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Abstract

Introduced by Artzner, Delbaen, Eber and Heath (1998) the axiomatic charac-
terization of a static coherent risk measure was extended by Jouini, Meddeb and
Touzi (2004) in a multi-dimensional setting to the concept of vector-valued risk
measures. In this paper, we propose a dynamic version of the vector-valued risk
measures in a continuous-time framework. Particular attention is devoted to the
choice of a convenient risk space. We provide dual characterization results and

examples of vector valued risk measure processes.
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1 Introduction

Artzner, Delbaen Eber and Heath initiated in their seminal paper [1] the concept of
Monetary coherent risk measures. In their approach, a financial position is identified
with a real-valued random variable X € L>°(Q, F, P) which models the profit and loss
of the position at some final date T. The risk measure p(X) of the position X is
defined as the “extra cash” requirement that has to be invested at the beginning of
the period in some secure instrument so that the resulting position is acceptable with
regard to some specified criterion, that is: X + p(X) € A where A is a given subset of
L>®(Q, F, P) called the acceptance set. A set of axioms, namely: (i) subadditivity, (ii)
monotonicity, (iii) positive homogeneity and (iv) translation invariance, are imposed on
the risk measure p(.) - or equivalently on the acceptance set A- to guarantee economic
coherence. This pioneering approach [1], [4] has been extended by Jouini, Meddeb and
Touzi [9] to the context of frictious financial markets where financial positions cannot



be aggregated through a 1-dimensional random variable, but are modeled through R
valued random vectors. This is indeed the case if we consider realistic situations where
investors have access to different markets and form multi-asset portfolios in the presence
of frictions such as transaction costs, liquidity problems, irreversible transfers, etc. Let
us describe briefly the model of [9] on which subsequent papers on vector-valued risk
measure [6], [7], as well as our present exposition, are based: the authors consider
essentially bounded R?-valued random variables X € L (Q,F, P) and assume that
the risk space L(Q, F,P) is endowed by a partial order relation < accounting for
the frictions in the market. A vector-valued risk measure is defined as a set-valued
map p which associates with each risk X a subset p(X) C R"™; an element x € p(X) is
interpreted as a deterministic portfolio, formed using n reference instruments, which can
be invested at the beginning of the period to control the risk of X. The above mentioned
coherency axioms (i)-(iv) are adapted to this set-valued context and the authors provide
dual representation results for coherent vector-valued risk measures which are consistent
with the representation theorems for coherent real-valued risk-measures.

In this paper, we are mainly concerned with the extension of the concept of vector-
valued risk measures to a dynamic setting. As days go long, it seems natural to update
the risk measure of a given position taking into account new information. Dynamic risk
measures have already been introduced and studied in the 1-dimensional setting in the
previous literature, see for example [12], [2], [8]. In higher dimension, very few results
exist, to our knowledge, the only attempt to define dynamic set-valued risk measures is
due to [5] and is based on the classical LP-spaces approach and the geometrical formalism
of [13].

One of the main contributions of our paper is to define the dynamic risk measure on
a risk space different from the classical LP spaces and which, to our opinion, better suits
financial models with transactions costs, as the Kabanov and the Campi-Schachermayer
models [10]. Our choice for the risk-space naturally arises from the partial order relation
given by the solvency cones. This choice is based on a boundedness-concept adapted to
the partial order relation. It does not depend on the choice of the probability measure
(as the L3°-space), but allows to consider positions which are not essentially bounded,
and this is a more realistic feature for applications. We leave for future research a more
systematic analysis of the different consistence in time approaches to our model.

This paper is organized as follows. Section 2 is dedicated to the risk-space. In
Section 3 we introduce the main concepts related to dynamic vector-valued risk process.
Then, Section 4 is devoted to the dual characterization of vector-valued risk measure

processes. Finally, examples are given in Section 5.

Notations: We shall denote by x - y the scalar product of z,y € R™. For a vector
x € R", 2' denotes its i*" component. We denote by 1° the vector of R"™ defined
by: 1% =1and 1Y =0 if j # i, and we set 1:= > 1 | 1°. We set Ry := (0, 00).

Given d > n, we denote by 14, the vector of R? whose all components are equal to

zero except the n first ones which are equal to 1. If x € R™, Z denotes the vector of R?



defined by 7 := (x,04_,) where 04_,, = (0,---,0) € R4, We denote by R" x 04_,
the set {z, x € R"}.
For a set A C R™ we shall denote by 14 its indicator function, and by cl[A] its closure.

If Ais a cone, A* denotes its positive dual cone defined by
A ={yeR": 2-y>0, z € A}.

Finally we shall denote by P(R"™) the collection of all subsets of R™.

2 The setting

2.1 Basic definitions

Throughout this paper, we fix a time horizon 7' > 0 and we consider a stochastic
basis (2, F,F = (F)iejo,1), P) satisfying the usual conditions.

Following [10], we say that a map I' : Q — P(R%) is an JF;-measurable random set
if its graph {(w,7) € A x R" : z € T'(w)} is F; ® B(R?Y)-measurable. The random set
I is said to be a closed (resp. closed convex) random set if for P — a.e w, T'(w) is a
nonempty closed (resp. closed convex) subset of R%. An adapted random set process
is a family (I';);ejo,r) where for each ¢ € [0,T], Ty : Q@ — P(R?) is an F;-measurable
random set. We shall denote by Sféﬂ the set of adapted random set processes.

As usual, LY(F;) stands for the space of all measurable R%-valued random vectors
and L°(F;) stands for the space of all measurable R%valued random vectors with
finite LP-norm, 1 <p < oc. If I': Q — P(RY) is an F;-random set, we shall denote by
LY(T, F;) the set of random vectors X € L%(F;) such that X (w) € I'(w) for P-a.e. w.

In our setting, a random vector X : (€, Fr, P) — R? models the terminal value of
some multi-asset financial portfolio.

Let us consider a set-valued Fp-measurable random set Gp satisfying the following
Assumption G:

gl: for a.e. w, Gr(w) is a closed convex cone of R%.

g2: Ri C G and Gr # R? a.s.

g3: for a.e. w, Gr(w) is a proper cone.

The random set G induces on the space L)(Fr) of terminal values a natural partial

order relation >¢g,. by:
X >¢, Y ifandonly if X(w)—Y(w)€ Gr(w) for a.e w

Example 2.1 Consider the model of financial market with proportional transaction
costs described in [10]. The market is formed by d assets S*,---,S% and trading is
liable for proportional transaction costs: transferring, at time ¢, an amount m > 0 from
asset S’ to asset S7 requires a transaction cost of )\ij m. An agent’s position at time ¢ can
be described by a random vector X; € R? such that the i'” component X} represents

the value of his position in asset S?. The agent position, X, is said to be solvable iff



it is possible to realize a transaction, i.e. transfers of certain amounts described by a
d x d matrix a = (a;;)1<i j<a € RY*? such that the resulting position has non-negative
components: X} + Z;‘l=1 (ajl- -1+ )\ij)(lij) > 0. Hence, X; is solvable if and only if

it is almost surely contained in the closed convex cone K; defined by
d ..
Kt =L X E Rd : H(Gij)lgi,jgd S RiXd ,Vi,l‘l + Z (aji — (1 + /\?)aij) >0
j=1

We may consider the random cone Gt := K. Notice that G satisfies the Assumption
G. In this context, if two financial positions X7 and Y7 are such that, X7 >q¢, Y7,
then clearly, X1 is considered less risky than Yrp.

2.2 The set of Gr-bounded positions

In this paragraph we consider final positions X7 € L(Fr) which are lower or upper
bounded with respect to the preorder relation >¢,.. We consider the following subspaces
of L[c)l(]:T)

LBgyn = {X: X >¢g; —clg, for some ¢ > 0},
UBGgrn = {X: clg, >g, X for some ¢ > 0},

and the set of Gpr-bounded positions:
BGT,n = LBGT,n N UBG'T,n .

IfT: Q — P(R?) is an Fr-measurable random set, we shall denote denote Ba,. (T, F;)
the set of random vectors v € By, N LY(F;) such that v € ' a.s.

Now, define the mapping || - ||gyn : Barn — Ry by
N Xlgrn = inf{c>0: clgyn >ar X >ap —clan} -
Since G is cone-valued and contains R‘i, it is easy to verify that for each X € Bg, »:
{c>0: AAan>cr X >cr —lan}t = [ Xllgrn, +00) .

If G is proper, i.e. if it satisfies the additional requirement: G N (—Gr) = {0}, then
the mapping || - ||gy,n defines a norm on Bg,. 5.

It is easy to verify the following property for the normed space (Bgy sl * [|Gyn)-

Proposition 2.2 Let (X,,)m>1 be a sequence of random vectors which converges in

(BGy o |l llar.m) to X. Then the convergence holds almost surely.
Now, we are going to state the important Cauchy property for (Bg, n, || - llar.n)-

Proposition 2.3 Assume that the cone G is proper. Then, the vector space Bay n

endowed with || - ||gp.n is @ Banach space.



Proof. Consider a Cauchy sequence (X,,)m>1 in (BGyon, || - |lGp,n)- Define the sequence
km = || Xm||gpn- Clearly (km,)m is a Cauchy sequence in R, hence it converges to some
ks € R4.

1. First, we show that : ¢ := liminf|X,,| < oo almost surely. We proceed by
contradiction and assume that the set Q := {w, &(w) = oo} has a positive measure. We
define the sequence X,,, := X,/ (| X,n| V 1). This sequence satisfies £ := lim inf |X,,| <
oo almost surely, then, by virtue of Lemma 2.1.2 [10], there exists an increasing sequence
of integer-valued random variables (op,)m>1 such that X'Um converges a.s. to some
X € LY(Fr) with |X| =1 on Q. Notice that

ko,

~ kg
T 0 <o Xo < — 1.
|Xgm v dn >Gr om G ‘Xo',m V1 d,n

Letting m — oo, using the fact that (k. ), converges to ko, almost surely and the fact
that the cone G is closed and proper we get that X =0 on Q which is in contradiction
with |X| = 1 on the non-null set Q.

2. Since & := liminf |X,,| < oo almost surely, Lemma 2.1.2 [10] implies that there
exists an increasing sequence of integer-valued random variables (o )m>1 such that X,
converges a.s. to some X, € Ly(Fr). Moreover, the sequence a, can be chosen so that
og > q. Now, letting m — oo in the inequalities: —kq, 1dn <cr Xa,, <cr ko, ldn,
we get: —koolyn <gr Xoo < koolygn and Xo € Bgyon-

3. It remains to show that: lim,, o0 [|Xm — Xoollgp,n = 0. For this, consider an
arbitrary € > 0 and let m. > 1 such that: || X, — X,llgr.n < € for each m,q > m..
For each ¢,m > m. we have ay > ¢ > m, and Xoo — X = Xoo — X, + Xo, — X
where: —elg, <G, Xa, — Xm <G, €lan, hence

_Eld,n + (Xoo - Xocq) SGT Xoo - Xm SGT Eld,n + (Xoo - onq>
when g — oo, we get: —cly, <g, Xoo — Xm <gr €lgn for each m >m.. O

Remark 2.4 Clearly the set L (Fr) C Bgp.n. In general, the reverse inclusion does
not hold. It is particularly the case in models where transactions costs are not uniformly
bounded from below. As example, let us consider the financial market of Example 2.1
in the case where d = 2, = (0, +00) and the random transaction costs are such that
AL2 = A2l := \: w w. Then an easy computation shows that the random variable

@C+M)(A+N)
X = ( [CXESY) )

X given by

24\
212N

satisfies 0 <@g, X <@, 1log, hence ||X||g;2 < 1 ; on the other hand X ¢ L3°(Fr),
indeed |X(w)| converges to oo as w goes to 0. Notice that in this example, if the
transaction costs were bounded from below by a positive constant: inf,, A(w) > 0, then

we would have L (Fr) = Bgyon-



3 Vector-valued Risk measure process

3.1 Definition and first properties

Definition 3.1 Let t € [0,7]. A subset C C Bg,.n is called an Fy-cone if for each
X €C and X € LY(F;) such that A >0 a.s. and AX € Bgy n, we have that \X € C.

Definition 3.2 (d,n)-coherent risk process
A (d,n)-coherent risk process is a mapping p defined on a convex Fr-cone D of Ba, n

with values on S[%’T] satisfying the following statements.
A0) If X € D, pi(X) is a closed Fy-measurable random-set, and 0 € p,(0) C R”™.
A1) If X,Y € D are such that X >¢.. Y, then pi(Y) C pe(X) for each t € [0,T].
A2) If XY € D, then po(X) + p+(Y) C pe(X +Y) for each t € [0,T).
A3) If X € D and X € LY(F;) with A > 0 a.s. and AX € D, then p;(AX) = Ap(X).
A4) If X € D, a € LY(F,) with X +a € D, then py(X +a) = py(X) + {—a}.

Remark 3.3 This definition is an obvious generalization of the definition in [9] to our
dynamic setting.

— Property A4) allows to interpret p(.) as a monetary risk measure. Hence, an
element x; € py(X) can be understood as n-dimensional ‘capital requirement’
that can be set at time ¢ to hedge the risk of the financial position which has the
final value X at the maturity date T.

— Then, Property A3) is a straightforward dynamic version of the positive homo-
geneity property for risk measures.

— Property Al) is a monotonicity property consistent with Gr: if the position X is
less risky than Y with regard to the preorder >¢,. then any ‘capital requirement’
y; which may be set at time ¢ to hedge the risk of Y can also hedge the risk of X.

— As explained in [1], the subadditivity property A2), is a ‘natural requirement’
which can be ‘stated in the brisk form a merger does not create extra risk ’.

Remark 3.4 In general, we only have p;(AX) = Ap:(X) + p:(0) if X is only known to
be non-negative: A € LY (R, F;). In particular

Mi(X) € p(AX) VA€ LYRLF). (3.1)

Notice that the homogeneity property Ap:(X) = pi(AX) holds for any non negative
multiplier X if and only if p;(0) = {0} which cannot be the case in our setting because
of Axiom A4).

As stated in the following Proposition, the ‘monotonicity property’ Al can be replaced

by the property A1’) or by the property A1”). This shall be used later in some proofs.



Proposition 3.5 A mapping p defined on a convexr Fr-cone D of Bg, n with values
on S[’(LJ)T] is a (d,n)-coherent risk process if and only if it satisfies the statements AO)
and A2) — A4) together with: either

AT’) If X € D is such that X >q,. 0, then pi(0) € p(X) for each t € [0,T).

or

A1") If X € D is such that X >g,. 0, then 0 € p(X) for each t € [0,T].

Proof. 1. It is obvious that Al) implies A1’). On the other hand, if A0) and A1)
hold true, then X >¢,. Y implies that 0 € p:(X —Y). Then, applying A2), we get
pi(Y) € pu(X).

2. Clearly the statements A0) together with A1’) imply that a (d, n)-coherent risk process
satisfies the statement A1”). To show the reciprocal, it suffices to apply A2). O

The subadditivity Property A2) together with the positive homogeneity property A3)

imply the convexity properties stated hereafter.

Proposition 3.6 Let p be a (d,n)-coherent risk process defined on a convex Fr-cone
D of Bgyn- Then, for each X € D and each t € [0,T], pi(X) is a closed convex Fi-
measurable random set which satisfies: Apt(X)+ (1= A)pe(Y) C pe( M X + (1= A)Y)
for each Fi-random variable Ay with values in [0,1], and X € D. Moreover, p:(0) is a
closed conver Fi-cone satisfying: py(X) = pe(X) + pt(0) for all X € D and t < T.

We end this section with some continuity properties for the coherent risk measure

processes.

Proposition 3.7 Let p be a (d,n)-coherent risk process defined on a convex Fr-cone
D C By containing Be, o(Gr, Fr). Then the following claims hold true.

1. If X,Y € D are such that X <¢, Y, then, for eacht < T, p(X)+ p:(0) C p(Y).

2. If a € LO(F,) is such that @ € D, then for each s € [t,T], ps(a) = ps(0) — {a}.

3. If X € D, and a,b € L°(F;) are such that: a,b € D with a<g, X <g, b, then
pe(0) + {—a} € pi(X) C pi(0) + {0}

4. For any X,Y € D, we have

pe(Y) + 11X = Yllarnlan € pe(X) € pu(Y) = [|X = Yllgrnlan as.  (3.2)

3.2 Measurable selectors of a risk-measure

Let us first recall the concept of measurable selector of an F;-measurable random-set
I': Q@ — PR"). A random variable v : (Q,F;, P) — R" is called an F;-measurable
selector of T' if v(w) € T'(w) for P — a.e. w. Throughout this paper we make use
of the expression ‘by a measurable selection argument’. This expression refers to the
measurable selection Theorem A.1 stated in Appendix.



The concept of selectors turns out to be a useful tool for describing the random
set. For instance, it is well known that a nonempty and closed-valued F;-random set is
characterized by a countable set of measurable selectors {~vi, k € N}:

I'(w) = {7 (w), k € N}].

The set {yx, k € N} is commonly referred as a Castaing representation of T

In the following we re-formulate important properties of a risk-measure process in
terms of its selectors. Consider a (d,n)-coherent risk process p defined on the convex
Fr-cone D C Bg,. ,, and some position X € D. We denote by S,(t, X) the set of all

Fi-measurable selectors of pg(X):
S,(t,X) = {veLYFR):v€Ep(X)P—as} .
and by Sp°(t, X) the set of bounded selectors
S¥(t,X) = {vE€S,(t,X): € Ba, (R, F)} .

Definition 3.8 We say that a set-valued process p from D C E, E a metric space,
into a metric space F is continuous if it is both lower-semicontinuous and upper-
semicontinuous in the following sense:

1.) p is lower-semicontinuous at some point X € D, if for all selectors (Yi)iejo,1) of
p(X), i.e. Yy € S,(t, X), Vt, and for any sequence X™ € D converging to X, there is a
sequence (Y{™)icp0,m) of selectors of p(X™) such that Y™ — Y uniformly on [0,T].

2.) p is upper-semicontinuous at some X € D, if for all € > 0 there is n > 0 such
that p(X + B(0,n)) C p(X) + B(0,¢), i.e. any selector Y of p(X + B(0,n)) can be
written as the sum of a selector of p(X) and a selector of B(0,¢).

The continuity property (3.2) for a risk measure p(.) can be expressed as:

Theorem 3.9 A (d,n)-coherent risk process p defined on a convex Fr-cone D C Bg, n

containing Bg, o (G, Fr) is continuous.

Proof. Assume that X™ € D converges to X, i.e. [|[X™ — X|lgzn — 0. Consider
any selector & := (&)epo,r) of p(X), i.e. such that & € S,(t,X) for any ¢t € [0,T].
From pi(X) C pi(X™) — | X — X™||gp.nlan a.s. we deduce by a measurable selection
argument the existence of £ € S, (t, X™) such that & = " — | X — X™| gy nlan a.s.
for all m. We then deduce that £} converges uniformly to £ on [0, 7.

From pi(Y) + || X —Y||gr.nlan C pe(X) it is clear that p is upper-semicontinuous.
O

As established in previous literature, the notion of risk measure is strongly related
to the notion of acceptance set. This remains valid in our vector-valued and dynamic
setting as stated in the next Subsection 3.3. Theorem (3.11) below is needed for the
proofs of Subsection 3.3. They are analogous to Lemma 5.4.2 and Proposition 5.4.3 [10]
which provide a characterization of closed subsets which are formed by the selectors of
a closed random set.



Definition 3.10 A set A C Bg,. n is said Fi-decomposable if for any countable parti-
tion (Q) of Q with Q; € F; and any family (X;) C A, we have >, Xilg; € A as soon
as Zl Xilﬂg € Barn -

Theorem 3.11 Let A be a closed subset of (Bg,n(RYF), || |lGrm). Then, A =
Be, n(T, Ft) for some set-valued Fi-adapted mapping I' the values of which are closed
sets if and only if A is Fy-decomposable.

The proof is slightly different from [10] and is given in Appendix B.

3.3 Acceptance set process

Definition 3.12 A dynamic (d,n)-acceptance set process (Ai)iejo,) is a family of Fi-

convex cones of Bg, n satisfying the following conditions:
BO) For any t, A; is closed in Bg,. n, endowed with || - ||Gyn-
Bl1) If X € Bg,n is such that X >¢,. 0, then X € A, Vt.
B2) For each t <T, Bg, n(R™ X 04—pn, Ft) € As.
B3) For each t <T, A; is Fi-decomposable.

Proposition 3.13 Let p be a (d,n)-coherent risk process defined on a convex Fr-cone
D C By containing Bay n(Gr, Fr), and consider the set AP = (AY) defined by

A = {XeD: p0)CpulX)} .

We suppose that D is Fp-decomposable and closed in Bg, ., endowed with || - ||Gy.n-

Then (A?Y) is a dynamic (d,n)-acceptance set process, and can be also written as
A7 = {XeD: 0ep(X)}.

Proof. Statement B1) is immediate. Let us prove B2), i.e. LOR™ x 04—y, F;) € A7
By assumption there is an F;-adapted non-null set A; such that p:(0) # R™ on A;.
Recall that, by definition of random sets, the graph {(w,z) € Q x R"™ : x € p(0)} is
Fi x B(R™)-measurable. It follows that its complement is also F; x B(R™)-measurable,
and of full measure on the state space A; x R™. By a measurable selection argument,
we deduce the existence of y; € L2(F;) such that y; ¢ p(0) on A;. We may assume
without loss of generality that y; = 0 on the complement of A; and dividing by |y:| + 1,
we may assume that y, € L°(F;). Hence 77 := Tila, € LP(R™ X 04—y, F1). We claim
that y; ¢ AY. Indeed, in the contrary case, y; € D and p;(0) C p;(y;) implies that
0 € pt(0) C pe(0) + {—y:}. We deduce that y; € p;(0) hence a contradiction.

Let us show Statement B0). To do so, consider X™ — X where X™ € A. Since
D is closed, X € D. Moreover, X™ = (X™ — X) + X <g, [|IX™ = Xy nlan + X
implies that p(X™) C pe(X) — | X™ — X|lGy,nldn. Since 0 € p,(X™) we deduce that
| X™ =X ||Grmlan € pr(X). As pi(X) is closed, we deduce that 0 € p(X), i.e. X € A7.

Let us show Statement B3). Consider a partition (Q¢) of Q with Q! € Q and
(X*) € Af. Since D is a Fr-cone, X € D implies X1g: € D. By virtue of (3.1),



Loipt(X) C pr(X1g:), hence X1g; € A7 if X € A7. From there, using Axiom A2), we
deduce that ) 7 | X'1g; € Ay for all n. Since Y777 X'1q; € D, there exists x> 0 such
that */‘ild,n gGT Zfil leﬂi SGT H]-d,n hence 7/11(17” SGT XZlQi SGT /f]-d,n for all
i. From the inequality

n o0

Z(Xi + £1lgn)la: <cr Z(Xl + £lan)lgi,
i=1 i=1

we deduce that

0€p (ZXilfz;‘) € pe (ZXilg;') - ( Z 1@) Kld .

=1 i=1 i=n+1

Making n converged to oo, we get that 0 € p; (Z Xi19i> so that 3377 X'1g; € A7.
i=1
At last, A7 is an F-cone. Indeed, if X € D with 0 € p;(X) and X € LY(RT, F,) is

such that AX € Bg, », then using Axiom A3) and property (3.2)
0€ A+7"pX) = pe((A+57)X) € pe(AX) = 7 X G nLan-
Making j converged to 0, we deduce that 0 € p;(AX) so that AX € A;. O

The following theorem shows the link between the notions of risk measure processes

and acceptance set processes.

Theorem 3.14 Let D be a convex Fr-cone of Bg, n which is Fi-decomposable. Let
A = (A;) be closed subsets of (Baym, || ||Gp.n)- For each X € D define LA(t, X) by:

LALX) ={ae LY(F) a+X € A}

Then, A is a dynamic (d,n)-acceptance set process if and only if there exists some

(d,n)-coherent risk process p on D C Bg, n such that

Sx¥(t, X) =LAt X):={a€ LY(F):a+X € A}, VX eD.

Proof. 'We denote by ZA(t, X) the set of all 5 such that v € LA(¢, X).

Step 1. Assume that A is a dynamic (d,n)-acceptance process. We are going to
show that S5°(t, X) = LA(t, X) for some coherent risk process p.

Observe that ZA(t, X) is Fi-decomposable and closed in (Bg,n, || - |lgy.n)- By
virtue of Theorem 3.11, ZA(t, X) = Bg,n(p(X), Fi) where 5,(X) is a set-valued Fy—
measurable mapping from Q x [0, 7] into P(R?). Moreover, p,(X) C R™ x 04_,, is a.s.
closed. It follows that the projection p;(X) C R™ of p,(X) onto R™ is also a.s. closed
and £A(t, X) C S,(t,X). Now, let us show that p is a risk measure process. We start
by proving Axiom 4).

1. Axiom 4): We break the proof of Axiom A4) in several steps.
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step a. Ifae€ LO(F,;) isst. X and X +@ € D, then

LAGX +a) = {x, e L%(F) T +a+ X € A},
= —a+{(zi+a) € LoUF) 7 Fa+ X €A}
= —a+ LAt X).

Hence B, »(5,(X + @), Ft) = —@ + Bar.n(p.(X), Fr).

step b. If X € LY(Gr,Fr) N Bgyn, then X € A;. We deduce that £4(¢,0) C
LA, X) and 0 € £7(t,0) = Bg, n(7,(0), F) € Beaypn(@(X),F) as. In particular,
0 € p,(X) a.s. More generally, if X € D, then X + | X|lgznlan =g, 0 a.s. so that
0 € 5(X+| X |lgp.nlan) as. Since Bay n(py(X+ 11Xl Grnlan), Fi) = = XlGp.nlant
Bay n(pA(X), Fi), we deduce that || X||qynlan € Bapn(p(X), Fi) # 0

step c. In this step we are going to prove that p,(X +a) = —a +75,(X) a.s. Notice
that it is sufficient to verify the first inclusion p,(X +a) C —a+p,(X), as the second one
can be obtained by symmetry. Assume to the contrary that p,(X +a) C —a+p,(X) does
not hold. We construct by a measurable selection argument ~; € LY (R", F;) such that
v € p(X+a) and || < N, N large enough, on a non null set A; while v, ¢ —a+7,(X).
Using step b., it is possible to choose 7/ in the non-empty set B, n(t, p,(X +a)). We
get that 7" 1= 714, +'71511Q\At € Barn(t,p(X +@)) = —a + Bayn(p(X), Fi) where
the last equality follows from step a. This last equality yields to a contradiction. We
conclude that Axiom A.4) holds true.

2. Axiom 0): By the Property B2) of acceptance set processes, it is possible to
choose y; € Bg,n(R™, F;) such that 57 ¢ A;, we obtain 7; ¢ ZA(t,O). Tt follows that
there exists a non null set A; € F; s.t. yr € pe(0) on Ay, i.e. py(0) is not identically
equal to R™. We then have proved Axiom A.0).

3. Axiom 1): By Property B1) of acceptance set processes, X € LY(Gr, Fr) N D
implies that X € A;. We deduce that £4(t,0) C £A(t, X) and Bg, .(5,(0), F:) C
Bg, n(p(X), Fi). Arguing as previously, we get that p.(0) C p,(X) a.s. Hence, Axiom
A.1) holds.

4. Axiom 2) and Axiom3): These axioms follow directly from the fact that A;

is an JF;-convex cone.

Step 2. Reciprocally, suppose that S5°(¢, X) = LA(t, X) for some (d,n)-coherent
risk process p. We are going to show that A is a dynamic (d, n)-acceptance set process.

We verify first, that A; is an F;-convex cone. Let us prove that it is stable under
addition. If X,Y € Ay, then 0 € LA, X) N LA, Y), ie. 0€ pi(X)Np(Y) as., and
from pi(X) 4+ p:(Y) C pe(X +Y) we deduce that 0 € p.(X) +p(Y) C pe (X +Y). Then
0 LAt X +Y)and X +Y € A;.

Let us consider Ay € L°(Ry4,F;) and X € A; such that ;X € Bg,,. Then,
0 =X x0 € M\pe(X) = pr(M\eX). We then deduce that 0 € £4(¢, \;X) hence \; X € A;.
If we only have \; € L°(R.,F;), then (A\; + n~1)X € A; for all n > 1. Since, A; is
closed in Bg,. ,» by assumption, we conclude that A\, X € A; as n goes to oco.

1. Axiom BO) This property holds true by assumption.
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2. Axiom B1) If X € Bg, »(Gr,F;) then, by assumption, p,(0) C p(X) a.s. so
that 0 € p;(X). We deduce that 0 € £LA(t, X) and X € A;.

3. Axioms B2) and B3) These axioms can been shown by following the same
arguments as in Proposition 3.13.

O

4 Dual representation of a risk process

4.1 General dual representation

Recall that Bg,. ,, endowed with || - ||, » is a Banach space. We denote by bag, »

the topological dual space of Bg, . We define the set of positive linear forms
bagT,n = {p€bagrn: ©(X)>0foral X >qg, 0} .

Definition 4.1 We say that a subset A of bag,. n is Fi-stable if for all x € L (R, Fy)
and ¢ € A, the linear form ¢* : X > Bg, n — @(AX), belongs to A.

We state hereafter the main result of this section: the dual characterization of co-

herent risk processes.

Theorem 4.2 (Dual characterization) Let p be a S['(LJ 7] -valued mapping on a Frp-
cone D C Bgyn. Assume that D is closed and contains By o(Gr, Fr). Then, the

following statements are equivalent:
(i) p is a (d,n)-coherent risk process on D.

(i1) There exists a o(bag, n, By n)-closed subset Pyo(t) # {0} of bagT,n which is
Fi-stable and satisfies the equality

Syt X) = {2 € Bapn(R", F) 1 0 (X +71) >0, Vip € Ppa(t)} - (4.3)

Proof.
1. Let us prove (i)= (ii). To do so, consider C; := {X € D : 0 € p:(X)}. Observe that
BGrn(Gr, Fr) C Cy. It follows that the positive dual

Pra(t) :={p € bag, n: ©(X) >0, VX € C;}

is contained in baET’n and is obviously o(bag, n, Bayn)-closed. By virtue of the con-
tinuity property (3.2) of p, Cy is closed in Bg,. . We can also easily check that it is a
non-empty convex set. It follows that C; is the dual of Py, (t). From there and from
Proposition 3.13 and Theorem 3.14

Szo(t,X) = {.’L’tELgL(]:t) ZOEpt(X —|—aTt)a.s.},
= {xtELg(}})X—&—TtECt},
= {2 €Ld(F) (X +T5) >0, Vo € Poalt)}.
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Note that Py, (t) # {0}; otherwise p;(0) = R™ which contradicts Axiom AO).
Since C; is stable under positive and bounded F;-measurable multiplication, we infer
that Pya(t) is Fi-stable.

2. Let us show that (ii)= (i).

Axiom AO0). From the dual representation (4.3), we immediately deduce that
S5°(t, X) is Bgy n-closed and decomposable since Py, (t) is Fi-stable. It follows from
Theorem 3.11 that p,(X) is a.s. closed. It is clear from (4.3) that 0 € S5°(¢,0),
hence 0 € p:(0) a.s. Now, we claim that p,(0) # R". Assume to the contrary that
pe(0) = R", it follows that S5°(¢,0) = L>(R", 7;) and from (4.3) we get that ¢(14,n) =
0. As Pp(t) C bagT’n we conclude from Lemma C.5 that Py, (t) = {0}, which is a

contradiction to (ii).

Axiom Al), A2) and A4). It is easy to verify from (4.3) that the mapping
Lo (t, ) satisfies the following properties

al : X >, Y implies L°(t,Y) C L°(¢, X)
a2: LX)+ LX(LY)C LYt X +Y)
ad:  aeL)(R",F) with X +a € D implies L°(t, X +a) = L°(t, X) — {a}

We then conclude by using Lemma A.2 that p satisfies axioms A1), A2) and A4). Notice
that, as a consequence of these axioms, p satisfies the continuity property (3.2).
Axiom A3). We have to show: if A € LY(R;,,F;) is such that AX € D for
some X € D, then L°(t,AX) = AL5°(t, X). Let us first consider A € L>(Ry4, )
and denote A" := A\ +n"t € LR, F;). Since Py, (t) is Fi-stable, for all n, ¢ "
and '/*» belong to Pye(t). Therefore for all z, € Lgo(t,X),go € Ppa(t) , we have
N (X +T4) = (A" X +A"Z;) > 0. That is, \"z; € L2 (t, A" X) and we get the inclusion
A" LEe(t, X) C Loe(t, A" X). The second inclusion is obtained similarly by considering
/2" Now using the Lemma A.2, we obtain that: p;(A\"X) = X\"p;(X). Letting n go
to oo, by virtue of the continuity property (3.2), we get that: p:(AX) = Ap:(X).
The general case A € LY(R,F;) is deduced from the above equality as follows:

A A
. vy=_-
=

( Y
P 1+ A
Taking Y := (1 + A\)X € D we conclude that p;(AX) = Api(X). O

4.2 Dual representation under Fatou property

Definition 4.3 A S[%’T] -valued mapping p on Bg, »(R?, Fr) is said to satisfy the Fa-
tou property if for all X € Bg, n,
liminf L72°(¢, X™) C L°(¢, X), Vt

m—o0

for any bounded sequence (X™) in Bg, n, which converges to X in probability.
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Remark 4.4 In the literature, a bounded sequence (X™) in Bg,. n which converges to
X in probability is said Fatou-convergent to X. This is an important convergence tool

in arbitrage theory with friction.

The main result of this subsection states a dual representation of coherent risk
processes satisfying the Fatou property. This dual representation is based on a duality
between Bg, , and the space L;’"(Rd,fT) defined below, analogous to the duality
between L™ and L'. This duality holds under the Conditions g4-g5 below. We assume
throughout this subsection that:

g4: R4\{0} C int [G7] or equivalently G;:\{0} C int R%.
g5: G’ and Gr are both generated by a finite number of linearly independent and

bounded generators denoted respectively by (§)1<i<n+ and (&;)1<i<n-
Remark 4.5 Notice that g4 and g5 are usual assumptions in the financial models of

the literature.

Given the Conditions g4-g5, we consider the measurable decomposition:

N
lim = Y &, where a; € LRy, Fr), i=1,---,N. (4.4)

i=1

For a random set A C R, let LZ’"(A, Fr) be the set defined by:
LA Fr) = {ZelS(AFr): Z-(a'¢)eLyVi=1,--- ,N}.
Remark 4.6 In the case where A = G, the set L(li’"(G*T, Fr) is also equal to
Ly G Fr) = {ZeLy(Gh Fr): Z-14, € L}}.
This is stated in Appendix C.

We denote by ||-||4,» the dual norm on bag,. .. Notice that, for Z € L™ (G%, Fr), the
linear form ¢z := X — E[ZX], belongs to bagT‘n. We shall denote || Z]|4,n == ||0z||dn-

The main result of this subsection, Theorem 4.8, relies on the characterization:

Proposition 4.7 Let C be a decomposable convex set of Bg, n. The set C is weak *
closed (i.e. o (BGT,H,LZ’"(Rd,fTDf closed) if and only if C N {E : |€llgpn < M} is
closed in probability VM € R.

The proof of this essential characterization result is provided in Appendix C.
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Theorem 4.8 Let p be a (d,n)-coherent risk process on Bg,. n. Assume that Conditions
gl — g5 hold. The following statements are equivalent:

(i)For eacht € [0, T), there exists a closed Fi-cone, {0} # Ppa(t) € (LY (G5, Fr), | |lam)
such that

Syt X) = {274 € Bayn, pz (X +T¢) >0, VZ € Ppa(t)} (4.5)

(ii) p satisfies the Fatou property.
(iii) Cy := {X € Bapn: pi(0) C pe(X)} is o (BGT,,L, L};”(Rd,fT))-czosed.

Proof.

1. We start by proving that (i) = (ii). Let (X™) be a bounded sequence in Bg,.
which converges to X in probability. Consider x; € liminf,, Lzo(t, X™), let us show
that x, € L°(t, X). Since z; € L3°(t, X™) for m large enough, the dual representation
(4.5) implies that EZp (X™ + ;) > 0, VZpr € Ppo(t). Observe that (—ZpX™) is
uniformly bounded from below by —kZr1g, where k = sup,, || X™||G,.n- Applying
Fatou’s lemma, we deduce that EZr (X +7z) > 0, VZr € Ppy(t), ie. x1 € L (t, X).

2. Let us show that (ii) = (iii). Applying Proposition 4.7, it is sufficient to prove
that CyN{¢ : ||€]lgpn < M} is closed in probability whatever M € Ry. This is a direct
consequence of (ii).

3. Observe that ¢z > 0iff Z € L;’"(G*T,]—'T). Then, the implication (iii) = (i) is
obtained through the same arguments as the proof of (i) = (ii) of Theorem 4.2. O

Notice that in the case d = n and Z € LY™ (G, Fr) , | Z||an is the usual norm on
LL(R?, Fr) associated with the norm |z| := 2.1 on R%.

5 Examples
5.1 Worst conditional expectation
For each t € [0,T, let A}"° be the subset of Bg, , defined by
AP .= {X €Bgyn: E[X-&|F]>0 Vi=1,---N*}.

We can easily verify that (che)tG[O 7] 18 a (d,n)-acceptance process. By virtue of
Proposition (3.13), we can associate with the acceptance process (.Aff’ce)te[o’T] a (d,n)-

coherent risk measure process (quce)te[o 7] whose measurable selectors are given by

Shee(t,X) = {acL)(R"F): El(a+X)-&|F]>0 Vi=1,--- ,N*}
= {a€eL)(R"F): a - E¢|R]+E[X-&|F]>0 Vi=1,--- ,N*}

This is the ’dynamic’ version of the Worst Conditional Expectation (WCE) vector-

valued risk measure introduced in [9].
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5.2 Super-replication

Let us consider the financial market of Example 2.1. As in the setting of [3], con-
sider y{o the set of all admissible predictable portfolio processes of bounded variations
expressed in physical units. Let X be an European contingent claim X € Bg, . Let
D(X) be the set of all hedging prices of X which is defined by

Dt(X> = {.’Et N jt S BGT’n(Rn X Od,n,ft) N HY S ygjo, i’t + YT ZGT —X} .

It has been shown, see for example [10], that under the condition of existence of a

strictly consistent price system, the following dual representation result holds true

Dy(X) = {x: % € Bapn(R" X 04n, Ft) : 213 > —E[Zr X|F), VZ € M](G*)},
= {24 :% € Bapn(R" X 04—, Ft) : @2, (X +3) >0, VZ € M7 (G*)} (5.6)

where M{ (G*) is the set of all martingales (Z,)yep:, 7] such that Z, € G Yu > t. By

Theorem 4.2, Dy(X) = L;O(X7 t) for some (d,n)-coherent risk process p. Moreover,

if conditions g4, g5 are satisfied, then the risk measure p satisfies the Fatou property.
This is, for instance, the case if d = 2.

Definition 5.1 A (d,n)-coherent risk process p on D = Bgy,. 15 said weakly consistent
in time if for any s <t <T and X € Bag, n, 0 € p(X) implies 0 € ps(X).

We easily deduce the following result:

Proposition 5.2 Let p be a (d,n)-coherent risk process defined on D = Bgy.n. The
following statements are equivalent:

(i) The (d,n)-coherent risk process p on D = Bg,.n is weakly consistent in time.
(#) Ppa(s) C Ppalt) for alls <t <T.

In our example, Py, (t) = {Zr : Z € M} (G*)}. Tt is clear that the property (ii)
holds so that p is weakly consistent in time.

Appendices

A Auxiliary results
For the convenience of the reader, we recall from [10] the measurable selection theorem.

Theorem A.1 Let (Q,F, P) be a complete probability space, let (E,E) be a borel space
and let T C Q x E be an element of the o-algebra F @ £. Then the projection Prq(T)
of T onto Q) is an element of F, and there exists an E-valued random variable £ such

that £(w) € T, for all non-empty w-sections T, of T
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Lemma A.2 Let H C F be a o-algebra. Suppose that the inclusion
BGT,TL(Ala H) + BGT,H(A27 H) g BGT,n(ASa H)

holds for some H x B(R®)-measurable set-valued mappings A;. Then, the inclusion
Ay + Ay C A3 holds a.s.

Proof. We may assume without loss of generality that Bg, n(A1,H) # 0 and
Bgy n(A2,H) # 0. Suppose by contradiction that the inclusion A; + Ag C Az fails on
a non-null set B € H. We deduce by a measurable selection argument & € Lg(Rd,’H)
and & € LY(R?, H) such that & € Ay and & € Ay while & + & ¢ Az on the set
B. We may assume without loss of generality that & and & are bounded. Taking
€& € Bapm(A,H) and &5 € Bay n(Ag, M), we set & = &l + Elpe, i = 1,2, Tt is
immediate that & € Be, (A, H). Using the hypothesis of the lemma, it follows that
§~1 + 52 € Bgy.n(As, H) hence a contradiction. O

Lemma A.3 Let (£¥) C Bg,n(R% Fi) be a countable family. For each w € Q, let
['(w) be the closure in RY of the set {&(w)}. Then, Bgyn(T,F:) is the closure in
(BGy.ms || *llgrn) of a countable set of random variables in Bg, n(R%, F;) of the form
Sy lﬂffk where (UF) are F;-measurable partitions of Q.

Proof. Observe that

{wa):zelwl= ) Ulle-&w)l<a

qeQt k

where QT is the set of all strictly positive rational number. It follows that the set-valued
mapping w — I'(w) is Fi-adapted. Let us consider £ € Bg, (I, F¢). Then, a.s(w), for
any g € QT, there exists k such that —q14,, <R E(w)—€F(w) <me qlin,ie Q= Ur B}

where B} = {w : —ql4, SRi E(w) — &8 (w) SRi qlan} € Fi. We put Q; = B; and
Qf = Bi\ (Ujzh 19} ). Tt is then straightforward that || — 3, € 1oy lgn < g O

B Proof of Theorem 3.11

Let A be a closed subset of (Bay,n(R%, 1), || - [|Gron)- It is clear that A = B, (T, )
is Fy-decomposable.

Reciprocally, suppose that A is F;-decomposable. Consider a countable dense subset
(z;) of R? and let us define a; := inf,e 4 E|y — ;| A 1. Then, there exists v; ; € A such
that E|y; j—x;|Al < a;+j " for any j € N. Let us define I'(w) as the closure of (v; ;(w))
in R%. By virtue of Lemma A.3, Bg, »(I',F:) C A if A is closed and decomposable.
Under this condition, suppose that there exists £ € A such that £ ¢ Bg,. (', F¢). Then,
it suffices to repeat the reasoning of Proposition 5.4.3 [10] with p = 0. O
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Remark B.1 Observe that if A = Bg,. (I, F;) and A is a closed subset of Bg,,. .(R%, F3),
then necessarily I" is closed. Indeed, consider the case where 0 € I". If T" is not closed,
we may find a selector v € L>(T, ;) such that v ¢ I' on a non null set. Again by a
measurable selection argument, we may construct a sequence v,, € L°(T, F;), m € N,
such that |y — ™| < m™! so that we have 7, € Bg, o(I',F;) = A and y™ — . We
then get a contradiction since A is closed.

C Proof of Proposition 4.7

For our dual-characterization theorem, we use the duality between the Banach space
(BGy.ms || llge.n) and the vector space LL(R?, F;) equipped with a suitable norm. It
turns out that under the supplementary conditions g4 — g5, L}i(Rd, F) is equal to the
subspace Vect L}i(G*T7 Fr) of the Banach space bag,. . The proof is based on properties
stated in the following paragraphs.

C.A Essential supremum w.r.t G

Definition C.1 LetT be a subset of LY(R?, Fr). When existence holds, 4 = (G, Fr)-esssup
is the unique Fp-measurable random variable satisfying the following statements

¥ 265 v as., Vyel, (C.7)
v e LyRY, Fr) andy >, T =7 >a; 7 as. (C.8)

Remark C.2 When existence of (G4, Fr)-esssup I holds, its uniqueness follows imme-
diately from the fact that G7 is proper. To alleviate the notations we shall sometimes
denote esssup I' instead of (G%., Fr)-esssup I for a given set I

For T' C L°(R4, Fr) denote by || = {|7|, v € I'}. As usual, esssup || denotes the
essential supremum of the real valued r.v. |y| € T'. It is proved in [11] that:

Lemma C.3 Under the assumption that the generators of G7. are linearly independent,
if T C LY(RY, Fr) is such that esssup |I'| < oo a.s., then (Gi, Fr)-esssup ' exists.

Lemma C.4 Suppose that the generators of Gr and G are linearly independent. Let
[ C LY(RY, Fr) be such (G, Fr)-esssupD exists. Then for any generator & and for
any A € LY(Ry, Fr):

[(G%, Fr)-esssupD] - (A') = essup {Ay-¢&, yeT}.

C.B  Weak duality

Lemma C.5 The set baf, , is equal to: bal, , = {p € bag,n : ¢l = ¢(lan)}

Proof. 1. We start by showing the first inclusion: bagT?n C{p€bag,n: el =elan)}
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l.a. Let ¢ € bagT)n. Given that ||14n]lcr.n < 1, we have ||¢|| > |p(14,)|. Since
lin 267 0, ¢(1a,n) > 0 and [[of| > o(14.n)-

1.b. To get the first inclusion, it remains to show that for all X € Bg, , with
1 X|lgrn <1, we have |p(X)] < ©(1gn). If || X|lgpn < 1 then X 4+ 14, € Gr and
14, — X € Gr. As ¢ is a positive linear form, p(1g, + X) = ¢p(1gn) + ¢(X) > 0 and
¢(Lan — X) = ¢(lan) = ¢(X) 20, ie. [p(X)] < p(Lan)-
2. Reciprocally, assume that ¢ € bag,.» is such that ¢(14.,) = ||¢||. Let us show that
@ is a positive linear form.
If X >¢, 0, then: 0<g, X <g, [|X|lgr,nlan and

1 1 1
—§\|X||GT,n1d,n <er X — §HX||GT,n1d,n <Gr §||X||GT7n1d,n :

Therefore, HX — %||X||GT,n1d,n||GT7n < 31 X|Gzn, and

1 1 1
o (X = §1Xllaratan )| = o0 = 31Xllorne Q)| < lell31XlIarn

Since |p| = ¢(14,n), it follows that

1 1 1
SIXlGrn @ (Lan) = 9 (X) < \w<X>2|X||GT,nso<1d,n> < SIXlGrn ¢(lan)

and we infer that ¢(X) > 0. O

Lemma C.6 The set Ly (G4, Fr) :=1{Z € LYG%,Fr): Z-(a’¢) e L} Vi=1,--- N}

satisfies
Ly G, Fr) = {ZeLy(Gp Fr): Z-1'€ L} Vi=1,---N} (C.9)
= {Z2eLli(Gy Fr): Z 1an€Li}. (C.10)
Proof. Let Z € L;’n(G},]:T). Observe that 0 <g, @& <g, lan, it follows that
0<Z-(a’¢") < Z 14, and consequently Z - («;&;) € L}. Reciprocally, let Z € G% be
such that Z - (a'¢?) € L} Vi = 1,--- | N. It follows from the decomposition (4.4) that

Z 14 € L}. Then, 0 <g, 1' <g, 14, implies that Z - 1* € L}. This shows (C.9).
Now, the equality (C.10) follows easily from (C.9). O

Denote by Vect L;’” (G%., Fr) the smallest vector space containing L;’”(G}, Fr). For
Z € Vect LY™ (G5, Fr), we denote by ¢z € bag,. » the linear form ¢ : X — E[ZX],
and [ Z]la.n := [[$z]]-

Lemma C.7 The equality: Vect L™ (G4, Fr) = LY™ (R, Fr) holds true.

Proof. The inclusion Vect L;"™ (G4, Fr) C Ly™(R?, Fr) is straightforward. Now, con-
sider Z € L;’"(Rd, Fr), then we can write Z = Z; — Z5 where

Zy = Z +esssup {—Z,0} and Zp:=esssup {—Z,0}.

19



Notice that
N N
Zy-lgn = ZZQ Lalet = Zesssup {fZ . aiﬁi,O}
i=1 i=1

where the last equality follows from Lemma C.4. Hence Zy - 14, < 3.8, |Z - ai€il.

Using Lemma C.6, we get: Z5 € L(li’”(G},]:T) and Zy-a'¢* € Li foralli=1,--- N.
Finally, since Z; = Z + Zs, we deduce that Z; is also in L(li’”(G*T,]-"T). |

Lemma C.8 If Z € Vect Ly™ (G, Fr), then

N
|Zllam < E[(Gy, Fr)-esssup{~Z, Z}|1an <Y _E[|Z-(a"¢)]] .

i=1

Proof. We may write Z = Z; — Zy where Zy,Z5 € L(li(G},]:T). For X € Bg, n with
IX|lgr.n =1, wehave |¢pz(X)| < E[Z1|1an+E[Z2)14.n = E[Z]1an+2E[Z]14,. Then

1Zllan =lézllan < ElZ]lan+2minB[Z]145.
2

Since Zy = —Z+Z1, we have Zy >g: —Z and Z3 >g:. 0, hence Z» >¢:, esssup {-Z,0}.
Moreover, 1,4, € Gr, then

E[Z14,)+2 r%in E[Z:14,) = E[Z14y]+ 2E[esssup{—Z,0}14,]
2

E[Z 4 esssup{—2Z,0}|14,, = Elesssup{—Z, Z}14.]

and we conclude to the first required inequality. Then, the second inequality follows
from the fact that 14, = Zi\il a*¢* and the Lemma C.4. O

Proposition C.9 The normed space (L;’"(Rd, Fr),|I-llan) is a Banach space of bac p.-

Proof. Consider a Cauchy sequence (Z;)i>1 in (LY (R, Fr), || - la.n). Recall, that by
definition of the norm || - ||, this means that the sequence of linear forms (¢z, )x>1 is
a Cauchy sequence in bag, n-

step 1. We define

Xin,k = l{Am,k}li — l{Q\Am,k}li Where A;n,n = {(Zm — Zk) . ]_i Z O} .

We then verify for i = 1,---n that

E|(Zm—Zk) - 1| = |dzp-z0) Xwi) | < 102, — b2z llam -

Therefore, for all i = 1,--- ,n, the sequence (Zj - 1%);>1 is a Cauchy sequence in L1,
hence converges to some Z% € L}.

step 2. Now, we define

Yo wi=1p, (') = Lia\p,, 3 (a’¢")  where B} . = {(Zn — Z;) - (a'¢") > 0} .
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For this sequence (Y}, ,

)kem we verify for ¢ = 1,--- N that

E }(Zm - Zk) ’ (alfl)| = |¢(Z7n_Zk) (Yriz,k) ‘ < ||¢Zm - ¢Zk||d,n .

Therefore, for all i = 1,---, N, the sequence (Zj - ("))
L1, hence converges in L}.

k>1 is a Cauchy sequence in
From steps 1. & 2. we deduce that, along a subsequence the convergences hold almost
surely.
step 3. Let us write Zj, = Z} — Z? where Z7 := esssup {—Zy,0} € G% . We have for
i=1,---,N

0< ZE ('€’ =esssup {—Z; - (a'€"),0} < |Zk- (a'€)] (C.11)

3.a. We state that liminfy |Z,f\ < 0o almost surely. Indeed, in the contrary case, we

consider the event

Q= {limkinf|Z,3| = Jroo}

~ ~ 2
and assume that () is non-null. Then define the sequence: Z7 := % We may assume
~ ~ k ~
that (Z2)) converges along a random subsequence to some Z2 such that: |Z%| = 1 on

Q. In particular Z2 € G5\ {0} in Q. On the other hand, the inequality (C.11) implies
that Z2- (a’¢’) = 0 for alli = 1,--- , N, hence Z2-14,, = 0 on the non-null set Q. This
is in contradiction with Z2 € G%. \ {0} C int(R%) on Q.

3.b. Using the fact that Z ,i = Zr + Z,%, an analogous argument allows to state that
liminfy, | Z}| < oo almost surely.

3.c. We conclude that lim infy, [ Z;| < oco. Consequently, (Zx) converges to some Z along
a random subsequence and (Zj, - a*¢?) converges in L} to (Z-a’¢) foralli=1,---,N.
Recall from Lemma C.8 that

N
l62 = 6zllan < D E[I(Z = 2)- (@] .

This alows to conclude that Z converges to Z in (Ly"™(R%, Fr), || -

dﬂl)' O

C.C The proof of Proposition 4.7

The Krein-Smulian theorem asserts that a convex set in the dual to a Banach space

is weak closed (i.e. here o (Bg,n(R% Fr), L{(R%, Fr)) — closed) if and only if its
intersection with any ball centered at the origin is weak closed. So it is sufficient to
state Proposition 4.7 for C' is bounded in Bg, ».
1. We start by the first implication. We assume that C is weakly closed, and we
consider a sequence X™ € C' which converges to X in probability. We have to show
that X € C. Since C is bounded, there exists ¢ > 0 such that |[ZX™| < ¢Z14,
whatever Z € LL(G%,Fr). So, by the Lebesgue theorem, for all Z € LL(G%, Fr),
E[ZX™] converges to E[ZX]. Hence X™ weakly converges to X and X € C.
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2. Reciprocally, assume that X™ € C weakly converges to X. Since C' is bounded,

there exists a constant ¢ independent of m such that —cly, <g, X™ <G, clgn. As

Gr is proper, we deduce that sup,, | X™| < oo a.s. This implies, via the Von Weizsécker

Theorem 5.2.2 [10], that there exists a subsequence X™J which is Césaro convergent
to some X € C almost surely, that is Y := %2?21 X™i converges to X a.s.

Therefore, by the same arguments as in step 1., Y™ weakly converges to X*° = X. And
we conclude that X>*° =X € C. O
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