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Abstract

We propose a unified framework for studying both latent and stochastic block mod-
els, which are used to cluster simultaneously rows and columns of a data matrix. In
this new framework, we study the behaviour of the groups posterior distribution, given
the data. We characterize whether it is possible to asymptotically recover the actual
groups on the rows and columns of the matrix, relying on a consistent estimate of the
parameter. In other words, we establish sufficient conditions for the groups posterior
distribution to converge (as the size of the data increases) to a Dirac mass located at
the actual (random) groups configuration. In particular, we highlight some cases where
the model assumes symmetries in the matrix of connection probabilities that prevents
recovering the original groups. We also discuss the validity of these results when the
proportion of non-null entries in the data matrix converges to zero.

Keywords and phrases: Biclustering, block clustering, block modelling, co-clustering, latent block
model, posterior distribution, stochastic block model.

1 Introduction

Cluster analysis is an important tool in a variety of scientific areas including pattern recog-
nition, microarrays analysis, document classification and more generally data mining. In
these contexts, one is interested in data recorded in a table or matrix, where for instance
rows index objects and columns index features or variables. While the majority of clustering
procedures aim at clustering either the objects or the variables, we focus here on procedures
which consider the two sets simultaneously and organize the data into homogeneous blocks.
More precisely, we are interested in probabilistic models called latent block models (LBMs),
where both rows and columns are partitioned into latent groups dGma@H_am_N_adiﬁ, |20_03)

Stochastic block models (SBMs, |HQllalldﬂle, |l9§3) may be viewed as a particular case

of LBMs where data consists in a random graph which is encoded in its adjacency matrix.
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An adjacency matrix is a square matrix where rows and columns are indexed by the same
set of objects and an entry in the matrix describes the relation between two objects. For
instance, binary random graphs are described by a binary matrix where entry (i, j) equals 1
if and only if there is an edge between nodes (i, j) in the graph. Similarly, weighted random
graphs are encoded in square matrices where the entries describe the edges weights (the
weight being 0 in case of no edge between the two nodes). In this context the partitions on
rows and columns of the square matrix are further constrained to be identical.

To our knowledge and despite their similarities, LBMs and SBMs have never been ex-
plored from the same point of view. We aim at presenting a unified framework for studying
both LBMs and SBMs. We are more precisely interested in the behaviour of the groups
posterior distribution, given the data. Our goal is to characterize whether it is possible to
asymptotically recover the actual groups on the rows and columns of the matrix, relying on
a consistent estimate of the parameter . In other words, we establish sufficient conditions
for the groups posterior distribution to converge (as the size of the data increases) to a Dirac
mass located at the actual (random) groups configuration. In particular, we highlight some
cases where the model assumes symmetries in the matrix of connection probabilities that
prevents recovering the original groups (see Theorem [[Jand following corollaries). Note that
the asymptotic framework is particularly suited in this context as the datasets are often
huge.

One of the first occurrences of LBMs appears in the pioneering work of |I;L1r_t4g&u| (I_lQ_ﬁ)
under the name three partitions. LBMs were later developed as an intuitive extension of
the finite mixture model, to allow for simultaneous clustering of objects and features. Many
different names are used in the literature for such procedures, among which we mention
block clustering, block modelling, biclustering, co-clustering and two-mode clustering. All
of these procedures differ through the type of clusters they consider. LBMs induce a spe-
cific clustering on the data matrix, namely we partition the rows and columns of the data
matrix and the data clusters are restricted to cartesian products of a row cluster and a col-
umn cluster. Frequentist parameter estimation procedures for LBMs have been proposed in
\Govaert. and Nadif (1201)_3, |21)Djj) for binary data and in|Govaert_and Nadif (l20_ld) for Poisson
random variables. A Bayesian version of the model has been introduced in

) for random variables belonging to the set [0, 1], combined with a Markov chain Monte
Carlo (MCMC) procedure to estimate the model parameters. Moreover, model selection in
a Bayesian setting is performed at the same time as parameter estimation inM;zm_am_Erjd
(@é), who consider two different types of models: a Bernoulli LBM for binary data and
a Gaussian one for continuous observations. All of these parameter estimation procedures
also provide a clustering of the data, based on the groups posterior distribution computed at
the estimated parameter value. In the following, a posteriori estimation of the groups refers
to maximum a posteriori (MAP) procedure on the groups posterior distribution computed
at some estimated parameter value. To our knowledge, there is no result in the literature
about the quality of such clustering procedures nor about convergence of the groups poste-
rior distribution in LBMs.

SBMs were (re)-discovered many different times in the literature, and introduced at

first in social sciences to study relational data (see for instance Emlmmd_ﬂmﬂ 1982;
|Ho_llandﬁ_al.|,|1983 lSnudﬂs_aﬂd_Nm&LQki |_'L9_91|, |D_aa.1dmﬁ_al,|, |20_OS) In this context, the
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data consists in a random graph over a set of nodes, or equivalently in a square matrix
(the adjacency matrix) whose entries characterize the relation between two nodes. The
nodes are partitioned into latent groups so that the clustering of the rows and columns of
the matrix is now constrained to be identical. Various parameter estimation procedures

have been proposed in this context, from Bayesian strategies (l&m,]d_e_ts_an_d_N_OﬂLCH |_'L9_91|

[20111|) to variational approximations of expectation maximization

Nowicki and Snijders

(EM) algorithm (Daudin et _all, 2008; Mariadasson et all, 2010; [Picard et _all, |2009) or vari-
ational Bayes approaches (ILamebﬁjL_aJJ |2Qlj) online procedures (Zanghi et alJ |21)Dﬂ
M) and direct methods (IAm.bI_O_ls_e_an_d_MaLLaE] 2012; |Channarond et all, [2012). Note
that most of these works are concerned with binary data and only some of the most recent
of them deal with weighted random graphs (IAmbIQis_e_and_MaﬁaE], 2012; Mariadassou et al,
2010).

In each of these procedures, a clustering of the graph nodes is performed according
to the groups posterior distribution (computed at the estimated parameter value). The
behaviour of this posterior distribution for binary SBMs is studied in Celisse et all 1%(%3 i
These authors establish two different results. The first one (Theorem 3.1 in ,
@) states that at the true parameter value, the groups posterior distribution converges
to a Dirac mass at the actual value of groups configuration (controlling also the correspond-
ing rate of convergence). This result is valid only at the true parameter value, while the
above mentioned procedures rely on the groups posterior distribution at an estimated value
of the parameter instead of the true one. Note also that this result establishes a conver-
gence under the conditional distribution of the data, given the actual configuration on the
groups. However, as this convergence is uniform with respect to the actual configuration,
the result also holds under the unconditional distribution of the observations. The second
result they obtain on the convergence of the groups posterior distribution (Proposition 3.8
in |C£JiSSLLeL_al.|, |2_Qld) is valid at an estimated parameter value, provided this estimator
converges at rate at least n~! to the true value, where n is the number of nodes in the graph
(number of rows and columns in the square data matrix). Note that this latter assumption
is not harmless as it is not established that such an estimator exists, except in a particu-
lar setting (Ambroise and Matias, 2012); see also [Gazal et all (2012) for empirical results.
There are thus many differences between our result (Theorem [I] and following corollaries)
and theirs: we provide a result for any parameter value in the neighborhood of the true
value, we work with non-necessarily binary data and our work encompasses both SBMs and
LBMs. We however mention that the main goal of these authors is different from ours and
consists in establishing the consistency of maximum likelihood and variational estimators
in SBMs.

Let us now discuss the articles of Bickel and Chen (2009);/Choi et all (2012) and Rohe et _al)

) on the performance of clustering procedures for random graphs, as well as the very
recent works of [Rohe and Yil (2012) and [Flynn and Perryl (2013) on the performance of
co-clustering procedures. Those articles, which are of a different nature from ours, estab-
lish that under some conditions, the fraction of misclassified nodes (resulting from different
algorithmic procedures) converges to zero as the number of nodes increases. These results,
with the exception of Emm_ﬂemﬂ (|2Q13), apply to binary graphs only, while we shall
deal both with binary and weighted graphs; as well as real-valued array data. Moreover,
they establish results on procedures that estimate parameters while clustering the data,
while we are rather interested in MAP based procedures relying on any consistent param-
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cter estimate. [Rohe and Yu (IZQH) are concerned with a framework in which nodes of a
graph belong to two groups: a receiver group and a sender group. This is a refinement
of standard SBM, which assumes equal sender and receiver groups, and is motivated by
the study of directed graphs. The results of Rohe and Yil (l20_lj) are very similar to those
of Rohe et all (|2_QLI.|) that apply on symmetric binary graphs: they propose a classifica-
tion algorithm based on spectral clustering that achieves vanishing classification error rate.
) share our framework with a few exceptions: they replace the pro-
file likelihood (used for instance in Bickel and Chenl, [2009) with a rate function allowing
for model misspecification. Besides, they model sparsity with a scaling parameter acting
directly on the mean interaction value instead of inflating the number of zero-valued inter-
actions with a Bernoulli variable as we do (see Section .3]). They essentially extend the
results of (Choi et all (IZQH) to weighted graphs. The focus on the mean interaction value
allows for model misspecification but prevents the detection of groups that differ mostly
in interaction variance. Indeed, in their simulation study, |El¥nn_a.nd_RQrL;z| (|20_]ﬂ) consider
only groups varying in their mean interaction value, while we can detect groups varying
through their variance for instance. We also mention that |Choi et all (|2_Qld),
(|2Q11|) and [Rohe and Yu (IZQH) are concerned with an asymptotic setting where the number
of groups is allowed to grow with network size and the average network degree grows at least
nearly linearly (Rohe et all, 2011; [Rohe and Yu, 2012) or poly-logarithmically (M,
) in this size. In Section [l of the present work, we explore the validity of our results
in a similar framework, by assuming that the numbers of groups remain fixed while the
connections probabilities between groups converge to zero. Finally and most importantly,
note that all these works propose convergence results in a setup of independent random
variables (and Bernoulli distributed, except for |El¥nn_a.ndﬂn:y| (|20_]_ﬂ) that consider more
general distributions), viewing the latent groups as parameters instead of random variables.
On the contrary in our context, the observed random variables are non-independent. This
makes a tremendous difference in the validity of the statements.

We also want to outline that many different generalization allowing for overlapping
groups exist, both for LBMs and SBMs. We refer the interested reader to the works of
DeSarbo et all (2004) for LBMs and |Airoldi et all (2008); Latouche et all (2011) in the
case of SBMs, as well as the references therein. However in this work, we restrict our at-
tention to non overlapping groups.

This work is organized as follows. Section [2] describes LBMs and SBMs and introduces
some important concepts such as equivalent group configurations. Section [3] establishes
general and sufficient conditions for the groups posterior probability to converge (with large
probability) to a (mixture of) Dirac mass, located at (the set of configurations equivalent
to) the actual random configuration. In particular, we discuss the cases where it is likely
that groups estimation relying on maximum posterior probabilities might not converge.
Section Ml illustrates our main result, providing a large number of examples where the above
mentioned conditions are satisfied. Finally, in Section Bl we explore the validity of our results
when the connections probabilities between groups converge to zero. This corresponds to
datasets with an asymptotically decreasing density of non-null entries. Some technical
proofs are postponed to Appendix [Al
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2 Model and notation

2.1 Model and assumptions

We observe a matrix X, ,,, := {Xjj}i<i<n,i<j<m of random variables in some space set
X, whose distribution is specified through latent groups on the rows and columns of the
matrix.

Let @ > 1 and L > 1 denote the number of latent groups respectively on the rows
and columns of the matrix. Consider the probability distributions @ = («,...,aQ) on

Q={1,...,Q} and B = (p1,...,8) on L={1,...,L}, such that

Q L
VgeQVIEL, agfi>0and Y a,=1,> =1

q=1 =1

Let Z,, := Zy,...,Z, be independent and identically distributed (i.i.d.) random variables,
with distribution e« on @ and W, := Wy, ..., W, i.i.d. random variables with distribution
B on L. Two different cases will be considered in this work:

Latent block model (LBM). In this case, the random variables {Z; }1<i<p and {W; hi<j<m
are independent. We let Z = {1,...,n} x {1,...,m} and p = a®" ® B the distri-
bution of (Zy,, Wy,) := (Z1,...,Z,,W1,...,W,y,) and set U;; = (Z;, W;) for (i,7) in
Z. The random vector (Z,, Wp,) takes values in the set U := Q" x L™ whereas the
{Uij = (Zi;Wj)}(ij)er are non-independent random variables taking values in the
set (Q x L£)™™.

Stochastic block model (SBM). In this case we have n = m,Q = L, Z; = W for all
1<i<nanda=p8 Welet Z={1,...,n}% pu = a®" the distribution of Z, and
set Usj = (Z;, Z;) for (i,7) € Z. The random variables {U;; := (Z;, Z;) }(; j)er are not
independent and take values in the set

U={{(gi9)}ajer: Vi €{l,...,n},q € Q}.

This case corresponds to the observation of a random graph whose adjacency matrix
is given by {X;j}i<ij<n. As particular cases, we may also consider graphs with no
self-loops in which case Z = {1,...,n}? ~ {(4,4);1 < i < n}. We may also con-
sider undirected random graphs, possibly with no self-loops, by imposing symmetric
adjacency matrices X;; = Xj;. In this latter case, 7T = {1 <1i < j < n}.

In the following, we refer to each of these two cases by indicating the symbols (LBM)
and (SBM). Whenever possible, we give general formulas valid for the two cases, and which
could be simplified appropriately in SBM. We introduce a matrix of connectivity parameters
= (qu)(qJ)eQXL belonging to some set of matrices IIg, whose coordinates 7, belong to
some set IT (note that Ilg, may be different from the product set I1?%). Now, conditional
on the latent variables {U;; = (Z;, W)} jjez, the observed random variables {Xj;}; j)er
are assumed to be independent, with a parametric distribution on each entry depending
on the corresponding rows and columns groups. More precisely, conditional on Z; = ¢
and W; = [, the random variable X;; follows a distribution parameterized by m,. We let
f(+;mq) denote its density with respect to some underlying measure (either the counting or
Lebesgue measure).
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The model may be summarized as follows:

(Zy,, Wp,,) latent random variables in & with distribution given by p,

Xon,m = {Xij }(i,j)er observations in X, (1)
]P)(Xn,m‘zna Wm) = ®(i,j)EIP(Xij‘Zi7 Wj)?

V(i,7) € T and Y(q,1) € Q x L, we have X;;|(Z;, W;) = (q,1) ~ f(:;7q)-

We consider the following parameter set
O = {0 = (pu,m);w € g and V(q,1) € Q X L, 0y > min > 0, 51 > Brmin > 0},

and define amax = max{ay;q € Q;0 € ©} and similarly Smax = max{f;;l € L;0 € ©}. We
let fimin = @min A Bmin and fimax = Omax V Bmax. Note that in SBM, fimin (resp. fimax)
reduces to amin (resp. max). We denote by Py and Ey the probability distribution and
expectation under parameter value ¢. In the following, we assume that the observations
X,,m are drawn under the true parameter value 6* € ©. We let P, and E, respectively
denote probability and expectation under parameter value 8*. We now introduce a necessary
condition for the connectivity parameters to be identifiable from Py.

Assumption 1. i) The parameter m € II is identifiable from the distribution f(-;),
namely f(57) = [(57) = 7 =7,

ii) For all ¢ # ¢ € Q, there exists some | € L such that my # . Similarly, for all
l#1 € L, there exists some q € Q such that my # Ty

Assumption [I will be in force throughout this work. Note that it is a very natural
assumption. In particular, ¢) will be satisfied by any reasonable family of distributions and
if 47) is not satisfied, there exist for instance two row groups q # ¢’ with the same behavior.
These groups (and thus the corresponding parameters) may then not be distinguished
relying on the marginal distribution of Py on the observation space XN. Note also that
Assumption [ is in general not sufficient to ensure identifiability of the parameters in
LBM or SBM. Identifiability results for SBM have first been given in a particular case
in |[Allman_et all (2009) and then later more thoroughly discussed in |Allman et all (2011)
for undirected, binary or weighted random graphs. See also |Celisse et all (|2Q1j) for the
case of directed and binary random graphs.

In the following, for any subset A we denote by either 14 or 1{A} the indicator function
of event A, by |A| its cardinality and by A the complementary subset (in the ambient set).

2.2 Equivalent configurations

First of all, it is important to note that the classical label switching issue that arises in any
latent variable model also takes place in LBMs and SBMs. As such, any permutation on the
labels of the rows and columns groups will induce the same distribution on the data matrix.
To be more specific, we let S¢ (resp. &) be the set of permutations of Q (resp. £). In the
following, we define Gg, to be either the set Sg x &, (LBM) or the set {(s,s);s € Sg}
(SBM). We consider some o € &g, and for any parameter value § = (u, ) we denote by
o(0) the parameter induced by permuting the labels of rows and columns groups according
to 0. Then label switching corresponds to the fact that

Py = Py (g). (2)
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Now in LBM and SBM, there exists an additional phenomenon, that is specific to these
models and comes from the fact that the distribution of any random variable depends on
two different latent ones. Let us explain this now. In a classical latent variable model where
the distribution of individuals belonging to group ¢ is characterised by the parameter m,,
identifiability conditions will require that 7, # m for any two different groups ¢ # [. Now,
when considering two groups characterising the distribution of one random variable, it may
happen that for instance my = 7y for two different groups ¢ # ¢’. Indeed, the groups ¢, ¢
may be differentiated through their connectivity to other groups than the group [ (see point
i1) in Assumption [T]). As a consequence, if the parameter matrix 7 has some symmetries
(which is often the case for model parsimony reasons), it may happen that some row and
column groups can be permuted while the connectivity matrix 7t remains unchanged. Note
that in this case, the global parameter § = (u, 7) remains identifiable as soon as the groups
proportions (characterised by p) are different. More precisely, it may happen that for some
o € Ggr, we have ™ = o () (a case that can never occur for simple latent variables models)
and thus

Prur =Py o(r)- (3)

Note the difference between ([2) and (). In particular, whenever p # o(p) we have Py, - #
Py(u),0(x) and we are not facing an instance of label switching. By using Bayes’ formula, a
consequence of w = o(7r) is that up to a proportionality constant (a relation that we denote
by ), we have

PG(Zn,Wm|Xn,m) X N(Zn,wm)Pﬂ(Xn,mmnan)
< p(Zn, Wm)Po(Tr) (Xn,m|Zn, Wi,)

—1
g P i W) o) (4)

Thus, under parameter value 0, the ratio between the posterior distributions Py(Z,,, Wy, | X, )
and Pp(0 ™ (Zn, Wy,)|Xm) does not depend on the data anymore and a posteriori estima-
tion of the groups under this parameter value is based only on the groups proportions pu. As

a consequence, if the observations were generated from latent random variables (Z,,, W,,)
and there exists another configuration o~!(Z,, W,,) for some permutation ¢ such that
w(Zy,, Wy,) < u(o=Y(Z,,, W,,)), then a posteriori estimation will select the second config-
uration instead of the original one.

We now formalize the concept of equivalent configurations that will enable us to deal with
possible symmetries in the parameter matrices 7. Note that from a practical perspective,
these subtleties have little impact (in fact the same kind of impact as the label switching).
But these are necessary for stating our results rigorously.

For any (s,t) € Ggr, we let

s,t .

s,t
T = (1 ) @neaxe = (Ts@t)) @heaxc-

Fix a subgroup & of &g, and a parameter set Ilg,. Whenever for any pair of permutations
(s,t) € & and any parameter w € [Ig, we have %! = 7, we say that the parameter set
o, is invariant under the action of &. In the following, we will consider parameter sets
that are invariant under some subgroup &. This includes the case where & is reduced to
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identity. We will moreover exclude from the parameter set IIg, any point 7 admitting
specific symmetries, namely such that there exists

(5,t) € Gor \ & satisfying 7*f = 7.

Note that this corresponds to excluding a subset of null Lebesgue measure from the
parameter set Ilg,.

Assumption 2. The parameter set g, is invariant under the action of some (mazximal)
subgroup & of Sgor. Moreover, for any pair of permutations (s,t) € Sgor \ & and any
parameter w € lg,, we assume that w5t # .

Example 1. In SBM, we consider & = {(Id,Id)} where Id is the identity and let
Hge={me %% vs e &g, s # Id, we have ©*° # 7},

Example 2. (Affiliation SBM). In SBM, we consider & = {(s,s);s € &g} and let llg, =
{A=v)g +v1H1g; A v € (0,1), A # v}.

In the above notation, Ig is the identity matrix of size ) and 1g is the size-Q) vector
filled with 1s. Affiliation SBM is a simple two-parameters submodel of SBM commonly used
to detect communities with higher intra- than inter-groups connectivities. It imposes as
much symmetry on elements of IIg, as allowed by Assumption [I] and constitutes the only
model where configuration equivalence (defined below) is confounded with label-switching.

In less constrained models and as soon as G is not reduced to identity, each permutation
in 6 induces many different equivalent configurations. More precisely, for any (s,t) € &
and any 7 € llg,, we have

Xnm | {Zn, W, } 4 Xnm | {s(Zy),t(Wy,)}, under parameter value 7,

where =% means equality in distribution. As a consequence and similarly to @), we get that
the ratio between the posterior distributions Py({Zy,, Wi, }| X, 1) and Pg({s(Z,,), t (W) }H X m)
does not depend on the data X,, ,,.

Remark 1. In SBM with affiliation structure (see Example [2), the whole group of per-
mutations {(s,s);s € Sq} leaves the parameter set llgr invariant. For more general
models, let us denote by [q,q'] the transposition of q and ¢ in some set Q. We consider
(s,t) = ([q, ], [I,U']) € Sgr. Then any ™ € llg, satisfies

Vie O\{q,q'}, mi=m,
Vj € ﬁ\ {lv l/}v Tqj = Tq'5>
Tgql = Tq'l and Tg'l = Tql’-
In particular, for Assumption [l to be satisfied while ([q,q'],[l,1']) belongs to & that leaves

Ior invariant, it is necessary that either wy # mgy or my; # wgr (and then both inequalities
are satisfied).

Note that the parameter sets Ilg, that we consider are then in a one-to-one correspon-
dence with the subgroups &. Note also that we have |G| < Q!L! (LBM) or |6] < Q!
(SBM).

We now define equivalent configurations in .
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Definition 1. Consider a parameter set llg, invariant under the action of some subgroup
S of Gor and fix a parameter value 7 € llgr. Any two groups configurations (Zy, Wi,) :=

(2150 vy 2n, W1,y e ooy Wiy) and (zh, W) = (2],..., 2, W), ..., w),) inU are called equivalent

(a relation denoted by (zn, W) ~ (z,,w..)) if and only if there exists (s,t) € & such that

(s(zp), t(wip)) 1= (s(21), - s(zp), t(wh), s E(win,)) = (20, Win)-

We let U denote the quotient of U by this equivalence relation. Note in particular that if
(Zn, Win) ~ (2, Wy,) then for any 7 € Tlgr, we have (T.,w;)(ij)er = (Wzgw;)(i’j)el—.

For any vector v = (uy,...,u,) € RP, we let |lullo := >.b_; 1{u; # 0}. The distance
between two different configurations (z,,w,,) € U and (z,,w,,) € U is measured via the
minimum || - || distance between any two representatives of these classes. We thus let

(2, W), (2,, Wy,)) := min{||zy, — s(z;,)[lo + [[Wn — t(w;,)llo: (s,t) € &} (5)
Note that this distance is well-defined on the space U. Note also that when & is reduced
to identity, the distance d(,) is an ordinary ¢y distance (up to a scale factor 2 in SBM).

2.3 Most likely configurations

Among the set of all (up to equivalence) configurations U, we shall distinguish some which
are well-behaved in the following sense. For any groups ¢ € Q and | € L, consider the
events

Ay ={w € %N, (Zo(w)) = E; 1{Zi(w) = a} < nptmin/2

and By = {w € U N (W, (w)) == Z H{Wj(w) =1} < mumin/2}.

Since Ny(Zy,) and N;(W,,) are sums of ii.d Bernoulli random variables with respective
parameters o and ff, satisfying a A 8] > pimin, a standard Hoeffding’s Inequality gives

P. (A4 U By) < exp[-n(a})?/2] + exp[=m(B})?/2] < 2exp[~(n Am)ug,/2).
Taking an union bound, we obtain

90 L expl— 2 J9] (LBM
P*(U(q,l)GQXl:(AqUBl)) < { 2gexep[p_[néi2:1/r\l/7g])ﬂmln/ ] ESBM;’

Now, consider the event )y defined by

Qo :={w e A V(q,l) € QX L, Ny(Zp(w)) > nptmin/2 and Nj(W,, (w)) > mpimin/2}
= Ngneoxc(4q N By), (6)

which has P,-probability larger than 1 — 2QL exp[—(n A m)u2, /2] (LBM) or larger than
1 —2Q exp[—na?,, /2] (SBM) and its counterpart U defined by

U’ = {(Zn,wm) € U;V(q,1) € Q x L, Ny(zp) > npimin/2 and Nj(Wp,) > mpimin/2},  (7)
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where Ny(z,,) := > | 1{z = ¢} and Ni(w,,) is defined similarly. We extend this notation
up to equivalent configurations, by letting U0 be the set of configurations (2, W) € u
such that at least one (and then in fact all) representative in the class belongs to U°.
Note that neither Ny(z,) nor N;(w,,) are properly defined on U, as these quantities may
take different values for equivalent Conﬁgurations However, as soon as one representative
(Zn, Wi) belongs to UY, we both get Ny(zl,) > npimin/2 and Ny (W) > mpimin/2 for any
(z),,w),) ~ (2Zn,Wp). In the following, some properties will only be valid on the set of
configurations 4°.

3 Groups posterior distribution

3.1 The groups posterior distribution
We provide a preliminary lemma on the expression of the groups posterior distribution.

Lemma 1. For any n,m > 1 and any 0 € O, the groups posterior distribution writes for
any (Zn, W) €U,

pfz,m(zmwm) i=Py((Zn, Win) = (20, W)X m)
o (Mger fKisimaw)) (T @ ) (T Buy) - (LBM),
X H(i,j)ez J (X3 Wzizj)> <H?:1 Oézi) (SBM),

where o< means equality up to a normalizing constant.

(8)

The proof of this lemma is straightforward and therefore omitted.

In the following, we will consider the main term in the log ratio log p%m(z;,wfn) -
log p%m(zn,wm) for two different configurations (z},w},), (zn, W) € U. More precisely,
we introduce

V(25, W)y (2, W) €U, 67 (22, Wy, 2y W) = Z log Y wj) . (9
(i.))eT f(Xz]aﬂ'z,wJ)

Note that this quantity is well-defined on U x . We also consider its expectation, under
true parameter value #* and conditional on the event (Z,, W,,) = (z),w},); namely for
any (z7,wp,) and (z,, w,,) € U, we let

ATz W, 2y, W) = Z E, <log <M)‘(zn,w ) = (zz,wfn)>. (10)

(i])eT (leaﬂ-zle)

Probabilities and expectations conditional on (Z,,, W,,) = (2, w},) and under parameter

value 6* will be denoted by Pf:’w’*” and Ef;w’*”, respectively.

3.2 Assumptions on the model

The results of this section are valid as long as the family of distributions { f(-; 7); © € I} sat-
isfies some properties. We thus formulate these as assumptions in this general section, and
establish later that these assumptions are satisfied in each particular case to be considered.
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The first of these assumptions is a (conditional on the configuration) concentration in-
equality on the random variable 67 (Z,,, W, Z,,, W,,,) around its conditional expectation.
We only require it to be valid for configurations (Z,, Wy,) = (z%,wZ,) € U°. Note that un-

der conditional probability szw:”, the random variables {X;;; (4,7) € Z} are independent.

Assumption 3. (Concentration inequality). Fiz (z5,w*,) € U and (2zn, W) € U such
that (zn, W) & (z3,w5,). There exists some positive function ¥* : (0,400) — (0,400]
such that for any 7™ € Illge and any € > 0, we have

Pf;w:” <‘6“(z;,w;,zn,wm) — Efzw:” <6”(zfl,w;,zn,wm)>‘ > e(mry + m“Q))

< 2exp[—¢*(e)(mry + nrg)], (11)

where the distance d((z}, w},), (zn, Wi,)) defined by () is attained for some permutations
(s,t) € G and we set 1 := ||z}, — s(zp)||0 and ro = |[|w}, — t(Wm)|lo-

Remark 2. Assumption[3 is reasonable and is often obtained by an exponential control of
the centered random variable

reo =os (g.7) = oo (29|

uniformly in w, 7" € II, where By is the expectation under f(-,m). As shown in Section []1),
as soon as

Ymax(A) := sup Er(exp(AYr )

' €1l

is finite for X in a small open interval I C R around 0, a Cramer-Chernoff bound shows
that Inequality (I1) is satisfied with

2 .
U1(e) = S (e — dinax (V)

The second assumption needed is a bound on the Kullback-Leibler divergences for ele-
ments of the family {f(;7);m € II}. We let

D(x||7) ::/Xlog <Jf((;;:,))> £ 7)da. (12)

Assumption 4. (Bounds on Kullbak-Leibler divergences). We assume that

Kmax := max{D(r|7');m, 7" € I} < +o0.

Note that kmax < 400 is automatically satisfied when the distributions in the family
{f(;m); m € II} form an exponential family with natural parameter 7w belonging to a
compact set II. In particular, this is not the case for Bernoulli distributions when we
authorize some probabilities 7w to be 0 or 1, as the corresponding natural parameter then
takes the values —oo and +oo. In the following, we thus exclude for the binary case the
possibility that classes may be almost never or almost surely connected. We also introduce

Kmin = Kmin(77) 1= min{D(7y |77 ); (¢, 1), (¢,1'")e Qx L,y # T} >0, (13)
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where positivity is a consequence of Assumption [l The parameter xpi, measures how far
apart the non-identical entries of 7m* are and is the main driver of the convergence rate of the
posterior distribution. Note that the Kullback-Leibler divergence captures the differences
between the distributions and not only their mean values. As we already mentioned in the
Introduction, this is in contrast to results as in |El¥nn_a.nd_RQrIy| (IZD_]_j) and we may for
instance recover groups that differ only in their variance.

The last assumption needed is a Lipschitz condition on an integrated version of the
function 7 +— log f(x; ).

Assumption 5. There exists some positive constant Ly such that for any w, 7' € llg, and
any (q?l)’ (q/’l/) € Q X ﬁ, we have

f(w;ﬂ'ql) /
log =——= f(x; gy )dz| < Lol||lm — 7' 0o
108 iy s | < Lol )

Remark 3. As illustrated in Section[{.2, many exponential families satisfy Assumptions[3
to[A as long as the natural parameter of that family (e.g. log(p) for Poisson distribution
or log(p/(1 — p)) for the binomial) is restricted to a compact set. This includes but is not
limited to Gaussian (location or scale model), Poisson, binary, binomial and multinomial
distributions.

3.3 Convergence of the posterior distribution

We now establish some preliminary results. The first one gives the behavior of the con-
ditional expectation A™ defined by (I0) with respect to the distance between the two
configurations (Z,, W,;,) and (z,, W, ).

Proposition 1. (Behavior of conditional expectation). Under Assumptions [1, [3 and [4),
the constant C' = 2kmax > 0 is such that for any parameter value w € llge and any
configuration (zn, Wp,) € U, we have Py-almost surely

E%"Wm <5”(Zn,Wm,zn,wm)> < %(mrl + nra), (14)

where the distance d((Zy, Wy,), (2Zn, W) is attained for some (s,t) € & and we set ry =
1Z0, — s(z)llo and s = Wi, — t(wyn) o-

Furthermore, under additional Assumption[d, the constant ¢ = /‘Iznin“min /16 is such that
on the set Qg defined by ([0) whose P.-probability satisfies

P, (Q) > 1 - 2QL x exp[—(n Am)up,, /2] (LBM),
{ P, (20) > 1 —2Q x exp[—narznm/Z], (SBM),

for any parameter value w € Ilg, and any sequence (zy, Wy,) € U, we have
B2 W (67 (Zg, Wi, 2, Win) ) = 2(e = Lollm = ¥[Joc) (mry + nrz). (15)
Proof. Note that

E%nwm (6ﬂ(znawmaznawm)) = Z Em"m (6‘"(Z2,W;mznawm)) Xl(Zn,Wm):(z;,w;n)a
(25w, ) €U
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so that we can work on the set {(Z,,, Wy,,) = (z};, w},)} for a fixed configuration (z}, w},) €
U. Moreover, we can choose (z,,W,,) € U that realizes the distance d((z%, w?,), (Zy, Win)),
namely such that d((z}, w},), (zn, W) = |z — zullo + |W), — Winllo = r1 + 72.

If (zp,wpn,) = (2, w],), namely 1 = ro = 0, then we have 07 (z), W}, 2, Wi,) = 0
and the lemma is proved. Otherwise, we may have | or ro equal to zero but ri +ro > 1.
Without loss of generality, we can assume that z};, and z,, (respectively w}, and w,,) differ
at the first 1 (resp. r2) indexes.

First, let us note that

f s TTxw*
M)f(x;w:;m)dx, (16)

Ez;wr*n((s” s Wi >: /1 (
. (Zn,Wm7Zn7Wm) Z Xog f(x;ﬂ.ziwj) !

(i,j)€T

where Z = Z ~ {(i,7);i > r1 and j > rp}. This leads to

* * C
EZn%m <5”(Z;, W Zn,s wm)> < (mry 4 nre — r17r9) Kmax < g(mn + nrg),

with C' = 2Kkmax, which establishes Inequality (I4]).
To prove Inequality (5], we write the decomposition

)

J

> /10g (M)ﬂﬂ?;ﬂ;m)dﬂ?: > {—D(Wzi*w;ﬂﬂz;w

- M P i ~
= X I ) (i.5)€Z

J@:7,)
+ Dt + [ log o flaint,Jdaf. (17)

F(@ ;) i

According to Assumption Bl the third term in the right-hand side of the above equation is
lower-bounded by — Lg || — 7v*|| oo (mr1 4+ nrg — r172). The first term in this right-hand side
is handled similarly as we have

: St
0< Z D(Wz;w;HWz;w;): Z /Xlogi (x;ﬂz;w;)dx

- - T3 Ty *qp*
(4,9)€Z (4,5)€T f( g J)

< Lol — 7| oo (M1 + nirg — r119),

where the second inequality is another application of Assumption

The central term appearing in the right-hand side of decomposition (I7]) is handled
relying on the next lemma, whose proof is postponed to Appendix[Al It is a generalization
to LBM of Proposition B.5 in |Celisse et. al) (|2Q1j) that considers SBM only. This lemma
bounds from below the number of pairs (7, j) such that

W:fw; 7é ﬂ:iwj
and establishes that it is of order mry + nry. This is possible only for the configurations
(z5,wr,) € U° defined by (7). For the rest of the proof, we work on the set {9, meaning
that we assume {(Z,, W,,) = (z5,wr,) € U°}.
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Lemma 2. (Bound on the number of differences). Under Assumptions [l and [2, for any
configurations (z,, W) € U and (z%,wk,) € U°, we have

2
> %(mn + nry), (18)

diff(2n, Wi 25, W) = [{(6,§) € T, # Theye }

where the distance d((zy, W), (25, w},)) is attained for some permutations (s,t) € & and
we set r1 = ||z, — s(z})|lo and ro == ||wp, — t(W},)]o-

*

According to Assumption i if 7%, # W:Zw;, the divergence D(w::w; [7%,,) 1s at least

Kmin- We thus get

* * M?nin’fmin
Z D(ﬂ-zi*w;Hﬂ.ziwj) 2> T(mrl + nra).
(i-)€Z

Coming back to (7)) and (IG), we obtain

f (@5 Torar) w2 Ko
vy sk > min”tn .- -
E / log (f(CU;Wziwj) )f(m,wzi w} Ydx > < 3 2Lg||w — = ||Oo> (mrq 4 nry)

and thus conclude

* * 2 : 1
B2 (67 (2 Wi 20 W) ) = (—”mm;m‘“ — 2Lo||m - w*uoo) (mry +nrs).

By letting ¢ = p2 Kmin/16 we obtain exactly (I5). O

In the following, we will consider asymptotic results where both n and m increase to
infinity. The next assumption settles the relative rates of convergence of n and m in LBM.
With no loss of generality, we assume in the following that n > m, view m = m, as a
sequence depending on n and state the convergence results with respect to n — 400. Note
that the assumption is trivial for SBM.

Assumption 6. (Asymptotic setup). The sequence (my)p>1 converges to infinity under
the constraints m,, <n and (logn)/m, — 0.

We now state the main theorem.

Theorem 1. Under Assumptionsltold, following the notation of Proposition[d, for anyn €
(0,¢/(2Ly)), there exists a family {en m tn,m of positive real numbers with Y, €p m, < +00,
such that on a set Qy whose Py-probability is at least 1 — ey, 1, and for any 6 = (p,7) € ©
satisfying ||mw — 7|00 < 1, we have for any (zy,,wn,) € U and any (s,t) € G,

P (5(Zin), t(Wia))
p%,m(zn,wm)

{ (¢ = 2Lo||lm — 7|0 ) (mry + nr2) — K([|5(Zn) — 2znllo + [[6(Win) — Winllo) (LBM),

(c —2Lg||m — 7|00 )2n11 — K||$(Z1,) — Zn]0 (SBM),

P (5(Zin), t(Wia))
p%,m(zn,wm)

{ C(mry +nre) + K(||s(Zy) — znllo + [t (W) — willo) (LBM),
C2nry + K||s(Zy,) — 2|0 (SBM),

log

(19)

and log (20)
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where the distance d(($(Zy), t(Wi)), (Zn, Win)), which does not depend on (s,t), is attained
for some permutation (3,t) € & and we set 1 := ||Zy, — 3(zn)|lo and 72 := | Wy, — t(wm)llo
and K = log(amax/amin) Vv 10g(/8max//8min)-

Let us comment this result. Inequalities (I9) and (20) provide a control of the con-
centration of the posterior distribution on the actual (random) configuration (Z,, W,,),
viewed as an equivalence class in U. The most important one is (I9) that provides a lower
bound on the posterior probability of any configuration equivalent to the actual config-
uration (Z,, W,,) compared to any other configuration (z,,w,,). In this inequality, two
different distances appear between these configurations, namely the £y distance and the
distance d(,) given by (&), on the set of actual configurations (so that d(,) is linked with
the parameter 7 and its symmetries). When the subgroup & is reduced to identity (no
symmetries allowed in 7r), these two distances coincide and the statement substantially sim-
plifies. Another case where it simplifies is when K = 0, corresponding to aax = Qumin and
Bmax = Bmin Or equivalently to uniform group proportions. These two particular cases are
further expanded below in the first two corollaries. In general, the two different distances
appear and play a different role in this inequality. In particular, consider Inequality (I9])
with for instance s = Id = t. It may be the case that a putative configuration (z,, w,,) is
equivalent to the actual random one (Z,, W,,) in the sense of relation ~, and thus their
distance d(,) is zero (r1 = ro = 0 above), but their ¢y distance is large. Then, the pos-
terior distribution p%m will not concentrate on (z,,w,,) due to the existence of different
group proportions g that help distinguish between (Z,,, W,,,) and this equivalent configu-
ration (z,, w,,). The extent to which the group proportions p are different is measured by
K = log(amax/min) V 10g(Bmax/Bmin). When this quantity is small compared to the term
¢ — 2Lgn (depending on 7r, the connectivity part of the parameter) appearing in ([I9]), the
term K (||Z,, — znllo + ||[Wim — Wi|lo) is negligible and the posterior distribution pfb’m will
not distinguish between the actual configuration and any equivalent one.

Before giving the proof of the theorem, we provide some corollaries that will help un-
derstand the importance of the previous result. The first two corollaries deal with special
setups and the third one is an attempt to give a general understanding of the behaviour
of the groups posterior distribution. All these results state that, under some appropriate
assumptions, the posterior distribution p%m concentrates on the actual random configura-
tion (Zy,, Wy,), with large probability. We stress the fact that the results are valid for any
parameter value 6 (satisfying some additional assumption) and not only the true one 6*.
More precisely, the results are valid at any 6 = (u,7) such that 7 is close enough to the
true value 7*.

Corollary 1. (Case & = {(Id,Id)}.) Under Assumptions[l toldl and when & = {(Id,Id)},
we obtain that on the set Q1 whose Py-probability is at least 1 — €, 1, for any parameter
0 = (p, ™) € O satisfying |7 — 7*||cc < n for small enough n, we have

pz,m(zrn Wm) > 11— An.m eXp(amm) and pfhm(zna Wm) < (1 + bn,mebn’m)ila

where
Apym = (nef(cf2L0n)m+K + me*(C*QLOW)”WLK); bpym = (nemefK + meanfK) (LBM),
Unn = ne—Zn(c—QL(m)—l—K; bun = ne—20n—K (SBM),

(21)
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all converge to 0 as n — +oo. As a consequence, relying on the maximum a posteri-
ori (MAP) procedure, at a parameter value 6 = (fu,7) such that « converges to the true
parameter value 7*, namely

(Zy,, Wy,) := argmaz pgm(zn,wm), where 0 = (fu, %) and & — 7w
(Zn7Wm)€u

the number of misclassified rows and/or columns on the set 0

n

Y UZi# 2y + Y {W; # Wy} (LBM) or Y 1{Z; # Zi} (SBM),

i=1 j=1 i=1
is exactly 0 for large enough n.

Corollary 2. (Case of uniform group proportions.) Under Assumptions [ to[@ and when
K =0, we obtain that on the set Q, for any parameter § = (u,7) € © satisfying || —
7|00 < m for small enough n, we have

o ({(Znawm) €U, (Znawm) ~ (Znawm)}) >1- ’6’an,mean’m

pn,m
and pfum ({(Zn, Win) € Us (2, Win) ~ (Zn, Wi)}) < (1 + ‘G‘bn,mebn’m)ila
where ay, m and by m are defined through [21)) with K = 0 and converge to 0 as n — +o00.
Moreover
1

pfz,m (Zy, Wi,) = @ fL,m ({(zn, W) € U (zn, Win) ~ (Zn, Win)}) -

Corollary 3. (General case.) Under Assumptions[d to[d, we obtain that on the set Qq, for
any parameter 0 = (u, ) € © satisfying ||m — 7|0 < n for small enough n, we have

Prin (120 W) € Us (20, Win) ~ (Z, Win)}) 1 —[Slanme™
and  ppy o ({(2n, Win) € Us (20, Win) ~ (Zn, Win)}) < (1+[S[bame” ™) 7,

Y

where @y m and by, are defined through [2II) and converge to 0 as n — +o0.

Remark 4. Theorem [ and Corollaries [ to [A are expressed in full generality but their
results apply both to LBM and SBM with the notation adopted in Section[d In particular,
the expressions given in these statements simplify for SBM as n = m, 2z, = W,,,s =t and
T =T2.

Remark 5. Note that the convergence of the posterior distribution (to the set of configu-
rations equivalent to the actual random one) happens at a rate determined by the constant

c—2Lgn > 0.

Typically, the rate of this convergence is fast when 7 is not too different from =* (namely
| — 7|00 and thus Lon small) while the connectivity parameters are sufficiently distinct
(namely kmin and thus c large).

When & = {(Id,Id)}, the actual configuration has no other equivalent one and the
posterior distribution converges to it. When K = 0, group proportions are equal and do not
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discriminate between equivalent configurations. Therefore, all equivalent configurations (if
any) are equally likely. In all other cases, the support of the posterior distribution converges
to the set of configurations equivalent to the actual one, including the actual one. However,
the latter may not be the most likely among those. Provided n and m are large enough,
the most likely configuration is the configuration (zy,,wy,) equivalent to (Zy,, Wy,) which
mazimizes the quantity

n m Q L
Z log o, + Z log By, = Z Ny(zy,)log ag + Z Ni(wp,) log G;.
i=1 j=1 =1

q=1

Also note that we control the number of errors made by a mazimum a posteriori cluster-
ing procedure only in the case where & = {(Id, 1d)}, namely when there are no symmetries
in the set of matrices llgr. In the other cases, this procedure is likely to select a config-
uration equivalent to the true one, but not equal to it. We stress again the fact that the
equivalence relation is different from the label switching issue that can mot be avoided in
finite mizture models. Moreover, exactly as for the label switching issue, this phenomenon
will not affect clustering performance.

Proof of Theorem[1. We shall exhibit the set ©; on which Inequalities (I9]) and (20) are
satisfied using LBM notation, the case of SBM easily follows.
First note that we have

0 W. n m

P m(S(Zn),t( m)) Qs(Z;) /Bt(w-)
1 ’ = 0" (5(Zn), (W), Zn, Wi g log | ——= g log [ — | .
0g (8(Zn), t( ),z )+i:1 0g a, +j:1 0g

pz,m(znawm) /Bwj

Thus, by letting K = log(max/min) V 10g(Bmax/Pmin), Inequalities ([I9) and @20) are
satisfied as soon as we have

(C - 2L0||71' - 7T*Hoo)(m7'1 + TL’I“Q) < 5”(S(Zn),t(wm),zn,wm) < C(mrl + nTQ)- (22)

Note that the latter inequality is defined on the set of equivalent configurations I and we
can thus replace (s(Z,,),t(W,,)) by (Z,, W,,). Let (z;,w},) be a fixed configuration in
U, consider (z,,w,,) € U. Whenever (z,,w,,) ~ (z,w?,), we have r| + 75 = 0 and the
previous inequality is automatically satisfied. Thus, we consider (z,,w,,) € U such that
(Zn, Win) # (z5, w5,) and let 71 := ||z} —3(zy,)|lo and ro := |[|[Wk, —E(Wy,) |0, where (5,%) € &
realizes the distance d((z},w},), (Zn, Wy, )). We consider the event

Az, Wiy 2, Wiy ) = {07 (2, Wi, Zn, Wi ) < (¢ — 2Lg||m — 7|00 ) (1 + nra) }
U{6™(z, Wi, 2, Wpy) > C(mry +nra) },

where the constants ¢, C > 0 have been previously introduced in Proposition [[I We also
assume that m satisfies ¢ —2Lo||[m — 7| > 0. According to this same Proposition, as soon
as the configuration (z%,w,) is regular in the sense that it belongs to the set ¢ defined
through Equation () and following lines, we obtain that on the set {(Z,,, W,,,) = (2, w},)},
we have

2(c — 2Lg||m — 7|00 ) (M1 + nry) < EZn™m (67 (255, Wiy, Zns Win)) < = (miry + nrg).

| Q
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We now control the probability of this event. Conditionally on {(Z,,, W,,,) = (2, w},)},
the event A(z),w}),,2,, W) is included in the two-sided deviation of 6™ (z}, W}, , Zy, Wy, )
from its conditional expectation A™(z), W}, z,, Wp,) at a distance at least

. N C
min{(c — 2Lg||7m — 7|00 ) (mry + nry), 5(mr1 +nry)}

= (¢ = 2Lg||m — 7*| ) (mr1 + nrg) > (¢ — 2Lon)(mry + nra).
In other words,
A2, Wiy Zny Win) 0 {(Zin, Win) = (25, W7,)} C
({07 = A™) 2, Wiy 0, W) < — (e = 2Lo |l — 7o) (s + 772) }
U {(67' — ATz, Wi, Ziyy, W) > g(mrl + m'g)})

2
< |67 = AT Wi )| > (e = 2Lom)(mry )

where the last inclusion comes from (¢ —2Lyn) < C/2.
Combining this sets’ inclusions with Assumption [3 yields

]P)*(A(Z:w w;w Zp, Wm) N {(Zm Wm) - (Z:w w;m)}) < P*((Zm Wm) = (Z:(w W:n))
X szw:” <‘(6” — ATz Wi, Zn, Wiy )| > (¢ — 2Lgn) (mry + m“Q))
< 2exp[—y*(c — 2Lon) (mr1 + nr2)|p(zy, wr,).  (23)

We now consider the set €1 defined by

Q=N ( ﬂ A(Zn,Wm,zn,wm)>

(Znywm)ea

- U N (A Wi 20, W) N {(Z, Wi) = (25, w5} ) (24)

(Zﬁ 7W;(n)ez;{0 (Zn 7Wm)eu

On the set 2, Inequality (22)) and thus Inequalities (I9) and (20)) are both satisfied. We
let

U = U (2, Wh)} = U {(5(23), H(wr); (s,8) € 6},

be the set of all configurations but those which are equivalent to (z},w},). Since for any

(s,t) € G, the event A(z),wr,, s(zy),t(w}),)) has P,-probability zero, we may write

0 =QU < U U Az, Wi 20y Win) 0 {(Zin, W) = (Z:"w;)})

(2%, W) EUO (2, Wi ) EUZR W

We now partition the set of configurations (z,, w,,) € Ui according to the distance of
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each point (z,,w,,) to (z;,w},). We write the following disjoint union

n+m
= ] @)
ri+re=1
n+m
= L e wa) €05 d((h W) (2, W) = 12— () o
ri+re=1
+lwi, = t(wim)llo and |25, — s(zn)llo = 71, [[Wr, — t(Wim)llo = 72} (25)
Note that the above decomposition is not unique. Indeed, we may have that the distance
d((z,wr,); (zn, W) = r1+719 = 1) +7h but r; # ] and ro # 5. In such a case, we make
an arbitrary choice between the couples (r1,r2) and (r],7}) to represent the distance from
(2, Wi) to (z5,wr,). This decomposition leads to

]P)*(ﬁl) S ]P’*(ﬁo) + 2 Z /"’(Z27 W;L)

(25, wi,)EUO

n+m
X Z U (11, 79) | exp[—1* (¢ — 2Lon) (mry + nry)].
ri+ro=1
Now, we use the bound
S n\[(m
el <16l (7): (2)
r1) \T2

which leads to
_ _ nm n\/m
P (1) < Pu(Qo) + 2 Z ]6]( ) < ) exp|—v¢*(c — 2Lon)(mry + nry)]
1 )
ri+reo=1
< P,(Q) + 2|6 {{1 + exp[—my* (¢ — 2Lon)]}" {1 + exp[—ny*(c — 2Lyn)]}™ — 1].
We now rely on the following bound, valid for any u,v > 0,
(I+u)"x(140v)™—=1< (nu+mv)exp(nu+ mv). (27)

Combining the latter with the control of the probability of Qg given in Proposition [, we
obtain
PL(@1) < 2QL exp(—(n A m)jiin/2) + 218/ m exp(dm).

where d, ,, = [nexp{—¢*(c — 2Lon)m} + mexp{—1y*(c — 2Lon)n}].

Note that as soon as (my)n>1 is a sequence such that m,, — +oo and (logn)/m,, — 0,
we obtain that for any constant a > 0, the sequence u,, = nexp(—am,,) is negligible with
respect to n~17¢, for any s > 0, and thus >, Up < 400. In particular, the sequence

Enm = 2QLexp[—(n Am)pt /2] + 2|6|dy m exp(dp.m)
satisfies > €pm, < +00. As for SBM, it is easy to see that this expression reduces to
Enn = 2Q exp[—nal, /2] + 2|6|d, exp(d,,)

with d,, = nexp{—2¢*(c—2Lyn)n} and which also satisfies )", &5, < +00. This concludes
the proof. O
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Proof of Corollaries [I[2 and[3 The proof of these three corollaries relies on the same scheme
that we shall now present in LBM notation. The proof is easily generalised to SBM. First
note that Q1 = Uz we yero (1 N {(Zn, Wi,) = (2, wy,)}). Let us fix some configuration
(z5,wr) in U°. On the set Q N {(Zy,, W,,) = (25, W)}, we have

1—pb 0 ({(Zn, Win)})
P8 ({(Zn, Win)})

B Ty A A3

(Znywm)eu
(Zn 7Wm)7(/(Z;L 7W:n)

L= 80 ({(Z0n Wi)}) <

where we abbreviate to {(Z,,, W,,)} and {(z}, w},)} the whole sets of configurations {(z,, wy,)
~ (Zy,, Wy,)} and {(zy,, wWy,) ~ (z5,w),)}, respectively. Let (z,,w,,) # (z;,w},). There
exists (s,t) € & such that ||z, — s(z})|lo = 1 and ||w,, — t(w},)|]lo = r2. Using Inequal-
ity (I9) and |7 — 7| <7, We get

o Pnz) 1)

P ({2, W7)})
- 0

pz,m(zn’ Wm) pn7m(zna Wm)

log (¢ —2Lgn)(mry + nry) + K(r1 + r2)

and therefore

1= ({(Zn, Win)}) < > exp[—(c — 2Lon)(mr1 +nra) + K(r1 +r2)]. (28)
(zn,wWm)eU
(Zn,Wm)# (25, W)

When & = {(Id,Id)}, the set {(zn, W) ~ (Zn, W,,)} reduces to a singleton and the

previous bound becomes

1-— pflvm(Zn, W,,) < Z exp[—(c — 2Lgn)(mry + nra) + K(r1 + r2)].

(Zn7Wm)€u
(Zn 7Wm)7é(z:b 7W:n)

Using the decomposition (2H) on the set Y%¥n and the bound (Z8) on the cardinality of
each UV (ry,19), we get

1= o (Zn, W) < nin (”) <m> exp[—(c — 2Lon) (mry + nry) + K(ry + )]

ri14re=1 1 2
={(1 4 exp(—mc; + K))"(1 + exp(—nc; + K))™ — 1},

where ¢; = ¢ — 2Lgn. Using again Inequality (27)), we obtain
1 - pi,m(z7h Wm) S an,m eXp(an,m)a

where ay, , = (ne_(C_QLon)m+K + me_(C_QL‘"’)’H‘K). In SBM, this quantity becomes a,, ,, =
ne—2(c—2Lon)n+K

The case where K = 0 is handled similarly and gives

1- pfz,m ({(Zn’ Wm)}) < |6|an,m eXP(an,m),
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with the same definition of a,, ,,, replacing K with 0.

Moreover when K = 0, we have a1 = --- = ag and 1 = --- = 81, and it easy to check
that

pi,m(zna W) = pim(s(zn), t(Wi))

for all (s,t) € &.
Now, in the general case, we come back to (28]). Using the decomposition (25) on the
set U#»Wm and the bound (28] on the cardinality of each U%Wm (ry,rs), we get

n-+m

Ll (Ze W < S 8 (”) (m) expl—(c — 2Lon)(mry + nira) + K (ry + 1))

ri+reo=1

< |6{(1 4+ exp(—mcy + K))" (1 + exp(—necy + K))™ — 1},
where ¢; = ¢ — 2Lgn. Using again Inequality ([27]), we obtain

1- pfz,m ({(Zn, Win) ~ (Zn, Win)}) < [Slan,m exp(an,m),

with same definition of a,, ,, as previously.

We now provide an upper bound for the posterior probability of the class {(z,, w;,) ~
(Zy, Wy,)}, valid on the set €. Let us fix some configuration (z%, w?,) in 4°. On the set
0 NA{(Z, Wy,) = (z}, w},)}, we have

1 pfm({(zm Wi )})
=1+ E exp ( — log — )
4 Zn’ m 0 s m
Do (o Wol)) 2 P W0m)

and relying on Inequality (20]), we get

Wonlmwan < {1+ Y ep(—log Lz Wy

(Zn,Wm )% (23 ,Wh,) pn,m(zna Wm)

< {1+ Z exp(—C(mn—|—m°2)—K(7"1+7"2)>}_1.

(Zn 7Wm)7é(z:1 7w;n)

Following the same lines, we obtain the desired upper-bounds. ]

4 Examples of application

The goal of this section is to derive the results of Theorem [l and following corollaries in
many different setups. The key ingredient for that lies in establishing the concentration of
the ratio 6™ around its conditional expectation A™ (namely Assumption [3]). As mentioned
in Remarks 2] and Bl it is valid for many exponential families. We will first present the
general proof for exponential families and then state the results for common exponential
families.
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4.1 Scheme of proof of concentration inequalities

One of the main issues for Theorem [ to be valid is the existence of a concentration of
the ratio 4™ around its conditional expectation A™, namely Assumption Bl This section
presents the general methodology that will be employed.

The scheme of proof is as follows. Relying on the notation of Assumption Bl and us-

ing (I0), we write

6‘"(Z2’W;mzmwm) - Aﬂ(Z:LaW:naznawm)
>l T mapw))\ gt o (£ Tetm) > Y
= & f(Xij;ﬂ'z'w') 0 s f(Xij;Wz~w~) = h

Conditional on (Z,, Wy,) = (z}, w},), the random variables Y;; are independent and cen-
tered. There are exactly D := diff(z}, w},, z,, W,,) such non null variables and since
D < mry +nro —rire < mrp + nre, we may write

Prm (|07 = A™) (2, Wiy Zn, Win)| > e(mry + nrp)) < PEm \ 2 Yy
(i.9)€T

>eD

(29)
Thus, the problem boils down to establishing a concentration inequality for the sum ) Yj;
composed of D conditionally independent and centered random variables. As soon as we

have the existence of a positive function ¢} such that for any e > 0,

Pfﬁw:n ‘ Z le]‘ > eD < 2exp{_¢;1ax(€)D}’ (30)
(i,5)eT

we can combine Lemma [2 and bound (29) to obtain

* *
pivm ‘ E Yij

(i,J)eT

>e(mry +nre) | <2exp { — Q,Z);nax(e)p?mn(mrl + 7’LT’2)/8}

= Qexp{ —*(e)(mrq +7”L7“2)},

with % () = ¥% ()2, /8. Note that Inequality ([B0) is often obtained through a Cramer-
Chernoff bound in the following way. We let 1);;()) := log E%n™m (exp(AYjj)), for any A >0
such that this quantity is finite, let us say A € I C R. Using a Cramer-Chernoff bound, we
get for any = > 0,

P (Y] > @) < 2exp { —sup(Az — %‘W)}'
€

As soon as we can uniformly bound this quantity (uniformly with respect to 4,j and also
underlying ), namely if we can write

P (Y51 2 2) < 2exp { = sup(ha — (V).
S
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With ¥max = SUPren or MAX(; T 1;;, the conditional independence of the Yj;’s gives that
for any € > 0, and any A > 0,

* *
IR

(i,5)€T

>eD | <2exp{—(AeD — Dippax(N))},

leading to

* *
pinvm ‘ g Yij

(4,9)€T
where 9%, (€) := supyc;(Ae — ¥max(A)). Note that since 1;;(0) = 0, we have ¥max(0) =0

and 1} .. is non negative.

>eD | <2exp{—Dsup(Ae — Pmax(N))} < Qexp{ - D¢;]ax(6)},
Ael

4.2 Examples from exponential families

We state here the rate functions ¢* and validity assumptions of our main result under
several models for the observations X;;, all included in the exponential family framework.

Binary model. Let X;; € {0,1} and f(-;7) a Bernoulli distribution with parameter 7.
Assumptions [ to Bl are satisfied if the paramater set is bounded away from 0 and 1, namely
I C [a,1 — a] for some a € (0,1/2). The corresponding rate function, given by Hoeffding’s
inequality is

V() = 2/ {16[log (1 — a) — log a]*}. (31)
In the interesting special case where II C £[a, 1 —a] with £ > 0 small, Bernstein’s inequality
gives the sharper rate function

V() = 2 piin/ {64€log (1 — a) — log a]? + 32xlog(1 — a) — log a] /3}
which gives the following rate function for deviations of order &:

U (¢x) = &U*(z) where (32)
V(@) = 2P /{64[log(1 — a) — loga]® + 32z[log(1 — a) — log al/3}.

This small deviation rate function is useful for sparse asymptotics, as studied in Section [0

Binomial model. Let X;; € {0,...,p} and f(-,7) a binomial distribution B(p,n). As-
sumptions [3l to [ are satisfied if the paramater set is bounded away from 0 and 1, namely
Il C [a,1 — a] for some a € (0,1/2). The corresponding rate function, given by Hoeffding’s
inequality is

0¥ (&) = 2240/ (169 log(1 — a) — log af?}.

Multinomial model. Let X;; be discrete with p levels labelled 1 to p, parameter © =
(r(1),...,7(p)) and f(k,m) = w(k). Assumptions Bl to [l are satisfied if the paramater set
for (m(k))1<k<p is bounded away from 0 and 1, namely II C [a,1—a]? for some a € (0,1/2).
The corresponding rate function, given by Hoeffding’s inequality is

U (2) = 2 i, /{8p[log (1 — a) — log a]?}.
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Poisson model. Let X;; € N and f(:,7) is a Poisson distribution with parameter 7.
Assumptions Bl to [l are satisfied if the paramater set is bounded away from 0 and +oo,
namely IT C [Tmin, Tmax] C (0, +00). The correspondini rate function, given by a Cramer-

Chernoff bound for Poisson variable (see for instance , ) is
1 T
* 2
=3 i Xh )
¢ (x) 8 Homin T (Wmax 1Og(Trmaux/Trrnin) )

where Yu > —1,h(u) = (1 + u)log(1l + u) — u.

Gaussian location model. We are interested here in Gaussian observations in the ho-
moscedastic case. We assume that X;; € R and f(-,7) is a Gaussian distribution with
mean value 7 and fixed variance o2, namely f(z,7;;) = cexp{—(z — m;;)?/(20%)} where ¢
is a normalizing constant. Assumptions [3l to Bl are satisfied if the paramater set is bounded
away from —oo and +o0, namely II C [Tmin, Tmax] € R. The corresponding rate function,
given by a Cramer-Chernoff bound for Gaussian variables is

o2a?

w*(x) — Mr2nin
16(7Tmax - Trmin)2 )

Gaussian scale model. We are interested here in Gaussian observations with fixed mean
and different variances. We assume that X;; € R and f(-, ) is a Gaussian distribution with
fixed mean value m and variance m € (0, +00), namely f(z,7;;) = c(m;) "2 exp{—(z —
m)?/ (277%)} where ¢ is a normalizing constant. Assumptions [B] to [l are satisfied if the
paramater set is bounded away from 0 and +oo, namely IT C [Tyin, Tmax] C (0, +00). The
corresponding rate function, given by a Cramer-Chernoff bound for x?(1) random variables

is
() = —Pnn® T M log{1—|—727rmmx }

8(7Tmax - 7Tmin) 16 Tmax — Tmin

4.3 Zero-inflated distributions

Here, we assume that X;; follows a mixture of a Dirac mass at zero with another distribution
(on R for instance). This situation is particularly relevant for modeling sparse matrices

(IAm.erJ.Sﬁ_al]d_MaMaA 2012). In this context, the former parameter 7 becomes now (m,) €

(0,1) x I and we let )
flsmy) =nf(37) + @1 —m)do(),

where ¢y is the Dirac mass at 0. The set of parameter matrices (7,7) := ((7g1), (Y41))ge0,icc
is denoted by Ilg, xTI'g,. For identifiability reasons, we also constrain the parametric family
{f(;7);7 € T} such that any distribution in this set admits a continuous cumulative
distribution function (c.d.f.) at zero. Moreover, we shall assume that the distributions
{f(;7);~v € I'} satisfy Assumption Fl

For instance, f (+;v) may be absolutely continuous with respect to the Lebesgue measure.
Another interesting case consists in considering the density (with respect to the counting
measure) of the Poisson distribution, with parameter 7, but truncated at zero. Namely, for
any k > 1, we let f(k;~) = +¥/(k!)(e” — 1)~!. This leads to zero-inflated Poisson models
and more generally, one could consider other zero-inflated counts models.
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In the following, we will assume that the parameter set II is included in [a,1 — a] for
some a € (0,1/2) and that the family {f(-;7);y € I'} satisfies a concentration property on
its likelihood ratio statistics as follows.

Assumption 7. Fir (z;,w},) € Uy and (2, W) in U with (25, w5) # (Zn, W). Let
Yi; = log[f(Xij;'yzi*w;)/f(Xij;fyziwj)] + ¢, where ¢ is a centering constant. There exists a
positive function %, : (0,400) = (0,400] such that for any x > 0, for any (i,7) € T, and
any v € Tor,
PI (Y| > @)Xy # 0) < 2exp{- sup(Az — Dimax(A)} = 2exp(—Pa(e)),
€

where Ymae(N) = SUD~ery, MaX(; jyez 10g Ein™m (exp(A\Y;;)| Xy; # 0) exists for any X € I C
(0, +00).

Under these assumptions, it is easy to see that Assumption [Bis satisfied, up to an extra
factor 2, with

5 -
¢*($) - {Mminwrﬁlax(x/z)/8} A wgzn(x/2)7
where v, is a rate function for binary observations, defined for instance in Equations (31I])
or (32)). Namely, using the same notation as in Assumption [3] we get
PEm (|(87 — AT) (2, Wiy, 2y Win)| > e{mry + nra}) < dexp|—*(e){mry + i}
In order to ensure AssumptionBlon f(-; 7, ), we need the same hypothesis to be satisfied

on the family {f(-;7);v € T'}.

Assumption 8. There exists some positive constant Lo such that for any v,~v' € Tor and
any (¢,1), (¢',l') € @ x L, we have

J?HU;’H ; =
/10g~(77)f(w;wz/)dx < Lollv = ' lloo-
X f(xﬂ’ql)

Note that we provided in the previous section many examples of families for which this
assumption is satisfied. Then, the results of Section B apply.

5 Asymptotically decreasing connections density

In this section, we explore the limiting case where the numbers of groups ) and L remain
constant while the connections probabilities between groups converge to 0. This framework
is interesting as it models the case where groups sizes increase linearly with the number of
row/column objects, while the mean number of connections (i.e. non-null observations in
the data matrix) increases only sub-linearly, mimicking for example budget constraints in
terms of global consumptions. More precisely, we will consider two different setups, the first
one being built on the binary case developed in paragraph Binary model from Section
and the second one being built on the weighted case (also called zero-inflated model) from
Section[Z3]l As in the previous sections, we assume that m < n, view m := m,, as a sequence
depending on n and state the results with respect to n — +00. We shall furthermore assume



26 M. Mariadassou and C. Matias

that the probability of connection (binary case) or the sparsity parameter (weighted case)
Tgl,n depends on n and writes g, = £,my where (&,)n>1 converges to zero and 7y is a
positive constant. The sequence (&, )nen controls the overall density of the block model and
acts as a scaling factor while the parameters () (q.)cox . reflect the unscaled connection
probabilities from the different groups. This parametrization is analogous to the one studied
in Bickel and Chenl (120119) We shall now assume that the unscaled connection/sparsity
probabilities are well-behaved, and introduce the new parameter sets denoted by II,, and
IIor ., to account for the dependence on the data size (i.e. number of rows/columns).

Assumption 9. The parameter sets 11, and Ilgz , depend on the number of observations
and we have

I1 C la,1—a] for somea€ (0,1/2),
IL, = &l = {gnﬂ';ﬂ' € H}a

HQL C HQL,

Horn = &ullor = {&m;m € g},

where (&,)n>1 15 a sequence of values in (0,1] converging to 0 and such that

1
ogn 0.

-
mngn n—-+400

5.1 Binary block models with a vanishing density

We let X;; € {0,1} and f(-;m) a Bernoulli distribution with parameter 7. Here, the
connectivity parameter 7, = (Tqn)(g,)coxc depends on n and may be arbitrarily close
to 0. Accordingly, the constant kpiy(7,) defined in (I3]) depends on n and is no longer
bounded away from 0. We thus reconsider Assumptions Bl [l and the definition of iy (7r,,)
to exhibit the scaling in n of several key quantities in this setup. The proof of following
lemma is postponed to Appendix [Al

Lemma 3. Fiz two parameters m, = &, and ), = &, in the set llgr n, where w, 7’ €
Ilgs. Under Assumption[d, we have for all n and all (q,1),(q',l') € Q x L

Rmin,n ‘= Kmin(ﬂ';) > gncmin(ﬂ'*)a

flz;m l,n) . Enllm — 7|00
108 e s ) < S (33)
P (x) 1= P (Ent) > &b (2), (34)

where

*

1 2 % — %)
Cmin 1= Cmin(77) = 3 < . ) min {M; (¢,1),(¢", ") € Qx L,y # ”5’1/} >0,

1—a Tl

o x2u2 .
* _ min
Vi) = 64a{log(1 — a) —log a}? + 32x{log(1 — a) —loga}/3

Corollary 4. Under Assumption[ on the unscaled parameter set llgr and Assumption[d,
the conclusions of Theorem [ and Corollaries [1 to [3 remain valid with the following modi-
fications
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1. ¢ = p2; Cmin/16;
2. Lo = ail;
3. (¢ —2Lo||w — 7o) is replaced by &,(c — 2Lo||m — 7% ||o0)-

Remark 6. Note that Assumption[d replaces Assumptionl@l in this statement. The quantity
my, 1s replaced by mnp&, which plays the role of average number of connections and must
grow faster than logn. The scaling is consistent with results from |Bickel and Cherl (tZ_O_Qg)

and [Flynn._and_Perry (2013).

Proof. The proof is essentially the same as the one of Theorem [l We will only highlight
the differences and show how the scaling logn/(m,&,) — 0 is derived. First Equation (IH)
from Proposition [[l now depends on n and should be

E%nwm <6ﬂ-n (Zna Wm, Zp, Wm)> > 25”(0/ - LOHW - 71'*”00)(7’)'1,7“1 + ’I’LT’Q), (35)

where the original ¢ = ,urzninnmin/ 16 has been changed to ¢ = ufmncmin/ 16. Next the
set A(zy, W}, Zn, Wy,) must be changed so that we consider two-sided deviations between
8™ (Zy, Wy, 2, Wy, ) and its conditional expectation of order &, (¢ — Lo||w — 7% || oo ) (a1 +
nrg) instead of the previous (¢ — Lo||7w — 7* |0 ) (mr1 + nre). Equation (23]) therefore turns
to

]P)*(A(Z:u w;w Zn, Wm) N {(Zm W) = (Z:u w;z)})
< 2exp[—y (¢ — 2Lon) (mry + nra)|p(zy,, wr,)
< 2exp[—9*(¢/ — 2Lon)&n (mr1 + nra) (2, W),
The set €2 is still defined as in Equation ([24]) and on this set, Inequality (22)) and thus
both (9) and (20) are still satisfied. However the upper bound on P, (1) is modified as
follows for LBM

P,.(Q1) < Pu(Q0) +2/6| [ {1 +exp[—m&,* (¢ —2Lon)]}"{1+exp[—n&p* (¢ —2Lon)]}™ —1|.

Combining the latter with the control of the probability of €y given in Proposition [ we
obtain for LBM

enm = Pu(Q1) < 2QL expl—(n Am) 5450 /2] + 2|6 dn,m ex(d,m),
where dp,, = [nexp{—mé&,0* (¢ — 2Lon)} + mexp{—n&,*(¢ — 2Lon)}]. The condition
required to make the ¢, ,, summable and conclude the proof is logn/(mé&,) — 0. This
condition holds under Assumption @ Note that for SBM, we get

Enn =P () < 2Q exp[—na?;, /2] + 2|6|d, exp(dy,),

with d,, = nexp{—2n&,¢* (¢’ — 2Lon)} and which also satisfies 3, &, < +00. O
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5.2 Weighted models with a vanishing density

We now consider the setup introduced in Section as well as corresponding assumptions,
except that we shall now assume that the sparsity parameters my , := §,my4 may be ar-
bitrarily close to zero (see Assumption [). Note that the parameters (v,)gnecoxe € Ioc
remain fixed. |El¥nn_am_&r_r¥| (IZD_]j ) adopt a sparse setup where the average entry value
goes to 0. Our setup with inflated numbers of O-valued entry is only a special instance of
theirs but is in our opinion a realistic way to model sparse matrices.

In the next lemma, we provide the scaling of Kuyin(7y,,), or more accurately a lower
bound thereof, and show that Assumption [8is sufficient to guarantee the adequate scaling
of the Lipschitz condition. We however need a stronger condition that in Assumption [7] to
control deviations in this setup.

Assumption 10. Fiz (z),wy,) € Uy and (2n, W) in U with (27, w),) # (2n, Wim). Let
Y = log[f(Xij;'Yz:w;)/f(Xij;'Yziwj)] + ¢, where ¢ is a centering constant. There exists

some interval I C (0,400) such that the function ¥* defined on (0,+00) as

Y*(x) = sup ()\m — sup max E* m[exp()\YZ])]X” # 0] + 1) (36)
Ael ~el g, (t (4.4)€T

exists and is positive on (0,400).

Remark 7. Note that 1[1*(95) is not the rate from the usual Cramer-Chernoff bound, which
is in general supyso(Ar — logE[exp(AZ)]) for a centered random wvariable Z. The part
log E[exp(AZ)] is replaced with the larger quantity exp(A\Z) — 1 which induces a slower
exponential decrease. The formula arises from a Taylor expansion of rate function ¢* for
deviations of order &,x to obtain a linear scaling of V* (&,x) with respect to &,. Note also that
the condition that 15* positive in Assumption Il is stronger than and implies corresponding
Assumption 7

The proof of following lemma is postponed to Appendix [Al

Lemma 4. Fiz two parameters 7, = &,7 and w, = &7 in the set llgr ,,, where w, 7w’ €
Ilos. Under Assumptions[8, [I0 and using the notation of Section [{.3, we have for all n,
all (¢,1),(q',1") € @ x L and all v,~" € T'gg,

Rminn = Kmin(gnﬂ-*a 7*) > fn (Cmin(ﬂ-*) + affmin(’)’*)) ’ (37)

f$§77'l7 s Yql T —m =
/5%—Lf%i%lﬂmWWWWWMx e (1P = e | Fy— i), @9)
X f(xaﬂ-qlma’yql) a

IN

va@) 1= 0 () > S (o5 (), (39)

N R
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where
fnin 1= i (v") = min { DO 950): (0,0, (4 1) € Q % £, # v } > 0,

MWﬁ:Lm<Ww>MWW,WMGR

f@:7")
1 a \* . (o — 77*/1/)2
Cmin = Cmin(ﬂ'*) = 5 <1 a> min {%, (q, l), (q,, l,) S Q X E,T(';l ;é 7TZ](/l/ > 0,
_ al
o 72

Y% = Saflog(1 — o) — logal? + doog(1 — @) —log al/3

*(x) = Az — E“™m [exp(AYi; )| Xy # 0] + 1).
¥ (x) ig’(x (e B [exp(AYyg)| X 7 0] )

Corollary 5. Under the assumptions from Section [{.3 and Assumption replacing the
weaker Assumption [[, Theorem [ and Corollaries [ to [3 remain valid with the following
modifications

1. Lo=a"'+ Ly;

2. ¢ = p2 i (Coin + QKmin)/16;

3. 7 is replaced by (&, 7);

4. (e =2Lg||m — 7*||) is replaced by &,(c — 2Lo||(7, ) — (7*,7")||oo)-

Proof. This result is proved following the proof of Theorem [, exactly in the same way as
we did for Corollary [ with some changes in key quantities as listed in the corollary. [
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A Technical proofs

Proof of Lemma[2. Let us recall that this proof is a generalization of the proof of (Propo-
sition B.5 in |Celisse et all, 12012).

Since (z%,w*,) € U°, for any ¢ € Q and any | € £, the number of entries in z* (resp.
in w},) which take value g (resp. 1) is at least [npmin/2] (resp. [mpumin/2]). Up to a
reordering of the vectors z; and w},, we may assume that the first Q[npmin/2] entries of
z}, and the first L[mpmin/2] entries of w}, are fixed, with

Z

3 X

(L2, QL2 Qe 12 QB a1 20
= (1,2, L,1,2, . Ly 12 LW o W) (40)

3)(»

w

Such ordering of the entries of (z};, w},) induces a specific ordering of the entries of (z,, W, ).
Foreach k € {1,..., [numin/2]} (resp. each j € {1,..., [mpumin/2]}), we denote by sj (resp.
t;) the application from Q to Q (resp. from L to £) defined by

*

Vg€ Q, sk(2{k_101q) = 2k-1)@+q and VIEL, ti(wi;_yypy) =WE-1)L-

In other words, we write z,, and w,,, in the form

Zy, = (51(1), 81(2), cee ,Sl(Q), 52(1)’ cee ,SQ(Q), cee asl'numin/ﬂ (1)5 cee ’anumin/Z] (Q)a

ZQ{nHmin/Q.H’la o ;Zn)
Wi = (t1(1),01(2), ..t (L), 12 (1), ta (L), s g /21 (D - s Efimgunin /21 (L)
wL’—mHtxxir\/2]+17 e ,wm). (41)

There are several possible orderings of z) (resp. wj,) in the form (@0) and each one
induces a different ordering of z, (resp. w,,) in the form (4Il). For example, for any
1 <k, kK < [npmin/2] and any ¢ € Q, we can exchange Z(*k—l)Q+q and Z(*k’—l)Q+q which are
both equal to ¢ and this induces a permutation between si(q) and sg/(q) in z,. (Similarly
for any 1 < 7,7 < [Mpimin/2] and any [ € L, we can exchange t;(I) and ¢;(l) in wp,.)
Also, for any i > Q[npumin/2], 2 is equal to some ¢ € Q and can be exchanged with
¥) and z;

z?kil)Q . for any 1 < k < [npimin/2]. This induces a permutation between sy (2}

in z,. (Similarly, we can exchange ¢;(w}

¥) and w; in wy, for any ¢ > L[mpmin/2] and any
1 < j < [mpmin/2].) Note also that the orderings of z} and w}, are independent. As
already said, each s, (resp. t;) is a function from Q to Q (resp. from £ to £). We can
therefore choose orderings of z} and w}, which minimize the number (ranging from 0 to
[Mpimin/2]) of injective functions s as well as the number (ranging from 0 to [mpmin/2]) of
injective functions t.

For 1 <k < [npmin/2] and 1 < j < [mpimin/2], let
Byj = {(q,1) € @ x Limy # 7 (v, ) -

We have of course diff(z,,, w,,, z;, wy,) > lezﬂlmi“/ﬂ Z;mei“/ﬂ By;.
The simplest case is obtained when for any (%, j), we have By, ; > 1 and then

. . 2
diff(z,,, Wi, 25y, Wi, ) > {%1 X {m'[;mm—‘ > lu’r§1n (mry +nrg),
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since both 71 < n and ro < m. In this case, the proof is finished.

Otherwise, there is at least one (k, j) such that By; = 0. In this case, we start by proving
that at least one application among the s and at least one application among the ¢; are
permutations. Indeed, consider some (k,j) with Bj; = 0. Assume that s;(q) = si(q’) for
some q # ¢'. Then for all [, we have 71'2[ = w:k @0 = Tr:k(q/)tj o= 7T;,l which contradicts
Assumption [[l The same holds if ¢;(I) = t;(I') for some [ # . Therefore if By; = 0, both
s and t; are injections and therefore permutations.

Now, we prove that all applications sy which are permutations are in fact equal. Indeed,
consider k' # k such that sy and s; are injections. Assume there exists some ¢ such
that sx(q) # sigr(q). Then exchanging si(q) and sg/(q) in z, decreases the number of
injective applications s; by 2, in contradiction with the minimality of the chosen ordering
of coordinates in zy. Therefore, s, = sp. Thus all injective si/ are equal to the same
permutation s € G¢. Similarly, all injective ¢;; are equal to the same permutation ¢ € &y..
Since one of these pairs of permutations (s,t;) is associated to the event By; = 0, this
implies that (7*)*! = 7*. Note also that according to Assumption Bl we necessarily have
(s,t) € 6.

We now argue that as soon as there is at least one injective application s; (which is
thus equal to s), we must have z; = s(z}) for all i > Q[npmin/2] + 1. Otherwise, we
could decrease by one the total number of injective s by permuting z; and s(z}), which
contradicts the minimality of the number of injections. In the same way, if there is at least
one injective application ¢; (thus equal to t), we have w; = t(w}) for any ¢ > L[mimin/2]+1.

Let dy (resp. da) be the number (possibly equal to 0) of non-injective sy (resp. t;). It
comes from the two previous points that we can in fact write

Z, = (51(1),...,sl(Q),...,sdl(l),...,sdl(Q),s(zngH),...,s(z;)),
W = (ti(1),...,t1(L),. .. tay (1), ... tay (L), t (Wi, py1), - - - twyy)),

where (s,t) € &. Thus, we obtain that

r1 = d(zn,2,) < |20 — 5(z) [0 < d1Q,

ry = d(Wm, wWr,) < [[wn — t(w,)]lo < d2 L.
Finally, for each (k,j) such that either s; or ¢; is non-injective, we have By; > 1. Therefore

[T tmin /2] [Mftmin /2]
diﬁ(zn7 Wim, Z:w W%) > Z Z Bkj
k=1 Jj=1

> dy[mpimin/2] + da[npimin/2] — dids
> d1 ’Vmumin/Q—I + d2 ’anu'min/z—‘
- 2
. N [Mptmin/2] + ro[npimin/2]
> 20
Hin
> IZ‘“ (mry + nry),

where the last inequality comes from g, < 1/Q. This concludes the proof of the lemma.
O
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Proof of Lemmal3. For any m, 7' € Il and any £ € (0, 1), the Kullback-Leibler divergence
D(¢&rl|en’) writes

1— &
) 1 s 1+ €222

Now, relying on the convexity inequality log(1 + ) < x valid for > —1 and on a Taylor
series expansion of log(1 + x), there exists some 6 with |f| < |7’ — «|/7 such that

s

= —¢rlog (1 +

Dienllen) > er—n) 4T 1
s - Ten 2 (1+0)

(r —')? a \?
> £ 2 <1—a> '

Coming back to the definition (I3]) of Kmin(7}) yields

7 —&(m—7')

Rminn = ﬁmin(ﬂ-;) - ﬂmin(gnﬂ-*)
= min{D(&mpllénmn); (q,0), (¢, 1) € Q x L,y # moy}
> &nCmin(m®),  for all n.

Note that Kmin, scales with &, only when II is bounded away from 0 and 1. Otherwise a
simple bound based on the comparison between Kullback-Leibler divergence and the total
variation metric shows that Kmin , scales with {?L.

A similar scaling can be found to replace Assumption Bl Indeed, for any =, n’, 7" € II
and £ > 0, we have in the binary case

f(x§§77) en!
o ey s

Therefore, for any (q,1), (¢,l') € Q x L,

{W"log% + (1 —¢&n")log < - 57)‘ < €lm — ]

1-&n! a

/ log Lﬂ,ql")f (x5 Ty m)d
X

Finally, the scaling for ¢’ (x) in Equation (34)) results from Bernstein’s inequality as
in (32). O

Proof of Lemmal[j. For all m,7’. 7" €11, v,7',7" € T" and £ > 0, we have

f(:C, é-ﬂ-?r)/) . 2 2 o 7 1 Vi 1—m
/Xlogmf(%fﬂ ;7" )dx = & log T (1 —¢&m)log T

" Jg(w§7) F(~"\da
+&m /Xlog f(m;y/)f(xﬁ Jdx.  (42)

When (7”,4") = (7, v), Equation ([@2) turns to

- (m —7')? a \? -
D ((em)ex'7) = Dlgller) + nD ) = €750 (122 -+ cadlally)
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from which we can deduce Inequality (B7).
For general (”,~"), Equation ([@2]) combined with Inequality ([B3]) (that applies on the
Dirac part of the distribution) and Assumption B gives

(x5 &, '7) /N ’77_77/‘
‘/ xgﬂﬁ)f(mv&r 7" )dx -

Sg +§f’0"y_f/‘7

from which we can deduce Inequality (B8]).

Finally in this setup 12* arises by using a Bernstein’s inequality instead of a Hoeffding’s
one to control deviations of the Dirac part in the distribution, see (82]). Function 1;* arises
from the control of the deviations of the weighted part of the distribution. Indeed, recall

that ~
- J(Xigs Vepwr
7y —log L))
f(Xij; 7ziwj)

where c is a centering constant and let
Y =YXy # 0}Yy;.
We get for A € I,
EZ 0 M) = EF™ [1{X # 0} + (1- 1{X; #0})]
= L+ EFV {2 # 0} (o - 1))
= 1 Gl [EE7 (0] £ 0) - 1]
from which we deduce
P (Vi) 2 €ur) < inf exp [log(BE ™7 [M] — Agya)]
= irg exp [log 1+ £n7r gt <IEZ”W*”[ AY;j | X5, # 0] — 1)) — )\gnx}
< oxp |inf 6 (B 15 0] 1) = As) |

< exp [gn sup ()\x 41— max EX%m [eM?“ | X5 # 0])} )
AT (i,3)€T

where we used that log(1l 4+ z) < z. The last inequality gives us the rate function .
Equation (39) is constructed from t* and ¢* as in Section O
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