P, restrict to a basis of the non equivariant Chow
group of S, {nak(\) , A € P,} is a basis of A% (S") over K.

Recall the classes introduced by Ellingsrud and Strgmme in [ES87]. These classes are intro-
duced for P? but we can consider the same classes for A%2. We choose an injection k* — Tt
(t=',t=%) where d is large. The action of 7' on S"! induces an action of k*. With the assumption
that d is large enough, the k*-fixed points are the T-fixed points; in particular there is a finite
number of them and they are parameterized by partitions. More precisely, if A = (Ay,...,N\)) is
a partition, we denote by x) the subscheme with ideal I,, generated by the [ + 1 polynomials
XF=1Y 2 where k varies from 1 to [ 4 1, with the convention that A\ = 0.

To each partition A of weight n corresponds a Bialynicki-Birula cell containing the points
p € S" such that lim,_ot.p = z,. We denote ES, C S the closure of this cell. Let [ be the
length of the partition A. Geometrically, the Bialynicki-Birula cell associated to A parameterizes
the subschemes Z C S for which there exist x1,...,x; € k such that each intersection ZN{X =
x;} has length \;. The equivariant class of ESy in the Chow ring will be denoted esy. Since by
definition S has the cellular decomposition S = I, ESy, where A € P, the classes esy for
A € P, form a basis of A%(SM).

Finally, the classes fix(\) € A% (SM) are defined using the localization theorem [EGOS|
Theorem 1]. The set (SM)T contains the points x, parameterized by A € P,. Let 1, €

AL((S ["})T) be the class corresponding to z. Let i : (S [”])T — S denote the inclusion. By
Lemma [ 7% : A5 (ST — A% (SI") is an isomorphism.

Definition 25 Let fix(\) be the unique element in A% (S™) such that i% (fix(\)) = 1,.

Let us denote by Tan()\) € Z[U, V] the product of the weights of the tangent space T}, S".
According to the self-intersection formula, we have

fix(\) = i.(15)/Tan(N) . (2)
Recall Definition 8l We deduce from (2)) the following lemma:
Lemma 26 We have (fix(A), fix(A))gm = 1/Tan(A).

Proof. By (), we have | |
(fix(N), fix(N)) gt = (i (1n), Z*(IA))S[H].

Tan(\)?
By Definition 8 this is 7% (i,(1,) Ui.(1y))/Tan(\)?, if 7 : S} — Spec k denotes the projection
to a point. Since i,(1)) Uiu(1y) = Tan(A) - ,(1,), the lemma follows. O

4 Classical Operators

Let us denote by A the direct sum @@, A%(SM) and Ag := @, A% (SM). In this section, we
consider the classical operators acting on Ay, namely the creation/destruction operators ¢; and
the boundary operator 0, and an auxiliary operator p. We compute them in the basis fix(\).
We also compute the commutators of these operators.
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The operators 0, p, ¢; for i > 0 are naturally defined on A and they are naturally extended
to Agx. We use freely the same notation for the operators on A and on Ax. On the contrary, the
operators ¢; for ¢ < 0 are defined on Ax but not on A. This is because their definition involves
non proper morphisms.

In Theorem 4] we give an explicit algorithm to compute all operators ¢; in the basis fix(\).
With the help of this result, we checked on a computer our formulas for commutators, such as
Theorem (21 However the computations are very tricky and we are not able to give a purely
algebraic proof of these formulas: instead we use geometric arguments.

4.1 The operators ¢; and ¢g_;

Given a partition A, we denote by A[1] the set of partitions p with A C p and |u| = |A| + 1.
Given two partitions A, u with g € A[1], we denote by Coker(A, p) € Z[U, V] the product of the
weights of Proposition [[5l and by Ker(\, u) € Z[U, V] the product of the weights of Proposition
With these notations we have the following proposition:

Proposition 27 We have the following formula:

Coker(\, )
fix(\)) = —F—fi .
n(Ex() = Y- ()
REA[L]
Proof. Consider the following diagram:
Sl « gln+1]

Sl Sl

Let [Sn ] € A% (S x SIP*1U) denote the equivariant class of the incidence. By definition,
we have ¢i(fix(\)) = 7l , (7 4 (fix(A) U [t +1]). Now, by Definition 25 and the following
commutative diagram

n+1]

Sl 5 g1l (gl 5 (gln+1yT

|

Slnl (St |

we have 7, ;- (fix(\)) = >, fix(\) @ fix(y). By Proposition [I7 S+l s smooth, so the restric-
tion of its class to a fixed point is the product of the weights of the normal space at this point.
By Propositions [15 and [16], we thus have

Tan(\)Coker (A, p1)

[nnt1]] — ’ fi fi .

st = 3 S B @t
€A

Therefore,
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Tan(\)Coker(\, p)

a(fix(\) = 78, [ D fix(\) ® fix(u)

Coker(\, )
D P LN
using Theorem Bl This is what we wanted to prove. 0
For example, we have ¢ (fix([2])) = %ﬁx([% 1]) + 3fix([3]). This is illustrated as follows,

where the weights of the blue resp. red arrows are the numerators resp. denominators of the
coefficients:

A= [2] p=12,1] = [3]

N
\ A

We deduce a formula for ¢_;. Given a partition u, let u[—1] denote the set of partitions A
with A C pand || = |p| — 1.

Proposition 28 We have the following formula:

B Coker(A, ) Tan(\)
q-1(fix(p)) = e Ker(\, 1) Tan(y)

fix(A).

Proof. Let X resp. u be a partition of weight n resp. n + 1. Since ¢q_; is the adjoint of ¢, we
have the relation

(1 (fix(A)), fix(p)) stnn = (fix(A), g1 (fix(10))) gt -
Therefore the proposition follows from Lemma 26 and Proposition O

4.2 Class of the boundary and derivatives

We turn to the problem of determining the equivariant class of the divisor A, of non-reduced
schemes. In the non equivariant setting on S, recall the following formula of Lehn which
expresses the class [Ag]uq, of Ay in terms of the classical Chern class c?e of the tautological
bundle: [Ag]g, = —2c54(OM). We prove an equivariant analog in the equivariant Chow ring:
[Ay] = —2¢;(OM), where the Chern class considered is the equivariant Chern class. Our method
involves equivariant techniques and does not rely on Lehn’s ideas.

Denote 0 € A%(SM) the class of Ay, and let p : Spec k — S be a T-fixed point. We'd
like to compute p*0. To this end, assume that p corresponds to the partition A = (A,..., ;)
of weight n. We let [(\) denote the number of non-vanishing parts of A\, and h(\) = A;. Let A
denote the partition dual to A.
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Proposition 29 We have
p'o= (SN = 1)U = (SN - 1) V.

Proof. We treat first the case n = 2. Then S is the blow-up of S x S along the diagonal. As-
sume, moreover, that A = (2). Then T, S contains 4 eigenlines, of weight —U, —U+V, =V, —2V.
In this case A is smooth, and the tangent space T,A contains the three eigenlines of weight
—U,—V and —U + V: in fact, the first two lines are obtained by translating the double point
p, and —U +V is the weight of the deformation obtained with schemes supported at the origin.
We deduce that p*0 = —2V.

We now consider the general case. Let [ = [(\) and h = h()\). Given x = (z1,...,2;) and
Y = (Y1,...,yn) tuples of elements in k, we let I(x,) denote the ideal generated by the [ + 1
polynomials [ (X — ;) - H;.\;”l(Y —y;), where m varies from 1 to [+ 1. When all the z; and
all the y; are distinct, k[X, Y]/« y) is reduced and the corresponding set of points is the set of
(w5,y;) where i <l and j < A;. Thus I(xy) has length n. On the other hand, when x = (0, ...,0)
and y = (0,...,0), the ideal I(xy) is monomial and generated by the elements the X myAm - and
thus also has length n. Since the length of this family of ideals is upper-semicontinuous, it
follows that it is constant, and this family is flat.

In this way, we obtain a T-equivariant morphism ¢ : k" — S with respect to the natural
action on k'*". We now compute ¢*0. If {iy,in} C {1,...,1} is a subset with two elements,
where we assume i; < iz, we denote by Ag;, ;1 C k' the class of the variety of tuples (x,y) with
z;, = 1y, and 9y, 4,1 its class in the equivariant Chow ring of k'*". Let z : Spec k — k" be the
origin of k"*!; since 043, i} 1s defined by one equation of weight U, it follows that 2*0y;, ;,3 = —U.
Similarly, if j; < ja, let Ayj, j,3 be the divisor defined by y;, = y;,, and let 9y, j,3 denote its
class. We have 2*0y;, i,y = —V.

We claim that

¢ 0= Z{il,i2}C{1,~--7l}2)‘i28{i1,i2} + Z{jlJ2}C{17~~~7h}2)‘}/2a{j17j2} .

Clearly, we have an equality of sets

<P_1(A> = U Ay iny U U Agjija}

{iri2}C{1,....1} {71.g2}C{1,....,h}

and we claim that the multiplicity of Ay, ;.1 is 2);,. To see why, let (x,y) be a generic point
in Ay, 4,30 we have z;; = x;, but no other equality among the z;’s and the y;’s. Thus the
scheme represented by ¢(x,y) is a union of \;, double points and n — 2);, other distinct points.
Near the point ¢(x,y), S is isomorphic to (S x S7"=2%> Thus the multiplicity of our
component may be deduced from the case of SP: in this case the multiplicity was 2 in view
of the computation we made at the beginning of the proof. Thus the multiplicity is 2);, as
claimed.

Since z*p*0 = p*0, it remains only to show that 2X; iycq,..3h, = Z?(:’\l))\}’()\}’ —1). The first
sum is equal to 21Si1<i2gl’1gjg)\i2 2. In this sum, when j = jj is fixed, 5 is such that \;, > jo,
which forces i < Aj. Thus Vi< <in<lj<hig=jo 2 = A7, (Ay, —1). Our proof is now complete. [J
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Corollary 30 The equivariant class of Ag in A%(S) is 0 = —201((9&?}).

Proof. By Proposition 29} the two classes have the same restriction on the T-fixed points of S™
and the restriction morphism is injective. U

If f: A— Ais any operator, we now give a formula for the commutator [0, f]. To express
this formula, let us introduce the following notation:

Notation 31 If f : A — A is an endomorphism, define Ay, € K for A\, p partitions by the
formula

FUEx(N) =D Apaufix(p).

For ¢ = (a,b) € N? let w(c) = aU + bV be the weight of the corresponding monomial.
Corollary B0l immediately implies:

Corollary 32 Let f: A — A be any operator and let X C p be two partitions. We have

At o = —28p0u Y w(e) .

cep\A

4.3 Computation of the operator ¢; for all ¢

In the previous sections, we computed ¢i,q_; and 0 on the basis fix(\). We introduce an
auxiliary operator p and give formulas for higher ¢;’s in terms of ¢;,q_; and p. This yields an
inductive procedure to compute ¢; on the basis fix(\).

Definition 33 Let R™ C S™" U be the closure of the set of pairs of schemes (2, Zni1) with 2,
reduced, z, C zn41 and Zp, = (Zn41),0q-
Let p: @, A5(SM) — @, AxH1(SI"H]) be the morphism associated with the correspondence
I1,, [R"]. It has conformal and cohomological degree 1.
The following theorem gives a complete computation of the operators g;.

Theorem 34 We have

(i—1)g = pgi-1—qip Jori>1
(i + g P qiv1 — Giap’ fori< -1
2p I — q10
20" = q10—0q

Proof. The non equivariant version of the first statement is proved in [Le99, Theorem 3.5].
Our formula can be proved geometrically as follows. Let 7, mo, w5 be the projections of S x
Sln+i=1] 5 SIn+il on each factor and, for a, b € {1,2, 3}, let 7y, be the projection on two factors. To
compute the composition pg;_;, we have to understand the intersection 7, (Q7 ;) Nmoy (R™H71).
There are two irreducible components in this intersection. One, say FE, is the closure of the set
of triples of the form (z,, z, Il w;_1, z,+1 [l w;_1), where z, is a reduced subscheme of length n,
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w;_1 is a punctual subscheme of length ¢ — 1 with support not belonging to z,, and z,,; is a
subscheme of length n + 1 containing z, and having the same support as z,.

Another component denoted Fy is the closure of the set of triples of the form (z,,z, II
w;_1, zn Lw;), where z, is again a reduced subscheme of length n and w;_; resp. w; are punctual
subschemes of length ¢ — 1 resp. ¢ with common support not belonging to z,. The component
E5 has multiplicity ¢ — 1 and m13(F>) = QF. We claim that these are all the components of the
intersection 7, (Q7) N my' (R™F~1). This can be seen using arguments similar to the detailed
proof of Proposition 38 details will be skipped here.

Consider now the composition ¢;_1p and the product S x S+ x S The intersection
75 (R™) N 73 (QM) has only one component E) which is the closure of the set of triples
(Zn, Zna1, Zne1 L w;_1), with the same notations as for the component E;. In the commutator

pGi—1 — qi—1p the components E; and E] cancel each other, and we get the formula.

The third statement is proved by a similar argument. The correspondences in S x S+l
corresponding to both compositions dg; and ¢;0 contain the closure of the set of pairs (z,, z,11w;)
where z,, is a non-reduced subscheme of length n, and these cancel each other. The composition
0q; moreover contains the closure of the set of pairs (z,, z,+1) with z, reduced and supp(z,41) =
supp(z, ), namely, the correspondence R", with mutliplicity 2.

The second and the fourth equalities are obtained from the first and the third equalities
using duality and the fact that 0 is self-dual. O

Applying this theorem and Corollary 32 we deduce the following formula for the operator p:

Corollary 35

pltx() = = 3 S\ ) i 3)
pEN] ’

Example 36 Applying the result of this subsection recursivly, we obtain the following base
changes between the basis nak(\) and fix(X\) in conformal degree 2 and 3:

nak(1,1) = 2fix(1,1) + 2fix(2)
nak(2) = —2Ufix(1,1) — 2Vfix(2)

nak(3) = 6V?fix(3) + 3UVfix(2,1) + 6U>fix(1,1,1)
nak(2,1) = —6Vfix(3) —2(U + V)fix(2,1) — 6Ufix(1,1,1)
nak(1,1,1) = 6fix(3) + 6fix(2, 1) + 6fix(1,1,1)

The denominators of the fractions of the intermediate computations simplify and the final base
change is polynomial. This is because nak(\) lies in the subring A%(S™) of A% (S™M).

4.4 Commutation relations

In this subsection, we compute the commutators between the different g;’s.
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We note that it is not possible to keep the proof by Nakajima. Indeed, the equivariant
pushforward of a class under a non proper contracting morphism is not zero and the vanishing
arguments of Nakajima are not valid in our context. This non vanishing feature is crucial for us
because this is precisely the contribution of such contracting morphisms that will give the non

commutativity [¢_1,¢1] = U—lvld.

4.4.1 Commutation with ¢

Our first goal is to study the commutator [¢i, ¢;]. This will follow from a geometric argument
studying directly the correspondences.

Recall (Definition 24) that we denoted by Q7 C S x S+l Nakajima’s correspondence.
Consider the product S x S+ x S+l and for a,b € {n,n + 1,n +1i + 1} the projection
Tap » S x S+l Slrtird] sy Glal » S Tet us denote by Z;; € S x Sl x §in+itll the
intersection m, 1 (QF) N Ly 41 (QFH).

Let us introduce some piece of notation:

Notation 37 Let w,z C S be two subschemes. Assume that w C z or w D z. If w C z assume
moreover that the support of O,/O,, is a point: in this case we denote by supp(w # z) this
point. If w D z assume that the support of O, /O, is a point: we denote by supp(w # z) this
point.

Moreover, given a subscheme z and a point x, we denote by w,, the largest punctual subscheme
of w whose support is x.

We denote by l(w) the length of w.

Let By = {(w, z,t) € Ty;, z Nt reduced, supp(w # z) # supp(z # t)} and denote by Es the
set {(w, z,t) € Iy;, 2z Nt reduced, supp(w # z) = supp(z #t)}.
Proposition 38 The intersection Iy; = 7,1 (Q7) N W;il,n+i+1(Q?+1) is proper. Ifi > 0, then
Ti;, = By and Ty; is reduced irreducible of dimension 2n+i+3. Ifi <0, then I, = By UE, a
union of two reduced subschemes of dimension 2n + i + 3.

Proof. By Proposition [, 7, r+1(Q%) is smooth and thus locally a complete intersection. There-
fore each irreducible component of Z;; has codimension at most 4n+i+1 in S x S+ i Slr+i+1]
and so has dimension at least 2n + ¢ + 3.

Ifi <0,let e=2andifz > 0, let e = 1. To prove that Z;; has exactly e reduced components
and the other claims of the proposition, it suffices to describe a set of subschemes E(p, q) C Zy;
and E(p) C Zy; with the following conditions:

o 7;,=11,,E( ¢ U], E(p) realizes Z,; as a disjoint union,

e Exactly e elements among the subschemes E(p, q) and E(p) have the expected dimension
2n +1 4+ 3.

e These e strata are reduced.

e The other strata have dimension less than 2n + ¢ + 3.
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The components in the intersection will then be the closures of the maximal strata. For p > 0,
q>0,1#0,qg4+1i>0,let E(p,q) be the set

{(’LU, 2, t) S Ili> Supp(w 7& Z) 7é supp(z 7é t)> l(wsupp(wyﬁz)) =D, l(wsupp(z;ét)) = Q}

Forp>0,i#0,p+1+i>0, let

E(p) == {(w, z,t) € Ly;, supp(w # 2) = supp(z # 1) = z,{(w;) = p}.

Let (w,z,t) in E(p,q). Let x = supp(w # z) and y = supp(z # t). Let w; C w the largest
subscheme whose support does not contain x nor y. Since w = wy Uw, Uw,, z = w; Uz, Uw,,
t = wy Uz, Ut,, the triple (w,z,t) is characterized by the data wy, (w,, 2;), wy, t,. Since
l(w) = n —p—q, w; moves in dimension 2n — 2p — 2q. The pair (w,, z,) with w, C z,
l(w;) = l(2;) —1 = p moves in dimension p + 2 by Proposition 20l The scheme w, with
l(w,) = g moves in dimension ¢ if ¢ = 0 and ¢ + 1 if ¢ > 0. Given w,, the scheme t, with
l(t,) =q+i, t, D w, (case i > 0), t, C w, (case ¢ < 0) moves in dimension ¢ + ¢ if ¢+ = 0,
g+i+1ifg+e1>0and ¢=0,at most q+i—1if g+¢>0and g > 0.

Summing up, in any case, the dimension of E(p,q) is at most 2n + i 4+ 3, and the equahty
dim E(p, q) = 2n+1i+ 3 is realized only when i > 0, p =0, ¢ =0, and when i < 0,p =0,¢q =

Let (w,z,t) in E(p). Let z = supp(w # z) . Let w; C w the largest subscheme whose
support does not contain x. Since w = wy U w,, 2 = wy U z;, t = wy U t,, the triple (w, z,t) is
characterized by the data wy, (w,, 2,),t,. Since [(w1) = n — p, w; moves in dimension 2n — 2p.
The pair w,, z, with w, C 2z, and l(w,) = l(2;) — 1 = p moves in dimension p + 2. The scheme
t, with [(t,) =p+1+14, t, D 2z, (case i > 0), t, C 2, (case i < 0) moves in dimension p+ 1+
ifp+1+i=0,at most p+iifp+1+4+1¢>0.

Summing up, in any case, the dimension of F(p) is at most 2n + i + 3, and the equality
dim S(p, q) = 2n + i + 3 is realized only when i < 0,p+ 1+ = 0.

By construction, a point (w, z,t) in a stratum of maximal dimension is such that z Nt is
reduced. The result follows. O

We now consider the product S x S"+ x Sln+i+1] and the three projections Tn,netis Tnntitls
Tntinti+1 defined as above. We denote by Z;; the intersection 7, . (Q%) N7, 1 i (QF).
Let E' = {(w, z,t) € Ty;, 2z Nt reduced, supp(w # z) # supp(z #t)}.

Proposition 39 The intersection ), (QF) N7, 1 i1 (QTT) is proper. More precisely Iy =
E' and T,; is reduced irreducible of dimension 2n + i + 3.

Proof. The proof is similar to the proof of Proposition B8 We introduce a stratification of Z;;
in the form Z;; =[], , E(q,p) L[], E(q). For p >0, ¢>0,i# 0, ¢+1i >0, let E(p,q) be the
set

{(w7 Z, t) € Iih Supp(w % Z) % Supp(z % t)v l(wsupp(w;éz)) = q, l(wsupp(z;ét)) = p}

The only stratum of expected dimension 2n + ¢ + 3 is £(0,0) when ¢ > 0 and E(—i,0) when
i < 0. The study of the strata E(p, q) is rigorously similar to the mentioned Proposition B8 and
we skip it. For ¢ > 0,71#0, g+17 >0, let
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E(q) = {(w, z,t) € T;,supp(w # z) = supp(z # t) = x,l(w,) = q}.

Let (w,z,t) in E(q). Let z = supp(w # z) . Let w; C w the largest subscheme whose
support does not contain x. Since w = wy; U w,, 2 = wy U 2, t = wy U t,, the triple (w, z,t) is
characterized by the data wy, (2, t;), w,. Since l(w;) = n — ¢, wy moves in dimension 2n — 2q.
The pair (z,t;) with z, C t,, , l(z:) = l(t,) — 1 = ¢ + i moves in dimension ¢ + i + 2 by
Proposition Given z,, the scheme w, with l(w,) = q, w, C 2, (case i > 0), w, D 2, (case
i < 0) moves in dimension ¢ if ¢ = 0, at most ¢ — 1 if ¢ > 0.

Summing up, in any case, the dimension of E(q) is at most 2n + ¢ + 2. There is no stratum
E(q) of the expected dimension 2n + i + 3. O

In the proof of the next proposition we will use the following easy lemma:
Lemma 40 Let 7w : S — pt be the projection of S to a point. Then w,1 =1/UV.
Proof. This is a direct application of Theorem [Gl O

Proposition 41 We have [g-1, ¢:1] = ﬁ]d. Moreover, fori # —1, we have [¢;, 1] = 0.

Proof. The composition g, resp. qiq; corresponds to (m prit1) (7 1 [QT] UM 1 pi [QFF])
resp. (Wn,n+i+1)*(7TZ,n+i Q71U 7;+i,n+i+1[Q?+1])-

By Propositions B8 and BJ, the intersection 7,1, 1 (Q) N Ly it (QF ') Tesp. 7,0 ,(Q1)N
r:—ll—i,n+i+1(Q?+i) is proper and therefore the cup product 71';’”_,_1[@?] U W2+1,n+i+1[Q?+l] resp.
T i QT U T i i [Q1F] s equal to the class of Zy; resp. .

Moreover, when i > 0, these two propositions show that Z;; and Z;; are birational to S x
S x Sﬂnc, where the indice punc refers to the punctual Hilbert scheme. So there is a commutative

T-equivariant diagram:

Snl « glnti+i]

T

From this it follows that, when ¢ > 0, the correspondence

(7Tn7n+i+1)*(7rz,n+1[Q?] U W:L+1,n+i+1[Q?+l]) - (7Tn7n+i+1)*(7rz,n+i[Qzﬂ] U W:L+i,n+z'+1[@?+l])

defining the commutator morphism g1, ¢;] is zero.

When i < 0, there is an extra component in Zj;, namely E(—i — 1) with the notations of
Proposition[38 Let ¢ = [E(—i — 1)] denote the class of this component. The commutator [¢;, ¢i]
is then defined by the correspondence (7, n+it1)«(C).

If i < —1, the morphism 7, , 41 @ E(—i—1) — SP x S+ is a proper morphism
with fibers of positive dimension. It follows that the correspondence (7, ,+i+1)«(c) defining the
morphism is equal to zero.

If i = —1, the morphism 7, 141 : E(—i — 1) — S x S+ is not proper any more. It is
birational to the morphism ¢ : A x S — S x S where A ¢ SI" x S is the diagonal and
o(w,w, ) = (w,w). It follows that the correspondence (7, ,4i+1)«(c) defining the morphism is

equal to U—IV[A] and the proposition follows. O
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Proposition 42 Let i,j be positive integers. Then q;q; = q;¢;.

Proof. By Theorem [B4, we have (i — 1)¢; = pgi—1 — gi—1p and jqj+1 = pg; — ¢;jp. From this it
follows that
(i = Dlai» g1 = [p; [@i-1, 45]] = Jlgi-1, gj41]

By Proposition A1l and induction on i, we may assume that [¢;_1,¢;] = 0 and [gi—1,¢;+1] = 0.
Thus the proposition is proved. O

4.4.2 Commuting p and p"

We now compute the commutator [p, p¥]|. This is the technical key point of the computation of
the commutation relations involving higher ¢;’s.

Proposition 43 We have:
[0,0"] = €D 2n Idys, (si)-

n>0

The heart of the proof is to get rid of an excess intersection component. To this aim, we
use some standard intersection theory formulas to break up the initial intersection product into
several pieces. After this rewriting, some of the intersections that show up are transverse and
easy to compute. The other pieces (responsible for the excess intersections) are intersections
with Cartier divisors. They can be handled with Chern class formalism.

Proof. Let us first compute the correspondence pp¥ in the equivariant Chow ring of S x S,
On the product S x S=1 x S we denote by m; and m;; (i,7 € {1,2,3}) the natural
projections. Let C' = 75" ((RY)") and D = 733’ (R"1). Let E; resp. Ej in S x S~ x Sl be
the closure of the set of triples (z,, z,_1, 2,,) with z,_; reduced, z, and z/, non reduced, z,_; C z,,
Zn—1 C 2z, and supp(z, # 2,-1) = supp(2,, # zn—1) reSp. SUPP(2n # 2n—1) # SUPP(2;, # Zn-1)-
Let F; := m3(F;): a generic element in Fj resp. Fy is a couple (z,, 2/,) where z, and 2/, have the
same support, both have exactly one double point and the double points have the same resp.
different support. The generic elements in E7, Fy are depicted in the following picture:

Proposition 44 The intersection CND 1is generically transverse and equal to the union E1UFE,.

Proof. The codimension of C and D in the product S x S*=1 x S is 2n — 1. Tt follows that
the components of C'N D have dimension at least 2n.

Moreover C' N D C L, where L parametrizes the triples (z,, 2,1, 2),) with z, D z,_1,2/, D
Zn_1, Supp(zn) = supp(zn_1), supp(zl) = supp(z,—1). The locus L, C L parametrizing the
triples (2, 2n_1, 2,) with 2,_; supported by k points is such that L, ; = E; U E, has pure
dimension 2n. For k < n — 1, dim L, < 2n. Thus the generic point of any component of C'N D
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isin L,,_1. The reverse inclusion L,,_; C C'ND is obvious, so that CND = L,y = E;UFE,. The
intersection is proper since both E; and F5 have dimension 2n. The intersection is transverse
along L, _1, thus generically transverse. O

Since the restrictions of m3 to E; and Es are birational on their image, it follows from the
proposition that

pp’ = [F]+ [F] - (4)

Now we compute p”p. We use similar notations for m;, 7;; on S 7l % Stnt1l % SI"and moreover
we denote by 7y, 1, the two projections from S x St" to SI". First of all we consider the variety

Q= T2 (Q1) M 7o (QnH)

We want to prove that (' admits two irreducible components.

Lemma 45 Let L, C S x Sl x S=1 be the locus parametrizing the triples (21, 2k, Z4_,)
with zp—1 C 2k, 21 C 2k and zx supported at the origin. Then for k > 2, dim L, < 2k — 3.

Proof. The pair (z;_1, z;) moves in dimension at most &k — 1. When z;_; and z; are fixed, z,_,
moves in dimension at most k — 2. O

An element in Q' is a triple (z,, 2,11, 2,) With z, C 2,41 and 2,1 D 2),. Let Q) C @' the
closed locus defined by the condition z, = 2/, and Q'l the open locus defined by the condition
2y # 2, Let Q) be the closure of Q.

Proposition 46 The varieties Q) and QY are irreducible of dimension dim @} = dim @, =
2n —|— 2. The irreducible components of Q' are Q) and Q). Moreover, the intersection Q)) =
T (QF) N g (Q™Y) ds generically transverse.

Proof. The claims concerning @ are true since Q) is isomorphic to S by projection on
the first two factors.

As for Q’l, let us denote by p = 2,41 \ 2z, and p' = 2,41 \ 2/, the natural residual points
defined by a triple (2, zn41, 2,) € Q.

The irreducibility of S [k k1] 1mplies that the locus Ly C Q'l with p # p’ is irreducible of
dimension 2n + 2. B

For m > 1, we define the locus L,, in Q by the conditions p = p" and length(z,+1), = m.
It follows from Lemma [45] that it has d1mens1on at most (2m—1)+2(n+1—m) = 2n+1 when
m > 2. When m =1, L; = 0.

Since the codimension of the intersection is bounded by the sum of the codimensions, the
components of ()" have dimension at least 2n + 2.

By construction Q = Um>2Ly U Ly and Q' = Q U @,. The dimensions computed above
show that the generic pomts of Q' coincide with the generic points of Ly and Q). Moreover, for
m > 2, L,, C Ly otherwise there would be in @)’ a component of dimension less than 2n + 2.

The transversality of the intersection mp, (QF) N Ty (Q™1') is easily verified at the generic
points of @] and Q). O

We denote by Cf resp. C} the closures of the sets of triples (z,, zn11, 2,) Where supp(z,4+1 #
20) € 2 A SUDD (a1 7 ) 7 SUDD(2ns1 - 2)) 165D, SUPD(zns1 7 2n) — SUDD(2ns1 7 21). We
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denote by D] resp. D} the closures of the sets of triples (2, 2,41, 2,) Where supp(z,41 # 2,,) € 2,
and supp(zp+1 # 2n) 7 SUPP(Zn1 7 2,) TeSP. SUPP(Zn1 7 Zn) = supp(znt1 # z,). The

varieties ), @5, C1, Ch, D}, DY (as well as the following varieties Ef, EY), E%, E}) are depicted in

the following array :

Zn Zn41 Z,, Zn Zn41 Z,,
@ ot A
Ci [ ] [ ] [ ] / [ ] f Cé [ ] [ ] [ ] / [ ]
D:/L [ ] [ ] [ ] [ ] [ ] Dé [ ] [ ] [ ] [ ] [ ] [ ]
E:/l [ ] / .D .\ Eé [ ) [ ] [ ] / [ ] /
A L
E3 [ ] [ ] [ ] E4 / f /

Intersecting with Chern classes of line bundles, in particular with Cartier divisors, commutes
with the intersection product in the Chow ring ([Fu98], Example 8.1.6). It follows that if X
and Y are smooth in Z smooth, if Ax € X and Ay C Y are Cartier divisors with restrictions
Rx and Ry on the (not necessarily smooth) generically transverse intersection X NY', then
the intersection [Ax].z[Ay] computed in the Chow ring A*(Z) is equal to i.(Rx.xny Ry) where
1: XNY — Z is the natural injection. Since we are working with divisors, one can replace
smoothness of X and Y with smooth in codimension one. Moreover, there are equivariant
analogs of these statements.

According to Proposition @8] one can apply the above with Z = S x S+l x gl X =
T QD) Y = m (@), XAY = Q = QU@ Ax = 3 ("), Ay =y (BY)™). For the
restrictions of the divisors, we use the notation Rx; = Ax NQ; and Ry; = Ay NQ;. We obtain:

p’p = (m3).is((Rx1+ Rx2).(Ry1 + Ry2))
where the intersection product takes place in @'.
Proposition 47 Ry, = [C"], Rx2 = 2[C}], Ry1 = [D}], Ry2 = 2[D}].
Proof. This is clear set theorically. The multiplicities are computed in local coordinates at a

generic point. O

Since R" is a divisor on the smooth variety S+ Ay is a Cartier divisor, and so are its
restrictions Ry;. Thus [C]] and 2[C}] are Cartier divisors, and similarly for D] and D). Thus
our task now is to compute the product of the divisors ([C]] + 2[CY]) - ([D}] + 2[D}]) in A%Q'.
Note however that C§ = D), so that the corresponding intersection is certainly not proper. In

30



fact we compute 2[C%] - ([D}] + 2[Dj]) by another method. We know that p¥ = 1(g_16 — dg_1).
So in A% (Q") we have 2([D}] + 2[Dj]) = 730p+1 — 730,. The pushforward m3 . ([C] U n30,,) can
be computed thanks to the projection formula: this is m3,[C%] Un30,. But since m3 is proper
and contractant when restricted to C%, m3., [C5] = 0.

To compute 3. ([Ch] U m30,+1) we observe that the general fibers of 3 over m3(CY) are
isomorphic n copies of P! and 730, restricts to a line bundle isomorphic to O(—2) on each P*
(in fact the class of the diagonal is —2¢T (O if O denotes the tautological bundle). Thus we
get mi3,.([Ch UT30,) = —2nldgm).

To compute the other products we consider geometric intersections. Let E', E}, El, E) be
the closures of some sets of triples (z,, 2,41, 2,,). To define these triples we use the following
conventions: p;, p; will be punctual subschemes of length 7 and w; will be reduced subschemes of
length j. Moreover, unless otherwise stated, these subschemes will be generic (among punctual
subschemes) and their supports disjoint.

Let po, pl, share the same support, and let p; be the 2-fat point having the same support as ps
and p). A generic triple (z,, znt1, 2,,) in EY is given as follows: 2z, = w,_o I pe , 2, = w,_o 1 p)
and Zn4+1 = Wnp_2 Hpg

Let p1 C po, P} C phy, w,_3 be generic. A generic triple (2, 2,11, 2,) in E} is given as follows:
Zp = Wp_3 I py Hp/27 Znt1 = Wy—3 I py Hpéa Z;L = wy_3 I po Hp/1-

Let ps C p3, wp_o be generic. A generic triple (2,,2n+1,%,) in Ef is given as follows:
Zn = 2 = Wp_o L pg and 2,11 = wy,_o I ps.

Let p; C pa, let py and w,_3 be generic. A generic triple (z,, 2,41, 2,) in Ej is given as
follows: z, = 2/, = wy_3 U py L ply, 2,01 = w3 L py I pi.

Lemma 48 We have the set theoretic intersection C7 N (D} U D)) = E] U ES U EL U E).

Proof. Let T denote an irreducible component in the intersection of the lemma. We know that Z
has dimension at least 2n. Let & = (2,, 2,41, 2,) be a generic point in one of these components.
Let © = supp(zy+1 # 2n) and y = supp(z,+1 # 2,,). Let p be the length of 2, at x and ¢ the
length of 2/, at y. Since Z C C, p > 1. Since Z C D} U D, ¢ > 1. Finally, since Z C (1, 2/, is
non reduced.

Assume first that x # y. Then the triple £ is defined by the inclusions (zn)|m C (zn+1)|m and
(2.);, € (2n+41)}, and the intersection z, N (S'\ {z,y}) which has length n —p — ¢ — 1. So the
dimension of the set of such triplesis (p+2)+(¢+2)+2(n—p—q—1)=2n+2—p—gq, so
that p 4+ ¢ = 2. Therefore p =1 = ¢, and so Z = E}.

From now on, we assume that x = y, so ¢ = p. If p = 1, since 2/, is non reduced, we have
IT=F)].

Let us see that p < 2. We denote by f the dimension of the set of schemes of length p
included in (zj41),. Since the support of such a subscheme of (z,+1), is z we have f <p —1.

Let r: Z --» Sép’pﬂ] which maps a triple (zn, 2nt1,2;,) to the pair ((z,),, (2n+1)|,). We denote

by d the dimension of r(Z). By Proposition 20 dim S([)p’pﬂ} = p+ 2 so we have d < p + 2.
Moreover dimZ = 2n — 2p + d + f > 2n. Summing up, we have

d+f>2p,d<p+2, f<p-1. (5)

If f =p—1, then any scheme of length p supported at x is included in (zn+1)‘x, and this
implies that p = 2 and (zn11),, is a 2-fat point. In this case 7 = E7.
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Let us assume that f < p — 2. Equation (B implies that f = p— 2 and d = p + 2, so
r(Z) = S([)"’"H}. If we assume that p > 2, we get f > 0 and therefore (zn+1)‘x cannot be

curvilinear, contradicting r(Z) = S([)"’"H}. Thus we have p =2 and Z = EJ. O

Lemma 49 There exist integers a,b, ¢, d such that [C}]U [D}] = [E}] + [ES] + a[E4] + b[E)] and
[C1 U (D] = c[E3] + d[E}].

Proof. Note that a generic point in F] and E} is a smooth point in )’ (this will for example be
a consequence of our following parametrization of (' near such a point). Let us first compute
the intersection number of C] and D] along E. A generic point in C resp. D, E] can be
obtained by disjoint union of n — 2 distinct points and a generic point in the same variety in
the case n = 2, thus it is enough to consider the case where n = 2. We consider the particular
point £ = (zy, 23, 25) where zy resp. z3, 2, is the subscheme of the plane defined by the equations
(X,Y?) resp. (X2, XY,Y?),(X2Y). Note that the projection S x SBI x S — SC x g
restricts to an isomorphism on its image in a neighborhood of £ in @)’, since for € = (yo, y3,¥5) in
such a neighborhood, ys is the scheme-theoretic union of y» and y4. Thus @’ is locally isomorphic
to the set of pairs (ya,y5) of subschemes of length 2 which meet. Note that for both y» and
y5 there is a unique line containing it. Moreover since all our intersection computations are
invariant under translations, we may assume that the intersection point of these two lines is the
origin.

We parameterize pairs of subschemes (ys,y5) near (z2,25) such that these two lines meet
at the origin by stating that y, resp. y} corresponds to the ideal (X + aY,Y? + bY + ¢) resp.
(X? +dX +e,Y + fX). Then Q' is defined by the fact that the origin belongs to y, and 5,
namely by the equations ¢ = e = 0 (thus @’ is locally an affine space).

Inside this variety, C] resp. D] is defined by the fact that y} resp. y, is non reduced. Thus
it is defined by the equation d = 0 resp. b = 0. We thus see that the intersection of C{ and D]
is transverse along a generic point in F.

Around a generic point in E, things are easier because the projection Q' — S ¢ s 2, 4
is locally an isomorphism. Thus @’ is locally isomorphic to the product S"=3 x S x SPI and
(2n—3, 22, 25) in this product belongs to C] resp. Dj if and only if 25 resp. zj is punctual. So
the intersection C] N Dj is transverse at such a point.

Now the lemma follows from Lemma (A8l O
We have w3, [Bf] = mi3.[E)] = 0 since the restriction of m3 to E} and E) is proper
and contractant. We have m3,[Ef] = [F1] and m3.[Fy = [Fy]. Therefore this gives p¥p =
[F\] + [Fy] — 2n Id. Since by (), pp¥ = [F1] + [F3], the proposition is proved. O

4.4.3 The commutator |[g;, ¢;]

We can now compute the commutator [g;, ¢;] for all 4, j.
Lemma 50 We have [q_1, p] = 0.

Proof. First let us compute the correspondence pg_;. Consider the product S x S=1l x Sl
and the natural projections on this product. Let C' := 7, (Q",) N7y (R*1). Tt is the closure
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of the set of triples (z,, z,_1, z,,) with z, reduced, z,_1 C z,Nz, and z/, having a point of length
2. Let F C S x S be the closure of the set of pairs (2, 2,,) with 2, reduced, (2/,),.; C #n
and z/, having a point of length 2 and simple points otherwise. Since the restriction of m3 to C
is birational, the morphism pg_; is given by the correspondence F'.

Now we compute the correspondence q_;p. The corresponding intersection has been studied
in the proof of Proposition @3l With these notations we have 73;[Q™ ' Unl,[R"] = [C1] + 2[Cy).
Moreover the restriction of m3 to C7 is birational with image F’ and the restriction of w3 to (Y
is proper contractant. Thus the morphism ¢_;p is also given by the correspondence F', and the

lemma is proved. O

Recall the convention that ¢y = 0.
Proposition 51 Let i be arbitrary. We have [p, ¢;] = |i| gi11-

Proof. If i > 0 this is Theorem 34l If i+ = —1 this is Lemma B0l Let us assume that i = —j with
j > 2. The Jacobi identity reads:

la—js1, 0], 0] + [y a—jsl. p'] + 7. 0) a-jsa] = 0.

Theorem B4 yields [¢_;+1,p"] = (j — 1)g—;. We may assume by induction that [p,q_;41] =
(j — 1)g—j+2. Finally by Proposition 43 we have [[p¥, p], ¢—j+1] = 2(j — 1)g—;+1. Thus we get:

G =Dlgopl + G =10 = 2)q—j11 +2( —1)gj11 =0,

hence the proposition is proved. O

Theorem 52 Let v and j be any integers. We have

0 ifi %
[qi7 Q—j] = i(—1

i+1 . .
U‘)/ Id ifi=

Proof. Since q_; is the adjoint of ¢; and [g;,q—;] = 0if ¢ > 0 and j < 0 by Proposition {2} we
may assume that i, j > 1. Moreover the proposition will be true if : = 1 or j = 1 by Proposition
41l Thus we assume 7, j > 2. Once again we apply Jacobi identity:

[Py qiz1),a-5] + lla=j.pl,gi-1] + [ldi-1,9-5].p) = 0. (6)

By induction we may assume that the commutator [g;_1, g_;] is given by the proposition. There-
fore it is either 0 or a scalar; in both cases it will commute with p, so the last term vanishes.
By Proposition BT, [q_;, p] = —jq_j41 and [p, q; 1] = (i — 1)
Therefore equation (@) reads (i —1)[gi, ¢—;] = 7[g—j+1, ¢i—1]. If i # j, the second term vanishes
(-1t
v

by induction and so [¢;,¢—;] = 0. If i = j we get [g;,q—i] =1 Id as we wanted to prove. [
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5 Class of the small diagonal

Let A; be the locus in S where at least 7 points share the same support. In particular A,
is the big diagonal, and A, is the small diagonal. In Corollary B0, we proved the equivariant
formula for the big diagonal [A,] = —2¢;(OM), which is analogous to Lehn’s formula valid in
the classical setting. In this section, we prove an equivariant formula for the small diagonal.

Theorem 53 The T-equivariant class of A, is: [A,] = (—1)" ' nc,_(OM).

The projection from the equivariant Chow ring to the classical Chow ring gives obviously the
analogous formula in the classical setting.

Remark 54 Given u an equivariant line bundle over S, let c(u) € @ A5(S™M) denote ([ul™]),,
where [ - | denotes total equivariant Chern polynomial and ul™ is the bundle over S tautologi-
cally defined by u. More generally we have the following formula:

c(u) = exp (Z #%n) o

m>1
In this formula ¢ denotes the fundamental class in S

Proof. This formula is Lehn’s Theorem 4.6 [Le99] and we explain why his proof is valid in our
equivariant context. Lehn introduces the operator €(u) := c(u) - ¢; - ¢(u)™" and shows [Le99,
Theorem 4.2] that

€(u) = qi(c(u) +p . (7)

The proof of this theorem relies on the exact sequence [Le99, (11)] which is equivariant and his
Lemma 3.9, for which we proved an equivariant version (Corollary 32]). Thus the relation ([7)
holds in the equivariant context. Lehn’s proof of [Le99, Corollary 4.3] is purely algebraic and
therefore we also have ¢(u) = exp(€(u)) - ¢ . Finally, the proof of [Le99, Theorem 4.6] uses this
relation together with the commutation relations of ¢; and p, which we also proved in Theorem

34 O

We now give another proof of Theorem B3] as a straightforward consequence of an explicit
expression of ¢, (Theorem [55]) which we believe is interesting in itself. The class [A,] is equal
to qn - @ .

Recall Notation BIl If A € N? is a set of cardinal n and M : {1,...,n} — X is a bijection,
let M~ :{1,...,n—1} — A\ M(n) be the restriction of M and M* : {1,...,;n—1} — A\ M(1)
the bijection defined by M*(i) = M(i + 1). Let w : A — Q[U, V] be the map sending (a,b) to
the linear form aU 4 bV corresponding to the weight of the monomial X*Y? for the T-action.
Let

P = C S (1 )0 - = D)+ 1)1

=1

ifn>1and Py=1ifn=1.

34



Theorem 55 We have the relation

n—1
Agorn = E :PM H A417>\i7>\i+1 )
M 1=0

where M runs through the standard skew Young diagrams of shape p\ \, and X; is the partition
defined by \y = A\U{M(1),...,M(3)}.

Note that 3, Ty Apdis = Agnap- I A is empty and M is a tableau of shape p, all the
terms but the first in the sum defining P,; are zero, and Py, = %cn_l(O[”])‘ﬁx(m. Since
@) :==qio--oq(p) =n!€ Ar(SM), Theorem (3 is a consequence of Theorem

If M :{1,...,n} — Xis a standard skew young diagram of shape A, define Q; by Qp =1
if n =1 and recursively by the formula Qy = —(—w(M(n))Qr- + w(M(1))Qus+).

n—1

Lemma 56 For every standard skew Young diagram M : {1,....,n} = X\, Py = Q.

Proof. This is obvious if n = 1 or n = 2. To simplify the notation, we denote w(M (k)) by my,.
For n general, we have

(n—=1)Qn = —mpQr- +miQu+
= —mpPy- + mi Py~

_ _E:_)"; (1 i:nz_l(_w—l (’Z__f) M)

i=1

O

Lemma 57 Let A and pu be two Young diagrams of cardinal n and n + 1 with X C u. Then
Ap,)\,,u = _w(/’l/ \ )\>Aq17)‘7p"

Proof. This is a direct consequence of the formula 2p = dq; — ¢;0 and the formula for 0 given
in Proposition 29. O
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We now prove the formula for A, y, from Theorem B35l The formula is clearly true for
n = 1. Suppose that the formula for ¢,_; is true. Since (n — 1)q, = pgn—1 — Gn_1p, We get:

(n—1)Ag, rpu = Z A gt 2ii\pn Dppi\pa

pn€Corners(p)

- E Ap,AJ\Um Aqwh)\u{pl},u

p1E€QutsideCorners(A)Np

Lemma [57]
= Z _Aanl)‘v/Jf\pn AQLN\pny/J«w(pn)

pn€Corners(u)

+ Z AlhJ\)\Uplw(pl)Aqnﬂ,)\U{p1},u

p1€QutsideCorners(A)Npy

. . n—1
induction Z (H Ay xyne) (Fw(M(n)) Py~ +w(M(1)) Pa+)
M standard 7=0

n—1
PuZn g 1) Z (H Baginjrsen) Pur

M standard 7=0

6 Base change formulas

The goal of this section is to compute the base change formula from es to nak and its inverse
(recall Section [ for the bases es and nak of A). In particular, we prove that in the classical
setting, these two bases are equal up to a constant (Theorem [64]).

6.1 Equivariant operators ¢; x

The basis nak()) is defined using creation operators. The basis es()\) is defined via a Bialynicki-
Birula stratification. However, one can introduce operators ¢; x such that es()) is defined using
creation operators too. The goal of this section is to introduce the operators ¢; x and to compute
a base change inductive formula between ¢; x and ¢; (Theorem [60).

The operator ¢; x means “adding i points on a vertical line”. More formally, g; x : A% (SM) —
A (S*) is defined by the Fourier transform along the correspondence Q; x C S x S+,
where Q; y is the closure of the set of pairs (2,, z, 1 z;) where 2, € S, z; € Sl z; is included
in the vertical line A,, with equation X = z( for some xy € k, and z, and x; have disjoint
support. We denote by 7, : Q; x — S resp. i Qix — S+ the natural projections.

First of all these operators allow the computation of the Ellingsrud-Stromme cells:

Proposition 58 Let A = (A, ..., \) be a partition. Then we have

Pyx 00y x(9) = H()\Zv — )\,-VH) I-esy .

(2

Proof. To prove this result by induction on [, it is enough to show that g; x (esy) = kes,, where
1 is the partition obtained inserting one part equal to ¢ in A and k is the number of parts equal
to ¢ in p.
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To this end we apply the definition of ¢; x. For n = |\|, we have ¢; x(esy) = T4 .7 (ESy).
Recall that the Bialynicki-Birula cell decomposition by E.S) is associated to the injection k* —
Tt (t71,t7). Let (2p, 2n44) be a point belonging to 7, }(ES)), and assume that z, resp. z,;
belongs to the open cell corresponding to the partition X' resp. p/. We claim that I(x') < I(A)+1.
In fact, since the whole construction is k*-invariant, we also have (zy, /) € 7, '(ES)). On the
other hand, for a generic (2,, z,4;) € 7, }(ES)), the exists z € k such that (X — ) - I(z,) C
I(#p4;) and thus we get X - I(zy) C I(x,). Therefore [(1') < I(N) + 1. Since zy € ES),
I(N) <U(N), thus I(g) <I(A) + 1.

Now, given such g/, we have dim(ES,/) < n +{(\) + ¢+ 1. In fact, the dimension of ES)
is equal to n + [(\). Let C' be a component of m,'(ES)). The dimension of C is at least
n+1(A\) + i+ 1. Thus, if the restriction C' — ES,, is not dominant, it is contractant and
it follows that m,+;.[C] = 0. If it is dominant, then arguing on the generic points the only
possibility is that y/ = p and that C' is the component which is the closure of the set of points
(Zn, Znts) With z, generic in E'S, and z,; obtained adding i points on a vertical line to z,. Let
C be this component.

The morphism w, : C — ES) is submersive at a generic point in C', so C' is a reduced
component of 7, 1(ES)), thus m, ;.7 [ES)] = Tnri|[C].

Moreover, given a generic element z,,; € E/S,, there are k vertical lines containing exactly
i points. Thus there are k couples (2,, z,4) in the fiber ¢~ '(2,.): 2, is obtained from z,,,
removing one of these lines. Thus the restriction of m,; to C has degree k with image E'S,,,
which proves the claim. O

Let A := A denote the vertical line with equation X = 0. Let SKL} denote the subvariety of
S parameterizing subschemes with support included in A. If A is a partition of weight n and
length [, let S[A"})\ denote the closure in Sy’ I of the variety of schemes z = z; I - - - II 2;, where z;
has length A; and is supported on one point in A.

Proposition 59 The varieties SZL}/\ are the irreducible components of SXL], which is therefore
equidimensional of dimension n.

Proof. Let X\ be a partition of weight n and length [, and let ¢ such that 1 < < n. The variety
parameterizing schemes of length \; supported on one fixed point is irreducible by [Bri77, [ES87].
Thus so is the variety parameterizing schemes of length \; supported on one point in A. Thus

each SZL}/\ is irreducible of dimension n. Since we have St = U, SKL})\, the proposition is proved.
O

Theorem 60 We have the following formula:
i—1
igx = (1" g+ U-> (-1Y g0q;x
j=1

With the help of this theorem one can compute all the operators ¢; x by induction on .

To prove the theorem we define auxiliary operators. For ¢ > 0 and j > 2 let ¢, ; x be the
operator corresponding to “adding ¢ points on a same vertical line plus one punctual scheme
of length j whose support is on this line”. Formally, ¢; ; x is defined by an incidence @); ; x in
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Slnl x SInti+il where a generic point in Q; j x is of the form (2, 2, U {z1, ..., z;} 11 ;) where the
x)’s are distinct points on a vertical line A not meeting z, and ¢; is a length j punctual scheme
supported on A\ {zy,...,x;}. Let us moreover use the convention that ¢;1 x = (i + 1)gi+1,x,
¢-1;x =0, and go x = —1/U.

The theorem is a consequence of the following proposition because this proposition implies
that the right hand side is equal to ¢;—11.x =1 ¢; x.

Proposition 61 Fori >0 and j > 1, we have the following relation in A% (S x Sh+i).
—Ugjogix = Gijx + Gi-1,j+1,x

Proof. 1If © = 0 then the proposition is just formal thanks to the conventions we made above.
Let us assume that ¢ > 0. Recall Definition There is a morphism s : (); — S mapping the
pair (2,, 2,4;) to the support of O, /O, . Let A be the line in S with equation X = 0. Let
Q;(=U) C Q; denote the divisor containing the set of pairs (z,, 2,+;) in Q; with s(z,, z,4;) € A.
We have in A%(S™ x S+il) the relation [Q;(—U)] = s*[A] = —U - [Q;]. Similarly there is a
morphism z : Q; x — Al, mapping a pair (2,, 2,1:) to the common X-coordinate of the points
in z,4; \ 2,. Thus we use similar notations and define Q; x(—U) := 271(0) C Q; x. In the Chow
ring, [Qix(—U)] = —U[Qix].

Consider the product S x S+ x Slnt+itil and the projections m,, me. Let I be the
intersection 75 (Qix(=U)) N7y (Q;(=U)). Every proper component of I has dimension 2n +
i+

Let C' be a component of I which contributes to the composition g; o ¢; x, ie. a component
with m3.[C] # 0. Our first task is to prove that for a generic element (z,, 2,1i, Znti+;) of C,
the support of z, is disjoint from A.

If z C S is a subscheme of dimension 0, we denote by za the union of the components of
z supported on A. Let I be the locally closed set of pairs (zp, 2,1i1;) in S x S+l such
that the length of (2,), is k, and 2,144 D 2, N (S\ A), the support of O, .. ./O., N(S\A) is
included in A. Then I}, is birational to SLM x SIn=H % SL’HHJ I and thus has dimension 2n+i+j.

We denote by k the integer such that for a generic triple (z,, 2p1i, Zn+it;) in C, the length
of (z,), is k. Since, m13(C) C Iy, dimmy3(C) < 2n + i + j. Moreover, if k > 0, since 2,14, has
to contain z,, m13(C) cannot contain I, and thus dim73(C) < 2n 414 + j. Since 73 is proper
we deduce that m3.[C] = 0 in this case.

Let us now assume that dim m3(C) = 2n+i+j. We thus have £ = 0 and dim C' = 2n+i+.
For a generic element (2, Znti, Zntit;) i C, (2n4itj) o has length ¢ + j, thus we have a well-

defined rational map C' -- XJrﬂ, with 2n-dimensional fibers. Let D be the closure of the

image of this rational map. Slnce dimD =i+ j, D is a component of S [+, ; let us denote A
the partition such that D = S, Zﬂ . By definition of I, A must be dominated by the partition
(7,1%). Tt is clear that D can contam S[ +]] only if u = (5,1%) or u = (j + 1,171). Therefore I
has exactly two components which are not contracted by 3.

To describe these components let us consider some subschemes z,, z;_1, Z;, pj, pj+1 satisfying
the following conditions. The lengths of these subschemes are given by their indices. The
support of z, does not meet A, whereas the other subschemes have support included in A. The
subschemes p;, p;j+1 are punctual whereas z;_; and z; are reduced. Finally p; C pji1, ;-1 C @4,
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and the support of p;.; is not included in z;. With these conditions let I; resp. Iy be the
closure of the set of triples (2, Znti, Zntitj) Where 2,4; = 2z, Hx; and 2,44 = 2, L a; I p; resp.
Zntit; = #n L ;1 L pj1q. The restriction of m3 to Iy is birational with image Q;—1 ;41 x(—U).
We have m13(11) = Q;;,x(=U). If j > 1 then the restriction of 73 to [y is birational whereas if
j =11t has degree 7 + 1. In view of our convention for ¢;; x, this proves the proposition. [

6.2 Base change formulas

Definition 62 If A\ € P, is a partition, we define the operators qx = Iliexgi, ax.x = Ilierqi x,
and the constant zy = IINII(N, — A ). Let j € A With the notation with multiplicity
A= (12, ...,r%), we denote by X\ j the partition (1°1,... 7%=t ... ro), with multiplicity

one less for j. We let ty =3 i\ (ajj_l)! r(lll(:j(_alz).') and uy = T[;(A/ = Al

By definition of gy and gy x, the base change formulas from gy to ¢\ x are determined by
the decomposition of ¢, in terms of the operators ¢, x and similarly for the inverse base change.
In particular, the following theorem gives a full base change at the level of operators. Since
es(A) = ﬁq& x(¢) and since nak(\) = ¢,(¢) the theorem applied to the vacuum also yields the
corresponding base changes between es(A) and nak(\).

Theorem 63
Gix = (_l)z—i-l Z Z;l Ul()\)—l 0
[A|=i
g = (—1)™" Z U™ g x
[A|=i

Proof. By induction, the case ¢ = 1 being obvious.

Theorem

i—1
i gix (—D)Ma+U D (1) gjoqjx
j=1

i—1
induction hypothesis i ; i—i _ _
= (=)™ g+ Y (YU (=) Y U g0,
J=1 [A[=i—j

= ()T g+ (=) Y e

lul=1,0(p)>1
with
— =1 rrl(w—1
Cn = Z u\g v
Jen
Since > ., ZZ*\‘Y = ||, we obtain ¢, = || (—1)k+ z,! U'W=1 " as required for the induction.
p\Jj

The proof of the second formula is similar : the difficulty is to guess the formula for ¢;, then
the induction is straightforward. Indeed, we start with the formula of theorem B0 (—1)"*'¢; =
—ig;x +U Z;_:ll(—l)j ¢j © ¢i—jx, and we replace g; on the right hand side by the induction
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formula. With the value of ¢, in the definition above and the the formula for ¢;, the induction
follows.
O

We now project the previous theorem from the equivariant Chow ring to the classical Chow
ring. All the constructions made so far in the equivariant setting can be realized in the classical

setting. We denote by ¢%¢ and q,‘;{‘fx the corresponding operators on the classical Chow ring.

Similarly, we denote by nak®()\) and es?®(\) the bases of the classical Chow ring induced by
these operators.

Theorem 64 l . z
G = (Mgl

nak(A) = (1) ([T, i) es()

Proof. In the classical setting, U = 0 and the first formula for the operators is the projection
of the corresponding formula in the equivariant setting. Applying the operators to the vacuum
yields the second formula. O

References

[BB76] Bialynicki-Birula, A., Some properties of the decompositions of algebraic varieties deter-
mined by actions of a torus. Bull. Acad. Pol. Sci. Math. astron. Phys. 24, (No. 9) 667-674
(1976)

[Bri77] Briangon, J., Description de Hilb"Cz,y. Invent. Math. 41 (1977), no. 1, 45-89

[Bri97] Brion, M. Equivariant Chow groups for torus actions. Transform. Groups 2 (1997), no.
3, 225-267

[Che98] Cheah, J. Cellular decompositions for nested Hilbert schemes of points. Pacific J. Math.
183 (1998), no. 1, 39-90

[EG98] Edidin, D., Graham, W., Localization in equivariant intersection theory and the Bott
residue formula, Amer. J. Math. 120 (1998), no. 3, 619-636

[ES87] Ellingsrud, G; Stromme, S On the homology of the Hilbert scheme of points in the plane.
Invent. Math. 87 (1987), no. 2, 343-352

[Ev04] Evain, L., Irreducible components of the equivariant punctual Hilbert schemes. Adv.
Math. 185 (2004), no. 2, 328-346

[Ev07] Evain, L., The Chow ring of punctual Hilbert schemes on toric surfaces. Transform.
Groups 12 (2007), no. 2, 227-249.

[Fu98|] Fulton, W., Intersection Theory. Springer Verlag, (1998)

[GL80] Gaffney, T., Lazarsfeld, R. On the ramification of branched coverings of P". Invent.
Math. 59 (1980), no. 1, 53-58.

40



[Laz80] Lazarsfeld, R. Branched coverings of projective space pHD Thesis, Brown University,
1980

[Gro61] Grothendieck, A. Techniques de construction et théorémes d’existence en géométrie
algébrique. IV. Les schémas de Hilbert. Séminaire Bourbaki, Vol. 6, Exp. No. 221, 249-276,
Soc. Math. France, Paris, 1995.

[Le99] Lehn, M. Chern classes of tautological sheaves on Hilbert schemes of points on surfaces.
Invent. Math. 136 (1999), no. 1, 157-207.

[Na99] Nakajima, H. Lectures on Hilbert schemes of points on surfaces. American Mathematical
Society, 1999.

[SV09] Schiffmann, O., Vasserot, E., The elliptic Hall algebra and the equivariant K-theory of
the Hilbert scheme of A%, larXiv:0905.2555

[Va01] Vasserot, E. Sur I’anneau de cohomologie du sch?ma de Hilbert de C?. C. R. Acad. Sci.
Paris S7r. I Math. 332 (2001), no. 1, 7-12.

41


http://arxiv.org/abs/0905.2555

	1 Pushforward with non proper morphisms
	2 Tangent space to S[n,n+1]
	2.1 Tangent space to the Hilbert schemes
	2.2 Computation of the tangent space of S[n,n+1]
	2.3 Application to the irreducibility of S[n,n+1]0

	3 Bases of the equivariant Chow ring
	4 Classical Operators
	4.1 The operators q1 and q-1
	4.2 Class of the boundary and derivatives
	4.3 Computation of the operator qi for all i
	4.4 Commutation relations
	4.4.1 Commutation with q1
	4.4.2 Commuting  and 
	4.4.3 The commutator [qi,qj]


	5 Class of the small diagonal
	6 Base change formulas
	6.1 Equivariant operators qi,X
	6.2 Base change formulas


