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Abstract

This paper explores a conditional Gibbs theorem for a random walkinduced by
iid. (Xi,..,X,) conditioned on an extreme deviation of its sum (S} = na,) or
(ST > nay) where a,, — 0o. It is proved that when the summands have light tails
with some additional regulatity property, then the asymptotic conditional distribu-
tion of X7 can be approximated in variation norm by the tilted distribution at point
an , extending therefore the classical LDP case.

1 Introduction

Let X7 := (X1, .., X,,) denote n independent unbounded real valued random variables and
ST = X1 + .. + X,, denote their sum. The purpose of this paper is to explore the limit
distribution of the generic variable X; conditioned on extreme deviations (ED) pertaining
to S7. By extreme deviation we mean that S7"/n is supposed to take values which are
going to infinity as n increases. Obviously such events are of infinitesimal probability. Our
interest in this question stems from a first result which assesses that under appropriate
conditions, when the sequence a,, is such that

lim a, = c©
n—oo

then there exists a sequence ¢, which tends to 0 as n tends to infinity such that

lim P (N, (X; € (an — €n,an +€n))| ST/n>a,) =1 (1.1)

n— o0

which is to say that when the empirical mean takes exceedingly large values, then all
the summands share the same behaviour. This result obviously requires a number of



hypotheses, which we simply quote as “light tails” type. We refer to [3] for this result
and the connection with earlier related works.

The above result is clearly to be put in relation with the so-called Gibbs conditional
Principle which we recall briefly in its simplest form.

Consider the case when the sequence a,, = a is constant with value larger than the
expectation of X;. Hence we consider the behaviour of the summands when (S7/n > a)
, under a large deviation (LD) condition about the empirical mean. The asymptotic
conditional distribution of X; given (S7'/n > a) is the well known tilted distribution of
Px with parameter ¢ associated to a. Let us introduce some notation to put this in light.
The hypotheses to be stated now together with notation are kept throughout the entire
paper.

It will be assumed that Px , which is the distribution of X, has a density p with
respect to the Lebesgue measure on R. The fact that X; has a light tail is captured in
the hypothesis that X; has a moment generating function

O(t) == EexptX,

which is finite in a non void neighborhood N of 0. This fact is usually refered to as a
Cramer type condition.
Defined on N are the following functions. The functions

d
t—m(t) = pr log ()

t— s (t) = £m(t)

d ,
= — t .: 4
dtS(),J 3,

are the expectation and the three first centered moments of the r.v. &, with density

t— py(t) :

exp tx

0 p(x)

m(z) =

which is defined on R and which is the tilted density with parameter ¢. When & is steep,
meaning that

lim m(t) = oo

t—tt
where t* := esssup N then m parametrizes the convex hull of the support of Py. We
refer to Barndorff-Nielsen (1978) for those properties. As a consequence of this fact, for
all a in the support of Py, it will be convenient to define

™ =m



where a is the unique solution of the equation m(t) = a.

We now come to some remark on the Gibbs conditional principle in the standard above
setting. A phrasing of this principle is:

As n tends to infinity the conditional distribution of X; given (S7"/n > a) is I1%, the
distribution with density 7.

Indeed we prefer to state Gibbs principle in a form where the conditioning event is
a point condition (S} /n = a). The conditional distribution of X; given (S7"/n =a) is
a well defined distribution and Gibbs conditional principle states that this conditional
distribution converges to II* as n tends to infinity. In both settings, this convergence
holds in total variation norm. We refer to [6] for the local form of the conditioning event;
we will mostly be interested in the extension of this form in the present paper.

For all o (depending on n or not) we will denote p, the density of the random vector
X¥ conditioned upon the local event (ST = na). The notation p, (X{‘C = x’f) is sometimes
used to denote the value of the density p, at point 2¥. The same notation is used xhen
X1, .., X,, are sampled under some I1%, namely 7%(X} = z%).

In [4] some extension of the above Gibbs principle has been obtained. When a,
= a > FX; asecond order term provides a sharpening of the conditioned Gibbs principle,
stating that

tim [ [p.(x) = gu(a) o) = 0 (12)
where
go(z) := Cp(z)n (a, s, x) . (1.3)

Hereabove n (a, s,,, ) denotes the normal density function at point x with expectation a,
with variance s2, and s2 := s%(t)(n—1). In the above display, C' is a normalizing constant.
Obviously developing in this display yields

ga() = 7 (z) (1 + o(1))

which proves that (IL2) is a weak form of Gibbs principle, with some improvement due to
the second order term.

The paper is organized as follows. Notation and hypotheses are stated in Section 2
, along with some necessary facts from asymptotic analysis in the context of light tailed
densities. Section 3 provides a local Gibbs conditional principle under EDP, namely
producing the approximation of the conditional density of Xj,.., X conditionally on
((1/n) (X1 + .. + X,,) = a,) for sequences a, which tend to infinity, and where & is fixed,
independent on n. The approximation is local. This result is extended in Section 4 to
typical paths under the conditional sampling scheme, which in turn provides the approx-
imation in variation norm for the conditional distribution; in this extension, k is equal 1,
although the result clearly also holds for fixed k£ > 1. The method used here follows closely



the approach by [4]. Discussion of the differences between the Gibbs principles in LDP
and EDP are discussed. Section 5 states similar results in the case when the conditioning
event is ((1/n) (X7 + .. + X,,) > a,).

The main tools to be used come from asymptotic analysis and local limit theorems,
developped from [7] and [I]; we also have borrowed a number of arguments from [9]. A
number of technical lemmas have been postponed to the appendix.

2 Notation and hypotheses

In this paper, we consider the uniformly bounded density function p(z)

p(z) = cexp ( — (g(x) — q(a:))) r €Ry, (2.1)

where ¢ is some positive normalized constant. Define h(z) := ¢'(x). We assume that for
some And there exists some positive constant ¢ , for large z, it holds

1

sup |q(v)| £ ——. (2.2)
[v—z|<Vx SL’h(I‘)
The function g is positive and satisfies
9(z) — 00, T — 00. (2.3)
x

Not all positive ¢’s satisfying (Z3]) are adapted to our purpose. Regular functions
g are defined as follows. We define firstly a subclass Ry of the family of slowly varying
function. A function [ belongs to Ryif it can be represented as

[(x) =exp (/j @du>, x> 1, (2.4)

u

where €(x) is twice differentiable and ¢(z) — 0 as x — 0.

We follow the line of Juszczak and Nagaev [9] to describe the assumed regularity
conditions of h.

Class R : h(z) € Rp, if, with § > 0 and z large enough, h(z) can be represented as

h(z) = 2P1(z),
where [(z) € Ry and in (24) €(z) satisfies

lim sup z|€'(z)| < oo, lim sup 2%[¢ ()| < oo. (2.5)
T—r00 T—00



Class R.. : Further, | € Ry, if, in 24), l(x) — oo as x — oo and

/ 2 1
T O ve @) (2.6)
e () % e(2)
and, for some n € (0,1/4)
lim inf 2"¢(z) > 0. (2.7)
T—r00

We say that h € R, if h is increasing and strictly monotone and its inverse function v
defined through
(u) :==h"(u) :=inf{z: h(z) > u} (2.8)

belongs to ﬁ; .
Denote R : = Rg U Ry. In fact, R covers one large class of functions, although, Rz
and R, are only subsets of Regularly varying and Rapidly varying functions, respectively.

Remark 2.1. The réle of [24) is to make h(x) smooth enough. Under (24) the third
order deriwative of h(x) exists, which is necessary in order to use a Laplace methode for
the asymptotic evaluation of the moment generating function ®(t) as t — oo, where

O(t) = /OOO e p(x)dr = c/ooo exp (K(:z:, t) + q(:z:))d:c, t € (0,00)
in which
K(z,t) =tx — g(x).

If h € R, K(z,t) is concave with respect to x and takes its maximum at & = h* (t). The
evaluation of ®(t) for large t follows from an expansion of K(z,t) in a neighborhood of
x; this s Laplace’s method. This expansion yields
A~ 1 1/ A A\ 2 1 1/ ~ ~\ 3
K(z,t) = K(&,t) — §h (@) (z—2)" — Bh (2)(z — &) + €(x, 1),

where €(x,t) is some error term. Conditions (2.6) 2.7) and (23] guarantee that e(x,t)
goes to 0 when t tends to oo when x belongs to some neighborhood of .

Example 2.1. Wewbull Density. Let p be a Weibull density with shape parameter
k > 1 and scale parameter 1, namely

p(x) = ko' exp(—a¥), x>0
= kexp < - (:L‘k — (k — 1)logx)>.
Take g(x) = 2* — (k — 1)logz and q(x) = 0. Then it holds

k—1
x

E—1
ok

h(x) = ka*™! — =" (k-

).



Set l(x) =k — (k—1)/2%, 2 > 1, then @4) holds, namely,

l(a:):exp(/f@du>, x>1,

u
with Kk — 1)
) = 1)
The function € is twice differentiable and goes to 0 as v — oo. Additionally, € satisfies
condition (Z5). Hence we have shown that h € Ry_1.

Example 2.2. A rapidly varying density. Define p through
p(@) = cexp(—e* ), @ =0,

Then g(z) = h(x) = €* and q(z) = 0 for all non negative x. We show that h € Ro. It
holds 1(x) = logxz + 1. Since h(x) is increasing and monotone, it remains to show that

Y(z) € Ry. When x > 1, ¢(x) admits the representation of ([24) with ¢(z) = logx + 1.
Also conditions (2.6) and 2.1) are satisfied. Thus h € R.

Throughout the paper we use the following notation. When a r.v. X has density p
we write p(X = x) instead of p(x). This notation is useful when changing measures. For
example 7*(X = x) is the density at point = for the variable X generated under 7%, while
p(X = z) states for X generated under p. This avoids constant changes of notation.

3 Conditional Density

We inherit of the definition of the tilted density n* defined in Section 1, and of the
corresponding definitions of the functions m, s* and p3. Because of (2] and on the
various conditions on g those functions are defined as ¢ — oo. The following Theorem is
basic for the proof of the remaining results.

Theorem 3.1. Let p(z) be defined as in [2.1) and h(x) € R. Denote by

d d?

mit) = Tlog®(), (1) = mlt), () = o log(t)

then with v defined as in (2.8)it holds as t — oo

M_3 "
~ =),

m(t) ~y(t), SO~ ), pst)

where Mg is the sixth order moment of standard normal distribution.



The proof of this result relies on a series of Lemmas. Lemmas (2), (Z3]), (Z4)) and
([ZH) are used in the proof. Lemma (1)) is instrumental for Lemma (Z5]). The proof of
Theorem B.I] and these Lemmas are postponed to Appendix.

Corollary 3.1. Let p(x) be defined as in 2J)) and h(xz) € R. Then it holds as t — oo

’;g((f)) — 0. (3.1)

Proof: Its proof relies on Theorem 2.1 and is also put in Appendix.

4 Edgeworth expansion under extreme normalizing
factors

With 7% defined through

ans o €7p(x)
T () = 30

and ¢ determined by a,, = m(t), define the normalized density of 7% by

e

7 (2) = s, (spx + ay),
and denote the n-convolution of 7% (x) by 7% (x). Denote by p, the normalized density

of n-convolution 7% (z),
pu(x) = Vnm (V).

The following result extends the local Edgeworth expansion of the distribution of nor-
malized sums of i.i.d. r;v’s to the present context, where the summands are generated
under the density 7. Therefore the setting is that of a triangular array of row wise
independent summands; the fact that a,, — oo makes the situation unusual. We mainly
adapt Feller’s proof (Chapiter 16, Theorem 2 [7]).

Theorem 4.1. With the above notation, uniformly upon x it holds

pul) = o(x) (1 + 6\5%33 (r* —32)) + 0(%)

where ¢(x) is standard normal density.

Proof: Step 1: In this step, we will express the following formula G(zx) by its Fourier
transform. Let

G(x) = pa(x) — () — 2 (¢ = 32) o().



From

1 [~ _. 2
o(x) = %/ e e dr, (4.1)
it follows that
1 [~ A
¢"(1) = 5 (ir)%e ™2™ dr. (4.2)

On the other hand
¢"(z) = —(2* — 32)¢(),
which, together with (£.2]), gives
1 [~ < 1 2
(% — 32)6(x) /(m%mefw (4.3)

:% N

Let % (1) be the characteristic function (c.f) of 7%; the c.f of p, is (™ (7/v/n))".
Hence it holds by Fourier inversion theorem

mle) = o [~ e oy ar (1.4)

:% N

Using ([@1)), (@3] and (@), we have

Ga) = 5= [ e (e mvm) = h = i

S
N
I
=
w
—
-~
9
~—
w
Cbl
N
\]
N——
U
9

Hence it holds

pu(@) = 6() = L (" = 32) ()|
1 o0

a n —1;2 M3 . \3 —1;2
< — n — 2 — 2
<o/ ’(cp (t/v/n))" —e N (iT)’e dr. (4.5)

Step 2: In this step, we show that characteristic function ¢ of 7% (x) satisfies

sup /|<p“"(7')|2d7' < 0 and sup | (1)] < 1, (4.6)

an€RT an€RT,|T|>e>0

for any positive € .
It is easy to verify that r-order (r > 1) moment p" of 7% (z) satisfies

N — d" log ®(t)

w(t) o with t =m*™ (ay,),



By Parseval identity

/ | (7)|?dr = 27?/(7?“”(:5))2d:c < 2w sup 7 (). (4.7)
r€R

For the density function p(z) in (Z1I), Theorem 5.4 of Nagaev [9] states that the normalized

conjugate density of p(z), namely, 7% (z) has the propriety

lim sup |7 (z) — ¢(x)]| = 0.

QAn—> 00 z€R
Thus for arbitrary positive §, there exists some positive constant M such that it holds

sup sup |7 (z) — ¢(z)| <6,
an>M xER

which entails that sup, -, sup,ep 7 (z) < 0o. When a,, < M, sup, 5 sup,cp 7" (2) <
o0; hence we have -
sup sup 7" (z) < oo,
an€RT z€R
which, together with (L71), gives (A6]). Furthermre, ¢ (7) is not periodic, hence the
second inequality of (£.6]) holds from Lemma 4 (Chapiter 15, section 1) of [7].
Step 3: In this step, we complete the proof by showing that when n — oo

dr = 0<%> (4.8)

) ((pan<7./\/ﬁ))n 3T 3 3(i7)3e_572
/_OO ‘ 6+/ns

For arbitrarily positive sequence a,, we have

P (r)| = sup

an€ERT

sup
an€ERT

/ e R (2)dx| < sup/ eimﬁa"(:p)’dle.
0o an€RT J —co

In addition, 7 () is integrable, by Riemann-Lebesgue theorem, it holds when |7| — oo

sup |¢™ (7')‘ — 0.

an ERT

Thus for any strictly positive w, there exists some corresponding N, such that if |7]| > w,
it holds

sup | (7')‘ <N, < 1. (4.9)

an€ERT

We now turn to ([A8]) which is splitted on |7| > wy/n and on |7] < wy/n .



It holds
N

(ir)2e 2"

(e (r/vm)" — e = L

2 dt
6/ns?

IT|>wv/n
a " —xT ,U/3 . 3 _17.2
<+n gp”(T/\/ﬁ)‘dTJr\/ﬁ e 3™ 4 (iT)’e 2" |dT
r>wy/n ( ) r[>wyn 6y/ns?
_ 2 1,2 psT?
< \/AN" 2/ o™ (7/y/7) ‘ dr +/n e 37 (1+ ))dT. (4.10)
r|>wy/A ( ) [ |>wy/A 6y/ns?

where the first term of the last line tends to 0 when n — oo, since

Ny [ ()| ar

|T|>wy/n

1
:exp<§logn+(n—2)log]\fw+log/| .
T|>wy/N

where the last step holds from (£) and (£9). As for the second term of ([AI0), by
Corollary ([31]), when n — oo, we have |u3/s?| — 0. Hence it holds when n — oo

NG (14 )f;jg;pm

(™ (r/vn)) ’Qdf) —0, (411

|T|>wy/n
12 1
<vn e 2" |7Pdr = v/n exp{ — —72 +3log |T\}dr
rl>wvn rl>wvi 2
=2v/nexp (—w’n/2 + o(w’n/2)) — 0, (4.12)

where the second equality holds from, for example, Chapiter 4 of [1]. (AI0), (EII) and
(£12) implicate that, when n — oo

n _1.2
[ vyt et -
[7[>wvn
If |7] < wy/n, it holds
n _i;
/ (& (r/vn)" — e ’
frl<wv/m

_1,2 a n 1.2 3 . \3
- e 87 | (g (r /)€™ — 1 — (ir)?|ar
/r|3wﬁ ( ) 6y/ns?

i 1 H3 . \3
- e 2" ‘exp {nloggpan(T/\/ﬁ) + —7'2} -1- (i7) ‘dT- (4.14)
e A

(iT)?’e_%TQ

657%83 dr = 0(—). (4.13)

dr

(2'7')36_%72

3
6y/ns?

The integrand in the last display is bounded through

e 1= 8] = (e — ) + (&7 — 1= B)] < (Ja— Bl + 58", (4.15)

10



where v > max(|a/|, |3]); this inequalityfollows replacing e®, e® by their power series, for
real or complex «, 5. Denote by

1
(1) = log ™ (1) + 57'2.
Since v/(0) = +"(0) = 0, the third order Taylor expansion of y(7) at 7 = 0 yields
1 1 1
7(7_) — 7(0) + 7/(0)7_ + 57//(0)7_2 + 67/,/(§)73 — 67/,/(§)737
where 0 < £ < 7. Hence it holds
H3 ps ||l
()~ g | = e - 5T

Here 4" is continuous; thus we can choose w small enough such that |y (£)| < p for
|7| < w. Meanwhile, for n large enough, according to Corollary (3]) , we have |u3/s?| — 0.
Hence it holds for n large enough

() = &5 | < (WO + p) T < el (4.16)

Choose w small enough, such that for n large enough it holds for |7| < w

For this choice of w, when |7| < w we have
1
max (| £5,67)? |, (7)) < 37 (4.17)
s

Replacing 7 by 7/4/n, it holds for |7| < wy/n
’nlog 0™ (1/v/n) + %Tz — 6\,[/%93 (iT)3’

= n|log ¢ (7/v/n) + %(%)2 6[?3 (%)3’
NEIRNES ) o

where the last inequality holds from ([@I0]). In a similar way, with (A7), it also holds for

IT] < wy/n
o ir)|)

%(%)3‘) < 372. (4.19)

max (’nlogcp“ (7’/\/_)+ 7'2

s ()]

11



Apply (EI3) to estimate the integrand of last line of (4.I4]), with the choice of w in
({L106) and ({LI7), using (IX) and (£I9) we have for |7| < wy/n

1
‘ exp {nlog 0™ (1/3/n) + 57'2} —-1- 6\5%53 (iT)?"

1 G Ll ps
< an Lo 3’ 4
< (|nrog e (r/vim) + 57 5/ 0|+ 35/

X exp [max (’nlog ™ (1/v/n) + %TQ ’ 6\[/%93 (ZT>3D]
< (pmg | B iy

v 216yns?

(it)?

)

2

e (T)

_ (plfl?’+ u%76> (72>
~\yn T2nst Py )

1.2

(it)%e 2"

Use this upper bound to ([#I4), we obtain
3
_ 8 d
6y/ns? T

/ (@a"(T/\/ﬁ))n—eiéﬂ
IT|<wv/n
2y ol et
< - — d
_/|T§w\/—eXp( 4)( vn +72n36) g
2

2 2
P ( T ) 3 H3 T \.6
== exp | — — ) |7|°dT + / eXp(——)T dr,

VI ri<ovm 4 72n5° Jiri<wym 4

where both the first integral and the second integral are finite, and p is arbitrarily small;
additionally, by Corollary [B.]), u2/s® — 0 when n large enough, hence it holds when

n — oo
<o/ 6y/ns? v
Now (AI3)) and ([£20) give ([AF). Further, coming back to (4H), using (48], we obtain

(o) = 0le) = g (6" = 3a)o(a)]| = o =)

1.2

)

which concludes the proof.

5 Gibbs’ conditional principles under extreme events

We now explore Gibbs conditional principles under extreme events. The first result is
a pointwise approximation of the conditional density p,, (yf) on RF for fixed k. As a
by-product we also address the local approximation of p4, where

pa, (W) =p (XT = yf\ ST > nay) .

12



However tese local approximations are of poor interest when comparing p,, to its approx-
imation.

We consider the case k = 1. For Y]* a random vector with density p,, we first provide
a density g,, on R such that

Pa, Y1) = ga, (Y1) (1 + Ry)

where R, is a function of the vector Y| which goes to 0 as n tends to infinity. The above
statement may also be written as

Pan (Y1) = Gan (Y1) (1 + OPan(l)) (5.1)

where P, is the joint probability measure of the vector Y;* under the condition (S} = na,,) .
This statement is of a different nature with respect to the above one, since it amounts to
prove the approximation on typical realisations under the conditional sampling scheme.
We will deduce from (G.1) that the L' distance between p,, and g,, goes to 0 as n tends
to infinity. It would be interesting to extend these results to the case when k = k,, is close
to n, as done in [4] in all cases from the CLT to the LDP ranges. The extreme deviation
case is more envolved, which led us to restrict this study to the case when & = 1 (or k
fixed, similarly).

5.1 A local result in R

Fix y¥ := (y1, .., yx) in R* and define s} := y; +.. +y; for 1 <i < j <k
Define t; through

na, — sj

m(t;) == (5.2)

n—1
For the sake of brevity, we write m; instead of m(t;), and define s? := s%(¢;). We have the
following conditional density.

Consider the following condition

lim 2 (5.3)

n—00 , /nw/<tk)
which can be seen as a growth condition on a,, avoiding too large increases of this se-

quence.
For 0 <i <k —1 < n, define z; through

m; — Yi+1

sivn—i—1

Zi =

13



Lemma 5.1. Assume that p(x) satisfies (1) and h(x) € R. Let t; is defined in (B.2).
Assume that a,, — 00 as n — oo and that (5.3) holds. then it holds as a, — oo

lim sup z =0.
n—=00 0<i<k—1

Proof: When n — oo, it holds
zi ~mi/sivn —i — 1~ m;/(siv/n).
From Theorem B] it holds m(t) ~ ¢(t) and s(t) ~ /¢'(t). Hence we have

L w()
2 O (5.4)

By (52), m; ~ my as n — oo. Consider my, ~ 1(t;). Then it holds
m; ~ P (tk).

In addition, m; ~ (t;) by Theorem Bl this implies it holds

W(ts) ~ Y(tr)- (5.5)
Case 1: if h(x) € Rz. We have h(z) = 2°1y(z), lo(z) € Ry, 3 > 0. Hence

i

W (x) = 27 o (2) (B + e(x)),

set x = (t), we get

1

i

W () = () 1o (w(0) (8 + (w(0)). (5.6)
Notice that it holds ' (t) = 1/h"(¢(t)), combine (FH) with (5.0), we obtain

W't R () (¢(tk))ﬁ_1lo(¢(tk)) (B+ e(v(ty)) .

) R () () e (0) (B + e(v(h)))
where we use the slowly varying propriety of ly. Thus it holds
W) ~ ¥/ (1),
which, together with (53, is put into (54]) to yield

W)
g (t)

Zi

14



Hence we have under condition (5.3])

o V() _ v(t)? 1 _O( 1 )7

W) V) v \Un

which implies further z; — 0. Note that the final step is used in order to relax the strength
of the growth condition on a,,.
Case 2: if h(z) € R.. By (B.2), it holds m(ty) > m(t;) as n — oo. Since the function
t — m(t) is increasing, we have
t: < t.

The function ¢ — 1’ (t) is decreasing, since

W (t) = —@E(t)(l + 0(1)) <0 as t— oo.

Therefore it holds as n — oo
V(L) > ' (),
which, combined with (5.4]) and (5.3), yields
v(ts) o 20()
Zi 7 — 7 )
Vg (t) T/ ()

hence we have

() V) Ve \Yn

where the last step holds from condition (5.3]). Further it holds z; — 0.

2 dip(ty)?  W(tp)? 1 ( 1 >’

Theorem 5.1. With the above notation and hypotheses, assuming [2.3), it holds
Pa, (08) = p(XE = 9157 = nan) = gu(yh) (1 +0(1)).
with
k—1
gm (Y1) = H <7Tmi (Xig1 = yi+1)>'
=0

Proof:
Using Bayes formula,

k—1

Pan (UF) = p(XT = yF|ST = nay) = p(X1 = 0| ST = nay) [ [ p(Xi1 = via| X} = 3, ST = nan)
=1
k—1
= | | p(Xiy1 = ¥it1]Si 1 = na, — s7). (5.7)
=0
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We make use of the following invariance property:For all ¥ and all a > 0
P(Xit1 = yin| X7 =y, 57 = nay) = 7(Xip1 = yin | X7 = y1, ST = nay,)

where on the LHS, the r.v’s X! are sampled i.i.d. under p and on the RHS, sampled i.i.d.
under 7*.Itthusholds

p(Xiy1 = ?/z‘+1|5?+1 = nap — Sf) =71"(Xip1 = ?/z‘+1|5?+1 = Napn — Sli)

T (Sf = nan — si7)

7" (Xip1 = Yi1) Wmi(Szn-i-l = na, — st)
B B S e
o —] i+l = Yi+1 i(0) )

where 7,_;_; is the normalized density of S o under i.i.d. sampling under 7";correspondingly,
T,—; is the normalized density of SP; under the same sampling. Note that a r.v. with
density 7™ has expectation m; and variance s?.

Write z; = %, and perform a third-order Edgeworth expansion of m(zi),
using Theorem @] It follows

(5.8)

A (s) = ol (14 At = 350) o 72). (59)

The approximation of m,—,;(0) is obtained from (5.9

_ 1

(0) = 6(0) (1 + o(ﬁ)) (5.10)
Put (59) and (510) into (B.8) to obtain

P(Xip1 = yi+1|Sin+1 = nan — S{)

__vn—i _ ¢ (2:) 115 5 1

= =" (Xit1 = Yin1) 5(0) [1 + 6ivn =T 1(zl- —3z) + O<ﬁ)]
2m(n —1)

— ﬁﬂ'mi()(ﬂ-l = yi+1)¢(2’i)(1 + R, + 0(1/\/7;)), (5.11)

where

I 3
Ro=—15 _(:3_32).
65?\/n—1(zl %)

Under condition (B.3)), using Lemma Bl it holds z; — 0 as a, — oo, and under
Corollary B.)), pb/s? — 0. This yields

R, =o(1/v/n),
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which, combined with (B.I1), gives
" ; 27(n — 1)
p(Xip1 = yinalsiy = na, — 57) = Nt
vn—1

= ﬁ“mio(iﬂ =yir1)(1—27/2+ 0(%’2)) (L+o0(1/vn)),

where we use one Taylor expansion in second equality. Using once more Lemma (.1l under
conditions (5.3, we have as a,, — oo

" (Xit1 = Yip1)o(2) (1 + o(1/vn))

= o(1/v/n),

hence we get

vVn—1

\/ﬁﬂmi (Xis1 = yi+1)(1 + 0(1/\/5)),

P(Xir1 = Yira| Sty = nan — s1) =
which together with (B.7)) yields

k—1 5
. Vn —i
P(XT = 41187 = nay) = (\/n_i ——

T (e m_ym)n( i )E(Ho(%ﬁ))

T (X1 = yi1) (14 0(1/ﬁ)))

_ (1 + 0(%)) ]ﬁ (Wmi(Xi+1 = yi-f—l))a

The proof is completed.
Define t through m(t) = a,, replace condition (5.3]) by

lim 71#(75)2

then for fixed k, an equivalent statement is

=0, (5.12)

Theorem 5.2. Under the same hypotheses as in the previous Theorem

. 1
pea(u) = p(XE = 91187 =) = g, (0 (14 0 =) ).

n

with



Proof:
Using the notations of Theorem 5.1 by (5.7), we obtain

k-1
p(XF = f[S7 = nay) = [[ p(Xit1 = yia|SFy = na, — S7). (5.13)
i=0
(E8) is replaced by
i an (i+1)a,—SiT!
. vn—1 T ( s/n—i—T
Xiv1 = yin1|Shy = na, — 7)) = ————=71"(Xi11 = i e ,
p(Xi1 = Yir| +1 1) Jn—i-1 (Xiy1 = Yit1) Wfl’ii(m”_s?)

(5.14)
where m" (i + 1)a, — yip1/siv/n — i — 1) is the normalized density of 7 (S?, = na,—
Si™), and 7" has the expectation a, and variance s. Correspondingly, 72", ((ia, — S})/sv/n —1)

is the normalized density of 7 (SP | = na, — S7).
(i+1)a,—SiT!

Write z; = ———=—=—, by Theorem [T one three-order Edgeworth expansion yields
Mo (2) = () (1+ B) + o 7). (5.15)
where

i H3 3
Ro=— M (3 3
L s A

Set i =i — 1, the approximation of 7", is obtained from (5.15)

Fmi(sis) = oz (14 B + (%) (5.16)

When a,, — oo, using Theorem [B.T], it holds

(14 1)%a2 _ 2k*a2  2K*(m(t))?

supzf ~ S = < 2
0<i<k—1 s%n $2n <2n
2R 2?1 1
(it Jd'(t) Vi (\/ﬁ> (5.17)

where last step holds under condition (5.12). Hence it holds z; — 0 uniformly in i as
a, — oo, and by Corollary [B.]), u3/s*> — 0, then it follows

Ri—o(VR)  RiF = o(L/v).

18



then put (5.15) and (5.16) into (5.14]), we obtain
Vn —i (i)

Xior = yia |0y = na, — S1) = A n (X1 =y
p( +1 y+1| +1 1) \/m ( +1 erl)‘b(Zifl
vVn—1

— ﬁwmi (Xip1 = yir) (1= (27 — 220)/2+ o(2f — 2))) (1 + o(1//n)),

(1+0(1/v/n))

~—

where we use one Taylor expansion in second equality. Using (517, we have as a,, — 0o
2 2
157 — 2| = o(1/v/n),
hence we get

vn—1

p(Xit1 = yisa| STy, = na, — S) = N

7 (Xiv1 = yir1) (1 + 0(1/v/n)),

which together with (5.13]) yields

k

|
—
e’l\v
—

p(XT = y7|ST = na,) = L (WQ”(XiH = Yit1) ﬁ) L. (1 + o(%))
- (1+ 0(%)) ﬁ (7 (Xior = i) ). (5.18)

This completes the proof.

Remark 5.1. The above result shows that asymptotically the point condition (ST = na,,)
leaves blocks of k of the X|s independent. Obviously this property does not hold for large
values of k, close to n. A similar statement holds in the LDP range, conditioning either
on (ST = na) (see Diaconis and Friedman 1988)), or on (ST > na); see Csiszar 1984 for
a general statement on asymptotic conditional independence.

Using the same proof as in Theorem (£.2)), we obtain the following corollary.

Corollary 5.1. [t holds

paly) = pXE = 41T = na) = () (14 o( ).

with
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5.2 Strenghtening of the local Gibbs conditional principle

We now turn to a stronger approximation of p,, . Consider Y;* with density p,, and the
resulting random variable p,, (Y7). We prove the following result

Theorem 5.3. With all the above notation and hypotheses it holds

Pan (Y1) = ga, (Y1) (1 + Ry,)

where

gan = Wan

the tilted density at point a,, , and where Ry, is a function of Y{* such that P,, (|R,| > dy/n) —
0 as n — oo for any positive o.

This result is of much greater relevance than the previous ones. Indeed under P, the
r.v. Y] may take large values. At the contrary simple approximation of p,, by g,, on R,
only provides some knowledge on p, on sets with smaller and smaller probability under
Pa, - Also it will be proved that as a consequence of the above result, the L' norm between
Pa, and g,, goes to 0 as n — 00, a result out of reach through the aforementioned results.

In order to adapt the proof of Theorem *** to the present setting it is necessary to
get some insight on the plausible values of Y; under P, . It holds

Lemma 5.2. Under P,, it holds
}/1 - OPan (an)

Proof: This is a consequence of Markov Inequality:

E (Y| ST = na, n
P(Y) > u| ST =na,) < (1|; na):%

which goes to 0 for all u = w,, such that lim,, . u,/a, = co.

We now turn back to the proof of our result, replacing y¥ by Y in (514).

It holds
P (S =na, — Y1)

P (S7 = nay)

in which the tilting substitution of measures is performed, with tilting density 7%, followed
by normalization. Now if the growth condition (5.3]) holds, namely

lim 71/}@)
N
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with m(t) = a, it follows that
P (X1 =Y1] ST = na,) = 7 (Y1) (1 + Ry)

as claimed where the order of magnitude of R, is op, (1/1/n). We have proved Theorem
Denote the conditional probabilities by P, and G,, which correspond to the density
functions p,, and g,,, respectively.

5.3 Gibbs principle in variation norm

We now consider the approximation of P, by G,, in variation norm.

The main ingredient is the fact that in the present setting approximation of p,, by
Ja,, in probability plus some rate implies approximation of the corresponding measures in
variation norm. This approach has been developped in Broniatowski and Caron (2012);
we state a first lemma which states that wether two densities are equivalent in probability
with small relative error when measured according to the first one, then the same holds
under the sampling of the second.

Let R, and G,, denote two p.m’s on R"™ with respective densities t, and s,,.

Lemma 5.3. Suppose that for some sequence €, which tends to 0 as n tends to infinity
tn (Y)") = 80 (V") (1 + 0m, (€n)) (5.19)

as n tends to oo. Then
s, (V") = v, (V") (1 + 0s, (€4)) - (5.20)

Proof. Denote

Ane, =yl (1 =), (y7) <t (01) <50 (y7) (1 4€0)}-

It holds for all positive §
lim %n (An765n) =1.

n—oo

Write

t

)
5n(y?)

R, (Age,) = / 1a . () =8 myayn,

Since
fp(n (An,5€n> S (1 + 5€n>6n (An,5€n>

it follows that
hm 611 (An,ésn) = 1,

n—oo

which proves the claim. O
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Applying this Lemma to the present setting yields

Gan (Y1) = Pa, (Y1) (1 + 06, (1/v/n))

as n — 00.
This fact entails, as in [4]

Theorem 5.4. Under all the notation and hypotheses above the total variation norm
between P, and G,, goes to 0 as n — oo.

The proof goes as follows
For all § > 0, let

E(S = {yER: DPa,, (y)_gan (y) <5}
Y, (Y)
which
lim P, (Es) = lim G,, (Es) = 1. (5.21)
n—oo n—o0
It holds

sup |P,, (CNEs)—G,, (CNEs)| < sup / Ja, (y) dy < 0.
CeB(R) CeB(R) JCNE;

By the above result (5.21])

CeB(R)

and

sup |Gy, (CNEs) —G,, (C)] <,
CEB(R)

for some sequence 7,, — 0 ; hence

sup ‘Pan (C) - Gan (C)‘ <90 + 277n
CeB(R)

for all positive d, which proves the claim.
As a consequence, applying Scheffé’s Lemma

/|pan—g%|dx—>0 as n — 0o0.

Remark 5.2. This result is to be paralleled with Theorem 1.6 in Diaconis and Freedman
[6] and Theorem 2.15 in Dembo and Zeitouni [J] which provide a rate for this convergence
in the LDP range.
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5.4 The asymptotic location of X under the conditioned distri-

bution

This section intends to provide some insight on the behaviour of X; under the condition
(ST = nay,); this will be extended further on to the case when (S} > na,) and to be
considered in parallel with similar facts developped in [4] for larger values of a,,.

It will be seen that conditionally on (S} = na,,) the marginal distribution of the sample
concentrates around a,,. Let X; be a r.v. with density 7% where m(t) = a,, and a,, satisfies
(E3). Recall that EX; = a,, andVarX; = s?>. We evaluate the moment generating function
of the normalized variable (X; — a,) /s. It holds

log Eexp A (X; — a,) /s = —Aa, /s + log @ <t+ é) —log® ().
s

A second order Taylor expansion in the above display yields
A2s? (14 %)
log & A(X —a, =————357
og Eexp A (X, — ay,) /s 5 2
where 6 = 0(t, \) € (0,1). It holds
Lemma 5.4. Under the above hypotheses and notation, for any compact set K,

2 (1+2)

=1

lim sup
n—oo uek S

Proof: Case 1: if h(t) € Rs. By Theorem B.1] it holds s? ~ ¢'(t) with ¥ () ~ tY/P1,(t),
where [(t) is some slowly varying function. And we have also ¢/(t) = 1/’ ((t)), hence
by (??) it follows

5 B (0(0) = 0P (00) (5 + €((1)))
~ BETYEL() o (v(1) = olt),
which implies that for any v € K it holds

— = olt),
s2(t+u/s) N P (t+u/s) N V()P o (v(t)) (8 + e(v(1)))
52 P'(t) (Wt +u/s))" (Wt +u/s)) (B + e((t +u/s)))
v(t)! B ()P

— 1.

~ Wt +u/s)B-1 ~ (t+u/s) VBl (t + u/s)P1

23



Case 2: if h(t) € Ry. Then we have in this case ¥(t) € RO, hence it holds

1
st tﬁ tw<t>e<t>

which last step holds from condition (Z7). Hence for any u € K, we get as n — oo

— 0,

thus using the slowly varying propriety of ¢(t) we have

s? (t 4+ u/s) N V(t+u/s) _ Yt +u/s)e(t+u/s) t
52 (L) t+u/s P(t)e(t)
et +u/s) _ e(t) + O(€(t)u/s) o
€(t) (t) ’

where we use one Taylor expansion in the second line, and last step holds from condition
(24). This completes the proof.

Applying the above Lemma it follows that the normalized r.v’s (X; — a,) /s converge
to a standard normal variable N (0, 1) in distribution, as n — oco. This amount to say that

Xy = an +sN(0,1) + opan (1).

Recall that lim,,_,., s = 0, which implies that X; concentrates around a,, with rate s. Due
to Theorem [5.4] the same holds for X; under (S} = na,) .

5.5 Differences between Gibbs principle under LDP and under
extreme deviation

It is of interest to confront the present results with the general form of the Gibbs principle
under linear contraints in the LDP range. We recall briefly and somehow unformally the
main classical facts in a simple setting similar as the one used in this paper.

Let X1,.., X, denote n i.i.d. real valued r.v’s with distribution P and density p and
let f: R — R be a measurable function such that ®;(\) := Eexp Af(X;) is finite for
A in a non void neighborhood of 0 (the so-called Cramer condition). Denote mg(\)
and sfc()\) the first and second derivatives of log ® (). Consider the point set condition

( Z’: L f(X;) =0) and let Q2 be the set of all probability measures on R such that
f o = 0.

The Classmal Gibbs conditioning principle writes as follows:

24



The limiting distribution P* of X; conditioned on the family of events F), exists and
is defined as the unique minimizer of the Kullback-Leibler distance between P and (2,
namely

P* =argmin {K(Q, P),Q € Q}

where 0
K(Q,P) = /log d—PdQ

whenever () is absolutely continuous w.r.t. P, and K(Q, P) = co otherwise. Also it can
be proved that P* has a density, which is defined through

(o) = 25yt

with A the unique solution of the equation m¢(\) = 0. Take f(z) = z — a with a fixed to
obtain

p(x) = m(x)
with the current notation of this paper.
Consider now the application of the above result to r.v’s Yi,..,Y,, with Y; := (Xi)2
where the X/s are i.i.d. and are such that the density of the i.i.d. r.v’s Y/s satisfy (2.])

with all the hypothese stated in this paper. By the Gibbs conditional principle, for fized a,
conditionally on (Y7, Y; = na) the generic r.v. Y; has a non degenerate limit distribution

*( )._M ( )
Pyi¥) = EexptYle y

and the limit density of X; under (>°7 | X? = na) is

*( )._ expt:p2 ( )
Px\Y) = Eexthpr y

whereas, when a,, — oo its limit distribution is degenerate and concentrates around a,,. As
a consequence the distribution of X; under the condition ("), X? = na,) concentrates

sharply at —/a,, and +./a,,.

6 EDP under exceedance

The following proposition states the marginally conditional density under condition A,, =
{S, > na,}, we denote this density by pa, to differentiate it from p,, which is under
condition {S,, = na,}. For the purpose of proof, we need the following lemma, based
on Theorem 6.2.1 of Jensen [], to provide one asymptotic estimation of tail probability
P(S,, > na,) and n-convolution density p(S,/n = u) for u > a,.
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Define

I(z) == zm (z) — log ®(m " (z)). (6.1)

Lemma 6.1. X, ..., X,, are i.i.d. random variables with density p(x) defined in (21]) and
h(z) € K. Set m(t,) = a,. Suppose when n — oo, if it holds

W (tn)”

N . o
then it holds
_exp(—nl(a,)) 1
P(S, 2 nen) = Zoom (1+ o(\/ﬁ)). (6.3)
Let further Jr ( . ))
_ Vnexp(—nl(u
H,(u) = Vars(t,)
It then holds
53&%:1+0(1/\/ﬁ). (6.4)

Proof: For the density p(z) defined in (Z1I), we show g(x) is convex when z is large
enough. If h(z) € Rg, it holds for x large enough

g (x)=h(x)= M(ﬁ +€(z)) > 0. (6.5)

T

If h(z) € Ry, its reciprocal function ¢ (z) € Ro. Set z = ¥ (u), hence we have for z large
enough

g (x)=h(z)= = > 0, (6.6)

where the inequality holds since e(u) > 0 under condition (Z7) when w is large enough.
(E0) and (€4 imply that g(z) is convex for x large enough.

Therefore, the density p(x) with h(z) € R satisfies the conditions of Jensen’s Theorem
6.2.1 ([8]). Denote by p, the density of X = (X; + ... + X,,)/n. We obtain with the third
order’s Edgeworth expansion from formula (2.2.6) of ([g])

(I)(tn)n eXp(_ntnan)

Vntns(tn)

(BO()\n) + o(MBg(An))), (6.7)

P(Sn > nan) = 6\/533(%)
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where \, = /nt,s(t,), Bo(\,) and Bz(\,) are defined by
Boh) = ——=(1- 55 tol55)). By(A)
n) — T — ) o\~5) n) ™~ — .
0 V2T A2 A2 ° V2T,
We show, under condition (6.2), it holds as a,, — oo
1 1
=z = o(=). (6.8)

n

Since n/A\2 = 1/(t2s%(t,)), (68) is equivalent to show
t25%(t,) — o0. (6.9)

By Theorem Bl m(t,) ~ ¥(t,) and s*(t,) ~ 9'(t,), combined with (??), it holds ¢, ~
h(ay).
If h € Rg, notice that it holds
_ 1 _ Y(tn) ay,
W) b)) (B +e((tn)))  hlan)(B +e(¥(ta))’

hence we have
£2 () ~ h(ay)? an o _blan) (6.10)
S " h(an) (B4 e((tn)) B+ e((tn))

If h € Re, then ¥(t,) € Ry, thus it follows

t25%(t,) ~ tiw = tah(tn)e(ty) — 00, (6.11)

where last step holds from condition (217]). We have showed (6.8]) , therefore it holds
1 1
B = (1 o(b))

By (@3), A, goes to oo as a,, — oo, which implies further Bs(\,) — 0. On the other
hand, by (B.)) it holds p3/s* — 0. Hence we obtain from (6.7))

_ O(tn)" exp(—nt,a,) RS
Pl 2 nay) = TR (1+ o(\/ﬁ)),

which together with ([6.1]) gives (6.3]).
By Jensen’s Theorem 6.2.1 ([8]) and formula (2.2.4) in[8] it follows that

27s(ty,)

which, together with (6.1), gives (6.4)).
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Proposition 6.1. X1, ..., X,, are i.i.d. random variables with density p(z) defined in (2.1)
and h(x) € R. Suppose when n — oo, if it holds

W (tn)?

T (6 (6.12)
and
logn
n ) — ) 13
M — 0 (e — 00 (6.13)
then

pau ) = X1 = S > ) = ga, ) (1 +0( =) ).

where ga, (y1) = nt,s(t,)er! @) fai”"" g-(y1) exp (—n[(T) —log s(tT))dT, g-(y1) is defined
as ga, (y1) in Theorem (BJ]) on replacing a, by T.

Proof: We can denote pa, (y1) by the integration of p,, (y1)

pa, (y1) = / P(X1 = 1S = n7)p(Sa = 7S, > nay)dr

f:: p(SY =nt —yy)dr

_ (X1 =) P,
- p(S, > nan)P1<1 + P1>’

where the second equality is obtained by Bayes formula, and P, = f::ﬂn p(Sy = nt —
y1)dr, Py = fa°:+nn p(Sy = nt —y1)dr, S8 = Xo+ ...+ X,,. In fact P is one infinitely
small term with respect to P;, which is proved below. Further we have

Py = %P(S;‘ > nlan+n) ~ 1) = %P(S;‘ > (n—1)en)

1 1
P+ P = —P(S;1 > na, — y1> = —P(SS > (n — 1)dn),
n n
where ¢, = (n(an, +n,) —y1)/(n—1) and d,, = (na, —y1)/(n — 1). Denote t., =m*(c,)
and tg, = m~'(d,). Using Lemma (G.I)), it holds

Plfsz = (1 + o(%))Mexp ( —(n=1)(I(c,) — I(dn))), (6.14)

tcn S (tcn )
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Using the convexity of the function I, it holds

exp ( —(n— 1)(I(cn) )

| /\

nn,m )

( (n —1)(cn — dy)m (dn))>
xp (—

Consider v — m~!(u) is increasing, since d,, < a, as a, — oo, it holds m~'(d,) >

m~Y(ay,), hence we get

exp ( —(n—=1)(I(cn) — I(dn))> <exp (—nnum(an)). (6.15)

Using Theorem Bl we have m~'(a,) ~ ¥ ~*(a,) = h(a,), thus under condition (EI3) it
holds as a,, — oo

exp ( — (n—1)(I(cn) — I(dn))) 0.

Then we show it holds

ta,s(ta,)
tcn S (tcn )

By definition, ¢, /d,, — 1 as a,, = oo. if h € Rg, by (6.10), it holds
dnS(ta, ) \? Wh(d, 28+ e((cn))\2 N2
<%> ~ (5 +d e}éz(pd(d)n») ( tn;&cn) )) ~ (Zidi ) =1 61

If h € Ru, notice the function ¢ — ti(t)e(t) is increasing and continuous as ¢ large

enough. By (6.I1)), it holds

— 1L (6.16)

252 (t) ~ tp(t)e(t), (6.18)
consider d,, — ¢, as n — oo, hence we have

(feslta )y dutlde )l

te,s(te,) cnth(cn)e(cn)

Using (6.14), (6.15) and (6.16), we obtain

P
P+ P

which, together with condition (6.I3]), it holds

— 1. (6.19)

< 2exp (—nm™ " (a,)n,),



Therefore we can approximate pa, (1) by

1 An+Nn
pa, (1) = (1 + o(%)) / p(X1 = 11|S, = nT)p(S, = n7|S, > nay)dr.  (6.20)

According to Lemma [6] it follows when 7 € [a,, a,, + 0]

p(Sn = n7|S, > na,) = <1 + 0(%)) nm- 8(((2))3(75”)

where m(t,) = a,, m(t,;) = 7. Inserting (6.20) into (G.2I]), we obtain

exp ( —n(I(r) — [(an))), (6.21)

pa, (1) = (1 + 0(%)>ntns(tn)enl(an) /an n g-(y1) exp ( —nl(r) —log s(tT))dT,

this completes the proof.

7 Appendix

For density functions p(x) defined in (1)) satisfying also h(z) € R, denote by ¥ (x) the
reciprocal function of h(x) and o?(v) = (h’(v))fl, v € R,. For brevity, we write Z, 0, |
instead of (1), o (¥ (1)), L(t).

When ¢ is given, K(z,t) attain its maximum at & = t(¢). The fourth order Taylor
expansion of K(x,t) on x € [ — ol,Z + ol] yields

K(z,t) = K(&,1) — %h’(:f:) (x—2)° - %h”(:f:) (x — )" + e(x, 1), (7.1)

with some 6 € [0, 1]
1 VIR N A
e(x,t) = _ﬂh (24 0(x —2))(z — )" (7.2)
Lemma 7.1. For p(z) in [210), h(z) € R, it holds when t — oo,

[loga(v(t)]
Ji (u)du

Proof: If h(z) € Rg, by Theorem (1.5.12) of [I], there exists some slowly varying
function such that it holds 1 (z) ~ /81, (z). Hence it holds as t — oo(see [7], Chapter 8)

(7.3)

/1 p()du ~ 120 (1), (7.4)
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On the other hand, 1/(z) = 2"~ 1(2)(8 + €(z)), thus we have as z — oo

[og ()| = [1og (1(2) 2| = |5 ((8 1) log +logI(x) + loa(3 + e(x)))]

< -(B+1)logu,

DO | —

set x = 1)(t), then when t — oo, it holds = < 2t'/%[,(t) < t'/5+! hence we have

(B+1)
23

|logcr(w(t))| < logt,

which, together with (74)), yields (Z.22).
If h(z) € Ry, then by definition ¥ (x) € Ry is slowly varying as  — oco. Hence it

holds as t — oo(see [7], Chapter 8)

/1 t D(w)du ~ t(t). (7.5)

And now we have h/(x) = 1/1/(v) with z = ¥ (v). Therefore it follows

=

[log ()| = |1og () | = 5| log/(v),

Set x = 1(t), then v = ¢, consider ¥(t) € j%vo, thus we have

log o (v(0)] = 5|log /(0] = 1| o (v ),

1
<logt + 5\ loge(t)| < 2logt, (7.6)

where last inequality follows from (2.6)). (7.5 and (6] imply (Z22)). This completes the
proof.

Lemma 7.2. For p(x) in (1)), h € R, then for any varying slowly function I(t) — oo
as t — oo, it holds

sup B (& + z)o*l* — 0 as t— oo. (7.7)
ja|<ot

Proof: Case 1: h € Rz. We have h(x) = 2Ply(z),lo(z) € Ry, B > 0. Hence it holds

W (z) = B(B — 1)z 2ly(x) + 282771, () + 2°1, (). (7.8)
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and

"

K (z) = B(B —1)(B8 — 2)2"Bly(x) + 38(8 — Va2 (x) + 327 iy (x) + 21y (2).

Consider [(x) € Ry, it is easy to obtain

and

Iy (2) = loﬂ(j) (€*(x) + 3z€ (z)e(x) — 3€*(z) — 22¢€ () + 2¢(z) + 2% (v)).

Under condition (2.31), there exists some positive constant () such that it holds

@) <2 ) < QY.

x2

which, together with (Z9]), yields with some positive constant ¢,

"

I (H_Q—il (7.11)

By definition, we have o%(z) = 1/h' () = z/(h(z)(8 + €(z))), thus it follows

0
M@+ @) UB+ D) B

this implies ol = 0(1(t)) = o(Z). Thus we get with (ZI1))

(1+0(1)), (7.12)

o’ = 02@) =

" (.T —+ .T)
sup |h (24 x)| < sup Q1— <
|z| <ol (@ ) |z| <ol Y@t (T + )

< Q2575 (7.13)

w%)

where Q3 is some positive constant. Combined with ((TI2]), we obtain

"o 4 - 4 — Qo1
sup [h (& + o't < QQW() = e

as sought.

Case 2: h € Ry. Since & = 1(t), we have h(z) =t. Thus it holds

H(#) = —  and h”(f):—i(;/}:;g))zs

, (7.14)
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further we get

2

oY1) = 3("(1)"
(¥'())"

Notice if h(2) € Ruo, then ¥(t) € Ry. Therefore we obtain

h”/(:i") _

and

v () = 2D e (1- ety - )

— _ye(t)(l +0(1)) as t— o0,

where last equality holds from (26). Using (2.6) once again, we have also 1" (¢)

vy () ) : 2e(t) | Le ()
00 = T (24 €0 + 310 = 3e0) - =+ — o)
b(t)

— t—3€(t) (2 + 0(1)) as t— oo.

Put (ZI6) (TI7) and (ZI8) into (TI5) we get

o, . 1
Thus by (2.7) it holds as t — oo
" o 1
) = o et ()
2¢/t+ v - 3Vt

sup

: wi<i/a V2t +v) T Y2(t)

where last inequality holds from the slowly varying propriety: (¢ + v) ~ ¥(t).

o = (1 (%)), it holds

L 3Vt 3VE 2(t)eX(t)  3e(t)

sup B (Y(t+v))o

A SREOwEe e e e Y
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where €(t) — 0 and () varies slowly. Hence for any slowly varying function [(¢) — oo it
holds as ¢ = oo

sup A" (v(t 4 v))oi* — 0.
lv[<t/4

Consider 9 (t) € Ry, thus 1(t) is increasing, we have the relation

sup B (¢(t+v)) = sup h"(E+Q),
lv|<t/4 IC1<[¢1,62]

where

¢ =(3t/4) — 7, G = (5t/4) — 7.

Hence we have showed

sup B (Z+ ottt — 0.
I<I<[¢1,¢2]

For completing the proof, it remains to show
ol <min(|¢], () as t— oc. (7.20)

Perform first order Taylor expansion of ¢ (3t/4) at ¢, for some « € [0, 1], it holds

szBWQ—izwmwn—wwz—wa—aWQﬁz—f%%%&L@—aWQ,

thus using (2.7)) and slowly varying propriety of ¥ (t) we get as t — oo

W(t — at/4 / /
|C1] > %‘)‘/)e(t_ at/4) > @e(t— at/4) > ;i(l/i (7.21)
On the other hand, we have o = (h,(i))_l/2 = (w(t)e(t)/t)l/Q, which, together with
([21)), yields
o e(t)
|C1|§5 1/1(15)\/%—>0 as t— o0,

which implies for any slowly varying function [(¢) it holds ol = o(|¢1|). By the same way,
it is easy to show ol = 0((3). Hence (L20) holds, as sought.
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Lemma 7.3. For p(x) in 210, h € R, then for any varying slowly function I(t) — oo
as t — oo, it holds

hm(i‘+l‘)
sup ——o0l — 0 as t— oo. 7.22
\x\gl()fz h'(2) (7.22)

and
W (&)l —s 0. (7.23)

Proof: Case 1: Using (Z8) and (ZI0), we get A" (z) = (B(8 — 1) + o(1)) 2" 2ly(x) as
x — oo, where ly(z) € Ry. Hence it holds

"

(&) = (B(8 = 1)+ 0(1) ()l (¥(1)), (7.24)

which, together with (ZI2]) and (ZI3), yields with some positive constant Q3

¢ oo, Q@ Vi,

V) L) o(w(t) | Bt VBU)T Rl (y(1))

Notice (t) ~ tYP1,(t) for some slowly varying function /;(¢), then it holds vt =

o(¢(t)**1/2). Hence we get (T22).
From (7I12)) and (Z.24), we obtain as t — oo

h/l/(‘,i, + l‘)
hl/(:i,)

sup
|z|<ol

ol < @y

B (@)0% = (B(8 — 1) + o(1)) ()" 2o (1)) (%)3/ y
_ W(t)P12 1
=(B(B—-1)+ 0(1))Wlo(w(t))l < (7.25)

where last inequality holds since t(t)#=1/2/t3/2 ~ [;(t)#=1/2 /t1/2+1/28 a5 + — oco. This
implies (.23 holds.
Case 2: Using (.14)) and (Z.I7) we obtain

n'(z) = 1+0(1)). (7.26)

Combine (ZI9) and (724)), using o = (h/(:%))_l/z, we have as t — oo

B (b(t +v)) 4e2(t) 1 Ae(t)2 /Y1)
\5254 h' () 7= Vi o (E) t =90
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where €(t) — 0 and 1 (t) varies slowly. Hence for arbitrarily slowly varying function ()
it holds as t — oo

- K ((t +v))
pi<tya W(2)

Define (1, ¢ as in Lemma [T.2] we have showed

ol — 0.

"o, o

up h™ (2 + ()
clsiac)  h(E)
([C22)) is obtained by using (Z.20). Using (.20)), for any slowly varying function, it holds
" l
h'(2)0’l = ———= — 0.

P(t)et)t

ol — 0.

Hence the proof.

Lemma 7.4. For p(x) in 210, h € R, then for any slowly varying function l(t) — oo
as t — oo such that it holds

[§loy + 2, 1)
SUp —— %~ 3
vel-Ly W' (%)
where &(x,t) = e(x,t) + q(x).
Proof: For y € [—1,1], by (2) and Lemma [I.3] it holds as t — oo

— 0,

le(oy + 2,t)| h’”(i’—i—x))
— 2 <L ———= ol — 0. 7.27
h’ (;i’)a3 - \:\1;71 h"(i’) g ( )
Under condition (Z2), set x = ¢(t), we get
1

sup —Jg(v)] <

- (O D) Viu(t)

and it holds for any slowly varying function [(¢) as t — oo

ol JU) | et) 1 o

() IU(t) t(t) 0

hence we obtain
1

< .
wsithea "= T

Using this inequality and (Z.20), when y € [, 1], it holds as t — oo

E%%%%één::hﬂay—%f)| Vet s la@IVIDLOE < V() = 0

v=p(t)] <ol

which, together with (Z27]), completes the proof.
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Lemma 7.5. For p(x) belonging to 2.1)), h(z) € R, a € N, denote by

U(t, ) := / (x — 2)%"p(x)dz,
0
then there ezists some slowly varying function [(t) such that it holds as t — oo

U(t,a) = Co_a+1€K(:i,t)T1(t’a)(1 + 0<1))’

where
& 2 h//<,\> 3 ﬂ 2
_ [ e Yy x)o V2 3ta Yy
Tl(t,a)—/ll/gy exp(—g)dy— 5 7&(1; exp(—g)dy.
V2 V2

Proof: By Lemma [[2] for any slowly varying function [(t¢) it holds as t — oo

sup |e(x,t)| — 0.

|lz—2| <ol
Given a slowly varying function [ with [(¢) — oo and define the interval [, as follows

1/3 .. 71/3
(-5 A)

For large enough 7, when ¢ — oo we can partition R, as

[t =

Ri={z:0<z<riU{z:zers+L}U{z:x>10¢1s+ L},
where 7 large enough such that it holds for x > 7
p(x) < 2ce™ 9@, (7.28)

Obviously, for fixed 7, {z: 0 <z < 7}N{zr:2 € T+ I;} = O since for large t we have
min (x Txr €T+ It) — 00 as t — 0o. Hence it holds

U(t, ) = / (x — 2)%"p(x)dx + / (x — 2)%"p(x)dx + / (x — 2)%"p(x)dx
0 zex+1 xdi+I,x>T
= (t ) + Us(t, a) + Us(t, ). (7.29)

We estimate sequentially Wy (¢, o), Uo(t, ), W3(t, ) in Step 1, Step 2 and Step 3.
Step 1: Using (Z.2])), for 7 large enough, we have

[ (t, )| < / 2 — &% p(a)de < 2 / 2 — B[Oy
0 0

< 20/ e dr < 2ct i, (7.30)
0
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We show it holds for h € R as t — oo
t7 1%l = o0 TLeK@EDR (1)0?). (7.31)
([31)) is equivalent to
oo (1 (7)) T = o(eK@Y),
which is implied by
exp (— (a+4)logo —logt + alog & + 7t — log n (2)) = (@)

By Lemma (Z.1]), we know log o = o(e®X @) ast — 0o. So it remains to show t = o(ef@1)

log # = o(eX@") and log h" (&) = o(eX@Y). Since & = 1)(t), it holds

)

K(2,t) = t(t) — g(4(t) = /1 U(u)du+ (1) — g(1), (7.32)

where the second equality can be easily verified by the change of variable u = h(v).

If h(x) € Rg, by Theorem (1.5.12) of [I], it holds ¢ (z) ~ z'/l;(x) with some slowly
varying function [y (x). (Z4) and (732)) yield t = o(eX@). In addition, log & = log ¥ (t) ~
(1/8)logt = o(eX@1). By (24, it holds logh” () = o(t). Thus (Z31) holds.

If h(z) € Reo, ¥(z) € Ry is slowly varying as © — oo. Therefore, by (Z3) and
(T32), it holds t = o(eX@!) and logi = log¥(t) = o(eX@Y). Using (T26), we have
log h" (&) ~ logt — 2log 2 — 2loge(t). Under condition [@7), loge(t) = o(t), thus it holds
log h" (&) = o(t). We get (Z31).

([C30) and (Z31) yield together

T, (£, )| = o(0FLeK@OR" (7)), (7.33)

Step 2: Notice min (:p ST €T+ It) — o0 as t — oo, which implies both €(x,t) and
q(z) go to 0 when z € & + I;. Using (1)) and (1), then it holds as t — oo

Uy(t, o) = /EAH (x —2)cexp (K(z,t) + q(z))dx
= /EAH (x — 2)%cexp (K(:i",t) — %h'(:)ﬁ")(x - :13)2
1 "y ~\3
— oH(@)(x = 3)" + (e, t))d:c,

where £(x,t) = e(x,t) + q(x). Make the change of variable y = (z — %) /o, it holds

1173
vz

11/3
V2

2 "5 g3
o y°  h(2)o
e~

Uy(t, o) = co™exp (K (,1)) y* 4+ E(oy + 2,1)) dy.

(7.34)
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Ony € (—1Y3/v2,113//2), by (@23), |h"(2)oy?| < |h"(2)0%l] — 0 as t — oo. Perform
the first order Taylor expansion, it holds as t — co

h/l i‘ 0_3 ) h// j\j 0-3 )
e (- %yg +eloy+2,1)) =1~ %yg + &y +,1) +o(t,y),
where
h// .% 0-3 A
Ol(t,y) = 0( _ <6) yg +€(0y +l‘,t)).
Hence we obtain
% 2 h”(A) 3
2 o Yy X))o 3 R
/s Y exp ( T 9 Tfy +€(Uy+$,t))dy
V2
W@ :
2 xT)o ) N
= s (1 - Ty?’ +&(oy +2,1) +01(t,y)>y exp (— %)dy
V2
= 2 W ()b [ 2
— 2 a Y X))o 2 31a Yy
= _&y exp(—g)dy—T _&y eXp(—E)dy
V2 vz
7 2
V2 . N y
+/11/3 (f(Uy-l-:c,t) +01(t,y))y exp ( — 5)dy
V2

Define T} (t, «) and T5(t, «) as follows

l1/3 " l1/3
[V, y? h(z)o® [VE 4., 2
Tita)= [ vtew (= )dy——c— [ v e (= 5)dy,
V2 V2
1/3
V2 . o y2
Ty(t, o) = s (f(ay + 2, t) + o(t, y))y exp (— 5)dy. (7.35)
V2
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As for Ty(t, o), it holds

1/3
3 9

ol < [ 7 (Ieoy+ 01+ o))l e (~ )y

V2

11/3 11/3
~ vz « y2 vz (&4 y2
< sup [£(oy+ 1) ly[* exp (= 5)dy + los(t: )1yl exp (= 5 )dy
11/3 2 11/3 2
yE[—ZJ] V2 Vs
s 2
73
< sup é(oy+a.0)| [ 1 ol exn (= )y
ye[=11] -7
% h”(A) 3 2
2 xXr)o N o Yy
[ i (oG bofetow 500 o e (— )t
V2
0/ ) 11/3 )
X V2o Yy oAy 3 3+a y
<9 S[ull)l] E(oy + 2, 1)] s ly|“exp (— 5)dy+ lo(h (2)0”)] s ly|> " exp (— E)dy
ye(—L, _T \/_
11/3 ’ 11/3 9 ’
"o, a « Yy
=o' @ ([ 1 ol e (= Dy [ e (— L)),
Rl 7

where last equality holds from Lemma [[4l Since the integrals in the last equality are
both bounded, it holds as t — oo

To(t, o) = o(h" (2)0®).
When « is even, the second term of T} (¢, &) vanishes. When « is odd, the first term of
T (t,«) vanishes. Obviously, T} (¢, @) is at least the same order than k" (2)o®. Therefore
it follows as ¢t — oo

Ty(t, ) = o(Ty(t, ). (7.36)
Using (Z.34), (Z.35) and (7.36) we get
Uy(t, o) = coexp (K (2,t))Th(t, a) (1 + o(1)). (7.37)

Step 3: Given h € R, for any t, K(z,t) as a function of x (z > 7) is concave since
K"(z,t) = —h'(z) < 0.

Thus we get for v ¢ 2+ I and x > 7

K(z,t) — K(3,t) < V2




where

1 if x>z,
-1 if <2

sgn(x — ) = {

Using (1)), we get

[V3g
V2
which, combined with (T38), yields

1 1
K(i + sgn(z — ),t) — K(&,t) < —gh’(@)zz/%? = —512/3,

2
K(z,t) — K(3,1) < —%ll/?’cr_lpc — 3.

We obtain

|Ws(t,a)| < 20/ |z — & exp (K(z,t))dx

1'¢£+I,5,{L’>T

< 20/ s, |z — & exp (K(,t))dz
|z—2|> 73

. 2
< QCeK(:”’t)/ » |z — 2| exp (— %ll/3al|x—:2’|)d:c
| —i| >

V2

A 3
= 2ceK(x’”o“+1/| ly|*exp (- %ll/glyl)dy

>3
V2
T o \/§
— 9ceK @) gatl /| s exp ( — ?ll/B‘y‘ + alog |y|)dy
>W

= 2ceK (@ gatl (2642/3/8 (1+ 0(1))>7

where last equality holds when [ — oo (see e.g. Theorem 4.12.10 of [I]). With (Z3T), we
obtain

\Ils(t,oz)’ < ge~1*?/8
Wo(t, o) |~ [Th(t, )|

In Step 2, we know T}(¢,) has at least the order h"(%)o®. Hence there exists some
positive constant ) and l5(t) — oo such that it holds as ¢t — oo

Qeilg/S/S
< .
— h// (i‘)o’g

Us(t, ) ’
Us(t, )
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For example, we can take l5(t) = (logt)3.
If h € Rp, by (T27), it is easy to know A" (#)o® > 1/t171/(2) | thus we have

\I/3tOé
Wyt

) < Qexp (= 12°/8+ (1+1/(28)) logt) — 0.
If h € Ro, using ([Z.26)), then it holds as t — oo

‘53 - ‘ <2Qexp (— l§/3/8+log t(1)e(t))

= 2Q) exp ( — 12?8 + (1/2)(logt + log ¥(t) + loge(t)))
0, (7.39)

where last line holds since log(t) = O(logt). The proof is completed by combining

([.29), (Z.33), (Z37) and (Z.39).

Proof of Theorem B.Ik By Lemma [[5] if o = 0, it holds 77(¢,0) ~ /27 as t — oo,
hence for p(z) defined in (Z)), we can approximate X’s moment generating function ®(¢)

O(t) = / ep(x)dr = eV 2roeX @ (1+o(1)). (7.40)
0
If « =1, it holds as t — oo,
1/3
W'(2)od [, y? V2rh' (3)o
Ti(t,1) = T 6 _¥ Yy exp ( - 5)dy = —#(1 + 0<1))7

hence we have with W(¢, a) defined in Lemma

U(t,1) = —cV2ra?eK @) i (? 3(1 +o(1)) = —<1>(t)h"(§)04(1 +0(1)), (7.41)
which, together with the definition of W(¢, o), yields
/Ow welp(z)de = U(t, 1) + 2D(1) = (x _n (‘;”)" (1+ 0(1)))@@). (7.42)
Hence we get
mit) = dloif(t) _Jo “”‘;zg(x)dx S (‘;”)" (1+o(1). (7.43)
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Set a = 2, as t — 00, it follows

/3

U(t,2) = co®el@D Tjg y*exp (— y;)dy(l +0(1))
V2
= cV2mod el @) (14 0(1)) = o®®(t) (1 + o(1)). (7.44)

Using ((C41)), (743) and ((C.44]), we have
/000 (z — m(t))zemp(a:)da: = /000 (z—2+2— m(t))zetxp(x)dx

[e.9]

- /OOO (z— i)Qemp(x)dx +2(2 — m(t)) (x — &)e"p(x)ds + (& — m(t))2<1>(t)

— U(t,2) +2(& — m(t)) U (t, 1) + (& — m(t)) D(t)

_ 2 a4 h(2)o 2

= 0?0(t)(1+o(1)) — B (2)o <<I>(t) )(1+o<1)) +( . ) B(t)(1+ o(1))

- <02 - M)m)@ +o(1)),

thus we have

82(t) _ d l(jigtzq)(t) _ fO (SL’ - mq()t(g exp(l’)d.f _ <0'2 B W) (1 —i—O(l)). (745)

Set av = 3, the first term of T} (¢, 3) vanishes, we obtain as t — oo

VW (@)0® e Y’
4K (i) 6 _
U(t,3) = —cV2mo’e s \/ﬁy exp ( ) )dy

V2

N)

R (2)o®

My VEreK (;6) 7(1+0(1)) — M O(t)(1+0(1)), (7.46)

where Mg denotes the sixth order moment of standard normal distribution. Using (Z.41]), (7.43)),
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([C44) and (7.44), we have as t — oo
/000 (z— m(t))semp(:c)d:c = /OOO (r—2+2-— m(t))3emp(a:)da:

- /Ow (2= 2)° + 3(z = 222 = m(®) +3(z = 2) (& = m(8)” + (& = m(0)" )" pla)da
= W(t,3) +3(2 — m(t))U(t,2) + 3(2 — m(t))*U(t, 1) + (& — m(t)) ®(t)
— _Mﬁh ?‘7 D(t)(1+0(1)) + (3/2)h" (&)0* (a®®(t)) (1 + o(1))

- 3<M)2<b(t)hl<x)a4 (1+0(1)) + (h//<§>“4)3<1>(t)(1 +o(1))

2 2
— (3 _2M6 n' (&) — (b (#)")° (”Z)a ) )(I)(t)(l +0(1)),

hence we get

(7.47)
Finally, we finish the proof by simplifying (T.43) (7.45]) and (Z.47).
Case 1: h € Rg. We have gotten in (7.24])
W) = (B8 = 1) + o)) (t)lo(¥(1)).
where [y € Ry. In (Z12)), we have o ~ +(t)/(St), hence it holds
meaN 4 B —1 @Z)(t)ﬁ o B —1 lo(w(t))ll(t)ﬁ
W'(&)o* = R lo((t))(1+0(1)) = 3 - (1+0(1)),

where last equality holds since ¥(t) ~ t/51,(t) for some slowly varying function /;. Obvi-
ously, h"(2)o* = o(), thus we have

It holds also as t — o0

(h/,(i‘)04)2

g _ (ﬁ _ 1)2l0(¢(t))2

»(t)?
which implies (h"(2)0*)? = o(0?). Therefore it follows

(1+0(1)) — 0,

s2(t) ~ a2 = (t). (7.48)
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For s, it holds (R (2)0*)? = o(h" (#)0) since

(h"(@)o*)* _ B0 )" (v (1))
B t?

where last step holds from the fact ()21 /t3 ~ [ (¢)2°~1 /t1F1/5 We have

(1+0(1)) — 0,

- M "
L3 5 Oh" (&)0®. (7.49)

p3(t)

It is straightforward that (ZI4) holds for h € Rg, thus k' (2)o® = —u"(t)/(¥'(1))? *
(¥ (1) = =¥ (t) . We get

~ 22 ),

Case 2: If h € R, recall that we have obtained in (.20))

v
(v(1))® VD))

consider 0 = v’ (t) = 1(t)e(t)/t, it holds

p3(t)

W (&) = (1+0(1)),

R'(2)o* = %(1 +0(1)).

Notice h”(#)o* = o(%) as t — oo, hence it holds

And as t — oo it holds (h”(i)cr‘l)2 ~ 1/t* = o(c?), thus we obtain

/!

s3(t) ~ o = ().

As regards to ps(t), we have (h”(:i’)a4)3 ~ 1/t3, but B"(2)0% ~ 1 (t)e(t)/t?, hence it holds
(h"(2)0%)’ = o(h"(2)0%). Tt follows

M62_ 2 0.

p3(t) ~

Proof of Corollary B1]: Case 1: If h € Rs. By (Z48) and (Z49)), it holds as t — oo

@ M6 -3 ~\ 3
5 2 (@), (7.50)
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Then using (.24) and ([Z12]), we get for [y € Ry

K (&) ~ BB — D)(t)*2e( (1)) <%>3/2
B 5-1/2
_ 5\/31%@@)% —0, (7.51)

where last step holds since v(t) ~ t1/81;(t) for some slowly varying function 1, (¢). (Z50)
and (L.21)) yields (B1)).

Case 2: If h € Ry. In (1) we have showed it holds

p3(t) M -3 W' (t)
S0 2 vapn

By (ZI6)) and (ZI7), we have as t — oo

v (1) __Y(B)e®) <1P(t)e(t))3/2 1
t

O oo

where last step holds under condition (2.7)). Hence the proof.
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