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Approximate comparison of distance automata *

Thomas Colcombet and Laure Daviaud

Université Sorbonne Paris Cité, CNRS, LIAFA

Abstract. Distance automata are automata weighted over the semiring
(NU{oo}, min, +) (the tropical semiring). Such automata compute func-
tions from words to NU{oo} such as the number of occurrences of a given
letter. It is known that testing f < ¢ is an undecidable problem for f, g
computed by distance automata. The main contribution of this paper is
to show that an approximation of this problem becomes decidable.

We present an algorithm which, given ¢ > 0 and two functions f,g
computed by distance automata, answers “yes” if f < (1 — €)g, “no” if
f £ g, and may answer “yes” or “no” in all other cases. This result highly
refines previously known decidability results of the same type.

The core argument behind this quasi-decision procedure is an algorithm
which is able to provide an approximated finite presentation to the clo-
sure under product of set of matrices over the tropical semiring.

We also provide another theorem, of affine domination, which shows
that previously known decision procedures for cost-automata have an
improved precision when used over distance automata.

1 Introduction

One way to see language theory, and in particular the theory of regular
languages, is as a toolbox of constructions and decision procedures allowing
high level handling of languages. These high level operations can then be used
as black-boxes in various decision procedures, such as in verification.

Since the early times of automata theory, the need for the effective handling of
functions rather than sets (as languages) was already apparent. Schiitzenberger
proposed already in the sixties models of finite state machines used for computing
functions. These are now known as weighted automata [9] and are the subject of
much attention from the research community. In general, weighted automata are
non-deterministic automata, weighted over some semiring (.5, ®, ®). The value
computed by such an automaton over a given word is then the sum (for @) over
every run over this word of the product (for ®) of the weights along the run.

Several instances of this model are very relevant for modelling the behaviour
of systems, and henceforth attract much attention. This is in particular the case
of probabilistic automata (over the semiring (R*,+, x) with some additional
constraints enforcing weights to remain in [0, 1]), and distance automata which

* The research leading to these results has received funding from the European Union’s
Seventh Framework Programme (FP7/2007-2013) under grant agreement n°259454.



are automata weighted over the semiring (NU{oco}, min, +). In such an automa-
ton, each transition is labelled with a non-negative integer (usually 0 or 1), and
the weight of a word is the minimum over all possible paths of the sum of the
weights. These automata naturally capture some optimisation problems since
computing the value amounts to find the path of minimal weight.

The subject of this paper is to develop algorithmic tools for distance au-
tomata, and more precisely to develop the question of comparing distance au-
tomata. We know from the beginning that exact comparison is beyond reach.

Theorem 1 (Krob [6]). The problem to determine, given two functions f,g
computed by distance automata, whether f = g or not is undecidable. The prob-
lem whether f < g or not is also undecidable, even if g is deterministic.

Despite this, some positive results exist but for a comparison relation less precise
than inequality, namely the domination. Given two functions A* — NU {oo}, f
is dominated by g (and we note f < g) if there is a function « : N — N, extended
with a(co) = oo, such that

f<aog.

Moreover, if « is a polynomial, we say that f is polynomially dominated by g.
The following theorem shows the good properties of the domination relation.

Theorem 2 (|2] extending results and techniques from [4,8,11,5,1]).
Given two functions computed by distance automata, domination is decidable.
Furthermore, if a function dominates another, then it polynomially dominates
it

The motivation of this work is to improve Theorem 2, and answer the fol-
lowing question:

Is it possible to decide “approximations” of the inequality of functions
computed by distance automata that are finer than domination ?

We answer positively this question in two ways. We first show:

Theorem 3 (affine domination). Given two functions f and g computed by
distance automata, if f is dominated by g then f is affinely dominated by g, i.e.,
f < aog for some polynomial o of degree 1.

A consequence of this theorem is that the decision procedure provided by
Theorem 2 in fact decides the affine domination, which is finer than the polyno-
mial domination?.

Our second, and main contribution is an even more accurate decision-like
procedure. One says that an algorithm, given two functions f and g and some
real € > 0, e-approximates the inequality if:

! Technically, this is not stated in [2] , but can be derived directly from the proofs
which explicitly compute the function o using operations preserving polynomials.

2 Theorem 2 holds for more general classes of automata, cost automata, for which
affine domination does not hold. Affine domination is specific to distance automata.



— if f < (1 —¢)g, the output is “yes”,
— if f £ g, the output is “no”,
— otherwise the output can be either “yes” or “no”.

Hence, if such an algorithm answers “yes”, one has a guaranty that f < g.
Conversely if f is e-inferior to ¢ (meaning f < (1 — £)g), one is sure that the
algorithm answers “yes”. Our second and main result reads as follows:

Theorem 4 (approximate comparison). There is an EXPSPACE algorithm
which e-approzimates the inequality of functions computed by distance automata.

This result is in fact a consequence of a theorem — called the core theorem
below — stating that it is possible, given a set of matrices X in the tropical
semiring, to approximate (in a suitable way) the set

1
{]4}<M1®®Mk) : Ml,...,MkEX} R

where ® denotes the product of matrices. More precisely, the core theorem
states that it is possible to approximate the upper envelope of the set of pairs
{M1® - ® My, k) : My,..., My, € X} for asuitable notion of approximation.
This core theorem, Theorem 5, will be described precisely in the first section of
this paper.

In Section 2 we present some classical definitions and formally state our core
theorem. Section 3 is devoted to the proof of the core theorem. Section 4 applies
the core theorem for answering our original motivation, and shows the decidabil-
ity of the approximate comparison between distance automata. We prove on the
way our result of affine domination, Theorem 3. Section 5 concludes the paper.

2 Description of the core theorem

In this first section, we introduce the basic definitions, and define sufficient
material for stating our core theorem 5. Its proof is the subject of Section 3
and its application to the comparison of distance automata is the subject of
Section 4.

We first introduce some classical algebraic definitions in Section 2.1, and
finally state our core theorem in Section 2.2.

2.1 Classical definitions

“n

A semigroup (S, -) is a set S equipped with an associative binary operation
If the product has furthermore a neutral element, it is called a monoid. The
monoid is said commutative when - is commutative. An idempotent in a monoid is
an element e such that e-e = e. Given a subset A of a semigroup, (A) denotes the
closure of A under product, i.e., the least sub-semigroup that contains A. Given
two subsets X,Y of a semigroup, X - Y denotes the set {a-b : a € X, beY}.



A semiring is a set S equipped with two binary operations @ and ® such
that (S, ®) is a commutative monoid of neutral element 0, (S, ®) is a monoid of
neutral element 1, 0 is absorbing for ® (i.e., t®0 = 0®z = 0) and ® distributes
over @. We will consider three semirings: (R* U {oo}, min, +), denoted R¥, its
restriction to NU {co}, denoted N, and its restriction to {0, 0} denoted B. The
third, finite semiring is called the Boolean semiring, since if we identify 0 with
“true” and oo with “false”, then @ is the disjunction and ® the conjunction.
Remark that in the three cases, the “0” is oo, and the “1” is 0.

Let S be one of the above semirings. The set of matrices with m rows and n
columns over S is denoted M, ,(S). For M € M,, ,(S), we denote by M the
matrix over B in which all entries of M different from oo are changed into 0. We
define the multiplication A ® B of two matrices A, B (provided the number n of
columns of A equals the number of rows of B) as usual by:

(A®B)iy = €D (4ir® Biy) = OgggTL(Ai,k + Br,j) -
0<k<n

For a positive integer k, we also use the notation M* = M @ --- ® M.
[ ———
k times
For A € S, we denote by AA the matrix such that (AA); ; = AA; ;, with
the convention Aoo = oo (the standard product is used here, not the one of the
semiring). Finally, we denote by B+ \ the matrix such that (B+X); j = B; j + .

2.2 Weighted matrices and the core theorem

In this section we state our core approximation result, Theorem 5. This the-
orem states that given a set of weighted matrices, it is possible to compute a
finite presentation of its closure under product up to some approximation. Hence
we have to introduce weighted matrices, the approximation, and what are finite
presentations before disclosing the statement. This requires some specific defini-
tions that we present beforehand. In the following, a positive integer n is fixed,
and all matrices implicitly belong to Mnn(Rj)

As already mentioned in the introduction, our goal is to approximate a set
of pairs (M,¢) where M is a matrix and ¢ is a positive integer. We call such
pairs weighted matrices. A weighted matriz is an ordered pair (M,{) where
M € M, ,(R¥) and £ € N is non-null. The positive integer £ is called the
weight of the weighted matrix. The set of weighted matrices is denoted by W, 5.
Weighted matrices have a semigroup structure (W, ,,, ®), where (M, ¢)@(M’, {')
stands for (M @ M', ¢+ ¢'). Given A, B subsets of W), ,,, one denotes by A @ B
the set {(M ® N : M € A, N € B}, and by (A) the closure under ® of A.
With this terminology, our goal is, given a finite set of weighted matrices X, to
approximate (X).

We describe now the notion of approximation that we use. Given some ¢ > 0
and two weighted matrices (M, ¢) and (M’,¢'), one writes

(M,0) < (M',0)) if >0, M=M and M <M +¢el .



Remark that in particular, this implies %M < %,M’ + ¢, which is the intention
behind this definition. The definition of <. is more constraining: this is manda-
tory for having better properties with respect to the product of matrices, such
as in Lemma 1 below. This definition extends to sets of weighted matrices as
follows. Given two such sets X, X', X <. X' if for all (M,¢) € X, there exists
(M',0') € X' such that (M, ¢) <. (M',¢'). One writes X ~, X' if X 5. X’ and
X' % X (and says X is e-equivalent to X’).

The following lemma establishes some simple properties of the <. relations
(as a consequence, the same properties hold for ~.).

Lemma 1. Given X, X' Y)Y, Z CW, ,, and ¢,n1 > 0,

—if XY andY <, Z then X <cqyy Z,
—if X< X andY .Y then XY <. X' @Y/,
— if X Ko X/ then (X) <. (X7).

Proof. First item. If (M,€) <. (M',0') <, (M",£"), then £ > ¢/ > (", M =
M' = M"and M < M' +el < M" +nl' +el < M + (¢ + n)l. This easily
extends to sets of weighted matrices.

Second item. Assume (M, {) 5. (M’,¢') and (N,t) <. (N',t'). Then, £+ ¢ >
t+t, M@ N =M &N and M&N < (M’ +e0)@(N'+et) < M @N' +e(0+1).
This naturally extends to sets of weighted matrices.

Third item. By induction, applying the second item. a

The last ingredient required is to describe how to represent (infinite) sets of
weighted matrices. Call a set of weighted matrices W C W,, ,, finitely presented
if it is a finite union of singleton sets, and of sets of the form {(kM,k): k > ¢}
where M € /\/lnn(RiJr) and { is a positive integer. Our algorithm manipulates
finitely presented sets of weighted matrices.

The core technical contribution of this paper can now be stated, as follows.

Theorem 5 (core theorem). Given X C W, ,, finitely presented and £ > 0,
one can compute effectively Y CW,, ,, finitely presented such that:

Y = (X) .

A sketch of the proof of this result will be the subject of Section 3. The
application of this theorem to the comparison of distance automata is presented
in Section 4. The two sections are independent.

3 Proof of the core theorem

In this section we describe the key arguments involved in the proof of Theo-
rem 5. It is the combination of several arguments. The first one is the use of the
factorisation forest theorem of Simon.



3.1 The main induction: the forest factorization theorem of Simon

The forest factorization theorem of Simon [10] is a powerful combinatorial
tool for understanding the structure of finite semigroups. In this short abstract,
we will not describe the original statement of this theorem, in terms of trees of
factorisations, but rather a direct consequence of it which is central in our proof.

Proposition 1 (equivalent to the forest factorization theorem [10]3).
Given a semigroup morphism ¢ from (S,®) (possibly infinite) to a finite semi-
group (T,-), and some X C S, set Xg = X and for all k > 0,

Xpn =X, UXp @ XU | (Xeno'(e)

e-e=ecT
then Xy = (X) for N =3|T| — 1.

This proposition teaches us that, for computing the closure under product
in the semigroup S, it is sufficient to know how to compute (a) the union of
sets, (b) the product of sets, and (c) the restriction of a set to the inverse image
of an idempotent by ¢, and (d) the closure under product of sets of elements
that all have the same idempotent image under ¢. Of course, this proposition is
interesting when the semigroup 7 is cleverly chosen.

In our case, we are going to use the above proposition with (S,®) = W, »,
(T,-) = My n(B), and ¢ the morphism which maps (M,¢) to M. Our algo-
rithm will compute, given a finitely presented set of weighted matrices X, an
approximation of (X)) following the same inductive construction as in the forest
factorisation theorem. This is justified by the two following lemmas, that we
prove below.

Lemma 2. For all ¢ > 0 and all finitely presented X,Y C W, ,, there ezists
effectively product(e, X,Y) C W, ,, finitely presented such that

product(e, X, Y) =. X ®Y .

Let X be a set of weighted matrices, we denote X = {M | 3¢ > 0 s.t (M, ) €
X}

Lemma 3. Foralle > 0 and all finitely presented X C W,, ,, such that X = {e}
for an idempotent e, there exists effectively idempotent(e,X) C W, , finitely
presented such that

idempotent (e, X) ~. (X) .

Assuming that Lemmas 2 and 3 hold, it is easy to provide an algorithm which,
given X C W, , finitely presented, computes X’ C W, ,, finitely presented such
that X’ =, (X). The principle of the algorithm is to implement Proposition 1,
using finitely presented sets that approximate the Xj’s.

3 Modern proofs of this theorem can be found in [7,3], in particular with the exact
bound of N = 3|T| — 1 (Simon’s original proof only provides N = 9|T|).



— Set Yy = X and N = 3(2"°) —
— Forall 0 <k < N, set s(kz):ﬁ and

Y41 = Y Uproduct(e(k), Yy, Vi) U U idempotent(e(k), Vs N~ *(e)) .
e®e=eecT

— output Yy

It is easy to prove that this construction is correct. Indeed, one proves by in-
duction that Yy ~. ) Xy, for all £ =0,..., N where X} is defined as in Propo-
sition 1 (with S = Wy 5, T = My, (B ) and ¢(M,¢) = M). For k = 0, one has
Xr =X =Y. Let k > 0, suppose that Yy ~, ) Xk, then by Lemma 2, Lemma
1 and the induction hypothesis,

product(s(k),Yk,Yk) Roe(k) Y. ® Yy Re(k) X ® Xy .

Finally, by Lemma 1, product(e(k), Yx, Yx) Roc(k) Xx®X}. Similarly, by Lemma 3,
for all idempotent e, idempotent(e(k), Yy N ¢~ (e)) ~acry (X N~ '(e)). Thus
Yir1 ®err1) Xer1-

Hence, what remains to be done is to establish Lemmas 2 and 3.

3.2 Approximate products of sets

The proof of Lemma 2 shows explicit examples of the approximation argu-
ments that are later used in a more advanced way.

Proof (Proof of Lemma 2). Since the finitely presented sets of weighted matrices
are closed under union, it is sufficient to prove Lemma 2 for the atomic blocks of
the finite presentation. Namely, it is sufficient to consider the case X = {(M, z)}
or X = {({M,?) | £ > z} together with Y = {(N,y)} or Y = {({N,¥) | £ > y}.
This results in four possibilities, among which only three remain up to symetry:
(a) X = {(M.2)} and ¥ = {(N,9)}, (b) X = {(M,2)} and ¥ = {(EN,£) | £ >
y}, and finally (c¢) X = {(¢M,0) | £ >z} and Y = {({N,0) | £ > y}.

For space reason, let us just explain the most interesting case, case (c). Let a
be the maximum absolute value of a non-infinite entry of M or N. Choose some
z such that 2ax < €z and 2ay < €z, and let Z be the set Z; U Z5 defined by:

Zy ={(@'MeyN,2 +y) |2 +y <z},
and  Zo = {((QAM © (1= NN, 0) [ £ 2 Ae[0,1]} .

The set Z; is finite, and merely lists all weighted matrices of weight less than z
in X ®Y. The set Z5 (which is not finitely presented) takes all barycentres of M
and N, and produces corresponding weighted matrices for all possible weights
greater or equal to z. We need to prove two things. First that Z ~: X ® Y, and
second that one can further approximate Zy by a finitely presented Z3y =z Za.
By Lemma 1 we can then conclude that X ® Y ~. Z; U Z3, and that Z; U Z3 is
finitely presented and computable from X and Y.



Let us prove that Z R X®Y. Remark first that X®Y C Z. For the converse
direction, consider (W, £) € Z. Clearly, if £ < z, then (W,{) € Z; C X QY.
Otherwise, W = (MM) ® ((1 — A\)¢N)). It is sufficient for us to find 2’ > = and
y' > y such that 2’ +y" = ¢, and ‘)\ — % < 5 indeed, assuming the existence of
such ', 3y, the matrix W' = (2’ M ® y'N, () is such that (W, ¢) =< (W', £), and
furthermore (W', ¢) € X ® Y. For proving the existence of such z’,y’, consider

the evolution of the value % when 2’ ranges from z to £ —y. Since £ > z, 7 < o,
and similarly E*Ty > 1 — 5. Furthermore when z’ increases of 1, the quantity
117/ g

z’ s 1
7 increases of at most 3 < 5. As a consequence, 7 gets to be 5--close of any

A € [0,1] when 2’ ranges from z to ¢ — y. Consider 2’ witnessing this fact and
set y' = ¢ — 2’. The pair 2/, y satisfies the requirement.

One now needs defining a set Z3 ~< Z> which is finitely presented. The set
Z3 is defined as the set Z3, but for the fact that X is discretized by steps of ;.
This can be written as:

13

Zy = U {(lOM @ (1 —=NN),0) | £> 2} .
Ae([0,1]nEN)

Clearly, this set is finitely presented. It is also simple to prove that Z3 ~< Z>. O

Details of the complete proof are given in Section A.

3.3 Approximate “idempotent” products of sets

We enter here the most technical part of the proof. We just sketch here the
essential ideas. Let us fix ourselves an idempotent E € M,, ,,(B), some £ > 0,
and some finitely presented set of weighted matrices X such that X = {E}. Our
goal is to construct a finitely presented X’ such that X’ ~. (X). In this section,
all matrices and weighted matrices M are supposed to be such that M =E.

The proof is done in several steps. We first define two restricted notions of
closure. Let p be some positive integer and 1 > 0. Define (X)), , to be the set of
weighted matrices

(M, 0) = (My1,01) @ -+ @ (My, Ly)

where each (M;,¢;) belongs to X, and there exists i; < --- < i with s < p such
that ijl li; = (1 —n)l (where £ = Z?Zl ¢;). In other words, k can be very
large, but there are only few weighted matrices (less than p) that count for most
of the weight (ratio 1 — 7). If furthermore ¢; < n¢ and ¢, < n¢, the product is
said uniform. Set (X);, to be the set of weighted matrices obtained by such
uniform products.

The following lemma shows that (X), , and (X); , can be effectively approx-
imated (for sufficiently small choices of 7).



Lemma 4. For all v > 0, there exists 7 > 0 such that for all finitely presented
X with X = {E} and all p, there exist effectively Y and Z finitely presented
such that:
Y my (X)py and Z = (X)p -

The idea behind this proof is that the set (X),, ,, is essentially like a product of
up to p weighted matrices (something we know how to do as shown in Lemma 2),
but modified in order to possibly interleave in the product matrices of “small
weights”. One chooses 7 sufficiently small such that all these matrices of small
weight can be approximated by matrices of “null weight”.

Our second intermediate lemma shows that any product of weighted matrices
in X can be decomposed into products as the above restricted closures.

Lemma 5. For all X such that X = {E} for some idempotent E, for all n > 0,
there is an integer p, such that:

<X> = <X>p,n ® <<X>E,n> ® <X>pm :

Here, the lemma comes from a careful analysis of the proportions between
weights in any product (Mq,41) ® - -+ @ (My, lk).

At this point one should understand why computing ((X)} ,) is simpler than
computing (X) as in the general case. The reason is that the weighted matrices in
(X))}, have particularly good properties. Call a matrix M (such that M = E)
uniform if M = E® M ® E. A weighted matrix (M,¥) is uniform if M is
uniform. The following lemma shows that every matrix in (X)¥  is “almost”
uniform. Lemma 6 states it and refines Lemma 4.

u
p,n

Lemma 6. For all v > 0, there exists 1 > 0 such that for all finitely presented
X with X = {E} and all p, there exist effectively Z finitely presented such that:

Z z’Y <X>;,n )

and all weighted matrices in Z are uniform.

Intuitively, this comes from the fact that weighted matrices in (X), , are
defined as products that starts and ends with matrices of “small weight”. If these
weights are sufficiently small, these matrices count as if of null weight. Thus,
these extremity matrices act as multiplying on the left and on the right with E.
This yields matrices that are very close to uniform ones.

Finally, one shows that it is possible, given a finitely presented set Y of
uniform weight matrices, to compute its closure.

Lemma 7. For alln and all finitely presented set Y of uniform weight matrices
(with Y = E), there exists effectively Z finitely presented such that:

Z =, (Y) .



This results comes from the fact that one understands precisely the structure
of uniform matrices (for instance, if we see such a matrix as a weighted graph,
then the weight of transitions are constant in strongly connected component).
Using this knowledge, it is possible to show that the “worst situation” occurs for
very simple patterns of repetition of the matrices in Y. Since the relation ~,, just
refers to the upper envelope, this worst situation is sufficient for us to conclude.

The combination of all the above lemmas yields quite simply a proof of
Lemma 3. Details of the proof are given in Section B.

4 Comparing distance automata

In this section, we consider the problem of comparing the functions computed
by distance automata. In particular, we establish Theorem 3, and we reduce
Theorem 4 to our core theorem, Theorem 5.

We start by describing distance automata, and their relationship with ma-
trices over the tropical semiring (Section 4.1).

4.1 Distance automata

An alphabet is a finite set. The set of words over an alphabet A is denoted
A*. The empty word is A. A distance autornaton is a tuple (A, Q, I, F,T), where
@ is a finite set of states (that we can assume to be {1,...,n}) where I (resp.
T) is a row-vector (resp. column-vector) indexed by @, and F is a morphism

from words to M, ,,(N). The function f computed by a distance automaton
(A,Q,I,F,T) over an input word u is:

f:A* >N
u— IQF(u)®T .

We assume from now on that the initial and final vectors I,T of distance au-
tomata only range over {0,00}. The theorems are equally true without this as-
sumption, but this simplifies slightly the proof. In practice the theorems without
this restriction can be obtained by simple reductions to this case.

We have defined so far distance automata in terms of matrices. One can see
this object in a more “automaton” form as follows. There is a transition labelled
(a,z) from state p to state ¢ if x < oo and © = F(a)pq. A state p is initial if
I, =0. It is final if T; ; = 0. An example of distance automaton is as follows:

a,b:0 a:1 a,b:0

b:
o

O b:0
H

-G
¢



One can redefine the function computed by a distance automaton as follows.
A run of an automaton over a word aq ...a iS a sequence pg, ..., pg of states.
The weight of a run is the sum of the weights of its transitions, i.e., F'(a1)py,p, +
-+ F(ak)py_,.,p,- Remark that if there is some non-existing transition in this
sequence, say from p;_; to p;, this means that F(a;)p, ,p = 00, and as a
consequence the run has an infinite weight. A run is accepting if pg is initial and
pi is final. One defines the function accepted by the automaton as:

f:A* =N
u +— inf{weight(p) : p accepting run over u} .

This definition is equivalent to the matrix version presented above.
For instance, the function computed by the above automaton associates to
each word u = a™ba™ ...ba"* the value min(ng,...,ng).

4.2 Superior limits

In this section, we present Theorem 6. This result, that is a refinement of
known proofs concerning distance automata, will prove useful for further reduc-
tions.

In order to define the superior limit of a set of matrices, a topology is re-
quired. The matrices over N are equipped with the following topology. When two
matrices are distinct, their distance is 1/n where n is maximal positive integer
such that the entries that carry values at most n are the same in both matrices.
If no such integer exists, the distance is 1.

Given X C M,, ,,(N), a matrix N belongs to the superior limit of X if:

— N is the limit of some sequence of matrices from X,
— there exists no M € X such that M > N.

Let us call lim sup(X) the set of matrices in the superior limit of S.

Theorem 6 (consequence of [4,8]). Given a set X C M,, ,(N), limsup(X)
is finite. Furthermore, there is a PSPACE algorithm which, given a morphism
F from A* to M,, ,,(N), and a language L C A* enumerates limsup(F(L)).

The first part of the statement is a consequence of Higman’s lemma. The
second part is an adaptation of Leung’s proof of decidability of limitedness for
distance automata [8] (it subsumes this result). We are not aware of any similar
statement in the literature, though it can be deduced from previous works.

4.3 A first reduction: the theorem of affine domination

Our goal in this section is to establish the theorem of affine domination
(Theorem 3). This will be the opportunity to introduce some notations used in
the subsequent section.



Let us fix ourselves two distance automata over the same alphabet A. The
first one, Ay = (A, Qy, F, I, Ty) calculates a function f. The second one, A, =
(A, Qq,G,1,,T,) calculates a function g.

Define R, 0,4, € A* to be the set of words over which there is a run of g of
weight 0 from state p to state ¢. Let £ be a non-null weight occurring in some
transition of g, and p, ¢ be states in Q4. Define R, , , € A* to contain the words
over which there is a run of g from state p to state ¢ which uses one transition of
weight ¢, and otherwise only transitions of weight 0. We will reuse this languages
in the next section.

Proof (Proof of theorem 3). Define K to be the largest number that occur in
one of limsup(F (R, ¢,4)) for some states p, ¢ and weight of a transition ¢ (such a
number exists since by Theorem 6 it is the maximum of finitely many numbers).
Given a matrix M, call an m-expansion of M a matrix M’ > M such that for all
i, j such that M; ; > K, Mz/] > m. We first show a claim concerning expansions.

Claim. For all M € F(R,,,) and all m there exists an m-expansion M’ €
F(Rplyq) for M.
Indeed, by definition of the superior limit, there is some L € limsup(F(Rpr,q4))
such that L > M. Furthermore, by choice of K, whenever M; ; > K, L; ; = oo.
Finally, still by definition of the superior limit, L is the limit of a sequence of
matrices in F(R, ¢ ). Hence, for all m, there exists a matrix M’ in this sequence
which is sufficiently close to L that it is an m-expansion of M. This proves the
claim.

Let us turn now to the core of the proof. Our goal is to prove that if f is
dominated by g, (i.e., there exists o : N — N extended with a(o0) = oo such
that f < aog), then f < K(1+g). The proof is by contraposition. Thus, assume
f & K(14g). This means f(u) > Kg(u)+ K for some word u. We have to prove
that f is not dominated by g.

The first case is g(u) = 0. This means that u € R, with p initial and ¢
final. Using the above claim, one can chose for all m a word v™ € R,  such
that F'(v™) is an m-expansion of F(u). Since f(u) > K, this means that for all
initial state = and all final state s of Ay, F(u),s > K. This means that for all
such r, s, F(v™),s > m. It follows that f(v™) > m. Hence over the sequence
(V"™)m, ¢ is bounded and f tends to infinity. This forbids the existence of a
function « such that f < aog, f is not dominated by g.

Assuming g(u) # 0, the argument is similar. Remark first that g(u) is finite
since f(u) > Kg(u) + K. This means one can find py, ..., pr with pg initial, pg
final, and such that:

U=Up... U, UL E Rpyoyprs-- Uk € Ry 1o on s
where {1, ..., 0 are all non-null and of sum g(u). By the above claim, for all
i =1...k, and all m, one can select v]" in Ry, , s, p, such that F(v]") is an
m-expansion of F(u;). Consider now the word v = v{"...v}". Clearly g(v™) =
g(u). For the sake of contradiction, assume now that F(v"™) < m for some



m. This means that there exists qo,...,qr such that gy is initial, g is final,
and F(v]") g 1,q; < m for all ¢ = 1...k. Since F(v]") is an m -expansion of
F(u;), this implies F(u;)q, ,,q; < K. It follows that F'(u) < Kk < Kg(u). A
contradiction. Hence f(v™) > m. Thus, g is bounded over (v™),, while f is not.
As a consequence, f is not dominated by g. a

4.4 The reduction construction

We reuse definitions and notations of automata Ay and A, given in the
preceding section. In particular, we use the sets R, ¢, again.

Our goal is to construct a finite set of weighted matrices X that captures
the relationship between f and g. The key ideas behind this reduction are the
following. Each matrix (M, ¢) in X corresponds to a set of runs of g, that start
in a given state p and end in a given state ¢, and use exactly one transition
of non-null weight, of weight /. The corresponding matrix M is in charge of
(a) simulating the behaviour of F' over some word corresponding to such a run
(there may be infinitely many such runs, but only the finitely many matrices of
the superior limit need be considered), and (b) keeping information concerning
the first and last state of the run of A, for being able to check that pieces of run
of g are correctly concatenated.

One also needs to define the part of the matrix in charge of controlling the
validity of the run of A,. The construction behind Lemma ?7 below is the one of
a deterministic automaton, that reads words over the alphabet Qg, and accepts a
word (p1,q1) - - . (P, qx) if, either p; is not initial, or ¢ is not final, or if ¢;—1 # p;
for some 7. One can verify that this language is accepted by a deterministic and
complete automaton of states ), wW{s, L}. The unique initial state is ¢, and, when
reading the word (p1,q1) ... (pk,qx), the automaton reaches state L if p; is not
initial or ¢;_1 # p; for some i, otherwise it reaches state qx. The final states are
the one not in T, plus L plus possibly i if there are no states that are both initial
and final in g. Translated in matrix form, this yield Lemma 8.

Lemma 8. There are (n+ 2,n+ 2)-matrices (CP?), ,cc over B and vectors I,
and Ty such that for all p1,q1,...,pr,qr € Qq,

IC ® CP17QI R ® CPkJIk ®TC

_Joo ifprely, qu=pa, oo 1 = proand gy € Ty,
0  otherwise.

We can now construct the set X as follows:

X = {((g C";;) J) . Me limsup(F(Rp’g’q))}

and the vectors

I=(I; Ic) and T:(?) .



The following lemma shows the validity of the construction, and more par-
ticularly how it relates the comparison of distance automata to the computation
of the closure of a set of weighted matrices.

Lemma 9. Forall 8 >0, f < Bg if and only if for all (W, £) € (X), IQWRT <
BL.

Proof. Assume first f € B¢, which means f(u) > Bg(u) for some u. Then clearly,
g(u) is finite and hence, there is an accepting run p of g over u. This means that
one can find p,...,pr with pgy initial, p final, and such that:

u € RPOvzl’pl RPllz@z s R;Dk—l’lk’pk )

where ¢1,..., ¢ are all non-null and of sum ¢ = g(u). For all i = 1...k, set M;
to be some matrix in limsup(F'(R,, , ,, ,.)) such that F(u;) < M;. Let also C;
be CPi-1Pi  (Clearly, the weighted matrix

. Mi o0

belongs to X. Hence (W, ¢) belongs to (X), where W = W; ® - - - @ Wj,. We then
have I @ W ® T = min(x s, x¢) with

rp=1y @M @ - - QM ®T}y and 2 =Ic®RC1Q®---CLRTc .

By choice of the M;’s, xy > Iy @ F(u) ® Ty = f(u). Furthermore, by Lemma 8,
xc = 00. It follows that T@ W @ T > f(u) > Bg(u) = L.

Assume now that f < Bg¢. Consider some (W,¢) € (X), it is obtained as
(W, 0) = (W, 0)® -+ @ (W, £y) with (W;,£;) € X for all i. By definition of X,
each of the W;’s can be written, for some p;, q; € Qg, as

W; = (jo\i" C?’?’ql) with M, € lim sup F(Rpiyéi7qi>'

Once more, one has I @ W ® T = min(xs, z¢) with
Z‘f:If@Ml@---@Mk@Tf and 2 =I1c®RC1®---CLRTc .

Remark first that if zc = 0, clearly, I @ W ® T' = 0 < p¢. Hence, let us assume
that ¢ = oco. This means by Lemma 8 that either p; is initial, g is final, and
pi = gi—1 for all ¢ = 2... k. One needs to prove xy < B4.

Assume for the sake of contradiction that xy > S¢. By continuity of the prod-
uct, and using the definition of the superior limit, there exist words ui, ..., ug
such that foralli = 1...k, u; € Rp, ¢, ;> and [ @ F(u1)®- - - @ F(uy) Ty > BL.
Furthermore, by definition of the sets Ry, ¢, 4., the fact that p; is initial, that g
is final, and that ¢;—1 = p; for all i = 2...k, it follows that g(u; ... ux) = €. It
follows that f(uj...ux) > Bg(uy ... ux). A contradiction. O

We are now ready to establish the main theorem of the paper.



Proof (Proof of Theorem 4). Let us consider two functions f and g computed by
distance automata and some € > 0. The algorithm works as follows. It computes
the set X of weighted matrices as defined in this section, as well as the corre-
sponding vectors I,T. Using Theorem 5, it computes a finitely presented set Y
of weighted matrices such that ¥~z (X). Then it tests the existence in Y of a
weighted matrix (M, ¢) such that I ® $M ® T > 1 — £. This is easy to do for
finitely presented sets. If such a weighted matrix exists, the algorithm answers
“no”. It answers “yes” otherwise. Let us show the correctness of this approach.

— Assume f < (1 — €)g, and that, for the sake of contradiction, the algorithm
answers “no”. This means that I ® %M@T > 1— 5 for some weighted matrix
(M,£) € Y. Furthermore, there exists (M',¢') € (X) such that (M, /) <<
(M',¢'). This implies $M < 7 M'+ 5. It follows that @ M'®T > (1—¢)l.
This contradicts Lemma 9.

— Assume f £ g, then by Lemma 9, there exists a matrix M € (X) such that
I ®+M ® T > 1. Furthermore, there exists M’ € Y such that (M, () =e
(M’,¢'). This implies M < £M'+ £, and hence I® M'®T > 1—£. The
algorithm answers “no”. ad

5 Conclusion and further remarks

In this paper, we have provided an algorithm for deciding the approximate
comparison of distance automata. This algorithm involves the computation of
the closure under product of sets of—~what we call-weighted matrices. This result
can be of independent interest.

The main open question is the complexity of the problem. It is clear that the
problem is at least PSPACE hard. A correct implementation of the arguments
in this paper show that EXSPACE is an upper bound. We do not know what is
the exact complexity.
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In Section A, we give the complete proof of Lemma 2 and in Section B the
one of Lemma 3. These two lemmas are stated in Section 3 to prove Theorem 5.
Section C is devoted to give the proof of Lemma 8, stated in Section 4.

A  Proof of Lemma 2

Actually, in this part, we prove a generalisation of Lemma 2. We consider a
product of p weighted matrices, for an integer p, (and not only a product of 2
weighted matrices). Lemma 12 exhibits a finitely presented set that approximates
a product of p finitely presented sets. First, we state two lemmas used in the
proof. We state them in the general case too. (Lemma 2 only needs the case
where p = 2, but the proof of Lemma 3 uses Lemmas 10, 11 and 12 in a more
general way.)

First, Lemma 10 says that given a bounded number of weighted matrices, it is
possible to bound the difference between two products in these matrices, namely
between (£,M @ -- @£, M), £) and (¢4 My @5 Mz ® - - - @£, My, £), provided that
coefficients ¢; and ¢} were sufficiently close.

Lemma 10. For all € > 0, for all a > 0, for all positive integer p, there is

n > 0 such that for all integers (1, la, ..., Ly, €1,05, ..., £, £, and for all matrices

My, My, ..., M, whose greatest entry is a, we have:
if for all i, |¢; — 0| < nt then:
(O My @ oMy @ -+ @ LMy, 0) < ((My QUM @ -+ ® f;Mp’@ .
Proof. Set n = £/pa, we have:

LM @ - @ LMy < (0 + )My ® - @ (€, + 1) M,
(1 My 4 anl) @ - - - @ (€, M, + anl)

<
<
<M ® -+ @ UM, + (pan)L.

O

As for Lemma 11, it deals with the products of the sets {(¢M;, ¢),¢ > x;}. It
states that, provided that ¢ is large enough, we obtain all the products (“barycen-
tre”) (M My @ - ® ApMp), £) with >0, A = 1.

Lemma 11. Let x1,22,...,%, be positive integers. For all n > 0, there is a
positive integer z such that, for all k > z, for all 0 < A, Aa, ..., Ay < 1 with

i=i \i = 1, for all i, there are integers y; > x; such that 3°0_,y; = k and
ly: — Aik| < k.

Proof. Let x1,x2,...,x, be positive integers and n > 0. Denote by « the positive
integer maxy;<;<p) Ti. Set 2 a positive integer such that z > % and z > 2p2x.

Let k}zandOé)\l,)\g,...,)\pg 1 with Zle/\i:L



— If \; < %, set y; = x. Set I' the set of such indices.
- E<N< 2"%, then there is a; > 0 such that:

N < <M<@<Ai+n

(since £ < n). Set I'"” the set of such indices.
—If N\ > 2’%, then there is a; > 0 such that:

apr _ (a; + 1)px oy < (a; + 2)px

)\7;— < X \)\i\
TS K k

<Ai+7

(since BX < 7). Set I' the set of such indices and remark that [I'| > 1
(since Y7 A\; =1, and 2p]:z > 1).

Since Y, A; =1, then

Z a;z + Z a;pr < Z a;x + Z (a; + 1)px (1)

el ier” el iern
<k
< |z + Z(aiJrl)er Z (a; +2)pz . (2)
el ier”

Now, let ¢ = k — ||z — >, v @iz — Y, pv aspz, thanks to (2), observe that
q < ||z + 2|I"|pz and since |I'| > 1 and thanks to (1), also observe that
q=0.

One can write ¢ = 2pzra + 8 with 8 < 2pz. If o < |I'”|, then for i € I
set y; = a;, for « indices in I'” set y; = (a; + 2)px, for one index in I'" set
y; = a;pr + B, and for the other ones set y; = a;px.

If « > |I'|, then we can rewrite ¢ = 2pz|I"| 4+~ with v < |I|z. For i € I'",
set y; = (a; +2)px, and for ¢ € I, if v = ||« then set y; = (a; + 1)z, otherwise
one can write v = dz + p with § < |I’] and p < z. For ¢ indices in I set
y; = (a; + 1)z, for one index in I set y; = a;x + p, and for the other ones set
Yi; = a;T.

One can easily check that the integers y; satisfy the conditions. a

Lemma 12 (generalisation of Lemma 2). For all ¢ > 0, and finitely pre-
sented sets Xq,..., X, C Wi, there is a computable and finitely presented set
Z such that:

I X1® - 0X,.

Proof. Assume Lemma 12 is true for p = 2, then by induction, using Lemma 1,
it will be true for all the integers p. Let us prove Lemma 12 for p = 2. Let € > 0
and X and Y be two sets as in the lemma. Since the finitely presented sets of
weighted matrices are closed under union, it is sufficient to prove Lemma 12 for
the atomic blocks of the finite presentation.



- I X={(M0}andY = {(M’',¢)}, then we can choose Z = {(M M’ {+
)}

— I X ={(M0}and Y = {(yN,y) | y = k}, set a the greatest coefficient of
fM and N. For p = 2, consider n given by Lemma 10. Set z an integer such
that = >k+(and z > 100 Set Z = 7y U Zp with

Zi= |J A(M@yN,t+y)}

k<Ly<z

and Zy = {(y(M @ N),y) |y > L+ z} .

Then Z is finitely presented. We only need to prove that X @ Y =~ Z.
o Let (M, )®(yN,y) = (M@yN,l+y) e XY withy > k. Ifk <y < z,
then (M,¢) ® (yN,y) € Z1. If y > z then £ < n(y + ¢), thus by Lemma
10, we get:

(M, 0)®(yN.y) <e (M@ (y+ON,y+0) = (y+O)(MON),y+{) € Zy .

o Conversely, first Z; € X ® Y. Furthermore, for y > ¢ + z we have
(y(M ® N),y) = (M ®yN,y) and by Lemma 10,

(M@yN,y) < (M@ (y—N,y) = (M, )@ ((y—ON,y—L) € XQY .

For X = {(aM,z) | x > £} and Y = {(V, k)}, it is the same thing.

— X ={(xMz)|xz>=Land Y = {(yN,y) | y = k}, let a be the greatest
coefficient of M and N and consider 7 given by Lemma 10 (for p = 2). Set z
the integer given by Lemma 11 for p = 2, z; = ¢ and x2 = k and 7. Finally,
set Z = Zl U Z2 with:

Zr={(xzM@yN,z+vy) |[{<z <z k<y<z}
and Zo= | {(tOAM@1-NN)t)|t>z2}.

A€([0,1]NnN)

Z is finitely presented and X ® Y ~. Z. Indeed:

o let (xM,2)®(yN,y) € XQY.Ifzx < zandy < z, (e M, 2)®(yN,y) € Z;.
Otherwise, (zM,z) ® (yN,y) = ((x + y)(ﬁM a:iy ), +y) with
x +y > z Then there is A € ([0,1] N 7N) such that | — A| < n
and thus |—y — (1 = A)| <, so by Lemma 10, (zM,z) ® (yN,y) <.
(x+y)AM @ (1 = AN)N),z+y) € Zs.

o First Z7; C X®Y. Let t(AM®(1—A)N),t) € Zy with t > 2. By Lemma
11, there are z > ¢ and y > k such that x +y = t, |z — At| < nt and
ly — (1 — A)t| < nt. By Lemma 10, we get:

(HAM & (1= NN),t) <e (@ +y)(——M @

N)z+y) e XY .
Tty r+y

O



B Proof of Lemma 3

In this part, we prove Lemma 3 that exhibits a finitely presented set that
approximates the closure of a finitely presented set in which all the matrices
have the same idempotent projection (i.e there is an idempotent matrix E such
that for all (M, ¢), M = E).

There are three steps in the proof. In the first step (Lemma 17), we split
a product of weighted matrices into “simpler” products (in a sense given in
Subsection 3.3). Lemmas 13, 14, 15, 16 are required to prove it. In the second
step, we show that some of these “simpler” products are e-equivalent to finitely
presented sets, and other ones are e-equivalent to the closure under products of
finitely presented and uniform sets. This is the aim of Lemma 18. The third step
is devoted to give a finitely presented set e-equivalent to the closure of finitely
presented and uniform sets. It is the aim of Lemma 19.

Lemma 13. The function:
f : ($1,$2,...7$T) d le(l —.%‘1;1)"'(1 —.’171)
i=1

is increasing over [0,1]" (in the sense that if for all i, x; < y;, then

f(xlaan-' '7x’r) < f(y17y2a"'ay’r))-

Proof. For all i, we have %(xl, o) = [l —z5) > 0. O

Lemma 14. Let (bg,b1,...,b,) some positive numbers such that y %_ b, = L.

Fori>1, setc;, = ﬁ, then:
by + ...+ b1 =Lf(cp,cp_1,...,C1) .

Proof. We prove by induction that for all 4, b; = fc;(1 — ¢j41)--- (1 — ¢p). The
result follows. O

Lemma 15. Let n > 0, there exists an integer p such that, given a positive
integer r and ai, ..., a, non-negative numbers, there are 0 = iy < i1 < 19 <
co. < < igy1 =1 such that:
. a;;
— forallje{1,... k}, 7@““;_.%” <,
— forallj € {1,...,k+ 1}, there is an integer s < p and a set I' of s indices

between i;_1 + 1 and i; such that ﬁ =>1—n.

Proof. Let n > 0, set p an positive integer such that (1—n)?~! < 5. Define i; by
induction on j. Let ip = 0 and then, suppose we have computed i;. We set ;41
@ijy
aij+1+i~+aij+1
ij+1 = tk+1 = 7 otherwise. If ¢; — ;1 < p then take I" all the indices between

ij—1+ 1 and i;. Otherwise, take I' = {i; —p+1,...,4;}. Set £ = Z?:Z-FIH a;

the smallest index greater than i; such that < n if it exists, and



and b = Zii_if,1+1 a;. We are going to prove that: # > 1 —n. By the

o 5 ) . * i
definition of i;, we have for all i; —p+1 < ¢ <, that ¢; = e — > .

Now apply Lemma 14 to (b, a;;—pt1,---,0i,-1), we get

Zai =l —ai;)f(ci;—1,-Ci;,—pr1) +ai; .

iel’
Besides by Lemma, 13,

Fle—1s-osciy—prn) =[O0, om) = 1= (L—n)P~h.

And hence we get:
Zai >01—nm).
i€l
(|

Lemma 16. Let n > 0, there exists an integer p such that, given a positive
integer r and ai,...,a, non-negative numbers, there are 0 = iy < i1 < Qs <
coo < < igy1 =1 such that:

. Q41
_ fOTCLll]G{l,...,k}, W <?7,

7f07"a”j€{1,...7k}, mgn;

J

— forall j €{0,...,k}, there is s < p and a set I of s indices between i; + 1

: 2acr @
and i;41 such that —=¢<L——— >1 —n.
J+1 @ijritotai, Z n

Proof. Let n > 0. Let 0 < v < 7 such that 2y — v? < n. Consider the integer
given by Lemma 15 for v, and set p its square. Let r be a positive integer and
ai,...,a, non-negative numbers, Lemma 15 for « gives a sequence of indices
0=qo < @1 < g2 < ... <qr < qry1 = r satisfying some conditions. For all
Jje{l,...,k+ 1}, set bpyo_j = ag,_,+1 + ... + ag,. Now apply Lemma 16 for

v on by, by, ..., bpy1. It gives another sequence of indices 0 = jp < j1 < j2 <
oo < Jm < Jm+1 =k + 1 satisfying some conditions. For ¢ € {0,...,m + 1}, set
im+1—t = Qk+1—j,- Then indices 4; satisfy the lemma. O

Lemma 17 (Lemma 5 in the abstract). Let X be a set of weighted matrices,
for all p > 0, there is an integer p such that:

(X) = (X)pn © (X)) @ (X)pn -

Proof. Let n > 0, consider the integer p given in Lemma 16. We have (X),, ®
(X)pn) ® (X)pn C (X). Conversely, if (My,4) ®@ -+ ® (M, £,) € (X), apply
Lemma 16 on the sequence of weights ¢1, ..., ¢,. We obtain indices 0 = iy < i1 <
ip < ... <ip <ipy1 = rsuchthat for j =0,..., k&, the products (M, 11,4, +1)®

- ® (M, ,,4,,,) have the good form. O



Lemma 18 (Lemmas 4 and 6 in the abstract). For ally > 0, for alla > 0
there exists n > 0 such that for all finitely presented set X with X = {E} for
an idempotent matriz E and such that for all (M,0) € X, entries of %M are
smaller than a, and for all p, there exist effectively Y and Z finitely presented
such that:

Y =y (X)pn and Z =, (X)7

p,n -

Moreover, all weighted matrices in Z can be uniform.

Proof. Let v > 0and a > 0, set n = 5= If X is finite, let £ the greatest weight of

p(n(/ )+ )

amatrix in X, set Y/ = X Then (X)pn €Y' (Indeed, if P € (X)p.y,
let  + p the number of matrices in this product (if it is greater or equal to
p), f1, ..., L, the weights of the matrices that “do not count”, and ky,. .., k, the

weights of the matrices that “count”. Then, Y il;ﬂjli . <,
1 k k 14
— < 1 + u ]_ + g
n bh+...+ 4, T

that implies « + p < %ﬁﬂ).) Thus, (X),, is finite (so finitely presented)
and computable.

If X is infinite, let ¢ be the smallest weight of a matrix in X and set k
an integer such that k > (p-‘;—]l) Let X; = {(M,t) € X |t > k}, and let
Xo={(M,t) € X |t < k}. We have:

<X>pﬂ7 = <X2>p,77 uXx’

where X' = (X),, N (X1 U((X)®X1)U (X1 @ (X)) U((X)® X ® (X)) is the set

of products in (X),, containing at least one matrix of weight greater or equal

to k. Moreover X is finite, thus, by the arguments given above, (X3),, , is finite.
Let Y the maximal set such that:

V' CXuXe{(EHHU{ENHeX)U{(E, O} X @{(E,0)})"

and every products in Y’ contain at least a matrix in X of weight greater or
equal to k. We will prove that Y’ A~y X', and there is Y finitely presented such
that ¥V ~y Y’. Then by Lemma 1, the conclusmn will follow.

Consider a product P in X’. By definition, there is a sequence of weighted
matrices in P such that the sum of their weights has a ratio smaller than 7.
Thus, set P’ the product P in which these weighted matrices are replaced by
(E, Z) Then P’ € Y’ and P <, P’. Hence X’ <z Y'.

Consider now a product P’ in Y’. By deﬁmtlon there exists (M,¢) in X
(recall £ is the smallest weight in X). Then set P the product P’ in which all
the matrices (E,¥) are replaced by (M, ¢). Then since there is a matrix in P’
(and also in P) of weight greater than k, the sum of the weights of the added
matrices is smaller than ¢(p 4+ 1) < nk by definition. Hence P € X’. Moreover,
P’ <y P.

Finally, Y/ ~1 X'.
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For all 4, define the set
Zi=(XUXe{(EOHU{E0eX)U{(E 0} X e{(E.0}) .

We can rewrite the definition of Y':
p—1

Y=|JZlexi®2, , .
i=0

The sets X7, X, X ® (E,{), (E,¢) ® X and (F,/) ® X ® (E,{) are finitely
presented, and so X U(X @ {(E,O)HU{(E, ()} X)U({(E,)}2 X @ {(E,0)})
is also finitely presented. Then by Lemma 12, for all ¢, there are computable
and finitely presented sets Z; such that Z; Ra Z!. Besides there is a finitely
presented set Y; such that Y; Ao Z; @ X1 ® Zp_;—1. Finally, ¥ = Uf;olYi is
finitely presented and by Lemma 1, Y’ Ry Y.

Remark that if a product is uniform (with ratio ¢) then it is 2da-equivalent
to the same product in which the first and the last matrices are replaced by E.
The weighted matrix obtained by doing such product is uniform. By restricting
all the sets constructed above, by considering only the products in which the
first and last matrices have a ratio smaller than 7, the same construction gives
us a set Y that is equivalent to a set Z in which all the matrices are uniform. O

Remark 1. We will explain what is the structure of a set of uniform matrices.
Suppose M is uniform and M = E. Then, for two states ¢ and j, we say that
¢ and j are connected if F;; = F;; = 0. First remark that this relation is
transitive since F is idempotent.

The main property we have is that if ¢ and j (resp. i and j’) are connected
then M;; = M, ;» (since EQ M ® E = M). Then two connected states play
exactly the same role. Then if M’ is also a uniform matrix, (with M = E), we
have (M & M/)i,i = Mi,i + M'Ll,z

Finally, remark that for all positive integer k, kM < M*.

Lemma 19 (Lemma 7 in the abstract). For all n > 0, for all finitely pre-
sented set X of uniform matrices such that X = {E} for an idempotent matrix
E, there exists effectively Z finitely presented such that:

(X) =~y Z .

Proof. Let n > 0, we can write:

1<isp 1<isg

For 1 < i < p, set M; = I%P,» and for 1 <7 < ¢, Mpy; = Q;. Let a be the
greatest coefficient of the matrices M; and m = p + q.
Let v > 0 such that v < 5-1.

Set r a positive integer such that r > 2nletb)

Y



Lemma 11 gives an integer z’, such that forall k > 2/, forall 0 < A\q,..., A\, <
1 with 337", A; = 1, for all ¢ < p, there are integers y; > p; and for all i < g,
Yp+i = ¢; such that 377" y; = k and |y; — \ik| < vk

Let z > 2py - ppyrn~ L2

Set Z = Z1 U ZQ with:

A :{(Nl,t1)®-~-®(Nk,tk) |Vi,(Ni,t¢) e X,t1+...+ 1 <Z}

1
and Zy = U {(z < MM ®--® )\mMm)r> ,x) |z =z}
(Ot "
A+ An=1
ALy Am—1€[0,1]NyN}
The set Z is computable and finitely presented.
First, let us show that Z <, (X). We have Z; C (X). Let

1
A:(k <T(>\1M1®®)\mMm)r> ,k) € Zy .

Let k£’ be an integer such that p;---pyrk’ < k < p1---ppr(k’ + 1). Since
k > z, we have k' > 2’. Then, for all i < p, there are integers y; > p; and for all
i < ¢, Yp+i = ¢i such that Y770 y; = k" and |y; — Aik!| < K.

Then:

1 r kX kX r
k(T()\lMl@...@)\mMm) ) = (7"1M1®.“®TM’">

P .ppfr'yl +p1 .. .pprruyk/ +p1 .. .pp"’Al
( M,

<
.
DL PpTYm + D1 DT YK P DpTAm ,
T Mm)
< (P ppi M1 @+ QD1 PpYm Mp)"
+p1 - ppamryk 4 py - ppr
< (P ppyi M1 @ @p1 - Ppym Mp)"

n n
kL 4kt
+ 2+ 5
< ((prMy)P2 7PV @ - @ MBI PPYm)T 4 oy

Then A <, (((p1M1)P>Pr¥1 @ -+ @ My "PPY™)" py -+ ppk'r) € (X).
Now let us show that (X) <, Z. Let:

A= (M, 0) @+ @ (L M;,,, ) € (X).

v
Set ¢ = Zle l;, and \; = 2y .If ¢/ < z then A € Z;. Otherwise, there is
(A)i=1,...,m such that for all i =1,...,m —1, \j € 4N, 3" ' A\l =1 and for all
i=1,...,m, |\ — ] <mn.



Set B = ({(: (N{M1®---® A, My,)"),{). Then B € Z,. Let us prove that
A<y B.

First, € (L (MM ® -+ @ A Mip)") < (2 (MM @ - @ X, My,)" ) +m2yal,
thus £ (£ MM @+ @ ApMy)") < L(2 (N M1 ®--- @A, My,)") + 2. Then
we only need to prove that:

1

Let a and 3 be two states. Let £ be one of the states such that Fo ¢ = F¢ g =
0, and (M M1 @ -+ - @ Ay Mp, )¢ ¢ is minimal. Let us call p this quantity. Thanks
to Remark 1, p= (MMi)ee+ ...+ AmMp)ee.

A product of uniform matrices is uniform, (FQ MM  F = EQFEQ M ®
EQEQM QE®E =M M) then:

(O M, @ QUM )ap=(E@OLM;, @ @M, @ E)ap
S Eae+ (UMi)ee+ ...+ UM, )ee + Eep
<Ly .

Finally, we show that fu < ¢ (% MM ® - ® )\mMm)r) + 24. For s large

enough (namely greater than @), (s—np < MM ® - ® )\mMm);ﬁ <
su. (It is due to the structure of a set of uniform matrices.) Then, £y — fnpur=?
Y4 (% (/\1M1 XK )\mMm)r), that is Why f,u </ (% (/\1M1 R R /\mMm)T)

1.

a -+ /N

Lemma 20 (Lemma 3 in the abstract). For all ¢ > 0, for all finitely pre-
sented set X such that X = {E} for an idempotent matriz E, there exists effec-
tively Z finitely presented such that:

7~ (X) .

Proof. Let € > 0, let 5 given by Lemma 18 applied to §.
By Lemma 17, there is p such that:

(X) = (X)pn © (X)) @ (X)prn -

By Lemma 18, there is 7" and V finitely presented such that (X),, ~: T
and (X),, ~< V. Moreover, all the weighted matrices in V' are uniform. Then
by Lemma 1,

(X)m:Ta(V)aT.

By Lemma 19, there is a finitely presented set Y, such that (V) ~¢ Y. Then

by Lemma 1,

%
<X> R TRQY QT .

Finally, by Lemma 12, there is Z finitely presented such that TRY QT =~
We conclude by Lemma 1 that (X) ~. Z.

£
2
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C The reduction

Lemma 21 (Lemma 8 in the abstract). There are (n + 2,n + 2)-matrices
(CP9)p qec over RT and vectors I, and T, such that for all p1,qu,...,pk, gk €

Qg>

IC QR CPr1t @ ... CPrIx ®TC

_Joo ifpo€ly; qo=p1, -5 Gro1 = pr and gy € Ty,
0  otherwise.

This is implemented in matrix form as follows. For each p, ¢ where p,q € Qg,
set the matrix C?¢ that has indices in Q4 U {4, L}, to be such that:

ifp’ =i, pel;and ¢’ =g,
ifp’ =i, pgI;and ¢’ = 1,
if p' =pandq =gq,

ifp’ #iand p’ #pand ¢ = 1,
oo otherwise.

(cr),,

¢ =

o O o O

Define furthermore I be the vector with all entries oo but ¢ which if 0, and let
Tc be the vector with all entries equal to oo but T, (and ¢ if there is an initial
and finite state in g).



