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Abstract

In this work we build two families of nonparametric tests using tapered data for the off-line
detection of change-points in the spectral characteristics of a stationary Gaussian process. This is
done using the Kolmogorov-Smirnov’s Statistics based on integrated tapered periodograms.

The convergence is obtained under the null hypothesis by means of a double indexed (frequency
- time) process together with some extensions of Dirichlet and Fejer kernels. Consistency is proved
using these statistics under the alternative.

Then using numerical simulations, we observe that the use of tapered data significantly improves
the properties of the test, especially in the case of small samples.

KEY WORDS: Nonparametric, Tests, Change-Point, Periodogram, Tapered Data, Stationary Pro-
cess.

Mathematics subject classifications (1991): 62G10, 62G20, 62M10, 62M15.

1 Introduction

The problem of detecting a change-point in the properties of a process has been extensively studied, see
for a general survey the books [1], [2] and [7] or more recently the works of [21] or [28].

The change point problem can be formulated in two different ways: a sequential problem called ”on-
line” and another one a posteriory called ”off-line”. We consider here this last case where one has to
decide between homogeneity and change-point after observing a given set of random data.

Different kinds of changes can affect a stochastic process: changes in the mean, in the covariance
structure, etc. In the present work, our aim is to detect changes in the spectrum of a strictly stationary
time series, while assuming no change in the mean. As the distributions are a priori unknown, we restrict
ourselves to a nonparametric framework and we build two families of nonparametric test-statistics for
change-point detection using estimates of the spectral measure.

Several authors have investigated such problems of detecting change in the spectral distribution func-
tion in an off-line case. We can quote for instance [31] for Gaussian processes, [19], [20], [21] for linear
processes and [27] for multidimensional Gaussian processes.

On the other hand, it is well known that, for estimating the spectral measure of a stationary process,
the use of the periodogram requires a large number of data. To bypass this problem of sample sizes,
Dahlhaus has shown, in a series of papers [12] [14] [13] [15] that the use of tapered data improves spectral
estimation: The increase in the asymptotic variance is balanced by a reduction of the bias which leads
to better results for small samples sizes. This is the old remedy to reduce leakage effects pointed out by
[36] or more recently in the papers of [38], [37], and [26].
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In this paper, we extend to tapered data the results on change point detection [31]. For this, following
Dahlhaus, we introduce tapers, and then build two families of test-statistics which are related to the
Kolmogorov-Smirnov test statistics. Assuming that the process is Gaussian, we show the asymptotic
normality of a double indexed (frequency-time) process. This result allows us to precise the distribution
of our tests under the null hypothesis where no change occurs. By numerical simulations, we show that
using an appropriate taper depending on the sample size, improves significantly the detection for small
sample size.

Section 2 contains the assumptions, notations and the definition of the auxiliary process Z7 on which
the statistical studies relied. We prove that the test statistics derived from Z7 converge under the null
hypothesis to a known distribution which only depends on the chosen taper. Therefore, it is possible to
tabulate this limiting distribution according to the taper, and obtain in practice the associated tests. The
result relies on a central limit theorem for Zr stated in Theorem 2. Section 3 contains some preliminary
results on the kernels used here. The functional central limit theorem for Z is proved in Section 4. Section
5 is devoted to the study of the asymptotic distributions of our statistics under the null hypothesis. The
main point is to show that the two statistics have the same asymptotic distribution (Theorem 3). In
Section 6, we study the asymptotic confidence region (Corollary 1.1) and the asymptotic consistency of
the tests. Finally, we give some numerical results obtained with simulations. They show that, for small
sample sizes (T ~ 50), the use of tapers improves the performance. Indeed, for the same number of false
alarms, there are twice more true alarms detected using of taper. This effect tends to disappear as T
increases.

2 Statement of the results

2.1 Notations and assumptions

Let G denote the set of stationary real centered Gaussian processes with absolutely continuous spectral
measure with density f w.r.t. the normalized Lebesgue measure on the torus T = [—m, +7[, dA(a) =
da /27, which satisfy

o (A-) F(\) = fOA f(a)dA(«) is an increasing function on [0, 7],
o (A-i) G2 = [ f2(a)dA () < 4o00.

We test the following hypotheses
Ho: ”(X;)j=1...7 is the restriction to {1,...,T} of a process belonging to G”.

against
Hy: 7there exists ko, 1 < kg < T such that X; = )~(]1 if j < ko and X; = )~(]2 if j > ko where X!
and X2 are both in G and have two unknown different spectral measures F; and Fy (F; denotes
the spectral measure of )?i, i=1,2)".

Let h be a non negative C'-function defined on [0, 1]: the taper. For k = 0,1,...,T and s € [0, 1], let us
define

k . s
HE(a) = th’(%)e—m, HE=HN0), HY=0, Hys) :/O hP(u)du, H,= H,(1). (1)

Consider now the tapered periodograms Iy(«) (respectively Ir_j(c) built on the first k data (resp. on
the last T' — k data), as in [12]

e (@) |dr (@) — ()
= —, IT,}C(OZ> =
HE HI — H}

k .
di(a) = Zth(%)e_ija7 Ix(@) (2)
i—1



with Iy(a) = I7(a) = 0. The associated estimates of the spectral distribution function are respectively

A A
Fr(\) = /0 I(@)dX (), Fr_p(\) = /0 Ir_p(@)dX(a). (3)

The asymptotic properties of Fr have been studied, in the non tapered case (h identically equal to 1), in
[25], [29], and in the tapered case by [12] [14] [15]. In particular, Dahlhaus has first pointed out the interest
of data tapering by numerical simulations results and then, through his theory of “high-resolution”, [15]
proved it. For a spectral density having high peaks the estimates based on tapered data behave better
(especially around the peaks). Indeed, for small T, this is because their bias is reduced. For large T,
they are uniformly more efficient with respect to the supremum of the integrated mean square error; this
supremum is taken on a class of densities which contain the ARMA processes, whose roots belong to the
disk with radius 1 — 1/T.

Denote by [a] the integer part of a and define

[sT]

Vi) = VI () - Fr() (@)
ST) 17 _ pylsT] )
VRS = VI S () = Fron () (5)

The associated tests statistics are

Si(h) = sup sup |Y7(),s)
A€[0,7] s€[0,1]

L= (6)

and the critical regions are, using the notations of (A-ii) and (1)
: , ¢ ‘
Rgp = {S%(h) > }IQ\/GQH4} , J=1,2. (7)

The properties of the statistic S%(h) under the null hypothesis H in the non tapered case (i.e. h = 1)
have been studied by [31]. In the non tapered case, [20] have studied tests for linear (non necessarily
Gaussian) processes using analogous test-statistics.

2.2 Main Results

Our first aim is to obtain the asymptotic distributions of the above statistics in order to get the asymptotic
level of our test.

Let us stress upon the fact that the critical regions are not free. The unknown parameter G5 defined
in (A — 4i) remains in the test. Hence, this value must be known or substituted by a consistent estimate
G2 in order to perform the test. For example G2 can be replaced by

2

T—|ul
~ 1 1
Ga=3 > T D XX | (8)
\u|<\/T Jj=1

Let D = D([0, 7] x [0,1],R) be the space of real functions on [0, 7] x [0, 1] which are right-continuous
with left-hand limits, endowed with the Skorohod topology. Let C = C([0, 7] x [0, 1], R) be the space of
continuous real functions on [0, 7] x [0, 1], with the uniform convergence topology. Clearly processes Y.}
and Y2 are D-valued. The following holds



Theorem 1 Assume that (X;)jen belongs to G. Then, as T — +oo, under the null hypothesis Hy, the
two sequences (Y1) and (Y2) converge in distribution in D to the centered Gaussian process

1 H.
€ (Z(A») _ ) 1)) (9)
H, H, (\,8)€]0,m] x[0,1]

where Hy and Hsy(.) are defined in (1) and where Z(.,.) is the continuous Gaussian process with mean
zero and covariance function

AAN

Z(\8)Z / B () du. / F2(@)dA(). (10)

The proof of Theorem 1 is given in Section 4. ,
Now, we can study the levels of the tests associated with the critical regions R7. defined in (7).

Corollary 1.1 Assume that (X;);en belongs to G. Then, as T — 400,

Hy[Hy ' (s.H)y))

B(u,s) — I,

lim Py, (R)) =P( sup sup B(u,1)| > ¢)

T—+o0 w€(0,1] s€[0,1]

where Hy'(.) denotes the inverse (or pseudo-inverse) function of Hy(.) and B is the standard bidimen-
sional Brownian motion on R? centered with covariance function E B(u,s)B(u/,s') = (u Au').(s A s').

The proof in given in Section 6.
Therefore, for T' large enough, we obtain approximations for the levels which only depend on the taper
h. To obtain this result, we introduce, as in [31] [20], the process Zr with values in D defined by

[sT]
Zr(\, 8) = —2—(Fjsm1(\) — F(\)). 11
(A, s) \/T([T](> (\) (11)
Then, the following holds for Y} and Y2,
. T ésT]
[sT]
TH.
1 2
Y,I%()\’ 8) = YVT()\7 S) + WQT()\, S) (13)
where
9 A [T
Qr(\,s) = —Re / Zh( )X e e Z h )X;ee | dA(a). (14)
VT 0 \j=1 =[sT]+1

All the results quoted above rely on the next theorem which states, under the null hypothesis Hg, the
weak convergence of the process Zp(.,.).

Theorem 2 Assume that (X;)jen belongs to G. Then (Zr)ren converges in distribution to the centered
Gaussian process Z of C([0, 7] x [0,1], R) with covariance function given in (10).

The proof of Theorem 2, is given in Section 4. Some preliminary results are useful for obtaining the
limiting covariances together with the tightness of the sequence Zr(.,.).



3 Preliminary results

This section is devoted to studying the kernels that appear in the proof of the functional central limit
theorem.

Let us define, for p and j arbitrary integers and for o € [—, 7], the functions Zf

~ iz, if af < 2,
L’;(a) =
P P
ﬂ(p—p)w jf% <l|a| <.

o] ’
For a € R, denote by L¥ the 2m-periodic extension of Ef .

Property 1 The function L?(a) has the following properties

1. For all p and j, a — L?(a) is continuous, odd, and, for « in [0,7|, non increasing. It is an
increasing function w.r.t. j and p.

2. For allp, q, n > 1 and j, there is a constant K, which does not depend on j such that

@ [P s Kogi o) [ aw <k, as)
T

T
© [ B+ aLie - a)@) < KL (3 4 9), (16)

The proof is omitted here, since this result is similar to the one stated in [12, lemma 1 and 2]. The
only difference lies in the definition of the L%.. A detailed proof can be found in [33].

Lemma 3.1 Let |a| <7, and consider two integers ki, ko, k1 < ko, set
ko ]
> h(z)e o) < CpLy, 1, (a).
j=ki1+1

Proof Now, let us consider the Dirichlet kernels A(a) = H¥(a) (see (1)). By an Abel transformation,
we obtain

o . NP |
Z h(%)e*z‘ja: h(%)A/@—kl(a)— Z {h(‘”jﬂl)_h(%)} Ajp (@) | emhre,

Jj=ki+1 J=k1+1

. k ko—1
—iia 2

P s (M) 2

J=ki+1 J=k1+1

j+1
T

=
<

h(

>—h<j>\ s (A ()]

As his C!, the term between brackets is bounded by a constant Cj, depending only on h. As the functions
L;’(a) are increasing with j, we just have to prove that, for |o| < 7

sin(ja/2)

25= a2

‘ < LY(a).

Since sinz < z, for € [0,7] and 2z < sinz for x € [0,7/2], then one easy checks that



o for |a| < 2/7,

A0 < 22 = T = %), (1)
T2
o for 2/j < |a| <,
Aj(a)] < 1, = 1 = e, (18)
This completes the proof of Lemma 3.1
Q.E.D.

Let us now introduce some kernels based on the taper h, which are approximate identities for convo-
lution. Set s = min(si,..., ;) and define on T™~! the function ®7!*" by

s [sm—1T] s
V) () HY T () EHE T ST )

(I);h...,Sm (’Yl, L ,’Ym—l) = 7] j=1 ’ if HET] £0, (19)
1

otherwise.

)

Lemma 3.2 Let m € N, s1,..., 8y, in [0,1] and h be C' such that H,,(s) # 0. Then, the sequence of
functions (®3")F_, is an appro:mmate identity for convolution.

First (see [34, Chaper 6]), recall that a family (®7)ren of Lebesgue integrable functions on T™!
with values in C is called an approximate identity for convolution if, for v = (v1,...,ym—1) and ||v|| =

SUP;=1,...,m—1 il

0 swp [ ere)dam) <o ) tm [ er()dAG) =
TeEN T —o00
Tm—1 Tm-1
(#i) Tlim / | D7 ()| dA(y) = 0, for all 6 > 0.

T\ {v,lvll<8}

Then, for all bounded continuous complex functions g on T™ !, limp_. ||®7 * g — g||, = 0.
Proof This result was shown by [12, Lemma 3] in the case s;1 = ... = s, = 1. We follow the sketch
of his proof in our case,that is to say that (@5 "")3_, satisfies the three assertions (i)-(iii). As the

functions LY («) increase with k, by applying Lemma 3.1 to k; =0 and ko = [sT], we get
Hy" () < Oh Ly (@) < Cu L (o).

Therefore,

3

D7 (1, - Ym—1)] <

I
-

[sT]
Assertion (7) is obtained noting that the limit of the sequence (=2

using inequality (16).
Set hs = h.1p 4 and let us check (4i). One has

) is Hp,(s) # 0 by assumption, and

|
m\—
j
A
é”
S
N———
I
"? —_
3
Nk
=
)~
3
|
§i
j
=
H\_/
3
I
0



Fix ¢ > O and Tp such that § > 7. Now, using that {[|7[| > 0} = U}'Z “1{|vjo| > 0} and noticing that
Vol >0 > 2 # implies LY (7j,) = % § % inequality (20) leads to

|7 (Y1, -y Ym—1)| ® dX(v;)

T\ {v,|lvlI<d}

mml

m—1
< 5HLT] /T L= ) H L%wj)dA(m)...dAwm_l).
j=1

Jo=

Then, inequalities (15) give that this last term is an O(w) We obtain assertion (iii) using again

the assumption H,,(s) # 0 to control H,,LT ). This completes the proof of Lemma 3.2
Q.E.D.

4 Functional central limit theorem

To obtain a functional limit theorem for the process Zp defined in (11), we follow a classical scheme. We
first investigate the limits of the finite dimensional distributions of Z7 and then we prove the tightness
of ZT-

4.1 Finite dimensional distributions

We first prove that Zp is asymptotically uniformly centered, then exhibit its limiting covariance function
and finally study its finite dimensional distributions.

Proposition 1 Suppose (X;) belongs to G. Then, as T — oo

sup |E Zr(A, s)| = o(1).
s€[0,1],A€[0,7]
Proof We extend to tapered data inequality (1.5) of [25, p. 369]. If f is a function defined on the torus

T, denote by f(n) its nth Fourier coefficient. The expectation of Zr satisfies, using definitions (1), (2)
and (11)

B HgST] +o0

] _ N
= [ (B Ly (@) - £l)) dx(a) = o > 8 (BT — fim).

0 n=-—00

with ¢ = 1 5 and @(n) = (e7"* —1)/n. Now, let Kj(a) = ¢ ’H{C (a)|2 be the tapered generalization of
the Fejer kernel. It follows that E I (a) = Ki * f(«), so that E/)Tk(n) = I/(\k(n)f(n) Hence, the Fourier
coefficients of K, are null for n > k, since they verify

inf(k,(k—n)) X .
Kaln) = Hl )R ICAICRaD

j=sup(1,(1—-n))

The expectation of Zr splits into two terms

%sT] [sT] . . . H;T]
E ZT(Aa 8) = \/T n_z[:ST] QD(TL) (’I’L) (K[ST] (n) - 1) - ngT] Qp(n)f(n) = \/T (A[ST] - B[ST])
(21)
) [sT] - U
with Aper) = _X%T] @(n)f(n) (K[ST( ) = 1) and Bjyr) = ‘ |§'T]<p(n) (n).



2
Using [n@(n)| < 2 and the Schwarz inequality, we get B[QST] <4 ﬁ > ’f(n)‘ . Since
n|>[sT] n|>[sT]
In% < 2[sT)", we get
|n|>[sT]
1] 1/2
Hzg 2 [ [sT] )2
By < [IBIP | 552 > 1f(n)] : (22)
T
\/7 [n|>[sT]
Fix ¢ > 0, the behavior of By varies according to the position of s w.r.t. €.
e If 0 < s < ¢, using [ ] < ¢ and the Parseval equality yields 2 ‘B[ST | < |h12 | fll2e
1/2
o Ife <s<1,as <Z|n\>[sT] |f( )| ) :
Taking € = 1/V/T, we get that
1/2
By < P | . S 1 A (23)
sup —— |Blyy| < [|h|["sup | —=, [f(n)] = o(1). 23
sel01] VT e vT o v/T

To study Ajs7y, first consider

inf([sT],([sT]—n))

S -1=—gm | > | -n| - X7 (21)

7]
Hy j=sup(1,(1-n)) i

where z(") means Z[ if n >0 and Zj_:"l if n < 0. This sum has at most n terms, so

j=[sT]—n+1

SR < ol 1)

J
Expanding h in Taylor series, leads to
ST | n
BT |85y n) 1| < (TN ) + Il < Ol (25)
Plugging this in Ap7) (see 21), we get
H[ST] 9
|—= Al < n@(n) f(n)| < Ch—= F(n)] < Cr—= |f(n (26)
L = % Y Zy 5>

In|<[sT] In|<[sT] In|<T

As f is in L?, 2 jn|<T |f( )| = o(V/T), so the expression in the right hand-side of (26) goes to 0 as
T — +oo uniformly in s € [0,1]. Joining this and (23) completes the proof of Proposition 1
Q.E.D.

Proposition 2 If (X;) is in G, then, for all s1 and s2 in [0,1] and all A1 and A2 in [0, 7],

A1 A2 S1/\S2
Tlim cov[Zr (A1, 81), Zr (A2, 82)] = / fA(a)dX(a) / h* (u)du.
0 0



Proof As Zp(.,.) is uniformly centered, it is enough to prove this result for the centered process Zr
defined by

~ A
ZT(Aa 5) = ZT(Aa S) —E ZT(Aa S) = i (|d[ST](a)‘2 —E |d[sT](O‘)‘2) d)\(Oé) (27)
VT Jo

where dj () is defined in (2). Clearly,

A1 A2
cov(Zr(O, 1), Zr (Mo, 52)) = / / Glan, as, 51, 52)dA (01 )dA(2) (28)

where G(a1, 2,51, 52) = E|dj, 1y (041)|2 |djs,7) (a2)|2 — E|dis, 1 (a1)|2E |djs, 7 (042)’2. Let us study the
term G(aq, g, 81,82). Since di(.) is a Gaussian process, setting & = dj5,1)(1), & = djs,m(—a1),
&3 = djg,1)(a2) and &4 = dj,7)(—a2), vector (£1,&2,&3,&4) satisfies the Gaussian identity

B 6666 = EQGB&E + BEGGE GG + BOGE GG, 29)
Therefore,
E & &GE 8
[SlT] . [SQT .
_ Z h ]1 e—idion Z h ]3 2]3012/ —i(j1 Js)ﬂ1f ﬁﬂdA(ﬁﬁ
Ji=1 Js=1
[s1T] . [‘52T] :
>z e e et [0 ()0 (5)
ja=1 Ja= 1 T

JRCXCADNCAREAYES [H{“T (e + B HY™ (—ag — B H ) (—an + B2) By (0 — o)

T2

where HI’f(a) is defined in (1). Substituting e in —aw, we obtain the expression of E £ §4E £€3. Now
for v = (71,72,73), let us define

5 = / L, (@)Las (12 472 — ) f(31 — @) f (3 + a)dA(a)
T
+ / 1y, (@)1x, (@ =71 —72) f(71 — @) f(v3 + @)dA () (30)
T

and s
H T () B2 () HYP ) () T (= 3 )

81,582,83,8 _ j=1
(le 278 4(7)_ H[SlT]/\[SzT] . (31)
4

With these notations the covariances, defined in (28), may be expressed as

. _ H[slT]/\[32T]
cov (ZT(<p1, s1), Z1(p2, 52)> = =2 £ 5(0,0,0). (32)
Noting that ¢(0,0,0) = )‘IA’\z f?(a)dX(a), and that HflT]A[SQT]/T tends to s1 A sy as T — oo, we
achieve the proof using Lemma 3.2.
Q.E.D.



Proposition 3 Assume that (X;) is in G. Then, for all \1,..., N\ i [0,7], all s1,..., 8 in[0,1], and
all real numbers a;, j,, j1 =1,...,1, ja =1,...,m, the random variable

l m l m
~ ~ D
SN ah5mZr(Nyssi)/Var | Y03 ag, 5, 20N, s5,) | — N(0,1).

J1=1j2=1 J1=172=1

Proof The asymptotic normality of the finite dimensional distributions is obtained using the same
approach as Ibragimov in [25, Th. 3.1 pp.379-80]. In the quadratic decomposition proposed by Ibragimov

Z Z ajl)j2ZT()\j17Sj2) = (BrXr, X7) — E (Br X7, X71)

j1=1j2=1
where X7 is the column vector t(X1q,...,X7), only the T x T matrix Br changes
Ajy
b=\ ﬁzzl Jzz:l A O/ %)h(%)eiwrkl)allsm,kzg[sjo]d)‘(O‘)

1<k1,k2 <T

So we only need to generalize the upper-bound for ||Br||. We have

1

A.]
1
1Bl = = s | a, 5 m/h
T A

2lI=115, o k1 ka=1

l(k?g kl)adA( )

ﬁ\?

dX\ ().

IA

Z J}kh —1koz

ml | |
sup |a; sup
\/TJIJZ 71,72 || 1

This is the Lo-norm of the function having for Fourrier coefficients the finite sequence (z1h(%),
xTh(%)) Hence, using the Parseval equality and the Schwarz inequality

L k ’ 1 T
—ika 2 2 2
> auh(p)e| dN(@) = ath(g) + .+ oI ) < I Nl < i
Thus,
ml 2
|Brl| < —= sup |ajy ;] [|7]]5 - (33)
T]l;]z

So ||Br|| is always a O(T~'/?) and we can apply the sketch of proof proposed by Ibragimov.
Q.E.D.

4.2 Tightness

To prove the tightness of the process Zr(.,.) we use as in [31] the Csensov tightness criterion (see [10])
for continuous processes:

A family of process {Yp,T > 0} of C([0, 7] x [0,1],R) is tight if
1. The family {Yr(0,0),T > 0} is tight in R,

2. The family {Yr(0,.),T > 0} is tight in C([0,1],R),

3. The family {Yr(.,0),T > 0} is tight in C([0,7],R),

10



4. There exist constants C > 0, y1 > 1, v2 > 0 and a modulus of continuity & defined on [0,7] such
that, for all B = [A1, Aa] X [s1, s2] included in [0, 7] x [0,1],

E ‘?T(B)‘M < Cl(sa — 51)@(Aa — A)]™

where }/}T(B) = YT()\Q,SQ) — YT(/\Q,Sl) + YT()\l,Sl) — YT()\l,SQ).

As the process Zr(.,.) is not continuous with respect to its second coordinate, we introduce the process
Lr(.,.) with continuous sample path defined by

A
Lr(\s) = % /0 I (v, 8)dA(a) (34)

where Ir(.,.) is the polygonal line which joins the points ((«, k/T), zr (e, k/T)) where

[T] 2 (T] 2
2

ar(a,s) = Zth(%)e—W —E Zth(%)e_ija = |diury(@)]” = E |dpary ()|
j=1 j=1

We first prove that the continuous process Lr(.,.) satisfies Csensov tightness criterion (Proposition 4),
then to obtain the tightness of Zr (see [11, Déf. 7.3.25-b p.219]) we prove the contiguity (see [?, Chap
3.1 pp.19-24] or [?, Chap. 6 pp.85-91]]) of Zr and Ly (Proposition 5).

Proposition 4 Assume that (X;) is in G, then the family of processes (L) is tight.

Proof Since here, we have Ly (0,0) = L7(0,.) = Lp(.,0) = 0 the first three conditions of Csensov
criterion are obvious. Define for B = [A1, A2] X [s1, s3]

A2
~ 1
LT(B) = ﬁ)\ [ZT(OZ7 52) — ZT(OL, 51)] dA(OZ) (35)
Our aim is to control
) 1 A2 Ao
B |ZxB)| = B //[ZT(a,32) (e 50)] [l (=B, 52) — (=B, s1)] dA(@)AA(B).  (36)
A1 A1

N 2
The technical part of this proof is to control E LT(B)‘ when 0 < sy — 51 < % The general case is a

direct consequence of this particular one. For this and before considering the general case, let us denote
by
n A
An(a) =" e 7 the Dirichlet kernel and @, ()) = / A (@)dA(a). (37)
0

j=1

[39, Lemma 8.2 p.57] assure that the functions ,, are continuous on the torus and are uniformly bounded
in n and A so one can find a uniform modulus of continuity w(.) for the family (¢, )nen i-e. which satisfies
SUPo<|u—r|<s |Pn (1) — pn(A)] < w(d) for all integer n, we prove the following lemma

Lemma 4.1 Let w(.) be an uniform modulus of continuity for all the @,, defined by (37), then for B =
[A1, Ao] X [s1, 82] such that [$1T) < 1T < s9T < [s1T] + 1, the following inequality holds

B |Z2(B)] < Culsn —52) [ = M) Ve ()]
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Proof Wenote k = [s1T] and Y; = h(j/T)X; the tapered data. Then, using that 0 < so —s; < 1/T,

it follows 1 L
_|_
Ir(a,s2) —lr(a,s1) =T (s2 — s1) (zT(a, T) —zr(a, T)) (38)
and
2 1l k1 k k1 k
> + -
B[] < ams0) [ [eow [srla 1)~ srtan (8. 1) = 2205 ) | ax@and). 0
)\1 /\1
Now, noting that
k+1 k - el i et
er(o, ——)—2r(a, ) = V2L -EY2 +2ViaRe > YVie "I 9E [V Re Y | Ye (e |
j=1 j=1
we obtain )
E ‘ZT(B)‘ < (82— s1)(A2 — A1)?var Y2, | + Re (R;) + R», with (40)
Ry = 4(82 — 81)()\2 — /\1) f cov Yk+1 Z )/je—z(k+1—])a7Yl€2+1 d)\(a),
Az Az k '
Ry =4(sy—s1) [ [ cov | Vi, Z Yjcos[(k+1—j)a],Yi, 1 Y, Yjcos[(k+1—35)6] | dA(a)dA(B).
A1 A1 J j=1
Since (X;) is a Gaussian stationary process, var X 32 is constant, and
(s2 —s1)(A2 — A1)?var Y2 | < wvar X ||h||io (s2 —51)(A2 — A1). (41)

The two last right terms of (40) are controlled by the two following lemma
Lemma 4.2 : |R;| < 8/7E X} HhHio [1fllg (s2 — s1)(A2 — A1)
Proof Using the identity for Gaussian vector
cov Yk+1 Z }/}_e—z(k-i-l—])a, Yk2+1 —9E Yk2+1 Z e—l(k-‘rl—])aE }/ij+1
j=1 j=1
k .
k 1 k+1

= 2E X2h( + /f Z h(z)e i H1=D(e+B gN(8) = 2E XZh( ;L VPHE % f(a)  (42)

j=1

with H¥(a) = e~ itDa [k (o).

Lemma 4.3 Let HF(a) = Z Lh(G/T)e= k=0 “then for all f in Ly(T

)o ||EE ]|, < 1l 1Al

Proof Let f(m) be the Fourier coefficients of f, then

k

/f[f(a)f(a + B)dA(a) = /Z h( ; )ei(j—k—l)a Z f(m)eim(a—kﬁ)d}\(a)

ooi=1 mEZ

k . k .
_ iy imf J i(j+m—k—1)«a o J i(kJrlfj)ﬁ
> Fm)e /Zh(T) dX (o ; Flk+1=h(z5)e .
J =

12



- 2k DA 2
By Parseval equality, it follows HH{€ * fH2 = > h3(%) ‘f(k +1—-7) < ||h||io |\f||§
j=1

Q.ED.
Now, applying Schwarz inequality and Lemma 4.3 to (42), it follows

[Ra| < 8VTBXE (1012, (52— 51)(ho = ) || HE || < 8VABXE IIBIIL 1711y (52 = 1) 02 = Mo):

Q.E.D.
Lemma 4.4 : |Ro| < 4[[][% (If]I% + (B X3)%)(s2 — 51) [(ha = M) V(Ao — Ay)]
Proof Using again the identity for Gaussian vector
A2 Aa k k
Ry = 4(s2—s1) //cov Yii1 ZY] cos[(k+1—j)a), Vi1 ZYJ cos[(k+1—7)8] | dX(a)dA(B)
A A J=1 J=1
= 51+ 952, with (43)
Ao X 2
Sy = A(ss—s1) /E Vir 3V cosl(k+1— j)a] | da(a) |
1 i=1
PY 2
Sy = 4(s2—s1)EYZ,E /Zyjcos[(k+ 1 — j)aldi()
, I=t

The bound for S; is close the one of Ry developed in Lemma 4.2. By Schwarz inequality and lemma 4.3
it follows

As k 2 Az 2
Sil < o= )| [B |V Y1 610 dx@)| < ds2 - su) | [ fa)ir@)
" J=1 M
< A(s2—s1) (2 — M) RIS 1115 (44)

To control Ss in (43), let us first consider w a uniform modulus of continuity for all the integrated Dirichlet

kernels fo)\ A, ()dX(a) where A,, = H} (see 1), see for example [39, lemma Lemma 8.2 p.57] for the
existence of such modulus.

Lemma 4.5 S| < 4[| f[l, (V (R))?E Y (s2 — s1)w?(A2 — A1)
Proof Let us denote by }7] = Yr41—;, we have to control the following term

2 2

Ao k Ao k
V=E /Zf/jcos(ja)d)\(a) <E /Zf/je_ijad/\(a) . (45)
=1 Y, =1
Considering this last inequality, it follows
Ao A2 g A2 Ao g k
V < E Zfge—ijladx(a)/Z?jewd,\(ﬁ) :// S ST E(V,75,)e e dA () dA(9)
1 Jji=1 A1 J2=1 A1 M j1i=1j2=1
)\2 >\2

- / 2. O / F(y)e" I TAN(R) | "% B A () dA(B)

j T

[

XA Jji=1j2=

13



)\gk

-/ / S n(EELT I e ax(a / S L= 0-0an) | saae)
T Ji=1 Jo2=1
2
Aa k k+1 71”(&7 :
= [ [ S e e @) faae)
T I, 751

Let us denote A; = A; — . By an Abel transformation (e~%® = Aj(a) — Aj_i(a)), we have

fﬁh("ﬁ%ﬁj(av)dx(a) h(= )7Ak( YA (o +kzl{ “;fj *j ]/A NE
J = :

~ J=1
A1

it follows that
k+1-— y
/Z h(———= + —”(“—de(a) <V (h).w(Xa — A1)
A, I
and using Schwarz inequality

2

Ao k
V=E /ng cos(ja)dA(a) | < V2| flly (V (1)*w? (A2 = A1)

Reporting this last inequality in the definition of Sy (see (43)), it follows that
[Sa < 4[| fll 11Al1% (V (1))*E X3 (s2 = s1)w® (A2 = A1)

Q.ED.
Now, using (44) and Lemma 4.5, we obtain for Ry defined in (43)

|Rs| < Cas2 — s1) (W (A2 — A1) V (A2 — A1)

so the Lemma 4.4 is proved
Q.E.D.
Finally using (41), Lemma 4.2 and Lemma 4.4, we prove that when [s1T] < $17 < soT < [s1T] + 1,
the following inequality holds

< Ci(s2 —s1) [(A2 = A1) Vw? (A — A1),
this ends the proof of Lemma 4.1
Q.E.D.

To close the proof of the tightness, we have to extend the result of Lemma 4.1 to the general case
where |so — s1] > 1/T. It is the object of the following Lemma.

Lemma 4.6 Let w(.) an uniform modulus of continuity for all p, (see (37)), then for B = [\, A2] X
[s1, 2] such that |sy — s1] > 1/T the following inequality holds

S 02(52 — 51) [(/\2 — )\1) \/wZ(/\Q — )\1)] .

Proof We consider t; = %, for ¢ > 0 and we note p = [s2T] — [s1T]. So we have

t0§51<t1<...<tp§52<tp+1.

14



Clearly,

Lr(B) = Lr([A1, Ao x [s1,t1]) + Z_:ET([/\MM % [tj,tj41)) + Lo([A1, Ao] X [tp, 52]) (46)

and by Schwarz inequality it follows, using that 1/7T < s5 — 51 and [$27T] — [$1T] — 1 < (82 — 81)7T

[SQT] — [SlT] + 1
T [

< Cilp+ 1)% W (A2 —=A) V(A= M) <Gy
301(82 — 81) [wQ()\g - )\1) V ()\2 — )\1)] .

w2(>\2 — )\1) V (/\2 — )\1)]

IN

Q.E.D.

As for § > 0, ©(§) = w?(d) V § clearly define a modulus of continuity, the fourth condition of Csensov

criterion holds for E |L7(B)|? with 43 = 2 and 72 = 1 so the continuous process (Lt)ren is tight in
C([0,7] x [0,1],R). So the proof of Proposition 4 is complete.

Q.E.D.

Proposition 5 The two families of processes (Lt)r and (Z1)r are contiguous (see [?, Chap 3.1 pp.19-
24] or [?, Chap. 6 pp.85-91] for definition of the contiguity).

Proof Since Proposition 1 holds we prove that (L) and the centered process (Z7) (see (27)) are
contiguous. For this we prove the following more general result:

P| sup sup ‘LT(A,S)sz()\,S) >
A€[0,7] s€[0,1]

6>*>0aST*>+OO.

Applying the fourth condition of Csensov criterion to the process (L) with B = [0, \] x [%, %]7 it
follows for k=1,...,T
E

Ly ([0, A] (47)

As A — Lp([0,\] x [k, E£1]) is continuous on [0, 7], it exists Ay such that

sup
A€[0,7]

([0, kE k+1 ‘

(7))

E k+1
Lo ([0, 2] x ]

7|

As k takes only a finite number of values, there exists ky such that

k k+1
sup  sup

— | = L 0, A\] x
T T D‘ k=1,...,T A€[0,] 710 A1

7| =

kk+1‘

It follows from this last equality and from (47) that

2
1 1
Eiloa x 5 R D B ko ko +

T T

L ([0, Ao x |

E( sup  sup [T T —1)

k=1,...,T A€[0,7]

Now, as ZT()\, s) = Lp(A, [sT]/T), it follows, using that I is piecewiese affine

[sT]

[sT]\ 7
)=

L

Lr(\,s) — Zp(\,s) = Lp(\, s) — Lr(, T(s — ([0, \] x [

Applying (48), its follows

E | sup sup ‘LT (A, s) — Zr(A, s)
A€l0,7] s€(0,1]
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Using Tchebicev inequality, we deduce that

P| sup sup |Lr(A,s)— ZT()\,S)‘ >e| < Cw(ﬂ) — 0as T — +oo.
A€[0,7] s€[0,1]

So (Lr) and (Z7) are contiguous.
Q.E.D.

5 Asymptotic distribution of the test statistics under the null
hypothesis
We prove in this section our main theorem that is Theorem 1. The convergence of the statistic constructed

on (Y{') is a direct consequence of relation (12) and Theorem 2: as the limiting process Z is in C([0, 7] x
[0,1],R), we just need to apply the classical functional theorems in C (see [3, Th. 4.4 p 27 & Th. 5.1 p.

T
30]) and to remark that the sequence (H%)T converges to Hy which is assumed to be finite and non zero.

We also have to prove that the two processes (Y]-T)T, j = 1,2 have the same limiting distribution. For
this we prove the convergence in distribution to 0 under the null hypothesis of the sequence of processes
(Qr)r>0 defined by (13) and (14).

Theorem 3 If X is a process in G then Qp — 0 as T — oo.
Proof Let us first investigate the finite distributions of (Qr(.,.))r
Lemma 5.1 If X is a process in G then process (Qr(.,.))r converges in probability to 0.

Proof The proof splits into to steps
Step 1 Process (7(.,.))r is uniformly asymptotically unbiased. Remark that

Or(\s) = Zr(\ 1) — Zr(\ s) — Za(A\ 1 — 5) (49)

where
ﬁT_ [sT]

Ziy(\1—s) = —2—— (Fr_jorj(\) — F(A
FOL L= 8) = T2 (B () — FOV)
is the “reverse-time” process of Z7 constructed on h(%)XT, R h(%)X (s7]+1- Clearly, the process
Z7 has the same properties as Zr. In particular, Z7 satisfies Proposition 1. Therefore, the same is true
for Q7 and we have sup(, g)ej0,x]x[0,1] 'E Q7 (A, s)| = o(1).

Step 2 For all (1, s), the variance of Qr (A, s) tends to 0 as T' — oo. Following the same lines of proof as
in Proposition 2 and considering that Z7.(A,1— s) is defined on the variables X7, ..., X741 and using

the taper h on the set {%, . %} which converge to [s, 1], we prove that

T—o0

A A 1
lim cov(Z5(\,1—s), Z5(\1—5)) = / fA()dX(a) h* (u)du = / FA(a)d(a) / Rt (uw)du.
0 0 sVs’

[s,1]A[s’,1]

Now, as Zp (A, 1) = Z5(X, 1), using (49) to compute var Qp (), s) gives

lim var Qp(\, s) =2 lim cov(Zr(A, s), Z1 (A, 1 —s)).

T—o0 T—o0

We just need to prove that cov(Zr (A, s), Z5(A, 1 —s)) — 0. Following the same lines as in Lemma 2, it
follows that
COV(ZT(A38)7Z;()‘71 _3)) = \I/% *5(07070) (50)
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with g defined by (30). For all v = (v1,72,73)

1 T—

Ui(y) = HH ) HY Y () B ) BB (=2 =)

. [sT]
with AL ~%(a) = H] (a) — HF (). Since ¥, = H‘% (@550 — @nshs — @551 L §555%) (see (31) for
the definition of ®3°>%**) using that ®5>"' 5% @25 and ®5°°° are approximate identities

(see Lemma 3.2) their product of convolution with § at point (0,0,0) tends to §(0,0,0) as T tends to cc.
It follows that the right term of (50) tends to 0.

Applying Chebishev inequality, Lemma 5.1 is obtained.
Q.E.D.

Lemma 5.2 If X is a process in G then the sequence of processes (Qr)ren is tight.

Proof Using that process (Qr(.,.))r is uniformly asymptotically unbiased, it is enough to prove that
A

(Qr — EQr) is contiguous to the C-tighted process L. = ﬁofl’T(oz,s)d)\(a) where I/-(a, s) is the

polygonal line which joins the points ((o, k/T), 27 (a, k/T')) with

k T k T
’ _ - —ijia ijea | P N EYe IPRAPYe]
zp(a, ) = E Yie E Yie E g Yie g Yie )
ji=1 jo=k+1 Jji=1 Je=k+1

and with Y; = h(j/T)X; and k = [sT]. Equation (35) to (39) are still valid, replacing 27, Iz, L7, Ly by
2l Up, L, LY, so that

k+1 T k T
P BEL By Vet Voo _ Ny i V. pidae
2z (e, T ) zT(a,T) = e e e e
j1=1 Gjo=k+2 Jji=1 Je=k+1
k+1 T k T
_ P N AR pijeo P N AR pijac
E E Yie E Yie E Yie E Yie
Jj1=1 Jjo=k+2 Ji=1 Jo=k+1

T k
—i(k+1 § ij § —ij i(k+1
_ Yk+le i(k+1)a Y']_ez_]ga . ije UlaYk+1€Z( +1)a
Jo=k+2 ji1=1

T k
—i(k+1 . Y (bt
-E Yk+16 i(k+1)a § Y’jewza _ § Yje zylaYkJrlez( +1)a
j2:k+2 Jj1=1

[Yk+1(m - Cszkfl(a»} - E [Yk+1(m - Cszkfl(a))}

with d, () defined in (2) and d7_j (o) = dp (o) —dg (). Tt follows that, for [s,T] < 51T < 59T < [s1T]+1,

A2 A2

BB < (52~ 1) [ [ cov (Y@@ = dror1(a)), Vs @a3) - dr—i-1(6) dA(@)dA (D).

A1 A1

The righthand term is similar to the quantity R appearing in (40), therefore, it is controlled in a same
way (see Lemma 4.4). Such control leads to the following inequality

E |L/;(B)|2 < C(s2—s1) [(A2 = A1) V(A2 — A1)
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which holds for [$17] < 1T < $2T < [s1T] + 1. Now, as (46)-(48) hold for [//;(B), Lemma 4.6 and

Proposition 5 can be extended to process I//;(B) and Qp. Therefore (21)7>0 is contiguous to a C-tighted
process so is tighted (see [3]).
Q.E.D.

This proves Theorem 3 together with the asymptotic equivalence of the sequence (Y})r=o and
(Y2)r>0. So the two families of test statistics Sh(h) and SZ(h) are also asymptotically equivalent
Q.E.D.

6 Critical region and applications

First, our purpose here, is to obtain the asymptotic form of the reject region. Then, we prove the
consistency of our tests when G5 is known or not. Finally, we present some numerical simulation results.
We observe on these simulations that tapering improves detection.

6.1 Critical region

We establish here the following result ‘
Corollary 2 When T is large, the level of the test associated with the critical regions R}, j = 1,2 can
be approximated using the limits

: Hy[H{'(s.H
lim Py (Ry) =P( sup sup |B(u,s)— HolHy (s-Ha)l

B(u,1)| > c
T—+oo w€[0,1] s€[0,1] H, (u,1) )

where Hjl(.) is the inverse or pseudo-inverse function of Hy(.) and where B is the Gaussian process of
C([0,1]%,R) with mean zero and covariance function

E B(u,s)B(u,s') =uAu'.sAs

Proof Since the two statistics S%(h), j = 1,2 have the same limit under Hy we only prove Corollaryl.1
for SL(h). Let us consider the time change

_ Ga(M) p_ GN) o Ha(s) ,_ Ha(s)

G2 v= GQ H4 H4

with Ga(\) = fo)\ f2(a)dX(e) and Hy(.) defined in (1). Denote by Z the process defined on [0,1] x [0, 1]
by Z(u,v) = Z(X\,s). It is easy to verify
Ha(s) > Hy(H; ' (Hav)) ~

1 1
— | Z(\,s) — Z (M1 =— sup sup |Z(u,v) — ————F—"=7(u,1)|.
H, < A9) H, ( )>‘ 2 u€[0,1] v€[0,1] () H, (1)

sup sup
A€[0,7] s€[0,1]

The process Z /v G2H, has the same covariance function that the process B defined in Corollary 1.1. So,
it is enough to prove Corollary 1.1
Q.E.D.

6.2 Consistency and practical use

If G is known, it is clear that under H; the statistic S2(h) converges in probability to +o0o. So our test
is consistent. To get such a result for Si.(h), we need more assumptions on the two processes before and
after the change-point, due to the presence of the crossed term Qr (see (13) and (14)), for example.

Theorem 4 Under Hi, if the processes X1 and X2 are independent, the statistic Sk(h) converges in
probability to +oo.
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Proof We prove that Si(h) has the same limit as SZ(h). Using (13), we only have to prove that the
process (7 is bounded in probability. For this, we remark first that, as the processes X I and X? being
independent, Q7 is unbiased. Let ®3° = ®70°*%*° defined in (31) and

3
KT )T ) KT ) BT 3 )

(/I\)s[) ('Y) _ J
! HE — HoT)
. (sT] I PN i . . .
with K777 (o) = > h(%)e . Following the proof of Proposition 2 we obtain
j=[sT]+1
HQ[SOT]

IN

var®Qr (Ao, $0)

/ o5 (W)d)\(W)/ filn1 — @) fi(r2 + @)dA(a)
T3 T

HT — g7 -
T [rs 7 (v)dA(y) /r faln — @) fa(y2 + a)dA(«) (51)

where v = (71,72,73) with dA(y) = dA(7)1dA(y)2dA(7)s, f1 and fo denote the spectral density before
and after change-point. The sequence of kernels (@?))T is an approximated identity for convolution
(see Lemma 3.2). It is easy to see that the sequence (<i>5TU)T defined also an approximated identity for
convolution. So the right term in (51) converges and the covariance is bounded. Applying the Bienayme-

Chebyshev inequality, we get the announced result.
Q.E.D.

Consider now the case where G5 is unknown. We also have under H; to control the estimated ég
defined in (8) which appears in the critical regions (see (7). In fact, we can show that it converges under

H; to a finite value which is

1 1/2
3 [soll 1113+ (1 = s0)?( f2113] "~

So the test can be extended to the case G5 unknown.

6.3 Numerical results

To present our numerical results we consider the polynomial taper

mEn s e,
hpn(z) =4 1 z€[5,1- 5],
hpn(l— ) re(1-4,1]

with n > 1 and 0 < p < 1. The parameter p controls how much tapered the data are: as p goes to 0,
h,n tends to 1 which corresponds to the untapered case. The parameter n controls the smoothness of
the tapering: the larger n is, the smoother the tapering.

Before presenting some simulation results, we have to say a few words about the tabulation of the
limiting distribution.

Since the limit distribution of our test is not independent from h, we need to tabulate it for each h.
It may be of interest to bypass this problem by looking for a family of tapers (hr)r indexed by T such
that hAp converges to 1 when T goes to +00. Doing this we obtain the following result

Theorem 5 If (h,, ny )T is a sequence of tapers such that
e (pr)r is a sequence of integer which tends to 0 when T goes to +oo,

o liminfpr oo T.pr >0,
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o (nr)r is a bounded sequence such that np > 1,

the level of the test associated to the critical regions RjT, j =1,2 can be approrimated using the following
limits _
lim Py (Ry) =P( sup sup [W(u,s)| > c)
T—+o0 we0,1] s€[0,1]
where W(u, s) = B(u,s) — s B(u, 1), and where B is defined in corollary 1.1.

Proof The proof may be found in totality in the thesis [33, Th 10.0.12 pp. 90-94].
Q.E.D.
In fact for small 7', it is more interesting to adapt our taper h,, to the expecting number of false
alarms. The following tables present for T = 50 and T' = 150 the percentage of false alarms detected
with each taper for 1000 trajectories of i.i.d. N(0,1)

e T =50

o 30% | 20% | 15% | 10% | 5% | 2.5% | 1%

h=1 8 5 2 2 0 0 0
h=hoi,4| 8 4 4 2 1 0 0

h = h0.20)4 6 4 4 1 1 0 0
h=hosoa | 11 5 3 1 0 0 0
h=hgeoa | 10 4 2 1 0 0 0
h=hor,4 | 14 8 7 3 1 0 0
h=hogoa| 19 12 10 8 3 1 0
h=hpgsa | 21 14 12 11 7 3 0
h=hoogoa| 29 19 15 11 | 11 6 3

e T'=150

o 30% | 20% | 15% | 10% | 5% | 2.5% | 1%

h=1 15 8 5 3 1 1 0
h=hoioa | 22 16 13 8 6 0 0
h=ho24| 25 18 13 7 3 1 0
h=hoso4 | 28 16 13 5 1 1 0
h=hoss.4 | 26 15 12 5 1 1 0
h=hoeoa | 25 17 | 15 10 4 1 0
h=hoesa | 33 22 17 13 4 2 0

On the first table, we see that the h,, adapted taper is, for T' = 50, obtained for p between 0.85 and
0.90. For T' = 150, the second table shows that we have to take a value of p between 0.60 and 0.65. As
the value of n does not change these results significantly we have only worked with n = 4.

For these two adapted tapers, we have tested a change-point in a process X; constructed as follows

o Xo, ..., X5, are i.i.d. Gaussian N (0, 1).
® X[sy7]+1, - -, X are the trace of an AR(1) with root 0.3.

The following table gives the percentage of alarms detected when s = 0.1 and s = 0.5 and s = 0.9
with or without taper
o T'=50

y [ o [30%[20%[15% [ 10% [ 5% [ 2.5% [ 1% |
so=01] h= 24 [ 25 [ 24 [ 23 [20] 16 [ 15
h=hooa| 44 | 39 | 37 | 36 | 32| 30 | 26
s0=05] h=1 |14 [ 14| 9 [ 7 | 7] 4 |3

h=hooa| 26 | 21 | 18 | 14 | 13| 10 | 6
s0=09| h= 9 16 | 3|3 3] 11

h=hooa| 32 | 20 | 13 | 11 | 6 | 6 | O
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e I'=150

y [ o [30%[20%[15% [ 10% [ 5% | 2.5% [ 1% |
so=01] h=1 [34 [23[20 [ 15 [11] 7 |5
h=hoea | 40 | 31 | 23 | 22 | 19| 16
so=05| h=1 [ 28 [ 19 | 17 | 16 | 12| 11
h=hoea | 32 | 21 | 18 | 13 | 11 | 10
s0=09| h= M| 8|6 3] 3
h=hoea| 23 | 12 | 9 | 7 | 5| 2

— OO0 OO

These last two tables clearly show the effect of tapering when T is small (T' = 50). In this case, we
have, on average, twice more alarms detected with the taper. The case T = 150 shows that, even if we
always have a better score with the taper, this taper effect is less when 7' grows up.

To conclude this numerical part we represent the field Y2(.,.) with or without taper. We clearly see
on the following two figures what the taper effect is: smoothness and concentration.

fig 1 : Y2 with tapering fig 2 : Y2 without tapering
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