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Abstract

In [17], the author proved the existence and the uniqueness of solutions to Markovian superquadratic BSDEs
with an unbounded terminal condition when the generator and the terminal condition are locally Lipschitz. In
this paper, we prove that the existence result remains true for these BSDEs when the regularity assumptions on
the generator and/or the terminal condition are weakened.

1 Introduction

Since the early nineties and the work of Pardoux and Peng [15], there has been an increasing interest for backward
stochastic differential equations (BSDEs for short). These equations have a wide range of applications in stochastic
control, in finance or in partial differential equation theory. A particular class of BSDE is studied since few years:
BSDEs with generators of quadratic growth with respect to the variable z (quadratic BSDEs for short). This
class arises, for example, in the context of utility optimization problems with exponential utility functions, or
alternatively in questions related to risk minimization for the entropic risk measure (see e.g. [19, 11, 13] among
many other references). Many papers deal with existence and uniqueness of solution for such BSDEs. In the first
one [12], Kobylanski obtains an existence and uniqueness result for quadratic BSDEs when the terminal condition
is bounded. Now, it is well known that the boundedness of the terminal condition is a too strong assumption.
Indeed, when we look to the simple quadratic BSDE

"z, r
Ytzg+/ des—/ Z,dWs,
t t

we find the explicit solution Y; = log (E [ef |]-'t] ) and we immediately see that we just need to have an exponential
moment for ¢ to obtain a solution. In [2], Briand and Hu show an existence result for quadratic BSDEs when the
terminal condition has such an assumption. For the uniqueness problem, see e.g. [6].

Naturally, we could also wonder what happens when the generator has a superquadratic growth with respect
to the variable z. Up to our knowledge the case of superquadratic BSDEs was firstly investigate in the recent
paper [5]. In this article, authors consider superquadratic BSDEs when the terminal condition is bounded and the
generator is convex in z. Firstly, they show that in a general way the problem is ill-posed: given a superquadratic
generator, there exists a bounded terminal condition such that the associated BSDE does not admit any bounded
solution and, on the other hand, if the BSDE admits a bounded solution, there exist infinitely many bounded
solutions for this BSDE. In the same paper, authors also show that the problem becomes well-posed in a Markovian
framework: When the terminal condition and the generator are deterministic functions of a forward SDE, we have
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an existence result. More precisely, let us consider (X, Y, Z) the solution to the (decoupled) forward backward
system

t t
X, = x—l—/ b(s,Xs)ds—i—/ o(s)dWs,
0 0
T T
Y, = g(XT)+/ f(s,XS,YS,ZS)dS—/ ZsdWs,
t t

with growth assumptions

C+ [ + [yl + |=™)
C(1 + |z|P?).

|f(t,z,y,2)|
lg(z)]

In [5], authors obtain an existence result by assuming that p, = py = 0, f is a convex function that depends
only on z and g is a lower (or upper) semi-continuous function. As in the quadratic case it is possible to show
that the boundedness of the terminal condition is a too strong assumption: in [17], author shows an existence and
uniqueness result by assuming that p, < 1+ 1/1, p;y < 1+ 1/I, f and g are locally Lipschitz functions with
respect to x and z. When we consider this result, two questions arise:

<
<

e Could we have an existence result when p, or py is upperthan 1 + 1/1?

e Could we have an existence result when f or g is less smooth with respect to = or z, that is to say, is
it possible to have assumptions on the growth of g and f but not on the growth of their derivatives with
respect to x and z ?

For the first question, the answer is clearly “no” in the quadratic case: see e.g. [6]. In the superquadratic case,
authors of [10] have obtained the same limitation on the growth of the initial condition for the so-called generalized
deterministic KPZ equation u; = g, + A|u,|? and they show that this boundary is sharp for power-type initial
conditions. So, it seems that the answer of the first question is also “no” in the superquadratic case.

For the second question, the answer is clearly “yes” in the quadratic case. Indeed, a smoothness assumption
on f is required for uniqueness results (see e.g. [3, 6]) but not for existence results (see e.g. [3, 1]). In the
superquadratic case, authors of [5] show an existence result when g is only lower (or upper) semi-continuous but
also bounded. Nevertheless f(z) is assume to be convex, that implies that it is a locally Lipschitz function. The
aim of this paper is to obtain an existence result more general than [5], that is to say with g unbounded and f not
necessarily locally Lipschitz with respect to z, and/or with functions less smooth than in [17]. More precisely, we
have obtained two different existence results. For the first one, we assume that (x, z) — f(¢,z,y,2) and g are
uniformly continuous functions with respect to a metric

d(z,2') = 1+ [z + [2'|") |2 — /|, (1.1)

with 7 well chosen. In this case, the smoothness of g is more restrictive than in the existence result of [5]. For the
second existence result, we assume that the terminal condition is only upper semi-continuous.

For completeness, in the recent paper [4], Cheridito and Stadje show an existence and uniqueness result for
superquadratic BSDEs in a “path-dependent” framework: the terminal condition and the generator are functions of
Brownian motion paths. To the best of our knowledge, [5, 17, 4] are the only papers that deals with superquadratic
BSDE:s.

The paper is organized as follows. In section 2 we obtain some general a priori estimates on Y and Z for
Markovian superquadratic BSDEs whereas sections 3 and 4 are devoted to the two different existence results
described before.

Notations Throughout this paper, (W;);>o will denote a d-dimensional Brownian motion, defined on a proba-
bility space (2, F,P). For t > 0, let F; denotes the o-algebra o(Ws;0 < s < t), augmented with the P-null
sets of F. The Euclidean norm on R? will be denoted by |.|. The operator norm induced by |.| on the space of
linear operators is also denoted by |.|. The notation E; stands for the conditional expectation given F;. For p > 2,
m € N, we denote further

e SP(R™), or S” when no confusion is possible, the space of all adapted processes (Y;).e[o,r] With values
in R™ normed by [|Y|| s, = E[(sup;c(o.m [Y;)P]/P; S (R™), or S, the space of bounded measurable
processes;
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o MP(R™), or MP, the space of all progressively measurable processes (Z;)¢cjo, 7] With values in R™
normed by | Z| . = E[([; |Zs] ds)?/?]V/».

In the following, we keep the same notation C' for all finite, nonnegative constants that appear in our computations.
In this paper we will consider X the solution to the SDE

t t
Xi==x +/ b(s, Xs)ds +/ o(s)dWs, (1.2)
0 0

and (Y, Z) € 82 x M? the solution to the Markovian BSDE

T T
Y;f = g(XT) +/ f(Sasty;‘; Za)ds - / stWs (13)
t t

2 Some a priori estimates on Y and 7/

For the SDE (1.2) we use standard assumption.

Assumption (F.1). Letb: [0,7] x R? — R% and o : [0, T] — R%*? be continuous functions and let us assume
that there exists /& > 0 such that:

(a) Vt €[0,77,1b(¢,0)| < C,
(b) Yt € [0,T),¥(z,2') € RY x RY, |b(t, ) — b(t,2")| < Ky |z — 2.

Now we will introduce some assumptions on the generator and the terminal condition of the BSDE (1.3).

Assumption (B.1). Let f: [0,7] x R? x R x R'*4 — R be a continuous function and let us assume that there
exist five constants, [ > 1,0 < 7y < 1 5>o0, v > 0and § > 0 such that:

(a) foreach (t,2,9,9',2) € [0,T] x RT x R x R x R*9,
|ftz,y, 2) = ftx,y',2) <Oy — o'
(b) foreach (t,z,y,2,2") € [0,T] x R x R x R1X4 x R1xd,

[t ,y,2) = f oy, )] < (C+ S0l + 1) 12 = 213

(c) foreach (t,z,2',y,2) € [0,T] x R x RY x R x R1*4,

0 = £ 9,2 < (0+ Sl 1)) o = .

Assumption (TC.1). Let g : R? — R be a continuous function and let us assume that there exist 0 < rg < 1

l
and o > 0 such that: for each (¢, z,2",y,2) € [0,T] x R? x R x R x R*4,
« r ry
l9(@) = g(a") < (€ + Sl +1a/")) |o — ']

The aim of our work is to relax assumptions on local Lipschicity of functions to obtain following growth
assumptions that are more naural for existence results.

Assumptions (B.2). Let f: [0, 7] x R? x R x RIxd R be a continuous function and let us assume that there
exist five constants, [ > 1,0 < py < 1+ %, B >0,5>0,d > 0 such that: one of these inequalities holds, for all
(t,2,9,2) € [0,T] x R x R x RT*4,

@ |f(t,2,y.2)] < C+Bla|? +3y|+7]'",
() —C — Blz[** =38yl — 72| < f(t,z,y,2) <C+ Bl + 8]yl +7]]'F.

(© —C = Blaf" =8yl +elz|™ < f(t,2,9,2) < C+Blal™ +38 [yl + 72/
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Assumption (TC.2). Letg : R? — R be a lower semi-continuous function and let us assume that there exist
0 <pg <141/land & > 0 such that: foreach x € R4,

9(2)] < C +a o]
Remark 2.1
e (B.2)(c)= (B.2)(b) = (B.2)(a).
e (B.1)= (B2)(a)withpy =rs + 1.
o (TC.1)= (TC.2) withpy =14 + 1.

o We will only consider quadratic and superquadratic BSDEs, so | > 1. The quadratic case corresponds to
=1

Firstly, let us recall the existence and uniqueness result shown in [17].

Proposition 2.2 We assume that assumptions (F.1), (B.1) and (TC.1) hold. There exists a solution (Y, Z) of the
Markovian BSDE (1.3) in S% x M? such that,

1Ze] S A+ B(IX|" + (T =) |X,["7), Vvt €[0,T].
Moreover; this solution is unique amongst solutions (Y, Z) such that
oY €S2

o there exists 1) > 0 such that

2
E |G [12: 2 ds | 4 o

Remark 2.3 7o be precise, in the article [17] the author shows the estimate
|Z) < A+ B(|X,["*V""), Vtelo,T),
but it is rather easy to do the proof again to show the estimate given in Proposition 2.2.
Such a result allows us to obtain a comparison result.

Proposition 2.4 We assume that (F.1) holds. Let f1, fo two generators and g1, g2 two terminal conditions such
that (B.1) and (TC.1) hold. Let (Y*, Z') and (Y?, Z?) be the associated solutions given by Proposition 2.2. We
assume that g1 < go and fi1 < fo. Then we have that Y < Y2 almost surely.

Proof of the proposition The proof is the same that the classical one that we can found in [7] for example. Let
usset §Y :=Y! —Y?and §Z := Z' — Z2. The usual linearization trick gives us

T T
ngl(XT)—gg(XTH/ fl(s,Xs,Y;,Z;)—f2(s,Xs,Y;1,Z;)+6Y;Us+6zsvsds—/ §Z5dWs,
t t

with |Us| < 6 and
Vsl < C + % (\Z;]l + \Zg‘l) < O(1 4 | X, | eVl

Since (4 V 7¢)l < 1, Novikov’s condition is fulfilled and we are allowed to apply Girsanov’s transformation:

§Y, = E2

T
T s
eft U“du(gl(XT) - gQ(XT)) +/ eft Uudu(fl(stSa }/517 Zsl) - fQ(Sa XS, }/sla Z;))ds
t

< 0.
U

Proposition 2.5 Ler us assume that (F.1), (B.1), (B.2), (TC.1) and (TC.2) hold. Let (Y, Z) the solution of the
BSDE (1.3) given by Proposition 2.2. Then we have, for all t € [0,T],

Vel < O+ X" + (T =) [Xe)

with a constant C' that depends on constants that appear in assumptions (F.1), (B.2) and (TC.2) but not in assump-
tions (B.1) and (TC.1).
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Proof of the proposition Let us consider the terminal condition
g(x) = C +a(|z| + 1),

and the generator
| I+1

3

f(t,z,y,2) = C+ B(lx| + 1)PF + 8 |yl + 7|2

(
with C such that g < g and f < f (B.1) holds for f and (TC.1) holds for g, so, according to Proposition 2.2,
there exists a unique solution (Y, Z) to the BSDE

T T
Vi—g(xn)+ [ Fe XY Zyds - [ Zaw.
t t
Thanks to Proposition 2.4, we know that
Y < }7, and Y >0.
Moreover, we have

— T = — —
v, < E e“T*“(CM(lthH)“H/ S0 (C + B(Xo| + 17 + 7|2, )ds
t

< C’<1+Et [ sup |X5|p9] + (T —t)E, [ sup |X5|pf]>,

t<s<T t<s<T

because |Z,| < C(1 + |X5|(p_971)v(pf71)vo), (pg — 1)l < 1and (py — 1)l < 1. Let us remark that the constant
C in the a priori estimate for Z depends on constants that appear in assumptions (F.1), (B.2) and (TC.2) but not in
assumptions (B.1) and (TC.1). Thanks to classical estimates on SDEs we have

E, [ sup |Xs|p] <O+ X7,

t<s<T

SO we obtain B
Y SV SO+ X[ + (T — ) | Xe[).

By the same type of argument we easily show that
SO+ X"+ (T — )| X) < Vi
U

Proposition 2.6 Ler us assume that (F.1), (B.1), (B.2), (TC.1) and (TC.2) hold. Let (Y, Z) the solution of the
BSDE (1.3) given by Proposition 2.2. Then, for all t € [0, T,

o ifwe assume that (B.2)(b) holds, we have

T
/ | Z,|” ds
t

o ifwe assume that (B.2)(c) holds, we have

T
/ | Z,| ds
t

with a constant C' that depends on constants that appear in assumptions (F.1), (B.2) and (TC.2) but not in assump-
tions (B.1) and (TC.1).

E, SO+ | X477 + (T — 1) | X, [*),

E, SO+ X7 + (T —t) | Xo|P),
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Proof of the proposition Let us begin by giving some notations. We set, for z € R9,
plt, @) = C(L+ [af* + (T — ) [ 7) "2,
with C such that Y; + ¢ (¢, X;) > 0. This constant exists thanks to Proposition 2.5. Itd’s formula gives us

1
dlY; +o(t, Xy)] = adYs +' Vee(t, Xy)dX, + 5tr [Vizw(t, Xi)o(t) o(t)] dt + Oep(t, Xy )dt

1
= |:f(t7Xt7 Vi, Zy) +' Vap(t, X4)b(t, X;) + P V2.0t Xe)o(t) o(t)] + dep(t, Xy) | dt
+ ["Vap(t, Xo)o(t) + Z;] dWy
= Atdt + Btth.

For the first point, we will consider the process P; := (Y; + ¢(t, X;))?. By applying Itd’s formula and taking the
conditional expectation we have
T
/ |B,|? ds
t

By inequalities |V, (t, )| < C(1+|x|pf*1+|x|1ﬂg*1),
we show that

T
Et [Pt] +]Et :]Et [PT] +2]Et / (Y5+@(S,X5))A5d8
t

Viep(t,2)| < Cand |9p(t, )] < C(1+ [l +[x]™),

A < —f(t, X, Ve, Zy) + C(1+ | X [P + [ X[P).
Then, we use inequalities Y; + ¢ (¢, X+) > 0, (B.2)(b) and Proposition 2.5 to obtain

T
E, < Ey / C+ X" 4 | XaP) (1 + [ X7 + | XsP + | Zs])ds
t

T
/ |Z,)? ds
t

/tT(Ys + (s, X)) Asds

< /tTC (1 + Eq [|Xs|2pg} + E; [|Xs|2pr ds + %Et

We have also, thanks to the growth assumption on g,
Pr < C(1+|Xp|?9).

Finally, classical estimates on X give us

T
/ |B,|* ds
t

and the result is proved because

T
/ |Z,|? ds
t

B

)

1
S OO+ X[ + (T = )X, ) + 7B,

T T
/ |Z,|? ds / |Z,|? ds
t t

’ g 2 1
/ |Bs|” ds / ‘tvmtp(s,Xs)o(s)’ ds| — ZEt
t t

< OO+ X7 + (T = )| X ).

T
/ | Z,|? ds
t

1 1 1
e = o e

N

E, + E;

T
/ | Z,|? ds
t

For the second point, we just have to write

T T T
1 _ ~
IEt / |Z5|p ds < - (Et / f(SaX57Y57Zs)dS +/ C+5|Xs|pf +5|Y5|d8 )
t € t t
1 T . .
< (B |Yi-gCtn+ [ CrBIX 4 TIYIds
t
< CA+ (T =) X +]X]")
thanks to Proposition 2.5. U

Remark 2.7 Proposition 2.6 stays true if we replace assumption (B.2)(b) by
—C = Bl =8|yl =312l < Sty 2) SO+ Bla™ + 8yl + 7],
and assumption (B.2)(c) by
—C = BlefP =yl =7 | < f(t2y,2) SCH Bl 8yl —e 2T
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3 A first existence result

Theorem 3.1 Let assume that (F.1), (B.1)(a), (B.2)(c) and (TC.2) hold. We also assume that g and f are uniformly
continuous functions with respect to x and z for the metric (1.1):

timsup (sup {|g(x) — (") |lo = 2/ (1+ |2 @700 4 o/ 2700 <y} ) o,
n—0

(t3.2) € [0.7] x B x RI¥4
|e —2'| (1+ |x|(pf—1)\/0 + |x/|(pf—1)v0) <

lim sup (sup{lf(t,x,y, z) = [t y,2)] ‘

n—0

(t,,y) € [0,T] x RY x R, }) 0

hmsup <sup{|f(t,z,y,z)f(t,z,y,z/)|‘ |Z*Z’|(1+|Z|l+|zl|l) <77

n—0

Then, there exists a solution (Y, Z) to the BSDE (1.3) such that (Y, Z) € 8? x M?2. Moreover, we have

T
/ |Z|" ! ds
0

Remark 3.2 Standard examples of function uniformly continuous for the metric (1.1) are:

E < +o00.

o f(t,x,y,2) = fi(t,x,y,2) + fat, z,y, z) such that (B.1) holds for f1 and fa is continuous with respect
to t, Lipschitz with respect to y and uniformly continuous with respect to x and z,

o g(x) := g1(x) + g2(x) such that (TC.1) holds for g1 and g5 is a uniformly continuous function.

Proof of the theorem Let us introduce an inf-convolution approximation of g and f: forn € N,

gn(x) = lélﬂgd {g(u) +n |$ _ ul (1 + |$|(pg—1)V0 + |u|(pg—1)\/0)} ,

t,r,y,z) = inf {
fn( ) ay7 ) uGRd,'IJERle
Let us recall some well-known facts about inf-convolution:

Lemma 3.3 Forn > ng with ng big enough, we have

e g, and f, are well defined,

(TC.1) holds for g, withry = (pg — 1) V0 < 1/,

(TC.2) holds for g, with C and & that do not depend on n,

(B.1) holds for f,, with ¢ that does not depend onn andr; = (py — 1)V 0 < 1/,
(B.2)(c) holds for f,, with C, ¢, ﬂ_, 5 and 7 that do not depend on n,

since [ and g are uniformly continuous functions for the metric (1.1), we have
lg = gnllo + I1f = fulloo = 0

Thanks to this lemma, we are able to apply Proposition 2.2: there exists a unique solution (Y™, Z™) to the BSDE
(1.3) with the terminal condition g,, and the generator f,. Let us set §Y™P := Y"™P — Y and §Z™P :=
Z"P — Z™ forn > ng and p € N. As in the proof of Proposition 2.4, the usual linearization trick gives us

T
SV = gun(Xr) = gu(Xr) = [ azva,
t
T
Jr/ fn+p(S,XS,YS"+p,Z?+p) _ fn(57X57Y5n+p; Z;H-p) + 5Y;"pU;W + 52;1717‘/5%17(15'
t

with [U7P| < 6 and

VP < O | 25| 4 120 < O (1 X[ m i,

St 0) + e = ul (14 [2 V0 4 DY) oz = of (14 2] + ol }
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Since ((py — 1) V (pg — 1) V 0)I < 1, Novikov’s condition is fulfilled and we are allowed to apply Girsanov’s
transformation:

n n,p T rrn,p m
= BT U g ()~ (X))

/ I ULTdu(f (s X, Y, Z0HP) £ (s, X, YR, Z0HP))ds

|5Y;5n7p| EQ ’Y [ or Hgn+p - gnHoo + T an-i-p - anoo]

(1+T (Hgn-'rp gnHoo‘f'an-i-p_anoo)
En

NN N

with £,, a positive constant such that ,, — 0 when n — +o0. 1t6’s formula applied to |[§Y™P |2 and Burkholder-
Davis-Gundy inequalities give us
’ 2
/ 6277 dt
0

< E {lgn-i-p(XT) - gn(XT)ﬂ

E [ sup |5Y;"’p|2] +E

0<t<T

+2E

T
/ |5Ytn1p| |f”+P(S’ XS’ sterv Z;Hrp) - fn(sa XS, st’ Z?)‘ dS‘|
0

T 1/2
+CE (/ |6Y,"P|? |6Zt"”’|2dt>
0

T
< Hgn+pign|‘io+05n]E / }fner(SvaasteraZngp”+|fn(57Xsast7Zg)|d5‘|
0

T
/ 6z )|
0

with C' that does not depend on n. Thanks to Lemma 3.3, we have
r 2
/ 5207| dt
0
2
< Ngntp = gnlls

+Ce, <1+E{ sup |Xt|pf} —I—E{ sup ‘Y""’p@ +E[ sup |Y”|]
0<t<T

0<t<T 0<I<T
T I+1
/ ‘Z;”p’ ds / |Z;’|H_1 ds
0 0

with C' that does not depend on n. Thanks to Lemma 3.3 we also know that we are allowed to apply Proposition
2.5 and Proposition 2.6 to (Y"P, Z"P) and (Y", Z"). So,

+Ce,E

E [ sup |5Y;"’p|2] +E
0<t<T

+E +E

E[ sup |6Yt"’p|2] +E

0<t<T

T
n,p|2 2
/ |6Zt p| dt] < ||gn+p_gn||<>o+05n
0

with C' that does not depend on n. Finally, (Y™, Z™),>n, is a Cauchy sequence in §? x M?: (Y™, Z") tends to
(Y,Z) in §? x M? and Fatou’s lemma gives us
T
/ |Zz'1 |l+1 dt
0

Moreover, a simple application of the dominated convergence theorem show that (Y, Z) is a solution of the BSDE
(1.3). (]

T
E / |Zt|l+1dt]<1iminf]E < +o0.
0 n—-+oo
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4 A second existence result

We will introduce new assumptions.

Assumption (F.2). b is differentiable with respect to « and ¢ is differentiable with respect to t. There exists
X € RT such that ¥ € R¢

o(s)'7(s) (s, ) — o’ ()n| < A'no(s)]*, V(s,2) € [0.7) x R
Remark 4.1 It is shown in part 5.5.1 of [18] that if o does not depend on time, assumption (F.2) is equivalent to

this kind of commutativity assumption:

o there exist A : [0,T] x RY — R and B : [0, T] — R4 such that A is differentiable with respect to ,
V. A is bounded and Yz € R, Vs € [0,T), b(s,z)o = 0 A(s, x) + B(s).

It is also noticed in [18] that this assumption allows us to reduce assumption on the regularity of b by a standard
smooth approximation of A.

Assumption (B.3). f is differentiable with respect to z and one of these inequalities is true, for all (¢, x,y, z) €
[0,7] x RY x R x R1X9,

(a) f(t,l',’y,Z) - <sz(t,x,y,z),z> < C+C|Z|a
(b) f(t,l',’y,Z) - <sz(t,x,y,z),z> < C—c¢ |Z|l+17

Remark 4.2 Let us give some substancial examples of functions such that (B.3) holds. Let us assume that
flt,zyy, 2) = fi(t,z,y, 2) + fo(t, @, y, 2) is a differentiable function with respect to z.

e [f f1 is a Lipschitz function with respect to z and fo is a convex function with respect to z then (B.3)(a)
holds.

o Letus assume that f is a locally Lipschitz function with respect to z such that, Ip € [0,1[, V(t,z,y,z,2") €
[0,7] x R% x R x R1X4 x R1*4,

|f1(t;1';y7z) - fl(tazayvz/” < (1 =+ |Z|p + |Z/|p) |Z - Z/| )

and f5 is a twice differentiable function with respect to z such that, ¥(t, z,y, z) € [0,T] x R? x R x R'*4,
Yu € RY,
WV oty 2)u = (—C ez ) [l

Then we easily see that
fit,y,2) = (Ve filt,2,y,2),2) < C+ C2FT
and a direct application of Taylor expansion with integral form gives us
falt,z,y,2) — (V. folt, 2y, 2),2) < C — C" |2,

so (B.3)(b) holds. For example, (B.3)(b) holds for the function z |z:|lJrl + h(|z|l+1_”) withn > 0 and h
a Lipschitz function.

Proposition 4.3 Ler us assume that (F.1), (F2), (B.1), (TC.1) and (TC.2) hold. Let (Y,Z) the solution of the
BSDE (1.3) given by Proposition 2.2.

o Ifwe assume that (B.3)(a) holds, | < 2,0 < pgl <1 —1/2and psl < 1, then we have, for all t € [0,T],
C(1+[X™)
VI —t

o Ifwe assume that (B.3)(b) holds, 0 < pgl < 1, then we have, for all t € [0, T,

|Z:| < + C X, [PV

C(l + |Xt|1)g/(l+1))

i%Vr
g O

|Z:| <

The constant C' depends on constants that appear in assumptions (F.1), (F.2), (B.1), (B.3) and (TC.2) but not in
assumption (TC.1).
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Proof of the proposition Firstly we will approximate our Markovian BSDE by another one. Let (Y, ZM) the
solution of the BSDE

T T
}/tlw - gM(XT) +/ fM(SvaaYstzgl)ds - / Ziwdwﬁ 4.1)
t t

with gpr = goparand far = f(., par(.), ., .) where pys is a smooth modification of the projection on the centered
euclidean ball of radius M such that |pys| < M, |Vpa| < 1 and pps(x) = @ when |2 < M — 1. Tt is now
easy to see that gps and fj; are Lipschitz functions with respect to z. Proposition 2.3 in [17] gives us that Z M ig
bounded by a constant Cj that depends on M. So, fa; is a Lipschitz function with respect to z and BSDE (4.1) is
a classical Lipschitz BSDE. Now we will use the following Lemma that will be shown after.

Lemma 4.4 Let us assume that (F.1), (F.2), (B.1), (TC.1) and (TC.2) hold.

o Ifwe assume that (B.3)(a) holds, | < 2,0 < pgl <1 —1/2and psl < 1, then we have, for all t € [0,T],

A+ By | X"
VI —t

with (An, Br, Dy)nen defined by recursion: By =0, Do =0, Ag = CoVT,

‘ZtM‘ < Jan |Xt|rf\/;Df ,

Apy1 =C(1+ A% 4 B L DUP) B, =C, D,y =C,

where a := pg V ps Vs, p > 1, p > 1and C is a constant that does not depend on M and constants in
assumption (TC.1).

o Ifwe assume that (B.3)(b) holds, 0 < pgl < 1, then we have, for all t € [0, T,

A+ B |Xt|pg/(l+1)

/ iLl\/Tf
T = e+ D G

2] <

with (Al , B!, D' ),.en defined by recursion: By = 0, D}y = 0, A} = CoV/T,

Al =CA+ AT ¢ BeW L Wy Bl =C, Dl =0,

where @' == (pg VprV (I +1)rp)/(I+1),p" > 1,9 > 1and C is a constant that does not depend on M
and constants in assumption (TC.1).

Since al < 1 and a/l < 1, recursion functions that define sequences (A, ),>0 and (A ),>o are contractor
functions, so 4,, — A and A}, — A, when n — +oo, with Ay, and A/ that do not depend on M and
constants in assumption (TC.1). Finally,we have:

e if we assume that (B.3)(a) hold, [ < 2,0 < pyl < 1 —1/2and pyl < 1, then we have, forall t € [0, T,

C(1+[X[")
VT —1

e if we assume that (B.3)(b) hold, 0 < p,! < 1, then we have, forall t € [0, T,

2] < + O

C(l + |Xt|pg/(l+1))
(T — t)1/+1)

P
2] < FOLXT

The constant C' depends on constants that appear in assumptions (F.1), (F.2), (B.1), (B.3) and (TC.2) but not in
assumption (TC.1). Moreover C' does not depends on M. Now, we want to come back to the initial BSDE (1.3).
It is already shown in the proof of Proposition 2.2 of the article [17] that (Y, Z") — (Y, Z) in §? x M?2. So our
estimates on Z™ stay true for a version of Z. U
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Proof of Lemma 4.4 Let us prove the result by recursion. For n = 0 we have already shown the result. Let us
assume that the result is true for some n € N and let us show that it stays true for n + 1. In a first time we will
suppose that f and g are differentiable with respect to x and y. Then (Y, ZM) is differentiable with respect to
x and (VY™ VZM) is the solution of the BSDE

T
vYM = Vogu(X7)VXr — / VZMaw,
t
T
+/ V:EfM(SaXmYsk[vZ;w)VXS+vyfk[(57X57YsMaZ;w)VYst+vzflb[(stSstMaZ;W)VZ&I’wdsv
t

and a version of ZM is given by (VY M (VX;)~'0(t))se(0,7)- Let us introduce some notations: we set

AW, = dW, — V. fau(t, X, YM, ZzM)at,
t

- /ef(fvny(u,Xu,YquZi”)duvsz(s,Xs,YSM,Z;w)VXsds(VXt)_la(t),
0

Zy = ef(;vny(S’XS’YSM’Zy)dSZtMJrOét.

By applying Girsanov’s theorem we know that there exists a probability Q* under which W is a Brownian
_ 2
motion. Then, exactly as in the proof of Theorem 3.2 in [16], we can show that ‘e/\tZt’ isa (@M—submartingale.

2

Firstly, we will show the first point of the lemma. Since eMZ,| isaQM -submartingale, we have:

T
EQM [/ 62/\5
t
t

~ ~ 2
2 20 @ -

2
dS] 2 €2At

2
t M M y
> 2 |els Vufar(s, XoYM 2] )dsng[+at’ (T —t),

which implies

: 2
ZMP @0 < (N[l T [ o) (@
T ~ 2 i
< C(E?M / s Z;”‘ ds| + (T — 1) (1+|Xt|2’f)>
t
< o|1+E2" e o | [T 15 2rs 2ry
< + E; |ZM|" ds| + B | X7 ds| + (T —t) | X4 . (4.2)
t t

Let us recall that (Y ZM) is solution of BSDE

T T
YM = gu(Xr) +/ JZM(S,XsaYsMaZy)dS _/ ZédeNVsa
¢

t
with ~
fM(Sa‘Tayvz) = fﬂ[(sazayvz) - <Z,VZfM(S,IL',y,Z)>.

Since assumption (B.3)(a) holds for f, assumption (B.2)(b) holds for — f v with constants that do not depend on
M . Then we can mimic the proof of the first point of Proposition 2.6 (see remark 2.7) to show that

T
/ |1ZM)? ds
t

with a constant C' that does not depend on M and constants that appear in assumption (TC.1). Then, by putting
M
(4.3) in (4.2), we see that we just have to obtain an a priori estimate for EZ  [|X,|°] with ¢ € R**. We have

M
E}

<C <1 +EZ" [|X/] +/T ER (1] +ER [1x.7] ds> . @3)
t

S

|X,| = ’Xt-i—/ b(u,Xu)du—f—/ a(u)qu—i—/ o (W)Y far(u, Xo, YM, ZMYdu
t t t

< X040 [ Xaldut
t

/ts o(u)dW,

+c/ 12| du,
t
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with C' that does not depend on M. Now we use the recursion assumption to obtain

s l
M| B lp 1 relVpyrl
/t‘Zu‘du < C/ l/2 7= l/2|X|9+D | X |2 .
Since [/2 < 1, ft md u < CAL. For other terms we use Young inequality: Since (rl V psl V pyl) < 1,
we have
s s Blp B
/ \Zjﬂldu < CAiﬂLC/ ——— + D 4| X, | du,
t ¢ (T —u)w/?

lp
withp = 1/(1—1Ip,) and p > 1. Since we assume that Ipy < 1—1/2, thenlp/2 < 1 and [ (Tjiwdu < CBPr.
Finally, we obtain

/\Zy\ldu<0A;+CB;p+cpff+c/ X, | du,
t

/ts o(u)

u|+ AL + B + DIF 4 IXtI)

and

X, < |Xt|+C+C/ | X | du + w| +CAL + CBP +CDI?P.
t

/: o(u)

QM c cl cl clp c
EY [[Xs]] < C(1+ A%+ B+ DP +|X,|). (4.4)

Gronwall’s lemma gives us

X < C<1+

that implies

By putting (4.4) in (4.3) and (4.2), we obtain

T
[z - < c (1 B [1xe] + [ B [P st (7 1) |Xt|2”>
t
< C (1 + A2l 4 p2alp 4 p2alp 4| X, %P 4 (T — ¢) |Xt|2<pfwf>) :

witha = py V py V ry and C that does not depend on M and constants that appear in assumption (TC.1). So, we
easily see that we can take

Any1=C(+ A + BY + DIP), Buy1=C, Dy =C,

and then the first point is proved.
ez\t 7

is also a QM -submartingale. By the same calculus than previously, instead of having inequality (4.2), we obtain

T T
/ 1z d /|XS|“+1>des +(T—t)|Xt|(l+1)Tf>.
t t

4.5)
Since assumption (B.3)(b) holds for f, assumption (B.2)(c) holds for — f v Wwith constants that do not depend on
M . Then we can mimic the proof of the second point of Proposition 2.6 (see remark 2.7) to show that

[ 1z e
t

with C' that does not depend on M and constants that appear in assumption (TC.1). Then, by putting (4.6) in (4.5),

2 _ 41
is a QM -submartingale, ‘

To prove the second point, we will use the same machinery. Since ‘e’“Z}

zM" -t < C (1 +EY +EY”

M
E}

T
<C (1 +EX (| X "] + / EZ [1X,[P] + ES" [| X, "] ds> . (46)
t

M
we see that we just have to obtain an a priori estimate for EZ [ X,|] with ¢ € R**. Once again, we have

+C/ 12| du,

X < wiere [ xla| [ awar,
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with C' that does not depend on M. Now we use the recursion assumption to obtain

T loM ° Al B} Ipg/(41) | ol | (reIVDsL/(I+1)
/t 12 du < C/t T T o X + DX du.

Obviously we have ft T m‘)‘%du < CA!L. For other terms we use Young inequality: Since 7¢l < 1 and

(prl V pgl)/(1+1) < 1, we have

Al 1 ° B;zlp 1p
/t |Z)' ] du < CAn+C/t T a)io/ D + DI +|X,|du,

withp = 1/(1—Ipy/(I+1)) and p > 1. Since we assume that [p, < 1, thenlp/(I4+1) < land [’ (T_E;%du <

CB!'P. Finally, we obtain

/|Zy|ldu<CA;§+CB;fP+CD;?+C/ | X du,
t t

and
| X < | X¢| +C + c/s | X | du + / o(u)dW, |+ CAY + CB!" + CD!'P.
Gronwall’s lemma gives us t t
X, < C (1 - / o(u)dW,| + A + B'P + DI'P 4 |Xt|)
t
that implies
B2 [|X.] < C(1+ A+ B 4 DIEP 4 |X,%). 4.7)

By putting (4.7) in (4.6) and (4.5), we obtain
T
’Zt]w’l-i-l (T _ t) < C <1 n E9M [|XT|pg] + / E9M |:|XS|P9\/Pf\/(l+1)Tf:| ds + (T _ t) |Xt|(l+1)rf>
t

< C (1 + Afrgl-l-l)a’l + B;l(l—’_l)a/lp + D;z(l+1)a/lﬁ + |Xt|pg + (T _ t) |Xt|pf\/(l+1)rf) :
witha’ = (py Vpr V (I + 1)ry)/(l +1). So, we easily see that we can take
Ay =CA+ A + B+ D7), Bl =C, Dy, =C,

and then the second point is proved.
When f and g are not differentiable we can prove the result by a standard approximation and stability results
for BSDEs with linear growth. 0
Since estimates on Z given by Proposition 4.3 do not depend on constants that appear in assumption (TC.1),
we can use it to show an existence result for superquadratic BSDEs with a quite general terminal condition.

Theorem 4.5 Let assume that (F.1), (F.2), (B.1), (B.2)(b) and (TC.2) hold.

o Ifwe assume that (B.3)(a) holds, | < 2,0 < pgl <1 — 1/2 and 0 < prl < 1, then there exists a solution
(Y, Z) to the BSDE (1.3) such that (Y, Z) € 8* x M?. Moreover we have, for all t € [0,T],

C(1+[X["™)
VT —1

o Ifwe assume that (B.3)(b) holds and 0 < pyl < 1, then there exists a solution (Y, Z) to the BSDE (1.3) such
that (Y, Z) € 82 x M?2. Moreover, we have for all t € [0,T],

2] < FOLX (48)

C(l + |Xt|1)g/(l+1))
(T — ¢)/@FD)

T
/ |Z|"T ds
0

12| < + O XV (4.9)

and, if we assume that (B.2)(c) holds,

E < +o00.
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Proof of Theorem 4.5 The proof is based on the proof of Proposition 4.3 in [5]. For each integer n > 0, we
construct the sup-convolution of g defined by

gn(x) := sup {g(u) —nlz —ul}.
u€Rd

Let us recall some well-known facts about sup-convolution:
Lemma 4.6 Forn > ng with ng big enough, we have,
e g, is well defined,
e (TC.1) holds for gy, withry = 0,
e (TC.2) holds for g, with C and & that do not depend on n,
o (gn)n is decreasing,
o (gn)n converges pointwise to g.

Since (TC.1) holds, we can consider (Y, Z™) the solution given by Proposition 2.2. It follows from Propositions
2.4 and 2.5 that
—C(1+ XYy S Y™ YT <Y < O+ [ X[PFP),

So (Y},), converges almost surely and we can define

Y= lim Y".

n—-+oo

It is easy to see that the estimate of Proposition 2.5 stays true for Y. Now the aim is to show that (Z,,),, converges
in the good space. For any 77 €]0, T, (Y™, Z") satisfies
T’ T’
Y=Y + f(s,XS,YS",Z;‘)ds—/ ZMws, 0<t<T. (4.10)
t t

Let us denote Y™™ := Y™ — Y™ and 6 Z™" := Z™ — Z"™. The classical linearization method gives us that
(Y™™ §Z™™) is the solution of BSDE

T T
S = Y + / UPmeYm 4+ Ve 2 ds — / 871 AW,
t t

where |[U™™] < C and, by using estimates of Proposition 4.3,
Vel < e+ (20 + | Z2m) < o+ X, @.11)

with p < 1 and C that does not depends on n and m. Since p < 1, Novikov’s condition is fulfilled and we can
apply Girsanov’s theorem: there exists a probability Q™" such that dW; := dW; — V,""""dt is a Brownian motion
under this probability. By classical transformations, we have that (§Y"™™, §Z™™) is the solution of the BSDE

/

T rrn,m s rrn,m ~
5}/tn,m _ 5Y77}/7m€jf Ul"ds 7/ eft U, duézg,deS'

t

Since U™™ is bounded, classical estimates on BSDEs give us
n,m T ’ n,m 4
EQ" / 6zmm2ds | | < CEQ” [|5Y;;m| } . 4.12)
0

Now, we would like to have the same type of estimate than (4.12), but with the classical expectation. To do such
a thing, we define the exponential martingale

T’ 1 T’
ENM .= exp / VAW, — = / |V ds |
0 2 0

E[(E7™)P] < Cp, (4.13)

Then, forall p € R,
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with C), that does not depend on n and m: indeed, by applying (4.11) and Gronwall lemma we have

s

’ ’ ! n.m
E[erfo v"vmdwsfgJ‘J’wvsvmms} = E [e%(ff 2PV AW = [ 2V s )+ (07 = 8) ST IV %ﬂ

g E |:ef0T/ 2pVSn,,de57% ~0T"2pvsn,m‘2d5:| ]E |:e(2p27p) IOT/|VSn,,m|2dS:|
< E [€C|2p2_P|(1+SuP0<s<T\XS|2p)}
< +o0o,

because 2p < 2. By applying Cauchy Schwarz inequality and by using (4.13) and (4.12), we obtain

T’ T’
E / |6Z§’m|2ds] = El(eg;m)w(e;;m)m / |6Z§’m|2ds]
0 0
- 27 1/2
nymy—111/2 momem nmi 2
< E[(Ep™7E |62™ % ds
0
o a2
< CEC oy

< o (e e o]

< CE [|5YT";’"|8} om0,

Since M? is a Banach space, we can define

Z= lim Z", Qx][0,T[-ae.
n—+oo
If we apply Proposition 2.6, we have that || Z"|| ;= < C with a constant C' that does not depend on n. So, Fatou’s
lemma gives us that Z € M?2. Itis also easy to see that estimates on Z" given by Proposition 4.3 stay true for Z.
Moreover, if we assume that (B.2)(c) holds, then Proposition 2.6 gives us that

[T
E / \zr|Tds| < C
| /o
with a constant C' that does not depend on n and so
s
E / 1Z,"Tds| < C.
0

Finally, by passing to the limit when n — 400 in (4.10) and by using the dominated convergence theorem,
we obtain that for any fixed 77 € [0, T'[, (Y, Z) satisfies

il

T/
Y, =Yp + | f(s, X, Ys, Z)ds — / ZdW,, 0<t<T. (4.14)
t t

To conclude, we just have to prove that we can pass to the limit when 7 — T in (4.14). Let us show that
Yo =1, 9(Xr) a.s.. Firstly, we have
lim,_7Ys < ES%TYS” = gn(Xr)as. foranyn > ng,

which implies lims_,7Y; < g(Xr), a.s.. On the other hand, we use assumption (B.2)(b) and we apply Proposi-
tions 2.5 and 4.3 to deduce that, a.s.,

Y = g.(X7)+ /T f(s, Xs, Y], ZM)ds — /T ZdWy
' T ' T
> g Xn) = C [ LI 12 s [ zzaw,
r prVpgVr |Xs|pg
2 Et |:(]n()(T)C’/i5 1+|X5| F¥Pa f+md8]

> Eelgn(X7)] = C(T — )1+ [ X7 P77) = OVT —t(1+ | Xf™),
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and
Y, = lim V' > E; [g(X7)] — C(T = t)(1 4 [ X[ 77777) — CVT — t(1 + | X [P?),

n—-+o0o
which implies
lim, ,Y: > lim, 7B [9(X7)] = 9(X7).

Hence, lim; ,7 Y; = g(X7) ass. .
Now, let us come back to BSDE (4.14). Since we have

T T
[ Fexavazyds< [ e v v+ |Z0ds < 4o,
t t

then
T T =T T
/ f_(S)XMY;‘aZS)dS —>/ f_(S7XSaYS7ZS)dS< +ooas.,
t t

and

T/ T/ T/

fHe X Ya Zods = Y- Vit f*(s,Xs,Ys,Zs)dH/ Z.dW,
t t t

, T T
=Ty, Yy +/ f‘(s,Xs,Ys,Zs)ds—i—/ Z,dW, < +00 ass..
t t

Finally, passing to the limit when 77 — T in (4.14), we conclude that (Y, Z) is a solution to BSDE (1.3). [

Remark 4.7 Estimate (4.8) is already known in the Lipschitz framework as a consequence of the Bismut-Elworthy
Sformula (see e.g. [8]). For the superquadratic case, the same estimate was obtained when p, = py = 0 in [5]
(see also [16] for the quadratic case). In [5], Remark 4.4. gives the same type of estimate than (4.9) for the
example f(z) = |z|l This result was already obtained by Gilding et al. in [9] using Bernstein’s technique when

f(2) = |z|', b= 0 and o is the identity.

Remark 4.8 In this article, estimates (4.8) and (4.9) for the process Z allow us to obtain an existence result. But
this type of deterministic bound is also interesting for numerical approximation of BSDEs (see e.g. [16]) or for
studying stochastic optimal control problems in infinite dimension (see e.g. [14]).
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