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A Global Steering Method for Nonholonomic Systems *

Yacine Chitour T, Frédéric Jean * and Ruixing Long *

Abstract

In this paper, we present an iterative steering algorithm for nonholonomic systems (also called
driftless control-affine systems) and we prove its global convergence under the sole assumption
that the Lie Algebraic Rank Condition (LARC) holds true everywhere. That algorithm is an
extension of the one introduced in [21] for regular systems. The first novelty here consists in the
explicit algebraic construction, starting from the original control system, of a lifted control system
which is regular. The second contribution of the paper is an exact motion planning method for
nilpotent systems, which makes use of sinusoidal control laws and which is a generalization of the
algorithm described in [29] for chained-form systems.
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1 Introduction

Nonholonomic systems have been attracting the attention of the scientific community for several years,
due to the theoretical challenges they offer and the numerous important applications they cover. From
the point of view of control theory, a nonholonomic system is a driftless control-affine system and is
written as

(%) :i’:ZuiXi(:c), r€Q, u=(uy,...,uy,) €R™ (1.1)
i=1
where () is an open connected subset of R", and Xi,...,X,, are C vector fields on 2. Admissible

inputs are R™-valued measurable functions u(-) defined on some interval [0, 7] and a trajectory of (%),
corresponding to some zy € 2 and to an admissible input u(-), is the (maximal) solution z(-) in Q of
the Cauchy problem defined by @(¢t) = > u;(t)X;(z(t)), t € [0,T], and z(0) = .

In this paper, we address the motion planning problem (MPP for short) for (X), namely determine
a procedure which associates with every pair of points (p,q) € 2 x  an admissible input u(-) defined
on some interval [0, T, such that the corresponding trajectory of () starting from p at ¢ = 0 reaches ¢
at t = T. As for the existence of a solution to MPP, this is equivalent to the complete controllability of
(X). After the works of Chow and Rashevsky in the thirties [13, 32], and that of Sussmann and Stefan
in the seventies [36] 35], the issue of complete controllability for nonholomic systems is well-understood
and it is usually guaranteed by assuming that the Lie Algebraic Rank Condition (also known as the
Hormander condition) holds for (X). This easily checkable condition is not only sufficient for complete
controllability but also necessary when the vector fields are analytic. From a practical viewpoint,
assuming the LARC is, in a sense, the minimal requirement to ensure complete controllability for (X)
and this is what we will do for all the control systems considered hereafter.

As for the construction of the solutions of the MPP, we present, in this paper, a complete procedure
solving the MPP for a nonholonomic system subject to the sole LARC. By “complete procedure”, we
mean that the following properties must be guaranteed by the proposed procedure.

1. Global character of the algorithm: for every pair of points (p, ¢) in €2, the algorithm must produce
a steering control. (Note that the core of many algorithms consists in a local procedure and
turning the latter into a global one is not always a trivial issue.)

2. Proof of convergence of the algorithm.

3. Regarding numerical implementations, no prohibitive limitation on the state dimension n.
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4. Usefulness for practical applications, e.g., robustness with respect to the dynamics, “nice” trajec-
tories produced by the algorithm, (no cusps neither large oscillations), and possibility of localizing
the algorithm in order to handle obstacles (i.e., reducing the working space €2 to any smaller open
and connected subset of R").

There exist of course several algorithms addressing the MPP in different contexts but most of them
fail to verify all the aforementioned properties.

At first, in the case of specific classes of driftless nonholonomic systems (i.e. where more is known
than the sole LARC), effective techniques have been proposed, among which a Lie bracket method
for steering nilpotentizable systems (see [24] and [25]), sinusoidal controls for chained-form systems
(see [29]), averaging techniques for left-invariant systems defined on a Lie group (see [20, 4]), and a
trajectory generation method for flat systems (see [14]). Depending on the applications, these methods
turn out to be extremely efficient, especially when the system to be steered is shown to be flat with an
explicit flat output.

However, the class of systems considered previously is rather restrictive: for 2-input nonholonomic
systems (i.e. m = 2), under suitable regularity assumptions, a flat system admits a feedback chained-
form transformation (cf. [30, 28]) and thus is exactly nilpotentizable; on the other hand, when the
dimension of the state space is large enough, exact nilpotentizability is clearly a non generic property
among 2-input nonholonomic systems. Moreover, there exist standard nonholonomic systems whose
kinematic model does not fall into any of the aforementioned categories. For instance, mobile robots
with more than one trailer cannot be transformed in chained-form unless each trailer is hinged to the
midpoint of the previous wheel axle, an unusual situation in real vehicles. Another similar example
is the rolling-body problem: even the simplest model in this category, the so-called plate-ball system,
does not allow any chained-form transformation and is not flat.

Regarding general nonholonomic systems, various steering techniques have been proposed in the
literature, and we only mention three of them: the iterative method, the generic loop method, and
the continuation method. The first one, introduced in [24] and improved in [25], is an approximation
procedure which is exact for nilpotent systems. This method is proved to be convergent with the sole
assumption of the LARC and actually meets most of the requirements to be a complete procedure in
the sense defined previously. However, either the resulting trajectories in [25] contain a large number
of cusps (exponential with respect to the degree of nonholonomy), or the computation of the steering
control in [24] requires the inversion of a system of algebraic equations. The latter turns out to be
numerically intractable as soon as the dimension of the state is larger than six. Let us also mention
a less important limitation for practical use. The iterative method described in [24] 25] makes use of
several nonlinear changes of coordinates, which must be performed by numerical integration of ODEs
at each step of the iterative method, thus leading to spurious on-line computations.

The generic loop method, presented in [34], is based on a local deformation procedure and requires
an a priori estimate of some “critical distance” which is, in general, an unknown parameter in practice.
That fact translates into a severe drawback for constructing a globally valid algorithm. The continuation
method of [40] and [9] belongs to the class of Newton-type methods. Proving its convergence amounts to
show the global existence for the solution of a non linear differential equation, which relies on handling
the abnormal extremals associated to the control system. That latter issue turns out to be a hard one,
see [10, I1] for instance. This is why, in the current state of knowledge, the continuation method can
be proved to converge only under restrictive assumptions (see 7, 8, [12]).

The algorithm considered in the present paper takes as starting point the globally convergent
algorithm for steering regular nonholonomic systems discussed in [21]. As the iterative method of [24]
25, that algorithm can be casted in the realm of nonlinear geometric control and roughly works as
follows: one first solves the motion planning problem for a control system which is nilpotent and



“approximates” system ([LI]) in a suitable sense; then, one applies the resulting input @ to (LI) and
iterates the procedure from the current point. If we use Z(¢,a, @), t € [0,7] to denote a trajectory
of the “approximate” control system starting from a, a local version of this algorithm is summarized
below, where d is an appropriate distance (to be defined in the next section) and e is a fixed positive
real number.

Algorithm 1 Local Steering Algorithm
Require: zg, x1, €
k= 0;
.’L‘k = To;
while d(z*,z,) > e do
Compute 4* such that x; = 2(T, 2%, 0*);
2kt = AppSteer (2%, 11) == (T, 2%, 0*);
k=k+1;
end while

We note that Algorithm [ converges locally provided that the function AppSteer is locally contractive
with respect to the distance d, i.e., for x; € €2, there exists €,, > 0 and ¢, < 1 such that

d(AppSteer(x, 1), z1) < ¢, d(z1, ), (1.2)

for x € Q and d(x1, ) < &4,.
Assume now that we have a uniformly locally contractive function AppSteer on a connected compact
set K C (2, i.e. there exists e > 0 and cx € (0,1) < 1 such that

d(AppSteer(z, 1), x1) < cgd(xy,x), (1.3)

for z, 1 € K and d(z1,x) < ek.
Based on the local algorithm, a global approximate steering algorithm on K can be built along the
line of the following idea (a similar procedure is proposed in [25]): consider a parameterized path v C K

connecting ro to x1. Then pick a finite sequence of intermediate goals {zd = g, 2%, . .. ,3:? =11} on vy
such that d(z¢ |, 2¢) < eg /2,7 =0,...,7. One can prove that the iterated application of a uniformly

locally contractive AppSteer(z'~1,z¢) from the current state to the next subgoal (having set z¢ = 11,
for i > j) yields a sequence x’ converging to .
To turn the above idea into a practically efficient algorithm, three issues must be successfully

addressed:
(P-1) Construct a uniformly locally contractive local approximate steering method.

(P-2) The “approximate” control 4* must be ezact for steering the “approximate system” from the
current point z* to the final point z;. As this computation occurs at each iteration, it must be
performed in a reasonable time.

(P-3) Since the knowledge of the “critical distance” € is not available in practice, the algorithm should
achieve global convergence without explicit knowledge of .

Issues (P-1) and (P-3) are solved in [21] under the assumption that the control system is regular
(cf. Definition 2.9 below). The solution proposed therein relies on the understanding of the geometry
defined by the nonholonomic system (cf. [3]). That geometry is a sub-Riemannian one and it endows



the working space () with a sub-Riemannian metric d for which the aforementioned function AppSteer
is contractive. Moreover, the approximation of the original system adapted to the motion planning
turns out to be the approximation at the first order with respect to d (cf.[21]). However, the regularity
assumption for the control system is rather restrictive: in general, nonholonomic systems do exhibit
singularities (cf. [42]). A solution also exists in the case of a non regular control system [41], but
only when the state dimension n is less than or equal to 5. In the present paper, we completely
remove the regularity assumption and solve Issues (P-1) and (P-3) for every nonholonomic control
system. The solution is based on an explicit desingularization procedure: adding new variables (thus
augmenting the dimension of the state space), we construct a “lifted” control system which is regular
and whose projection is the original control system. The solution of Issue (P-1) described in [21] can
thus be applied to the “lifted” control system, as well as the globally convergent motion planning
algorithm solving Issue (P-3) proposed therein. Note that other desingularization procedures already
exist [2, 15, 20, B3], but we insist on the fact that the one we propose here involves only explicit
polynomial transformations. It numerically translates to the fact that these changes of variables can
be performed off-line once each local procedure is identified.

As regards Issue (P-2), several algorithms were proposed for computing #, i.e. for controlling nilpo-
tent systems. In [24], the authors make use of piecewise constant controls and obtain smooth controls
by imposing some special parameterization (namely by requiring the control system to stop during the
control process). In that case, the smoothness of the inputs is recovered by using a reparameterization
of the time, which cannot prevent in general the occurrence of cusps or corners for the corresponding
trajectories. However, smoothness of the trajectories is generally mandatory for robotic applications.
Therefore, the method proposed in [24] is not adapted to such applications. In [25], the proposed
controls are polynomial (in time), but an algebraic system must be inverted in order to access to these
inputs. The size and the degree of this algebraic system increase exponentially with respect to the
dimension of state space, and there does not exist a general efficient exact method to solve it. Even
the existence of solutions is a non trivial issue. Furthermore, the methods [24] and [25] both make use
of exponential coordinates which are not explicit and thus require in general numerical integrations of
nonlinear differential equations. That prevents the use of these methods in an iterative scheme such as
Algorithm [[I Let us also mention the path approximation method by Liu and Sussmann [27], which
uses unbounded sequences of sinusoids. Even though this method bears similar theoretical aspects
with our method (see especially the argument strategy in order to prove Lemma [5.8 which is borrowed
from [27]), it is not adapted from a numerical point of view to the motion planning issue since it
relies on a limit process of highly oscillating inputs. In the present paper, we present an exact steering
algorithm for general nilpotent systems is provided, which uses sinusoidal inputs and which can be
applied for controlling the approximate (nilpotent) system used in [2I]. Our method generalizes the
one proposed in [29] for controlling chained-form systems, which is briefly recalled next: after having
brought the system under a “canonical” form, the authors of [29] proceed by controlling component
after component by using, for each component, two sinusoids with suitably chosen frequencies. In the
present paper, we show for general nilpotent systems that, with more frequencies for each component,
one can steer an arbitrary component independently on the other components. We are also able to
construct inputs which give rise to C''—trajectories.

We now describe in a condensed manner the global motion planning strategy developed in this paper.
The latter is presented as an algorithmic procedure associated with a given nonholonomic system (%)
defined on Q C R™. The required inputs are initial and final points 2™ and zfi"a! belonging to (2,
a tolerance e > 0, and a compact convex set K C Q (of appropriate size) equal to the closure of its
interior which is a neighborhood of both 2™l and zfi"2!. For instance, K can be chosen to be a large
enough compact tubular neighborhood constructed around a curve joining z™*% and 2f®!. The global



steering method is summarized in Algorithm [2

Algorithm 2 Global Approximate Steering Algorithm: Global(z™itial pfnal o /)
1: Build a decomposition of K into a finite number of compacts sets V%, with i = 1,..., M (Sec-

tion [3.3).
2: Construct the connectedness graph G := (N, E) associated with this decomposition and choose a
simple path p := {jo,j1..., i} in G such that z'ital ¢ Vg, and pfinal ¢ V5. (Section B.3).
M

Choose a sequence (x');—; ;1 such that 2° € Vg, N V%H.

Set 1 := xinitial.
fori=1,...,M —1do
Apply the Desingularization Algorithm at a := 2* with J := J; (Section B.3).
{the output is an m-tuple of vector fields ¢ on V. x R”™ which is free up to step r.}
7. Let AppSteer be the LAS method associated to the approximation A¢ of ¢ on V; x R” defined
in Section 4.1l and to its steering law Exact,,, constructed in Section [.3]).
8 Set Ty := (2,0), 71 := (¢',0), and V°:= V% x Br(0) with R > 0 large enough.
9:  Apply GlobalFree(zo, 1, e, V¢, AppSteer) to £ (Section [£.2]).
{the algorithm stops at a point Z which is e-close to 71;}
10:  return z := (7).
{7 : Vs, x R" — Vg is the canonical projection.}
11: end for

The paper is devoted to the construction of the various steps of this algorithm. We will also show
that each of these steps is conceived so that the overall construction is a complete procedure in the
sense defined previously. In particular, the convergence issue is addressed in the following theorem.

Theorem 1.1. Let (X) be a nonholonomic system on Q C R™ satisfying the LARC. For every e > 0,
every connected compact set K which is equal to the closure of its interior, and every pair of points
(ginitial pinal) in the interior of K, Algorithm [@ steers, in a finite number of steps, the control system
() from 2™l 1o g point x € K such that d(z, 2™ < e.

Before providing the structure of the paper, we mention possible extensions of our algorithm. The
first one concerns the working space {2. Since it is an arbitrary open connected set of R"”, one can
extend the algorithm to the case where the working space is a smooth connected manifold of finite
dimension. From a numerical point of view, there would be the additional burden of computing the
charts. A second extension deals with the stabilization issue. Indeed, at the heart of the algorithm
lies an iterative procedure such as Algorithm [II which can be easily adapted for stabilization tasks
(cf. [31]). Another possible generalization takes advantage of devising from our algorithm a globally
regular input, one can then address the motion planning of dynamical extensions of the nonholonomic
control systems considered in the present paper. Finally, let us point out the modular nature of
Algorithm 2} one can propose other approaches to obtain uniformly contractive local methods (other
desingularization methods or different ways of dealing with singular points), or replace Exact,, (-) by
more efficient control strategies for general nilpotent systems.

The paper is organized as follows. In Section 2, we define properly the notion of first order approx-
imation. We then propose, in Section [3, a purely polynomial desingularization procedure based on a
lifting method. In Section [ we describe in detail the globally convergent steering algorithm given in
[21] for regular systems together with a proof of convergence. In Section [, we present an exact steering
procedure for general nilpotent systems using sinusoids, and we gather, in the appendix, the proof of
Theorem [L.I] and some additional comments.



2 Notations and Definitions

Let n and m be two positive integers. Let Q and VF(Q2) be respectively an open connected subset
of R™ and the set of C* vector fields on €2. Consider m vector fields X7, ..., X,, of VF (), and the
associated driftless control-affine nonholonomic system given by

= ZU@'X@'(J?), x €, (2.1)
i=1
where u = (u1, -+ ,uy) € R™ and the input u(-) = (ui(:),...,un(:)) is an integrable vector-valued

function defined on [0, T, with T" a fixed positive real number.

We also assume that (1)) is complete, i.e., for every a € Q and input u(-), the Cauchy problem
defined by (2] starting from a at ¢ = 0 and corresponding to u(-) admits a unique (absolutely
continuous) solution z(-,a,u) defined on [0,7] and called the trajectory of (2.1]) starting from a at
t = 0 and corresponding to the input u(-). A point z € € is said to be accessible from a if there exists
an input u : [0,7] — R™ and a time ¢ € [0, 7] such that x = z(¢,a,u). Then, System (21]) is said to
be completely controllable if any two points in 2 are accessible one from each other (see [37]).

We next provide a classical condition ensuring that System (2.1)) is controllable. We first need the
following definition.

Definition 2.1 (Lie Algebraic Rank Condition (LARC)). Let L(X) be the Lie algebra generated by
the vectors fields Xi,...,X,, and L(x) be the linear subspace of R" equal to the evaluation of L(X)
at every point z € Q (see [2]). If L(x) = R™, we say that the Lie Algebraic Rank Condition (LARC for

short) is verified at x € Q. If this is the case at every point x € ), we say that System (2.1]) satisfies
the LARC.

Chow’s Theorem essentially asserts that, if System (2.]) satisfies the LARC then it is completely
controllable (cf. [13]).

Remark 2.1. For the sake of clarity, we assume through this paper that the control set is equal to
R™. However, it is well-known that Chow’s theorem only requires that the convex hull of the control
set contains a neighborhood of the origin in R™ (see for instance |23, Chapter 4, Theorem 2]). We
will explain later how we can adapt our method to the case with constraints on the control set (see
Appendix [B]). Moreover, it is worth recalling that complete controllability for (X) does not imply
that LARC holds true for (X) if the vector fields X, ..., X,, are only smooth, but this is the case if
Xi,..., X, are analytic (cf. [I, Chapter 5]).

Throughout this paper, we will only consider driftless control-affine nonholonomic systems of the
type (1)) verifying the LARC, and thus completely controllable. In that context, the motion planning
problem will be defined as follows: find a procedure which furnishes, for every two points xg, 7 € €2,
an input u steering (21)) from zg to xq, i.e., x(T, xo, u) = 1.

Our solution to this problem relies heavily on the underlying geometry, which is a sub-Riemannian
geometry. We provide in Section 2.1] the useful definitions and refer the reader to [2] for more details.
We then introduce in Section a notion of approximate steering method related to this geometry.



2.1 Basic facts on sub-Riemannian geometry
2.1.1 Sub-Riemannian distance and Nonholonomic order

Definition 2.2 (Length of an input). The length of an input w is defined by

0(u) = /OT Vo) + - 2 (1),

and the length of a trajectory x(-,a,u) is defined by £(z(-,a,u)) := £(u).

The appropriate notion of distance associated with the control system (Z1]) and closely related to
the notion of accessibility is that of sub-Riemannian distance, also called control distance.

Definition 2.3 (Sub-Riemannian distance). The vector fields X, ..., X,, induce a function d on €2,
defined by d(xq,x2) := inf, (x(-,z1,u)), for every points 1, x5 in €2, where the infimum is taken over
all the inputs u such that z(, z1,u) is defined on [0, 7] and x(T, 1, u) = z5. We say that the function
d is the sub-Riemannian distance associated with X, ..., X,,.

Remark 2.2. The function d defined above is a distance in the usual sense, i.e., it verifies (i) d(z1, x9) >
0 and d(xq,z2) = 0if and only if &1 = xo; (ii) symmetry: d(xy, z2) = d(x9, 1); (iil) triangular inequality:
d(x1,23) < d(xy,22) + d(xe,x3). Notice that one always has d(z1, z5) < 0o since the control system is
assumed to be completely controllable.

Definition 2.4 (Nonholonomic derivatives of a function). If f : Q — R™ is a smooth function, the

first-order nonholonomic derivatives of f are the Lie derivatives X;f of f along X;, i = 1,...,m.
Similarly, X;(X,f), ¢, = 1,...,m, are called the second-order nonholonomic derivatives of f, and
more generally, X, -+ X, f, i1,...,i € {1,...,m} are the k™-order nonholonomic derivatives of f,

where £ is any positive integer.

Proposition 2.1 ([2, Proposition 4.10, page 34]). Let s be a non-negative integer. For a smooth
function f defined near a € €0, the following conditions are equivalent:

(i) f(z) =0(d*(x,a)) for x in a neighborhood of a;
(ii) all the nonholonomic derivatives of order < s —1 of f vanish at a.

Definition 2.5 (Nonholonomic order of a function). Let s and f be respectively a non-negative integer
and a smooth real-valued function defined on Q. If Condition (i) or (ii) of Proposition 2] holds, we
say that f is of order > s at a € Q. If f is of order > s but not of order > s+ 1 at a, we say that f is
of order s at a. The order of f at a will be denoted by ord,(f).

Definition 2.6 (Nonholonomic order of a vector field). Let ¢ be an integer. A vector field Y € VF(Q)
is of order > q at a € Q if, for every non-negative integer s and every smooth function f of order s at
a, the Lie derivative Y f is of order > ¢+ s at a. If Y is of order > ¢ but not > ¢ + 1, it is of order ¢
at a. The order of Y at a will be denoted by ord,(Y).

Definition 2.7 (Nonholonomic first order approzimation at a). An m-tuple X := {X¢, ... X2},
defined on B(a,p,) := {x € Q, d(z,a) < p,} with p, > 0, is said to be a nonholonomic first order
approzimation of X = {Xy,..., X,u} at a € Q, if the vector fields X; — )A(Z“, forv=1,...,m, are of
order > 0 at a. The positive number p, is called the approzimate radius at a.

Remark 2.3. As a consequence of Definition 2.7, one gets that the nonholonomic order at a defined
by the vector fields X{,..., X coincides with the one defined by Xi, ..., X,,.



2.1.2 Privileged coordinates

The changes of coordinates take an important place in this paper, whether it is to estimate the sub-
Riemannian distance, or to compute the order of functions and vector fields, or to transform a control
system into a normal form. To avoid heavy notations, we will need some conventions and simplifications
that we fix now for the rest of the paper.

A point in Q C R™ is denoted by x = (x1,...,2,) and the canonical basis of R” by (0y,,...,0s,).
Even though x is a point, we will sometimes refer to (xi,...,z,) as the original coordinates. A system
of local coordinates y = (y1,-..,ys) at a point a € €2 is defined as a diffeomorphism ¢ between an open
neighborhood N, C €2 of a and an open neighborhood N, C R" of ¢(a), p: v =y = (y1,...,yn). If
the diffeomorphism ¢ is defined on 2, then y = (y1, . .., y,) is said to be a system of global coordinates on
Q. A system of global coordinates is said to be affine (resp. linear) if the corresponding diffeomorphism
¢ is affine (resp. linear). If f is a function defined on N, the function f o ="' defined on Ny will
be called f (expressed) in coordinates (yi,...,y,). If X € VF(Q) is a vector field, the push-forward
0. X =dpoXop e VF(Nyq) will be called X (expressed) in coordinates (yu, ..., yn).

For the sake of simplicity, we will in general not introduce the notation ¢ and, with a slight abuse
of the notation, replace it by y. Thus we write y(z) or (y1(x),...,yn(x)) instead of ¢(x). The function
f ot will be denoted by f(y), and the vector field ¢, X by X(y) or y,X. The values at a point
J € Ny will be denoted respectively by f(y)jy—y and X (y)y=-

A special class of coordinates, called privileged coordinates and defined below, turns out to be a
useful tool to compute the order of functions and vector fields, and to estimate the sub-Riemannian
distance d.

We will use L*(X) to denote the Lie sub-algebra of elements of length (cf. Definitions B and 3.4))
not greater than s € N. Take z €  and let L*(z) be the vector space generated by the values at x of
elements belonging to L*(X). Since System (2.1]) verifies the LARC at every point = € €2, there exists
a smallest integer r := r(x) such that dim L"(x) = n. This integer is called the degree of nonholonomy
at x.

Definition 2.8 (Growth vector). For a € Q, let ns(a) := dim L*(a), s = 1,...,7. The sequence
(n1(a),...,n.(a)) is the growth vector of X at a.

Definition 2.9 (Regular and singular points). A point a € ) is said to be regular if the growth vector
remains constant in a neighborhood of a and, otherwise, a is said to be singular. The nonholonomic
System (2.1]) (or the m-tuple X) is said to be regular if every point in €2 is regular.

Note that regular points form an open and dense set in €.

Definition 2.10 (Weight). For a € Q and j = 1,...,n, let w; := w;(a) be the integer defined by
setting w; = s if ny,_1 < j < n,, with n, := ny(a) and ng := 0. The integers w;, for j = 1,...,n are
called the weight at a.

Remark 2.4. The meaning of Definition [2.10] can be understood in another way. Choose first some
vector fields Wy, ..., W, in L'(X) such that Wi(a),..., W,,(a) form a basis of L'(a). Choose then
other vectors fields Wy, 41, ..., W, in L*(X) such that Wi(a), ..., W,,(a) form a basis of L?(a) and, for
every positive integer s, choose W, ,11,..., W,, in L*(X) such that Wi(a),..., W, (a) form a basis
of L*(a). We obtain in this way a sequence of vector fields W1, ..., W,, such that

{ Wi(a),...,Wy(a) is a basis of R", (2.2)

W, € L%(X),i=1,...,n.



A sequence of vector fields verifying Eq. (2.2)) is called an adapted frame at a. The word “adapted”
means “adapted to the flag L'(a) C L*(a) C --- C L"(a) = R™”, since the values at a of an adapted
frame contain a basis Wi(a), ..., W, (a) of every subspace L*(a) of the flag. The values of Wy,... W,
at a point b close to a also form a basis of R”. However, if a is singular, this basis may be not adapted
to the flag L'(b) C L?(b) C --- C L"®(b) = R™

Definition 2.11 (Privileged coordinates at a). A system of privileged coordinates at a € €2 is a system

of local coordinates (z1,...,2,) centered at a (the image of a is 0) such that ord,(z;(z)) = w;, for
7=1,....,n.
Remark 2.5. For every system of local coordinates (yi,...,y,) centered at a, we have, up to a re-

ordering, ord,(y;) < w; or, without re-ordering, > 7, ord,(y;) < > 7_; w;.

The order at a € €2 of functions and vector fields expressed in a system of privileged coordinates
(z1,...,2,) centered at a can be evaluated algebraically as follows:

Qn
n

the order of the monomial z{" ... 2% is equal to its weighted degree w(a) := wyay + - -+ + Wy ay;

the order of a function f(z) at z = 0 is the least weighted degree of the monomials occurring in
the Taylor expansion of f(z) at 0;

Qn

the order of the monomial vector field 2{" ...z%
where one assigns the weight —w; to 9., at 0;

., is equal to its weighted degree w(a) — wy,

the order of a vector field W(z) = 3°7 | W;(2)0., at z = 0 is the least weighted degree of the
monomials occurring in the Taylor expansion of W at 0.

Definition 2.12 (Continuously varying system of privileged coordinates). A continuously varying sys-
tem of privileged coordinates on €2 is a mapping ® taking values in R", defined and continuous on a
neighborhood of the set {(z,z),x € 2} C Q x Q, and so that the partial mapping z := ®(a,-) is a
system of privileged coordinates at a. In this case, there exists a continuous function p : 2 — (0, +00)
such that the coordinates ®(a,-) are defined on B(a, p(a)). We call p an injectivity radius function of
o.

Definition 2.13 (Pseudo-norm). Let a € Q and wy, . .., w, the weights at a. The application from R"
to R defined by ||z||q := [21|Y%" 4 - -+ | 20|/, 2= (21,..., 2,) € R, is called the pseudo-norm at a.

2.1.3 Distance and error estimates

Privileged coordinates provide estimates of the sub-Riemannian distance d, according to the following
result.

Theorem 2.2 (Ball-Box Theorem [2]). Consider (Xi,...,X,,) € VF(Q)™, a point a € Q, and a
system of privileged coordinates z at a. There exist positive constants Cy(a) and £4(a) such that, for
every x € Q with d(a,x) < g4(a), one has

1
a < d ) < C a-* 23
o) Iz(2)]la < d(a, z) < Ca(a) [|2(2)] (2.3)
If Q2 contains only regular points and if ® is a continuously varying system of privileged coordinates
on Q, then there exist continuous positive functions Cq(-) and £4(-) on Q such that Eq. (2.3) holds true
with z = ®(a,-) at all (x,a) satisfying d(x,a) < eq4(a).
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Corollary 2.3. Let K be a compact subset of ). Assume that K only contains regular points and
there exists a continuously varying system of privileged coordinates ® on K. Then, there exist positive
constants Ci and e such that, for every pair (a,x) € K x K verifying d(a,x) < e, one has

1
o 1®(a, 2)lla < d(a, 2) < Cicl|®(a 7)o (2.4)
Privileged coordinates also allow one to measure the error obtained when X is replaced by an

approximation X.

Proposition 2.4 ([2, Prop. 7.29]). Consider a point a € Q, a system of privileged coordinates z at a,
and an approximation X of X at a. Then, there exist positive constants Ce(a) and e.(a) such that, for
every x € Q with d(a,x) < e.(a) and every integrable input function u(-) with {(u) < .(a), one has

l2(& (T, 2, 1)) = 2(@(T, 2, u)) o < Cela) max (||2(x) [0, €(u) €)', (2.5)

where 1 is the degree of nonholonomy at a, x(-,x,u) and Z(-,z,u) are respectively the trajectories of

Tt=>" wX,(x), and & =" w; X;(x).

2.2 Approximate steering method

Definition 2.14 (Nonholonomic first order approzimation on ). A nonholonomic first order approx-
imation of X on (1 is a mapping A which associates, with every a € €, a nonholonomic first order
approximation of X at a defined on B(a, p,), i.e., A(a) := X% on B(a, p,). The approzimation radius
function of A is the function p : 2 — (0, 00) which associates, with every a, its approximate radius p,,

ie., pa) := pa.
In the sequel, nonholonomic first-order approximations will simply be called approximations. Useful
properties of approximations are continuity and nilpotency.

Definition 2.15 (Continuity and nilpotency of an approximation). Let A : a X% be an approxima-
tion on €.

e We say that A is continuous if

(i) the mapping (a,z) — A(a)(z) is well-defined and, for every a € €2, is continuous on a
neighborhood of (a,a) € Q x Q;

(ii) the approximation radius function p of A is continuous.

e We say that A is nilpotent of step s € N if, for every a € €2, the Lie algebra generated by X is
nilpotent of step s, i.e. every Lie bracket of length larger than s is equal to zero. (For a definition
of the length of a Lie bracket, see Definitions B.1] and 3.4)

Consider a m-tuple of vector fields X = {X1,..., X,,} in VF™(Q).

Definition 2.16 (Steering law of an approzimation). Let A : a X be an approximation of X
on ) and p its approximation radius function. A steering law of A is a mapping which, to every
pair (z,a) € Q x Q verifying d(z,a) < p(a), associates an integrable input function @ : [0,¢] — R™,
henceforth called a steering control, such that the trajectory z(-, z, @) of the approzimate control system

= Z W X(x), (2.6)
i=1
is defined on [0, 7] and satisfies #(7, z, %) = a. In other words, u(-) steers (2.6) from z to a.
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A steering law of an approximation is intended to be used as an approximate steering law for the
original system. For that purpose, it is important to have a continuity property of the steering control:
the closest are x and a, the smaller is the length of 4. We introduce the stronger notion of sub-optimality
(which is a sort of Lipschitz continuity of the steering law).

Definition 2.17 (Sub-optimal steering law). Let A be an approximation of X on  and, for every
a € €, let d, be the sub-Riemannian distance associated to A(a). We say that a steering law of A is
sub-optimal if there exists a constant C; > 0 and a continuous positive function £,(+) such that, for any

a,z € Q with d(a, x) < g(a), the control i(-) steering (2.6) from z to a satisfies: ((d) < Cpd,(z,a) =
Cydy(2(0,2,0),z(T, z,0)).

Due to the definition of the sub-Riemannian distance d,, sub-optimal steering laws always exist.
Given an approximation A of X and a steering law for A, we define a local approzimate steering method
for X as follows.

Definition 2.18 (Local approzimate steering). The local approzimate steering (LAS for short) method
associated to A and its steering law is the mapping AppSteer(-,-) which associates, with every pair
(x,a) € Q x Q verifying d(z,a) < p(a), the point z(T, z,0), i.e.,

AppSteer(x,a) := x(T, x,0),

where 4(-) is the steering control of A(a) associated to (x,a) and p is the approximation radius function

of A.

Definition 2.19 (Local contractions and uniform local contractions). A LAS method is locally con-
tractive if, for every a € €1, there exist ¢, > 0 and ¢, < 1 such that one has:

d(a,z) < e, = d(a, AppSteer(z,a)) < c,d(a, x).

A LAS method is uniformly locally contractive on a compact set K C € if it is locally contractive,
and if ¢, and ¢, are independent of a, i.e., there exists ex > 0 and cx < 1 such that, for every pair
(a,z) € K x K, the following implication holds true:

d(a,r) < ey = d(a, AppSteer(z,a)) < cxd(a,x).

Remark 2.6. We will show that if X is an approximation of X at a, the corresponding AppSteer
function is locally contractive in a neighborhood of a. By the Fixed Point Theorem, one gets local
convergence of Algorithm 1 (LAS). However, in order to obtain a globally convergent algorithm from
LAS, one needs AppSteer to be uniformly locally contractive. In other words, the mapping 4 needs to
be continuous in the sense of Definition

As a direct consequence of Proposition 2.4l we obtain sufficient conditions for a LAS method to be
uniformly locally contractive.

Corollary 2.5. Let K be a compact subset of Q). Assume that:
(1) all points in K are regular;

(17) there exists a continuously varying system of privileged coordinates ® on K;
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(1ii) there exists a continuous approximation A of X on K;
(1v) A is provided with a sub-optimal steering law.

Then, the LAS method AppSteer associated to A and its steering law is uniformly locally contractive.
Moreover, up to reducing the positive constant ex occurring in Corollary (2.3, one has, for every pair
(a,x) € K x K verifying d(a, ) < ek,

d(AppSteer(z,a),a) < %d(w, a), (2.7)

Je(AppSteer(z,a)le < 5 l12(2)]lo (2.8)

Proof of Corollary[2.3. Under the hypotheses (i) — (iv), one immediately extends Proposition 2.4] and
obtains that there exist continuous positive functions C,(-) and e.(-) such that inequality (2.5 holds
true, with z = ®(a,-) and X = A(a), for every pair (z,a) € Q x Q with d(z,a) < £.(a) and every
integrable input function u(-) with ¢(u) < e.(a). The remaining argument is standard and one conclude
easily.

U

Remark 2.7. Since the growth vector and the weights do not remain constant in any open neighbor-
hood of a singular point, privileged coordinates z cannot vary continuously in any open neighborhood
of that singular point. Therefore, around a singular point, the distance estimations provided in Egs.
(2.4) and (2.8) and based on privileged coordinates do not hold true uniformly. In particular, if (a,)
is a sequence of regular points converging to a singular point a (this is possible since regular points
are dense in ), the sequences ¢4(a,) and e.(a,) tend to zero whereas 4(a) and .(a) are not equal to
zZero.

Remark 2.8. A similar discontinuity issue occurs of course for the approximate system. Indeed, if
a is a singular point, the growth vector and the weights of the associated privileged coordinates at a
change around a, implying a change of the truncation order in the Taylor expansion of the vector fields.
Therefore, the approximate vector fields cannot vary continuously in any neighborhood of a singular
point.

3 Desingularization by Lifting

As it appears in Corollary 2.5 the absence of singular points is one of the key features in order to
construct uniformly locally contractive LAS method. As a matter of fact, we will show in Section
how to construct a globally convergent motion planning algorithm for a regular nonholonomic system
(i.e., when all points in 2 are regular).

However, in general, nonholonomic systems do have singular points. For such systems, attempts
have been made to construct specific LAS methods (see [41], 22]), but additional conditions on the
structure of the singularities are required. Our approach here is different: we present in this section a
desingularization procedure of the system, in such a way to replace a MPP for a non regular system
by a MPP for a regular one.

The strategy consists in “lifting” the vector fields {X1,..., X,,} € VF™(Q) defining the control
system to some extended domain Q:=Qx R”, with n € N to be defined later. The lifted vector fields

{&, ..., &n} € VF™(Q) are constructed so that:

13



(i) for i =1,...,m, & has the following form,

G(xz,y) = Xi(x) + > bij(z, )0y,  (v,y) € QxR
=1

where the functions b;;, j = 1,...,n, are smooth;
(ii) the Lie algebra generated by {&1,...,&,} is free up to step r (see Def. below).

Point (ii) guarantees that the nonholonomic system defined by {i,...,&,} is regular, since its
growth vector is constant on Q. Point (i) guarantees that one obtains Xi,..., X,, by projecting
&1,...,&, on R”. Indeed, let m be the canonical projector from Q to Q defined by 7(Z) = x, where
T=(z,y) € Q. Then, denoting dmz the differential of 7 at x, one has

drs(6(3)) = Xi(m(@)).

As a consequence, the projection by 7 of a trajectory z(-, Zg, u) of the control system

Z wéi(%),7 € Q, (3.1)

is a trajectory of (1)) associated to the same input, i.e., 7(Z(-, To, v)) = z(-, 7(Zo), u).

Therefore, any control u steering System (B from a point Zo := (x0,0) to a point Z; := (x1,0)
also steers System (2)) from x to x;. It then suffices to solve the MPP for the regular System (3.1)).

Note that distinguished desingularization procedures already exist, cf. [33] 2, 20]. However, an
important property of the desingularization procedure presented here is that all the changes of coor-
dinates and intermediate constructions involved in it are explicit and purely algebraic. Note also that,
during the lifting process, we obtain, as a byproduct, a nonholonomic first order approximation of
{&1, ..., &} in a “canonical” form, which can be exactly controlled by sinusoids (see Section [Hl).

We start this section by presenting some general facts on free Lie algebras, namely the P. Hall basis
in Section 3.1l and the canonical form of a nilpotent Lie algebra of step r in Section We then give
one desingularization procedure in Section 3.3l The proofs of the results stated in Section [B.3] will be
gathered in Section [3.4l

3.1 P. Hall basis on a free Lie algebra and evaluation map

In this section, we present some general facts on free Lie algebras. The reader is referred to [6] for
more details. Consider Z := {1,...,m}, and the free Lie algebra L£(Z) generated by the elements of
Z. Recall that £(Z) is the R-vector space generated by the elements of Z and their formal brackets
[, ], together with the relations of skew-symmetry and the Jacobi identity enforced (see [6] for more
details). We note that, by construction, for every I € £(Z), there exists (I1,[3) € L(Z) x L(Z) such
that I = [11,12].

Definition 3.1 (Length of the elements of £(Z)). The length of an element I of a free Lie algebra
L(Z), denoted by |I|, is defined inductively by

Il = 1, forI=1,...,m; (3.2)
|[‘ = ‘[1‘-'-‘[2‘, for I = [[1,[2], with [17[2 EL(X) (33)

14



We use L5(Z) to denote the subspace generated by elements of £(Z) of length not greater than s.
Let ns be the dimension of £°(Z).
The P. Hall basis of L(Z) is a totally ordered subset of £(Z) defined as follows.

Definition 3.2 (P. Hall basis). A subset H = {I,};en of L(Z) is the P. Hall basis of L(T) if (H1),
(H2), (H3), and (H4) are verified.

H2) {1,...,m} C H, and we impose that 1 <2 < --- < m;

(H1)
(H2)
(H3) every element of length 2 in H is in the form [[;, I;] with (I;, ;) € Z x Z and I; < I};
(H4)

H4) anelement [, € £(Z) of length greater than 3 belongs to H if Iy, = [Iy,, [Ix,, Ixs]] with Iy, , Iy, Ix,, and [y
belonging to H, Iy, < Ij,, I, < Iy, or Iy, = I}, and I, < [I1,, Ix,].

The elements of H form a basis of £(Z), and “ < ” defines a strict and total order over the set H. In
the sequel, we use Ij, to denote the £ element of H with respect to the order “ < ”. Let H?® be the
subset of H of all the elements of length not greater than s. The elements of H* form a basis of L5(7)
and Card(H®) = n,. The set G¥ := H* \ H*! contains the elements in H of length equal to s. Its
cardinal will be denoted by k, = Card(G*).

By (H1)—(H4), every element I; € ‘H can be expanded in a unique way as

I = Uiy, gy s Il -, (3.4)

with by > -+ > k;, k; < k, and k € {1,...,7;}. In that case, the element I; is said to be a direct
descendent of Ij,, and we write ¢(j) := k. For I; € H", the expansion (3.4) also associates with I; € H

a sequence a; = (qyj, . .. ,oz;m) in Z™ defined by

ozf = Card {s € {1,...,i}, ks = (}.

By construction, one has ozf =0for { > j,and o; = (0,...,0) for 1 < j <my.

Consider now a family of m vector fields X = {X;,..., X,,} and the Lie algebra L(X) they generate.
The P. Hall basis H induces, via the evaluation map, a family of vector fields spanning L(X) as a linear
space.

Definition 3.3 (Evaluation map). The evaluation map Ex defined on L£(Z), with values in L(X),
assigns to every I € L(Z) the vector field X; = Ex(I) obtained by plugging in X;, i = 1,...,m, for
the corresponding letter 7.

Definition 3.4 (Length of the elements of L(X)). With the notations of Definition B3] if X; = Ex(I),
the length of X, denoted by A(X;), is set to be equal to |I], .

Definition 3.5 (P. Hall family). The P. Hall family Hx associated with the vector fields X =
{X1,...,X,,} is defined by Hy := {Ex([),I € H}, where Ex is the evaluation map and H is the
P. Hall basis of the free Lie algebra £(Z). The family Hx inherits the ordering and the numbering of
the elements in ‘H induced by (H1)-(H4).

Note that Hy is a spanning set of L(X), but not always a basis.

Definition 3.6 (Free up to step s). Let s be a positive integer such that 1 < s < r. A family of vector
fields ¢ = {&;,...,&,} defined on a subset Q of R™ is said to be free up to step s if, for every 7 € Q,
the growth vector (ny(Z),...,ns(x)) is equal to (ny,...,n).
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Remark 3.1. If ¢ defined on Q C R is free up to step r, then every point of Q is reqular.

Definition 3.7 (Free weights). Let € = {&,...,&n} be free up to step 7 on € C R™. The integers
Wy, ..., Ws,, where w; = s if n,_1(7) < j < ny(x) for every T € Q, are called the free weights of step r.

3.2 Canonical form

We present in this section the construction of a canonical form for nilpotent systems proposed by
Grayson and Grossman in [16] and [I7]. Similar results were also obtained by Sussmann in [37].

The construction takes place in R™" where r is a positive integer and 7, the dimension of £"(T).
We denote by v = (vi,...,v5,) the points in R™, and by (d,,,...,8,, ) the canonical basis of R™.

For j = 1,...,n,, we assign to the coordinate function v; the weight w; and to the vector 9,, the
weight —w;. The weighted degree of a monomial v{" - - ~v§fr is then defined as w(«) := wyag + -+ - +
Wi, g, where o = (v, . .., a,), and the weighted degree of a monomial vector field v . .. vgf“ Oy,

is defined as w(«o) — w;.
For every I; € H', let a; be the sequence associated with I; (see Section B.1]). Define the monomial
P;(v) associated with I; by

Pilv) = (3.5)

0
where v = H U?J, and o;! = H af!. Note that P; satisfies the following inductive formulas.
] ]

Pi(v) = 1 if I; € H';
vj, ,
Pi(v) = —7—=Pv) if [ =[I;, L] (3.6)
aj, +1
Theorem 3.1 ([16], [17]). We define the vector fields Dy, ..., D,, on R™ as follows:
Dl - avm
D2 - 8v2 + Z Pj(v)avja
2<| 1| <r
b(4)=2

2<| 1| <r
#(j)=m

Then, the Lie algebra L(D) generated by (D1, ..., Dy,) is free up to step r, and one has
D[].(O) = 8vj7 fOT [j € Hr,
where Dy, := Ep(1;) is defined through the evaluation map Ep with values in L(D).

The proof of Theorem Bl goes by induction on the length of elements in L(D). The reader is referred
to [17] for a complete development.

Corollary 3.2. For all I, € H", Dy, has the following form
Dy =0,+ Y.  PHv)d, (3.7)

LiEN™, |1i|>[ I

where every non zero polynomial Pf is homogeneous of weighted degree equal to |I;| — |1

16



Remark 3.2. The explicit expression of the polynomials PF(v) as functions of the monomials P;(v) is
obtained through an induction formula.

Corollary 3.3. Fori=1,...,m, we define m vector fields D; as follows:

Di=0,+ Y. Puv)dy+ > Pi(v)d,,
2< | I, |[<H™ ! Ijes
o(k)=i ¢(j)=i

where S is an arbitrary non-empty subset of G". Then,
o if I, € H'1US, we have Dy, = 0y, + Do LeH10S, |15 |1 PF(v)d,;

e if I, € G\ S, we have D;, = 0.

Definition 3.8 (Canonical form). Let X1,. .., X,, be m vector fields on an open subset {2 of R* and
v a local system of coordinates on 2. The control system associated to {X7,..., X,,} is said to be in
canonical form in the coordinates v if one has v, X; = D;, fori = 1,...,m, where we use v,X; to
denote the push-forward of X; by v.

Consider now the control system given by

b= wDi(v), veR™. (3.8)
i=1
Writing (B.8) component by component, one has, for j =1,...,7,,
0; = Pj(v1,...,vj_1)u;, where i = ¢(j), (3.9)
or inductively,
@:&%T%,WMmQ:wﬂﬁ. (3.10)
j2
More explicitly, one has
@:%@%,m&:m%}%, (3.11)
where zabd";(lj1 Xy, = [ijl’ [th’ e [thj XIJ.Q], with X, = [ija’XIu] and [, < I;. The inductive
k times

formula (3.11]) will be used in Chapter

A particular system of coordinates, called canonical coordinates (a terminology arising from Lie
group theory), allows one to obtain canonical forms. Consider m vector fields X, ..., X,, on Q C R",
let v € Q and W = {Wy,...,W,} be a set of vector fields in L(X) such that W;(v),..., W, (v) is a
basis of R™. The canonical coordinates of the second kind at v associated with W are the system of
local coordinates at v defined as the inverse of the local diffeomorphism

(21,...,25,) — e Wir o .0 eWi(y), (3.12)

where we use Vi to denote the flow of W;. When the system (Xi,...,X,,) is nilpotent, the above
diffeomorphism defines global coordinates on €2 for every v € €.

Theorem 3.4 ([37]). Assume that the vector fields (X, ..., X) generate a Lie algebra which is both
nilpotent of step r and free up to step r. Then, in the canonical coordinates of the second kind associated
with the P. Hall basis H;, the control system defined by (Xi, ..., Xy) is in canonical form.

Remark 3.3. The canonical coordinates of the second kind require to determine the flow of the control
vector fields i.e., to integrate some differential equations. In general, there does not exist algebraic
change of coordinates between an arbitrary system of coordinates and the canonical coordinates of the
second kind.
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3.3 Desingularization algorithm

Let X ={X1,.... X;n} C VF(Q) be a family of m vector fields on 2 C R", and K be a compact subset
of 2. We assume that the LARC is satisfied at every point of K. Therefore, the degree of nonholonomy
of X is bounded on K and we denote by r its maximal value.

Recall that H" denote the elements of the P. Hall basis of length smaller or equal to r. For every
n-tuple J = (I, ..., I,) of elements of H", we define the domain Vs C 2 by

V7 :={ p € Q such that det(Xy, (p),..., X1, (p)) #0 }, (3.13)

where X, = Ex([;). Such a set V7 is open in Q (possibly empty) and for every p € V., the vectors
X, (p), ..., Xy, (p) form a basis of R™.

Since K is compact, there exist a finite family of n-tuples [Ji, ..., Jy of elements of H" such that
M

K c|Jvs. (3.14)
i=1

One deduces from ([3I4) a compact covering of K in the form

M
K c|Jvs, (3.15)

i=1
where, for ¢ =1,..., M, the set V7 C Vg, is compact.

Definition 3.9. Let (S;);c; be a finite set of subsets of €. The connectedness graph G := (N, E)
associated with (.5;);es is defined as as follows:

- the set of nodes N := I;
- a pair (4,7) with ¢ and j in N belongs to the set of edges E if S; N.S; # 0.

A simple path on G is a subset p := {i,...,i} of two by two distinct elements of N such that, for
j=1,...,L —1, the pair (i;,4;41) belongs to E.

Remark 3.4. With the notations of Definition [3.9] if we assume that all the sets S; are open or, all of
them are closed, and the set S := U;¢;S; is connected, then, for every (zg,z1) € S x S, there exists a
simple path on G denoted by p := {i1,...,ir} such that zy € S;, and 1 € S;, .

Take J = (I3, ..., I,) among [Ji, ..., Ju, and pick a point a in V7. In the sequel, we construct, by
induction on the length of elements in a free Lie algebra, a family of m vector fields £ = {&1,...,&n}
defined on V; x R™ " which is free up to step r and has its projection on Vs equal to X. At the
same time, we give an approximation of ¢ at @ := (a,0) € V7 x R* ™ in canonical form.

We define J* := {I; € J, with |I;| = s}, for s > 1, and G* := H* \ H*"!, for s > 2. We denote
by ks the cardinal of J°, and by ks the cardinal of G*. We are now ready to describe in details our
desingularization algorithm.

Desingularization Algorithm (DA)

e Step 1:
(1-1) Set V! =V, x Rk gl .= (q,0) € V', K} :=H' U (T \ T).
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(1-2) Define {¢1,...,&} on V! as follows:

0, forie Jt,

Y(z,vt) e V!, & (w,01) = Xy(x) + { Oyr, forie G'\J"

(1-3) Compute the coordinates y' on V! defined as the unique affine system of coordinates on V!
such that J,1 = ¢1.(a'), for I; € K', and y'(a') = 0.

(1-4) Construct the system of global coordinates 2 on V! by

2]1 = yjl», for j € H1,
n1

2o g =3 € g e vl for [ e KN\ KL
k=1

th

where [; denotes the j™ element in K.

e Steps,2<s <
(s-1) Set V* := V"1 x RFs—ks g% .= (q,0) € V*, and K := KLU (G* \ J*). Denote by v* the
points in R¥s=Fs,
(s-2) Define {&3,...,&5} as the vector fields on V* which write in coordinates (2°7!, v*) as:
o)==+ Y Rz

I,eG\TJ*®
o(k)=i

(s-3) Compute the system of global coordinates y* on V* as the unique isomorphism (2°71, v*) — y*
such that 0y =~ = £5(a®) for every I € K° .

(s-4) Construct the system of global coordinates Z° on V* by the following recursive formulas:
(s-4)-(a) for I; € H°,

[1;]1-1
Zi=y + Z Te(Yls Y1), (3.16)
k=2
where, for k =2,...,|[;] — 1,
Tk(yf7 cot 7y;—1)
— (1™
= = 2 L&) )+ )] e <5
18|=k g=2 v
w(B)<IL]
N (?/js‘—1)6j71 )
Bial
(s-4)-(b) for I; € K\ H?,
2=y > el v, (3.17)
k=2
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where, for k =2,... s,

Tk<yf7 s 7yns = Z gll : gs )ﬁns y] + Z Tq ‘ys 0

1Bl=k

w(3)<s
W)™ ()™
B! AN

(s-5) Construct the system of global coordinates z° as follows:
(s-5)-(a) for j > n,, set 25 == 23
(s-5)-(b) for j =1,...,7n,, set 25 := W3(Z},...,Z;_ ), where all U$ are polynomials such that the
two following conditions are satisfied:
- if we impose the weight of 27 to be w; for j = 1,...,n,, then every ¥# is homogeneous
of weighted degree equal to wj;
- denote by ord:.(-) the nonholonomic order defined by (&5,...,&7) at a®, and by
$5(2°) the j™ component of £f(z*); then one has

éf’](ZS) :5i,¢(j)Pj(2f,...,Zj»_1)—|—Ri,j(28>, j = 1,...,ﬁs, (318)

where ord}. (R; ;) > w; (0, denotes the Kronecker symbol). Note that ord;.(P;) =
w; — 1.

Theorem 3.5. Let & :=¢&], fori=1,...,m, and z := 2", where & and 2" are given by the desingu-
larization algorithm. Then, the family of vector fields & = {1, ..., &} defined on Q x R =" is free up
to step r. Moreover, the system of coordmates z= (21, ..., 2Zn,) 18 a system of privileged coordinates at
a for &, and the family of vector fields S = {fl, e ,fm} defined in the coordinates z by the canonical
form:

=0, + Z 521505 25-1)0z;, fori=1,...,m, (3.19)

2<|1|<ny
b(j)=i

1s a nonholonomic first order approximation of & at a.

Remark 3.5. We note that the desingularization procedure does not a priori require that
(a) the coordinates z are privileged coordinates;
(b) the system ¢ is a first order approximation of ¢ at a.

However, (a) and (b) can be used directly at the first step of the motion planning algorithm presented
in Section [l

Remark 3.6. If we assume that the original system X = {X7,..., X,,} is nilpotent, then, by adapting
the proof of Theorem [B.5] presented in Section 3.4l one can show that the corresponding “lifted” system
& =1{&,...,&n} given by the Desingularization Algorithm proposed in this section remains nilpotent
with the same order of nilpotency. Moreover, when expressed in the privileged coordinates z, the
system ¢ is equal to its own first order approximation in the canonical form. In other words, for any
nilpotent systems of step k, the Desingularization Algorithm constructs a nilpotent system of step k
and free up to step k which is in the canonical form in coordinates z.
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3.4 Proof of Theorem 3.5
The proof of Theorem is based on the following proposition.

Proposition 3.6. The desingularization algorithm is feasible from s = 1 to s = r. At each step s of
the construction (s = 1,...,r), the following properties hold true:

A1) the vectors {&5(a®) : I € K*} are linearly independent;

A2) if |Ij] < s, then ords. (23) = ||, and ords.(23) = |I;];

J

=

A4 is well defined;

(A1)

(A2)

(A3) if [I;] > s, then ord3.(z3) > s;
(Ad) the change of coordinates (W5)j=1,.., e
(A5)

A5) for I € K¢, the vector fields &3 has the following form in coordinates z°,

&)= D (PA() + R0+ Y Q=)0 (3.20)
I;eHs Iy eKs\Hs
with ords, (RE) > |I;| — |Ii|, ordss (QF) > s — |Ii|, and P} given by Eq. ([37).

More precisely, if one defines £ = > pens P;j(2°)0::, then, one has & = Donens Pf(zs)ﬁz;,
P(4)=1

where the polynomials P]k verify the following properties:

o if I, € H*, then
- fOT’ ‘[]| < ‘[k|; ij =0,
— for || = [I|, P/ =1, and P} =0 if k # j;
— for [I;] > ||, oxds. (PF) = |I;] — 1|
o if [ e KS\H*, Pf =0 forallj=1,... 7.
Remark 3.7. Property (A1) implies that Step (s-3) is feasible, which, in turn, guarantees that Steps
(s-4)-(a) and (s-4)-(b) are well defined, and Z° is a system of coordinates because the differential of the
application y® — Z° at 0 is equal to the identity map. Property (A4) guarantees that Step (s-5)-(b)
is feasible. Property (A2) ensures that, at the end of the algorithm, the system of coordinates z" is a

system of privileged coordinates. Property (A5) finally ensures that for s = r, the approximation E of
¢ is in canonical form.

By Remark B.7, Theorem is a consequence of Proposition by induction on s.

Proof of Proposition[3.8. We begin by showing that Properties (A1)-(A5) hold true for s = 1.

Claim 1. The family of vectors {£}(a')}rex is linearly independent, i.e., Property (A1) holds true for
s =1.

Proof of Claim[l. By construction, for every I € J, one has ¢}(a') = X(a), which belongs to R x {0}.
For i € G'\ J', the vector £} (a') belongs to R™ x R¥=* and the family of vectors {&}(a')}iegn 71 is

linearly independent. Therefore, the family of vectors {£}(a')} ek is linearly independent and Claim
[ holds true. O

Claim 2. Forj=1,...,nq, one has ord}ll(z]l) =1, i.e., Property (A2) holds true for s = 1.
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Proof of Claim[3. For j =1,...,7, one has by construction & - z}(a') = 1. Thus, one has ord: (z})

j(ah)
j
1. Since 2! is a system of coordinates centered at a', one has z}(al) = 0, which implies that ord, (2]1)

0. Therefore, one gets ord}, (2;) = 1 and Claim 2 holds true.

OV IA

Claim 3. For I; € K' with |I;| > 1, one has ord}, (z}) > 1, i.e., Property (A3) holds true for s = 1.
Proof of Claim[3. For |I;| > 2,1e. I; € K'\ J', one computes &, - zj at a' for every k € {1,...,71}.

ni

& z(a) = &oyiah) =) (€ yah) (& -yl

i=1
= & yja) =& y;a') =0.

Then, by definition, one has ord},(zj) > 1 for [I;| > 1 and Claim Bl holds true. O

Claim 4. Fori=1,...,m, and j = 1,..., 7y, the j™—component of £} in coordinates z* is equal to 1

if i = j, and equal to O otherwise. In other words, fori=1,...,m, the n, first components of £! verify
Eq. (318). Properties (A4) and (A5) hold true for s = 1.

Proof of Claim[g By Claim [ &j(a'),...,&; (a') is a basis of R™ . and thus the linear change of

coordinates y! exists. As O = ¢j(a'), and zj = yj for j =1,..., 7y, Claim H holds true. O

Therefore, Properties (A1)-(A5) hold true for s = 1. Let 1 < s < r. Let us now assume that Properties
(A1)-(Ab) hold true for 1 < s’ < s. We will show that they still hold true for s + 1.

.....

equation is well defined in coordinates z* = (z{, ..., 23 ). Therefore, the new vector fields (&Y m

.....

are also well defined. Since ord?®, (2, Pr,) = ord’, (2}, )+ords. i (P,), and by inductive hypothesis
(namely (A2) holds true at step s), one has ord;.+1(z;,) = |Iy,|, and ordjs+i(Py,) = |Ix,|—1. Therefore,
one has ord} .1 (Pg) = |y | + [Ir,| — 1 = s. O

Claim 6. For I}, € K™ with |I| < s+ 1, one has
ST =660+ ), B0, (3.21)

Ijegs+l\js+l !
where ﬁf(zs) = Pf(z,..., 2 )+ Rf(zs), with ord? ... (PF) = |I;| — |I| and ordzsﬂ(}?f) > | L] — |1l
Proof of Claim[d. The proof goes by induction on the length |Ix|. For |I;| = 1, one has

ST =6E) Y B2,
Ijegs+1\js+1
o(j)=k

By Claim [, if ¢(j) = k, then ord®,.,(P;) = s = |I;| — |1|. Claim [l holds true for || = 1.
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Assume that Claim [ holds true for every I € K**! of length less than or equal to s;. Consider
I, € K*! with |I| = s; + 1. In coordinates (2°,v**1), one has

o= et =g, Y, (PRERMIa &G+ Y (PR RO

Ikl Ik2
Iiegs+1\js+l Iiegs+1\js+l

= GG+ > g, (PP HRM & (P4 RO

L;EGsHI\Fs+1

Since (A5) holds true up to step s, one has

G (PEHRE) = | > (PP + RO+ Y QPds| - (P2 +RP)

I;eHs Iy e\ Hs
SRR Y GhaRn s Y (P R X Qo
I;eHs Iy eKs\Hs I;eHs I\ HS

= ) PPo.PR+ | Y RMO.PR+ Y (PP +RMOSRE+ Y QPosRP

I;eHs I;eHs I;eHs I e\ H*
= Pfo.. PP 4+ R,
— j zj 3 i,1-

I;eHs

We first show that every term in R;; has, at a*™!, an order strictly greater than s +1 — |I|.

Indeed, for I; € H*, since ord}.i(z;) = |I;|, ordes (P?) = || = |I,|, and orde.:(R) > |I;] —
|1k, |, one has ordeSH(Rfl@zjs_PfQ) > | Li| = Iy |+ (| L) = Ik, |) — | 15| = |Li| — |1k |, with |I;| = s+1. Note that
ordzsﬂ((PJk1 +R§1)8Z;Rf2) = ordZsH(Pfl@ZJs_RfQ). Since ordst(Pfl) = |I;| = |I,|, and ordi.:(R™) >
|I;| — |I,|, then, one has ordZsH(Pfl@ZJs_RfQ) > |L| = I, + | L] = I | — |41 = || — |{k]- Recall
that, by definition, all the functions have positive order. Therefore, one gets ordZSH(ngl@Z;éfQ) >
ords.i1 (Q5Y) > s — |I,| > 5+ 1 — |Ii|. In conclusion, one gets ord®.i(Riq) > s+ 1 — |1

A similar computation shows that

&, (P + R

— Z Pf20.. P + Z R0 Pl + Z (Pf2+R§2)az;R§1+ Z Q}20.; R

IJ'EHS IjeHS IJ‘EHS I@E’CS\H‘S
k k -
= E P20, P 4+ Ry, with ordgei(Riz2) > s+ 1= [Li].
IjE’HS

Therefore, one gets

o= g+ D A (PPosPR—PRoLPMYO, + Y (Rin+ Ri2)oh,
LEGHI\ToH1 [;EH Legsr\gst+l
with ord}.1(Ri1 + Ri2) > min (ord’.1(Ri1), ordj.1(Ri2)) > s+ 1 — |Ii|.
Since Corollary [3.3] implies that Z (PJ/-'“@JS_P!€2 - P;”@ZJS_Pfl) = P}, and ord?, ., (PF) = |I;| — |1/,

IjE’HS

GRE T =6+ ) (PR + RE)0,

Iiegs+1\js+l

one gets
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with ords.i (PF) = s+ 1 — || and ordS.:(R¥) > s + 1 — |I;,|. Therefore, Claim [ still holds true
for I, € Kt with |I;| = s; + 1. This terminates the induction, and Claim [ is now proved. O

Claim 7. The family of vectors {SSH( st} e+ is linearly independent, i.e., Property (A1) holds
true at Step s + 1.

Proof of Claim[7. Claim [ implies that for every I, € K*, one has §S+1( ) =& (o) € R™ x {0}.
Corollary B3 implies that for every I, € G\ J*"1 one has

€s+1( s+1) _ S;k(as) + avk c Rﬁs % Rgs-ﬂ*ks-u.

Therefore, by (Al) at step s, the vectors {§S+1( st1)} 1 excs+1 are linearly independent. O

Claim 8. After performing (s+1)-4-(a) and (s+1)-4-(b) in the Desingularization Algorithm, one has,

for every I; € H¥+Y, ordZEL (2571) = |I4], and for every I; € KT\ 11, ord? ) (257) > s 4+ 1.

The proof of Claim [§ is based on the following result due to Bellaiche [2, Lemma 4.12].

Lemma 3.7. Let {Xy,..., X,,} be a family vector fields defined on Q). Consider {W1,...,W,} a frame
adapted to the flag L'(a) C--- C L"(a) =R™ at a € Q (Remark 2.4]). A function f is of order strictly
greater than s at a is and only if (W™ --- W f)(a) =0, for all & = (v, . .., ) such that w(a) < s.

Proof of Claim[8. Claim[[guarantees that {£} 1Y e+t is a basis adapted to the flag L' (a*™1) C -+ C
L+ (a*t). Complete {&;7'} 7, cy=+1 by other elements of the Lie algebra generated by {&"'}i—y
order to get a basis adapted to the flag L'(a*™') C --- C L¥T!(a*™!) C --- C L"(a®).

For I; € KT\ H**!) Formula (s+1)-4-(b) ensures that (AR IEES (§S+1 )5ﬁs+1 2 (a* ) = 0, for

all 3= (B1,...,Bs,,,) such that w(8) < s+ 1. By Lemma 3.7 one has ordsjfl(~5+1) >s+1, for I; €
]Cerl \HS+1.
For I; € H**', Formula (s+1)-4-(a) implies that ((£7,71)%--- (657))%1 - Z77)(a*™!) = 0, for all

B = (fi,...,Bj—1) such that w(f) < |I;| — 1. Using again Lemma [B.7, one has ordssﬂ(zjsﬂ) >

|I;| — 1, for I; € H*'. By construction, one already has that ord®} ( JSH) < w; = |I;|. Therefore,

one finally gets ord? (Z57) = |Ij], for I; € H**'. Claim Blis now proved. O

.....

Claim 9. The change of coordinates (\I’j+1)j:1 is well defined, i.e., Property (A4) holds true.

7777 Ns+1

Proof of Claim[4. After performing Steps (s+1)-4-(a) and (s+1)-4-(b), one obtains a new system of
coordinates Z°*1. In this system of coordinates, one can write £ as

§f+1(2s+1) _ GE;HJF Z (pi,j(gsﬂ)JFRZ‘J(?H))@Z;H+ Z Qi7£(28+1)822+17

IjeHs+1 I[E’CS+1\HS+1

11;1>2
where P”, RZ], and QM are polynomials with ordsSH(Pi,j) = w; — 1, ordZﬁl(E’i,j) > w,;, and
ord®*L(Q4) > s. Since ord[ ( 2t = w;, for I; € H™', and ordZﬁl( ZH) > s+1, forl;

51\ H, the polynomials P ; contain only variables 7™ with @, < @; — 1.

Let us now show that there exists a change of coordinates ¥**! which transforms coordinates z5+1
into new coordinates 27! such that

1 ~
ord’t (251Y) = wy, for [; € HH,

ord’H (257 > s+ 1, for I; € KSHH\ HHY
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and in the new coordinates, the 14,4 first components §5+1( st of €571(251) are in the form

éisy;‘r1<zs+1) = 527¢(])P (Zerl’ Tt ;JF%) + R; 7.7( S+1)7 .7 = 17 s 7ﬁ8+17

with ordZﬁl(Ri,j) > w;.

We first note that, once one has ordefl(z;H) = w; for I; € HsH and ordZBﬁ( ;H) > s+ 1 for

I; € K1\ H**L) then, the order of P;; will be equal to its Welghted degree, and thus automatically
equal to w; — 1 by construction of these polynomials.

. xs+1 . . ~
Consider now & defined in coordinates z**! by

§S+1(~8+1 — ~s+1 + Z ~8+ ~s+1

Ijerst!

Recall that, by construction, the vector fields {gl}zzlm generate a free nilpotent Lie algebra of step

s + 1. Moreover, in the canonical coordinates of the second kind (25t .. .,z%stll) associated with
{gf:l}lkeq_lsﬂ, the vector fields ff“ are in the canonical form, i.e.
gf+1 = ~s+1 —+ Z 8 s+1

IjeHs+!

¢(j):i
By definition of a system of coordinates, there exist 7,4, smooth functions (U5t ... \If%ﬂl) such that,
for j =1,...,nsy1, one has

zj“ = \I/S»H(éfﬂ, cee ~%j+11)

Expand now \Ifj-H in Taylor series. Since ordss+1(zs+1) = w,, the Taylor expansion of \Ifj-H is a
polynomial of weighted degree equal to w;. Claim [ is now proved. O

Remark 3.8. The change of coordinates (\If;“)j:l
ordefl(sz) = wj, and the nonholonomic order does not depend on any system of coordinates, then
Wt is a function of order @; at a*™!, i.e., the Taylor expansion of U5 at a**! contains only monomials
of weighted degree equal to w;, and there is a finite number of such monomials. Therefore, the function

\I,§+1 is necessarily in the following form

UET = Y0 BET G (3:22)

w(a)=w;

...ii.s1 1s computed by identification. Indeed, since

where 3§ are real numbers. Eq. (3.22)) is a finite sum and therefore the scalar coefficients (%) can be
obtained by identification. Claim [ guarantees that such a set of real numbers (¢f) exists. Note also
that, due to the constraint on the weight, Eq. ([3.22) only involves variables Z; ™' of weight less than

w;, implying that the change of coordinates (\Ilj“) j=1,... 75,1 1S naturally tr1angular.

Remark 3.9. Let us now illustrate Remark B.8 with a simple example. Consider here a nilpotent
system of step 2 generated by two vector fields (£1,&). We have &, = &, &, = & and &, = [£1, &)
In coordinates Z = (Z1, 29, 23), & and & are necessarily in the form & = (1,0, 12 + a22s), and
& = (0,1, 5121 + P2Zs), where o, g, 51 and [y are real numbers verifying $; — as = 1. As mentioned
in Remark 3.8, in the change of coordinates (V;, Uy, U3), every ¥; is a homogeneous polynomial of
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weighted degree equal to w;. Set z = (U1(2), Ua(2), U3(2)) =: (21, 22, 23 + aZ129 + bZ7 + ¢Z3), with
a, b, and ¢ to be determined. One imposes that & (z) = (0,1, z1). After computation, one gets

(Oé1 + Qb)gl + (042 + a)ég = 0,
(Bi+a)zi+ (Bo+20)2 = z=7%.

a1 _ B2

By identification, one gets a = —ap, b = =<', ¢ = =%, and in that case, ; +a = f; —ay = 1 is

automatically verified. Then, the triangular change of coordinates

~ o~ = - = ay Ba .
(21,22, 23) = (21, 22, 23 — 92122 — 72% - 322)
puts & and & into the canonical form.

Claim 10. Property (A5) holds true at step s+ 1.

Proof of Claim[Id. The proof goes by induction on the length of I}, € K**!. It is similar to the one of
Claim [6l For |I;| = 1, one has

G = Y (BT Ry ()0 + Y Quez )0,
IjeHs+l I[E’Cs+1\%s+l
P(j)=i
with ord®T} (P)) = |I;| — 1, ord®TL (R ;) > || — 1, ord®EL (Qir) > s. Claim [0 holds true for |1 = 1.
Assume that Claim [I0 holds for brackets of length less than s;. We show that it still holds true for
brackets of length s; + 1. Consider I, € K**! with |I;| = s; + 1. Then, one has

€S+1 _ [ s—l—l’gs—i—l]

Iy 7 gy 0 S,

_ E k1 k1 E k1 § : ko ko § : ko

— [ (P] + Rj )8Z;+1 + Qz azg+1, (Pj + R] )8Z;+1 + Qé 8Z;+1]
Ijerst! IyestI\Hs+1 IjeHs+! Iyest1\Hs+!1

— Z [ Z .Piklazis+1P]k2 — PZ-ICQaZ?Jﬁlel]aZ;JrI
IjeHstl LeHs+!

+ Y [ Y ARMO (PP + RBP) = R0 (P + R} + {PP0,:0 R — P20, R}
IjeHstt LeHs+!
+ Z ngl 8Z;+1(Pf2 + RfQ) - Q§28Z;+1 (P]kl + R?l)]az§+1

J
LeKs+I\HsH

Y LY (PR RM0mQE - (P 4 R0 Q)

IjE’CS+1\Hs+1 IiEHS+1

k k k k
+ Z Q£18z5+1Qj2 - 228z;+1Qj1]8z;+1'

[eekCs I\ Kot
By the inductive hypothesis, one can proceed as follows.
e Taking into account the relation
ordZﬂl(Rfl) > |I;| — |I,|, and Orde_,_11<azl§+l<P]k2 + Ré?z)) > |1 = I, | — | L],

one deduces that
ord*FL RO (PP + RY) > || — |1 ).

By a similar argument, ord®’}, szﬁzfﬂ( Pfl + R;l“) > |I;| — |Ii|. Therefore, one gets

ordS L (R 0,001 (P2 4 RY?) — REO,e0 (P + RY)) > |1] — |1,

26



o Since ord*! (P/") = |I;|—|I},| and ord:%, (0zf+1Rf2) > |I;|—|Ix,|—| L], then ordZQLfl(Pflazf+1Rf2) >

|I;| — |I)|. By a similar argument, ordefl(lDik28z§+1R?1) > |I;| — |Ix]. One thus obtains

ord} 7L (PP, sni R — PROen RY) > | L] — |1,

e Using the fact that ordefl(ﬁzgﬂ(P]@ +R;?2)) > |I;] = I, | — (s+1) and ord*T} (QF') > s+1—|I},,
then ordZﬁl(QQflazzH(Pf? + R;”)) > |Ij| — |I4|- By a similar argument, ord*%,Q}?0 Z+1(Pf1 +

z

Rfl) > |I;| — |Ix|. One deduces ordZﬂl(Qfl@zEH(PJM - R;”) — Q’f@zzﬂ(Pfl + Rfl)) > | L] — |1kl

o Recall that ord®" (P + RIY) = |L| — |Ii,|, and ord®H (0,::1Q%) > s+ 1 — |Ii,| — |1, then
ord®TL (P + R0 o1 Q;”) > s+1—|I}|. By a similar argument, ord*"}, (P2 + R*)0, o1 Q;‘“) >
s+ 1— |Ix|. Therefore, it yields ord®*} ((P/* + R§1)8Z§+1Q§2 — (PP + Rf2)az§+1Qfl) > s+ 1— |1

e Since 8Z;+1 Q?Q is a function, one knows by definition that ordefl (0Z;+1 Q;@) > 0. As ordefl( ? b >

s+ 1—|I,|, one has ordZﬁl(Q’;l@Z;ﬂQfQ) >s+1—|Iy| =s+1—(|1k] = |Ix,|) > s+1—|I]. By

3 3 s+1 ko k1 . s+1 k1 ko
a similar argument, ord’7; (Qy .:11Q; ) > s+ 1—|I|. One hence derives ord’7; (@ 0,:1Q; —

Qif?@z;ﬂQfl) >s+1-— |Ik|

Summing up the above terms, one gets, for I, € Kt of length s; + 1, that the bracket f;:l can be

written in the form

TARCR Z (PE(""1) + Rf(zsﬂ))&zjs_ﬂ + Z Q§(28+1)az;+17
LeHs+1 Les+1\Hs+1
with ordSE (PF) = || — L], ordiHL (RE) > || — ||, and ord?! (QF) > s+ 1 — |Ii,|. Claim M is
now proved. O

In conclusion, Properties (A1)-(A5) still hold true at step s+ 1 in the Desingularization Algorithm.
The induction step is established, which terminates the proof of Proposition [3.6
O

4 Global Steering Method for Regular Systems

By taking into account the Desingularization Algorithm presented in Chapter [3, we assume in this
chapter and without loss of generality that the family of vectors fields X = {X;,..., X,,} is free up
to step r (cf. Definition B.6]). Recall that, in that case, every point z € 2 is regular and the growth
vector is constant on 2. We present in Section [4.1] an algebraic construction of privileged coordinates
and a nonholonomic first order approximation of X under canonical form. For regular systems, this
construction also provides a continuously varying system of privileged coordinates. We then propose
in Section a global motion planning algorithm for regular systems.

4.1 Construction of the approximate system 4%

For every point a in §2, we construct the first order approximate system A% (a) of the system X at a
(cf. Definition [214)) as follows:
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Step (1) Take {le}I]EH’"- Set w; = @j for j = 1, o, n
Step (2) Construct the linear system of coordinates y = (y1,...,¥,) such that d,, = Xy, (a).

Step (3) Build the system of privileged coordinates z = (Z1, ..., z,) by the following iterative formula: for

g=1...,n,
wjfl
zj = yj+ Z hk(yla"'ayj—l)a (41)
where, for k =2,...,w; — 1,
Cv1 yQJll
hk(!h,---,yg 1 Z Xgl Jl yJ+Zh |y0— ..Oj' 1'7
|| =k =
w(o)<wj

with |a| = a; + - + ay.

Step (4) For i =1,...,m, compute the Taylor expansion of X;(z) at 0, and express every vector field as
a sum of vector fields which are homogeneous with respect to the weighted degree defined by the
sequence (w;);j=1,. n:

X3 =x7"E+x"3) +-
where we use X (A) to denote the sum of all the terms of weighted degree equal to k. Set

Re(3) = XV

Step (5) For j =1,...,n, identify homogeneous polynomials ¥; of weighted degree equal to w; such that,
in the system of privileged coordinates z := (21, ..., 2,) defined by

zj =V(z,...,zj1), forj=1,....n,

the approximate system N N R
R2) = {2.81(3),.... = X8 (2)

is in the canonical form.
Step (6) Set AX(a) := X® and ®X(a,-) := the mapping z 2.

Remark 4.1. Steps (1)-(3) construct a system of privileged coordinates z. The proof that Z is a system
of privileged coordinates is essentially based on Lemma [3.7l Roughly speaking, the idea to obtain z;
from y; goes as follows: for every a = (a,. .., q,) with w(a) < w; (so a; = -+ = «, = 0), compute
X ~X?J:l - y;(y)|y=o0. If it is not equal to zero, then replace y; by

?/?1 _ yjljll

Ozl! O[j—l!.

Yy — (X0t X0 y) ()=

With that new value of y;, one gets X' - -ng_’ll - y;j(y)|y=0 = 0. Therefore, by Lemma 3.7, one
has ord,(%;) > w; for j = 1,...,n. On the other hand, since Step (3) of the construction does not
modify the linear part, the system of coordinates z remains adapted. By Remark 2.5 one also has
ord,(Z;) < wy, and therefore, ord,(z;) = wj.
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Remark 4.2. The existence of ¥; in Step (5) is guaranteed by a simple modification of Claim[9] page24]
see also Remarks and 3.9 The key point is, in the current case, the exponential coordinates are
algebraic.

Remark 4.3. We will propose in Section [{l an effective and exact method for steering general nilpotent
systems given in the canonical form.

It results from [2] that, for regular systems, the mapping ® : (a,z) — 2z is a continuously varying
system of privileged coordinates on (). Note also that the coordinates z are obtained from y by
expressions of the form

21 = y17

2 = Y2 +poly(y1),

Zn = Yn + pOIn(yla s 7yn—1)7

where, for j =1,...,n, the function pol;(-) is a polynomial which does not contain constant nor linear
terms. Due to the triangular form of this change of coordinates, the inverse change of coordinates from
2z to y bears exactly the same form. Therefore, the mapping z = ®X(a, -) is defined on the whole €, i.e.,
®X has an infinite injectivity radius. We also note that, by construction, A% is a nonholonomic first
order approximation (cf. Definition 214)) and its continuity results from the continuity of the mapping
®X : (a,z) — 2. In summary, we have the following proposition.

Proposition 4.1. The mapping ®~ is a continuously varying system of privileged coordinates on §)
and the mapping AX is a continuous approzimation of X on .

The following theorem is a consequence of Proposition [4.T] and Corollary 2.5

Theorem 4.2. Let V¢ be a compact subset of Q. If AX is provided with a sub-optimal steering law (cf.
Definitions 216 and 2Z17), then the LAS method AppSteer associated with AX and its steering law (cf.
Definition 2I8)) is uniformly locally contractive on V°.

Remark 4.4. Due to Step (5) in the construction procedure, the approximate system A% (a) is under
canonical form in a system of privileged coordinates z. Therefore, A% (a) has always the same form,
regardless of the control system X or the approximate point a € 2. The specificity of each system or
each approximate point is hidden in the change of coordinates ®X.

Remark 4.5. It is important to notice that the approximate system used in the LAS method is
a nonholonomic first order approximation at the goal point a (cf. Definition 2I8]). Therefore, the
steering control always displaces A%X(a) from some position (which is the image by ®¥(a,-) of the
current point of the original system) to 0 (which is ®*(a,a) by construction) in coordinates z. The
latter fact plays a crucial role in getting the sub-optimality for the steering law (see Section [5.3] for
more details).

4.2 Approximate steering algorithm

Let V¢ C 2 be a connected compact set equal to the closure of its interior and (™42l gfinal) ¢ e 5 pe,
We devise, under the assumptions of Theorem 2] an algorithm (Algorithm B below) which steers
System (Z.)) from a8l to zfinal  That algorithm does not require any a priori knowledge on the critical
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distance ey.. Note that this algorithm bears similarities with trust-region methods in optimization (see
[5] for more details).

Recall first that the family of vectors fields X = {X3,..., X,,} is assumed to be free up to step r.
As a consequence the weights (wq,...,w,) are equal at every point a € V¢ to (wy,...,w,), the free
weights of step 7. Hence the pseudo-norm || - ||, (see Definition 2.13]) does not depend on a € V¢ and
will be denoted as || - ||,-.

The parameterized path ¢ — 6;(x) is defined by

d(x) =t 2z (x), ..., t"" 2z, (2)), for z € Q,

where z := ®X (22l ) Note that d; is the (weighted) dilatation in privileged coordinates at z with
parameter ¢. In particular, ||z(6:(z))|, = |t] ||z(2)||,. We also define the function Subgoal as follows.

Subgoal(T, 7, /)

R —_ _Jn ).
1. t; == max(0,1 ||z(f)||r)’

2. Subgoal(T,n, j) := d, ()

We note that the formula for generating ¢; guarantees that
[|2(Subgoal(z, 7, j)) — z(Subgoal(z, 7, j — 1)), < n,

and that z¢ = 2" for j large enough.

Algorithm 3 GlobalFree (zmitial pfinal o pe AppSteer)

1:1:=0;5:=1;
2 1 = xinitial; T = xinitial;
3. 1 = || z(z™ite)||,; {initial choice of the maximum step size;}

4: while ||z(z;)]|, > e do

5. 2% := Subgoal (7,1, j);

6: x:= AppSteer (x;, z%);

7. if | 0N (2 )|, > 5[|2¥ (2% 2;)||, then {if the system is not approaching the subgoal,}
8: =3 {reduce the maximum step size,}

9: Ti=a; 7 =1 {change the path dy (7).}

10:  else

11: 1i=14+1; 5 :=7+1;

12: x; = x; 2d =

13:  end if

14: end while
15: return zx;.

The global convergence of Algorithm [ is established in the following theorem. For the sake of
clarity, we first assume that the sequences (x;);>0 and (z¢);50 constructed by Algorithm B both stay
within V¢. This assumption being of a purely numerical nature, we explain at the end of this section
how we can remove it by adding suitable intermediate steps to Algorithm [3]

Theorem 4.3. Let V¢ C ) be a connected compact set equal to the closure of its interior. Assume that

(i) the approzimate system system AX is provided with a sub-optimal steering law;
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(ii) the LAS method AppSteer is associated with A~ and its steering law;

Then, ¥ (xmitial giinal) c pe sepe - Algorithm B terminates in a finite number of steps for any choice of
the tolerance e > 0 provided that the sequences (x;)i>o and (x¢);>0 both belong to V.

Proof of Theorem[{.3. Note first that, if the conditional statement of Line 7 is not true for every i
greater than some iy, then x¢ = 22 after a finite number of iterations. In this case, the error ||z(x;)||,
is reduced at each iteration and the algorithm stops when it becomes smaller than the given tolerance e.
This happens in particular if d(z;, z%) < ey for all i greater than iy because condition ([Z.8) is verified.
Another preliminary remark is that, due to the continuity of the control distance and of the function

|2(+)]|, there exists 7 > 0 such that, for every pair (x1,z5) € V¢ x V¢, one has

Eype

|2(x1) — 2(x2) ||, < = d(z1,72) < (4.2)

In the following, we will prove by induction that if, at some step 72p, one has n < 7, then, for all
i > g, one has d(z;_1,2%) < (1/2+ -+ + (1/2)70)epe < eye.

We assume without loss of generahty that g = 0 and T = x9. For ¢« = 1, by construction,
1% = Subgoal(xg,7n,1) and ||z(zo) — z(2?)|, < n < 7.

In view of ([£2)), one then has d(zg, 2?) < ey/2. In view of ([Z8), the conditional statement of Line
7 is not true, therefore ¢ = 2% and one has d(z¢, 29) < eye/2.

Assume now that for ¢ > 1 one has:
Ainral ) < (1/24 -+ (1/2) e (43)
The subgoal z¢ , is of the form Subgoal(Z,n,j). Let ¢ = Subgoal(Z,7n,j + 1). One can write:
d(zi1,2%) < d(wimy, 2 ) + d(zy, ).

7, which implies d(z¢ |, 2%) < ey¢/2. The induction

By construction, it is ||2(z¢ ;) — z(29)|, < n <
td(zig, ).

hypothesis (43]) implies that d(z;_1, xf_l)_g
Finally, one gets

021, 2%) < S22t ) +d(at 2% < (12 4+ (1/2) )

(\V]

In view of (2.8), the conditional statement of Line 7 is not true, and so z¢ = z?. This ends the
induction.

Notice that, at some step 7, 7 > 7, the conditional statement of Line 7 could be false. In this case,
7 is decreased as in Line 8. The updating law of 1 guarantees that after a finite number of iterations
of Line 8, there holds 7 < 7. This ends the proof. 0J

When the working space €2 is equal to the whole R", the assumption that the sequences (z;);>o and
(24);50 constructed by Algorithm B both stay within a compact set V¢ can be removed. This requires
a simple modification of Lines 11 and 12 of Algorithm [3

We choose a real number R close to one, precisely ( ) (r+1)* < R < 1, where r is the maximum
value of the degree of nonholonomy of System (2.I]) on VC For every non-negative integer k, we set
R, =1+ R+---+ RF. The algorithm is modified as follows. Introduce first a new variable k, and add
the initialization k := 0. Replace then Lines 11 and 12 of Algorithm Bl by the procedure below.

This procedure guarantees that the sequences (;);>0 and (2¢);>¢ of the algorithm both belong to
the compact set

K={zeR" : ||z(z)|, < (@™, ).

31



A [2(@)], > Reoal2(@ )], then

2 ni=a;

3: else if Ry|z(x™8)||,. <|z(2)|l, < Rpp1|lz(x™8)],. then
4: =1+ 1;5:=75+1;

5: T; = T xf = xd;

6: 1=

7. k:i=k+1;

8: else if [|z(2)]|, < Rillz(z™¥)]|,. then
9: =i+l 7=7+1;

10: T; = T xgl = xd;

11: end if

Moreover, at each iteration of the algorithm, the new variable & is such that

o Hz(xinitial)”
|z(z)]l» > Rillz(a™)]|, = n< —

For the sake of clarity, we state here the complete modified algorithm named as Algorithm [4l

Algorithm 4 GlobalFree_Modified (z™mital gfnal ¢ ye AppSteer)

2 T = xinitial; T = xinitial;
3.1 = || z(@™E)),; {initial choice of the maximum step size;}

4: while ||z(z;)||, > e do

x? := Subgoal (T, 7, j);

x = AppSteer (z;,2%);

if |®% (2, z)||, > 3[|®* (2%, 2;)||, then {if the system is not approaching the subgoal,}
ni=3; {reduce the maximum step size,}
T =)= 1; {change the path dy+(Z).}

10:  else if ||z(2)]|, > Rpy1]lz(z™)||, then

11: n =1

12:  else if jl%kHz(xim“al)Hr <||z(2)||, < Rgs1||z(z™H8)||, then
13: 1i=14+1;5:=7+1;

14: T; =, xf = xd;

15: n = 3;

16: k:=k+1;

17:  else if ||z(2)|, < Rp||z(x™%a)||, then

18: =141, 5:=75+1;

19: T; = X, xf = xd;

20:  end if

21: end while
22: return z;.

Proposition 4.4. Let V¢ C € be a connected compact set equal to the closure of its interior. Under
the assumptions (i) and (ii) of Theorem[{.3, ¥V (xmitial gpfinal) e pe sy Algorithm H terminates in a
finite number of iterations for any choice of the tolerance e > 0.
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Proof of Proposition[4.4 Notice that Lines 17, 18, and 19 in Algorithm [ are identical to Lines 10,
11, and 12 in Algorithm [8l Therefore, it is enough to show that, after a finite number of iterations,
the condition of Line 17 in Algorithm [ holds true. Another preliminary remark is that the distance
|z(x)—2(y) || give a rough estimate of the sub-Riemannian distance. Indeed it follows from Theorem 2.3]
that, for every pair of close enough points (z,y) € V¢ x V¢, one has

1 T T
oolle() - AW < d(zyy) < Collz(z) — 2(y) [/, (4.4)
where Cj is a positive constant. As a consequence, Eq. ([2) holds true if 7 < (ey¢/(2C)))" .
Let us choose a positive 7j smaller than (ey./(2Cy))""!. We next show that if, at some step 4o, n < 7,
then the case of Line 10 and the one of Line 12 occur only in a finite number of iterations. Recall first
that, from the proof of Theorem [£3] one gets, for every i > i,

@)l < ll2()ll: - and - d(zi,2f) < eye.

In view of Eq. (&4), an obvious adaptation of the latter proof yields, for every i > g, d(z;, ) <
2ConY Y and thus
T T 2
12(25) = 2(af) I, < (20Dt D7,

(3

Finally one gets

lz(z)|l- < |lz@D], + ||2(z) — 2(z)]],
< @)l + (2C3)M Dyt D

. (4.5)

initial) ||r

2ko :

z(x

On the other hand, there exists an integer ko such that 5 > | This implies that ||z(z;,) ||, <

Ry, ||z(z™ial) ||, Up to reducing 7, and so increasing kg, assume
initial)

2ko

(2002)1/(7"-‘,-1)( ”Z(Jf ”7’)1/(7"4-1)2 < RFo+1 ||Z({L‘initial) ||r’
since one has chosen R > (3)Y/0+V°. Using Eq. (@&), it holds, for every i > iy, [2(z)|, <
Ry, || z(a™8al)|| 4 RRoFL|| z(gimitial)|| = Ry || z(2x™%2])||,. Therefore, the case of Line 10 and the one of
Line 12 occur in at most kg + 1 iterations. Applying again the arguments of the proof of Theorem [4.3]

the conclusion follows. O

Remark 4.6. It is worth pointing out that the additional steps involved in Algorithm [4] are designed
to prevent the sequences (z;);>0 and (z¢);>o from accumulating toward the boundary of the compact
V€. There exist other numerical artifacts of probabilistic nature which solve this problem. One also
deduces from the proof of Proposition @4l that if the points z™%! and zfi"! are far enough from the
boundary of V¢, the sequences (z;);>0 and (z¢);> will remain in V°.

5 Exact Steering Method for Nilpotent Systems

In this chapter, we devise an exact steering method for general nilpotent systems. Without loss of
generality, we assume that the system X = {Xj,...,X,,} is nilpotent of step r, free up to step r,
and given in the canonical form in coordinates x. Recall that, under this assumption, the dynamics is
written as follows
T, = ug, ife=1,...,m;
iy = Lapi if X; =ady Xp,, Ip,Ip€H (5.1)
I — k!xILxIRu 1 I = a XIL Ir» Ly1R € )
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where the components of x are numbered by the elements of H", i.e., for I € H", the component z;
corresponds to the element X;. We also assume that we want to steer the System (5.I]) from any point
x € R™ to the origin 0 of R"".

Remark 5.1. Note that these two assumptions are not restrictive since, for general nilpotent systems,
in order to steer from z™%! to zfinal it suffices to apply the Desingularization Algorithm at the final
point zf2 (see also Remark B.6]).

This method can also be applied for the construction of a sub-optimal steering law for the approx-
imate system A% defined in Section Il For practical uses, we require that the inputs give rise to
regular trajectories (i.e., at least C''), which are not too “complex” in the sense that, during the control
process, we do not want the system to stop too many times or to make a large number of maneuvers.

Several methods were proposed in the literature for steering nilpotent systems. In [24], the authors
make use of piecewise constant controls and obtain smooth controls by imposing some special parame-
terization (namely by requiring the control system to stop during the control process). In that case, the
regularity of the inputs is recovered by using a reparameterization of the time, which cannot prevent
in general the occurrence of cusps or corners for the corresponding trajectories. However, regularity
of the trajectories is generally mandatory for robotic applications. Therefore, the method proposed in
[25] is not adapted to such applications. In [24], the proposed inputs are polynomial functions in time,
but an algebraic system must be inverted in order to access to these inputs. Moreover, the size and
the degree of this algebraic system increase exponentially with respect to the dimension of state space,
and there does not exist a general efficient exact method to solve it. Even the existence of solutions is
a non trivial issue. Furthermore, the methods [24] and [25] both make use of exponential coordinates
which are not explicit and thus require in general numerical integrations of nonlinear differential equa-
tions. That prevents the use of these methods in an iterative scheme such as Algorithm [Il Let us also
mention the path approximation method by Liu and Sussmann [27], which uses unbounded sequences
of sinusoids. Even though this method bears similar theoretical aspects with our method, it is not
adapted from a numerical point of view to the motion planning issue since it relies on a limit process
of highly oscillating inputs.

5.1 Steering by sinusoids

We consider input functions in the form of linear combinations of sinusoids with integer frequencies.
In [29], authors used this family of inputs to control the chained-form systems.

We first note that if every component of the input u = (uy,...,u,) in Eq. (GI) is a linear
combination of sinusoids with integer frequencies, then the dynamics of every component in Eq. (5.1) is
also a linear combination of sinusoids with integer frequencies, which are themselves linear combinations
of frequencies involved in the input u. One may therefore expect to move some components during a 27
time-period without modifying others if the frequencies in u are properly chosen. Due to the triangular
form of Eq. (&), it is reasonable to expect to move the components of x one after another according
to the order “<” induced by the P. Hall basis. In that case, one must ensure that all the components
already moved to their preassigned values return to the same values after each 2wr—period of control
process, while the component under consideration arrives to its preassigned position. However, all the
components cannot be moved independently by using sinusoids. For that purpose, we introduce the
following notion of equivalence.

Definition 5.1 (Equivalence). Two elements X; and X in the P. Hall family are said to be equivalent
if A;(X7)=A;(Xy) fori=1,...,m, where we use A;(X;) to denote the number of times X; occurs in
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X;. We write X; ~ X if X; and X; are equivalent and equivalence classes will be denoted by
8X(£17 Ce ,Em) = {X] | AZ(X[) = li, for i = 1, ce ,m}.

We say that the components z; and z; are equivalent if the corresponding brackets X; and X; are
equivalent and equivalent classes for components are defined as follows,

Eally, .. b)) = {ar | X1 € Ex(bry.. ., b)),

Remark 5.2. We will see in the following subsections that the frequencies occurring in the dynamics of
xy only depend on the equivalence class of x, and not on the structure of the bracket X;. Therefore, the
equivalent components (in the sense of Definition [5.1]) cannot be moved separately by using sinusoids.

Definition 5.2 (Ordering of equivalence classes). Let E,(¢y, ..., () and E(ly, ..., 0y) be two equiv-
alence classes. &£,({1,..., () is said to be smaller than &,(f1, ..., /) if the smallest element (in the

sense of “<”) in &£,({1,...,4n) is smaller than the one in &by, ... 0y,), and we write (by abuse of
notation) &, (41, ..., ln) < E(l1, ..., ).

Let {€L, 2, ... EN} be the partition of the set of the components of z induced by Definition 5.1
Assume that, for every pair (i,7) € {1,...,N}? with i < j, one has £ < &. Our control strategy
consists in displacing these equivalence classes one after another according to the ordering “<” by using
sinusoidal inputs. For every j = 1,..., N, the key point is to determine how to construct an input «’

defined on [0, 27| such that the two following conditions are verified:
(C1) under the action of u/, every element of £/ reaches its preassigned value at t = 27;

(C2) under the action of u/, for every i < j, every element of £! returns at ¢ = 27 to its value taken
at t = 0.

Once one knows how to construct an input u’ verifying (C1) and (C2) for every j = 1,..., N, it
suffices to concatenate them to control the complete system.

Definition 5.3 (Concatenation). The concatenation of u',... ,u is defined on the interval [0, 2N 7]
by -

utkx N (8) = (t—2(5 — )7), (5.2)
for t € [2(j — 1)m,2jn] and j € {1,..., N}.
Remark 5.3. As we will show later (see Remark [5.8)), for every positive integer k, it is possible to make
C* concatenations such that the inputs are globally of class C* and the corresponding trajectories are
not only piecewise smooth, but also globally of class C**1.

5.2 Choice of frequencies

In this section, we fix an equivalence class /. We choose frequencies in u/ such that Conditions (C1)
and (C2) are verified. For sake of clarity, we first treat the case m = 2 in Subsections 5.2.1] and (5.2.2],
and we show, in Subsection B.2.3, how to adapt the method to greater values of m.
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5.2.1 A simple case: m =2 and Card (£J) = 1

Let z; be the only element of £, and X; the corresponding bracket. Let m; := A;(X;), and my :=
Ay (X7).

Proposition 5.1. Consider three positive integers wy, wo, ws, and € € {0,1} such that

e=m;+myg—1 (mod 2), '
and
Wy > (m1 -+ mg)ml. (54)
By choosing properly ¢, the control
Uy = coswit, Uy = coswat + ¢ cos(wst — z—:z), (5.5)

2

steers, during [0,2m], the component xy from any initial value to any preassigned final value without
modifying any component x;, with J < I. Moreover, x;(2m) — z;(0) gives rise to a non zero linear
function of ¢, where ( is the coefficient in front of cos(wst — %) in Eq. ([23).

The key point is to understand the frequencies occurring in the dynamics ;.

Lemma 5.2. For J < I, the dynamics x; is a linear combination of cosine functions of the form

cos{(flwl + fg(ﬂg + Eg&)g)t — (EgE + El + EQ + fg — 1)%}, (56)

where 1,0y, s € 7 satisfy [(1] < mq, |la| + |[l3] < mo.
In particular, the term

T
cos[(mywy + (Mg — 1wy — w3)t — (—& +my + mgy — 1)5]

occurs in t; with a zero coefficient depending linearly on (.
Proof of Lemma[2.2. The proof goes by induction on |J|.
e |J| =1, the result is true since &;, = u; and &, = us.

e Inductive step: . .
Assume that the result holds true for all J such that |J| < s. We show that it remains true for
J such that |J| = s.

By construction, we have X; = zaud’)“g1 X, with |Ji| < s and |Jo| < s. Then,

: L.
Ty = gxljlxh, (5.7)

&, is given by the inductive hypothesis and zj, is obtained by integration of Eq. (5.0]). By using
product formulas for cosine function, the result still holds true for J of length s. This ends the
proof of Lemma, [5.2]

O
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Proof of Proposition[5.1]l. First note that integrating between 0 and 27 a function of the form cos(vt +
%) with (v,7) € N? almost always gives 0 except for v = 0 and ¥ = 0 (mod 2) at the same time.
Therefore, in order to obtain a non trivial contribution for x;, #; must contain some cosine functions
verifying the following condition

{ Uy + lowy + laws = 0,

b3 + 0, +my+ 03 —1=0 (mod 2), (5.8)

and this condition must not be satisfied by J < I in order to avoid a change in the component z.

Under conditions (5.3]) and (5.4)), we claim that

(1) (mq,mqg —1,—1,¢) is the only 4-tuple verifying (5.8)) for z;, and z;(27) — x;(0) is a non zero
linear function of (;

(2) Eq. (5.8) is never satisfied for xz; with J < I.
Indeed, consider (¢1,{s,(3) € Z3 verifying |¢1] < my, |[la| + [¢3] < my. One has

liwy + lows + lsws = l1wy + lows + L3((Mmg — 1wy + mywr)
= (£3<m2 — 1) + 62)&]2 —+ (51 —+ Egml)wl. (59)

Assume that wy > (my + ma)myw;. Then, except for the 4—tuple (m, mg, ms, e) verifying Eq. (&3],
the only possibility to have the right-hand side of Eq. (£.9) equal to 0 is ¢; = ¢, = {5 = 0. In that case,

£1+f2+f37§1 (mod 2)

Then, Eq. (5.8)) is not satisfied, and (2) is proved.

Due to Eq. (B.3]), the power of ( is equal to the number of times w3 occurs in the resonance condition
(53). The latter is clearly equal to 1. Thus, x;(27) — 27(0) gives rise to a linear function of (. It
remains to show that the coefficient in front of ¢ is not equal to zero. By Lemma 5.2, one knows that

. T
1 = greos{(miwr +mawp)t — (my +my —1)5} (5.10)
+ fracos{(mywi + (mg — 1wy — w3)t — (mq +mg — 1 — 8)%} +R,

where we gathered all other terms into R. Note that the numerical coefficients f; and ¢g; depend on
the frequencies wy, wy, and ws. The goal is to show that f; is not equal to zero if we want to move the
component xj, i.e., when ws = (mg — 1)ws + myw;. If we consider f; as a function of wy, we, and ws, it
suffices to show that this function is not identically equal to zero over the hyperplane of R? defined by
the resonance condition ws = (my — 1)ws + myw;. We assume that the next lemma holds true, and we
will provide an argument immediately after finishing the proof of Proposition 5.1

Lemma 5.3. For all J < I, let m{ := A(X;) and my := Ay(X ;). If f; is the coefficient in front
of the term cos{(m{w, + (mg — 1)ws — ws)t — (m{ +mg — 1 —¢€)Z}, and g; the one in front of the
term cos{(mjwi + mJwa)t — (m{ +mg —1)Z}. Then, the quotient oy := f;/g; verifies the following
inductive formula.

L] [fXJ:Xl, (IJ:O,' ]fXJ:XQ, (IJ:]_,'

o If X; =Xy, Xzl a; is defined by
ml‘hwl + mglcug

 mllw 4 (Y — 1)ws — ws

g (IJ1+O[J2.
where m* = Ny(Xy,) fori=1, 2.
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Let us take w3 = —wy. It results from Lemma [5.3] that, for every J < I, one has
oy = oy + oy, leJI [XJ17XJ2].

Since a; = 0 and ay = 1, then, over the hyperplane of R? defined by w; = —ws, the function ay is a
strictly positive number independent of w; and ws.

Let us show now that a;(wy,ws, ws) is not identically equal to zero over the hyperplane of R? defined
by w3 = myw; + (Mg — 1ws. Let &g := —mywi/ma. One has myw; + (mg — 1)wy = —wsy. It implies that

ar(wy, We, mwy + (me — 1)ws) = ar(wy, W, —Wa).

Since the function a;y (w1, ws, —ws) is never equal to zero, and it coincides with the function a;(wq, we, myw;+
(mg — 1)wsy) at the point (wy,ws), which is not identically equal to zero. Therefore, fr(ws,ws,ws) is not
identically equal to zero over the hyperplane w3 = (mg — 1)wy + myw;. Moreover, as it is a non trivial
rational function, it eventually vanishes at a finite number of integer points. Then, we obtain a non
zero linear function of ¢, and (1) is now proved. Proposition 5.1l results from (1) and (2). O

Proof of Lemma[2.3. The proof goes by induction on |I|. Since #; = u; and &3 = us, by Eq. (B.3]), one
has a; = 0 and ay = 1.

Assume that |J| > 2. By construction, one has X; = [X,,, X;,] with |J;| < |Jo] < |J|. According to
the inductive hypothesis, one has

iy = gy cos{(mi'wi +mJw)t — (mi" +mg —1) 2}
T
+ £, cos{(m'wy + (m3* — 1wy — wg)t —(my +my —1— 5)5} + Ry,
. T
By, = gucos{(miPwi +mywy)t — (my — 1)5}

v
+f1, cos{(mi]?wl + (m2 Dwy — w3)t — (m PymP—1-— 5)5} + Ry,

This implies that

: 1 Ji Ji J JNT
= t_ 1 1)
Ly (mihuh +m2le29J1 cos{(my w1 +my'ws) (my* +mj )2}
1

fracos{(ml'w; + (mg" — 1wy — ws)t

m + (m3' — 1ws — ws
—(m{* +my* — e)g} + RJ1>
<gJ2 cos{(mPwy + m3Pwy)t — (mP> +mP — 1)%}
+ fracos{(mwi + (m3? — 1wy — ws)t

s
—(m* +mf =1 =)} + Roy)

1 9519J> J J J J n
= - cos{(miwy +mywa)t — (M7 +my — 1)—=
e cos{ i+ )t — onf +md — 1))
+1 ngfJg + ngle
2 J1 Ji J1 _ _
wi +mytws  miwy + (myt — Dwy — ws

T
COS{(mlwl + m2w2 - W3)t - (mi] + mg —-1- 5)5} + Ry
T
= gycos{(mjw, +mjwy)t — (mi +my — 1)5}
77
+fy cos{(miws +miw, —ws)t — (mi +m3 —1—e)7} +Ry.
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J1 J1
. m, - w1+m,  w
Therefore, one obtains oy = ————F72—=—a, + ay,. O
mitwi+(myt —1)wa—ws

5.2.2 A more general case: m =2 and Card (£J) > 1

In general, given a pair (my, msy), the equivalence class &,(my,m2) contains more than one element.
This situation first occurs for Lie brackets of length 5. For instance, given the pair (3,2), one has
both X; = [Xo, [ X1, [X1, [X1, Xo]]]] and X, = [[ X1, X, [ X1, [X41, Xo]]]. By Lemma [5.2] if one chooses
a 4-tuple verifying the resonance condition (5.3]) for 7;, the same resonance occurs in ;. Such two
components cannot be independently steered by using resonance. The idea is to move simultaneously
these components. For instance, one can choose (uq, us) as follows:

ui(t) = coswit,
us(t) = coswyl + ay coswst + coswyt + ay coswst,

where w; = 1, wy is chosen according to Eq. (5.4]), ws = (mge—1)ws+mywy, and ws = (my—1)wy+mywy,
with wy large enough to guarantee Condition (C2). After explicit integration of Eq. (51I), one obtains

(f[(w17w2) fl(w17w4)) (GI) 4 (GI) _ (JTI(QW) —SL’I(O))

frlwi,wa)  fr(wi,wa) ) \as ay zy(2m) —2;(0)) "

where f; and f; are two rational functions of frequencies. Thus, the pair (uy,us) controls exactly and
simultaneously x; and x;, provided that the matrix A is invertible. We generalize this strategy in the

following paragraphs. Assume that £7(my,mo) = {xy,,..., 21, }. The main result is given next.
Proposition 5.4. Consider
{wiy, ..., Wi}, ..,{w%N,...,wTA} ,
{wy,, ... ,w;”f_l,wgl}, oo {win, ,wg}\%_l,w;]\,}

belonging to N™N x Nm2N gych that

mi mo—1
e=my+mg—1 (mod 2),
and
w%l € N
witt > mwi; i=1...my,
Vi=1...N—1, wy > miwy;' (5.12)
wéj > mgwgl + mlw’fjl 1= 2...my— 1,
Wi > mowi? !+ mawli
Then, the input u := (uy,us) defined by
N my
up = Z Zcos wy,t,
=1 i=1
N ma-1 W (5.13)
Uy = Z Z cos wh;t + a; cos(wst — 85),
=1 =1
steers the components (xy,, ..., xr,) from an arbitrary initial condition (x1,(0),...,z1,(0)) to an arbi-
trary final one (x5, (27), ..., x5, (27)), without modifying any other component having been previously

moved to its final value.
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Part II: as the resonance gives rise to a system of linear equations on (ay, ..

This result generalizes Proposition 5.1l The proof is decomposed in two parts as follows:

Part I: we show that, if (5.12]) holds and the control functions are of the form (5.13)), then (5.11)) is the

only resonance occurring in (&y,, ..., &, );

.,ay), we recover the invert-

ibility of this system by choosing suitable frequencies in the control function (5.13]).

Part I Frequencies and Resonance

Consider inputs of the form (5.I3]). Generalizing Lemma [5.2] we give a general form of frequencies

involved in ;.

Lemma 5.5. The dynamics 25 is a linear combination of cosine functions of the form

m
(61 'W1—|—€2 '(AJ2+£; w’;)t— (€1+€2+m§ — 1-'-6;8)57
where
N mq N mo—1 N
Grrwr =Y 3 Gy, brwy=> > Lhwh, l5-wy =Y lhws,
Jj=1 =1 j=1 i=1 j=1
N mq N mo—1 N
5 3L AN 3 ST REES 3oy
Jj=1 =1 j=1 i=1 j=1
with ( ilj, éj, 5i) € Z3.
Let
€ N m N mo—1 N
=Y D 10,1 16l = > 6], and [6G5] =) 161,
J=1 =1 j=1 i=1 j=1

then, one has [t < A(Xy), [la] + |65 < Ax(Xy).
Proof of Lemma[53. The proof goes by induction on |J|.
e |J| = 1: the result is true since &1 = uy and &y = us.

e [nductive step:

(5.14)

Assume that the result holds true for all ;7 such that 1 < |J| < s. We show that it remains true

for x; with |J| = s. By construction, we have X; = audl)f((,1 X,, and

1
ok
Tj = k!l’Jl.TJQ,

with |Ji| < |J|, |J2| < |J]|, and k|J1| + |J2] = |J].
Then, by the inductive hypothesis, we have

Ty = LinCom{cos{(fl-wl + 0y - wo + 05 - wi)t — (4 +€2+€§—1+€’2‘5)z}

Ty, = LinCom{cos{(fl-w1+gg-w2+g§-w§)t—(€~1+g2+g§—1+€~’2‘5)2}

where LinCom{-} stands “linear combination”.
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Eq. (5.16]) implies that

xy, = LinCom {cos{(& cwy by wy + 05wt — (0 4l + 05 — 1+ £3¢e)

w|>1
w|>1

-3
= LinCom {cos{(& cwy by wy + 0wyt — (0 + b + 05+ E;e)g}} : (5.18)

For notational ease, we will only write down the case ©; = x ;2. Using product formulas for
cosine function, one has

#; = LinCom {cos{[(€1 £ 00) wr 4 (lo = By) s+ (05 £ 05) - Wit

(6 £ 8 4 (b B + (6505 — 1+ (65 + E;)e]g}} . (5.19)

Moreover, according to the inductive hypothesis, one has
1G] < A(Xyy), [lo] + 6] < Ax(Xy),

and

101] < AL(X ), |lo] + |65 < Ax(X ).

Then, one gets

|g1 + g1| S Al(XJ), and |f~2 + £~2| + |f; + £~§| S AQ(XJ)
This concludes the proof of Lemma (5.5l

O
By Lemma [5.5] one gets a non trivial contribution for x; if the resonance condition
61-w1+€2~w2+£’2‘~w5‘20, (520)
Oe+ 0+l +05—1=0 (mod 2), :

is verified by the frequencies of some cosine functions involved in .

Lemma 5.6. Under conditions (5.11)) and (5.12) in Proposition[5.4, one gets a non trivial contribution
on xy, depending linearly on a; for allj=1... N.

Proof of Lemmal[2.8. 1t is clear that the resonance condition (5.20) holds for

{Wh,-- Wi - {W%Na"- WiN s
{wéla" wgf ! w;l}a'--a{w%N"' wgn]\? ! w;N}a

and € € {0,1} verifying (5.I1). We show that it is the only resonance occurring in #;,. Indeed, by
Lemma [(5.3] the integer part of frequencies in zy; is in the following form

£1~w1+€2-w2+€§-w§

N mq N mo—1
= D > Bt D s+ Zezaww
=1 i=1 =1 i=1
]N mi JN mo—1 A mi A mo—1 A
= D) w0 b+ Ze;j <Zw;j + > w;])
j=1 i=1 j=1 i=1 j=1 i=1 i=1
N my ‘ N mao—1
— Z (01, + 65 wlj + Z Z @] + 03;) w2j (5.21)
7j=1 =1 j=1 =1
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By Condition (5.12)), Eq. (5.21)) is equal to zero if and only if

Uy, + 0, = 0, fori=1,...,my— 1.

Then, one has

N my N my N
el = D 1= e =my 16,
=1 i=1 1 i=1 j=1
jN mo—1 " N mo—1
ol = DD M51= "> 16,1 =(ma—1) ZW
j=1 =1 Jj=1 =1

However, by Lemma 5.5, one knows that |[¢1| < m; and |l3] + |¢3] < my. Then, one necessarily has
my; =0 forall j=1,..., N. In that case, one obtains

e+l +0+0,—1=—-1#0 (mod 2).

In conclusion, the resonance condition (5.20) does not hold for any 4—tuple (¢4, (s, €3, €) different from
(my,mg —1,—1,my + my — 1 (mod 2)).

By Eq. (513), the power of a; is equal to the number of times ws; occurs in the resonance condition
(B.3). Since the latter is equal to 1, we obtain a linear function of a;. This ends the proof of Lemma
0.0 U

Lemma 5.7. [fx; € £ and i < j, then x;(27) — x;(27) = 0.
Proof of Lemma[5.7]. We first note that Eq. (5.21]) still holds true. Recall its expression here.

N my N mo—1
Crowi by wy+ 0wy =Y N (B4 0) - wiy+ > > (L + 05) - wh (5.22)
7j=1 =1 =1 =1

By condition (5.12) in Proposition 5.4, Eq. (5.22) is equal to zero if and only if £{; + £5; = 0 for
1=1,....my,5=1,...,N and@jJrE;j:Ofori:1,...,m2—1,j:1,...,N. In that case, one has

N N
‘51\:m12|£§j|a |€2|+If§|=m22\€§j|-
j=1 j=1

One also knows that [(1] < Aj(Xy), |l + 05| < Ag(Xy), with A(Xy) < my or Ay(Xy) < ma.
Therefore, one has £3; =0 for all j =1,..., N. This implies that
e+l +0+0,—1=—-1#0 (mod 2).

In conclusion, the resonance condition (5.20) does not hold true. This ends the proof of Lemma

b7 O
Part II Invertibility
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As a consequence of Lemma [5.6] one has

"L‘h(Zﬂ-) —1‘11(0) ai
: = A(wiy, .. wig hwsy) | (5.23)
l‘[N(zﬂ') - xIN(O) an
fl)l((wh?""w;l)? 7f1)1(<w%N7'--7w;N) ai
= : : )
fl)fv(w%h"'?w;l)? 7fl)fv(w%N7'--vw;N) an

where fj)f : R™ — R are rational functions of frequencies, and every w;; verifies Eq. (G.I1) for
j=1,...,N.

Definition 5.4 (Control matriz and control vector). The matrix A and the vector (ai,...,ay) oc-
curring in Eq. (B5.23)) are called respectively control matriz and control vector associated with the
equivalence class &J.

We show in the sequel that it is possible to choose integer frequencies

{wh, Wit ) ..,{w%N,...,wTA} ,
{w%l, o ,wgfrl,w;l}, o {w%N, . ,wgﬁ*l,w;N},

so that the invertibility of the control matrix A is guaranteed, as well as the non-resonance of every
component z; belonging to a class smaller than &J.

For j =1,...,N, we use P; to denote the hyperplane in RM with M := m; + my defined by Eq.
(5170)), for which we recall the expression next,

mi mo—1
wyy =D wip+ D wy.
i=1 i=1
We start by showing that the function detA(w;,,...,wsy) is not identically equal to zero on ﬂj-V:le.

This is a consequence of the following lemma.

Lemma 5.8. The family of functions

{fj)f(w%, . ,w;’”_l,w;), o fj)fv(w%, . ,wg”_l,w;)}

is linearly independent on the hyperplane P in RM defined by the equation

mo—1

mi
* ) 7
Wy = g wy + E Ws.
i=1 i=1

Proof of Lemma[5.8 The first part of the argument consists in considering a family of M indetermi-

nates Y = {Y7,..., Yy} and the associated control system
M
g=> v (5.24)
i=1
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Let Hy be a P. Hall family over Y. Consider the elements {Y},,...,Y; } in Hy of length M such that
Ai(Yy)=1fori=1...M,and j =1,.. ., N, and the corresponding components W,y in
exponential coordinates.

If we apply one control of the form {v; = cosv;t}i—1. ar, with v, = Ef:ll v;, to System (5.24]), then,
by explicit integration, there exists, for each component y;,, a fractional function f}; : R™ — R such
that

M-1
Yy, (2m) —y5,(0) = f};(l/l, oo vn), forvy = Z V. (5.25)
i=1
Claim 11. The family of functions {f}/l, . ,f};} is linearly independent on the hyperplane in RM
defined by vy = Ef\ifl v;.
Proof of Claim[11. We first define f}; by
f};(yl,...,yM) :f};(yl,...,—yM). (5.26)
Then, it is easy to see that f}i verifies the following inductive formula:
1 for J=i=1...M, f¥(;) = u%;
2. for |J| > 1, Yy = [Yy,, Y},], there exists an injective function
oy {1,....m"} = {1,..., M}
such that

I3 fy(VOﬂ (1)7"'71/0' (mJ1)> ~
ff(VUJ(l)’ I UUJ(m‘])) === : mJ1 . fJY2<y0'J(mJl+1)7 sy VO’J(TTL"))? (527)
Zi:l Vo ;i)

where m’ := A(Y;), m”7t .= A(Y},), and m”? := A(Y},).

We note that the family of rational functions f}/ is well defined for all the Lie brackets Y; such that
Aj(Y;) <1,i=1,..., M. The algebraic construction could be extended to all the Lie brackets, but it
is not necessary for our purpose. We also note that Claim [[1lis equivalent to the fact that the family
of rational functions

{f}j(vl, '7VM)}j:1 ..... N
is linearly independent over the hyperplane Ef\il v; = 0.
Recall that every element Y, in the family {Y},,...,Y;_} writes uniquely as
YJj = [ Jj17YJj2]' (528)

Definition 5.5 (Left and right factors). For J € {Jy, ..., g}, the left factor L(J) and the right factor
R(J) of J are defined in such a way that Y; = [Yr(5), Ve

Let L* be defined by
L* := max {L(J;)}. (5.29)

j=1,.,N

The integer L* is well defined since a P. Hall family is totally ordered. Thus, there exists J* €
{J1,..., 5} such that L* = L(J*). Then, define R* := R(J*) and set m* = |L*|. Let

A=A UAgand A ={1,... N} \ A,
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with Ay and Ag defined by
A = {je{l,...,N}, such that Yz, ~ Y}, (5.30)
Ar = {je{l,...,N}, suchthat Yy ~ Yg}. (5.31)
Then, for all j € A, there exists an injection function
oj:{1,...,. M} —={1,....M}

such that one has

- Fry Wos1)s s Voymn) =y .
ij(l/l, .. .,I/M) = Zm* y fR (J5) ( Voj(m*+1), - 7V0j(M))7 lf] € AL7 (532)
i=1Yo;(1)
Fry Woyme41)s -+ Voyom) o

f(Z(Ul’...,UM> fR(Jj)(VUj(1)7'"7V0(m*)>7 lfj e AR (533)

S ;
i=m*+1 Yoy (i)

ey

Note that, for all j; and js in Az, one has {Voj1(1)7 Vo, (m*)} = {y%(l), o y%(m*)}. Denote by
=1, the set of variables involved in f{( ) with j € Ap. A similar property holds for Ag. For all j;
and jp in Ag, one has {VU].I (m*41)s - -+ Vo, (M)} = {y%(m*ﬂ), - VU].Q(M)}. Denote by =p the set of all
variables occurring in f}j(‘]j) with j € Ag. Then one has =, UZg = {v1, ..., vy }. By abuse of notation,

we re-write Egs. (5.32)) and (5.33)) in the following form:

f};(’/l’ s va) = S 7 ~R(LIJ-)(ER)a if j € Ap; (5.34)
UREEL

; fluyEr) o

f};(m, o UyM) = ZL(JJ) . g(Jj)(:L)7 if j € Ag. (5.35)
ULEER

Moreover, by the resonance condition Zf‘il v; =0, Eq. (5:35]) becomes

; fl)Er) .
fz<yl""’VM)_ fR )(EL), if j € Ag. (5.36)
- Zl/ke L
We now prove that the family of rational functions { f};(yl, - Var)}j=y . x is linearly independent

over the hyperplane sz‘i1 v; = 0. The proof goes by induction over the length of the Lie brackets under
consideration. For the brackets of length 1, the result is obviously true. Assume that the result holds
for all brackets of length smaller than M —1, M > 2.

Assume that there exist ¢; € RY such that

N M
> Gfr (.. vn) =0, with Y v =0. (5.37)
=1 i=1
One has
N ~ ~. ~
Zgjf};(yl, NN VM) = Zgjf}i(yl, NN VM) —+ Zgjf};(yl, ey I/M) (538)
Jj=1 JEA jeA

) ER) -
ZE]E ~ R(JJ Z&Z - fR )+ 4G f () =0,

JEAL JEAR jeA
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Multiplying Eq. (538) by the factor Z Uy, one gets

ULEEL

> G F G iy Gr) = D Gy Er) iy En) + (> o) > 6f) (v, - var) = 0. (5.39)

JEAL JEAR UREEL jeA

Since L* is the maximal element among the left factors of Lie brackets of length M, the fraction f};

does not contain the factor Z iy, for all j € A. Therefore, on the hyperplane of R™" defined by
ULEEL

Z v, = 0, one has

UREEL

> Gy E) Ry Er) = Y G Er) i, (EL) =0. (5.40)

JEAL JEAR

Fixing variables belonging to Zg, Eq. (5.40) is a linear combination of elements of the family

{F1) G Yiea, U{ Tk (EL) Yiean

associated with elements of length m* in the P. Hall family. By the inductive hypothesis, this family
is linearly independent over the hyperplane of R™ defined by Z v, = 0. We therefore obtain that

DLEEL
i f sy (Er) =0, forall j €Ay, (5.41)
l; fL(JJ (Zr) =0, for all j € Ag. (5.42)
Since Egs. (5.41) and (5.42) hold true over the whole hyperplane of RM ™" defined by Z 7, =0,
one has ¢; = 0 for every j € A. Therefore, Eq. (5.38)) becomes e
S Gf ) =0, (5.43)

jEA

Consider now the maximum left factor for j € A and iterate the same reasoning used for Eq. (5.37).
We deduce that ¢; = 0 for every j € A. Therefore, the family { f};(yl, ooy Ua)tjoy . 18 linearly

independent over the hyperplane Zf\il v; = 0 and this concludes the proof of Claim El]l O

.....

We are now in a position to proceed with the argument of Lemma 5.8 Let X; be an element of
Ex(my, ma), M := my +my and N :=Card Ex(my, my). Consider also another family of M indetermi-
nates Y = {Y1,..., Yy} and let Hy be the P. Hall family over Y. Finally, consider all the elements of
the class &y (1,...,1) = {Yy,..., Y, } in Hy.

Let IT be the algebra homomorphism from L(Y) to L(X) defined by

I(Y;) =Xy, for i=1,...,my, (5.44)
I(Y;) = X,, for i=my+1,..., M. (5.45)

Note that the map II is surjective from &y onto £x. Consider the following vector fields
W ={nYi+ - +ouYu},
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where

v; = cosw;t, fori=1...M — 1, and vy = cos(wyt + 8%),

M-1

with wy = Z w;, and w; verifying the non-resonance conditions.
i=1

Then, the non-autonomous flow of V3 between 0 and 27 is given by

Y
exp(Vy)(0,27) = e oo e w6 H SERE
J>Jy

Let us now apply II to Vi, we get
M(Vy) = VX = {oII(Y]) + - + 0, 11(Y;0) } = {us X1 + 2 X},

where

mi m1
U = E vizg cos w;t,
i=1 i=1

m m—1
T
Uy = g v; = E cos w;t + cos(wp,t + 55)
i=mi+1 i=mi1+1

Then, the non-autonomous flow of Vy between 0 and 27 is given by

xp(Vx)(0,27) = SR o ef}/NH(YJN) o H e/ TTY) = er-Vzl S50 H el T0Y),
J>J J>J1

We also know that

@(Vx)(oﬂﬂ) = efﬁxfl o--- oefiij“V o H e X — ezy:lf;j'xlf o H eI7 X1,

I>1 I>I

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

Recall that II is surjective from Ey(1,...,1) onto Ex(mi,my). Therefore, by identifying Egs. (5.5
and (5.52), we obtain that, for all j = 1,..., N, fl)]( is a linear combination of f) with ¢ =1,..., N,

ie.,
N
X i £Y
f]j = Zangz
i=1

Since the family (f}’) ]

i=1,..

(5.53)

_x is linearly independent and the matrix A := (&),_;  n.j—1._y IS surjective,

we conclude that the family ( fff )j=1,...n is also linearly independent. This ends the proof of Lemma

B8

A consequence of Lemma is the following.

Corollary 5.9. With the above notations, the function detA is not identically equal to zero on ﬁj»V:lP

Proof of Corollary[52.9. For j =1,..., N, we define the vector L; by

T
X —1 X -1
Lj:(flj(w%h"'uwg? 7w>2kl)7"'7flj(w%N7'--7w;n]\2/ 7w;N)) :

47

0

g



N
Assume that ZEJ-L]- = 0 with [; € R. Then, for all i =1,..., N, we have

j=1

S G Wl wh, L w T W) = 0. (5.54)
By Lemma 5.8, we have [; =0 for j =1,..., N. Then, the family (L;);—;, . n is linearly independent.
We conclude that det A is not equal to zero. This ends the proof of Corollary (.9 O

We still need another technical lemma which guarantees that there exist integer frequencies such

that Eq. (5.12) is satisfied and the matrix A in Eq. (5.23)) is invertible.

Lemma 5.10. There exists integer frequencies such that (B.12) is satisfied and det A is not equal to
zero.

Proof of Lemmal2 10 For j=1,..., N, we set

m—1
Filwr, o wmt) = [ (@ W, Y wi), (5.55)
i=1
then, we have
fl(wila'--awg?il)a 7f1(w%N7"'7w12n]\2fil) P(wl wm_l)
detA = : . : = N (5.56)
' ' ' Qwly, ... ,wiz ty '
vl o el wieh Hhrr N

where P and () are two polynomials of (m — 1)N variables.

We first note that () never vanishes over integer frequencies. Assume, by contradiction, that P is
always equal to zero for integer frequencies verifying Eq. (5.12). Consider P as a polynomial in one
variable wj2 ™! i.e.,

M
P(wiy,-ywig ™) = ) Pyl i ) (wis ). (5.57)

=0
Civen integer frequencies (wl,...,wh27?), if Eq. (5.57) is not identically equal to zero, then this
polynomial in the variable w4?2~! most has a finite number of roots. However, for a given choice of

mo—1

(m —1)N — 1 first frequencies, there exist an infinite number of wyy ™~ verifying (5.12). Then, P; =0
over all integer frequencies, and P, is not identically equal to zero. We note that all P; are polynomials
of (m — 1) N — 1 variables. Proceeding by induction on the number of variables, it is easy to see that,
at the end, we obtain a polynomial in the variable w{, which is equal to zero over all integer wi,, and
which is not identically equal to zero according to Corollary That contradiction ends the proof of
Lemma O

5.2.3 General case: m > 2

Notice that the proof of Theorem 5.4l does not really depend on the number of vector fields involved in
the control system (2.I)). Indeed, for m > 2, if the control functions are linear combination of sinusoids
with integer frequencies, then the state variables in the canonical form are also linear combinations of
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sinusoids so that the frequencies are Z—linear combinations of the frequencies occurring in the control
functions. The proof is the same as that of Lemma [5.5] up to extra notation. Since Lemma [IT] depends
only on the length of the Lie brackets, but not on the number of vector fields, the proof of Lemma [5.8
does not depend on m, either. In order to prove a similar result for m > 2, we just need to re-project

Egs. (5.44) and (5.45) to m vector fields instead of 2.

5.3 Exact and sub-optimal steering law

In this section, we explain how we can devise, from Proposition 5.4l an exact and sub-optimal steering
law (cf. Definition 217) Exact,,, for the approximate system, which is already in the canonical form
and how Exact,,, can be incorporated into the global approzimate steering algorithm (cf. Section E.2)).
Note that Exact,,, only depends on the number of controlled vector fields m and on the maximum
degree of nonholonomy 7. -

Recall that the components of z € R™ are partitioned into equivalence classes {€},E2,...,EN}
according to Definition 5.1 in such a way that & < &/ for (i,5) € {1,...,N}? and i < j. For every
equivalence class £J, Proposition [£.4] and Subsection 5.2.3 guarantee that we can choose frequencies
such that the corresponding control matrix A; (cf. Definition [5.4)) is invertible and the corresponding
control function u’ obtained by Eq. (5.I3) steers all the elements of £/ from an arbitrary initial value
to the origin 0 (see Remark [4.5]) without modifying any elements belonging to smaller classes.

Let z™tl € R™. Let B; := A;' and N; := Card(&]), j = 1,. ..,N. For z € R" we will use
[z];.., with 1 < i < k <n, to denote the vector (z;,...,z), and [|z|| to denote the pseudo-norm of
x defined by the free weights (cf. Definition 213 and Definition B.7]). We also define an intermediate
function Position(u) as follows: if System (5.1]) starts from z = 0 and evolves under the action of u,
then Position(u) returns its position at t = 2.

initial)

Algorithm 5 Exact Steering Law: Exacty, . (z
Require: B,...,Bg, and Ny,..., Ng;
D)\ = H:Uinitialﬂo;
ajnew — 507%<xinitial>;
Ginorm = 0;
1:=0; _
for j=1,...,N do
T = [ll?new]z‘+1,...,z‘+Nj§
a’ = Bj x;
construct u/ from a’ by Eq. (EI3);
"V = 2"V + Position(u/);
Unorm = Unorm * U/ (cf. Definition E.3);
t =1+ Nj;
: end for
s return 4 = AMiporm.

[ S e

Proposition 5.11. For every x™% ¢ R™ | the input given by
Exact,, . (z™) steers System (51) from ™% t0 0 ezactly. Moreover, there exists a constant C > 0
such that

E(EX&Ctm7r(l’initial)) < Cd(l'initial,O), 4 xinitial c RﬁT’ (558)

where we use d to denote the sub-Riemannian distance defined by the family X.
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Proof of Proposition[2.11. The fact that the procedure described by the Lines 5 — 12 in Algorithm
produces an input Upem, steering System (5.]) from 50&(:61““15‘1) to 0 is a consequence of Proposition
B4 and Subsection 52231 We also note that, due to the homogeneity of System (51I), if an input u
steers (5.0) from x to 0, then, for every A > 0, the input Au steers (5.1]) from g (z) to 0. Therefore,
the input computed by Exact,, . (z™%!) steers System (5.1]) from z™#! to 0. Let us now show (G.58]).
In the sequel, the application Exact,,, : © — Exact,, ,(x) will be simply denoted by @ :  — 4(z). Let
S(0,1) :=={y, |lyllo = 1} and = € R™". Then, there exists Tporm € S(0,1) such that z = 6y x(Tnorm) With
A= ||z]|o. We have:

((i(x)) = AU Tnorm)) = M(0(Lnorm)) < A essltgl)f(ﬂ(y))-

We also know that, since the sub-Riemannian distance d(0, -) from 0 and the pseudo-norm || - ||y at

0 are both homogeneous of degree 1 with respect to the dilation d.(-), there exists a constant C' > 0
such that CA < d(0,z). Since the application y — 4(y) is continuous from S(0,1) to R™ and S(0, 1)
is compact, then, sup,cg( 1) £(4(y)) is bounded, thus the inequality (5.58) holds true. O

The following theorem is a consequence of Proposition 5.11] and Remark [£4]

Theorem 5.12. The function Exact,, ,(-) constructed by Algorithm [l provides the approzimate system
AX defined in Section [J1] with a sub-optimal steering law.

Proof of Theorem[5.14. Tt suffices to note that, for every a € Q, A¥(a) has the same form (cf. Remark
[4.4]), thus defines the same sub-Riemannian distance d. Therefore, the inequality (5.58)) holds uniformly
with respect to the approximate point a, and this terminates the proof of Theorem (.12 O

Remark 5.4. Frequencies choices and the construction of the corresponding control matrix A;, as
well as its inverse Bj;, translate to off-line computations. We note that Proposition [(.4] only gives
sufficient conditions to prevent resonance (by choosing widely spaced frequencies, cf. Eq. (G512))
and guarantee the invertibility of the corresponding matrix (by using a sufficiently large number of
independent frequencies). These conditions tend to produce high frequencies while it is desirable to
find smaller ones for practical use. We can prove that two independent frequencies suffice to steer
one component (cf. Section (.2.1]), and we conjecture that 2N independent frequencies suffice to
control one equivalence class of cardinal N by producing an invertible matrix. One can implement a
searching algorithm for finding the optimal frequencies for each equivalence class such that they prevent
all resonances in smaller classes and produce an invertible matrix for the class under consideration.
Proposition [5.4] guarantees the finiteness of such an algorithm. Moreover, one can construct, once for
all, a table containing the choice of frequencies and the corresponding matrices for each equivalence
class in the free canonical system.

Remark 5.5. Recall that the key point in our control strategy consists in choosing suitable frequen-
cies such that, during each 2r—period, the corresponding input function displaces components of one
equivalence class to their preassigned positions while all the components of smaller classes (according
to the ordering in Definition [£.2)) return at the end of this control period to the values taken at the
beginning of the period. In order to achieve the previous task, special resonance conditions must be
verified by the appropriate components, and these conditions must not hold for all the other smaller
components (according to the ordering in Definition [(5.2]). Note that two categories of frequencies
have been picked in Proposition 5.4} the basic frequencies {wfj}, and the resonance frequencies {w;}}.
Since frequencies occurring in the dynamics of the state variables are just Z—linear combinations of
{wi;} U {w;;}, and the resonance frequencies {w;} are chosen to be special Z—linear combinations
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of basic frequencies (resonance condition), the frequencies in the dynamics of the state variables are
special Z—linear combinations of {w];}.

Remark 5.6. Once the frequencies and matrices are obtained, the on-line computation Exact,, , is
only a series of matrix multiplications which can be performed on-line without any numerical difficulty.

Remark 5.7. The Desingularization Algorithm presented in Section 3.3 (see also Remarks 3.6 and [5.7])
together with Algorithm [l provides general nilpotent control systems with an exact steering method,
which is also sub-optimal.

Remark 5.8. We note that the inputs constructed in this section are piecewise €' during each time
interval [2im,2(i + 1)x], for ¢ = 1,..., N — 1, but they are not globally continuous during the entire
control period |0, QNW], due to discontinuity at t = 27, 4, ..., Q(N — 1)m. However, it is not difficult
to devise (globally) continuous inputs using interpolation techniques. We illustrate the idea with a
simple example. Assume that we use v’ = (ul,u}) and w/ = (v}, u) defined by

ul(t) = coswit,

uh(t) = coswsyt + a’cos(wit + 5’%), t €2(i — 1), 2in],
wl(t) = coswyt,

uh(t) = coswy,t +al cos(wy;t + z—:jz), te2(j— 1)m, 2jm],

2
to steer two consecutive classes £ and &7 (i.e. j =i+ 1) which are both of cardinal equal to 1.
If we require their concatenation 1’ * u’ to be continuous, i.e.
ul(2m) = ul(2m), (5.59)
uh(2m) = ul(2m), (5.60)

we can proceed as follows. .
For Eq. (B.59), it suffices to modify slightly u]. We take

W (t) = ul(27) cos wy st (5.61)
For Eq. (5.60), we distinguish two cases:

o if &/ =1, we can take

ﬂ%(t) = uy(2m) cos wa;t + a’ Cos(w’;jt — g)

= uh(2m) cosway;t + a’ sin wj it; (5.62)
e if &7 =0, we add a frequency w, to ug, large enough to avoid any additional resonances,
W(t) = cos wy;t + a’ cos wy;t + (uh(2m) — @’ — 1) coswt. (5.63)
Let @/ := (@), w)). Then, by construction, the new input u’ * %/ is continuous over the time interval
2, 2j7].
It is clear that this idea of interpolation by adding suitable frequencies can be used to construct

continuous inputs over the entire control period |0, 2N 7). In fact, by using more refined interpolations,
one can get inputs of class OF for arbitrary finite integer k.
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Remark 5.9. Using the idea presented in Remark 5.8 together with Remark [5.7] it is easy to conclude
that, for general nilpotent systems, the resulting trajectories are globally C! curves and the regularity
does not depend on the time-parameterization of the trajectories.

For the sake of completeness, we give in this short appendix the proof of Theorem [Tl together with
some comments on Algorithm

A  Proof of Theorem 1.1

We first note that Steps 1 through 5 in Algorithm [2] are straightforward.

Theorem guarantees that the Desingularization Algorithm (Section B3]) provides us with a

new family of vectors fields & = {&;,...,&,}, which is regular and free up to step r with r denoting
the maximum value of the degree of nonholonomy of the original system X = {X;,..., X,,}, on the
corresponding compact set V.. Then, we construct the approximate system A¢ using the procedure
presented in Section [4.]land provide it with the sub-optimal steering law Exact,, , defined in Algorithm
Bl The sub-optimality of Exact,,, is guaranteed by Theorem (.12l Therefore, by Theorem (.2 the
LAS method AppSteer associated with A¢ and its steering law is uniformly contractive on the compact
set V% x Bg(0). Then, by Theorem E.3]
GlobalFree (7, 71, e, V¢, AppSteer) provided by Algorithm [3] terminates in a finite number of steps and
stops at a point T such that d(z,7;) < e. Since there is a finite number of compacts to be explored,
we conclude that Algorithm [] terminates in a finite number of steps and steers the system (X) from
x'M4al t6 some point x such that d(x, 2) < e. This ends the proof of Theorem [Tl

B About the control set

Let U C R™ be any neighborhood of the origin. Then every trajectory of (Z1I) corresponding to the
inputs produced by Algorithm [2] can be time-reparameterized so that the resulting trajectory of (2.1I)
is associated with an input taking values in U.

C Getting trajectories of class C' for the original control sys-
tem

We can slightly modify Algorithm 2 to get trajectories of class C! for the original control system (X).
This is equivalent to ask for continuous inputs produced by the algorithm. According to Remark 5.8
inputs can be made continuous within each iteration step in Algorithm [3]since they are computed based
the nilpotent approximate system. By using the same interpolation technique as presented in Remark
(.8, we can still produce inputs which remain continuous from one step to another in Algorithm [3]
Therefore, trajectories of class C! for the control system () are obtained.
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