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Such problems has been extensively studied for both bounded or unbounded
domains: Ye-Zhou [18], Goncalves-Santos [9], the author [2], Hai-Wang [8], Chai-
Zhao [1], Goncalves-Silva [10] and references therein. Our study is motivated by
the recent works of [1, 2, 9, 10] where the existence, non-existence and asymptotic
behavior of solutions for the problem (1) are solved in  C RY.

For instance, when  C RY in [2] the problem (1) has been considered under the
assumptions that A = 1, the anisotropic potential function a : Q — R satisfies the
conditions

(al) a € C%(Q) for some a € (0,1);

(a2) a(z) >0 for all z € 0,

and that the non-linearity g : (0, 00) — (0,00) is a C' function such that

(g1) t— gj(f)l is decreasing on (0, 00);
(92) }{?)g(t) = 70 and tli/nologg(f)l = Too

where 0 < 7o, < 00 and 0 < 79 < 0.

The above result has been generalized by Chai-Zhao [1] and Miao-Yang [19] for
more general class of functions. After these results Goncalves-Silva [10] deals with
more general conditions for the function g but in the case @ C RY they didn’t
obtain the property (4) for the solution u. In other words the function u is not an
entire solution.

Inspired by the above mentioned works we study, in a natural way, the exis-
tence and asymptotic behavior of solution to the problem (1). By construction of
a suitable lower and upper solution, we intent in this paper to discover more ideas
and techniques that in [1], [2] in order to open the access for more general class of
function as in [10] in any situation Q C RV,

Our main result is the following:

THEOREM 1.1 Let Q € RN be a bounded domain with smooth boundary. Under
hypotheses (al), (a2), (g1) and (g2) there is a non-negative number Ay such that
for all A € (0,Aq] there is a positive number p := p(\) and some functions wu :=
uy € CH(Q) N L>®(Q) with u < p satisfying (1) in the sense of distributions.
Moreover, there exists constant l1 > 0 such that the solution u satisfies

w(@)[g(u(z)/4) 27~ 1)V @D < A\t 2l DDy 2 e Q) (5)

where d(x) denote the distance from x € Q to the boundary OS.

Our main theorem apply to the class of functions
gw) =u "+ v+ 1’ Ly >0and 0 < A <p—1

where

g9(t)

1%i\n%g(t) = 0o and th/rgotpj = Too-

The result of existence and asymptotic behavior is a generalization of the work
[2] in the whole space done for the p-Laplacian equation and of the work [9] done
in bounded sets for the Laplace problem. To prove the main result we use the
approach of lower and upper solutions employed in [10] and the results obtained
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1 in [3] with some adaptation in the estimates. The key tool is an inequality for the
2 p-Laplacian developed by Diaz-Saa in the 1987’s (see reference [6]).
2 The rest of this paper is organized as follows: in Section 2, we collect several
5 technical lemmas. Section 3 contains the proof of our main result.
6
7
8 2. Preliminary results
9
10 We present some results about the eigenvalues problem for the p-Laplacian.
11 Let Q C RY be a bounded domain with smooth boundary.
12
13 DEFINITION 2.1 We will say that £ € R is an eigenvalue, if there exists a function
14 we WLP(Q), w#0, such that w =0 on OQ and
15
16 [ v @Pve @ Vi@ = [ o@rto@n@d, 6
18
19 for any n € C§°(92).
20
21 DEFINITION 2.2 The function w which appears in (6) is called the eigenfunction
22 corresponding to the eigenvalue &.
gi A first observation about problem (6) is:
25 Remark 1 If (w, &) is a solution of the problem (6) then for any o € R the couple
g? (aw, &) is the same a solution.
28 For 1 < p < oo the existence of £ and w has been first considered by Garcia
29 Azorero and Peral Alonzo [15]. They showed that there exists an increasing subset
30 {&: }r>1 of eigenvalue which are strictly positive and such that &, — oo for k — oc.
31 It is well-known that the first eigenvalue which appears in (6) is
32
33 P
Vw|" dz

34 & = f{f9| ]l ‘ GWol’p(Q),w;éO}>0
35 fQ wl” dz
36
37 and that the eigenfunction corresponding to & is the minimum of the Euler func-
38 tional
39 .
40 — [ wur =& [ up
41 pJa P Jo
42
43 Lindqvist [12, 13] have obtained the following characterization for the eigenvalue
jg &1 and for the corresponding eigenfunctions:
46 LEMMA 2.3 In any bounded domain Q of RN (N > 2) we have:
47 i) &1 is simple in the sense that if wi,wy are the eigenfunctions corresponding
48 to the eigenvalue &1 then there exists a parameter ¢ such that wy = cws;
49 i1) the eigenfunctions corresponding to & has a constant sign in the sense that
22 w>0orw<0;
50 iti) &1 is isolated in the sense that there exists k > 0 such that in the interval
53 (&1,&1 + K) there are no other eigenfunctions of (6);
54 iv) the non negative eigenfunction corresponding to & is unique (after multy-
55 pling by a constant).
gs In the article we note by w; (£2) the eigenfunction corresponding to the eigenvalue
58 &1 (Q) for the problem (6). The C1®—regularity of the eigenfunctions corresponding
59 to the eigenvalue &; for the problem (6) is given in the following:
60
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LEMMA 2.4 If € := & in (6) then there there exists o € (0,1) such that wy €
Che(Q).

The following result can be found in more general form in Diaz-Saa [6] and is
the main tool in the proof of the main result.

LEMMA 2.5 Let Q C RN be a bounded domain with smooth boundary 0. Assume
that G : Q x Ry — R is such that:

H1) for a.e. x € Q, the function u — G(x,u) is continuous on [0,00) and
the function u — G(z,u)/uP~! is decreasing on (0,00);

H2) for all uw > 0, the function x — G(x,u) belong to L>();

H3) 3C > 0 such that G(z,u) < C(WP~t+1) ae.2€Q, Vu>0.

Under these hypotheses, the problem

-Apu=G(z,u), v>0, u#0inQ, u=0onodf, (7)

has almost one solution. If, in addition,

. G(z,s)
a(](.%') - };I\I‘% Sp—l

and aso(x) = lim G(a:,ls)
s/'o0 SPT

s such that
—00 < ap(z) < 400 and — 00 < axe(T) < 400 (8)

then the problem (7) has a unique solution u € Wol’p(Q) N L>(Q). Moreover u €

che (Q).
We restate the well-known result of Diaz-Saa which can be found in [6].

LEMMA 2.6 Let Q be an open set in RY. Fori = 1,2 let w; € L>®(Q)NWP(Q) such
that w; > 0 a.e. in Q, pril/p € L*(Q) and wy = wy on O If w;/w; € L=(Q)
(i #],ij=1,2) then

_pri/p pré/p
/Q ( -0/ T o-U/p (w1 —wa) dz > 0.

wy Wy

The next result can be found in more general form in the article of DiBenedetto
[5] (see also Tolksdorf [16]).

LEMMA 2.7 Let N > 2, p € (1,00), Q be an open set in RN and Q' a subset of Q
such that & C Q. Assume that h : RN x R — R is a Carathéodory function (i.e.
measurable in x € Q and continuous in u € R) and that there exists v > 0 such
that |h(z,u)| <~. Ifu € VV;’?(Q) N L2 () satisfies

—Apu = h(z,u) in D' (Q),

then |Vu| € L9 () and for any compact subset K C Y, there exists o € (0,1) and

loc

the parameters Cy,C1 > 0 depending only upon N, p, M = esssupq, |ul|, v (M)
and dist(K,08)), such that

HVUHLW(K) < Cp and ’u%(‘r) - u%(y)’ <G ’1' - y’a7 z,y € Kji=1,N. (9)

The following result can be found in [7].
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LEMMA 2.8 Let Q C RY be a bounded domain with smooth boundary. If (al) and
(a2) hold, then

—Apywi =a(z) in D' (Q), wry >0 inQ, w; =0 on N, (10)

has a unique solution wy € Cl’o‘(ﬁ). Moreover, there exist constants l1 > k1 > 0,
such that k1d(x) < wi(z) < lid(x) on Q where d(x) denote the distance from x € Q
to the boundary OS).

The following lemma can be found in [11].

LEMMA 2.9 Let Q be a domain in RN (but otherwise arbitrary, in particular, not
necessarily smooth or bounded). Then for every k € N there exist bounded domains
QO such that

i) the boundary of S is of class C*°; i) Q C Qyyq C 8 iii) kLEJNQk =Q.

The first result of this section is the following.

LEMMA 2.10 Make the same assumption on a and €2 as in Lemma 2.8. If in
addition (g1) and (g2) hold, then there exists number Ay € (0,00) such that for each
A € (0,Aq] there are a positive number p := p(\) and a function v' := v} € C1(Q)
with max_ & v (z) = p satisfying

—Apvt > Aa(z)g(v!) in D'(Q), o' >1 in Qv =1 on 09, (11)

where | > 0 is a parameter.

Proof.. Let w; € C1® (ﬁ) be the unique solution of the problem (10) and w a
function defined by

w(x) = )\ﬁwl(x) for all z € Q. (12)
Set
M = max 5w (r), and Ag = (m)ﬁ—l 1
Let A € (0,Ap). Consider first the function
Hy+1) = (gly+1)+1)Y® D for y >0 and I > 0.
Note that

HU)H(y+1) > [g(y +1)]Y*D; H2)limy, oy H(y +1)/y = oo;

i _ -y, HYy = Hy +1)/y
H3)limy o0 H(y +1)/y = (7o) ' is decreasing on (0, 00).

Consider the continuous function

1 y=t Gp-1

MW =307 ), HoxD

do, y > I,

URL: http://mc.manuscriptcentral.com/gcom E-mail: ijcm@informa.com
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and observe that
1 vt gl (y — 1)P~" 1 1\77
lim o T ————do = lim 3 = —
y—oo Myr~t Jo  H(o+]) y—o M (p—1)yP?H(y) (p—1)M \7e
(13)
and
1 e
lim do = 0. (14)

y—l Myr=1 Jo  H(oc+1)

From (13) and (14) one easily deduces that, for every object A € (0, Ag] there is
some j € (I,00) with the property II (1) = A/®=1 which is equivalent to

L R 15
N Iy A 1

Introduce the function I : RY x [I, u] — R by

s 1 s—l1 O.p—l J
(LL’,S)—QU(%’)—W/O mg.

Then

l
== <0, s> 1. (16)

Now, as an application of (16) there is a function v' : @ — [, 4] of class C1* (Q)
such that I (z,v!(z)) = 0 for all z € Q and so

1 vl (x)—1 g1 p .
w(z) = ,Up_l/o m g, (17)

is well defined.

Moreover for

t gp-1
v - [ T
we also have
ol (z) =T71 (,upflw(x)) +1, (18)
where I'"! is the inverse function of I' and from Lemma 2.8 that

! (klxﬁup—ld(m <ol(x) 1< (llxﬁup—ld(x)) o Q. (19)

Letting x — 98 in (19) follows v (x) = [ on 9. Of course, we still need to prove
that

max v (z) = p for all z € Q. (20)
€
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By (12) we get in the point xp, where the maximum is achieved that

=A - M = 1 o d _ et _ort d
— \p—1 — > — -
w (xo) = ) o> w(x) Mp_l/o ) o,

©CoO~NOUTA,WNPE
=
3

1 pot gp—l

_— ———do=0.
w1y Herp 0

10 I'(zo, p) = w (z0) —

Then o' (x) < p for all 2 € Q and so v! (zg) = p.

14 It remains to show that v!(z) constructed in (17) is an upper bound for the
15 problem (11).

16 Differentiating in (17) with respect to x we obtain

p—1 (Ul_l)plro 2 P [(vl_l)p1]

1 p\p-1
(U l) ApUl—l—

pP—rH (vt —1)

(p — 1|V
'u2(p*1)

ot

i Ap = [ H (ol —1) ol | H (ol —1)

22 and using H4) we have

Al > [“p_lH(vl—l) "\
NP ES Fie L Cil)]

P=1E (o — p—1
26 = (ol — l)p—l Apw = Aa(z) !u}[(l)] > Xa(x)g (vl) ,

i

29 Then the same arguments used in [10] follows that v verifies
31 —Apvt > —Xa(z)g(v!) in Q. (21)
33 in the distributions sense and the proof is now complete. This key lemma was
34 suggested in an early version of [10].
3. Proof of the main result
40 There are several new ideas in the works [1], [2], [10] and [19] which will be exploited
41 in the next proof.
42 For each € > 0 consider the function G, :  x R;— (0,00) defined by
44 Ge(z,s) := da(x)g(s +¢)if s >0
and the associated problem
49 —Apv = G (z,v) in Q, v(z) =0 on ON. (22)

51 In order to obtain a solution of the problem (22), it is enough to check the hy-
52 potheses of the Diaz-Saa theorem are fulfilled.

54 H1 : Since g € C'((0,00),(0,00)) and € > 0, it follows that the mapping
u +— Ge(z,u) is continuous in [0, 00) and from

58 M :)\a(x>M( 5)1)—1’

1 —
59 (s (u+e)pt T
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using positivity of a and (gl) we deduce that the function u — % is decreasing

on (0, 00). B
H2 : For all u > 0, since a € C*%(Q), we obtain x — a(x)g(u) belongs to
L*>(Q).

H3 : By limy,_ . g&fj)l = limy—oo (311?;521 ) (Zj—_al)i—ll = Too, a € C%%(Q) and

g € C1((0,00),(0,00)), there exists C' > 0 such that Ge(z,u) < C(uP~1 + 1) for
all u > 0.
Observe that

= 400 and ax(z) = lim Gela,u)

. Ge(x,u
ag(x) = lim Gela,u) Jim =

P e = Aa (T) Too-

Thus by results of Diaz-Saa, problem (22) has a unique positive solution u. €
Wol’p(Q) N CY¥(Q) such that
/ (Ve (2)[P % VuVods = / Ge(z,u)pdz Yo € C5° (),
Q Q
ue > 0in Q, (23)

ue = 0 on ON).

We will start by producing a lower solution of the equation (23). To this end, pick
A € (0,Aq]. For simplicity, we denote by & (N) := &1(A, Q) and wy ) := wq (A, Q).
Notice that under this notation we have

—Apwiy = &1(A)Awg ) \wLA\p_Q in Q, wy ) >0inQ, wyy=0ondN.

Since lims_o4 g(s)/sP™! = +oo and a € C* () with a > 0 on Q there exists
d := 6 (A) > 0 such that

§1(\)

min, g a ()

>

J (fz Vs € (0,6). (24)

sp

Let u;(z) = cwy ) (x) where c is a constant chosen such that

0

0<e< .
max, g w1\ (7)

Then u = u, — ¢ satisfies

—Apu = =Dy = &AM (cwr )"
< Aa(2)g(w) = Aa(x) g (u+e) = Ge(x,u) in D' (Q),
i.e. u(x) is a lower solution of (23).

We see by Lemma 2.10 that there exists at least one solution %g(x) corresponding
to | = ¢ which satisfies (11) in the sense of distributions that means

/ V() P2 VR (a) Vepdie > / N (2) g (W2 (2)) pdz , o € C5° (Q)
Q Q

Uz(z) >¢e in Q, (25)

Uz(x) =e on ON.
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1 Taking € > 0 small enough, recalling that w-(x) = ¢ > 0 on 992 and setting
é u(x) = Uz (x) — € we have
4 _ __ __ _ .
: —Ayu(a) = —A,E(x) > Aa(2)g(E(2)) = Gula,u(x)) in D'(Q),
6
7 showing u(x) is an upper solution of (22).
8 We note here that uz(z) is a suitable upper solution chosen to meet the lower
9 and upper solution method for singular problems developed recently by Goncalves
10 and Santos [10]. The upper solution suggest the study of (1) for more general class
E of functions as in [3], [10].
13
14 Set By, = {z € Q|uy (z) > Uz (z)}. We show that By, z- = @. To this end,
15 notice that By, z- C Q is open and, in fact, By, zz CC ). Assume, to the contrary,
16 that By, a # 9. Let wy := (u1)? and wy := (u:)P.
17 Now, applying Diaz-Saa’s inequality we have
18
19 1/p 1/p
—A A

20 O</ (ptf)l/ + (pl_uf)/ (w1 — ws) dx
21 Buywe | wi’ P P
22
23 _/ [ Ayt () + Byite(7) } (w1 — wz) dx
24 Buy e L(un(@))P~ 0 (e(2))P~!
25 - o1
26 SIS g (ue (2))
28 Puwe L4 e
29 I
30 g/ A 51(A)—a(x)% (wy — ws) dz < 0,
31 Bun* L uy
32
33 which is impossible. This shows that B,,, z- = @, proving the claim. Hence u(z) <
34 -
35 —
36 u(z) in 2.
37 Moreover, we can easy prove that
38 ¢
39 u(z) < ue (x) < u(z) in Q. (26)
40
41 Now, due to Lemma 2.9 we can approximate {2 with smooth bounded domains €2,
42 such that
43
44 —
45 O C Qk+1 C Qforall ke Nand Q= Uzozlgk.
46
47 Taking an integer k > 1 such that supp(p)C Qk we have by (23)
48
49 -
50 Jo, [Vue ()P 2 Vue(2)Vo(z)de = Jo, Aa(z)g(ue () + )pd, (27)
52
53 By Lemma 2.7 we see that there are o € (0, 1) and the constants Cp, C7 > 0 such
54 that
55
g? |Vue(z)| ;o < Cpand |Vue(z) — Vue(z)| < Clz—y|*, z,y € QY k=1,2,...
58 _
59 Set € :=1/n and u. := u™. It follows that {u"} is bounded in C1%(Qy).
60
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Now, since the embedding
CH (@) e C1()

is compact there exists a sequence denoted by {u]"’};—12  where ny; — oo as
j — oo such that

uy? "%y in C*(Qy) and uy; > 0 in Q.

Hence

—2

MN1;—00

A A v T IVuy [P~ Vg in C(Q).

We have by the standard integral convergence theorems, that

/ ’Vunl 7

VUl Vp(a)de " / |V [P~ Vuy V() da,
O
and

/ Aa(z)g(uy™? + 1/n j)da e Aa(x)g(uy)pde.
Ql Ql

Then u; satisfies (2)-(3) with Q = Q.
Repeat the above proof up to the existence of the sequence {urfl‘j }j:ng to get
a subsequence {us>’ }j=1,2,... such that

ug“ "% s in Cl(ﬁz) and us > 0 in .
Hence

Vs [P Tupd " [Tug P2 Vg in C(Qa).

The likewise uz is a solution of (2)-(3) with Q = Q3 and ugg, = us.
Choose k large. In the same way as above, we obtain a sequence {u,:“” bi=12,..
which is a subsequence of {u;“ 7} such that

UZ’” n;”:)oo U in Cl (ﬁk) and uy > 0 in ﬁk
and
|Vt P72 s " | P2 Yy, in C(Q).

Then Uk, |, = Uk—1 and wuy is a solution of (2)-(3) with Q@ = Q. Let u : Q —

(0,00) defined by u(z) := limg_ o0 ug(x). We have u € CH(Q), u(x) > 0 in Q and
u(z) < u(r) < u(x) in Q (since up > 0 in Q and u < uy, < @ for every k). Hence
ujpn = 0 because we have Ujgq = 0 and so u is the solution of the problem (1).
The asymptotic behavior of solution is given in what follows. Let ug(z) the
solution of (11) corresponding to € = 0. From the above arguments we have

Uo (z) Uo o
w(z) = 1_/0 P~/ H (t) dtZNpl_l Y/ H(t) dt := 1_/ hi(t) dt,

uP 1 Ug /2 pP ! Uo/2
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1 where hy(t) := P~V /H(t),t > 0.
é Using H1), H4) and the definition of H(t) we find that
4 1
5 w(@) > o ((a)/2) (7 (2),2)
6
8 G S a1 2))]Y/ =)
9 f l9(uo(z)/4) (1 + 1/g(uo(x)/2))]
10 .
Using gl)
11
12
p+1
13 w(e) 2 (/e (P . (29)
14 = 12 4 Tg(@a(x) /201 + 1D
p lg(ua(x)/ +1]
15
16 From (28), gl) and the fact that u < ug we get
17
18 1 _ 1)l =
1o w(z)Plg(u(x)/4)2P~ 1 4 1]~V @=0 < yp=1 o=Vl =1y (1) for all € Q. (29)
20
21 Then is sufficient to apply Lemma 2.8 to obtain (5). This ends the proof of Theorem
22 1.1.
23 .
o4 Remark 1 The case Q = RY can be now treated as in [3], [10].
25 We can observe from [4] the following:
26
27 Remark 2 Let 19 € (0,00] and 7o € [0,00). If g : (0,00) — (0,00) is a C(zrﬁtinuous
. . . s . o g(s .
. [
28 function then the following are equivalently: i) limg(s) = 7p and lim =T
s\0 5,/00 ’
29
il) exi h that lim —28) — — 70 and lim 28 — 7
32 ) exists n > 0 such that lm 77p,lads/oo(er) Too
32 Acknowledgement. The author would like to thank the referee for wvaluable
33 suggestions. The work is supported by CNCSIS-UEFISCSU, project number PN I1
2‘51 - IDEI 1080/2008 from West University of Timisoara.
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Such problems has been extensively studied for both bounded or unbounded
domains: Ye-Zhou [18], Goncalves-Santos [9], the author [2], Hai-Wang [8], Chai-
Zhao [1], Goncalves-Silva [10] and references therein. Our study is motivated by
the recent works of [1, 2, 9, 10] where the existence, non-existence and asymptotic
behavior of solutions for the problem (1) are solved in @ C RY.

For instance, when Q C R¥ in [2] the problem (1) has been considered under the
assumptions that A = 1, the anisotropic potential function a : @ — R satisfies the
conditions

(al) a€ C%(Q) for some o € (0,1);

(a2) a(z) >0 for all z € Q,

and that the non-linearity g : (0,00) — (0,00) is a C'! function such that

(g1) t— g)(f)l is decreasing on (0, 00);
(92) %{%g(t) = 79 and tl}rrologj(f)l = Too

where 0 < 7o, < 00 and 0 < 15 < 0.

The above result has been generalized by Chai-Zhao [1] and Miao-Yang [19] for
more general class of functions. After these results Goncalves-Silva [10] deals with
more general conditions for the function g but in the case © C RY they didn’t
obtain the property (4) for the solution . In other words the function w is not an
entire solution.

Inspired by the above mentioned works we study, in a natural way, the exis-
tence and asymptotic behavior of solution to the problem (1). By construction of
a suitable lower and upper solution, we intent in this paper to discover more ideas
and techniques that in [1], [2] in order to open the access for more general class of
function as in [10] in any situation Q C RV,

Our main result is the following:

THEOREM 1.1 Let Q C RY be a bounded domain with smooth boundary. Under
hypotheses (al), (a2), (g1) and (g2) there is a non-negative number Ay such that
for all X € (0, o] there is a positive number p := (X) and some functions u :=
uy € CH(Q) N L>®(Q) with u < p satisfying (1) in the sense of distributions.
Moreover, there exists constant l1 > 0 such that the solution u satisfies

w(z)P[g(u(z)/4)2P~ 1 + 17V~ < )\*ﬁllupfl L= /=D (), 2 € Q, (5)

where d(x) denote the distance from x € Q to the boundary 0S2.

Our main theorem apply to the class of functions
g (u) =u77+u)‘+7'ooup*1,7>0 and 0 < A<p—1

where

t
%i\rgg(t) = oo and tli/Igof;—)l = Too-

The result of existence and asymptotic behavior is a generalization of the work
[2] in the whole space done for the p-Laplacian equation and of the work [9] done
in bounded sets for the Laplace problem. To prove the main result we use the
approach of lower and upper solutions employed in [10] and the results obtained
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in [3] with some adaptation in the estimates. The key tool is an inequality for the
p-Laplacian developed by Diaz-Saa in the 1987’s (see reference [6]).

The rest of this paper is organized as follows: in Section 2, we collect several
technical lemmas. Section 3 contains the proof of our main result.

2. Preliminary results

We present some results about the eigenvalues problem for the p-Laplacian.
Let © ¢ RY be a bounded domain with smooth boundary.

DEFINITION 2.1 We will say that & € R is an eigenvalue, if there exists a function
w e WLP(Q), w#0, such that w =0 on 9 and

/ Ve (@) Vo (&) Vi () de = / Elo @20 @ (@) de,  (6)
Q Q

for any n € C§°(Q2).

DEFINITION 2.2 The function w which appears in (6) is called the eigenfunction
corresponding to the eigenvalue &.

A first observation about problem (6) is:

Remark 1 If (w,&) is a solution of the problem (6) then for any o € R the couple
(aw, &) is the same a solution.

For 1 < p < oo the existence of £ and w has been first considered by Garcia
Azorero and Peral Alonzo [15]. They showed that there exists an increasing subset
{&k }r>1 of eigenvalue which are strictly positive and such that £, — oo for k — oc.

It is well-known that the first eigenvalue which appears in (6) is

) fQ |Vw|P dx )
= inf ¢ =0———— ‘ WP (Q 0 0
51 m { fQ ’w’p dx w e 0 ( )7 w 7_é > ’

and that the eigenfunction corresponding to £; is the minimum of the Euler func-

tional
1
J(w) = —/ |Vwl|P — 5—1/ |wl?.
P Ja P Ja

Lindqvist [12, 13] have obtained the following characterization for the eigenvalue
&1 and for the corresponding eigenfunctions:

LEMMA 2.3 In any bounded domain Q of RN (N > 2) we have:

i) & is simple in the sense that if wi,ws are the eigenfunctions corresponding
to the eigenvalue &1 then there exists a parameter ¢ such that wi = cws;

ii) the eigenfunctions corresponding to & has a constant sign in the sense that
w>0 orw<0

iii) &1 is isolated in the sense that there exists k > 0 such that in the interval
(&1,&1 + K) there are no other eigenfunctions of (6);

iv) the non negative eigenfunction corresponding to &1 is unique (after multy-
pling by a constant).

In the article we note by w; (£2) the eigenfunction corresponding to the eigenvalue
¢1 () for the problem (6). The C1®—regularity of the eigenfunctions corresponding
to the eigenvalue & for the problem (6) is given in the following:
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LEMMA 2.4 If £ := & in (6) then there there exists o € (0,1) such that wy €
cla(Q).

The following result can be found in more general form in Diaz-Saa [6] and is
the main tool in the proof of the main result.

LEMMA 2.5 Let Q C RY be a bounded domain with smooth boundary 0. Assume
that G : Q@ x Ry — R is such that:

H1) for a.e. x € Q, the function u — G(x,u) is continuous on [0,00) and
the function u — G(z,u)/uP~! is decreasing on (0,00);

H?2) for all w > 0, the function x — G(z,u) belong to L*°(Q);

H3) 3C > 0 such that G(z,u) < C(wP™' +1) ae. 2€Q, Yu>0.

Under these hypotheses, the problem

—Aju=G(z,u), u>0, u£0inQ, u=0ondQ, (7)

has almost one solution. If, in addition,

and as(xz) = lim G(x,s)’

. G(ays
ap(z) = lim (z,5) Jim =0

s\.0 sp—1
s such that
—00 < ap(z) < 400 and — 00 < axe(x) < 00 (8)

then the problem (7) has a unique solution u € Wol’p(Q) N L>®(§2). Moreover u €

cle Q).
We restate the well-known result of Diaz-Saa which can be found in [6].

LEMMA 2.6 Let Q) be an open set in RY. Fori = 1,2 let w; € L>®(Q)NWP(Q) such
that w; > 0 a.e. in Q, prl-l/p € L*(Q) and wy = wy on ON. If w;/w; € L=()
(i #J,ij = 1,2) then

_pr}/p pr;/p
+ wi — wsy) dx > 0.
/Q < wgp—l)/p wép—l)/p ( )

The next result can be found in more general form in the article of DiBenedetto

[5] (see also Tolksdorf [16]).

LEMMA 2.7 Let N > 2, p € (1,00), Q be an open set in RN and ' a subset of
such that ' C Q. Assume that h : RN x R — R is a Carathéodory function (i.e.
measurable in x € Q and continuous in u € R) and that there exists v > 0 such
that |h(z,u)| <~. Ifu € Wllgf(ﬂ) N LS () satisfies
—Apu = h(z,u) in D' (Q),

then |[Vu| € LS. (Q) and for any compact subset K C ', there exists o € (0,1) and
the parameters Cy,C1 > 0 depending only upon N, p, M = esssupq, |ul|, v (M)
and dist(K,09Q), such that

HVUHL“(K) < Cp and ’le(.%') - U’%(y)‘ <Ci ’1’ - y’a7 z,y € K,i=1,N. (9)

The following result can be found in [7].
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LEMMA 2.8 Let Q C RY be a bounded domain with smooth boundary. If (al) and
(a2) hold, then

—Apywy =a(z) in D' (), w1 >0 inQ, w; =0 on I, (10)

has a unique solution wy € Cl’o‘(ﬁ). Moreover, there exist constants 11 > k1 > 0,
such that k1d(x) < wi(z) < lid(x) on Q where d(x) denote the distance from x € Q
to the boundary Of).

The following lemma can be found in [11].

LEMMA 2.9 Let Q be a domain in RN (but otherwise arbitrary, in particular, not
necessarily smooth or bounded). Then for every k € N there exist bounded domains
Q. such that

i) the boundary of U is of class C; i) Qp C Qpyq C 8 iii) kLeJNQk = Q.

The first result of this section is the following.

LEMMA 2.10 Make the same assumption on a and £ as in Lemma 2.8. If in
addition (g1) and (g2) hold, then there exists number Ao € (0,00) such that for each
A € (0,Aq] there are a positive number p:= p (\) and a function v' := v} € C1(Q)
with max & v (z) = p satisfying

—A,0t > Aa(z)g(wh) in D'(Q), o' >1 in Q0 =1 on 09, (11)

where | > 0 is a parameter.

Proof.. Let wy € CH® (ﬁ) be the unique solution of the problem (10) and w a
function defined by

w(z) = )\ﬁwl(m) for all z € Q. (12)

Set

Too

M :=max_ 5w (r), and Ag = (m)l’—l 1
Let A € (0,Ap). Consider first the function
Hy+1) = (gly+1)+1)YPD for y > 0and [ > 0.
Note that

H)H(y+1) > [g(y+ 1))V, H2)lim,, oy H(y +1)/y = oo;

i (W, HYy = Hy+1)/yP7
H3)limy o0 H(y +1)/y = (7o) ' is decreasing on (0, 00).

Consider the continuous function

1 y=l gp—l

I (y):

= d l
My Jy H@+0)" Y7
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and observe that

i L [y gy WD ()T
m ——— ——ao = 111 = —
y—oo MyP=t [y H (0 +1) y—oo M (p—1)yP2H (y) (p—1)M \7
(13)
and
1 y—I p—1
lim  _do=0. (14)

y—l Myp—l 0 H(U+l)

From (13) and (14) one easily deduces that, for every object A € (0, Ag] there is
some p € (I,00) with the property II () = A/P=D_ which is equivalent to

1 p=l gp=1

— T _do= MM\, 15
ity He " 1
Introduce the function I : RY x [I, u] — R by

—1

; 1 s—1 oP p

Then

= - <0, s> 1. (16)

Now, as an application of (16) there is a function v' : @ — [, y] of class C1* (Q)
such that I (z,v'(z)) =0 for all 2 € Q and so

1 vl (x)—1 g1 g .
w(z) = ,Up_l/o FICED) g, (17)

is well defined.

Moreover for

t O.p—l
I'(t) = ——d
() /0 H (o +1) 7
we also have
ol (z) =T (P~ tw(z)) +1, (18)
where T~ is the inverse function of T' and from Lemma 2.8 that

r-t <k1)\_ﬁ,up_1d(x)) <vl(z)—1<r7? (ll)\_ﬁ,up_ld (m)) on Q.  (19)

Letting # — 99 in (19) follows v! (x) = [ on 9S2. Of course, we still need to prove
that

max o' () = p for all z € Q. (20)
zeQ)

URL: http://mc.manuscriptcentral.com/gcom E-mail: ijcm@informa.com

Page 18 of 24



January 10, 2011 9:9 International Journal of Computer Mathematics Covei-December-14-2010
Page 19 of 24 International Journal of Computer Mathematics

International Journal of Computer Mathematics 7

By (12) we get in the point xo, where the maximum is achieved that

— A\ M = 1 o d _ @ _or d
= A\p-1 = > = N —
w (xg) ) Ho+D o> w(x) = /0 Ho+l) o,

and

©CoO~NOUTA,WNPE

1 p=l Gp—1
w=tJo  H(o+1)

10 I (o, p) = w (o) —

13 Then o' (z) < p for all z € Q and so v (zg) = .

14 It remains to show that v'(z) constructed in (17) is an upper bound for the
15 problem (11).

16 Differentiating in (17) with respect to = we obtain

(v —z>“r‘2 0 [i] |

H W =1 ovt | H(W —1)

p—1

1 _\p1L
(1) l) Apvl—i—

uP—1H (vt —1)

(p = D[V
M2(p*1)

19 _
Apw = [ 501

and using H4) we have

25 pPrH (vl - l) N\ pP H (vl — l) ot
26 —Apvl > [W] pr = )\a(a:) W > )\a(x)g (Ul) ,

29 Then the same arguments used in [10] follows that v verifies
31 —Ayvt > —Aa(z)g(v') in Q. (21)
33 in the distributions sense and the proof is now complete. This key lemma was
suggested in an early version of [10].
38 3. Proof of the main result
40 There are several new ideas in the works [1], [2], [10] and [19] which will be exploited
41 in the next proof.
42 For each € > 0 consider the function G : Q x Ry — (0, 00) defined by
44 = i
Ge(z,s) == Aa(x)g(s +¢)if s >0
47 and the associated problem
49 —Apv = G (z,v) in Q, v(z) =0 on Q. (22)

51 In order to obtain a solution of the problem (22), it is enough to check the hy-
52 potheses of the Diaz-Saa theorem are fulfilled.

o4 H1 : Since g € C'((0,00),(0,00)) and ¢ > 0, it follows that the mapping
u +— G¢(z,u) is continuous in [0, 00) and from

Ge(z,u) g(u+e) e\PL
gg 1 A“(”““)W (1 E) ’
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using positivity of @ and (gl) we deduce that the function u — %
on (0, 00). B

H2 : For all u > 0, since a € C%*(Q), we obtain x — a(x)g(u) belongs to
L>(Q).

H3 : By limy .o 3&:5_)1 = limy oo (g(;gf)l . (ijl):; = Too, a € C%%(Q) and

g € C*((0,00),(0,00)), there exists C' > 0 such that G.(z,u) < C(uP~! + 1) for
all u > 0.
Observe that

is decreasing

Ge(z,u) . Ge(w,u)

ap(z) = lim = 400 and aeo(x) = lim

u\,0 up~1
Thus by results of Diaz-Saa, problem (22) has a unique positive solution u. €
Wol’p(Q) N CYH¥(Q) such that
[ Vi@ VuTods = [ Golawpds v € G (),
Q Q
ue > 0in Q, (23)
ue = 0 on 0f2.

We will start by producing a lower solution of the equation (23). To this end, pick
A € (0,Aq]. For simplicity, we denote by £1(\) := &1(A, Q) and wy ) := w1 (A, Q).
Notice that under this notation we have

—prL)\ = 61()\)>\wl7)\ ‘wlv)\‘p—Q in Q, w1, > 0 in Q, Wix = 0 on 0N.

Since lims_o4 g(s)/sP™! = +oo and a € C* () with a > 0 on Q there exists
0 :=3d(X) > 0 such that

§1(N)

min, g a ()

9()

sp

Vse(0,9). (24)

Let u;(x) = cwy x (z) where ¢ is a constant chosen such that

0

max, qwi,x ()

0<e<

Then v = u; — ¢ satisfies

—Apu = —Apuy = E A (ewr )
<Xa(z)g(w) =Aa(z)g(ute) =Ge(z,u) in D'(Q),
i.e. u(x) is a lower solution of (23).

We see by Lemma 2.10 that there exists at least one solution @z (z) corresponding
to | = ¢ which satisfies (11) in the sense of distributions that means

/ V() P2 Vs (2) Vepdae > / N (2) g (W% (2)) pdz , o € C5° (Q)
Q Q

Uz(x) >¢€ in Q, (25)

Uz(x) =¢ on Of).
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Taking € > 0 small enough, recalling that u_-(x) = ¢ > 0 on 9 and setting
u(x) = Uz (x) — ¢ we have

~A(x) = ~AiE(w) 2 Ma(2)g(WE () = Gela,u(x)) in D'(Q),

showing @(x) is an upper solution of (22).

We note here that w(z) is a suitable upper solution chosen to meet the lower
and upper solution method for singular problems developed recently by Goncalves
and Santos [10]. The upper solution suggest the study of (1) for more general class
of functions as in [3], [10].

Set By, az = {z € Q|uy (z) > U (x)}. We show that By, zz = @. To this end,
notice that By, wz C §)is open and, in fact, B, z- CC €. Assume, to the contrary,
that By, 7= # @. Let w1 = (w1)P and wq == (uz)P.

Now, applying Diaz-Sad’s inequality we have

AW AP
og/ Pl 4 P2 (w1 — wa) dz
B, [wgpl)/p wépfl)/p

_ _Apﬂl (x) Apﬂs(x) YT "
N /B%us [(ul(x))p_l - (ﬂe(x))p_l} (wn 2)d
i p—1 _
§/ A %—a(:v)%] (w1 — ws) dx
Buw | U u?

g/B A §1()\)—a(aj)gT](w1—w2)dx<0,

which is impossible. This shows that By, z- = @, proving the claim. Hence u(z) <

u(x) in Q.
Moreover, we can easy prove that

u(z) < ue (z) <u(x) in Q. (26)

Now, due to Lemma 2.9 we can approximate 2 with smooth bounded domains €2,
such that

Qp CQpy1 CQforall k€ Nand Q = U Q.
Taking an integer k£ > 1 such that supp(p)C Q) we have by (23)

Jo, Ve (@)P~? Vue(2)Veo(x)de = [, Aa(x)g(us(z) + )pdz,

27
ue > 0 in Q, ( )

By Lemma 2.7 we see that there are o € (0,1) and the constants Cp, C7 > 0 such
that

Ve (2)]« < Cpand |Vue(z) — Vue(z)| < Clz —y|*, z,y € U k=1,2,...

Set € := 1/n and u. := u™. It follows that {u"} is bounded in C1(Q).
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; Now, since the embedding
; L (@) —e— CY (@)
5 .
6 is compact there exists a sequence denoted by {u?“ }i=1,2,.. where ni; — oo as
7 J — oo such that
8
9 ul™’ "% in C*(Q) and u; > 0 in Q.
10
i; Hence
13 ni,; ni,; nl] p— . ~
14 |Vu Vu X Vur P2 Vg in C(Q).
15
16 We have by the standard integral convergence theorems, that
17
ig /Q |Vuy" P)? Vul i Vp(z)ds "= A |Vuy P2 Vuy Ve z)da,
20 1 1
21 and
22
23 N ny,;—00
24 Aa(x)g(u; ™ +1/ny j)ede = Aa(x)g(uq)pde.
25 1 Ql
g? Then u; satisfies (2)-(3) with Q = Q;.
28 Repeat the above proof up to the existence of the sequence {uj*’ }i=1,2,.. to get
29 a subsequence {uy>’ }j=1,2,... such that
30
Noj— — . =

31 uy™? % Uy in Cl(Qz) and ug > 0 in Os.
32
33 Hence
34
35 N2, ; N2, ; 00 p—2 . =
36 |Vusy Vu |VuaP™" Vug in C(0s).
37
33 The likewise uz is a solution of (2)-(3) with Q = Q and ugg, = u;.
39 Choose k large. In the same way as above, we obtain a sequence {uZ’” }j:1,27---
40 which is a subsequence of {u;,* "} such that
41
42 Nk, j Ngj—00 1/ . raY
43 uy, = wug in C(Q) and ug > 0 in O
44
45 and
46 ) o -
j; |V [P V™ ST V[P Vg in C(Qy).
‘5"8 Then Uk, | = Uk—1 and wug is a solution of (2)-(3) with Q = Q. Let u : Q —
51 (0,00) defined by u(z) := limg o0 up(x). We have u € CH(Q), u(x) > 0 in Q and
52 u(z) < u(x) <u(x) in Q (since ug, > 0in Q and u < u, < @ for every k). Hence
53 ujpn = 0 because we have Ujpq = 0 and so u is the solution of the problem (1).
54 The asymptotic behavior of solution is given in what follows. Let ug(z) the
35 solution of (11) corresponding to € = 0. From the above arguments we have
56
57 o (x o o

1 o(z) ) 1 ) ) 1 0
58 w(z) = —— / PUH @) d> [ e E b= / ha (1) dt,
59 P~ Jo P g2 WP~ Jag )2
60
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where hy(t) := tP~1/H(t),t > 0.
Using H1), H4) and the definition of H(t) we find that

Mp
L L1, @), 1
2 1 ST @ @ 2 e
Using gl)
uo(z p+1
w(z) > L(l)p/(p*l)( 04 ))p 2 (28)

T2 lg(wo(x)/4)20=1 + 1]/ =1

From (28), gl) and the fact that v < ug we get

w(z)Plg(u(z)/4)2P~1 4 117V P=D < yp=1 9= D% +2l/ =1y (2 for all & € Q. (29)
Then is sufficient to apply Lemma 2.8 to obtain (5). This ends the proof of Theorem
1.1.
Remark 1 The case Q = RY can be now treated as in [3], [10].

We can observe from [4] the following:

Remark 2 Let 19 € (0,00] and 7o € [0,00). If g : (0,00) — (0,00) is a continuous
function then the following are equivalently:

i) li{r})g(s) = 79 and Sli/rgoi,(f)l = Too;
ii) exists n > 0 such that li{r(l)% = % and Sli/r&$ = Too.
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